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method

Satoyuki Tanaka - Hirotaka Suzuki -
Shogo Sannomaru - Tiantang Yu -

Received: date / Accepted: date

Abstract Two-dimensional (2D) in-plane mixed-mode
fracture mechanics problems are analyzed employing
an efficient meshfree Galerkin method based on stabi-
lized conforming nodal integration (SCNI). In this set-
ting, the reproducing kernel function as meshfree in-
terpolant is taken, while employing the SCNI for nu-
merical integration of stiffness matrix in the Galerkin
formulation. The strain components are smoothed and
stabilized employing Gauss divergence theorem. The
path-independent integral (J-integral) is solved based
on the nodal integration by summing the smoothed
physical quantities and the segments of the contour in-
tegrals. In addition, mixed-mode stress intensity factors
(SIFs) are extracted from the J-integral by decompos-
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ing the displacement and stress fields into symmetric
and antisymmetric parts. The advantages and features
of the present formulation and discretization in eval-
uation of the J-integral of in-plane 2D fracture prob-
lems are demonstrated through several representative
numerical examples. The mixed-mode SIFs are evalu-
ated and compared with reference solutions. The ob-
tained results reveal high accuracy and good perfor-
mance of the proposed meshfree method in the analysis
of 2D fracture problems.

Keywords Fracture - Meshfree Methods - Nodal
Integration - Stress Intensity Factors - J-integral

1 Introduction

Faithfully reproducing the displacement discontinuity
across the crack faces and the stress singularity at the
crack tip when solving linear fracture mechanics prob-
lems often requires effective numerical methods. The
same requirement is also mandatory in modeling fast
cracking problems. Meshfree/Meshless methods, e.g.,
the element free Galerkin method [1], the reproducing
kernel (RK) particle method [2] and the meshless local
Petrov-Galerkin method [3] provide advantages in an-
alyzing crack problems. A cracked body is discretized
using distributed nodes, and the deformation is approx-
imated by meshfree interpolation functions based upon
the nodes. It offers a flexible means in modeling cracks
by using meshfree methods. Alternatively, the extended
finite element method (X-FEM) was also introduced
in [4] to effectively model cracks by adding appropri-
ate enrichment functions into the standard finite el-
ement approximation space in terms of the partition
of unity concept [5]. Researchers have employed and
developed several other numerical methods for crack
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problems, e.g., see [6][7][8][9][10][11][12][13]. Tanaka et
al. [14][15][16] analyzed two-dimensional (2D) fracture
mechanics problems by combining X-FEM and a spline-
based wavelet Galerkin method [17].

The present paper describes an effective meshfree
Galerkin formulation for analyzing 2D in-plane mixed-
mode fracture mechanics problems. In the Galerkin for-
mulation, the RK function serving as basis functions is
employed. With the RK approximation, the continu-
ous stress and strain components can be obtained over
the entire analysis domain. In addition, the stabilized
conforming nodal integration (SCNI) [18] is applied to
numerically integrate the stiffness matrix. The strain
components are smoothed by a divergence theorem, and
a linear exactness can be satisfied by imposing an in-
tegration constraint in the meshfree formulation. High
accuracy and stabilized solutions are obtained without
taking derivatives of the RKs. To date, the meshfree
discretization has been adopted for a large deformation
problems by Chen et al. [19]; Wang and Chen [20][21]
analyzed beam and plate bending problems. Wang and
Sun [22] and Sadamoto et al. [23] solved geometrical
nonlinear problems of a shear deformable plate based on
the meshfree formulation. In the present formulation,
a diffraction method and a visibility criterion [24][25]
are included to represent the displacement discontinu-
ity along the crack segments. An enriched basis [26] is
also introduced in the RKs to effectively represent the
stress singularity around the crack tip.

A nodal integration technique is applied here to
evaluate the path-independent integral (J-integral). Pre-
viously, the J-integral was often analyzed in domain-
integral form, and an interaction integral technique was
used to extract the 2D in-plane mixed-mode stress in-
tensity factors (SIFs) from the J-integral, e.g., Flem-
ing et al. [6], Rao and Rahman [27], and Tanaka et al.
[14]. In the proposed technique, a contour integral is
numerically analyzed based on the nodal integration.
The J-value is calculated by summing the smoothed
physical quantities and segments of the contour. To en-
hance the accuracy of the crack analysis and J-integral
evaluation, sub-domain stabilized conforming integra-
tion (SSCI) [28][29](30][31] is thus adopted. In addition,
mixed-mode SIFs are extracted from the J-integral by
decomposing the displacement and stress fields into sym-
metric and antisymmetric parts [32][33]. The J-integral
evaluation is simple. The SIFs can be calculated by
employing smoothed physical values and segments of
the contour in post-processing of the meshfree analy-
sis. Gauss quadrature is not required. In our previous
study [34], we showed that the moment intensity factor
and path-independent property obtained for a cracked
shear deformable plate are highly accurate. In this pa-

per, the accuracy of the mixed-mode SIFs and the path-
independent nature are examined through several nu-
merical examples for 2D in-plane crack problems. Be-
cause we developed a flat shell formulation in [23], a
cracked shell problems can be analyzed when the in-
plane fracture analysis is coupled with a plate bending
formulation.

This paper is organized as follows. A 2D fracture
mechanics analysis employing the proposed meshfree
formulation and the discretization is described in Sect.
2. The J-integral evaluation and a mode splitting tech-
nique of the J-integral are presented in Sect. 3. Numer-
ical examples for several 2D mixed-mode crack prob-
lems are considered and the obtained results are then
presented in Sect. 4. Concluding remarks are presented
in Sect. 5.

