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We give an answer to the multifractal rigidity problem presented by Barreira, Pesin and
Schmeling for the dimension spectra of Markov measures on the repellers of piecewise
linear Markov maps with two branches. Thermodynamic formalism provides us with a
one-parameter family of measures. Zero-temperature limit measures of this family and
the concept of nondegeneracy of spectra play important roles.
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1. Introduction

Let X be a compact metric space and f : X — X a continuous mapping. Once an
invariant local quantity ¢ and a positive set function G are given, we can define the
function

a— G{z € X |g(z) =a}),

as a quantification of the complexity of the dynamical system (X, f). This function
is called the multifractal spectrum with respect to g and G, and it provides us with
a practical tool for the numerical study of the system.

We can take Birkhoff averages, Lyapunov exponents, pointwise dimensions, or
local entropies as g and the Hausdorff dimension or the topological entropy as G,
for example. In this paper, we consider the dimension spectra for invariant mea-
sures, which are the multifractal spectra with respect to pointwise dimensions and
the Hausdorff dimension. Dimension spectra for conformal hyperbolic dynamical
systems are well understood via thermodynamic formalism. In particular, [4, 10]
established the multifractal formalism of dimension spectra via thermodynamical
approach for the repellers of one-dimensional Markov maps. Refer to [1, 9] for re-
lated topics.
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Let p an f-invariant Borel probability measure on X. Fix z € X. We write

d, () = lim log p(B(; 7))

r—0 logr
whenever the limit exists, where B(z;r) denotes the closed ball of radius r center
x. d,(x) is called the pointwise dimension or local dimension of p at x. We set

Xo = XU = {2 € X | dy(x) = a} (1.1)
and
oy =inf{a| Xo # 0}, ol = supfar| Xo # 0},
We define the function D) : [afr’fizl, afr’fizl] — R by
DWW (a) = dimy X,

where dimy Z denotes the Hausdorff dimension of Z ¢ X. We call D) the dimen-

sion spectrum of p. The interval [affi)n, ag’fgx] is called the domain of the spectrum.

D) has much information about (X, f, 1) and we say that a multifractal rigidity
holds if the spectrum restores the dynamical system.

In this paper, we consider the multifractal rigidity problem when (X, f) is the
repeller of a one-dimensional piecewise linear Markov map and p is a Markov mea-
sure.

Fix an aperiodic 0-1 matrix A. We define

H(A) ={(f,p) | f is a piecewise linear Markov map whose

structure matrix is A and p is a Markov

measure on the repeller of f satisfying ol < ol

min max

and
X(A) ={DW | (f,n) € H(A)}.
For D € X(A), we set
C(D) = {(f,n) € H(A)| DW =D}.

Definition 1.1. We say that D € X(A) has the rigidity if the following condition
holds for any (f, ), (f,73) € C(D):

(D). There exists a homeomorphism ¢ : K — K such that
fo¢=Cof, f=uo¢ and |F|=Ifog,
where K and K are the repellers of f and f, respectively.

In this paper, we treat the multifractal rigidity problem when A has dimension
2. Thus, A is one of the following three:

() (o) () 12
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This rigidity was considered in some special cases, in [2] and [3]. We explain
their results in Chapter 3.

The main results of this paper are the following two theorems, which give a
complete characterization of spectra with the rigidity when A has dimension 2:

Theorem 1.1. Assume that A = (11). D € X(A) has the rigidity if and only if
D dose not coincide with the Legendre transform of the function

R3g—log,(AMT+(1-N9)eR
for any A € (0,1/2) and r € (0,1).
Theorem 1.2. Assume that A = (1}) or ($1). Any D € X(A) has the rigidity.

These theorems are proved in Chapter 5. Theorem 1.1 is a corollary of a the-
orem which contains the determination of the Markov measures corresponding to
exceptional spectra.

Thermodynamic formalism tells us that both of al(T’fi)n, agﬁﬁx are finite and there
exists a function 5 : R — R and a one-parameter family of measures {14}qer such
that 8/ : R — (affi)n, al(#a)x) is a decreasing diffeomorphism and dimg 1, = D" ()
for each ¢ € R with o = ('(q), where dimg v denotes the Hausdorff dimension
of the measure v. The parameter ¢ is an analogue of the inverse temperature in
statistical physics, and a zero-temperature limit problem appears when we discuss
the dimension spectrum at O‘Erlji)n = limy 10, 8'(q) or ol = lim,—_ o B'(¢g). In
particular the problem whether D(“)(afffi)n) = D(”)(aggx) = 0 holds or not is a key
problem.

This paper consists of five chapters. Chapter 2 is devoted to the definitions of
some terms in this introduction and the description of the multifractal formalism
for equilibrium measures via thermodynamic formalism. In Chapter 3 we introduce
the results in [2] and [3]. An analysis at temperature zero is carried out in Chapter
4. We establish the multifractal formalism at temperature zero and give a simple
condition for D(“)(afr’fi)n) = D(“)(agffa)x) = 0 in this chapter. Our main results are
proved in Chapter 5.

2. Preliminaries
2.1. One-dimensional Markov maps

Let N > 2 be an integer and f : Ufil A; — [0,1] a C*T map, where Aq,..., Ay C
[0, 1] are nondegenerate and disjoint closed intervals. The N x N matrix A = (A(ij))
defined by

),

a2 {1 @inra o
= 0 (AiﬂfflAj:@)

is called the structure matriz of f.
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Definition 2.1. (i) f is called a one-dimensional Markov map (with N branches)
if the following three hold:
(a) IfE A; N fEA; # 0 then f(A;) DA foralli,j=1,...,N.
(b) At least one entry in each row and column of A is equal to 1.
() 1/ > 1 on UL, A
(ii) A one-dimensional Markov map f is said to be piecewise linear if f is
constant on each A;.

For a one-dimensional Markov map f, the set

0o N
k=Nr(Ua)
n=0 i=1
is called the repeller of f. We can define the coding map x : ZX — K by

oo
w= ()" Ay

n=0

where

Y ={w=(wn)2y € {1,... N} | A(wpwni1) = 1 for all n > 1}.

n=1
We equip ZX with the product topology and define the shift map EX — ZX by
oa(wiws ) = wowz -+ - .

Then op is a continuous mapping and the dynamical system (EX, oa) is topologi-
cally conjugate to (K, f) by ¥, i.e. x is a homeomorphism such that

fox=xooa.

2.2. Multifractal formalism for equilibrium measures

Let f: Ufil A; — [0,1] be a one-dimensional Markov map with repeller K. We
assume that the structure matrix A of f is aperiodic, i.e. all entries of A* are
positive for some positive integer k. For a continuous function ¢ : K — R, we set

Po) =sup (1) + [ o), (2.1
p K
where the sup,, is taken over all f-invariant Borel probability measures y on K and

hy(f) is the Kolmogorov-Sinai entropy of the measure . We call P(¢) the pressure
of ¢.

