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Abstract

A novel technique to evaluate the path-independent integral using nodal
integration is developed for cracked plate problems. The formulation is based
on the Mindlin-Reissner plate theory, and the reproducing kernel is used
as a meshfree interpolant. A visibility criterion, diffraction method, and
enriched basis are included. To integrate the stiffness matrix, the stabilized
conforming nodal integration and the sub-domain conforming integration
are adopted. A moment intensity factor is also evaluated employing the J-
integral based on the nodal integration. Convergence and numerical results
derived from regular and irregular discretizations, node density, and other
aspect ratios are analyzed.

Keywords: Fracture; Meshfree methods; Mindlin-Reissner plates;
J-integral; Stabilized conforming nodal integration.

1. Introduction

Hull structures of ships and offshore structures are composed of plates.
To ensure structural safety and reliability in practical design of the plate
structures, durability assessments against cracking is important. Fracture
mechanics is one of the techniques in this assessment. Researchers have
performed fracture mechanics and failure analyses for marine structures [1-
4].
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Generally, crack analyses and evaluation of the stress intensity factors
(SIFs) have been performed based on three-dimensional (3D) continuum
theory [5]. The plate structures are deformed out of the plane under dif-
ferent loading conditions. Fracture mechanics formulated by a plate theory
is well suited for describing fracturing of cracked thin-plate structures. When
performing fracture mechanics evaluations based on the plate theory formu-
lation, the mathematical representation of deformation, strain, and stress
around the crack tip are different from those of the 3D continuum theory. A
crack analysis in plates and shells, and collections of SIF solutions are sum-
marized in [6]. Zhender and Viz [7] reviewed fracture mechanics of a cracked
plate including Kirchhoff and Mindlin-Reissner plate formulations. To date,
crack analysis based on plate theory is rather rare compared with that us-
ing 3D continuum theory. Further investigations are therefore needed, e.g.,
cracked plate modeling, evaluation of the fracture mechanics parameters, and
the crack propagation simulations. In this paper, we analyze cracked width
plates using a novel meshfree plate formulation in terms of the Mindlin-
Reissner shear deformable theory and stabilized conforming nodal integra-
tion.

In solving plate bending problems employing a standard finite element
(FE) formulation, a special technique is needed to overcome the shear locking
problem. A recently developed numerical method, the meshfree method, has
the potential to avoid the locking problem because continuous functions can
be adopted in the approximation of the deflection and rotation components.
To date, various meshfree methods have been proposed, e.g., the element
free Galerkin method [8], the reproducing kernel particle method [9,10], the
meshless local Petrov-Galerkin method [11], and the moving Kriging inter-
polation method [12,13]. An interesting overview and recent developments
of the meshfree methods can be found in [14]. The moving least squares
approximation or the reproducing kernel (RK) approximation are frequently
employed to generate the meshfree interpolants. The function and its deriva-
tive are smooth and continuous. In this study, the Mindlin-Reissner plate
formulation proposed by Wang and Chen [15,16] and the RK approxima-
tion [9] are adopted, and the stabilized conforming nodal integration (SCNI)
[17] is employed to integrate the stiffness matrix. The formulation and dis-
cretization assumes a locking-free property by imposing the so-called Kirch-
hoff mode reproducing condition (KMRC). In our previous study, large de-
flection analyses of a stiffened plate structure employing the meshfree plate
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formulation were presented in [18].

In recent years, several computer methods have been proposed to solve
cracked bending plate problems. The X-FEM with enrichment functions [19]
was introduced into the Mindlin-Reissner plate theory [20-22] and Kirchhoff
plate theory [23]. Dirgantara and Aliabadi solved the problems for cracked
shells [24] and thin-plates [25] using the dual boundary element method [26].
Fracture in thin-shells was treated with overlapping paired elements in [27].
Nonlinear dynamic fracturing in thin shells was analyzed employing enriched
particles and local partition of the unity approach in [28]. The phantom-
node method [29] was applied in the analysis of cracks in shell models in
[30]. Bhardwaj et al. [31] presented a numerical simulation of a functionally
graded cracked plated based on first order shear deformation theory under
different boundary and loading conditions using the extended isogeometric
analysis [32].

