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Abstract

Buckling behavior of flat and cylindrical shells including through-the-thickness
crack (through crack) is examined employing an effective reproducing ker-
nel (RK) meshfree method. The concept of convected coordinate system is
adopted to deal with general curvilinear surfaces. Both field variables and
shell geometry are approximated by RKs, which is conceptually same proce-
dure with isoparametric Finite Element Method (FEM). Each node has five
degrees of freedom (DOFs). The numerical integration of stiffness matrices
is conducted by strain smoothing approaches. In the present study, a crack
modeling is introduced into the curved shell geometry for analyzing cracked
cylinder buckling problems effectively. The presented approach has an at-
tractive feature, i.e., five DOFs cracked flat shell model is only required for
analyzing three-dimensional (3D) cracked curved shell problems. The accu-
racy and effectiveness of the present method are critically examined through
several numerical examples in which the obtained results are compared with
reference solutions as well as with the results of commercial FEM package
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(ANSYS). Effects of the element types in the FEM computations are also ex-
amined by comparison of the results by linear and quadratic shell elements.
The results shed light on the significant effects of considered configurations
on buckling coefficients and mode shapes.
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1. Introduction

Ship and offshore structures are often composed of plate and shell assem-
blies. They are usually designed in effective ways to provide higher structural
performance during service life as well as for straightforward inspection and
maintenance. The authors have studied buckling and ultimate strength of
stiffened plate structures [1, 2] and ship’s hull [3]. Some manufacturing op-
erations such as welding or extreme variations in environmental conditions
may generate defects, e.g., through cracks, which might have detrimental
effects on the integrity and load bearing capacity of the structures. These
defects can sometimes be repaired by maintenance, however it is not always
an easy task to inspect and alleviate the defects. It is therefore necessary to
predict the performance and integrity of cracked structures. Buckling phe-
nomenon is related with structural stability. Although, intact structures may
buckle globally, buckling may take place locally near the crack due to higher
stress gradients caused by discontinuity. Buckling phenomena are one of the
main subjects to the scientific and engineering community, and they have
been studied by many researchers using different approaches. This particu-
lar work however is devoted to the numerical buckling analysis of imperfect
flat and cylindrical shells, but using a novel effective meshfree method.

Since last few decades, critical examination of cracked plates and shells
has considerable interest employing analytical methods [4], semi-analytical
methods [5, 6], experimental methods [7–9], FEM [10–19] and extended FEM
(XFEM) [20–22]. Vafai and Estekanchi [10] conducted parametric FEM com-
putations on the buckling of cracked plates and shells. Meshing pattern on
the crack tip, boundary conditions (BCs), Poisson’s ratio and shell curvature
were considered as parameters affecting structural performance of the cracked
flat and curved shells. Brighenti [13] studied the buckling behavior of thin
plates under compressive and tensile loads. Aside to crack parameters, effect
of Poisson’s ratio was also examined since Poisson’s ratio becomes a signifi-
cant parameter under tensile loading condition. Khedmati et al. [15] carried
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out a series of parametric study to examine the effects of crack parameters
on the buckling behavior of continuous ship plates. In the paper, crack loca-
tion was also considered as a parameter affecting structural performance of
the plate. Seifi and Khoda-yari [16] examined the buckling characteristics of
central-inclined cracked plates conducting both experimental and numerical
studies. Influences of crack length and orientation as well as plate thickness
and edge conditions on the buckling behavior were examined. Estekanchi and
Vafai [11] analyzed buckling problems of cylindrical shells under compression
and tensile loads for different crack sizes and orientation angles. Special mesh
zooming technique was employed on the crack tips instead of using special
kind of tip elements. Then, Javidruzi et al. [12] considered fine mesh not
only for crack tip but also crack segment for the both buckling and dynamic
analysis of cracked cylindrical shells. It was also indicated that when the
crack length is relatively small, the effect of fine mesh along crack segment
becomes visible on buckling load. Buckling problems of cracked function-
ally graded cylindrical shells were recently addressed by Nasirmanesh and
Mohammedi [22].

Based on the aforementioned facts, it could be said that the FEM was
mainly adopted for the modeling and analysis of cracked shell structures.
Linear shell elements are usually preferable for the modeling and analysis of
ship and offshore structures owing to the less computational expense com-
pared to higher order elements. On the other hand, adopting linear elements
for the approximation and analysis of curvilinear surfaces may sometimes
cause shear locking phenomenon. Fortunately, it is possible to see vital im-
provements in the element formulation and discretization, see Refs. [23, 24].
Meshfree methods and other related methods can overcome shear locking
problems owing to higher order approximation functions. They are there-
fore popular for solving boundary value problems, e.g., intact problems for
isotropic [25–29]; composite [30–32] and functionally graded materials [33–
35] and cracked problems [36–38] were handled. Isogeometric Analysis (IGA)
[39] is recently emerged popular method and can be employed for predicting
structural performance of the plates and shells [40–46]. As for the treatment
of discontinuous problem domains, extended IGA (XIGA) [47, 48] can be em-
ployed. Nguyen-Thanh et al. [49] analyzed cracked Kirchhoff-Love curved
shell employing XIGA.