Definition 2.2. An f-invariant Borel probability measure p on K is called an
equilibrium measure for ¢ if p attains the sup in (2.1), that is, P(¢) = h,(f) +
Jic o dp

Let ¢ : K — R be a Holder continuous function with P(¢) = 0. There exists
exactly one equilibrium measure p for ¢ and we shall describe the dimension spectra
of p. To this end, we need the concept of Legendre transformation.
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Definition 2.3. For a function 8 : R — R, we define the function g* : R —
[_007 +OO) by
*(a) = inf - .
B*(a) = inf{ga — B(g)}
B* is called the Legendre transform of (.
We can define the function 5 : R — R by

P(q¢ + B(q)log|f']) = 0. (2.2)
Theorem 2.1 ([4,10,11]). Set K, ={z € K |d,(z) = a} and
. [ odv _ [ odv
O'min = Hulf flog '] dv’ Qmax = Slip flog 7] v’ (2.3)

where both inf, and sup,, are taken over all f-invariant Borel probability measures
v on K. We have the following:

(i) B is strictly increasing, concave and real analytic.

(“) BI(Q) — Qtmin (q — +OO)7 BI(Q) — Olmax (q — _OO)-

(111) Ko # 0 if and only if & € [@min, Qmax]-

(V) Qmin = Qmax o and only if p is the equilibrium measure for the function
(= dimgy K)log |f'|, in which case

DM (i) = dimy K.
(v) If Qmin < Qmax then
D () = B*(a) for all € (Qmin, Cmax)-

In particular, D) g strictly concave in (Qmin, Omax). Furthermore we have

max DWW (a) = —F(0) = dimy K.

a€(Amin; ¥max)

2.3. Markov measures

Let f : Uf\[:l A; — [0,1] be a one-dimensional Markov map with repeller K and
aperiodic structure matrix A. An element of (- {1,..., N}" is called a word and
we write |w| = n for each word w € {1,..., N}™. For an N x N matrix B = (B(ij))
and a word w = wy - - W, With |w| > 2, we write

B(U}) = B(wlw2)B(w2'U}3) N B(w|w|—1w|w‘>~
A word w is said to be A-admissible if |w| > 2 and A(wiwgs1) = 1 for each

k=1,...,|w| — 1. For each A-admissible word w, we set

|w]—1

A, = ﬂ FR A
k=0

We define a natural class of equilibrium measures. Let p be a Borel probability
measure on K.
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Definition 2.4. (i) p is called a Markov measure if there exists an N x N real
matrix P = (P(ij)) satisfies the following properties:

(a) P is a stochastic matriz, i.e. all entries of P are nonnegative and
Z;v:l P(ij) =1 for eachi=1,...,N.

(b) P(ij) > 0 if and only if A(ij) =1 for each 4,5 =1,..., N.
(c) For each A-admissible word w, we have

Ay N K) = py, P(w), (2.4)

where p = (p1, ..., pn) € R is the normalized left Perron-Frobenius eigenvector for
P.

(ii) A Markov measure pu is called a Bernoulli measure if all entries of A are
by~ by

equal to 1 and P is a matrix of the form ( ) called a Bernoulli matriz,

where b; >0 and by +---+ by = 1.
(iii) We define a Markov measure on ¥} by replacing A,, N K with [w]a in (2.4),
where

1 by

[w]a ={w € X} |wp = wy, for all 1 <k < |w|}.

If 1 is the Markov measure corresponding to a stochastic matrix P = (P(ij)),
then p is the unique equilibrium measure for ¢ : K — R defined by é|a,;nx =
log P(ij). Moreover we have

hu(f) = —piP(ij)log P(ij),
]
where we put 0log 0 = 0.
Assume that f is a piecewise linear Markov map with derivatives r; =
/1f'la;, @ = 1,..,N) and p is the Markov measure corresponding to P =

(P(ij))1<i,j<n. We can describe the multifractal formalism by using matrices. In-
deed, we can easily check that 5(gq) in (2.2) is the unique real number S such that

the spectral radius of the matrix (P(ij)qr;B) is equal to 1.
In particular, if all entries of A are equal to 1 and P is the Bernoulli matrix
b ... b
(bl bN) then f(q) is the unique real number 5 such that
1 ... bn
by bl = 1

In addition, we can obtain the following simpler representation of in, max-
We need this representation in Chapter 4. For a word w with |w| > 2, we write

T(w) = Twy " Twy, -

A word w with |w| > 2 is called a cycle if w; = w),,|. A cycle w is said to be simple
if w; # wj forany 1 < i # j < |w| — 1. We set

S ={w|w is an A-admissible simple cycle}.
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By Theorem 2.1 (iii), we can easily show that
log P(w) log P(w)

min — ) max — . 2.5
“ wes log r(w) Gmax = 085 log r(w) (25)

In particular, if all entries of A are equal to 1 and P is the Bernoulli matrix

by - b
( v N) then
by -+ by

. logb; log b;
Qmin — MmN ) Qmax = Max .
1<i<N logr; <i<N logr;

3. Known Results on Multifractal Rigidity
We mention the result of Barreira, Pesin and Schmeling, in [2]. Assume that A =

(1 1) We define

HP(A) = {(f,11) € H(A) |t is a Bernoulli measure}
and
XP(A) = {DW | (f,u) € HE(A)}.
For D € XB(A), we set
C”(D) = {(f,n) € H(A) | D" = D}.

Definition 3.1. We say that D € XP(A) has B-rigidity if the condition (D) in the
introduction holds for any (f, i), (f, 1) € CB(D).

Theorem 3.1 ([2]). Assume that A = (}1). Any D € XB(A) has B-rigidity.

Next we mention the results of Barreira and Saravia, in [3]. Let A be an N x N
aperiodic matrix such that each entry is 0 or 1 and p a o o -invariant Borel probability
measure on EX. We set

Eq = {w ext| lim —ogplwwala) a}

n—00 n

and
oy = inf{or| Bo # 0}, alid = sup{a| E, #0}.
We define the function £ [afﬁfizﬂ, afﬁgx] — R by
EW(a) = h(oalEa),

where h(oa|Z) denotes the topological entropy of Z C % (Z need not be compact
nor oa-invariant). We call £ () the entropy spectrum of p.

We define

Xp(A) = {£W | 1 is a Markov measure on ¥} with affl‘i)n <aW .
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A homeomorphism p : ¥} — ¥} is called an automorphism on EX ifoaop=
pooa. We denote by Aut(X}]) the set of all automorphisms on X} .

Definition 3.2. We say that £ € X'r(A) has the rigidity if the following condition
holds for any Markov measures j, ji on ZX with €W = g = ¢:

(E). There exists p € Aut(X}) such that

~

fi=ponp.

We use E?\} instead of ZX when all entries of A are equal to 1. Hedlund proved
the following theorem in [6]. This theorem is not displayed explicitly in [6], and we
recommend Kitchens’ book [8] to the readers for the proof.

