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Abstract We concentrate our attention on developing

a meshfree flat-shell formulation for evaluating linear

buckling loads and mode shapes (modes) of structural

plates employing an eigen value analysis. A Galerkin-

based shear deformable flat-shell formulation for that

purpose is proposed. The in-plane and out-of-plane de-

formations are interpolated using the reproducing ker-

nel particle method (RKPM), while the two membrane

deformations, and the three deflection and rotational

components are respectively approximated through a

plane stress condition and Mindlin-Reissner plate the-

ory. The meshfree discretization by which, as a conse-

quence, constructs five degrees of freedom per node. A

generalized eigenvalue problem for the solution of buck-

ling loads and modes of the structural plates is then

described. The stiffness matrices of the linear buckling

analysis are numerically integrated based on the sta-

bilized conforming nodal integration (SCNI) and sub-

domain stabilized conforming integration (SSCI). The

RKPM and SCNI/SSCI based on Galerkin meshfree

formulation, i.e., stabilized meshfree Galerkin method,
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can overcome the shear locking problem by imposing

the Kirchhoff mode reproducing condition. In addition,

a singular kernel (SK) function is included in the mesh-

free interpolation functions to accurately impose the

essential boundary conditions. The merits of the devel-

oped formulation are demonstrated through numerical

buckling experiments of several examples of plates, by

which the accuracy and performance of the proposed

method are investigated and discussed in detail. It in-

dicates from our numerical results of buckling loads and

modes that the proposed meshfree formulation is accu-

rate and useful in the simulation of buckling problems

of structural stiffened plates.

Keywords Buckling · Meshfree · FEM · Stiffened
Plate

1 Introduction

Buckling and ultimate strength evaluations of struc-

tural members, e.g., aircraft fuselage, pressure vessel

and ship hull, are important to avoid the occurrence

of collapse accidents of the structures. The structural

members are often composed of rectangular plates, con-

tinuous plating and stiffened plate structures. The ge-

ometry, plate thickness, aspect ratio and combination

of the plates/stiffeners affect the buckling loads, modes

and ultimate strength. By enhancing the quality and

the performance of the ship structures, their optimum

design to avoid or reduce failure problems is essen-

tial, by which the studies on buckling behaviors un-

der external and internal loadings play an important

role. The buckling loads of several plate structures for

ships and marine structures have been analyzed and

summarized in common structural rules [1] and recom-

mended practices for marine structures; e.g., [2, 3]. In
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addition, advanced evaluations of the buckling and ul-

timate strength of ship structures have been explored
[4–10]. Although flat stiffened plate attached straight

stiffeners have often treated, new stiffened plate system

including curvilinear shells and curved stiffeners should

be taken into account for modern marine structural de-

sign.

Shell finite element (FE) modeling has been widely

employed to analyze steel plate structures. However,

the shear locking problem encountered in the standard

finite element method (FEM) formulation has greatly

limited its applicability to practical problems. Although

several shell formulations and numerical implementa-

tions have developed for overcoming the locking prob-

lem, see e.g., [11, 12], effective and accurate methods

devoted for the solutions of structures with complicated

configurations (e.g., plates integrating curved stiffeners)

and nonhomogeneous materials (e.g., composite plates)

are still required. In the last two decades, meshfree

methods and their variant have been introduced and

they have successfully applied to solve many engineer-

ing problems. These methodologies include the element

free Galerkin method [13], reproducing kernel parti-

cle method (RKPM) [14–16], meshless local Petrov-

Galerkin method [17], moving Kriging meshfree method

[18–21] and wavelet Galerkin method [22–26]. Because

some of these methods adopt continuous functions as

a meshfree interpolant, it is possible to analyze thin-

plate structures effectively without encountering shear

locking problems. In recent years, isogeometric analy-

sis [27–31] can be used as an alternative method to solve

plate bending problems efficiently, because nonuniform

rational basis spline (NURBS)-based continuous func-

tions can also be employed as the interpolation func-

tion. In this contribution, we particularly focus on buck-

ling analysis of the plate structures with curved stiffen-

ers by a stabilized meshfree Galerkin flat-shell formula-

tion based on the RKPM (stabilized meshfree Galerkin

formulation) without shear locking problem.

The RKPM-based Galerkin meshfree plate formula-

tion was originally developed by Wang and Chen [32].

