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1. Introduction

A nonlocal theory, peridynamics (PD) [1,2], provides an alternative ap-
proach to deal with fracture mechanics problems. In contrast to classical
continuum mechanics (CCM), the PD theory does not involve spatial deriva-
tives in its governing equations. Hence, it is well suited to treat complicated
fracture problems without additional numerical techniques. Three different
types of PD formulations have been proposed in the PD literature, specif-
ically, bond-based PD (BBPD) [1], ordinary state-based PD (OSPD) [2],
and non-ordinary state-based PD (NOSPD) [2]. BBPD places constraints
on material properties and plastic behavior. Poisson’s ratio is restricted to
specified values. Moreover, the volumetric strain is merely considered in per-
manent deformation; hence, it is inconsistent with plastic incompressibility
in metals. Therefore, OSPD and NOSPD have been subsequently developed
as more general forms to relax limitations placed on material properties and
plastic behavior.

Because of their high strength-to-weight ratio, thin-walled structures are
commonly used in aerospace and maritime industries. In the PD framework,
each material point interacts with the other material points within a specified
region. The nonlocal interactions lead to lower efficiency of computational
effort, especially for 3D PD models. To simulate thin-walled structures,
structural idealization is one of the approaches to reduce computation time.
The Kirchhoff–Love plate [3,4], the Mindlin–Reissner plate [5], and the shell
[6,7] models have been proposed in the PD literature. Furthermore, several
engineering applications of thin-walled structures in PD have been reported
concerning buckling [8], vibration [9], stress intensity factor [10,11], compos-
ite material [12,13], ship strength [14], and nonlinear [15] problems.

In CCM, crack opening displacement (COD), stress intensity factors, and
J-integral are the main failure criteria to determine the status of crack prop-
agation at the crack tip. In the PD framework, cracking is dictated by the
status of interaction bonds between material points. Several failure criteria
that concern critical values of interaction bonds can be found in the previous
PD studies. Silling and Askari [16] introduced a failure criterion based on
bond elongation, which is called the critical bond stretch. This criterion only
involving the volumetric deformation is insensitive to the deviatoric defor-
mation. It is mainly applied to mode-I fracture problems in brittle materials.
Subsequently, two energy-based failure criteria, called the critical energy den-
sity, were proposed in Refs. [17] and [18] to overcome underestimates in the
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critical bond stretch. Dipasquale and collaborators [19] examined the ef-
fectiveness of the failure criteria mentioned above in mixed-mode fracture
problems. Moreover, COD [20], energy release rate [21], equivalent strain
[22], and the Johnson-Cook damage model [23] were introduced into the PD
framework to predict fracture behaviors.

The PD surface effect arises from the assumption that PD parameters
are computed based on a complete horizon. If the material point is located
near domain boundaries or crack surfaces, the complete horizon assumption
is not satisfied. Therefore, the accuracy of computational results in BBPD
and OSPD are strongly affected. Le and Bobaru [24] investigated 2D lin-
ear elastic and fracture problems with different surface effect corrections. In
most surface effect corrections, the PD force density is corrected by multi-
plying a correction factor to reduce the PD surface effect. The correction
factor is obtained by comparing some physical quantities between the com-
plete and present horizons. Such correction methods only reduce the surface
effect rather than eliminate it. The fictitious node method [25] can well
eliminate the surface effect in simple geometries. However, it meets severe
challenges in complex geometries, in particular, for configured models with
cracks. An alternative approach to minimize the PD surface effect has been
presented by using arbitrary horizon domains. Queiruga and Moridis [26]
performed a convergence analysis with three state-based PD models. In one
of the presented models, its PD parameters were evaluated employing arbi-
trary horizon domains. Chen [27] presented a similar approach to deal with
2D static and dynamic problems. Madenci and collaborators proposed a PD
truss element in the finite element framework [28] and a weak form of PD
governing equations [29]. Both proposed methods are free of the PD sur-
face effect by using variable horizons. Only 2D problems were taken into
account in the reference studies mentioned above [26-29]. For the surface
effect treatment with arbitrary horizon domains, out-of-plane deformations
for thin-walled structures still have been not discussed.

The capabilities of the adopted OSPD shell model were examined in sev-
eral numerical investigations [6,10,11,14]. For this reason, the PD shell model
is employed in the present study to assess fracture mechanics behaviors sub-
jected to in-plane or out-of-plane loading. Moreover, the arbitrary horizon
domain method [26,27] is introduced into the PD framework to treat the
PD surface effect. For the surface effect treatment, the membrane, bending,
and transverse shear terms are considered in the computation of PD pa-
rameters. To examine the effectiveness of the proposed method, CODs and
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strain energy densities (SEDs) that correspond respectively to the critical
bond stretch [16] and critical energy density [17,18] criteria are investigated.
Finally, a crack propagation analysis of a diagonally loaded square plate
(DLSP) specimen [30] is simulated.