Theorem 3.2 ([6]). Aut(X]) = {id, flip}. Where flip : £ — XJ is defined by
1 (wn =2)

W= w, wn:{Q (wn=1)°

The multifractal rigidities proved in [3] are the following:

Theorem 3.3 ([3]). Assume that A = (11). Let £ € Xg(A). We have the follow-
mng:
(i) If € # (—log(AT + (1 — N)?))* for any A € (0,1/2) then & has the rigidity.
(ii) Assume that € = (—log(A? + (1 — X)9))* for some A € (0,1/2). Let p, i be
Markov measures on EX such that EW = €W = £, Then the following hold:

(a) 1 corresponds to the following four matrices:

1—X A Al—=2A A 1—=2A 1—X A
1-=2 X))\ X1=X/"\1-Xx )\ ’ A 1=-X)"

(b) (E) holds with p = id if and only if both p and i correspond to the same
matriz in (a). (E) holds with p = flip if and only if either (u, ) or (@, 1) corresponds
to (1=33)» (R123))-

Theorem 3.4 ([3]). Assume that A = (1}) or (91). Any € € Xg(A) has the
rigidity.
We explain the relation between the results in [3] and ours. For 6 € (0,1), we
define the distance dy on ZX by
dg(w,w’) _ 0sup{n21 | wlzw’l,...,wn:wil}'
The product topology of EX coincides with the topology induced by dy.

[2] established the relation between the entropy spectra and the dimension spec-
tra for a shift-invariant measure.

Theorem 3.5 ([2]). For each o € (—o0,+00) and 6 € (0,1), we have
EW(a) =DM (aflogh™!) - loght,

where we equip ZX with the distance dy.
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Let f: U, A; = [0,1] be piecewise linear. If | f'| is constant on J_, A; and
0 = 1/|f'| then the coding map x : ¥ — K is a bi-Lipschitz continuous mapping.
Thus, Theorem 3.5 provides us with a translation rule the multifractal rigidity
problem based on Definition 3.2 to ours, namely we replace H(A), X(A),C(D)
with

HO(A) = {(f, ) € H(A) | |f] is constant on [JN | A;},
X(A) = {DW | (f,n) € H(A)},
C(D) = {(f.n) € H'(A) | DWW =D},

respectively. Theorem 3.3 and 3.4 give a complete answers to this problem.

4. Multifractal Analysis at Temperature Zero
4.1. Zero-temperature limit measures

Let f : Uf;l A; — [0,1] be a one-dimensional Markov map with topologically
mixing repeller K and p the equilibrium measures for a Holder continuous function
¢ : K — R with P(¢) = 0. In this chapter, we consider the multifractal formalism
at the endpoints amin, max. Let §: R — R be the same as that in (2.2).

Fix ¢ € R. We denote by p, the equilibrium measure for g¢ + 5(q) log|f’|.

Lemma 4.1 ([10]). Put o = f'(q).
(i) pq(Ko) =1 and d,, (x) = p*(c) for all x € K,.
(i) We have

k)
flog |f'] dl‘q.

The relation between D) and f* in Theorem 2.1 follows from this lemma.

The parameter g is an analogue of the inverse temperature in statistical physics.
We call an accumulation point of the family of measures {4 }secr when ¢ — 400
or —oo a zero-temperature limit measure (we equip the space of measures with the
weak™ topology). We set

g (a)

MZ, = {zero-temperature limit measures when q — +oc},
M, = {zero-temperature limit measures when ¢ — —oo}.

Zero-temperature limit measures play an important role in the next two sections.
The following is an immediate consequence of the upper semicontinuity of 5*.

Proposition 4.1. Both of 8*(amin) and B*(amax) are finite and

ﬁ* (amin) = qlg{loo{qamin - B(Q)} = o}Lim ﬁ* (OZ),

Qmin

A (max) = lim {gamax —Blg)} = lim §"(a).

atamax
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4.2. Multifractal formalism at temperature zero

We restrict ourselves to the case where f is piecewise linear and p is the Markov
measure corresponding to a stochastic matrix P = (P(ij)). We write

ri=1/|f'la, (=1,..,N).
The aim of this section is to show that the multifractal formalism in Theorem
2.1 holds at endpoints, or the following proposition holds:
Proposition 4.2. D" (amin) = B (min) and D™ (amax) = B*(Qmax)-
The following lemma, which is an analogue of Lemma 4.1, is essential for the

proof of Proposition 4.2.

Lemma 4.2. Take jo € MZ,.

(1) supp ploc C Ko, and d,_ (x) = B*(min) for all z € supp oo
(i) We have

)
flOg |f/| d/ioo'

An analogous result holds for amax and po € MZ,.

ﬁ* (amin)

Proof. Take ¢ € R. By the Perron-Frobenius theorem, we can find a right eigen-
vector a, = ‘(ag1,...,aqn) € RY such that (P(ij)qr_’B(Q))aq = a, and all entries of

J
a, are positive. We define a stochastic matrix B, by B,(ij) = a;%P(ij)qrj_ﬁ(q)aq,j.

Again by the Perron-Frobenius theorem, we can find the unique stochastic vector
b, = (bg,1,.-sbgn) € RY such that b,B, = b,. Then y, is the Markov measure
corresponding to the stochastic matrix B,.

Take poo € M. There exists a stochastic matrix B, a stochastic vector b and
a sequence {¢,} C R such that ¢, = +o0, B,, = B, by, — b (n = o0) and i is

the Markov measure corresponding to B and b.

log P(w)

log r(w) =
log P(w)

(2.5). Moreover since B, (w) = P(w)r(w) A = r(w)? toirw) ~#(@ | we observe by

Proposition 4.1 that

We prove (i). For any A-admissible cycle w, we obtain that Qmin DY

B(w) = lim By, (w) = (4.1)

{r(w)ﬁ*(am‘“) >0 (llz%gf((;u)) = amin)’

0 (Farta > Omin).

Fix x € supp fieo and put w = x~!(x). There exists a sequence of integers

1 <n; <ng <--- such that w,, = wy,, =---. We have B(wy, - --wn,,,) > 0 since

log P(wn, ~~wn
X € Supp oo, and thus, by (4.1), we obtain W = Qmin for all & > 1.
g Wng g

log P(w1-wy)

Moreover we
log (w1 wny)

This implies that lim,, . = Qmin, that is, x € K,

obtain B(wn, =+ wny,,) = 1(Wny Wy, )P (@min) for all k& > 1. This implies that

limy, 0 % = *(oumin), that is, d,,__ (2) = B*(Omin)-
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We prove (ii). Put a,, = 8'(¢n,). We have
huqn (f)= Z —by,.iBq, (ij) log By, (ij)
.3
=Y =biB(ij)log B(ij) = hu. (f) (n — o),
.3
and hence, by Lemma 4.1 (ii), we have
hyuoe (f)
Jlog|f'l dpio
On the other hand, by Proposition 4.1, we have 5*(ay,) — B8*(min) (n — 00). O

g (an) =

(n — 0).

Proof of Proposition 4.2. We only show that D" (apin) = B8 (Qmin).