The formulation is based on Mindlin-Reissner plate the-

ory for the treatment of transverse shear stress in plates.

The stiffness matrix is numerically integrated using the

stabilized conforming nodal integral (SCNI) [33, 34]. A

Voronoi cell diagram [35] is adopted for the model gen-

eration. The strain components in a Voronoi cell do-

main are smoothed using the Gauss divergence theo-

rem, and the values are evaluated by nodes in the stabi-

lized numerical integration techniques. The plate bend-

ing formulation can possess the Kirchhoff mode repro-

ducing condition (KMRC) [32] on the condition that a

complete quadratic basis as the basis vector in the re-

producing kernels (RKs) is chosen. To date, the formu-

lation has been applied to geometrical nonlinear anal-
ysis by adopting a flat-shell formulation [36, 37], which

has five degrees of freedom (DOFs) per node by intro-

ducing the plane stress membrane deformation compo-

nents. In addition, Sadamoto et al. [38] analyzed a large

deflection problems of structural plates with initial im-

perfection using the meshfree formulation by introduc-

ing a convected coordinate system. So far, buckling and

free vibration problems for un-stiffened plate employ-

ing RKPM-based meshfree methods have been solved

in [40–42], meshfree analysis for stiffened plate struc-

tures including straight and curved stiffeners have not

presented yet.

In evaluating the buckling loads and modes of the

stiffened plate structures using FEM, stiffened mem-

bers (e.g., stiffeners, longitudinal girders and transverse

frames) are sometimes modeled by suppressing the de-

flection of the FE model as essential boundary condi-

tions (BCs). There is a steep gradient of displacements

and a concentration of stress around the BCs. In the

meshfree discretization, sub-domain stabilized conform-

ing integration (SSCI) [39–44] is thus introduced along

the BCs to accurately integrate the stiffness matrices

for the linear buckling analyses. In the SSCI, a Voronoi

cell is further divided into a number of triangles (sub-

domains), and SCNI is adopted for each sub-domain.

Additionally, a singular kernel (SK) function [45] is in-

troduced to impose the essential BCs and to model the

continuous structural plates. An original RK that is

located along the boundaries (or edges) and the stiff-

ened members are modified so as to satisfy the Kro-

necker delta property. The imposition of the essential

BCs can be carried out as well as the conventional FEM.

Highly accurate and effective enforcement of the essen-

tial BCs and modeling of the continuous structures can

be achieved.

To date, curved beam problems [46], geometrically

nonlinear problems [36–38] and cracked plate problems
[47] have been analyzed using the meshfree formulation.

Although the flat-shell formulation is attractive for the

analysis of buckling loads and modes of the structural

plates, buckling analyses of stiffened structural plates

have not been reported. Especially, modeling of a plate

including curved stiffeners is much more complicated

than the straight one, therefore, our target is also to

show the applicability of the proposed method. Numer-

ical examples including a square plate, a continuous

plate, and a plate with curved stiffeners are consid-

ered and analyzed, which are to validate and to show

the accuracy, effectiveness and performance of the pro-

posed stabilized meshfree formulation. It is noted that

the stiffened members are modeled by suppressing the
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deflection components in the meshfree flat-shell model-

ing.
The paper is organized as follows. Section 2 presents

the meshfree approximation of a flat-shell. Section 3

presents the governing equations of the buckling prob-

lems and the discretization of the RKs. Numerical ex-

amples for buckling analysis of structural plates are

considered and the obtained results are investigated

and discussed in Section 4. Conclusions drawn from the

study are given in the last section.

2 Meshfree approach for a flat-shell

2.1 Representation of a plate deformation

The Mindlin-Reissner plate theory is taken. A schematic

of the shear deformable plate is depicted in Fig.1, in

which the area of the middle plane, the plate thickness

and volume are represented by S, th and V (=S × th),

respectively.
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Fig. 1 Geometrical representation of a flat-shell and its
meshfree discretization

When solving buckling problems of a plate under a

uniaxial thrust, the bending components start to de-

velop stably including the buckling modes above the

buckling loads. A flat-shell is thus formulated by cou-
pling with an in-plane deformation and an out-of-plane

deformation. In the flat-shell formulation, two DOFs

(u1mid, u2mid) for the membrane components plus three

DOFs (u3, θ1, θ2) for the plate bending components are

then considered per node. Here, u1mid and u2mid are

membrane displacements in x1- and x2-directions in

the middle section, respectively, and u3 is the deflection

component of the plate. θ1 and θ2 are deflection angles

for the x1- and x2-axes, respectively. The displacement

vector u(x) of the shear deformable plate forms

u(x) =


u1
u2
u3

 =


u1mid + zθ2
u2mid − zθ1

u3

 , (1)

where ui (i=1,2,3) represent displacements in a plate

along the xi-axes. And, z (|z| ≤ th/2) represents the
plate thickness direction.

