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On conformally flat twisted product manifolds
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Abstract : We study the conformally flat twisted product manifolds M = BX¢ F of
Riemannian manifolds and investigate the conditions of M to be a warped product space.
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Introduction

The warped product manifolds were defined by Bishop and O'Neill [2] to study the
manifolds with negative curvature. The properties of warped products have studied from
many points of view and this notion is used to construct a lot of examples for studying

geometry ([1],[2].,[41.[6]. etc.).
Generalizing the idea of warped products, B.Y. Chen [3] defined the twisted products to

construct a family of totally umbilical submanifolds with various properties. Machida and
Sato [5], Ponge and Reckziegel [7] studied twisted products and twistor spaces in the case of
pseudo-Riemannian manifolds. However the mathematical properties of the twisted product
manifold are not studied enough yet.

In this paper, we are to study the conformally flat twisted product spaces M = BX¢F of
Riemannian manifolds and investigate the conditions to be a warped product space, and other
geometrical properties of each space.

1. Preliminaries

Let (B, g) and (F, g) be n#-dimensional and p-dimensional Riemannian manifolds and fa
positive smooth function on BX F, Consider the product manifold B X F with projections

n:BXF—>B and o:BxXxF—F.

The twisted product manifold M = BX¢ F is by definition the manifold BX F with the
Riemannian structure given by (see [3])
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(1. 1) X1 = Im.X1? +(£(5. p) *lo.X]*

for any vector X tangent to M at (b, p). If fdepends only on B, this is the warped product of B
and F in the sense of Bishop and O'Neill [2]. Let G be the Riemannian metric on M and
dimM=m = n+p.

For a local coordinate system (%) of B, the metric tensor g has the components ( g,,).
Similarly, for a local coordinate system (z*) of F, § has the components (§yx). Then, with
respect to the local coordinate system ( %4, 3*) of M, G has the components

Gba 0
(1. 2) (Gﬁ)=[ I; F2G0n ]

Throughout this paper, the ranges of indices are as follows :

l,J,k, ...... :1’2’ ......... ,ﬂ+p=m
ab,c, e D1, 2, e 7
x,y,z, ...... . n__+_l’ ...... , n+P

unless otherwise stated.
Let V, (resp. V) be the components of the covariant derivative with respect to g (resp. g)

and {:C} (resp.{;?z}) the Christoffel symbol of g (resp. g). Then the Christoffel symbols {ﬁ-}of

Gon M are given as follows

(1. 3) {&1={5)

(1. 4) {§Z}={;;}+%(fyag + 1,85 F*Tye),
(1.5) {5a}=7 185,

(1. 6) {;}y}z_ffagxy

and the others are zero, where f,= % and fy = —aaly .
ud u

Let k Rand R be the curvature tensors of M, B and Frespectively, then we have

(1.7) Rycr® = Racv®,

(1. 8) Ra® = (0u£,)8% = F0a f )Gy — 75 Fa 88 + 7 fa f Ty
(1. 9) Rao® =(%fy)8% Ran® == (uf )Gy

(1.10) Ry =—f(9x f)Gye + £(9y £4)Txe = Ff3 Tz + ffx Tz»
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(1.11) R = B + 1% £)8Y + (% ) Toc ~ (Vi /)y ~ (% £2) Y

(£ 28y + 8y G~ £ 17y £, 157 ]
FIAI 087 - 5ye02]- VoL G858

and the others are zero.
The components of Ricci tensors are given by

(1.12) Sab—Sab——(Vafb)
(1.13) Sax ==(p=DF9uti =77 fu 1)
(1.14)

S‘yx = l§yx _f(Af)gyx (Af)gyx I Z)V fx

2(p 2)

fyfx (P_l)"fenz_g_yx (p 3)||fw" gyx,

where A f=V,f¢ A f=V,f*¥and S, S and S are the Ricci tensors of M, B and F
respectively.

Let 12, K and K be the scalar curvatures of M, B and F respectively, then we have

(1.18) R=k+R-2on-2Day) -2 Ay - D)2

2. Conformally flat twisted product manifold

Now we put
Jal,
(2.1) Guy= T3 fy ~ 02
and
(2.2) R [Ilfell 14l ]gyx




4 Yoshio Acaoka and Byung Hak KM

then the identities (1.8), (1.11), (1.13), (1.14) and (1.15) are reduced to

(2. 3) Rizy™ = $ay0F =Ty

(2. 4) Ruyy™ = Rupy™ + 0% — P05 + "Gy — P Ty
(2.5) Sty =—(p—1) ay,

(2.6) 5 =Sy = FO)ey = (P =Dy = " Doy

2.7) R=K+5K-2p SL-ap-n¥s”,

where we have put

=1 B+ EILIE + IR

2f2

Assume that the twisted product manifold is conformally flat, that is, I}/ej,-hof M= BX¢F
satisfies (see[1])

- 1 /= ~ ~ ~ 1 -
(2. 8) Ry" = 5(Si6} ~ 540} +34"Gji = 8" i) ~ oy oy K(GiBf: — Guad?).