D (ain) > B*(umin) follows from Lemma 4.2 (i) and the mass distribution
principle. We will show that D(“)(ozmin) < B*(min)-

Fix ¢ € R. It is easy to check that

Kamiu C {37 €K | duq (3?) = qQmin — B(Q)},

and thus, we have D™ (amin) < gomin — B(q). Since ¢ € R is arbitrary, we obtain
D(M) (amin) < ﬂ*(amin)~ o

It seems that many researchers on multifractal analysis believe that Proposition
4.2 holds for any one-dimensional Markov map (need not be piecewise linear) and
the equilibrium measure for a Holder continuous function (need not be a Markov
measure). However the present author could not find the proof in literature.

4.3. Nondegeneracy of spectra

The concept of nondegeneracy first appeared in [11].

Definition 4.1. The spectrum D) is said to be nondegenerate if D(“)(amin) =
D™ (ax) = 0 holds.

We write ¢ ~ ¢ (¢ — +00) for two functions ¢,¢ : R — R with ¢, > 0 if
#(q)/¥(q) — 1(¢ = +0o0) holds. The following is an easy but important consequence
from nondegeneracy and works essentially in the next chapter.

Lemma 4.3. Let a,b,r > 0,b# 1 and 8 the same as that in (2.2).
(i) If D) (ain) = 0 then

) 1— aqoémin—ﬂ(‘I) loga
lim =
g too 1 — baamin—5(q) logb

and

rqa_B(q) ~U (ra_amin)q (q — +OO).
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(i) If DY) (amax) = O then
. 1— aqamaxfﬂ(‘l) loga
qu 0o 1 — paomax—5B(q) logb’

and

raa—B8Ga) (ro=max)d (g — —o0).

Proof. We only discuss (i). We have limg_, 4 o0 (gatmin — 5(g)) = 0 from Proposition
4.1. Thus, the first equation follows from I'Hopital’s lemma and the second one
follows from r92=8(0) = (pe=@min)q x pa@min=B(a) immediately. m|

Let B be an NV x N nonnegative matrix. B is said to be irreducible if for each
i,j = 1,...,N there exists a positive integer k such that B¥(ij) > 0. B is called
a permutation matriz if exactly one entry is 1 and any other entry is 0 for each
row and column of B. o — (d,(i);)1<i,j<n is a one-to-one correspondence between
the symmetric group of N-words G and the set of all N x N permutation ma-
trices. An N x N permutation matrix is said to be cyclic if it corresponds to a
cyclic permutation with length N. For two words w,w’ we write w N w’ # @ if
{wi, o wpw} O {wt, o wl, b # 0. We define the cycle rot(w) for a cycle w by

rot(w) = waws - - - Wiy | Wa.
For two cycles w,w’ we write w ~po; w' if

there exists an integer n > 1 such that rot”™(w) = w’.

Proposition 4.3. Let B be an irreducible stochastic matriz. Then the following
three are equivalent:

(i) Each entry of B is 0 or 1.

(i7) B is a cyclic permutation matriz.

(151) w ~por W' holds for any two B-admissible simple cycles w,w’ with wNw' #

0.

Proof. It is easy to see that (i) implies (ii) and (ii) implies (iii). We show that (iii)
implies (i). If (i) does not hold then there exist 41,i2,i3 € {1,..., N} with iy # i3
such that B(i1i2) > 0 and B(iyiz) > 0. By irreducibility, we can take B-admissible
words w,w’ such that wy = iz, w) = i3, Wy, = wl’w,‘ =41 and w; # wj, w; # wj
if 4 # j. Clearly, iyw, 91w’ are B-admissible simple cycles with i1w Niyw’ # @ and
there exists no integer n > 1 such that rot™(i;w) = i;w’. m|

Recall that A is the structure matrix of f and S is the set consisting of all
A-admissible simple cycles. We set
log P
Smin: w€S| o8 (w) = Qmin (»
Tog r(w)

log P(w) W
logr(w) max}

(4.2)
Smax {w eS|
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log P(w) __ log P(w")
logr(w) — logr(w’) "

Note that if two A-admissible cycle w, w’ satisfy w ~t w’ then
The following is the main result of this section.

Theorem 4.1. The following four are equivalent:

(i) D" (aumin) = 0.

(i3) by (f) = 0 for all pro € MZL.

(i) hy, (f) =0 for some pioo € MZ.

(1) w ~por W' holds for any two w,w’ € Spin with wNw’ # .

We have an analogous result for amax by Teplacing ./\/l;"O and Smin with M3, and
Smax, Tespectively.

Proof. The equivalence of (i), (ii), (iii) follows from Lemma 4.2 (ii) immediately.

We show the equivalence of (i) and (iv). We use a technique in the study of
Markov chains (see for example [7] for the details).

Fix poo € MY and take a stochastic matrix B, a stochastic vector b and a
sequence {¢g,} C R such that ¢, — 400, B, — B, b,, = b (n — o0) and fie is
the Markov measure corresponding to B and b. For 4,j € {1,..., N} we write i <> j
if i = j or there exists a B-admissible cycle w such that i, j € {w1, ..., wjy,|—1}. <> is
an equivalence relation on {1, ..., N} and for each equivalence class C' the submatrix
of B corresponding to C is an irreducible matrix. An equivalence class C' is called
an ergodic set if the corresponding submatrix is a stochastic matrix. We can show
that at least one ergodic set exists and we can write

B
-0 . |

B
* Q
where each B(®) is the submatrix corresponding to an ergodic set and Q is the
submatrix corresponding to {1,..., N} \ J{ergodic set}. Let 1) be the Markov
measure corresponding to the B(*). There exist nonnegative numbers AV, ..., \(©)
such that S5 _; A®) =1 and poo = 35_, A® %) We have by (4.1) that

e
U {B™_admissible simple cycles} C Smin- (4.3)
k=1
Assume that (iv) holds. Then (4.3) shows that w ~o w’ holds for each k =
1,...,e and any two B(*)-admissible simple cycles w, w’ with wNw’ # §. Since B*)
is an irreducible stochastic matrix, each entry of B*) is 0 or 1 from Proposition 4.3.
This implies that huffi) (f) = 0 for each k = 1,...,e, and thus, we have h,_(f) =
S A(k)h#@ (f) = 0, that is, D" (i) = 0.
Assume that (i) holds. We will show that

B(wywz) = -+ = B(w}y|-1w)w|) = 1 for any w € Spin. (4.4)



January 27, 2017 0:25 WSPC/INSTRUCTION FILE SD-DoctoralThesis

14  Awuthors’ Names

Take w € Spn arbitrary. Then by (4.1) we have
[w|—1

(1) .
H B(wywiy1) = B(w) = r(w)P" (@min) =1, (4.5)
=1

Since B is a stochastic matrix, we observe that 0 < B(ij) < 1 foreach 1 <i,j < N.
Thus, (4.5) implies that B(wjw;41) = 1 for each I =1, ..., |w| — 1.

Fix k € {1,...,e}. We observe that each entry of B*) is 0 or 1 by (4.3), (4.4) and
the irreducibility of B(*). Thus, Proposition 4.3 tells us that w ~yo; w’ holds for
any two B(*)-admissible simple cycles w, w’ with wNw’ # (. Therefore we complete
the proof if we show that the opposite inclusion holds in (4.3).