In this study, a cracked plate is analyzed employing the meshfree Mindlin-
Reissner plate formulation. To model a cracked plate, various schemes in-
cluding a visibility criterion, the diffraction method, and an enriched basis
are used. The techniques were introduced in the meshfree analysis for two-
dimensional (2D) in-plane crack problems [33-36]. In addition, the SCNI is
employed to numerically integrate the stiffness matrix. Sub-domain stabi-
lized conforming integration (SSCI) [37-38] is also applied to accurately rep-
resent the displacement discontinuity across the crack segment. To evaluate
the moment intensity factor, a path-independent integral (J-integral) formu-
lated by the plate theory [39,40] is used. The problem domain is discretized
on SCNI and SSCI, and the J-value is estimated by summing the physi-
cal quantities using nodal integration. In this way, not only the smoothed
values are used but also the computational efficiency is enhanced in the path-
independent integral. Although the meshfree crack modeling was applied to
solve 2D in-plane problems, as far as we know, the crack modeling employ-
ing the RKs for the shear deformable plate problems, and the J-integral
evaluations with SCNI and SSCI has not yet been reported. Therefore, we
present in this paper a novel meshless formulation of crack modeling for
shear deformable plates, evaluating the J-integral with the aid of the SCNI.
The method is free of shear-locking, no FE meshes, highly suitable for crack
modeling and high accuracy. Several numerical examples are given to demon-
strate the validity of the proposed approach.
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The paper is structured as follows: A mathematical formulation for the
shear deformable plate and the discretization employing the meshfree method
are presented in Section 2. The crack modeling and the J-integral evalua-
tion for the plate bending problems are discussed in Section 3. Section 4
demonstrates several numerical examples for the cracked plates to validate
the proposed approach. Some concluding remarks arising from the study are
given in the last section.

2. Meshfree formulation for cracked shear deformable plates

2.1. Plate bending problem formulated by Mindlin-Reissner plate theory
As depicted in Fig.1, we consider a shear deformable plate containing

a through-thickness crack denoted by Γc. The analysis domain is Ω, and
is bounded by Γ. The plate thickness is t. The x1-x2 plane is assumed
to be located at the mid-surface of the plate. The x3-direction is defined
perpendicular to the mid-plane. A shear deformable plate without a crack is
however formulated first.

The plate formulation has three components w, θ1 and θ2 in which. w is
the deflection and θ1 and θ2 are rotation angles about the axial directions x1

and x2, respectively. Throughout the study, the material is assumed to be a
linear isotropic elastic medium subjected to small strains and rotations.

The plate deformation u(x) can be written in terms of the deflection and
rotation components as follows:

u(x) =


u1(x)
u2(x)
u3(x)

 =


−zθ1(x)
−zθ2(x)
w(x)

 , (1)

where ui(x) (i= 1, 2, 3) are the displacements along the xi-axis. z (|z| ≤ t/2)
represents the plate thickness direction.

The strains εb={ε11 ε22 ε12}T and εs={ε23 ε31}T are written in the
Mindlin-Reissner plate formulation as

ϵb = −zκ = −z


∂θ1
∂x1
∂θ2
∂x2

∂θ2
∂x1

+ ∂θ1
∂x2

 , ϵs = γ =

{ ∂w
∂x1

− θ1
∂w
∂x2

− θ2

}
, (2)
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where κ = {κ11 κ22 2κ12}T is the curvature and γ = {γ1 γ2}T is the shear
strain. The displacement u(x), curvature κ and shear strain components γ
are approximated by RKs.

When employing the Galerkin-based discretization, the virtual work prin-
ciple for the shear deformable plate is expressibled as:∫

Ω

(z2δκTDbκ+ δγTDsγ)dΩ− δW = 0, (3)

δW =

∫
Ω

δwpdΩ−
∫
Γh

δθnMnndΓ, (4)

ui(x) = ūi on Γg, (5)

where δκ, δγ, δw and δθn are the variations corresponding to curvature, shear
strain, deflection and rotation, respectively. p and Mnn are the distributed
stress on Ω and moments on Γh. The deflection and rotations are prescribed
by ūi on Γg. Db and Ds are matrices of elastic constants in terms of the
bending and shear components. These elastic matrices are represented as

Db =
E

(1− ν2)

 1 ν 0
ν 1 0
0 0 1−ν

2

 , Ds = kG

[
1 0
0 1

]
, (6)

where E, ν and G (= E/2(1 + ν)) are Young’s modulus, Poisson’s ratio,
and the shear modulus, respectively. The shear correction factor is set to
k=π2/12. The moment and shear force vectors M and Q have the following
form

M =


M11

M22

M12

 =

∫ t/2

−t/2

−z2Dbκdz, Q =

{
Q1

Q2

}
=

∫ t/2

−t/2

−Dsγdz. (7)

2.2. RK approximation

The mid-surface of the plate is discretized by a set of scattered nodes,
as depicted in Fig.1. A position vector of node I is xI (I = 1, · · · ,NP).
Hereafter, all the deflection w(x), and rotation components θ1(x) and θ2(x)
are rewritten as di(x) (i = 1, 2, 3). The components are approximated by
the RKs through the following relation

dhi (x) =
NP∑
I=1

ΨI(x)diI , (8)
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where ΨI(x) are the RKs of node I, and diI are their coefficients. The RKs
are constructed as the sum of the original kernels and satisfy a so-called
consistency condition [9]