In recent years, our research group carried out meshfree Reproducing
Kernel Particle Method (RKPM) [50] buckling analyses for structural plates
with curvilinear stiffeners by five DOFs flat shell formulation [51] and stiff-
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ened plates by six DOFs flat shell formulation [52]. Furthermore, buckling
behavior of the cylindrical shells including circular cutouts with an efficient
convected coordinate system was examined by present authors [53]. Con-
vected coordinate system concept has been recently applied to the modeling
and analysis of curvilinearly stiffened and complex shaped shells on the basis
of six DOFs Mindlin-Reissner shell formulation [54]. RK meshfree formula-
tion based on convected coordinate system with strain smoothing numerical
integration techniques, i.e., stabilized conforming nodal integration (SCNI)
[55, 56] and sub-domain stabilized conforming nodal integration (SSCI) [57–
61], is sometimes superior to conventional numerical methods so that a curvi-
linear geometry can be approximated effectively and shear locking can be
avoided. Wang and Peng [59] proposed Hermite RK Galerkin method for
the buckling analysis of thin plates employing SSCI, and superiority of the
proposed method to the conventional Galerkin meshfree methods with Gauss
quadrature was highlighted. Wang et al. [60] improved the previous concept
for the buckling analysis of Kirchhoff-Love cylindrical shells. Wang and Wu
[61] proposed nesting sub-domain gradient smoothing integration (NSGSI)
based upon SSCI, and the stiffness matrix was integrated exactly for any
quadratic field.

Although the present meshfree method has merits, e.g., only five DOFs
flat shell model is required for analyzing 3D cracked cylindrical shell prob-
lems, the problems have not been solved yet. Tanaka et al. [62–64] effectively
applied diffraction method and visibility criterion [65, 66] for crack modeling
in analyzing stress- and moment-intensity factors of cracked plane plate and
shear deformable plate problems. So far, the modeling was adopted only for
flat plate cases. We thus introduce crack modeling to the curvilinear surfaces
on the basis of convected coordinates presented in [53] for analyzing cracked
flat and cylindrical shell buckling problems. A singular kernel (SK) [67] is
adopted for the cracked shell modeling and imposition of essential BCs. Sev-
eral numerical examples for cracked flat and curved shells are presented and
compared with existing solutions and FEM results. Effects of the element
types are also investigated employing linear and quadratic shell elements for
the FEM computations. The presence of crack to the shell structures are also
discussed through the numerical results to investigate significance of defects
in the structures for buckling coefficients and modes.

This paper is organized as follows. In Section 2, modeling of flat and
curved shells in convected coordinates is briefly presented. We present ef-
fective meshfree modeling of cracks in Section 3. Discretization for linear
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buckling analysis is briefly explained in Section 4. Section 5 presents numer-
ical examples of flat shells including cracks and circular cutouts, as well as
cylinder models with cracks. Main conclusions are summarized in Section 6.

2. Modeling of flat and curved shells

The proposed technique is capable of transforming general 3D surface
into the equivalent two-dimensional plane and vice-versa. The general shell
is assumed to have a uniform thickness th throughout the analysis domain. A
schematic illustration of the proposed mapping technique for Cartesian and
convected coordinate system is shown in Fig.1. X=(X1, X2, X3) is a position
vector in the global Cartesian coordinate system, while r=(r1, r2, r3) stands
for a position vector in convected coordinates. RKs (nodes) on mid-thickness
plane can be allocated in regular or irregular pattern. The physical values
between two coordinates have one-to-one correspondence, e.g., points a-d in
Fig.1. The flat shell is a specific case of general curved shells.
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Figure 1: A schematic illustration of coordinate transformation between global Cartesian
and convected coordinates.

2.1. Approximation of shell geometry and deformations

RKs are not only adopted for the curvilinear geometry interpolation, but
also for the field variables approximation. The approximation scheme is same
with the isoparametric FEM. The completeness condition can thus be met.
Nodes can be randomly distributed on the mid-thickness plane as shown in
Fig.1 and the orthogonal unit vector Vi is defined at each node; i.e., ViI
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for the I-th node. A position vector Xmid(r1, r2) on the mid-thickness plane
(r1–r2 plane) of the curved shell is interpolated using the RKs as:

Xmid(r1, r2) =
NP∑
I=1

ψI(r1, r2)XmidI , (1)

where ψI(r1, r2) and XmidI are the RK shape function and position vector of
the I-th node on the mid-thickness plane, respectively. NP is the total num-
ber of scattered nodes used for the interpolation of the mid-thickness plane of
the curved shell. The RK on the mid-thickness plane is ψI(r1, r2)=hT (r1I −
r1, r2I − r2)b(r1, r2)ϕI(r1I − r1, r2I − r2). Here hT (r1I − r1, r2I − r2) and
b(r1, r2) are the basis vector and coefficient vector, respectively. A complete
quadratic basis is employed as the basis vector.

The displacement vector on mid-thickness plane can be approximated as:

umid(r1, r2) =
NP∑
I=1

ψI(r1, r2)umidI . (2)

Approximation of position X(r1, r2, r3) and displacements u of a point on
the general shell surface are accomplished by Eqs. (3) and (4), respectively,
as follows.