Take w € Spn arbitrary. Since B is a stochastic matrix, (4.4) implies that

L) (U =w),
B(wu){o G # ) (4.6)

foreach I =1, ..., |w| — 1.

Let C be the equivalence class which contains w;. We will show that C =
{w1, .., wpp)—1}. C D {wr, ..., w)y|—1} is obvious. Take i € C. There exists a B-
admissible word z such that z; = w; and 2z, = i. We observe that 2o = wy by
(4.6). By induction we obtain z5 = ws, z4 = wy, ... and it implies that |z| < |w| and
i = w);). Thus C C {w1, ..., W)y|—1}-

Let B¢o be the submatrix of B corresponding to C. We know by (4.6) and
C = {wy,...,wy|—1} that B¢ is a stochastic matrix, that is, C' is an ergodic set.
Therefore we have w & Uzzl{B(k)—admissible simple cycles}. Since w € Spin IS
arbitrary we obtain the opposite inclusion in (4.3). |

Example 4.1. We determine whether D(*) (min) = 0 or Dw) (min) > 0 for some
w in the case that A = G i i) and 1y =13 =1/3,r9 =1/9 = (1/3)2.
(i) It

g\w N S
N N R
~Nlw wl= ol

then amin = 1233 and Spin = {11, 22,232, 323}. Since 22N 232 # ) and 22 £, 232

therefore D™ (ain) > 0.
(ii) If

NN = N
NN = Wl
Nw N o=

then o, = }ggg and Spin = {11, 22}. Since 11 N 22 = () therefore D) (Qmin) = 0.
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The following well-known corollary is derived from Theorem 4.1 immediately.

Corollary 4.1. Assume that all entries of A are equal to 1 and p is the Bernoulli

by ... b

measure corresponding to the Bernoulli matriz (bl bN ) Then D) (otmin) =0 if
1 ... by

and only if #{1 §i§N|% = Qmin} = 1. Moreover if {1 < i < N|}S§—fﬂ’j =

amin} = {Z()} then Smin = {ioio}.

Second corollary shows that “typical” spectra are nondegenerate. M; denotes
the space consisting of all Markov measures on K and M; denotes the set consisting
of all N x N stochastic matrices P satisfying that P(ij) > 0 if and only if A(ij) =1
for all4,j =1,..., N. My is equipped with the weak* topology and M is equipped
with the relative topology induced by the Euclid space RN *. For P € My, we
denote by ¢(P) the Markov measure corresponding to P. The map ¢ : M} — M
is a homeomorphism. We set

log P(w) , log P(w’)
log r(w) log r(w’)

G= {PEMl | for any two w,w’ € S with w %ot w'}.
It is easy to see that G is an open and dense subset of M;. Theorem 4.1 tells us
that o(G) C {u € My | D™ (amin) = 0}, and hence, we obtain the following:

Corollary 4.2. {y € My | D™ (i) = 0} contains an open and dense subset of
M.

Schmeling showed in [11] that the space of all Holder continuous functions de-
fined on a common mixing subshift with nondegenerate spectra contains a residual
set.

5. Proof of Main Theorems
5.1. Aivm and setting

The aim of this chapter is to prove Theorem 1.1 and 1.2. Let A be one of the three
matrices in (1.2). We actually work on the topological Markov shift EX.

Let p and 1 be Markov measures on EX corresponding to stochastic matrices
P = (P(ij)) and P= (ﬁ(m)), respectively. Fix ry,7q, 71,72 € (0,1). We define two
functions g, B: R — R by

A—ﬁ(fI))

g have spectral radius 1.

Recall that

lim B/(Q) = Omin, m B/(Q) = Omax;

li
q—+o0 q—>—0o0
where amin, max are defined by (2.5). In what follows, we always assume that

=0 and amin < Qmax-
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We define the sets §min and §max for i and 71,72 as (4.2). We set the following
condition:

(D)’. There exists p € Aut(X}) such that
p=pop and T=rop,
where 7,7 : ©§ — R are defined by r(w) = r,,,7(w) = T, .
In the next two sections, we prove the following two theorems. Theorem 1.1 and

1.2 immediately follow from Theorem 5.1 and 5.2, respectively. The exceptional
measures in 3.3 appears again.

Theorem 5.1. Assume that A = (11). We have the following:
(i) If B # log, (A1 + (1 — \)?) for any X € (0,1/2) and r € (0,1) then (D)" holds.
(ii) If B = log,. (AT + (1 — A\)?) for some X\ € (0,1/2) and r € (0,1) then the
following hold:
(a) r1 =19 =7 and P coincides with one of the following four matrices:

1—X2 A Al—A A 1= 1—X A
T=X2 A7\ A1=X/)"\1=-X A ’ A 1=X)"
(b) (D) holds with p = id if and only if both P and P coincide with the same
matriz in (a). (D) holds with p = flip if and only if either (P, P) or (P,P) coincides
with ((133): (112,

Theorem 5.2. Assume that A = (1) or (91). Then (D) holds with p = id.

5.2. Proof of Theorem 5.1

Assume that A = (11). Then S = {11,22,121,212}. We omit writing 212 since
212 ~yot 121, (Shin, Smax) gives us a pair of two nonempty disjoint subsets of
{11,22,121}. The total number of such pairs is twelve, and by Theorem 4.1, we can
divide these pairs into the following three cases:

Case 1. 0*(amin) > 0 and 8*(max) = 0. In this case, (Smin, Smax) coincides with
one of the following two:

(S1) ({11,121}, {22}), (S2) ({22,121}, {11}).

Case 2. 0*(amin) = 0 and S*(@max) > 0. In this case, (Smin, Smax) coincides with
one of the following two:

(S3) ({11}, {22,121}), (S4) ({22}, {11,121}).

Case 3. f*(amin) = B*(@max) = 0. In this case, (Smin, Smax) coincides with one of
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the following eight:

(S5) ({11}, {22}), (S6) ({22}, {11}),

(S7) ({11}, {121}), (S8) ({22}, {121}),

(59) ({121}, {11}), (S10) ({121}, {22}),

(S11) ({121}, {11,22}), (S12) ({11,22}, {121}).

For each p € Aut(X3), we define 5: S — S by

11 — 11, 11 +— 22,
if p = id then p : 22 = 22, if p = flip then j : 22 11,

121 — 121, 121 — 212,

212 — 212, 212 — 121.

We define the equivalence relation ~ayt on {(S1), ..., (S12)} by
(S1, S2) ~aus (51, 53)
<= there exists p € Aut(X5) such that (S1, S2) = (5(S7), A(S5)).
(S1), (S3), (S5), (S7), (S9), (S11), (S12) are not equivalent each other and we have
(S1) ~aut (S2),  (S3) ~aus (S4), (S5) ~aut (S6),
(S7) ~aut (S8),  (S9) ~aut (S10).

We tabulate the values of ap,in and amax of each representative element. See
Table 1.