ΨI(x) = HT (xI − x)b(x)ϕaI(xI − x), (9)

where H(xI − x) is a basis vector, and b(x) a coefficient vector. ϕaI(x) is
an original kernel, and the following cubic spline function is adopted;

ϕaI(xI − x, h) =
10

7πh2


1− 3

2
s2 + 3

4
s3 (0 ≤ s ≤ 1)

1
4
(2− s)3 (1 ≤ s ≤ 2)

0 (2 ≤ s)
, (10)

where s(=||xI − x||/h) is the normalized distance from the center of the
kernel, and h is a parameter that determines the function support.

The plate deformation u(x) of Eq.(1) are approximated by the RKs, and
written in matrix form as

uh(x) =
NP∑
I=1

NIdI , NI =

 0 −zΨI 0
0 0 −zΨI

ΨI 0 0

 , (11)

where uh(x)={uh
1(x), u

h
2(x), u

h
3(x)}T denotes the approximate value vector

for the deflection and rotations at position x. dI={d1I , d2I , d3I}T is a vector
of coefficients. NI is matrix composed of the RKs.

In a similar manner, the curvature κ and the shear strain γ are approxi-
mated as

κh =


κh
11

κh
22

2κh
12

 =
NP∑
I=1

Bb
IdI , γh =

{
γh
1

γh
2

}
=

NP∑
I=1

Bs
IdI . (12)

The displacement-strain matrices Bb
I and Bs

I for the bending and shear com-
ponents are expressed as

Bb
I =

 0 ΨI,1 0
0 0 ΨI,2

0 ΨI,2 ΨI,1

 , Bs
I =

[
ΨI,1 −ΨI 0
ΨI,2 0 −ΨI

]
, (13)
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where ΨI,i (i=1, 2) are the derivatives of the RKs with respect to the direction
xi.

To overcome the shear-locking effect in the meshfree method, Wang and
Chen [15] analyzed KMRC for Mindlin-Reissner plate. When the nodal value
dI is represented as a pure bending deformation, the curvature, and shear
strain in Eq.(12) can be satisfied as κh=const. and γh=0. To impose KMRC,
the use of a complete quadratic basis is proposed with basis vector H(x), is
given by

HT (x) = {1 x1 x2 x2
1 x1x2 x2

2}T . (14)

The shape of the RK ΨI(x) is represented in Fig.2.

Additionally, an enriched basis is introduced to analyze shear deformable
plate problems involving cracks. We examine two kinds of basis vectors

HT (x) = {1 x1 x2 x2
1 x1x2 x2

2

√
r}T , (15)

and
HT (x) = {1 x1 x2 x2

1 x1x2 x2
2

√
r sin(δ/2)}T , (16)

where r and δ are local polar coordinates from the crack tip. The enriched
functions are introduced based on the enriched RK approximation in [41].
This is a convenient way to accurately capture the 1/

√
r stress-singularity of

stresses around the crack tip in the meshfree approximation.

2.3. Numerical integration

SCNI [17] is introduced to accurately integrate the stiffness matrix for
plate bending problems. The numerical integration technique satisfies the
so-called integration constraint, which is a necessary condition for linear ex-
actness in Galerkin-based meshfree methods. In addition, numerical insta-
bilities arising from a spurious mode of the stiffness matrix employing direct
nodal integration can be avoided. The strain components are smoothed by
the Gauss divergence theorem. SCNI for plate bending problems are briefly
reviewed.

A schematic for the mid-plane of the plate is given in Fig.3. The nodes
are regularly distributed in the analysis model. A Voronoi cell diagram [42]
is adopted to construct the model. The cells are automatically generated so
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as to surround each node. A cell belonging to the K-th node is depicted in
Fig.3. The area is ΩK , the boundary is ΓK , and n is the normal of ΩK . The
curvature of Eq.(12) can be rewritten as

κ̃ij(xK) =
1

AK

∫
ΩK

κij(x)dΩK =
1

2AK

∫
ΩK

(θi,j + θj,i)dΩK , (17)

and for the shear strain

γ̃i(xK) =
1

AK

∫
ΩK

γi(x)dΩK =
1

AK

∫
ΩK

(w,i − θi)dΩK , (18)

where κ̃ij(xK) and γ̃i(xK) are smoothed curvature and shear strain, respec-
tively, defined in area ΩK .