X(r1, r2, r3) =
NP∑
I=1

ψI(r1, r2)
(
XmidI +

r3
2
thV3I

)
, (3)

u =


umid1 − th

2
r3θ1V21 +

th
2
r3θ2V11

umid2 − th
2
r3θ1V22 +

th
2
r3θ2V12

umid3 − th
2
r3θ1V23 +

th
2
r3θ2V13

 =
NP∑
I=1

ΨIUI , (4)

where θ1 and θ2 denote the rotation components on the mid-thickness plane
with respect to unit vectors V1 and V2, respectively. Vij (j=1,2,3) terms
relate the rotation components to the global axes, and those terms can be
computed by the dot products of unit vectors Vi and the unit vectors ej.
ΨI is the displacement matrix in terms of RKs for the I-th node, which is
written as:

ΨI =
NP∑
I=1

 ψI 0 0 − th
2
r3ψIV21

th
2
r3ψIV11

0 ψI 0 − th
2
r3ψIV22

th
2
r3ψIV12

0 0 ψI − th
2
r3ψIV23

th
2
r3ψIV13

 , (5)
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and UI is coefficient vector of the I-th node, which is given by

UI =
{
umid1I umid2I umid3I θ1I θ2I

}T
. (6)

Covariant, Gi=∂X/∂ri, basis vectors are defined for effective mapping oper-
ations as well as representing stress or strain tensors. Considering Eq. (3),
the covariant basis vectors can be written as:

∂X

∂ri
=

NP∑
I=1

∂ψI(r1, r2)

∂ri

(
XmidI +

r3
2
thV3I

)
, (i = 1, 2),

∂X

∂r3
=

NP∑
I=1

ψI(r1, r2)
1

2
thV3I . (7)

In order to meet Kronecker Delta function property, contravariant bases, Gi,
are expressed as:

Gi =
Gj ×Gk

Gi · (Gj ×Gk)
, (8)

where (i, j, k)=(1,2,3),(2,3,1),(3,1,2).

3. Meshfree modeling of a through crack

A through crack embedded in a curved shell is presented in Fig.2(a). In
the figure, c is the crack length, while Sc represents the crack segment. When
analyzing the cracked curved shell, a cracked rectangular plate is arranged
and a mapping technique is adopted through convected coordinate system
as shown in Fig.2(b). This is an effective way to generate cracked curved
shell geometries because meshfree interpolants are only defined in the local
coordinate system, r=(r1, r2, r3).

Meshfree modeling of crack tip and crack segment, respectively, by diffrac-
tion method and visibility criteria [65, 66] on the local coordinate system
r=(r1, r2, r3) is schematically illustrated in Fig.3(a). The crack tip is repre-
sented by a node, and the crack segment is modeled by an assembly of double
nodes. r′1 and r′2 are local coordinates from the crack tip, and (ρ,φ) denotes
the location of a point in the local polar coordinates with respect to crack tip
node as indicated in Fig.3(b). D+/D− denotes upper/lower regions of the
crack segment, rc is a crack tip node. When including the crack tip node rc
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Figure 2: Crack modeling: (a) global Cartesian coordinates, (b) convected coordinates.

within the function support of the node rI , the diffraction method is adopted.
The normalized distance dI in the original kernel ϕI of Eq. (10) is revised as
d̂I to treat the displacement discontinuity across the crack segment:

d̂I =

(
d1 + s2(r)

d0(r)

)µ
d0(r)

hI
, (9)

where d0(r)=||r − rI ||, d1=||rc − rI ||, and d2(r)=||r − rc|| are normalized
distances. The shape parameter µ is taken as 1.0. In representing the dis-
placement discontinuity along the crack segment, the RKs are completely
or partially cut by the crack segment. If a node rJ belongs to domain D+,
numerical integration of the stiffness matrix in terms of node rJ is partially
carried out for domain D+. SSCI [57–61] is introduced to perform numer-
ical integrations around the cracks as shown in Fig.3(c). In Fig.3(c), the
boundaries of Voronoi cells for SCNI are represented by solid lines, while the
boundaries of triangular sub-domains for SSCI are represented by dashed
red lines. When introducing an RK around the crack tip, an enriched term
to simulate singular stress field at crack tip is included in the basis vector,
h(r)={1 r1 r2 (r1)

2 r1r2 (r2)
2 √

ρ sin(φ/2)}. The enriched basis vector is
adopted only for the quadrature points within the function support of rc.

A schematic illustration for densely scattered nodes towards point ”A” is
given in Fig.4. The distance between two nodes gradually decreases towards
point ”A”. A control parameter αI is adopted, (i.e., hI=αIh

p
I), and the

RKs are developed. αI is assumed to be constant as 1.3 for uniform nodal
distribution, while αI is varied between 1.25 and 1.35 for the support size of
the nodes near cracks. hpI is the characteristic length for the I-th node. Cubic
spline function is adopted as original kernel function with variable function
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Figure 3: Crack modeling by RK meshfree method: (a) diffraction method and visibility
criterion, (b) local polar coordinates and Voronoi cells, (c) SCNI and SSCI for the crack
modeling.

support control parameter hI to control the nodal density as:

ϕI =
10

7πh2I


1− 3

2
d2I +

3
4
d3I (0 ≤ dI ≤ 1)

1
4
(2− dI)

3 (1 ≤ dI ≤ 2)
0 (2 ≤ dI)

, (10)

where dI=
√
(r1I − r1)2 + (r2I − r2)2/hI , which represents the normalized dis-

tance from the center of the kernel. The crack modeling is introduced for
both approximation of physical values and curved shell geometries.