2 Meshfree Galerkin formulation

2.1 Boundary value problem for 2D cracked elastic
solids

Let us consider a 2D cracked solid as schematically de-
picted in Fig.1(a). The material being considered is as-
sumed to be elastic and small strain. The analysis do-
main is denoted by (2, and its boundary by I'. I, rep-
resents a crack segment. A traction force £ is applied
on the traction boundary I}, while a prescribed dis-
placement u is imposed on the displacement boundary
.

b)
Support of RK

Domain Q,

X1

Fig. 1 Boundary value problem and the meshfree discretiza-
tion: a A 2D cracked elastic body with a hole, b A meshfree
discretization with Voronoi cell diagram

The principle of virtual work for the elastostatic
body with zero body force can be written as:

/6(5u):D:€(U)dQ—5W=O,
Q
6W:/ du-tdrl,

Iy

wi(x) =1a; on Iy, (1)
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where u is a displacement vector and du is the varia-
tion. W is the external virtual work. The symmetric
part of the strain components e(u)(=e;;) are written
as,

1 8uz an
= = . 2
AN (axj'+ 8xi> @
The elastic constant matrix D for the plane stress con-
dition is

lv O
E
1—02 1
00 =

and for plane strain condition

1 g4 0

p-_1-vE & 1 0 |, (4)
(1 + l/)(l - ZV) 0 0 1-2v
2(1-v)

with F and v being the Young’s modulus and the Pois-
son’s ratio, respectively.

2.2 Meshfree discretization

A meshfree discretization for the cracked elastic body
including a hole is schematically depicted in Fig.1(b).
The nodes (1, -+ ,xy, -+ ,zNp) are distributed across
the entire analysis domain, and Voronoi cells are used
to establish subdomains ({21, -+, 27, , 2xyp) around
each node. NP is the total number of nodes. The exter-
nal and hole boundaries are represented by nodes and
Voronoi cells. The crack tip is located on a node, and
the crack segment is defined by an assembly of nodes.
RK is adopted as the meshfree interpolant.

The RKs are defined at each node, and a physical
value within the function support is approximated as
shown in Fig.1(b). There are two degrees of freedom
per node. A physical value at point x is approximated
using the RKs, and is written

2)@ )dr, (5)

where d"(x)={d}(z) di(x)}* (I=1, ---, NP) is a vec-
tor of the approximated value. ¥;y(x) is the RK of the
I-th node and d;={dy; dr2}" is their coefficient vector.
The RKs are constructed using the sum of the original
kernels by imposing a so-called consistency condition

Ur(x) = HT(a:I —z)b(x)par (X — ), (6)

where H(x; — x) is a basis vector, and b(x) is the
coefficient vector required to construct the RKs. When
employing a linear basis vector, it is expressed as

H(z) ={1 21 22}, (7)

whereas for the quadratic basis vector
H(z)={1 2, x5 2% x120 23} (8)

¢ar1(x) in eq.(6) is an original kernel. Cubic spline func-
tion is employed, as:

7 (0<s<1)
Gar(®r — 2, h) = 55 3o(1<s<2) ,
0 (2<s)

(9)

where s=(||x; — x||/h) is a normalized distance from
the center of the kernel, and h is a parameter that de-
termines the function support. The RKs are modified
so as to generate the crack effectively. Meshfree crack
modeling is presented in Sect. 2.3.

The deformation u(x) of the elastic body is approx-
imated by the RKs, and it is written using the vector
d; in matrix form

— ¥ 0
h _ 2 : _ I
u (IB) = 2 N[d[, N[ = |: 0 WI:| (10)

where u” (z)={u}(x) u%(x)}T denotes the approximate
values of the displacements in the z; (i=1,2) direction
and N7 is a matrix of the RKs. The strain is thus ex-
pressed as

NP Ura 0O
sh(w) = ZB[d], B[ - 0 WI,Q ) (11)
I=1 Ura ¥r1

where e"(z)={eh (z) eby(x) 2¢%,(x)}T is the approxi-
mated strain vector. ¥y ; is the partial derivative of the
RKs, and Bj is the displacement-strain matrix.

When analyzing the weak form in eq.(1), SCNI [18]
is introduced as the numerical integration technique for
the stiffness matrix. The SCNI satisfies the integration
constraint, which is a necessary condition for a linear
exactness in the meshfree Galerkin methods. Numeri-
cal instabilities due to a spurious mode of the stiffness
matrix can be excluded by a direct nodal integration.

e Nodes

_* n: Normal vector
Q: Voronoi cell for K-th node

OFK: Boundary of domain Q«

X1

Fig. 2 Schematic outlining nodal integration of a Voronoi
cell with SCNT [18]
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a) b)
Visibility criterion
X2
Crack segment
@ X1

&

o Nodes Qx: Voronoi cell for K-th node

_~ n : Normal vector VFK,: Boundary of domain Q

Fig. 3 Crack modeling by the meshfree method: a Diffraction method, b Visibility criterion and polar coordinate system

around the crack tip, ¢ SSCI [28]

An illustration of SCNI for a Voronoi cell is pre-
sented in Fig.2. The strain components are evaluated
by a line integration of the RKs, and are smoothed by
employing the Gauss divergence theorem. Eq.(11) can
be rewritten

NP ) b 0

éh(x) = ZBldI, Br=|0 b, (12)
I=1 bra br1

~ 1

brj(zk) = TK/F Yrn;dly, (13)

where n; (j=1,2) denotes the z;-component of the nor-
mal vector n and Ay is the area of domain 2. A line
integration in eq.(13) is employed along the Voronoi
cell boundary I'x shown in Fig.2. The smoothed strain
&(x) is evaluated for each node of the Voronoi cell. Five
Gauss quadrature points are applied for the numerical
integration of each segment.

A penalty formulation is introduced to impose the
essential boundary conditions. The principle of virtual
work can be written as

/ e(ou) : D : e(u)df?
7

—|—a/ du-(u—u)dl = [ du-tdl, (14)
Iy

Ft

where « is a penalty parameter and u is an enforced
value vector along the essential boundaries I3,. Dis-
placements, smoothed strains and elastic constant ma-
trix are introduced in eq.(14), and a set of linear simul-
taneous equations derived. There are no derivative of
the RKs in the meshfree discretization.

