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Abstract : We study the doubly warped product manifold M = B, X (F of Riemannian manifolds
related to critical Riemannian metrics and conharmonic transformation, and investigate the conditions
of M to be a warped product space or a Riemannian product.

1. Introduction

To study the manifolds with negative curvature, R. L. Bishop and B. O'Neill [2] introduced a
generalization of the product of two Riemannian manifolds in 1969, and called it the warped
products of Riemannian manifolds. In fact, the warped products appears in the mathematical and
physical literature long before that time; R”— {0} is naturally isometric to the warped product
R* X, § ™! and a surface of revolution is a warped product with leaves the different positions of
the rotated curve and fibres the circles of revolution. Moreover, the Minkowski space time and the
Schwartzschild space time are all warped products. The study of relativity theory demands a wider
class of manifold and the idea of doubly warped products was introduced and studied by many
authors. But the mathematical property of the doubly warped products has not been studied
enough yet. In this paper, we are going to study the doubly warped product manifold in connection
with the conharmonic transformation and critical Riemannian metrics.

Throughout this paper, a manifold is assumed to be a connected paracompact manifold of class
C or analytic. In addition, concerning Riemannian manifolds we often write M instead of (M, G).

2 . Preliminaries

Let (B, g) and (F, J) be the Riemannian manifolds with real dimension #n and p respectively, and
let & (resp. f) be a positive smooth function on B (resp. F ). Then, the doubly warped product
manifold M =B, X ¢F is defined by the Riemannian metric G
2.1 G=(foa)n*(@)+hom)c*(])
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on the product manifold BXF, where n: BXF —B and ¢ :BXF —F are the natural
projections [3]. If the warping function 4 or f is constant, then the doubly warped products reduce
to a warped product [2,5,6,8,10].

For a local coordinate system (1) of B, the metric tensor ¢ has the components (Jab). Similarly,
for a local coordinate system (u*) of F, g has the components (gxy). Then, with respect to the local
coordinate system (4, u* ) of M, the Riemannian metric G on M has the components

o2 o=t 15.,)

Throughout this paper, we used the following ranges of indices system:
Ljk 1,2, ,n+p=m
ab,c,:12, . n
X, ¥,z intlnt2, o n+p
unless otherwise stated.
Letv, (resp v x) be the components of the covariant derivative with respect to g (resp. E) and

{sc} (resp. {,}) be the Christoffel symbol of g (resp.g). Then, the Christoffel symbols {E}of G
on M are given as follows :

(2. 3) {2} ={2}.

(2. 4) {&}=1f.08,

(2. 5) {8} = -Lheg,,,
2. 6) {2} =~ F"9as.
2. 7) {£} = tmo3,

(2. ) {£}={£L

where hy= 5.9, fz = 3,,:) h® = hyg®, f¥ = f.g,(¢%) = (9ba) "
and (§%%) = (§yz) 7' .

Let R, R and R be the curvature tensors of M » B and F, respectively. Then we get

(2. 9) Rip® = Ry — M‘u”-( a9cb — 02 9ap),

= G s
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(2.10) Ruzy® = Ruzy® — Ll (5235, - 625,,).
(2.11) Rea® = ?lﬁf,(hdé,‘j = h%ged),

(2.12) Rya.™ = Frha(f-02 — £23y:) ,

(2.13) Roay® = H(V2£y)85 + 5 (Vah®)gey,
(2.14) Reya® = £(Veha)Z + #5(V,£7)gea,
(2.15) R.ye® = B (£.5y0 — fyGz2),

(2.16) Raev™ = L (hages — hegas)

and the rests are zero. From the relations (2. 2)-(2. 16), the Ricci curvatures S, S andS of M, B and
F are given by

(2.17) 810 = St~ U1 fullP g0 — B(Voha) = 5 (B f)gba
(218) So° = F25° = G IFullP; — Fr(Voh®) — 7= (A1)55,
(2.19) Soy = 52 fyho,

(2.20) Sye = Syo — T 1hallPGys — H(Vufa) ~ Frh(AR)G,e,

where A& (resp. A f) is the Laplacian of & (resp. f ) for g (resp. g).
Hence the scalar curvatures K , K and K and of M,Band F respectively satisfy

K= 3K + 32K = “Z 1 full? - Bl lhal®
sz—( h) — 25 (Af).

(2.21)

3. Doubly warped product manifolds with critical Riemannian metrics

Let M be a compact orientable Riemannian manifold and let 4 (M) be the space of C®
Riemannian metrics G on M satisfying /s dVG = 1, where dVG is the volume element measured by
G. For an element G in 4 (M), we assume that f (k) is a scalar field on M determined by G as the
contraction of a tensor product of the curvature tensor. Then Hy (G) = /i f (k)dVG defines a
mapping Hyy : A (M) —> R. In this case, a critical point of H is called a critical Riemannian metric
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with respect to f (k) [1,6,9]. In this paper, we consider the two types of critical Riemannian metrics
G4 and Gg of the functionals

(3. 1) Ay(G) = [, KdVg
and
(3. 2) By(G) = [,, K?dVg.