1

r2

rr3

rI

rI+1

rI+2

hI+1

hI+2

hI

A

Crack faces

Support 

domains

Figure 4: A schematic illustration for the control of nodal density in the meshfree modeling.
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4. Linear buckling analysis

The weak form of the buckling problems can be written as:∫
V

σ : δεLdV + λ

∫
V

σ′
0 : δεNLdV = 0, (11)

where εL and εNL are the linear and nonlinear components of strain tensor,
respectively. σ and σ′

0 represent, respectively, the Cauchy stress tensor and
pre-buckling stress tensor. λ is the buckling factor.
The linear and nonlinear components of total strain are given as:

ε =
1

2

{(
Gi ·

∂u

∂rj
+Gj ·

∂u

∂ri

)
+

(
∂u

∂ri
· ∂u
∂rj

)}
Gi ⊗Gj

= (εLij + εNLij)G
i ⊗Gj = εL + εNL. (12)

Components of linear strain matrix are expressed as:

εLij =
NP∑
I=1


GT

1ΨI,1

GT
2ΨI,2

GT
1ΨI,2 +GT

2ΨI,1

GT
2ΨI,3 +GT

3ΨI,2

GT
3ΨI,1 +GT

1ΨI,3

UI =
NP∑
I=1

BLIUI , (13)

where BLI is the displacement-linear strain matrix and ΨI,i denotes the
derivative of the displacement matrix ΨI in Eq. (5). As for the components
of the displacement-nonlinear strain matrix, BNLI , the vector d

T is described
as:

dT =

{(
∂u

∂r1

)T (
∂u

∂r2

)T (
∂u

∂r3

)T
}
. (14)

We finally arrive the relation between d and BNLI as below.

d =
NP∑
I=1

 ΨI,1

ΨI,2

ΨI,3

UI =
NP∑
I=1

BNLIUI , (15)

Substituting Eqs. (13) and (15) into Eq. (11) and considering the stress–
strain relationship for linear elastic material model, a discrete equation of
the eigenvalue problem is then derived as:

(KL + λKNL)U = 0, (16)
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whereKL andKNL are stiffness matrices associated with linear and nonlinear
terms, respectively. KL is the global stiffness matrix, and it is only a function
of model geometry and material properties. On the other hand, KNL, which
is also referred to as stress stiffness or geometric stiffness matrix, is a function
of loading, and so the pre-buckling stresses, as well as the model. KL and
KNL matrices are respectively given as:

KL =

∫
V

BT
LCBLdV, (17)

KNL =

∫
V

BT
NLσ

′
0BNLdV, (18)

where C stands for the linear elastic stress-strain matrix of the material, and
the components of C were already given in Ref. [53].

4.1. Numerical integration techniques

Stiffness matrices are derived by employing SCNI [55, 56] and SSCI [57-
61]. Higher stress gradients along the crack segment as well as the crack tip
are effectively captured by SSCI. SCNI is adopted for the remaining parts
of the models. Numerical integration domains, Voronoi cells, enclosing the
nodes/kernels, are allocated for SCNI. Strain components include the partial
derivatives of displacements and so the partial derivatives of the kernel func-
tions. By applying the Gauss’ divergence theorem to the partial differential
term of displacement, d̃hi,j, the domain integral can be transformed to the
contour integral as follows.

d̃hi,j(rK) =
1

AK

∫
ΩK

dhi,j(r) dΩ

=
1

AK

∫
ΓK

dhi (r)nj dΓ =
NP∑
I=1

bIj(rK)diI , (19)

where i={1, 2, 3, 4, 5}, j={1, 2} and

bIk(rK) =
1

AK

∫
ΓK

ΨI(r)nk dΓ. (20)

In Eq. (19), (˜) stands for smoothed values. AK is area of the domain, ΩK

as shown in Fig.3(c).
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SSCI, which is an extension of SCNI by further dividing SCNI domains,
ΩK into triangular sub-domains, ΩKi as shown in Fig.3(c), is adopted for
simulating higher stress gradients around the cracks. In the sub-domains,
any physical quantity can be smoothed as:

d̃hj (rKi
) =

1

AKi

∫
ΩKi

dhj (r) dΩ

=
NP∑
I=1

1

AKi

∫
ΩKi

ΨI(r)djI dΩ. (21)

In Eq. (21), AKi
represents area of the sub-domains. As similar to Eq. (19),

the derivatives of the displacement components, d̃j,k(rKi
), can be obtained

by:

d̃hj,k(rKi
) =

NP∑
I=1

bIk(rKi
)djI , (22)

where j={1, 2, 3, 4, 5}, k={1, 2} and

bIj(rKi
) =

1

AKi

∫
ΓKi

ΨI(r)nj dΓ, j = {1, 2}, (23)

where ΓKi
represents boundary of the sub-domains, and see Fig.3(c). Al-

though numerical integration along plate thickness direction can be carried
out analytically, Newton-Cotes formula is adopted for the numerical integra-
tion for through-thickness direction in the meshfree computations.
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5. Numerical examples and discussions

Buckling loads/modes for flat shells including cracks and cutouts, as well
as for cylindrical shells including cracks are presented. Meshfree results are
compared with those of FEM computations and available reference solutions.
Central cracks are considered and crack length, as well as the crack orien-
tation angle, are varied. When the crack size is relatively small compared
to the whole problem domain, the nodal density is increased towards crack
zone as shown in Fig.5. The crack tip is located on a node and double nodes
are generated on the crack segment. SSCI and SCNI methods are adopted
for the numerical integration around the crack segment and remaining parts,
respectively as shown in Fig.5.