2.2 Meshfree RKPM approximation of field variables

In the meshfree discretization, nodes are distributed on

the middle-plane of the flat-shell as shown in Fig.1. The

RKs are located at each node. The five components ui
(i=1mid, 2mid, 3) and θj (j=1,2) are approximated by

the RKs. For example, a physical quantity e(x) of a

plate is represented as

eh(x) =

NP∑
I=1

ψI(x)eI , (2)

where eh(x) is the approximated value and eI denotes

the coefficients. x is a position vector within the anal-

ysis domain. NP is the total number of nodes to be

used for the approximation. The RK function ψI(x) is

constructed as the sum of the original kernel function

ϕI(x) to impose the reproducing condition (RC). The

RK function ψI(x) is represented using a basis vector

h(x) and the coefficient vector b(x) as

ψI(x) = hT (xI − x)b(x)ϕI(xI − x). (3)

A cubic spline kernel function [50] is used as the original

kernel function ϕI(xI − x):

ϕI(xI − x, h) =
10

7πh2


1− 3

2s
2 + 3

4s
3 (0 ≤ s ≤ 1)

1
4 (2− s)3 (1 ≤ s ≤ 2)

0 (2 ≤ s)

,

(4)

where s (=|xI − x|/h) is the normalized distance from

the center of the kernel, and h is a parameter that de-

termines the function support.

The RC in the two-dimensional (2D) case is ex-

pressed as

NP∑
I=1

ψI(x)x
i
1Ix

j
2I = xi1x

j
2, (0 ≤ i+ j ≤ 2), (5)

which can be rewritten in vector form as

NP∑
I=1

ψI(x)h(xI − x) = h(0). (6)

Substituting Eq.(3) into Eq.(6), a simultaneous linear

equation is obtained,

M(x)b(x) = h(0), (7)
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where M(x) is a moment matrix,

M(x) =

NP∑
I=1

h(xI − x)hT (xI − x)ϕI(xI − x). (8)

The coefficient vector b(x) is obtained by analyzing

Eq.(7). Eq.(3) can be rewritten as

ψI(x) = hT (0)M−1(x)h(xI − x)ϕI(xI − x). (9)

When a complete quadratic basis is used as the basis

vector h(x) in the RKs, a pure bending mode can be ex-

pressed in the meshfree Mindlin-Reissner plate formu-

lation; i.e., hT (x)={1 x1 x2 x21 x1x2 x22}. This makes it

possible for possessing the KMRC, and a highly accu-

rate meshfree analysis can be carried out without the

shear locking problem. The details of the KMRC can

be found in [32,37,39].

2.3 SK function

It is known that meshfree interpolants based on moving-

least-square or RK approximations do not have the

Kronecker delta property; i.e., dh(x) ̸=dI in Eq.(2). This

thus induces difficulties in imposing the essential BCs

in meshfree methods. Chen and Wang [45] proposed a

SK function for correcting original RK to satisfy the

Kronecker delta property. Here, we briefly summarize

the SKs.

The original kernel function ϕI(xI −x) in Eq.(4) is

modified for introducing a singularity associated with a

designated node J located at (x̂1J , x̂2J) on the bound-

ary:

ϕ̂J(x̂1J − x1, x̂2J − x2) =
ϕJ(x̂1J − x1, x̂2J − x2)

f(x̂1J − x1, x̂2J − x2)
,

(10)

where ( ˆ ) represents a node imposed singularity in

an associated kernel function. The function f(x̂1J −
x1, x̂2J − x2) is expressed as

f(x̂1J − x1,x̂2J − x2)