2.3 Crack modeling

To analyze 2D in-plane fracture mechanics problems
in the meshfree formulation, a diffraction method and

a visibility criterion [24][25] are adopted to represent
displacement discontinuities across the crack segment.
Also, an enriched basis [26] is introduced to effectively
represent strong stress concentration around the crack
tip. Crack modeling is employed to analyze a bending
cracked plate as well in [34]. The adaptation to the 2D
in-plane crack problems is briefly reviewed.

A diffraction method is introduced to represent a
displacement discontinuity when a crack tip partially
cut the meshfree functions. A schematic illustration is
presented in Fig.3(a). When a crack tip is located in the
function support of a RK, the support is modified so as
to wrap around the crack tip. The normalized distance
in eq.(9) is then corrected

s = (51 + 32($)>>\

S()(ZE)
where so(x)=||z —x1||, s1=||x. —x1|| and s2(x)=||x —
Z.||. The shape factor A is chosen as unity. The modifi-
cations of the meshfree functions are employed for the
displacement matrix N7 in eq.(10).

The visibility criterion is employed to represent a
displacement discontinuity of the crack segment. When
a meshfree function crosses the segment, double nodes
are made on the segment. The numerical integration of
the stiffness matrix is partially performed for either one
or the other sides of the RKs [see Fig.3(b)]. In addition,
an enriched term is introduced in the basis vector H ()
in egs.(7) and (8) to effectively represent a strong stress
concentration near the crack tip. For the linear basis,

so(x)
h b

(15)

H(x)={1 2 xo Vr'sin(6'/2)}, (16)

and for the quadratic basis,

H(z)={1 21 2o 2] mazo 23 Vi'sin(0'/2)},
(17)
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where 7’ and 6’ are local polar coordinates at the crack
tip [Fig.3(b)]. The enriched basis is adopted around the
crack tip. This is an effective and convenient way to
capture the 1/ Vr! stress-singularity around the crack
tip in the meshfree discretization.

To accurately integrate the stiffness matrix includ-
ing a visibility criterion, a diffraction method and an
enriched basis vector, SSCI [28] is introduced. In crack
modeling, a Voronoi cell is partially /completely cut by
a segment [Fig.3(b)]. A Voronoi cell is further divided
into a number of triangles, and SCNTI is adopted on each
triangle. An illustration of SSCT is sketched in Fig.3(c).
A Voronoi cell 2k is composed of a number of triangles,
and the components of the smoothed B-matrix By in
eq.(13) is defined on each triangle 2k, and is written
as

- 1
brj(xx,) = E/F Urn;dlg,, (18)

where Ik, is the boundary of a surface 2x,, and n;
(7=1,2) denotes the x; component of the normal vec-
tor to the boundary Ik, in Fig.3(c). The strain and
stress components are stabilized in the triangles {2,.
The smoothed strain €(x) in eq.(12) is evaluated at the
center of gravity of each triangle.

3 SIFs evaluation

A path-independent integral is adopted to calculate SIFs
in the meshfree method. An energetic contour integral
is analyzed. When evaluating fracture mechanics pa-
rameters in 2D in-plane mixed-mode crack problems, it
is necessary to separate the J-value into crack opening
and in-plane shear modes. A method of decomposition
[32][33][35] is introduced to evaluate the mixed-mode
SIFs K; and Kj; by splitting the displacement and
stress fields into symmetric and antisymmetric parts.
The contour integral is evaluated by the smoothed val-
ues in post-processing of the meshfree analysis. A spe-
cial subroutine for the Gauss quadrature is not required
in the discretization.

3.1 J-integral review

A schematic illustration of a crack tip region, and the J-
integral evaluation is shown in Fig.4(a). A surface trac-
tion on the crack face is not considered. I, denotes
the contour surrounding the crack tip and n’ denotes
the normal vector to the Ijiy. 1 and x5 are global co-
ordinates, while 2 and xf are local coordinates at the
crack tip. The z} direction is defined as being parallel

to the crack segment. #” and r’ are the local polar coor-
dinates with origin centered on the crack tip. Proposed
by Rice [36], the J-integral is written as

ou,
/ / /
J:/ (Wnlaija /an dFJinta
I'ying Ly

where n; (j=1,2) are the components of the normal

vector and W is the strain energy density, which is given

by
W= [ ola,

When a linear elastic solid is considered, the J-value
corresponds to the energy release rate G. It is noted
that the J-value is path-independent.

(19)

(20)

Fig. 4 J-integral and the separation of the deformation
modes in 2D in-plane mixed-mode crack problems: a J-
integral evaluation, b Symmetric and antisymmetric displace-
ment/stress components are evaluated at points P(xf,z})
and Q(xllr _mIQ)

3.2 A decomposition method for J-integral mode
separation

In mixed-mode crack problems, it is necessary to sep-
arate the energy release rate GG into opening mode G
and shear mode GG;; components to evaluate the mixed-
mode SIFs K; and Kz, i.e., G=Gr+Grr. A method
of decomposition is chosen in the contour integral dis-
cretization. The SIFs can be evaluated in the line inte-
gral also by separating the displacement/stress compo-
nents into symmetric and antisymmetric parts.

A close-up view of the crack tip region is depicted
in Fig.4(b). The point Q (), —x}) is line symmetric to
point P(x},z}) across the crack segment. The compo-
nents of displacement u’ and stress o’ are then decom-
posed using points P(x),z}) and Q(z}, —x%), respec-
tively. For example, the displacements u, and stress
components o at P(z},z}) are represented as

wp = () + ()"

1 (dp+ 1 () —
—p{urtaedy {ur ey
Ugp — Uyq Upp + Usg
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~

= (@h) + ()"

! /
1 [ oup T ong

/ /
=35 T22p + 0999

! !
O12p — 012

Q
%
|

/ !

011p — 011Q
! /

O22p — 0229 (>
/ !