We employ the divergence theorem to Eqs.(17) and (18), which are thus
represented as

κ̃ij(xK) =
1

2AK

∫
ΓK

(θinj + θjni)dΓK , (19)

γ̃i(xK) =
1

AK

(∫
ΓK

wnidΓ−
∫
ΩK

θidΩK

)
, (20)

where ni (i = 1, 2) denotes the xi-component of the normal vector n. A line
integration along the boundary ΓK is adopted Eq.(19) and the first term of
the left hand side of Eq.(20). Additionally, a surface integal is adopted for the
second term of the left hand side of Eq.(20). A five-point Gauss quadrature
is adopted for the line integration ΓK . A Voronoi cell is divided into triangles
and a 13-point Gauss quadrature is adopted for each triangle in the surface
integral ΩK . In the SCNI, a physical value is evaluated on the nodes, and
the uniform value is employed over the entire cell ΩK . Further details of the
discretization in Eq.(19) and (20) are presented in [15,18].

2.4. The principles of virtual work

A penalty formulation is applied to impose the essential boundary condi-
tions. The principle of virtual work is written as∫

Ω

(z2δκTDbκ+ δγTDsγ)dΩ + α

∫
Γg

δd(d− d̄)dΓ− δW = 0, (21)
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where α is a penalty parameter. δd includes variation of the deflection and
rotations. d̄ is an enforced value vector along the essential boundaries Γg.
Substituting the displacement, curvature and shear strain of Eqs.(1), (19)
and (20) into Eq.(21), and after rearranging the equation, we obtain the
following

(KIJ +Kp
IJ)dJ = (fI + f p

I ) , (22)

where KIJ and fI are, respectively, the global stiffness matrix and the force
vector of the plate bending problem. Kp

IJ and f p
I are the matrix and vector

in terms of the penalty term. They are detailed as follows:

KIJ =
NP∑
K=1

KIJ(xK), (23)

fI =

Nbint∑
K=1

ΛI(xK)


0

−M̄11(xK)
−M̄22(xK)

+
NP∑
K=1

ΛT
I (xK)


p̄(xK)

0
0

 . (24)

Nbint is the number of nodes along the prescribed moments. The stiffness
matrix for K-th node is represented, as:

KIJ(xK) =

∫
Ω

z2Bb
I

T
(xK)DBb

J(xK)dΩ +

∫
Ω

Bs
I
T (xK)DBs

J(xK)dΩ. (25)

The three-point Newton-Cotes quadrature is adopted to integrate the plate
thickness direction in Eq.(25). Additionally, the matrix and vector for the
penalty term are presented as follows:

Kp
IJ = α

Ngint∑
K=1

ΛT
I (xK)ΛJ(xK), f p

I = α

Ngint∑
K=1

ΛT
I (xK)d̄I , (26)

where Ngint is the number of nodes along the essential boundary conditions.
ΛI in Eqs.(24) and (26) is a matrix of RKs used in imposing the external
force and the essential boundary conditions.

ΛI =

 ΨI 0 0
0 ΨI 0
0 0 ΨI

 . (27)
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3. Crack modeling and J-integral for the plate bending problems

3.1. Crack modeling

The visibility criterion and diffraction method [33-35] are adopted in crack
modeling. SSCI [37] is employed to accurately integrate the stiffness matrix
along the crack segment.

A rectangular plate containing an edge crack depicted in Fig.4(a), is con-
sidered. x′

1 and x′
2 are the local coordinates at the crack tip. (r,δ) are the

local polar coordinates. Nodes are distributed over the mid-surface of the
plate. A function support for the nodes is also presented. Voronoi cells are
generated automatically to surround the nodes as shown in Fig.4(b). In crack
modeling, the crack tip is placed on a node, and the crack segment is repre-
sented by assembly of the nodes. The details of crack modeling employing
areas A and B in Fig.4(b) are now discussed.

In area A, the meshfree functions are across the crack segment. The vis-
ibility criterion and SSCI is adopted to cut the functions along the crack
segment so as to represent the displacement discontinuity. The discontinu-
ous meshfree function is presented in Fig.4(c). Originally, SSCI was intro-
duced in plate bending problems by employing the Hermite RK approxima-
tion [37,38,43-45], and the numerical integration technique is used in crack
modeling. A close-up view of area A is illustrated in Fig.4(d). When a crack
segment cut a Voronoi cell, the cell is divided into a sum of triangles along
the segment, and SCNI is applied to each triangle. The curvature and shear
strain components are then rewritten as

κ̃ij(xKi
) =

1

2AKi

∫
ΓKi

(θinj + θjni)dΓKi
, (28)

γ̃i(xKi
) =

1

AKi

(∫
ΓKi

wnidΓ−
∫
ΩKi

θidΩKi

)
, (29)

where ΓKi
is the boundary of the surface ΩKi

, and ni (i = 1, 2) denote the x1-
and x2-components of the normal vector to the boundary ΓKi