The remainder of the paper is organized as follows. The PD shell model
and its numerical implementations are introduced in Section 2. The arbitrary
horizon domain method for shell structures is presented in Section 3. Several
numerical problems are demonstrated in Section 4. The conclusions are given
in Section 5.

2. Ordinary state-based peridynamic theory

2.1. Peridynamic model for shell structures

The OSPD model for shell structures [6] is adopted in the present study.
A schematic illustration of the PD shell model is presented in Fig. 1. x(k)

and y(k) denote the initial and deformed positions of point k, respectively.
φ represents the angle of the interaction bond between points k and j with
respect to the x1-axis. h indicates the shell thickness. u(k)=[u v w θx θy]

T

denotes the displacement vector for five degrees of freedom. t(k)(j) and t(j)(k)
represent the PD force density vectors between points k and j.
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Figure 1: Initial and deformed states of a flat shell in PD.
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The PD SEDs are obtained by summing micro-potentials of all mate-
rial points within the specified area, Hx. The micro-potential depends on
the bond stretch and constitutive properties of each interaction bond. For
the OSPD shell model, the SEDs composed of the membrane, bending, and
transverse shear terms are defined as

W̄ PD
ip(k) = aipϑ

2
ip(k) + bip

N∑
j=1

ws2ip(k)(j)ξ
2V(j), (1)

W̄ PD
b(k) = abϑ

2
b(k) + bb

N∑
j=1

ws2b(k)(j)ξ
2V(j), (2)

W̄ PD
s(k) =

1

4
Cs

N∑
j=1

w(
w(j) − w(k)

ξ
−

θ̄(j) + θ̄(k)
2

)2ξ2V(j), (3)

where s, ϑ, and ξ denote the bond stretch, dilatation, and distance between
points k and j, respectively. θ̄(k) and θ̄(j) represent the rotations with respect
to the interaction bond. N indicates the total number of material points
within Hx. The influence function w=δ/ξ is defined. a, b, d, and C denote
the PD parameters. Subscripts ip, b, and s to the PD parameters signify
that the quantities relate to the membrane, bending, and transverse shear
terms, respectively.

Bond stretch s is the relative deformation of the interaction bond, and
dilatation ϑ is the relative volume variation of the material point. Bond
stretches sip and sb for the membrane and bending deformations are defined
as

sip(k)(j) =
(u(j) − u(k)) cosφ+ (v(j) − v(k)) sinφ

ξ
, (4)

sb(k)(j) =
−(θy(j) − θy(k)) cosφ+ (θx(j) − θx(k)) sinφ

ξ
. (5)
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Dilatations ϑip and ϑb for the membrane and bending deformations are
defined as

ϑip(k) = dip

N∑
j=1

wsip(k)(j)ξV(j), (6)

ϑb(k) = db

N∑
j=1

wsb(k)(j)ξV(j). (7)

Rotations θ̄(k) and θ̄(j) with respect to the interaction bond between points
k and j are defined as

θ̄(k) = −θy(k) cosφ+ θx(k) sinφ, (8)

θ̄(j) = −θy(j) cosφ+ θx(j) sinφ. (9)

The PD parameters are obtained by comparing dilatations and SEDs
between CCM and PD under simple loading conditions. The PD parameters
for the membrane, bending, and transverse shear terms are expressed as

aip =
Eh(3ν − 1)

4(1− ν2)
, dip =

3E

πδ4(1 + ν)
, bip =

2

πhδ3
, (10)

ab =
Eh3(3ν − 1)

48(1− ν2)
, db =

Eh2

4πδ4(1 + ν)
, bb =

2

πhδ3
, (11)

Cs =
3ksE

πδ4(1 + ν)
, (12)

where E, ν, ks, and δ denote Young’s modulus, Poisson’s ratio, shear correc-
tion factor, and horizon radius, respectively.
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The potential energy arises from SEDs and work done by body forces.
By substituting the kinetic and potential energies into the Euler-Lagrange
equation, the PD equation of motion, which is an integro-differential equation
without spatial derivatives, is yielded as

m(k)ü(k) =

∫
Hx

(t(k)(j) − t(j)(k))V(j) + b(k)

=

∫
Hx

f(k)(j)V(j) + b(k),

(13)

where m(k), ü(k), and b(k) denote the mass matrix, acceleration vector, and
body force vector, respectively. f(k)(j)=t(k)(j)-t(j)(k) represents the PD force
density vector, and V(j) indicates the volume of point j. The PD equation
of motion is briefly introduced here. Its derivation can be found in detail in
Ref. [31]. Note that, in the proposed PD model, an assumption stipulating
small deformations is imposed.