O1ap T 0120

(22)

where (u/)¥ and (0”)* (k=I, II) are the displacement
and stress components for mode-I and -11, respectively.
( )p and ( ) are the components at points P(z], x5)
and Q(z}, —x}), respectively.

v |dS

o Crack tip

dsm

e Discretized node
® Quadrature point

X1 \FJint

Fig. 5 Schematic of a contour integral discretization for
Gauss quadrature using a rectangular contour

Employing the displacement (u’)* and stress com-
ponents (a”)* for mode-I and -I7 in eqs.(21) and (22),
the mixed-mode energy release rates Gy, are evaluated
as

o)
= /r (W’“”’l ~(70)"

where Wy, (k=I,11) is the strain energy density of mode-
k, which is calculated by the separated strain (&)
and stress (o’)* components employing eq.(20). The
separated energy release rates Gj also have a path-
independent nature.

To decompose the displacement /stress components
in separating the J-integral into the mixed-mode SIFs,
a symmetric contour across the crack segment is re-
quired. A rectangular contour is chosen as shown in
Fig.5. The contour I, is divided into a number of
segments, and the unit length is ds,, (m=1, - - -, Ngcg).
Ngeg is the total number of the segments. Eq.(19) is
discretized by adopting the Gauss quadrature rule, as:

Nseg ( Ngauss , ka(ul_)k
G = Z Z (Wkn/l — (Uij) ({91'1/1 n;) wq d3m7

m=1

’I’L;) dFJintv (23)

=1 m

(24)

where Ngauss is the number of Gauss points per a seg-
ment. and w; the weight of the Gauss quadrature.

Employing the energy release rates Gy, the SIFs can
be evaluated giving

K =\VEG;, Ki=\EG, (25)

where E'=F for plane stress condition, and E'=F/(1—
v?) for plane strain condition, respectively.

3.3 J-integral evaluation employing the nodal
integration techniques

In the present formulation, nodal integration techniques
SCNI/SSCT are employed to integrate the stiffness ma-
trix numerically. The SCNI/SSCT are also adopted for
the J-integral evaluation. In our previous study, a mo-
ment intensity factor was calculated by employing the
SCNI/SSCI in [34]. The nodal integration techniques
are adopted and examined for the 2D in-plane mixed-
mode crack problems.

Rectangular contours are also adopted in nodal in-
tegrations as shown in Fig.5. In the meshfree discretiza-
tion, the contour integral in eq.(24) includes a number
of Voronoi cells and triangular domains for SCNI/SSCI.
The discretization of the contour integral with SCNI
and SSCI are shown in Figs.6(a) and (b), respectively.
The energy release rates are smoothed G}, and are eval-
uated using smoothed physical quantities,

Nscni ~/\k
~ ~ ~ 0T
G = Z (Wkn’l — (al{j)k ém,) n;) ds,,
m=1 1 m
Nsscr

o(ah)k
k )
) n;> i dsm, (26)

+ > (Wkng — (%)

m=1
where (7 ) represents the smoothed physical values cal-
culated by SCNI/SSCI, and ds,, is the segment divided
by a Voronoi cell and a triangular domain for SCNI and
SSCI, as shown in Figs.6(a) and (b). Nscni and Nsscor
are the number of segments for SCNI/SSCI used for the
contour integral evaluation. The physical quantities of
SCNI are determined based on nodes, and the values
of SSCI are calculated at the center of gravity for each
triangle.

The physical values in the nodal integration form of
the J-integral is evaluated by the post-process of the
meshfree analysis. The smoothed displacements @ can
be calculated by SCNI, as

NP
u(zk) = Iz:; e /(ZK Vrdpd2k, (27)
and for SSCI, as

NP
ﬁ(:l?Kl) = lz::l TKZ /QKi LDldlthKia (28)
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where d; is a solution vector evaluated by a linear si-
multaneous equation. Smoothed strain € and stress &
(=Dg) calculated by SCNI/SSCI are given by eq.(12).
The strain energy density in eq.(26) can de evaluated,
as:

- 1 ~

Wk _ 7(0_/ )k(El )k-

o \Tij) \Eij (29)

Although a special subroutine for the Gauss quadra-
ture is needed for calculating Gy, in eq.(24), they can be
evaluated using the superposition of the physical quan-
tities and segments of the contour employing eq.(26).
The accuracy and the path-independence of the nodal
integration techniques for the SIFs are explored through
several 2D mixed-mode fracture problems.

a)

X2

X1 Physical values

Fig. 6 Meshfree discretization of a contour integral employ-
ing nodal integration techniques: a SCNI, b SSCI

4 Numerical examples

Several numerical examples for 2D in-plane fracture me-
chanics problems are considered to examine the mesh-
free discretization and the J-integral evaluation. A plane
stress condition is assumed. Young’s modulus is £=206
GPa, and Poisson’s ratio is ¥=0.3. According to our
numerical test, an acceptable solution can be obtained
when the penalty parameter in eq.(14) is chosen as
a=1.0x107, in all the numerical examples. In adopt-
ing the enriched basis vectors of eqs.(16) and (17), an
enriched term /7’ sin(#’/2) is introduced on the nodes
when the function support includes the crack tip.

A meshfree model of a cracked plate is illustrated in
Fig.7(a). rq4 is a parameter determining the size of the
rectangular contour. To verify the accuracy and effec-
tiveness of modeling the crack, three kinds of numer-
ical integration domains with SCNI/SSCI, which are
labeled as Types A, B and C, respectively, are exam-
ined [Figs.7(b)-(d)]. In Type A, the Voronoi cells are
generated over the entire rectangular domain for SCNI.

Additionally, the Voronoi cells spanning the crack seg-
ment are divided into triangular domains for SSCI, in
preparing for the diffraction method and visibility cri-
terion. In Type B, the entire domain is divided into tri-
angular domains for SSCI. Type C has hybrid domains
of SCNI/SSCI. A Voronoi cell is chosen for the entire
the domain, and the triangular domains are partially
employed when the function support spans a crack seg-
ment and/or contour. If a rectangular contour 2r4x2ry
is used for the J-integral evaluation as shown in Fig.7(a),
the shaded regions in Figs.7(b)-(d) are taken as the
nodal integration domain.