. The physical
values are evaluated for each center of gravity of the triangles. The strain
and stress in the triangles ΩKi

are smoothed.
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In area B, a crack tip is located on a node. The diffraction method is
adopted to represent the crack tip. The function support is corrected so
as to wrap around the crack tip. The function shape at the crack tip is
depicted in Fig.4(e). An illustration of the crack tip modeling employing the
diffraction method is presented in Fig.4(f). When a line between a node and
a quadrature point intersects a crack segment, and the crack tip is located
within the support of the node, the meshfree shape functions are modified
using the s-dependent spline function given in Eq.(10); s is determined by

s =

(
s1 + s2(x)

s0(x)

)λ
s0(x)

h
, (30)

where s0(x) = ||x−xI ||, s1 = ||xTIP −xI || and s2(x) = ||x−xTIP ||. λ is a
shape factor set to λ=1. SSCI is adopted for the cell at the crack tip. The
modifications of the meshfree interpolants are employed for the approxima-
tion functions of the deflection and rotation components in Eq.(11).

3.2. SIFs in the Mindlin-Reissner plate

A through-thickness crack is considered in a shear deformable plate as
shown in Fig.1. There are three kinds of moment and shear force intensity
factors in the plate fracture mechanics. The deformation modes are presented
in Figs.5(a)-(c) which corresponds to symmetric bending, anti-symmetric
bending, and shear modes. The quantities are corresponds toK1, K2 andK3.
They are defined as: K1 = limr→0

√
2r M22(r, 0), K2 = limr→0

√
2r M12(r, 0),

and K3 = limr→0

√
2r Q2(r, 0), respectively. M22 and M12 are moments, and

Q2 is the shear force applied to the cracked plate. In this research, the
moment intensity factor K1 is only treated in the numerical examples.

3.3. A path-independent integral

3.3.1. J-integral for the plate bending problem

A path-independent integral is adopted to evaluate the moment intensity
factor in a cracked plate. An illustration of the edge crack problem and the
J-integral evaluation is presented in Fig.6(a). The J-integral for the shear
deformable plate was proposed in [39,40],

Jk =

∫
ΓJint

(Wδkβ − [Mαβθα,k +Qβw,k])nβdΓJint, (k = 1, 2) (31)
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where the open contour ΓJint surrounds the crack tip. ds is a segment of ΓJint,
and nβ is normal to the ΓJint. A comma indicates partial differentiation. The
strain energy in shear deformation W is

W =
1

2
[Mαβθα,β +Qβ (θβ + w,β)], (32)

where α and β are indices corresponding to the x1- and x2-directions. The
J1-integral is path-independent, and its magnitude is equivalent to the energy
release rate corresponding to a unit crack advance in the x′

1-direction.

3.3.2. J-integral discretization employing the nodal integration

The discretization of the J-integral in the meshfree method is presented.
Because SCNI and SSCI are employed in the numerical integration of the
stiffness matrix, the nodal integration is also used in the J-integral evalua-
tion. The meshfree discretization with the Voronoi cells for the edge crack
problem is shown in Fig.6(b). The segment ds is determined by the distance
between nodes in surrounding the crack tip. The path includes some of the
Voronoi cells that are integration domains for SCNI and SSCI. The J-integral
of Eq.(31) is discretized by SCNI and SSCI, as:

J̃k =

NSCNI∑
i=1

(
W̃ δkβ −

[
M̃αβ θ̃α,k + Q̃βw̃,k

])
nβdsi

+

NSSCI∑
j=1

(
W̃ δkβ −

[
M̃αβ θ̃α,k + Q̃βw̃,k

])
nβdsj, (k = 1, 2) (33)

where ( ˜ ) in Eq.(33) signifies smoothed physical values evaluated by the
nodal integration, and NSCNI and NSSCI denote the number of segments
used for the nodal integration. dsi and dsj are the lengths of the segments.
Typical segments for SCNI and SSCI are indicated in Figs.7(a) and (b),
respectively. Two segments dsi are needed for each Voronoi cell in SCNI. The
physical quantities defined by each node are employed as the two segments
for evaluating the J-integral. Additionally, a segment dsj is employed for
each triangle in SSCI. The smoothed physical values defined at the center of
gravity are employed.

The J-integral evaluation using nodal integration is effective not only
because smoothed values are used but also because computational efficiency
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is enhanced. Because the J-integral is evaluated by the sum of the physical
quantities in post processing, Gauss quadrature rule is therefore not required.

4. Numerical examples and discussions

Several numerical examples for shear deformable plates involving cracks
are analyzed to examine the proposed technique. The function support of
the RK is set to h=1.2hp, where hp is the characteristic spacing between
nodes in the meshfree models. Young’s modulus E=210 (GPa), Poisson’s
ratio ν=0.3, and penalty coefficient α=1e+7 are used in all the numerical
examples unless stated otherwise.