Table 1. The values of oy, and amax

Qmin Qmax

(Sl) log P(11) log P(121) log P(22)

logr; 2 logrirs log ro
(SB) log P(11) log P(22) log P(121)
logry logrg > logrirs

log P(11) log P(22)

(85) log 1 log ro

log P(11) log P(121)

(87) logry log ry 7

log P(121) log P(11)

(Sg) log rirg logry
(S].].) log P(121) log P(11) log P(22)
logrirg logry log ro

(812) log P(11) log P(22) log P(121)

logry log ro logrirg

Since the matrices (P(ij)? T;ﬁ(q)) and (P(ij) ?;ﬁ(q)) have eigenvalue 1, we have

log P(11) log P(22) g

log P(121) log £F(11) log P(22)
(r19) " 27175 -B(a) _ (1 _ Ttlz Tog 71 ﬁ(q)) (1 _ rg Tog 2 (q)) (5.1)

and

log P(11) log P(22)

log P(121) L TlogTy T
(?1?2)(1 lgg?l?z —B(q) _ (1 . 7/;‘11 log 71 6(‘1)) (1 7;‘\3 log 7'y ﬁ(@) (52)
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for each ¢ € R. In particular, we have Moran’s formula
R =R =1,
where s = —(0).

Lemma 5.1. Assume that 8*(amin) > 0 or 8*(amax) > 0. Both P and (r1,72) are
uniquely determined as follows:

(Z) If (Smin; Snlax) == (S].) then

u s ramin 1 _ ,r.amin
(o) =%, (=, p= (0 T 6
2 2
and if (Smin, Smax) = (S2) then
a s a/s e L —pfme
() = (=t e, p= (O VT e
2 2

where we put a = s/B*(amin) and v is a unique real number such that 0 < v < 1
and Y +~y74(1 —y)* = 1.

(1) If (Smin, Smax) = (S3) or (S4) then we have (5.3) or (5.4), respectively, by
putting a = s/B*(Omax) -

Proof. (i). Assume that (Smin, Smax) = (S1). Table 1 and (5.1) tell us that
(rara)tnn =80 = (1 = PP (1 — om0

holds for each ¢ € R. By letting ¢ — +o0 in this equation, we obtain

(Tsz)ﬁ*(amin) -1 rf*(amin)'

By combining this equation with Moran’s formula, we obtain

*(min)\ @ ]' ¢
(rf ( )) + (ﬁ*(aman) - 1) =1.
1

We can easily check that a > 1. The equation =% + (x — 1)* = 1 has a unique
solution > 1 for each a > 1. Hence, we obtain (5.3). By changing the roles of r;
and rg, we obtain (5.4).

(ii). We can use the same argument as (i) just by letting ¢ — —oo instead of
letting ¢ — +o0. O

Lemma 5.2. If (Smin, Smax) = (Smin, Smax) @1d (Smin, Smax) = (S5), (S7), (S9),
(S11) or (S12) then (D)’ holds.

Proof. Assume that (Smin, Smax) = (S5). Put a = M and a = m.
logri7T2 log r172
By Table 1, (5.1) and (5.2), we have

(1- Tgozmmfﬁ(q))(l _ Tgﬂémax*ﬂ(Q)) (,',.17.2)qa—[3(q)

(1 _ ;}gamin*ﬁ(‘n)(l _ ;,.‘gamaxfﬁ(‘n) (?1?2)‘1375(‘1)
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for each ¢ € R. Therefore, by Lemma 4.3, we have
log . 1— Tg(xmsn—ﬂ(Q) <(7”17'2)a0““i“ q

— = lim ————— = lim T -
logm  a—too ] _ 7/;111(1,11;11—5((1) g—r+oo \ (77 ) ¥~ min

(ryrg)®~ “min
is, r1 = 71. Once (wle 2(zbtain r1 = 71, we show by Moran’s formula and Table 1 that
(ri,m2) = (71,72) and P = P. We conclude that (D)’ holds with p =id.

Assume that (Smin, Smax) = (S7). Put a = lolgogiz) and & = 10%}25(:222). By Table
1, (5.1) and (5.2), we have

(1 _ rtllaminfﬁ(Q))(l _ Tga*B(Q)) (T1r2)qamax_B(Q)

q
Since limqﬁﬂ,o( ) is equal to 0 or 1 or 400, we have igg% =1, that

(1- ?zlzammfﬁ(q))(l _ ?gafﬁ(q)) (717 ) 90max—B(a)

for each ¢ € R. Therefore, by Lemma 4.3, we have
Qmin—f Qmax —Qmin

logil ~ lim 11— (@) . iliz q’
log™  g—+oc 1 _ ?‘f“min*ﬁ(q) q—+oo \ \ 7172
and thus, we have }gg% = 1. Therefore we have (r1,r2) = (r1,72) and P = 13, and
we conclude that (D)/ holds with p = id. If (Smin, Smax) = (S9), then we can use a
similar argument by letting ¢ — —oo instead of letting ¢ — +o00, and we conclude
that (D)’ holds with p = id.

Assume that (Spmin, Smax) = (S11). By Table 1, (5.1) and (5.2), we have

(1 _ ,rtllamax_ﬁ(q))(l _ Tgamax_ﬁ(q)) B (T1T2)qamm*5(4)

(1- ?tlzocmaxfﬁ(Q))(l _ ﬂéamax*ﬁ(Q)) (’)’"‘\1?2)qamin75(q)

for each ¢ € R. By applying Lemma 4.3 to this equation with letting ¢ — —oco, we

obtain ;1% = 1. Thus, by Moran’s formula, we have

ri(1 =) = (rre)® = (Mr2)” =71 (1 = 77).

This shows that both r§ and 75 are the roots of the same quadratic equation, and
hence, 71 = 71 or ry = 7». In the former case, (D)/ holds with p = id. In the latter
case, (D)’ holds with p = flip. We can treat the case where (Smin, Smax) = (S12) in
a similar manner, by letting ¢ — 400 instead of letting ¢ — —oo. O

Lemma 5.3. Let ay,...,a, > 0. We write a = maxj<ij<ma; and M = #{1 <i <
m | a; = a}. Then the following hold:

(i) If functions ¢1, ..., pm : R — R satisfy ¢1(q) ~ ai, ..., pm(q) ~ al, (¢ — +00)
then ¢1 + -+ ¢m ~al+---+al, ~ M x a? (g = +00).

(i1) Let by, ...,b, > 0 and we write b = maxi<j<n bj, N = #{1 <i<n|b, =b}.
When q — 400, we have

0 (a <),
ai +---+ad,
b‘{+...+b%_> oo (a>b),
% (a=b
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Proof. Easy. O

Lemma 5.4. If (Smin, Smax) = (S7) then (Smins Smax) # (S12).