The accuracy in the mixed-mode SIFs for the nu-
merical and reference solutions is examined. The error
n % is defined as

RN — K

e X100 [%]

(30)

where KN and KRt (k=I, II) are the numerical
and reference solutions, respectively.

4.1 An edge crack under uniform tensile loads

A rectangular plate with an edge crack of a=5.0 mm as
depicted in Fig.8(a) is considered. The plate width is
b=10.0 mm, and the height is ¢=10.0 mm. A uniform
pressure o22=1.0 MPa is applied to the top and bot-
tom edges of the plate. To verify the accuracy of the
meshfree analysis, 21x21, 41x41, 81x81 and 161x161
nodes models are chosen. The function support of the
RKs is set to be h=1.2hP, with hP being a characteristic
length between the nodes as shown in Fig.7(a). Three
kinds of nodal integration domains of Types A, B and
C as defined above are examined. For example, a com-
putational model of 21x21 scattered nodes (Type A)
is sketched in Fig.8(b). The standard linear, enriched
linear, and enriched quadratic basis vectors H(x) of
eqs.(7), (16), and (17) are employed to examine the
performance of the enriched basis vectors. KRef-=11.93
MPa mm'/? [37] is presented as our reference solution.

The numerical results KN" of Type A are pre-
sented in Fig.9(a). The horizontal axis is a parame-
ter rg. The KN is evaluated by varying the size of
the rectangular contour. A standard linear basis vector
H (x) in eq.(7) is applied. The solid line is the reference
solution KBef. As the density of the nodes increases,
the accuracy in SIF K7 is improved. In contrast, an os-
cillation in K™ can be observed dependent on the
size of the rectangular contour.

To further examine the accuracy of the meshfree dis-
cretization, Type B is employed as the nodal integration
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Fig. 7 Three kinds of numerical integration domains with SCNI/SSCI for a cracked plate: a A meshfree model for a cracked

plate, b Type A, ¢ Type B, d Type C

X2

X1

Fig. 8 Edge crack in a rectangular plate, and meshfree mod-
eling: a Model to be analyzed, b 21 x21 nodes meshfree model
(Type A)

domain. The standard linear basis vector is employed,
as in Fig.9(a). The results are presented in Fig.9(b).
Although the convergence rate of KN in Type B is
similar to that of Type A, path-independency is found.
Therefore, the SSCI is effective for evaluating the J-
integral in the meshfree crack modeling.

It is found that KN uniformly converges in Type
B, as the density of the nodes increases [Fig.9(b)]. There
is still a difference between the numerical results and
the reference solutions even when a model with a set
of 81x81 scattered node is used. The standard linear,
enriched linear, and enriched quadratic basis vectors of
eqs.(7), (16), and (17) are adopted. The error n % is
evaluated using eq.(30). Type B is employed for the
nodal integration domain. The size of the contour is
rq=2.5 mm. The convergence rates for each of the basis
vectors are presented in Fig.10(a). All numerical results
uniformly converge. Additionally, it is confirmed that a
high accuracy solution can be obtained in adopting the
enriched linear and quadratic basis vectors.

Although the use of Type B is effective for the nodal
integration domain, it takes considerable computation
time because the meshfree modeling uses only triangu-
lar domain for the nodal integration. A hybrid nodal

a) 124 ———
— KRt -0~ K, "™ (41x41 nodes)
—_ -0~ K™ (21x21 nodes) =& K,"“™ (81x81 nodes)
S 120
IS
1S
© AANYWONOANONIENN AAAAAAAALAAAAAAA
L 11.6
- N aaa
T
(08 Y Y
0.0 1.0 20 3.0 40 50
ry [mm]
b) 124 ———
— KRt -0~ K,"'™ (41x41 nodes)
& 120 -0~ K™ (21x21 nodes) =& K,""™ (81x81 nodes)
= . T T r T T i T T T
1S
g
s 11.6
<
L
n 11.2
10.8
0.0 1.0 20 3.0 4.0 5.0

ry [mm]

Fig. 9 Comparison of SIF K for different paths (A standard
linear basis vector): a Type A, b Type B

integration domain of SCNI/SSCI (Type C) is taken
to reduce the computational time, while retaining the
accuracy of the meshfree analysis. The accuracy in SIF
KNum- i presented in Fig.11. An enriched quadratic
basis vector is employed. From the numerical results, a
high accuracy of the SIF and a path-independent be-
havior are obtained for the SCNI/SSCI hybrid nodal
integration domain.

In addition, accuracy in SIF K7 is examined when
the diffraction method or visibility criterion is adopted
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-@- Linear basis vector
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Fig. 10 Convergence for the edge crack problem with stan-
dard and enriched basis vectors (Type B, r4=2.5 mm)
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Fig. 11 Comparison of SIF K for different paths (Type C,
an enriched quadratic basis vector)

at the crack tip. The numerical results are presented in
Fig.12. The quadratic basis vector is employed. From
the convergence study, the accuracy is improved when
diffraction method is employed. We thus employ the
diffraction method at the crack tip.

A meshfree analysis for cracked plate bending prob-
lems was analyzed in [34] employing the crack model-
ing and the J-integral evaluation. A similar trend in
accuracy and path-independency nature was found for
a pure-K; problem. This thus confirms that meshfree
modeling is effective for both the 2D in-plane and plate
bending problems.