=

[(
x̂1J − x1

p

)2

+

(
x̂2J − x2

p

)2
]c

, (11)

where p (=2h) is a parameter that determines the func-

tion support. The parameter c is the order of the singu-

larity and values of 0.1 to 2.0 have been suggested [45];

c=1.0 is chosen in the present study. The RKs associ-

ated with the SK function are expressed as

ψ̂J(x) = hT (0)M̂−1(x)h(x̂J − x)ϕ̂J(x̂J − x), (12)

M̂(x) =

 NP∑
I=1,I ̸=J

h(xI − x)hT (xI − x)ϕI(xI − x)


+ h(x̂J − x)hT (x̂J − x)ϕ̂J(x̂J − x). (13)

Figs.2a and b show examples of the original RK func-

tion and the SK function, respectively. The essential

BCs can be accurately imposed by introducing the SK

function in the meshfree modeling. The SK function

set for imposing the essential BCs. The error in the

essential BCs is close to zero to the limit of machine

precision.
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Fig. 2 RK functions. a An original RK function. b A SK
function

3 A flat-shell formulation for linear buckling

analysis

3.1 Governing equations and a weak-form

A flat-shell is analyzed employing the meshfree Galerkin

formulation for the buckling loads and modes evalua-

tions of structural plates. The body force term is not

included in the formulation. The virtual work principle

can be written as∫
V

σ : δε dV =

∫
S

t̄ · δu dS. (14)

σ and ε are the Cauchy stress tensor and strain tensor,

V is the volume of the plates. The term δ represents

their variation. t̄ is the traction force vector applied to

the body on the traction boundary S. The numerical

integration of the linear formulation in Eq.(14) is per-

formed with the meshfree approximation and the nodal

integration techniques SCNI/SSCI presented in section

3.2.

3.2 Nodal integration techniques

In the meshfree discretization, nodes are distributed on

the middle plane of the flat-shell. A Voronoi cell is auto-

matically generated according to the nodes as denoted
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in Fig.3. xK denotes the coordinates of the K-th node.

ΩK is the area of the Voronoi cell, and ΓK is its bound-
ary. n is normal to the cell. SCNI and SSCI are em-

ployed for the numerical integration of the Galerkin

meshfree formulation. The five DOFs are denoted as

{u1mid u2mid u3 θ1 θ2}T={d1 d2 d3 d4 d5}T .
When adopting SCNI, the derivatives of the com-

ponents for d̃hj (xK) (j=1,· · · ,5) are represented as

d̃hj,k(xK) =
1

AK

∫
ΩK

dhj,k(xK) dΩ

=

NP∑
I=1

bIk(xK)djI , k = {1, 2}, (15)

where d̃hj,k(xK) denotes differentiations for the xk-axis

(k=1,2), and AK is the area of ΩK . ( ˜ ) represents

smoothed physical quantities evaluated using the nodal

integration techniques. The scalar value bIk(xK) is eval-
uated using a line integral as

bIk(xK) =
1

AK

∫
ΓK

ψI(x)nk dΓ, k = {1, 2}. (16)

nk denotes the x1- and x2-components of the normal

vector. The physical values of SCNI are evaluated at

each node.

xKi
n

   : Normal vector

Nodes

Gravity center of a sub-domain

: Sub-domain for K-th node

: Boundary of sub-domainΓKi ΩKi

ΩKi

ΩK

K

: Voronoi cell for K-th node

: Boundary of domainΩKΓ

x1

x2

x3

n

Kx

Fig. 3 A schematic illustration of nodal integration tech-
niques SCNI/SSCI

When solving linear buckling problems of plate struc-

tures including stiffeners or crack defects, an improved

hybrid numerical integration scheme is needed to ac-

curately derive stiffness matrix along stiffeners lines or

crack lines because high stress gradients [37,52] and dis-

placement discontinuities sometime occur [47–49]. SSCI
[39–44] is also introduced to the nodes of BCs. The inte-

gration area of SCNI ΩK is further divided into a num-

ber of triangular areas (sub-domains) ΩKi as shown

in Fig.3. Additionally, SCNI is adopted for each sub-

domain. The physical values are evaluated at the grav-

ity center xKi
. In SSCI, differentiations d̃hj,k(xKi

) of the

components d̃hj (xKi
) are expressed as

d̃hj,k(xKi
) =

1

AKi

∫
ΩKi

dhj,k(xKi
) dΩ

=

NP∑
I=1

bIk(xKi)djI , k = {1, 2}, (17)

where the scalar value bIk(xKi
) is expressed as

bIk(xKi
) =

1

AKi

∫
ΓKi

ψI(x)nk dΓ, k = {1, 2}. (18)

AKi is the area of ΩKi , and nk denotes the normal vec-

tor components n for the boundary of the sub-domains

ΓKi
. When evaluating a line integration in Eqs.(16) and

(18), the five-point Gauss quadrature is adopted.