SSCI

r1

r2r3 SCNI

Figure 5: Representative meshfree model of a cracked flat shell.

Obtained buckling loads/modes are compared with fully converged re-
sults of FEM and reference results. The commercial FEM package ANSYS
[68], which offers several shell element options, is used. In particular, the
four-noded linear shell elements (Shell181) and eight-noded quadratic shell
elements (Shell281) are considered, and their corresponding results of buck-
ling are then reported for the comparison purpose. Both type of elements
consider transverse shear deformation on the basis of Reissner-Mindlin the-
ory. Linear elements have the capability of modeling flat surfaces in a high
level of precision; however, as for the modeling of curvilinear surfaces as well
as for the representation of sharper deformations near the cracks, assembly
of flat shell elements may not be appropriated to describe the geometry and
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buckling deformation precisely. Then, only linear elements are adopted for
the modeling of flat shell models. On the other hand, both type of elements
are employed in the modeling of curvilinear surfaces to examine the effects of
element formulations and the representation of buckling deformations near
the discontinuities.

The main purpose of this study is to investigate the buckling behavior of
flat and cylindrical shells by FEM and proposed meshfree method. Particular
attention is therefore given to simulate sharp buckling deformations along the
crack segment, but not to examine fracture mechanics parameters. This is
the reason why we adopt fine mesh/nodal distribution not only for crack tip
but also crack segment.

5.1. Buckling analysis of cracked flat shells

The shell models adopted from Ref. [13] are thus considered to validate
the present meshfree method. In the reference paper, fine mesh is considered
only for crack tips, however fine mesh must be adopted not only for the
crack tip but also for the crack segment in case of flat shells with relatively
small cracks. In this respect, nodal density is increased towards the cracks in
the present computations. Simply supported BCs are assumed for all edges
so as to free in-plane deformation of the flat shell. Then, critical buckling
load factors are non-dimensionalized with elastic buckling load of intact flat
shell. Elastic buckling load of simply supported plate, σcr

E , under longitudinal
compression is calculated as [69]:

σcr
E =

π2t2hE

12(1− ν2)W 2

(
L

mW
+
mW

L

)2

, (24)

where E and ν are Young’s modulus and Poisson’s ratio, respectively. m
denotes buckling half wave number in load direction. Other parameters are
indicated in Fig.6. The buckling coefficient, Lc=σ/σ

cr
E , is adopted in order

to present the results. Here, σ denotes buckling load of cracked flat shell.
For the intact model, the non-dimensional buckling coefficient is Lc=1.0.
Material properties are assumed as E=70,000 MPa and ν=0.3. The aspect
ratio is L/W=2.0, while the shell thickness is taken as th/W=1/400. In
Fig.6, the crack orientation angle θ is varied as 0◦, 15◦, 30◦, 45◦, 60◦, 75◦ and
90◦. Five different crack sizes are considered as c/W=0.1, 0.2, 0.3, 0.4 and
0.5. Node distance is assumed as W/40 on the edges of the meshfree models.
Nodal density is then increased towards the crack segment.
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Figure 6: Representative flat shell model with a central crack.

As for the FEM models, linear shell elements (Shell181) are adopted.
Then, mesh convergence is studied for a particular case, which is c/W=0.5,
θ=45◦. Fig.7 indicates the mesh convergence results of FEM computations
for the cracked flat shell models. Total number of nodes np is increased
gradually, buckling coefficients Lc are then obtained as shown in Fig.7(a).
The buckling coefficient for the finest mesh is assumed to be fully converged
result. In Fig.7(b), the errors for relatively coarse finite element meshes with
respect to fully converged FEM result (reference value) are computed and
plotted on logarithmic scale. In the figure, the error is defined as:

Error(%) = 100× |Lcoarse
c − Lref

c |
Lref
c

, (25)

where Lcoarse
c and Lref

c represent the buckling coefficients for coarser meshes
and reference buckling coefficient, which is obtained by the finest mesh.

Buckling coefficients for critical modes by FEM and present meshfree
method are compared. The maximum difference among all the cases occurs
for c/W=0.5, θ=45◦, which is 0.43% of the fully converged FEM result.
Total numbers of nodes np are 3,316 and 13,606 for meshfree and FEM
models, respectively. It could be said that the agreement between the present
formulation and FEM is excellent. Furthermore, the numerical results of
critical buckling loads for all crack size and crack orientation angles calculated
by the present meshfree method (MFree) are depicted in Fig.8. In the figure,
lines with different colors indicate the reference results derived from different
approaches of FEM. One must be noticed to the reference results given in
Fig.8 that ones taken from Ref. [13] were obtained by finite element package
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Strand7, whereas other FEM results are obtained by ANSYS, performed by
the authors. In addition, Meshfree and FEM results are denoted by different
type of markers and different colors.
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Figure 7: Convergence study for FEM (c/W=0.5, θ=45◦ case).
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Figure 8: Comparison of results for proposed technique with those of FEM and Ref. [13].