4.2 An edge crack under shear loads

A cracked rectangular plate under shear loads is ana-
lyzed to check the accuracy and the path-independent
nature of the mixed-mode crack problem. The model is

10.00 r - Diffraction method + Enriched basis (Quadratic)
-l Visibility criterion + Enriched basis (Quadratic)
1.00
9 21x21 nodes
= 010f 41x41 nodes
81x81 nodes
0.01 1 161x161 nodes
0.00 : '
0.1 1
log h° [mm]

Fig. 12 Comparison of SIF K for diffraction method and
visibility criterion at the crack tip (Type C, an enriched
quadratic basis vector)

presented in Fig.13(a). The parameter settings for the
cracked rectangular plate are a/b=1/2 and ¢/b=16/7
to the plate breadth b=7.0 mm. A uniform shear stress
7=1.0 MPa is applied to the top of the plate, whereas
the bottom of the plate is fully clamped. Different sets
of 15x33, 29x65, 43x97 and 71x161 nodes meshfree
models are successively employed. A meshfree model
with a set of 15x33 discretized nodes (Type A) is visu-
alized in Fig.13(b). As reference SIFs, KFef-=34.0 MPa
mm'/2 and KRef=4.55 MPa mm?/? are available in the
literature [39]. The function support of the RKs is set
to h=1.2hP.

a) T b)

_— —- —> —

(9]

X2

X1

Fig. 13 Rectangular plate with an edge crack under shear
loads: a Model for analysis, b 15x33 nodes meshfree model
(Type A)
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Fig. 14 Convergence results for the mixed-mode SIFs em-
ploying the enriched linear and quadratic basis vectors (Type
C, rd:1,75 mm): a K[, b K[]

A convergence study was performed to examine the
accuracy of the enriched basis vectors for the mixed-
mode crack problem. The linear and quadratic basis
vectors of egs.(16) and (17), respectively, are used. Type
C is employed as a nodal integration domain. The con-
vergence of KN"- and KN are then depicted in
Figs.14(a) and (b). The size of the contour rq=1.75 mm
is taken. It is interesting to see that all the numerical re-
sults are uniformly converged. The accuracy in K and
K is improved using the enriched basis vectors. Also,
the accuracy of the quadratic basis vector is superior in
the mixed-mode crack problem.

To further examine the mixed-mode crack problem,
path-independency in K; and Ky is investigated. Also,
Types A and C are adopted for the nodal integration
domains. The obtained numerical of Type A are pre-
sented in Figs.15(a) and (b), for K; and K respec-
tively, and the results of Type C are in Figs.15(c) and
(d). As well as the pure-K; problem in Sect. 4.1, path-
independency can be seen when Type C is employed for
the nodal integration domain. It can also be confirmed
that the evaluation of the energy release rates using

SCNI/SSCT of eq.(26), and Type C for the nodal inte-
gration domain are effective in the mixed-mode crack
problems in separating the J-value into K7 and K. In
the following numerical examples, the quadratic basis
vector and Type C are used in the meshfree modeling.

To effectively analyze several 2D in-plane mixed-
mode crack problems, we derived an equation relating
the crack length a and the characteristic length between
the nodes h? in the uniform refinement models. From
the results of convergence studies plotted in Figs.14(a)
and (b) for K7 and K, we infer that the solutions of
SIFs have converged sufficiently and possessed a path-
independency if a/hP>15 is adopted.

4.3 A slanted edge crack under uniform tensile loads

A rectangular plate with a slanted edge crack as schemat-
ically shown in Fig.16(a) is analyzed. The dimensions
of the model are b=10.0 mm and ¢;=c2=10.0 mm. The
crack length is varied a=2.0, 3.0, 4.0, and 5.0 mm, re-
spectively, and crack angles =30 and 45 deg. are cho-
sen. A meshfree model with a set of 41x101 scattered
nodes is used. Fig.16(b) shows a close-up view near the
crack tip. Notice that, unlike the two previous exam-
ples, an irregular nodal discretization is applied to this
domain, showing the capability of the method in deal-
ing with irregular distribution of the nodes. The func-
tion support of the RKs is set to h=1.2hP. For the in-
clined crack problem, nodes on uniform grid are placed
around the crack tip to separate the mixed-mode SIFs.
The region is smoothly connected to the external area
using meshfree modeling. Additionally, G, of eq.(26)
is evaluated for a rectangular contour within the grid
[Fig.16(b)]. The SIFs were normalized, and the com-
puted numerical results compared with reference solu-
tions given in [37]. The results are also compared with
those obtained by using a commercial FEM software
[38] with a very fine mesh.

The results obtained for SIFs with §=30 and 45 deg.
are presented in Tables 1 and 2 for different ratios of
a/b; rq=a/3 mm is adopted. The Frwm FFEM and
FRet- (k=I, II) are results of the meshfree, FEM and
reference solutions, respectively. As expected, they are
in good agreement between each other. Additionally,
differences in the SIFs between the meshfree and FEM
results are less than 1 %.

4.4 A semi-circular specimen with a slant crack
The final numerical example deals with a slanted edge

crack in a semi-circular specimen. The model configu-
ration is presented in Fig.17(a). The radius of the semi-
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Fig. 15 SIFs for different rectangular paths (An enriched quadratic basis vector): a K; (Type A), b Kir (Type A), ¢ K1

(Type C), d K (Type C)

a) O22 b)

Path for J-integral

C2

C1

X1

Fig. 16 Rectangular plate with a slant edge crack problem:
a The model analyzed, b Close-up view of the crack tip region
in 41x101 nodes meshfree model (Type A)

circular plate is R=100 mm, the crack length a=50
mm, and the plate thickness t=1.0 mm. The specimen