In terms of the flat-shell formulation, rotational com-

ponents and the derivative of the deflection compo-

nents are included in the shear strain term. In the dis-

cretization, SCNI/SSCI is adopted for the derivative

of the deflection components, and a surface integral is

directly adopted for the rotational components as pre-

sented in [47]. A Voronoi cell is further divided into a

number of triangles, and the 13-point Gauss quadrature

is applied to each triangle in the surface integral.

3.3 Discretization for linear buckling analysis

When considering an elastic stability problem of shear

deformable plate, the linear formulation of Eq.(14) is

represented as∫
V

σ : δεLdV + λ

∫
V

σ′
0 : δεNLdV = 0, (19)

where εL and εNL are the linear and nonlinear parts of

strain tensors, respectively. σ′
0 is the pre-buckling stress

tensor, and λ is the buckling factor. The linear strain

components εLij (=εL) can be described as
εL11
εL22
2εL12
2εL31
2εL23

 =



∂u1mid

∂x1
+ z ∂θ2

∂x1
∂u2mid

∂x2
− z ∂θ1

∂x2

∂u1mid

∂x2
+ ∂u2mid

∂x1
+ z

(
∂θ2
∂x2

− ∂θ1
∂x1

)
∂u3

∂x1
+ θ2

∂u3

∂x2
− θ1


.

(20)
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The nonlinear strain tensor εNL is defined as

εNLij =
1

2

(
∂ui
∂xi

∂ui
∂xj

)
. (21)

Eq.(19) is decomposed by constitutive and strain dis-

placements relations. And, it is discretized as[∫
V

BT
LCBLdV + λ

∫
V

BT
NLσ

′
0BNLdV

]
U = 0, (22)

where BL and BNL are displacement-strain matrices in

the meshfree model, and C is the stress-strain relation-

ship. Finally, a generalized eigenvalue problem for the

linear buckling analysis can be derived based on Eq.(22)

as

(KL + λKNL)U = 0. (23)

U is the buckling mode which corresponds to λ. Be-

cause the geometrical stiffness matrix KNL is a non-

regular matrix, following equation is then analyzed

(
1

λ
KL +KNL)U = 0. (24)

The buckling loads and modes of the meshfree model

can be obtained by solving Eq.(24).

4 Numerical examples and discussion

In this section, several numerical examples of buckling

problems including square plates, continuous plating,

and rectangular plate with curved stiffeners are con-

sidered and investigated. In the meshfree modeling, the

stiffeners, longitudinal girders and transverse frames are

located on nodes and modeled by suppressing the de-

flection components of the nodes. SSCI is adopted for

Voronoi cells belong to the nodes. For verification pur-

pose, apart from the example whose analytical solutions

are available, other reference solutions are derived from

the use of the commercial FEM software (MSC.Marc).

Four-node-thick quadrilateral shell elements (element

number : 75) is used. Although the first and second

buckling loads and modes in general are required for

the examination of buckling behaviors of the structural

plates, higher orders are also analyzed to show the ac-

curacy of the proposed meshfree formulation and dis-

cretization.

4.1 A square plate

We start by considering a square plate under biaxial

loads as depicted in Fig.4a with several BCs. The di-

mensions of the plate are a=b=1,000 mm, and the plate

thickness is th=10 mm. Young’s modulus is E=205.8

GPa and Poisson’s ratio is ν=0.3. The effects of the
boundary and loading conditions on the buckling loads

are analyzed, and the obtained numerical results are

then compared against the analytical reference solu-

tions [51] and the FEM results. The BCs sketched in

Fig.4a are defined as follows. The terms ”S” and ”C”

indicate the simply supported and fully clamped BCs,

respectively. ”S” and ”C” are imposed on the four edges

(i), (ii), (iii) and (iv) as shown in Fig.4a. In the case of

SCSC, for example, edges (i) and (iii) are simply sup-

ported whereas the edges (ii) and (iv) are fully clamped.