Proof Put o = 18PC2)  Agqume that (SHlln7 gmax) = (S12). We observe by Table

log r2

1, (5.1) and (5.2) that

(1— 2Py (55)

( — >qamax5(q) B 1— Tclzamm B(q) 1 rclzamm B(q)
o~ - min—53(q) min—B(q)
V1T -7 -7 a

and

1—(m 2)thmaxfB(q) Tfllamin—ﬁ(fl) + rga_B(Q)(l _ rcl;(amm—ﬁ(q))

: : (5.6)
1— (T1r2)qamx—ﬁ(q) ;;fllamm B(q) + ?gamm—ﬁ(q)(l _ ﬁoﬁnln_ﬁ(q))

for each ¢ € R.
By applying Lemma 4.3 to (5.5) with ¢ — +00, we have

172 logr, [log o (5.7)
VT 7“2 log7y \/ log 7= 7"2 '

(5.7) shows that &mr2 — 1. Therefore, by Lemma 4.3, we have

logri72
1 ~ lim ,rgamin*ﬁ(Q) + Tga*ﬁ(Q)(l _ ,,,gaminfﬁ(q))
g =00 F10min = B(a) + ?qam;nfﬁ(q)u _ ?tlzozmmfﬁ(Q))

. (rlo‘nnn_am'mx)q_’_( a— amx)q

g——o0 (%\?mln_alnmx)q + (Nzlmm—amx)q'

Thus, by Lemma 5.3 (ii), we have

;:fémin*amax — ?gmin*amax’ that iS, ;:1 — ;:2.

By combining 7 T = = 75 with (5.7), we obtain the contradiction ro = 1, and we
conclude that (Smm7 Smax) 7 (512). O

Lemma 5.5. If (Smin, Smax) = (S7) then (Smin, Smax) # (S9) and (S11).

Proof. Assume that (Smm, §max) = (S9) or (S11). Put o = log P(22) ,pnd & =

log ra
lolgog(??). By Table 1, (5.1) and (5.2), we have
1— (rlrz)qamm B(q) _ ?lllamax*ﬁ(‘Z)(l _ %a*ﬁ(@) T ?gafﬁ(‘Z) (58)

for each ¢ € R and

Qmin < Q. (59)
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By (5.8), we have

1— (?1?2)(1%“,,_5((1) B ﬁamaxfﬂ(q)(l o ?gafﬁ(q)) ?g&fﬁ(q)
1— rgamm—ﬁ(q) - (1179)20max—5(q) (1179 200max—5(q)

X (1 _ ,rga*B(Q))

for each ¢ € R. We observe by (5.9) that both ga — 8(q) and q&@ — 8(q) tend to +o00
when ¢ — 400, therefore, both 1 — rgafﬁ(q) and 1 — rgafﬁ(q) are lager than 1/2
for sufficiently large ¢ > 0. Moreover 0 < ¢g&@ — 5(q) < gamax — B(gq) for each ¢ > 0.
Thus, for sufficiently large g > 0, we have

1— (?1;,\2)qocminfﬂ(q) 1 (?‘famax_ﬁ(q)(l . 5;‘21&—5(!1)) 7521&—5(4) )
>— 1max ,
1 — rtllaminfﬁ(‘Z) 2 (T1r2)qamax*ﬁ((1) (rlr2)q0¢max*5(q)
1 ;:;Ianlax_ﬁ(q) i,,‘ganlax_ﬁ(q)
>_
=y e ( (r179)10max—B@) " (o) 10man—B(0) )
1 m qomax—B3(q) ™ qamax—0B(q)
=—max| (| — , | — .
4 ((7"17‘2) (7"17‘2) )

R . 1 ) ~\ 9%max—B(q)
If 1 < 7, then - > > L and thus, hmq_H_OO( 1 )

Tir2 T T1T2

+oo. If 4 > 71, then 75 = 1 — 7§ < 1 -7} = 75, and hence, we have
25 1 5 1 which implies li p )1t Theref
pra. = phes 1mq—>+<><>(r1r2> = +4o00. erefore,
1_(:,.\1;:2)qum;n*ﬁ(4)

i B tends to +00 when ¢ — +o00. However, by Lemma 4.3, we have
—d%min

. 1— (7,75 )9%min —B(2) log 7 7 . c -
limg_s 4 oo f’lea)min_ S = legr,> < +00. We obtain a contradiction, and hence,
—-r

~

we conclude that (Spin, Smax) # (S9) and (S11). m|

~

Lemma 5.6. If (Smin, Smax) = (S7) then (Smins Smax) # (S5).

Proof. Assume that (Simin, Smax) = (S5). Put a = 2P 4pq q = 1082021 vy
log 72 log 7172
observe by Table 1, (5.1) and (5.2) that

1 _ rgamin_ﬁ(Q) . 1 _ Tga—B(Q) B (rlr’nQ)qamaxfﬁ(q)
1— ﬂzaman—ﬁ(q) 1— ?gamax_ﬁ((I) (7172)10~B(2)

for each ¢ € R. Therefore, by Lemma 4.3, we have

log r B 1 1— ’r(l]amin_ﬁ(Q) B lim (,rl,rz)amaxfamin q
logT™  g—+o0 1 _ T’ﬂiamin_ﬁ(Q) g—+o0 (?1?2)a*amm ’

and thus, we obtain

(r1r2)amax*amin B IOng

= = =1
(7172 min log 71
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This and Moran’s formula imply that r; = 7 and ro = 5. Therefore, we have

& (r1r2)amax_an1in
e T

~

which contradicts amax — @ > 0. We conclude that (Shin, §max) = (S5). O

Lemma 5.7. If (Smin: Smax) = (S9) then (Smin, Smax) # (S5), (S7), (S11) and
(S12).

Proof. We can use the same arguments as that in the proofs of Lemma 5.4-5.6,
by letting ¢ — —oo instead of letting ¢ — +oo. O

Lemma 5.8. Assume that 71 # Ta2. If (Smin, Smax) = (S5) then (§min7 §n1ax) #+
(S11) and (S12).

Proof. Put o = %.

Assume that (§min, §max) = (S11). By Table 1, (5.1) and (5.2), we have

(Tlrg)qa_ﬂ((n _ 1— Tgamaxfﬁ(Q) 1— rga‘““xiﬁ(q) (1- rqaminfﬁ(q))
(V/7172)aemin—5(2) 1 — plomex =A@\ _ pomax—h0) '
(5.10)
and
1 B (7/:1;:2)110411@*5(‘1) B f’f.‘?amax_ﬁ(Q) + ?gamax_B(Q) _ (7?1?2)510411,“*5(‘1) (5 11)

1— rgamin—ﬁ(Q) (7“1’)"2)‘70‘75(‘1)/(1 . rgotmax—ﬁ(‘Z))

for each ¢ € R.
By letting ¢ — —oo in (5.10) we obtain

Q—Qmax 1 1
(1“1I2) — 282 Jo8T2 (5.12)
(m)amiramx logry \/ logrs

Assume that 71 < 7. We observe that

2Omax —®min q
the right hand side of (5.11) ~ (702>

(7’17”2)0‘70‘“““
when ¢ — 400, and thus, we obtain

1 -~ Omax — ®min
08T _ T2 -1 (5.13)
log 71 (ryrg)®—@min

We have pgmex=%min  — (ppy)o=omin by (513). Thus, by (5.12), we have
(TIT.Q)(Xxnax_(Xmin — (T1r2)0¢n}ax—a X (TITQ)(JL—(Xmin — (;:2 /;:1;:2)(1,1,“—(1@,]’ that iS,

r1Tre = To\/T1T2.
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This equation and (5.13) give us the contradiction ry = \/72/71 > 1, therefore, we
conclude that (Smin, Smax) # (S11). We can show that (Smin, Smax) # (S12) by a
similar argument. O

Lemma 5.9. Assume that 7y # 7. The followmg hold:
(1) If (Smin, Smax) = (S11) then (Smm7 Sinax) # (S5) and (S12).
(7) If (Smin, Smax) = (S12) then (Smm, Smax) 7 (S5) and (S11).