4.1. A rectangular plate involving a centered crack

A centered crack on a plate is analyzed. The analysis model is presented
in Fig.8(a). The width and length of the plate are 2b and 2c, respectively.
The crack size is 2a, and the plate thickness is t. As the boundary conditions,
the two edges parallel to the crack are simply supported, and moment M is
applied to the edges; the other two edges are free. In addition to the visibility
criterion and diffraction method, three basis vectors H(x) in Eqs.(14), (15),
and (16) are employed in the crack modeling. They are referred to as the no
enrichment, enriched bases A and B. When a crack tip is located within a
support of the RKs, the enriched terms

√
r and

√
r sin(δ/2) are introduced

into the RKs using the enriched bases A and B, respectively.

The accuracy of the moment intensity factor K1 and the path indepen-
dency of the J-integral are examined first. The size of the cracked plate
is 2b=1,000 (mm), 2c=2,000 (mm), and t=250 (mm). The crack length is
2a=400 (mm). In meshfree plate modeling, the nodes are regularly and irreg-
ularly distributed on the plate. Three kinds of divisions are employed for the
regular and irregular models. They have 21×41, 41×81, and 81×161 nodes.
Close-up views of the regular and irregular models (41×81 nodes) around the
crack are presented in Figs.8(b) and (c). Additionally, the different paths for
the J-integral are chosen by a region 2ld × 2ld centered around the crack tip,
as shown in Figs.8(b) and (c). The no enrichment is chosen. For numerical
integration of the stiffness matrix and the J-integral, SCNI is adopted over
the entire model and SSCI is only adopted along the crack segment.
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The numerical results are presented in Figs.9(a) and (b) for regular and ir-
regular models. The moment intensity factor is normalized by F1=K1/M

√
πa.

The reference solution is FRef
1 =0.8694 in [46]. Although the accuracy im-

proves as the density of the nodes increases, the normalized moment intensity
factors F1 oscillate. The path dependency can be found in both the regular
and irregular models.

To further examine the accuracy of the solution and the path indepen-
dency of the J-integral, SSCI is employed over the entire analysis domain.
The no enrichment is also employed. The numerical results are presented in
Figs.10(a) and (b) for the regular and irregular models. Although the accu-
racy is almost the same as the results presented in Figs.9(a) and (b), path
independency can be achieved in both models. It is found that the use of
SSCI enhances path independency of the J-integral. Although F1 approaches
the reference solution as the density of nodes increases, there are some dis-
crepancies even for a fine set of 81×161 scattered nodes.

The convergence of F1 for no enrichment, enriched bases A and B is an-
alyzed. The four regular models (11×21, 21×41, 41×81 and 81×161 nodes)
are adopted, and the percentage error in F1 is examined. The error is defined,
as: Error=|F1-F

Ref
1 |/FRef

1 ×100 (%). The size of the path for the J-integral
is set to ld=200 (mm) for all the models. SSCI is employed over the entire
analysis domain. The results are presented in Fig.11. hp is the node spacing
in the meshfree models. All results with the no enrichment, enriched basis A,
and B uniformly converge as nodal density increases. When employing basis
B, the accuracy is significantly improved compared with the results with no
enrichment and bases A. In addition, the difference of the F1 between 41×81
nodes model and the reference solution is less than 0.1% when employing the
enriched basis B. Almost same accuracy is obtained when employing 81×161
nodes model. Because the reference solution is not an exact solution, it is
thus considered that the results 41×81 and 81×161 nodes models are con-
verged.

In addition, path independency of the enriched basis B with different
paths is assessed in Fig.12(a) and (b) for the regular and irregular models.
In both cases, the present results are in good agreement with the reference so-
lution, and path independency is fulfilled in all the meshfree models. Clearly,
highly accurate results are obtained when employing 41×81 nodes models for
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the crack length 2a=400 (mm). For a single crack problem, we derive a rela-
tion a/hp > 8.0 between the crack length and the node spacing hp to evaluate
the J-integral with high accuracy. We then employ the basis B and the cri-
terion in the following numerical examples with single crack.

To further examine the accuracy of the enrichment techniques, the stress
distributions σ22 near the crack tip are examined. The results are presented
in Fig.13. The regular model (41×81 nodes) is applied, and the three en-
richment techniques are compared. As a reference solution, MSC.MARC is
adopted. Very fine FE model is employed, and thick-plate shell element (el-
ement number 75 in MSC.MARC) is chosen. In the FE analysis, the degrees
of freedom for the deformations of the x1- and x2-directions are fixed because
the membrane deformation is not considered. It can be observed that the
enriched basis B is good agreement with the reference solution. It is con-
firmed that high accuracy stress distributions are obtained than the other
enrichment techniques.