Six BCs are considered: SSSS, CCCC, SCSC and CSCS

under uniaxial compressive loads in the x1-direction

and SSSS and CCCC under biaxial compressive loads

in the x1- and x2-directions. A total of 625 (25×25)

scattered nodes are employed for the regular and irreg-

ular meshfree models. The distribution of nodes and

Voronoi cell diagrams are presented in Figs.4b and c.

SCNI is only employed for the nodal integration of the

stiffness matrices.

Table 1 presents a comparison of the numerical re-

sults of buckling factor k=λb/(Dπ2) among the reg-

ular/irregular distributed models, analytical solutions

[51], and the FEM. D=Et3/12(1 − ν2) is the flexural

rigidity. The errors η % between meshfree and ana-

lytical solutions are also represented in Table 1. 1,600

(40×40) equally spaced FEs are used in the FE analy-

ses. The numerical results are in good agreement with

the analytical and reference solutions in all cases for the

several boundary and loading conditions. It is very in-

teresting to see that the influence of the irregular mesh-

free discretization on the buckling factor is insignificant.

This implies that the proposed formulation is insensi-

tive to the irregularly scattered distribution. We also re-

port the percentage errors estimated over the analytical

solutions given in parenthesis for the developed mesh-

free and FEM method. High accuracy of the present

meshfree formulation is observed.

4.2 A continuous plate structure

Next example deals with a continuous plate structure

as shown in Fig.5a. A continuous flat-shell plate is sup-

pressed by longitudinal stiffeners and transverse frames.

The distance between adjacent transverse frames is a,

and the distance between longitudinal stiffeners is b.

Three meshfree models with a=400, 1,200 and 2,000

mm and b=400 mm are developed. The aspect ratio

a/b is 1.0, 3.0 and 5.0, respectively. The plate thick-

ness th is assumed to be 10 mm. Young’s modulus is

E=205.8 GPa and Poisson’s ratio is ν=0.3. The shaded

region (IJKL) in Fig.5a (i.e., triple-span) is modeled to
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(a) (b) (c)

x

N

N

a

b

S
S

S
S

th
(i)

(ii)
(iii)

(iv)

1

x2

x1

x1

x3

Nx2

Nx2

Fig. 4 A schematic illustration of a square plate and the meshfree discretization. a Loading and boundary conditions (SSSS).
b Regular model. c Irregular model

Table 1 Comparison of the buckling factor k of a square plate among the analytical, FEM and the present formulation
methods and their errors

Loading
conditions

BCs Analytical
solution [51]

Regular Irregular FEM η (%)
(Regular)

η (%)
(Irregular)

Nx1
SSSS 4.00 3.9818 3.9754 3.9803 0.46 0.62

Nx1
CCCC 10.07 10.0019 10.0222 10.0678 0.68 0.48

Nx1
SCSC 7.69 7.6401 7.6399 7.6596 0.65 0.65

Nx1
CSCS 6.74 6.7239 6.7204 6.7301 0.24 0.29

Nx1
= Nx2

SSSS 2.00 1.9909 1.9878 1.9902 0.46 0.61
Nx1

= Nx2
CCCC 5.33 5.2839 5.2844 5.3012 0.87 0.86

a
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Fig. 5 Model of a continuous plating. a Triple-span model.
b Boundary conditions of the continuous plate

(a) SCNI

(b) SCNI/SSCI

Trans. Trans.

Longi.

Longi.

Fig. 6 Node distribution and domains for the nodal integra-
tions (a/b=3.0). a Full SCNI model. b SCNI/SSCI hybrid
model

examine the accuracy and effectiveness of the mesh-

free modeling, although the buckling loads and modes

are equivalent to the results for a rectangular plate, if

the continuous plate is assumed to be simply supported

along longitudinal stiffener and transverse frame lines.

To ensure continuity of the plating, the in-plane dis-

placement of the edges in perpendicular directions is

considered to be uniform, and periodical BCs are im-

posed as shown in Fig.5b.



8 K. Yoshida et al.

(a) SCNI

(b) SCNI/SSCI

1st 2nd 3rd 4th

(c) FEM x1 x2

x3

Fig. 7 Comparison of the first four buckling modes of the continuous plate (a/b=1.0). a Full SCNI model. b SCNI/SSCI
hybrid model. c FEM

Two kinds of meshfree models are employed to ex-

amine the accuracy of the nodal integration techniques

for integrating the stiffness matrices. One is the full

SCNI model, and the other is the SCNI/SSCI hybrid

model. For example, meshfree models having an aspect

ratio a/b=3.0 are presented in Figs.6a and b. They have

37×13 nodes, and the node distance is α=200/3 mm.