Using (1. 9) and (2. 8), we have
(2. 9) H(Vafo)85 =gy {Suc = B (Vafo)} 65 ~ oy §,"Gue + oy ey K95
. i dJc)Oy (m ~2) dc — dJc Yy T m=2)"> Gdc (m-1)(m-2) Jdc Yy

If we contract (2. 9) with respect to x and y, then we get

(2.10) 20f)=pk+2 Z{K =20 @) - p(p- DL

——“’ DO 1) - o K

and that

(2.11) Zp((‘zr)n—_ll)g; 1) Of) = pA-p) . n(=n) & 2n(n-1)(p-1) &f)

(m=1) (m=-1)f? (m=1)f3
“1)(p-1 -D(p-1)(p-4
iy T R e e TR

o e
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with the help of (1.15), or equivalently

_nl-n) & _ 2p(p-1)(n-1) 2n(n-1)(p-1)

p(p-DK =" 0 (af)+ 200D (7 )
-D(p-1 -D(p-1)(p—-4
+Pn(” fz)(P ) "fe“2+ n(n )(1}4 Y(p—4) ”fx”z

If we use (1.10) and (2. 8), then we get

(2.12) 2 Gy + 2y T = (5. - 5,7Gr).
Contracting (2.12) with respect to x and 2z, we obtain

(2.13) Syat(m—2)d, =0

if p # 1. Using (2. 5) and (2.13),

(2.14) ya =0

if 7 # 1, and that S, = 0. Since

1 Jd £,
Yay=70afy - % =dgdylogf,

¢ya = 0 means that fiis the product of certain functions £ * on B and f on F. Therefore, if
we denote the fibre with the metric g”;y= f? §xy by F*, then we have

Theorem 2. 1. If the twisted product manifold M=B X¢F of the Riemannian manifolds B
and F is conformally flat and p #1, n#1, then M is the warped product space B Xy F* of B
and F*,

If we assume that M = BX¢F is conformally flat and ~+ 1, then the identities (1. 7), (2. 8)
and (2.11) give rise to

1
Racr® = m—_Z)(Scb53 ~ Sa88 +S4°9ep — ScGan )

(2 15) - (mf2)f (5§chb - 5§‘Vd fb + gcbvdfa — gdbvcfa)
1 ~ B .
“mDm K (9605 — 9ape)

and
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(2.16) K= ﬂ({jn) {ZP(P"})(H—I) &f)+p(p-1)K- ﬂ(_fz”P——Q I "2}

If we substitute (2.16) into (1.15), then the scalar curvature K of Mis reduced to

(m=1)(n-p) 2p(m—1)
(2.17) K=" K- ().

So, contracting (2.15) with respect to band ¢, and using (2.17), it follows that

(2.18) Secb —Kgcb + (n 2) (Af)gcb - (- 2)( Velp)-

Hence, if n = 2, then S¢p = %K d¢b, that is, B becomes an Einstein space if K is constant.
Since 2-dimensional Einstein space is a space of constant curvature, we have

Theorem 2. 2. Let M=B X ¢ F be the conformally flat twisted product manifold. If the scalar
curvature K of B is constant and dimB =2, then B is the space of constant curvature.

Assume that B is a space of constant curvature and 7 2 3. Then B becomes an Einstein
space and that (2.18) is reduced to

(2.19) Vi fy = =(f)Gep -

This means that f is the concircular function.

Conversely, if f is the concircular function, then the equations (2.18) and (2.19) imply that
B is an Einstein space. Therefore if we substitute S ;= %Kgcb ,(2.17) and (2.19) into (2.15),
then we get

1
(2.20) Rich” = 5571y K(9ev0 — 9an6¢),
because 7 = 7 + p. Hence we have

Theorem 2. 3. Let B be a Riemannian manifold with dimension n 23 and the twisted
product manifold M=B Xy F is conformally flat. Then B is the space of constant curvature if
and only if f is the concircular function.
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