Table 1 Normalized SIFs F; and Fr; for §=30 deg. (An
enriched quadratic basis vector, Type C)

a/b [ F}\Ium. FIFEM FFEf‘ [37}
0.2 1.0777  1.0723 1.11
0.3 1.2633  1.2554 1.28
0.4 1.5388  1.5275 1.55
0.5 1.9457  1.9265 1.98
a/b [ F}\Ilum. FIFIEM F;R]eﬂ [37}
0.2 | 0.3557 0.3546 0.36
0.3 | 0.4066 0.4054 0.41
0.4 | 0.4746 0.4742 0.48
0.5 | 0.5669 0.5620 0.58

is fixed by pins, and a point load P is applied on top
of the specimen. The width between the supports is
s. Three ratios s/R=0.5, 0.61, and 0.67 are chosen in
the meshfree modeling, by changing the crack angle 6
from 0 to 60 deg.. The meshfree model is generated so
that the characteristic length A? is 2.5 mm. For exam-
ple, a meshfree model with s/R=0.5 and =30 deg. is
given in Fig.17(b). The function support of RKs is set
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Table 2 Normalized SIFs Fr and Fyr for §=45 deg. (An
enriched quadratic basis vector, Type C)

a/b | Fpum Fy Frtet[37]
0.2 | 0.7894 0.7844 0.80
0.3 | 0.8899 0.8833 0.90
0.4 | 1.0394 1.0314 1.02
0.5 | 1.2579  1.2473 1.27
a/b | Frp™  Fy Fr[37]
0.2 | 0.4073 0.4075 0.41
0.3 | 0.4505 0.4515 0.45
0.4 | 0.5059 0.5074 0.50
0.5 | 0.5725 0.5712 0.58

to h=1.25hP. The SIFs are normalized by

 2RK;
- Pyrma’

where F}). denotes the normalized SIFs. As reference
solutions, the SIFs in [40] is digitized and employed.
Also, a very fine FEM model as shown in Fig.17(c) is
used for our comparison purpose [38].

The numerical results of the normalized SIFs FN"™
(k=I, II) are respectively presented in Figs.18(a)-(c),
for s/R=0.5, 0.61, and 0.67. In the meshfree modeling,
rq=10.0 mm is chosen. FEEM and F,f”ef' are also pre-
sented. In all cases, the results are in good agreement
with each other, thereby confirming that the mesh-
fee modeling is effective in analyzing the 2D in-plane
mixed-mode crack problems.

Fy (k= I,1I) (31)

5 Conclusion

We have presented an effective meshfree Galerkin for-
mulation based on SCNI for modeling 2D in-plane mixed-
mode crack problems. The J-integral is discretized in
terms of the SCNI/SSCI, and a special technique to sep-
arate the mixed-mode SIFs is described. The accuracy,
performance and the path-independency of the pro-
posed meshfree method are analyzed and demonstrated
through a series of representative numerical examples.
The computed numerical results are verified rigorously
by comparing the obtained results with respect to the
reference solutions. The comparison reveals one impor-
tant thing that, as expected, high accuracy on the SIF's
derived from the proposed formulation is obtained. It
is also found from our numerical investigations that the
present formulation is very effective in modeling crack
problems.

Acknowledgements This research was partially supported
by JSPS KAKENHI Grant-in-Aid for Scientific Research of
(A)(15H02328), (B)(15H04212) and (C)(15K06632). This work

a)

AN
'

%

Fig. 17 Edge crack in a semi-circular specimen: a Analy-
sis model, b Meshfree modeling for 6=30 deg. and s/R=0.5
(Type A), ¢ FEM model

was performed under the Cooperative Research Program of
the Joining and Welding Research Institute, Osaka Univer-

sity. Tinh Quoc Bui gratefully acknowledges the support from

the Grant-in-Aid for Scientific Research (No. 26-04055) - JSPS.
TT Yu gratefully acknowledges the supports of the National

Natural Science Foundation of China (Grant No. 51179063)

and the National Sci-Tech Support Plan of China (Grant No.

2015BAB07B10).

References

1. Belytschko T, Lu YY, Gu L (1994) Element-free Galerkin
Methods. Int J Numer Meth Eng 37:229-256

2. Liu WK, Jun S, Zhang YF (1995) Reproducing kernel par-
ticle methods. Int J Numer Meth Fluid 20:1081-1106

3. Atluri SN, Zhu T (1998) A new meshless local Petrov-
Galerkin (MLPG) approach in computational mechanics.
Comput Mech 22:117-127



J-integral evaluation for 2D mixed-mode crack problems employing a meshfree formulation with SCNI 13

— FFEV L FEM

0 F[Ref. A F”Ref.
| F/Num. v FNum.

-2.0
0 10 20 30 40 50 60
6 [deg.]
b) s/R=0.61
6.0

— FFEM  ____ ¢ FEM
FI F//

O F[Ref. A F”Ref.
| F[Num. v F”Num.

~

V- y- e

Normalized SIFs F,and F,,
)
o

0.0V
-2.0 - - ' - - -
0 10 20 30 40 50 60
6[deg.]
C) s/R=0.67
6.0
4 —_ F/FEM I F”FEM
0 F/Ref. A F Ref.
40 "
(] F[Num. v F"Num.

*‘ﬁ_n-v M- V-
A\vig
0.0%"

Normalized SIFs F,and F,
N
o

1 L L 1 1 I

10 20 30 40 50 60
O[deg.]

Fig. 18 Comparison of normalized SIFs F; and Frr (An
enriched quadratic basis vector, Type C): a s/R=0.5. b
s/R=0.61. ¢ s/R=0.67

[
N
o

o

4. Belytschko T, Black T (1999) Elastic crack growth in finite
elements with minimal remeshing. Int J Numer Meth Eng
45:601-620

5. Melenk JM, Babuska I (1996) The partition of unity fi-
nite element method: basic theory and applications. Com-
put Meth Appl Mech Eng 139:289-314

6. Fleming M, Chu YA, Moran B, Belytschko T (1997) En-
riched element-free Galerkin methods for crack tip fields.
Int J Numer Meth Eng 40:1483-1504

7. Singh IV, Mishra BK, Pant M (2011) An enrichment
based new criterion for the simulation of multiple interact-
ing cracks using element free Galerkin method. Int J Fract
167:157-171

8. Liu ZL, Menouillard T, Belytschko T (2011) An
XFEM/Spectral element method for dynamic crack propa-
gation. Int J Fract 169:183-198

9. Sladek J, Sladek V, Krahulec S, Zhang CH, Wiinsche M
(2013) Crack analysis in decagonal quasicrystals by the
MLPG. Int J Fract 181:115-126

10. Liu P, Yu T, Bui QT, Zhang C (2013) Transient dynamic
crack analysis in non-homogeneous functionally graded
piezoelectric materials by the X-FEM. Comput Mater Sci
69:542-558