The full SCNI model is employed SCNI throughout

the analysis domain. In the SCNI/SSCI hybrid model,

Voronoi cells along the transverse frames and longitu-

dinal girders are divided into a number of triangular

sub-domains, and SSCI is employed. The buckling loads

and modes are compared with the FE results using the

MSC.Marc.

The first four buckling modes (a/b=1.0) are depicted

in Figs.7a, b and c, which are accounted by using the

full SCNI, SCNI/SSCI hybrid and FE models, respec-

tively. Although the first to third buckling modes of

the meshfree models are consistent with those of the

reference solutions, an oscillation in the buckling mode

can be observed in the fourth buckling mode of the full

SCNI model as shown in Fig.7a. The buckling stresses

calculated by the meshfree models are presented in Ta-

ble 2. There is also a slight difference between the re-

sults of the full SCNI model and the FE results in the

fourth buckling stress. Meanwhile, the results of the

SCNI/SSCI hybrid are in good agreement with the ref-

erence solutions. A similar tendency is found for the

higher order buckling loads and modes.

In the author’s previous study [52], a similar oscil-

lation in the deflection can be seen in the linear anal-

ysis of plate bending problems, when the full SCNI

model is adopted and the deflection of the flat plate

is suppressed locally. The full SCNI model thus cannot

represent accurately the local deformation because the

stress/strain components are smoothed throughout the

cell. Meanwhile, the combination of SCNI and SSCI

provides good agreement with the reference solutions

since the local deformation can be represented by sub-

dividing a Voronoi cell into sub-domains for SSCI along

the stiffened members.

To further examine linear buckling analysis with the

SCNI/SSCI hybrid model, a convergence study is car-

ried out for the first buckling stresses of the meshfree

models with a/b=1.0, 3.0 and 5.0. The error η % is

defined as

η =

∣∣∣∣σcr. − σref.
σref.

∣∣∣∣× 100 (%), (25)

where σcr. and σref. are the critical buckling stresses

obtained from the meshfree modeling and FE results.

A fully converged FE solution is employed for the ref-

erence solutions. The convergence results derived from

the present formulation are shown in Fig.8. The results

are also compared with the FEM results. α is a node

spacing of the meshfree and FEM models. The solu-

tions of the meshfree method and FEM monotonically

converge as the node spacing decreases. When coarse
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models employed in the meshfree method, the results

with FEM are superior to those of the meshfree ones.
This is because the function support of the meshfree

interpolation function is wider than the FEM bilinear

function. Therefore, meshfree results with the coarse

model are sensitive to the boundary condition. While

the convergence rates of the present formulation is su-

perior to those of the FEM. It is thus confirmed that

the meshfree modeling and nodal integration techniques

SCNI/SSCI for continuous plating work well.

Table 2 Comparison of the buckling stress σcr. for continu-
ous plates (α=200/3 mm)

(N/mm2) 1st 2nd 3rd 4th

SCNI 462.17 715.80 771.16 810.77
SCNI/SSCI 462.53 725.13 771.76 881.88

FEM 463.69 721.49 778.73 884.43

log10α

η
 (

%
)

FEM (a/b=1.0)

FEM (a/b=3.0)

FEM (a/b=5.0)

Meshfree (a/b=1.0)

Meshfree (a/b=3.0)

Meshfree (a/b=5.0)

Fig. 8 Convergence study for the continuous plates with dif-
ferent aspect ratio a/b (SCNI/SSCI hybrid model and FEM)

4.3 A rectangular plate with curved stiffeners

To demonstrate the advantage of the proposed mesh-

free modeling, buckling analyses of a rectangular plate

with curved stiffeners are performed. Such a structural

model is sometimes adopted in aerospace, marine engi-

neering and architecture constructions. Although there

are difficulties in generating the FE models, it is rela-

tively easy to make the meshfree models because the

nodes can easily be located along the curved stiffeners.

Rectangular plate models including one and two curved

stiffeners analyzed in Refs. [53, 54] are taken as exam-

ples, and the buckling modes and loads are evaluated.