It is well known that G is critical Riemannian metrics for the functional A defined by (3.1) if
and only if G is an Einstein metric. From this fact, we have

Proposition 3.1. Let M be a doubly warped product manifold and G be a critical Riemannian
metric of a functional A. Then M is a warped product.

Proof. Since M is an Einstein manifold, it is easy to get (/—2)f, h, = 0, from the equation
(2. 19), which completes the proof.

Relating the critical Riemannian metric of the functional By, (G) defined by (3. 2), B. H. Kim[6]
obtained the following lemma.

Lemma 3.2. The Riemannian metric G on M is a critical Riemannian metric for By (G) if and
only if

(3. 3) mV; VK —mKS;; - (AK)Gj; + K2G;; = 0.

where A K is the Laplacian of K with respect to G.

Corollary 3.3. If the scalar curvature vanishes identically on (M, G), then G is a critical
Riemannian metric of the functional B.

The proof of the above result is easily obtained by use of Lemma 3.2. If the Riemannian metric
G on M is a critical Riemannian metric of the functional B and the scalar curvature on M is non-
zero constant, then we have £, f, =0, using the equations (2. 2), (2. 19) and (3. 3). Now we have

Proposition 3.4. If the Riemannian metric G on M is a critical Riemannian metric for the
functional B and the scalar curvature is non-zero constant on M, then M becomes a warped
product. ‘

T W
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4 . Conharmonically flat doubly warped product manifolds

A harmonic function w is defined as a function whose Laplacian vanishes. It is easy to see that
a harmonic function is not in general transformed into a harmonic function by the conformal
transformation. Y. Ishi [4] studied the condition p in order that the function defined by
(4. 1) @ = e2Py
may become a harmonic function to the Riemannian metric
(4. 2) G = e?*G

for a suitable constant « , where p is a positive function on M.

Let A c® (respectively A G ) denote the Laplacian of @ for G (resp. G ). Then from [4,7],
we have

(4. 3) A = 2@ DP[Agw + 2a(Agp)
+(4a+ m - 2)p (9:w) + 2a(2a + m — 2)||pi2w]
Immediately we have [4,7]

Proposition 4.1. Let w be a harmonic function on (M, G) and a = (2-m)/4. Then the function w
defined by (4. 1) is harmonic for G if and only if

(4. 4) Agp+ 252 ||pil|? = 0.

In this point of view, Y. Ishi[4] introduced a conharmonic transformation which is the
conformal transformation @ : (M,G) —> (M,G) satisfying the equation (4. 4).

So far we have proved that the (1,3)-tensor

(4, 5) Tlcjih = Rkjih + -L—[ggké-? + gthik — gijég - S'thij]

m—2

is invariant under the conformal transformation @ if and only if @ is a conharmonic transformation
[4,7]. If the tensor T vanishes on M, then we call M a conharmonically flat manifold.

From now, we assume that the doubly warped product manifold M is conharmonically flat.
Then the identities (2. 9) - (2.20) and (4. 5) lead to
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(4.6 (m — 2)Racp® = Seclg + Sa”gve — Seabe — Sc”goa
’*"n—fl):p 1 full? (96a02 — 96c03)
+2L (A f)(goad? — gbe63)

+2{(Vch®)goa — (Vah*)goc + (Voha)oZ — (Vshe)d3}

@ (V21,8 + P (T ah®)gay

54205 + B2 1hal|*G4205 + 3 (Vy £2)85 + F5(Dh)Gy=03

Sd g‘yz + n_l) ”fu”zgy:z:(sd h(vdha)gyz + %(Af)gyzas

If we transvect G7 and contract with respect to k and h successively in the equation (4. 5) with
T=0, then

4. 8) 0=R=%K+%K—%%WAW—%%WMP
— 75 (Ah) = 25 (Af).
From this result and Corollary 3.3, we can state

Proposition 4.2. If (M, G) is a conharmonically flat doubly warped product manifold, then G is
a critical Riemannian metric for the functional B.

Assume that the dimensions of B and F are the same, that is n=p, then (4. 6) lead to
(4. 9) 2(n — 1)Racp® = Spe0] + Sa®gbe — Sbady — Sc®god
+2£(Af)(96a02 — 95c03)
+%{(Vcha)gbd - (vdha)gbc + (vbhd)‘sg - (Vbhc)ag}'

Using the identity (4. 9), it is easy to see that

(4.10) Spe = {LK — 222U £(Af) - L(AR)}gpe — C52 (Vihe)
and
(4.11) 2(n — D){f(Af) + h(AR)} = 0.