In Fig.8, the effect of crack orientation angle on the critical buckling loads
of cracked flat shells is significant. It is then found that when crack segment
is in the same direction with the compressive loads (θ=90◦), the critical
buckling load is almost same with that of intact flat shell when the crack size
is relatively small. On the other hand, a decrease of the crack orientation
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Figure 9: 1st–4th buckling modes for c/W=0.5, θ=0◦.

angle, with respect to r2-axis, the critical buckling load of the flat shells
increases. In addition, the effect of crack size is investigated. When the
crack segment and load direction is perpendicular to each other, the critical
buckling load is increased with increasing the crack length, while if the crack
segment and load is parallel to each other, the critical buckling load reduces
slightly with increasing the crack size.

1st–4th buckling loads/modes obtained by FEM and proposed method are
also examined, and their corresponding results are then shown in Tables 1 and
2 as well as Figs.9 and 10. It is observed that the present technique is capable
of calculating critical buckling loads as well as higher order loads and modes.
The higher order buckling mode shapes for the largest crack case shown
in Figs.9 and 10 are particularly considered for θ=0◦ and 90◦, respectively.
Results reported in Tables 1, 2 and Figs.9, 10 clearly indicate a very good
agreement between two considered solutions, reflecting the high accuracy of
the present meshfree formulation and discretization. In the case of parallel
crack segment to the load direction, stress streamlines are not disturbed by
the existence of crack. This may cause the almost same buckling coefficients
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Figure 10: 1st–4th buckling modes for c/W=0.5, θ=90◦.

with and without crack cases. On the other hand, the existence of cracks
normal to the load direction disturbs the continuity of stress streamlines. In
addition, critical buckling mode shape, which is two half-wave mode, is not
affected by the existence of cracks. Bending moment becomes zero on the
central part of the intact models when buckling occurs in two half-wave mode.
However, the bending moment in central part of model would not be zero
due to the existence of crack, which is normal to the stress streamlines. This
could be the reason of higher buckling loads of cracked flat shells compared
to intact cases.

Table 1: Comparison for 1st–4th buckling coefficients Lc of cracked flat shells (c/W=0.1).

θ=0◦ θ=90◦

Mode MFree FEM MFree FEM
1st 1.006 1.006 1.000 1.000
2nd 1.173 1.174 1.169 1.170
3rd 1.574 1.575 1.546 1.548
4th 1.583 1.582 1.562 1.564
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Table 2: Comparison for 1st–4th buckling coefficients Lc of cracked flat shells (c/W=0.5).

θ=0◦ θ=90◦

Mode MFree FEM MFree FEM
1st 1.098 1.094 0.990 0.990
2nd 1.171 1.167 1.036 1.029
3rd 1.839 1.812 1.339 1.335
4th 2.093 2.085 1.543 1.542

Table 3: Comparison for higher order buckling coefficients Lc of cutout flat shells with
and without cracks.

c/W=0 (only cutout) c/W=0.05 (crack and cutout)
θ=0◦ θ=90◦

Mode MFree FEM MFree FEM MFree FEM
1st 1.063 1.063 1.083 1.093 1.067 1.070
2nd 1.098 1.099 1.128 1.147 1.089 1.079
3rd 1.516 1.517 1.578 1.631 1.499 1.482
4th 1.613 1.617 1.664 1.686 1.612 1.613

Next step is to analyze more complex problems for the crack flat shells.
Cracks are set to be located at the edge of a circular cutout. Only one
crack size, which is located normal and parallel to load direction, is ana-
lyzed. The radius of circular cutout is assumed as W/8. The crack size is
taken as c/W=0.05. Model dimensions and material properties are same as
previous numerical examples. The computed results are given in Table 3.
In the table, buckling coefficients are given for the cases of cutout flat shells
with and without cracks. When the crack orientation is parallel to load di-
rection (θ=90◦), the buckling coefficients for cutout shells with and without
crack cases are almost same. On the other hand, if the crack orientation is
normal to the load direction (θ=0◦), the existence of crack produces extra
bending moments on the central part of cutout shell causing higher buck-
ling loads compared to without crack case. Critical buckling mode shapes
for cutout flat shells with vertical (θ=0◦) and horizontal (θ=90◦) cracks are
demonstrated in Fig.11(a) and (b), respectively. Good agreement is obtained
between proposed technique and FEM in terms of critical mode shapes.
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Figure 11: Critical buckling mode shapes for cutout shells with cracks: (a) θ=0◦, (b)
θ=90◦.

5.2. Buckling analysis of cracked cylinders

Buckling analysis of cracked cylinders are carried out to examine the ef-
fects of crack size and orientation on both buckling loads and mode shapes
as well as to show capability of the present meshfree formulation and dis-
cretization. The concept of convected coordinate system is introduced in
order to model curvilinear surfaces. A flat shell model with a crack as shown
in Fig.12(a), which is similar to previous numerical examples, is firstly gener-
ated; the cylinder models are then obtained by mapping as seen in Fig.12(b).
After mapping operation, all DOFs of the overlapped nodes are tied. For the
tying operation, SKs are imposed to the overlapped nodes to meet Kronecker
Delta property. However, the authors sure that Kronecker Delta property by
SKs can be imposed only to the nodes but not between the nodes, which
may reduce the accuracy in the meshfree formulation. Fortunately, allocat-
ing enough number of nodes along the longitudinal direction of the cylinders
would reduce the numerical error caused by the incompatible approximation
of the overlapped edges. Moreover, Wang et al. [60] and Chen and Wang
[70] addressed incompatible approximation between the patches, which sheds
light on how to overcome such drawback of SK method as a future work.
Again, it is noted that the meshfree modeling is very simple and effective for
analyzing crack cylinder problems because flat plate model is only required.