11. Nguyen NT, Bui QT, Zhang C, Truong TT (2014) Crack
growth modeling in elastic solids by the extended mesh-
free Galerkin radial point interpolation method. Eng Anal
Bound Elem 44:87-97

12. Kang Z, Bui QT, Nguyen DD, Saitoh T, Hirose S (2015)
An extended consecutive-interpolation quadrilateral ele-
ment (XCQ4) applied to linear elastic fracture mechanics.
Acta Mech 226:3991-4015

13. Bui QT (2015) Extended isogeometric dynamic and static
fracture analysis for cracks in piezoelectric materials using
NURBS. Comput Meth Appl Mech Eng 295:470-509

14. Tanaka S, Okada H, Okazawa S, Fujikubo M (2013) Frac-
ture mechanics analysis using the wavelet Galerkin method
and extended finite element method. Int J Numer Meth Eng
93:1082-1108

15. Tanaka S, Suzuki H, Ueda S, Sannomaru S (2015) An
extended wavelet Galerkin method with a high-order B-
spline for 2D crack problems. Acta Mech 226:2159-2175

16. Tanaka S, Sannomaru S, Imachi M, Hagihara S, Okazawa
S, Okada H (2015) Analysis of dynamic stress concentration
problems employing spline-based wavelet Galerkin method.
Eng Anal Bound Elem 58:129-139

17. Tanaka S, Okada H, Okazawa S (2012) A wavelet
Galerkin method employing B-spline bases for solid me-
chanics problems without the use of a fictitious domain.
Comput Mech 50:35-48

18. Chen JS, Wu CT, Yoon S, You'Y (2001) A stabilized con-
forming nodal integration for Galerkin meshfree methods.
Int J Numer Meth Eng 50:435-466

19. Chen JS, Yoon S, Wu CT (2002) Non-linear version of
stabilized conforming nodal integration for Galerkin mesh-
free methods. Int J Numer Meth Eng 53:2587-2615

20. Wang D, Chen JS (2004) Locking-free stabilized conform-
ing nodal integration for meshfree Mindlin-Reissner plate
formulation. Comput Meth Appl Mech Eng 193:1065-1083

21. Wang D, Chen JS (2006) A locking-free meshfree curved
beam formulation with the stabilized conforming nodal in-
tegration. Comput Mech 39:83-90

22. Wang D, Sun'Y (2011) A Galerkin meshfree method with
stabilized conforming nodal integration for geometrically
nonlinear analysis of shear deformable plates. Int J Comput
Meth 8:685



14

Satoyuki Tanaka et al.

23. Sadamoto S, Tanaka S, Okazawa S (2013) Elastic large
deflection analysis of plates subjected to uniaxial thrust us-
ing meshfree Mindlin-Reissner formulation. Comput Mech
52:1313-1330

24. Organ D, Fleming M, Terry T, Belytschko T (1996) Con-
tinuous meshless approximations for nonconvex bodies by
diffraction and transparency. Comput Mech 18:225-235

25. Krysl P, Belytschko T (1997) Element-free Galerkin
method: Convergence of the continuous and discontinuous
shape functions. Comput Meth Appl Mech Eng 148:257-277

26. Joyot P, Trunzler J, Chinesta F (2005) Enriched repro-
ducing kernel approximation: Reproducing functions with
discontinuous derivatives. Lecture Notes in Comput Sci and
Eng 43:93-107

27. Rao BN, Rahman S (2003) Mesh-free analysis of cracks
in isotropic functionally graded materials. Eng Fract Mech
70:1-27

28. Wang D, Chen JS (2008) A Hermite reproducing ker-
nel approximation for thin-plate analysis with sub-domain
stabilized conforming integration. Int J Numer Meth Eng
74;368-390

29. Wang D, Lin Z (2010) Free vibration analysis of thin
plates using Hermite reproducing kernel Galerkin meshfree
method with sub-domain stabilized conforming integration.
Comput Mech 46:703-719

30. Wang D, Lin Z (2011) Dispersion and transient analyses
of Hermite reproducing kernel Galerkin meshfree method
with sub-domain stabilized conforming integration for thin
beam and plate structures. Comput Mech 48:47-63

31. Tanaka S, Sadamoto S, Okazawa S (2012) Nonlinear thin-
plate bending analyses using the Hermite reproducing ker-
nel approximation. Int J Comput Meth 9:1240012

32. Nikishkov GP, Atluri SN (1987) Calculation of fracture
mechanics parameters for an arbitrary three-dimensional
crack, by the ”equivalent domain integral” method. Int J
Numer Meth Eng 24:1801-1821

33. Raju IS, Shivakumar KN (1990) An equivalent domain
integral method in the two-dimensional analysis of mixed
mode crack problems. Eng Fract Mech 37:707-725

34. Tanaka S, Suzuki H, Sadamoto S, Imachi M, Bui QT
(2015) Analysis of cracked shear deformable plates by
an effective meshfree plate formulation. Eng Fract Mech
144:142-157

35. Ishikawa H (1980) A finite element analysis of stress in-
tensity factors for combined tensile and shear loading by
only a virtual crack extension. Int J Fract 16:R243-246

36. Rice JR (1968) A path independent integral and approxi-
mate analysis of strain concentration by notches and cracks.
J Appl Mech 35:379-386

37. Bowie OL (1972) Solutions of plane crack problems
by mapping technique (Chapter 1), Mechanics of fracture
(edited by Sih GC), 1-55, Noordhoff, International Publish-
ing, Leyden, The Netherlands

38. MSC.Marc 2005r3, User’s Guide

39. Yau J, Wang S, Corten H (1980) A mixed-mode crack
analysis of isotropic solids using conservation laws of elas-
ticity. J Appl Mech 47:335-341

40. Lim IL, Johnston IW, Choi SK (1993) Stress intensity
factors for semi-circular specimens under three-point bend-
ing. Eng Fract Mech 44:363-382