Thus we have

%

weit
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Lemma 4.3. Let M be a doubly warped product manifold. If M is conharmonically flat and n =p
(>1), then the equation

(4.12) F(Af) +h(AR) =0
hold.

Corollary 4.4. Under the same assumptions of Lemma 4.3, the warping function f is harmonic if
and only if h is harmonic.

Let B and F be compact manifolds.
Then

AfP=2(1f:7 + FAF)
and that
Jp fAfdvp = 3 [z Af?dvp ~ [5]|fz]?dvs.
Applying Green's Theorem to the equation (4. 12), we have
0= [pp(fFAS + hAR)dvg
= [pM(Ah)dvp + [ f(Af)dvp
=3 Jp AW?dvs — [ lIhall*dvp + § [ AfPdvr ~ [o ||fs|*dvr
which is equivalent to
Jg lIhall?dve + [ |Ifzl2dvr = 0.
Thus we have

Theorem 4.5. If M is a conharmonically flat doubly warped product manifold and n=p (>1),
then M is a Riemannian product.

Let f be harmonic and V ph, = (. By use of the equation (4. 10) and Corollary 4.4, B becomes
an Einstein space. Moreover, B is also a space of constant curvature by the aid of (4. 9).
Conversely, if f is harmonic and B is a space of constant curvature, that is

(4.13) Rabea = n'('__,f{_l) (9bcGad — acga),
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then it reduces
(4.14) (Veh®)god + (Voha)d¢ — (Vah®)gse — (Vohe)8s = 0
by the substitution (4. 13) to the equation (4. 9).
Contracting (4. 14) with respect to a and d, we obtain V ,h.=0. Hence we have
Theorem 4.6. Let M be a conharmonically flat doubly warped product B and F with n = p (> 1),
and f (resp. h) be a harmonic function. Then B (resp. F) is a space of constant curvature if and

only if V ph.=0(resp. V x f,=0).

From now, we consider the case of n = p. If we contract (4. 7) with respect to a and d, then we
get

(4.15) 22 (V. fy) + SR h(AR) Gy
= 1Sy + 2 25 + (T, fa) + (ARG
Kgyz + M#”'fu 1?Gys + 'th(Ah)gya: + “}Z(Af)gy:: '
Transvecting §** to (4. 15), it is reduced to
W16 0= B+ A - et 2 - ml 2
~FR(OR) - F5(A ).

If we consider (4. 8) and (4. 16), we obtain

@.17) -n)K — ﬂﬁ_lléiu”f 12 + 2p(1:l—1) Ah + 2"(,:‘2_1)f(Af) -0

Contracting (4. 6) with respecttoa andd,

.1 n— _
4. 18) 0= Kgse — pSte + 2| full2(bc — ng1e) + (A F)(ghe — ngoe)
+%{(Vchb) - (Ah)gbc + (Vbhc) - n(vbhc)}
and it follows from (4. 18), we have

(4.19) (n—p)K = WHHHZ + M’?_—rl)f(éf) + QP(Z_I)(Ah) ‘

’
"
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Moreover the identities (4. 18) and (4. 19) can be rewritten as

4.20) Sbe = {5K — =220 1,17 — 202U £(Af) = L(AR)}gue
+ (2' -)—Ln) vbhc

and
_ n(n 1) 9 2n (n—1) S 2p(n—1)

a.21) K = 050 5,2 1 250 (A p) 4 2220 (AR

respectively. Hence , if we substitute (4. 21) into (4. 20) , then we have
“.22) { (n—1) I full2 + 112((7:1 1) f(Af) + h(n_p)(Ah)}gbc
+2nyh,.
By use of (4. 22), the identity (4. 6) is transformed into
(4.23) Rae® = (gzllfull® + 5 (AR) + 52—y F (D)) 90
(a2l full® + 52y (AR) + 2= F(AF)) gbad?
—5(Vohe)6G — £(Vah®)goe + £(Voha)d® + 1(V.h%)goa

Assume that the doubly warped product manifold M is conharmonically flat. Then, by use of the
identities (4. 6), (4. 17) and (4. 23), we have

4. 24) Raa® + “Tiy)[sbdcsca + S5c%9bd — Sbcdd® — Sa®goe)
= o=y K (96ade” — gbeda®),

that is, the base space B becomes conformally flat. Similarly, we also see that F' is a conformally
flat space. Thus we have the following

Theorem 4.7. If M is a conharmonically flat doubly warped product of B and F with n # p, then
B and F are conformally flat.

Since the scalar curvature on the conharmonically flat space vanishes identically, we easily see
that due to (4. 24) and Theorem 4.7

Corollary 4.8. If M is a conharmonically flat doubly warped product of B and F with n # p, then
B (resp. F) is conharmonically flat if and only if K=0 (resp.K =0).
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