4.3.1 One curved stiffener

A rectangular plate with a curved stiffener is analyzed.

Two kinds of curved stiffener models are chosen. The

models are respectively called Models A and B, and

they are represented in Figs.9a and b. The dimensions

of the rectangular plate are a=b=120 mm. The plate

thickness th is 1.2 mm. The material properties are

E=69 GPa and ν=0.3. The curved stiffeners are ex-

pressed by polynomial equations as x2=0.0176(x1 −
50)2 + 30 mm in the case of Model A, and x2=−5.5×
10−3x21 + 0.7x1 + 40 mm in the case of Model B.

Meshfree versions of Models A and B are repre-

sented in Figs.9c and d. They have 1,683 and 1,685

nodes, respectively. Voronoi cells are generated through-

out the meshfree models, and SCNI is adopted. SSCI

is also adopted along the curved stiffeners. As the BCs,

all the edges are assumed to remain straight and be

simply supported in both cases and subjected to biax-

ial compression loads. To provide reference solutions,

linear buckling analysis is carried out using the FEM.

The FE models have 16,121 and 12,923 elements, re-

spectively.

The first four buckling factors k of Models A and B

are presented in Table 3, and their buckling modes are

visualized in Figs.10 and 11. FE results are also pre-

sented. Although the buckling modes are slightly com-

plicated compared with those of the rectangular plate

without stiffeners, the buckling loads and modes ob-

tained with meshfree modeling are in good agreement

with the reference solutions.

Table 3 Comparison of the buckling factor k of rectangular
plates with a curved stiffener for Models A and B between
the present meshfree method and FEM

Model 1st 2nd 3rd 4th

A
Meshfree 5.3780 9.6392 10.6699 13.1084
FEM 5.4137 9.6241 10.7243 13.0765

B
Meshfree 5.2060 8.2751 8.6687 10.9791
FEM 5.2118 8.2695 8.6904 11.0425

4.3.2 Two curved stiffeners

To analyze a more complicated geometry employing

the meshfree modeling, a rectangular plate with two

curved stiffeners is analyzed. The model is called Model

C, and it is depicted in Fig.12a. The equations of the

two curved stiffeners are x2=
√

7202 − (x1 − 700)2−100

mm and x2=
√
7202 − (x1 + 93.1)2− 100 mm. The ma-

terial properties are E=73 GPa and ν=0.33. The plate

thickness is th=4.0 mm. The dimensions of the plate are
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x1

x2

x3

Stiffener

a

b

x1

x2

x3

Stiffener

a

b

(a)

(c)

(b)

(d)

Fig. 9 Rectangular plate with a curved stiffener a Model A.
b Model B. c Meshfree model for Model A. d Meshfree model
for Model B

a=606.9 mm and b=711.2 mm. The boundary and load-

ing conditions are the same as those of Models A and

B. Fig.12b shows the node distribution and Voronoi cell

diagram. The meshfree model has 1,600 nodes and the

FEM model has 9,911 elements. The buckling stresses

σcr. from the first to the fourth order buckling stresses

are presented in Table 4. The buckling modes are shown

in Fig.13. These meshfree results are also in good agree-

ment with the reference solutions.

Table 4 Comparison of the buckling stress σcr. of a rectan-
gular plate with two curved stiffeners (Model C)

(N/mm2) 1st 2nd 3rd 4th

Meshfree 69.823 129.690 140.871 195.806
FEM 70.057 130.246 141.453 196.270

5 Conclusion

A stabilized meshfree Galerkin flat-shell formulation

without shear-locking effect was introduced to solve

buckling problems of plate structures. In the meshfree

modeling, RKPM and SCNI/SSCI are employed to eval-

uate the buckling loads and modes effectively. The va-

lidity of the proposed approach is verified with sev-

eral numerical examples for a square plate, a contin-

uous plate, and a plate with one or two curved stiff-

eners. The numerical results obtained by the present

meshfree method are in good agreement with the ref-

erence solutions. The buckling of a complex geometry
can thus be analyzed employing the meshfree model.

Once again, the numerical results indicate that an os-

cillation in the buckling modes can be found when the

full SCNI-based meshfree is taken, whereas the hybrid

SCNI/SSCI model offers very good buckling modes.

Also, the convergence study using the hybrid SCNI/SSCI

meshfree model confirms its good performance in buck-

ling analysis of plate.
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