Examples for numerical computations are adopted from Ref. [12]. Only
three sizes of cracks, which correspond to relatively small and intermediate
and large sizes, are considered. Obtained critical buckling loads, as well as
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Figure 12: Meshfree modeling of cracked cylinders: (a) flat shell model, (b) cylinder model.

mode shapes, are compared with those of both reference paper and FEM. For
now, circumferential and axial cracks with different sizes under axial com-
pression are considered. Different crack orientation angles and crack sizes
could be considered as a future work. Geometric properties and material
properties are the same as [12]. E and ν are taken as 70,000 MPa and
0.35, respectively. Cracked cylinder models are schematically illustrated in
Fig.13(a) and (b) for circumferential and axial cracks, respectively. Cylin-
der’s length L, radius of the cylinder rd and shell thickness th are taken as
1,000 mm, 500 mm and 1.0 mm, respectively.

Numerical computations are performed under fully clamped BCs setting
the displacements free along the cylinder longitudinal axis. Both sided com-
pression load is applied. It is known that local buckling takes place near
the cracks so that the effect of BCs on the critical buckling mode and load
becomes small. Critical buckling load of cracked cylinders is thus normal-
ized with that of the intact simply supported cylinder as Lk=P/σ

c
cr. Lk is

the normalized buckling coefficient for cracked cylinder models, while σc
cr is

the buckling stress of the simply supported intact cylinder, and it is readily
obtained by σc

cr=Eth/rd
√

3(1− ν2). Cylindrical shells with circumferential
cracks are represented by ”CC1”, ”CC2” and ”CC3”, which correspond to
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Figure 13: Illustration of cracked cylinder models: (a) circumferential crack, (b) axial
crack.

c/2πrd=0.05, 0.10, 0.15 cases, respectively. In a similar fashion, the axial
crack models are represented by ”AC1”, ”AC2” and ”AC3”, which denote
the c/L=0.05, 0.10 and 0.15 cases, respectively. Fully converged solutions
with very fine mesh are adopted for FEM results, while nodal distance in
the meshfree model is assumed as L/40 on the edges and nodal density is in-
creased towards the crack based on the observations from our previous work
[53]. Mesh convergence is studied for FEM computations considering two
different shell element formulations, namely, linear (Shell181) and quadratic
(Shell281) elements for a particular case, which is ”AC2”. Critical buck-
ling takes place along the crack segment in a single half-wave mode for AC2
model, and the element sizes/numbers along the crack must be studied to
obtain accurate buckling loads and modes. Element edge length γ along the
crack segment is varied as 25, 20, 15, 10 mm for both element types.

The convergence study is demonstrated in Fig.14. In Fig.14(a), change of
buckling coefficients Lk is examined with respect to np. When the element
edge length, γ is 10 mm, almost the same buckling coefficients are obtained
for linear and quadratic shell elements. In these cases, total numbers of nodes
are 32,660 and 27,089 for linear and quadratic elements, respectively. Then,
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the buckling coefficient obtained by quadratic elements with the finest mesh
is adopted as reference value for the error computation. Error computation is
performed by Eq. (25) and it is plotted with respect to element edge length,
γ, along the crack segment in Fig.14(b) using logarithmic scale. In the figure,
element edge lengths are considered as 25, 20 and 15 mm since the reference
value in the error computation is obtained by setting element edge length, γ
along the crack as 10 mm.
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Figure 14: Convergence study for FEM (AC2 case): (a) Convergence with respect to np,
(b) error with respect to element edge length γ along the crack.

Cracked cylinder problems are studied by present meshfree formulation
and discretization as well as FEM varying the crack size and crack orienta-
tion. The effect of element formulation on modeling and analysis of curvi-
linear surfaces with cracks is also investigated. As a first case, cylindrical
shells with circumferential cracks are considered. Obtained meshfree results
are compared with those of FEM in Table 4. It is seen from Table 4 that the
correlation between the numerical results obtained by present meshfree for-
mulation and FEM adopting different element types is good. It is noted that
the buckling loads are drastically reduced with increasing the crack size. It
can also be said that the buckling load of the cylindrical models is dependent
on the approximation functions aside the discretization. We can see a slight
difference between the results of same FEM software using different element
types.

Fig.15 shows that the critical buckling mode shapes are in good agree-
ment each other. However, the buckling modes obtained by the linear shell
elements (Shell181) are not exactly symmetric while the buckling modes ob-
tained by the present formulation and quadratic shell elements (Shell281) are

23



Table 4: Normalized buckling stresses Lk for circumferential crack cases.