Proof. We only discuss (i). Assume that (Smm, §max) = (S5). We must have r; =
ro by Lemma 5.8.

Put 4 = P02, By Table 1, (5.1) and (5.2), we have

log 172

(?1;,\2)(]&—,8((1) 1 _ @amax*ﬁ(@ 1 _ ,l/,:goﬁnax*ﬁ(q)

(Vrara)aemn=P@ — \[ ] _ p00mmB@) \| | _ goma—h@

for each ¢ € R, and hence, by letting ¢ — —oo, we obtain 4/ igi i’;‘ \/ Eg 2 = 1. This
and TL= T2 lead us to the contradiction r{ = ro = 7} = T3, therefore we conclude

that (Smin, Smax) 7 (S5).
Assume that (Smin, Smax) = (S12). By Table 1, (5.1) and (5.2), we have

1 — (717%)90max=B(@)  [1 — (7y75)9@max—5(a)
1 Tgamax—ﬁ(q) 1— rgamax—ﬁ(q)

1- ?tllamm B(q) )

(5.14)
?gam;nfﬁ(q) + ;;gamanfﬁ(q) _ (;.\1?2)qaxnin_ﬂ(q)
(m) qamin—B(q)
and
\/1 — (1r17g)@min—B(a) \/1 — (1r17g)@min—B(a)
_ "qamin_ﬁ(Q) _ "qamin_ﬁ(Q)
1—-7] 11—, (5.15)

Tgamaxfﬁ(q) + rgamaxfﬁ(q) _ (T1T2)qamax_ﬂ(q)

B (V/T17g )aemax—B(a)

for each ¢ € R.
Assume that 7; < 75. Then we have

~ Qmin —O®max\ 4
. . T2
the right hand side of (5.14) ~ ((
VTir2

when ¢ — —oo, and thus, we obtain

lo lo
8hiry Jloshify _ o _ (5.16)
log 1 log 7o \/Trire
(5.16) implies that (log7172)? = logrilogry and 7 = /rir9. Thus, if 1| = 7o,
then we obtain the contradiction r1 = 7175 < T = r1. Moreover if riry > 7173,
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~ log7™172  log7i7s . :
then 71,79 > 7172, and hence, we have Togr logrs > 1 which contradicts (5.16).
Therefore we have r1 # ro and riry < 7175.

Assume that 1 < r9. Then we have

o Qmax —Qmin\ ¢
the right hand side of (5.15) ~ —
VTirs
when ¢ — 400, and hence, we obtain 1/%, / l(ifg%zz = 1. However, r1ry < 7170
implies %7 % > 1, which contradicts 4/ 1?%;:{2 1/ % = 1. Therefore we

~

conclude that (Smin, §max) # (S12). o

Corollary 5.1. We have the following:
(i) (D) holds if and only if (Smins Smax) ~Aut (Smins Smax)-
(ii) Each of the following three guarantees that (D) holds:
(a) (Smins Smax) ~aut (S1), (S3), (S7) or (S9).
(b) T1 7& To OT 7/"\1 7é ?2.

Proof. (i). ‘Only if’ part is clear. We will prove ‘if’ part. We may assume that
(Smin, Smax) = (§nlin, §max). Lemma 5.1 and 5.2 tell us that (D)" holds.

(ii). Assume that (a). By Lemma 5.1, we may assume that (Smin, Smax) ~Aut
(S7) or (S9). We obtain (Smin, Smax) ~Aut (§min, §max) by Lemma 5.4-5.7. We
conclude by (i) that (D)’ holds.

Assume that (b). We only consider the case that 7, # 2. By (a), we may
assume that (Smin, Smax) = (S5), (S11) or (S12) and so does (§min,§max). We
obtain (Smin, Smax) ~Aut (§min, §max) by Lemma 5.8 and 5.9. We conclude by (i)
that (D)’ holds. |

Lemma 5.10. Assume that r1 = ro = r. The following hold:
(1) If B =1log,. (A + (1 — X\)9) for some X € (0,1/2) then (Smin, Smax) coincides
with one of (S5), (S6), (S11), (S12). Table 2 shows the possibilities for P.

Table 2. The possibilities for P
(Smin, Smax) (S5) (s6) (S11) (S12)

P 1—X A A l=2AX A 1=2X 1—Xx A
1—X A A l=2AX 1-X A A 1—=A

(71) If (Smin, Smax) = (S11) or (S12) then 8 = log,.(A? + (1 — A\)?) for some
A€ (0,1/2).

Proof. (i) is just a paraphrase of Theorem 3.3 (ii).
(ii). By Table 1, we can write P = (,*, '}?) for some b € (0,1),b # 1/2, and
hence, we have 8(q) = log,.(b? + (1 — b)9). |
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Proof of Theorem 5.1. Note that Moran’s formula tells us that ry = ry =71 =75
holds if and only if both r; = r9 and 7; = 75 hold.
(i). Thanks to Corollary 5.1 (ii), we may assume that

~ ~

rN =T =171 =T"T9.

We see by Lemma 5.10 (ii) that (Smin, Smax) # (S11) and (S12). Moreover, by
Corollary 5.1 (ii), we may assume that (Smin, Smax) ~aut (S5). This argument
works on (Spmin, Smax) and we obtain

(Smim Smax) ~Aut (85) ~Aut (S\min, §max)-

(ii). We prove (a). Assume that r; # ro. From Lemma 5.10, there exists a Markov
measure [t on Z;r such that

(P(i7)?r~P@) has spectral radius 1,

where P = (P(ij)) is the stochastic matrix corresponding to fi.

Corollary 5.1 (i) tells us that (D)" holds for p and fi. In particular we have
{r1,r2} = {r} which contradicts r4 # ry. Thus, we conclude that r1 = ro. We
obtain r; = r by 2r§ = 1 and s = —5(0) = —log, 2. We obtain r; = 73 = r
similarly. The possibilities for P follow from Lemma 5.10 (i) immediately.

(b) immediately follows from (a) and Corollary 5.1 (i). We complete the proof
of Theorem 5.1. O

5.3. Proof of Theorem 1.2

We only consider the case where A = (11). We have (Smin, Smax) = ({11}, {121})
or ({121}, {11}) since S = {11,121}, and hence, $* is nondegenerate. We obtain
(ri,rm2) = (71,72) and P = P by arguments similar to that in the proofs of Lemma
5.5 and 5.2. We conclude that (D)" holds with p = id.
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