Furthermore, eigenvalues analysis is carried out for the stiffness matrix
KIJ in Eq.(25). The condition number is defined as κ(KIJ) = |λmax/λmin|.
λmax and λmin are the maximum and minimum eigenvalues. The results are
κ(KIJ)=2.30e+8, 2.34e+8 and 2.31e+8, for no enrichment, enriched basis A
and B, respectively. There are few differences in the condition number.

The effectiveness is confirmed in using SSCI for the J-integral evaluation
in the meshfree method. However, extra effort is required to assemble the
stiffness matrix when SSCI is used over the entire analysis domain. Hence,
SSCI is only adopted around the crack. An illustration of the meshfree
modeling is given in Fig.14(a) and (b) for the regular and irregular models.
With the center crack length set to 2a, SSCI is employed for the Voronoi cells
associated with the nodes within an area of width 4a and height 2a centered
on the crack. The J-integral is evaluated within the area of SSCI as shown
in Fig.14(a) and (b).

K1 is evaluated employing the proposed technique with a/t=0.8 (200/250),
1.0 (250/250), 4.0 (200/50) and 5.0 (250/50) for both regular and irregular
models. The computed numerical results for a/t are presented in Table 1
along with reference solutions for comparison [25,46]. Good agreement has
been obtained. It is apparent that the normalized moment intensity factor

15



decreases with increasing ratio a/t.

4.2. Rectangular plate with symmetric edge cracks

Symmetric edge cracks in a rectangular plate, as shown in Fig.15(a) are
analyzed. The plate width and length are 2b=1000 (mm) and 2c=2000 (mm).
The plate thickness is t=50 and 250 (mm). Meshfree models (41× 81 nodes)
are presented in Figs.15(b) and (c) for regular and irregular models. The
crack length a=300 (mm) and the distance between the cracks 2d=400 (mm).
The boundary conditions are the same as the center crack problem in Section
4.1. The plate width 2b is fixed, and F1 is evaluated for various t and d. To
accurately represent the severe stress concentration between the crack tips,
an relation d/hp > 6.0 in addition to a/hp > 8.0.

The numerical results calculated using the proposed method are presented
in Tables 2 and 3 for b/t=2.0 and 10.0. The ratio d/b is varied from 0.2 to
0.6. As expected, the results obtained using the developed meshless method
for all d/b values show good correlation with the reference solutions [46].
More interestingly, deviations of the numerical results obtained with the ir-
regular model are insignificant, implying that the proposed meshfree method
performs well for both regular and irregular discretized nodes. This conse-
quence definitely is an additional advantage of the present formulation as
most of the problem domains in practice are usually more complicated and
irregular models are often used instead. From the tables, it is very interest-
ing to observe that the normalized moment intensity factor decreases with
increasing d/b. This indicates a clear finite-size effect in the model.

4.3. Edge crack in a rectangle plate

A rectangular plate with an edge crack is analyzed. The analysis model is
presented in Fig.16 (a), The model size is b=1000 (mm) and c=2000 (mm).
The plate thickness is 100 and 500 (mm). Meshfree models (41× 81 nodes)
for crack length a=500 (mm) are presented in Fig.16(b) and (c) for both
regular and irregular models.

The factor F1 is evaluated for different crack lengths a varying both the
plate thickness t and plate width b. The problems were solved in [25]. The
graph in [25] was digitized and results compared. The numerical results for
b/t=2.0 and 10.0 are presented in Figs.17(a) and (b) for regular and irregular
models. The results coincide with the reference solution in all cases. From
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Fig.17 that, the ratio is found to b/t greatly alters the normalized moment
intensity factor.

4.4. Single crack emanating from a hole

The last numerical example deals with a finite-width rectangle plate with
a single crack emanating from a hole. The analysis model is presented in
Fig.18(a). The plate width b=1000 (mm) and c=2000 (mm). The plate
thickness t=125 and 250 (mm), and the hole radius rh=50 and 125 (mm) are
adopted. The hole radius is rh and the crack length is a− rh. The meshfree
models (41 × 81 nodes) are presented in Figs.18(b) and (c), for regular and
irregular models. The radius rh=125 (mm) and a is 400 (mm). The meshfree
model is automatically generated by employing a Voronoi cell diagram [42].

F1 is evaluated by varying a and t. The problems were solved in [25] and
the data was extracted for comparison purpose. The results are presented
in Figs.19(a) and (b) for regular and irregular models, and shows that the
present results calculated by the developed meshfree method match well the
reference solutions for all aspect ratios rh/b and b/t. Once again, the numer-
ical results reveal no effect on the normalized moment intensity factor when
using the irregular models.