Model c/2πrd MFree FEM (Shell181) FEM (Shell281)
CC1 0.05 0.370 0.346 0.338
CC2 0.10 0.162 0.151 0.145
CC3 0.15 0.070 0.063 0.061

FEM (Shell181) FEM (Shell281)

CC1

CC2

CC3

MFree

X1

X2

X3

Figure 15: Comparison of the critical buckling mode shapes for the circumferential crack
cases between the present meshfree method and FEM.
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in agreement. In the smallest crack case, the complexity of the mode shape is
obvious. This could be the reason why the differences between the numerical
results for this case are relatively larger compared to the other crack sizes.
The buckling modes are also complicated for the larger crack cases compared
with the buckling modes of the axial cracks as shall be given later. Buck-
ling of cylindrical shells is inherently more unstable compared to that of flat
shells so that buckling modes sometimes concentrate in a narrow space and
we can observe many buckling modes around a certain buckling load. This
is observed for c/2πrd=0.05 and 0.15 cases by linear shell elements. In these
cases, the buckling mode shapes are in reverse direction to those of meshfree
and quadratic elements even if the buckling loads are in agreement. These
results show that the present meshfree formulation is sometimes superior to
the linear shell elements in the modeling and analysis of curvilinear surfaces
with cracks.

As a second case, cylindrical shells with axial cracks are considered. Ob-
tained results by present formulation and FEM are given in Table 5. It is
seen from the Table 5 that agreement between the results is relatively better
compared to the circumferential crack cases. This could be explained by the
simple buckling behavior of the cylindrical shells with axial cracks as can be
seen in Fig.16. Buckling loads decrease with increasing the crack size. It
should be noted that the buckling loads are still much higher than those of
the models with circumferential cracks. It could be said that the effect of
cracks might be more destructive when the crack is located in normal to the
load direction for cylindrical shells in terms of buckling consideration.

Table 5: Normalized buckling stresses Lk for axial crack cases.

Model c/L MFree FEM (Shell181) FEM (Shell281)
AC1 0.05 0.697 0.672 0.666
AC2 0.10 0.418 0.405 0.404
AC3 0.15 0.315 0.301 0.302

Present numerical results are compared with those of reference paper in
Fig.17(a) and (b) for circumferential and axial crack cases, respectively. In
the figure, reference results are obtained by digitizing the graphical data from
the given figures of Ref. [12]. The obvious difference between the present nu-
merical results and the reference results can be observed for circumferential
crack cases, see Fig.17(a). This is because very fine discretization along the
crack segment is adopted in the present numerical computations, while the
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Figure 16: Comparison of the critical buckling mode shapes for the axial crack cases
between the present meshfree method and FEM.
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reference results have been obtained by relatively coarse mesh. For instance,
16 elements were adopted by Ref. [12] in case of c/2πrd=0.15, while we adopt
45 elements for the same crack size. As previously indicated in Fig.15, buck-
ling modes of the cylindrical models with circumferential cracks are compli-
cated. To simulate such complicated behavior accurately, the discretization
must be fine enough. As for the cylindrical shells with axial cracks, we can
observe that the reference and present numerical results are in good agree-
ment except the smallest crack size. Since the buckling behavior is much
simpler (one half-wave mode), the effect of discretization becomes less sig-
nificant as the crack size becomes large. In case of the smallest crack, even
if the buckling behavior is simple, the finer nodal distribution must be allo-
cated along the crack segment to capture the buckling wave smoothly. Eight
elements were adopted by Ref. [12] for axial crack problems. It is observed
that eight elements could be enough for c/L=0.1 and 0.15 cases, however
more elements are required for c/L=0.05 case. We adopt ten elements for
the smallest crack size and more elements for the larger cracks. This could
be reason of the difference between the present numerical computations and
the reference results.
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Figure 17: Comparison of critical buckling coefficients: (a) circumferential crack case, (b)
axial crack case.

6. Conclusions

In this paper, numerical results of linear buckling behavior of cracked flat
and cylindrical shells have been presented. The objective of the study is to
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show the efficiency and accuracy of the proposed meshfree RKPM in com-
parison with the FEM. Following comments can be made on the numerical
results.

Buckling load and modes of cracked flat shells are examined and com-
pared with those of FEM as well as reference solutions. A good agreement
is achieved between the reference and numerical results. It is also interesting
to see that buckling load of cracked flat shells is higher than that of intact
ones when the crack is oriented in normal to the load direction. In case of
flat shell models including both cutout and cracks, the correlation between
the results of FEM and present formulation is also very good. Similar trend
with the cracked flat shell is observed for the flat shells with cutout and crack
that is the buckling load increases when the crack is oriented in normal to
the load direction.

For the cracked cylindrical shells, the agreement between the numerical
results is good. In those cases, the effect of element formulation is also in-
vestigated. The FEM results obtained by linear and quadratic elements are
in agreement with each other in terms of buckling loads. On the other hand,
buckling mode shapes obtained by present formulation sometimes become in
reverse direction to those by linear shell elements, while they are in same di-
rection with those by quadratic shell elements. The numerical results are also
compared with those of reference paper in case of axial and circumferential
cracks. It is observed that the reference paper overestimates the buckling
loads of the cylindrical shells. This is because of that the adopted mesh
scheme in the reference paper is relatively coarse compared to our numerical
computations.

Although our proposed meshfree method has attractive features, both
linear and quadratic FEM computations are faster than our meshfree code
for same DOFs. Further investigation is required to improve not only com-
putational efficiency but also accuracy to develop more suitable computa-
tional technique for structural analysis. Some relevant potential problems
also appear worth of further investigations. For instance, the present formu-
lation could be further improved to consider results of different crack angles
for cylindrical shells; we can also extend this work to simulate the evolu-
tion of cracks in shells; or geometrical nonlinear bending of shells; buckling
of cracked functionally graded shells; and so on. Some of these mentioned
works have been under developments for up-coming manuscripts.
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