5. Conclusion

Cracked plate problems were numerically analyzed using a novel enriched
meshfree approach based on the Mindlin-Reissner plate formulation. A vis-
ibility criterion, diffraction method, and enriched basis are introduced to
model a crack in the shear deformable plate. SCNI and SSCI are employed
to accurately represent the cracked plate in the meshfree method. A novel
technique to evaluate the moment stress intensity factor employing SCNI
and SSCI was proposed. The accuracy of the normalized moment intensity
factors and the path independence of the J-integral are illustrated in a series
of numerical examples. The developed meshfree method is found to offer
solutions with high accuracy for the intensity factors of the cracked bending
plates. The path independence is confirmed. The effect of irregular dis-
cretization on the normalized moment intensity factor is very small. All the
results derived from irregular nodes are in good agreement with both the reg-
ular models and reference solutions. Several aspect ratios were numerically
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investigated and discussed. The developed meshfree method has potential,
generality, and no limitations in extending to other engineering problems.
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Figure 5: A moment and shear force intensity factors for a cracked shear deformable plate.
(a) Symmetric bending mode K1; (b) Anti-symmetric bending mode K2; (c) Shear mode
K3.

(a) (b)

δ

r

Γ

n

ds

Jint.

x’

x’

1

2

Figure 6: J-integral. (a) J-integral for an edge crack problem; (b) A discretization of the
J-integral in the meshfree method.
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Figure 7: The segments for the J-integral evaluated by the nodal integration. (a) SCNI;
(b) SSCI.
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Table 1: Normalized moment intensity factor F1 (Center crack problem).

a/t 0.8 1.0 4.0 5.0

Regular model 0.8699 0.9107 0.7312 0.7677
Irregular model 0.8683 0.9096 0.7287 0.7663

Ref.[46] 0.8694 0.9094 0.7347 0.7702
Ref.[25] - 0.9106 - -

Table 2: Normalized moment intensity factor FI (Symmetric edge crack problem)
(b/t=2.0).

d/b 0.2 0.3 0.4 0.5 0.6

Regular model 1.3726 1.1216 0.9884 0.9119 0.8711
Irregular model 1.3719 1.1201 0.9886 0.9110 0.8706

Ref. [46] 1.3689 1.1174 0.9844 0.9086 0.8673

Table 3: Normalized moment intensity factor FI (Symmetric edge crack problem)
(b/t=10.0).

d/b 0.2 0.3 0.4 0.5 0.6

Regular model 1.1158 0.9242 0.8268 0.7719 0.7386
Irregular model 1.1144 0.9225 0.8246 0.7697 0.7377

Ref. [46] 1.1140 0.9250 0.8268 0.7692 0.7351
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Nomenclature 

 

Latin symbols 

 

a: crack half length 

AK: area of K 

AKi: area of Ki 

b,c: width and length of the plate 

b(x): coefficient vector in Eq.(9) 

d: distance between crack tips 

dsi: segment for J-integral by nodal integration 

di(x): component vector for deflection and rotations 

dI, diI: coefficient vector of node I 

Db, Ds: matrices in terms of the bending and shear components 

E: Young’s modulus 

fI, f
p

I: force vector and vector for penalty term 

F1: normalized value of K1 

G: shear modulus 

h: a parameter that determines the function support in Eq.(10) 

hp: node spacing of the meshfree models 

H(x): basis vector in Eq.(9) 

K1: shear force stress intensity factor 

KIJ, K
p

IJ: stiffness matrix and matrix for penalty term 

M, Mij: moment 

n, ni: normal to the Voronoi cell 

NI: matrix composed of the RKs 

p: pressure 

Q, Qi: shear force 

s: normalized distance from the center of the kernel in Eq.(10) 

s0(x), s1, s2(x): parameters for s in Eq.(30) 

t: plate thickness 

u(x), ui: plate deformation 

w(x): deflection 

w,i: derivatives of w(x) 

W: strain energy 

x, xi: position vector 



x’i: local coordinate from the crack tip 

z: plate thickness direction 

 

Greek symbols 

 

: a penalty parameter 

, i: shear strain 

: boundary of  

c: crack segment 

g: essential boundary 

h: traction boundary 

Jint: path for J-integral 

K: boundary of K 

Ki: boundary of Ki 

i: rotation angles 

i,j: derivatives of i 

, ij: curvature 

I: matrix of RKs 

: Poisson’s ratio 

aI(x): original kernel 

I(x): RKs of node I 

I,i(x): derivatives I(x) 

: analysis domain 

K: domain for K-th Voronoi cell 

Ki: domain for a sub-domain of the K-th Voronoi cell 
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