Material behavior exhibited in the PD framework is described by inte-
grating nonlocal force interactions between material points. The nonlocal
force densities are derived from the derivation of the PD equation of motion.
The PD force densities for each degree of freedom in the OSPD shell model
are expressed as

fu
(k)(j) = [2aipdipw(ϑip(k) + ϑip(j)) + 4bipwsip(k)(j)ξ] cosφ, (14)

f v
(k)(j) = [2aipdipw(ϑip(k) + ϑip(j)) + 4bipwsip(k)(j)ξ] sinφ, (15)

fw
(k)(j) =Csw{

w(j) − w(k)

ξ
− 1

2
[−(θy(k) + θy(j)) cosφ

+ (θx(k) + θx(j)) sinφ]}ξ,
(16)

f θx
(k)(j) =[2abdbw(ϑb(k) + ϑb(j)) + 4bbwsb(k)(j)ξ] sinφ

+
1

2
Csw{(w(j) − w(k)) sinφ

− ξ

2
[−(θy(k) + θy(j)) sinφ cosφ+ (θx(k) + θx(j)) sin

2 φ]}ξ,

(17)
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f
θy
(k)(j) =− [2abdbw(ϑb(k) + ϑb(j)) + 4bbwsb(k)(j)ξ] cosφ

− 1

2
Csw{(w(j) − w(k)) cosφ

− ξ

2
[−(θy(k) + θy(j)) cos

2 φ+ (θx(k) + θx(j)) sinφ cosφ]}ξ.

(18)

2.2. Surface effect correction and volume correction

Several numerical techniques are introduced within the PD shell frame-
work to improve the accuracy of computational results, including surface
effect correction [24] and volume correction [31]. Meanwhile, the state of
interaction bonds is also employed to model crack segments. Therefore, the
PD equation of motion is rewritten as

m(k)ü(k) =
N∑
j=1

µ(k)(j)λf(k)(j)υV(j) + b(k), (19)

where µ(k)(j) denotes the state of each interaction bond. λ and υ represent
the correction factors for surface effect correction and volume correction,
respectively. For static and quasi-static problems, the adaptive dynamic
relaxation technique [31] is adopted in PD computations.

Although the volume method for surface effect correction is based on the
premise of the homogeneous expansion, it is a simple and effective approach
to reduce the PD surface effect [24]. The volume method is chosen as one of
the approaches in the present study. A schematic illustration of the volume
method is shown in Fig. 2(a). In the volume method, the PD force density
for each interaction bond is revised by multiplying a correction factor. The
correction factor λ is defined as the ratio of the complete horizon volume to
the present horizon volumes; specifically,

λ =
2V0

V(k) + V(j)

, (20)

where V0=πδ2h denotes the volume of the complete horizon, and V(k) and V(j)

denote the volumes of the present horizons at points k and j, respectively.
For nonlocal interactions between material points, the material point in

the vicinity of the horizon boundary only possesses a partial volume (see Fig.
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2(b)). The blue and green regions signify that the material point possesses
complete and partial volumes, respectively. The volume correction [31] is
adopted to amend the volumes of material points within Hx. The volume
correction factor υ is defined as

υ =


1, ξ < δ − r,

(δ + r − ξ)/2r, δ − r < ξ < δ,

0, δ < ξ,

(21)

where r=∆x/2 is defined.

x(k)

x(j) V(j)

xd 

(a) (b)

d 
x 

Dx

V(k)

V0

Domain boundary

Hx

Figure 2: Surface effect correction and volume correction, (a) Volume method for surface
effect correction, (b) Volume correction.

2.3. PD failure criteria

Here, the critical bond stretch [16] and critical energy density [17] criteria
for interaction bonds are introduced. The critical bond stretch is the most
popular failure criterion in the PD literature. The interaction bond between
material points breaks once the bond stretch exceeds its critical value. The
critical value is yielded from the total work required to eliminate all inter-
actions across a newly created crack surface. The critical bond stretch in
OSPD is expressed as
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sc =

√
Gc

( 6
π
µ+ 16

9π2 (κ− 2µ))δ
, (22)

where Gc denotes the critical energy release rate, and µ and κ represent the
shear modulus and bulk modulus, respectively.

If elasto/visco-plastic phenomena exhibit, the critical bond stretch cri-
terion is no longer applicable. To deal with rate-dependent plastic models
in the PD framework, Foster and collaborators [18] proposed a failure crite-
rion based on the energy release rate. Subsequently, Madenci and Oterkus
[17] presented an alternative energy-based failure criterion for elasto-plastic
problems with isotropic hardening. A similar energy-based criterion for shell
structures was introduced in Ref. [6]. The critical value for each interaction
bond gc is expressed as

gc =
Gc

Nc

, (23)

where Gc denotes the critical energy release rate. Nc represents the total
number of interaction bonds eliminated to create a unit crack surface, with
Nc = 36 for δ=3∆x [6].

The energy release rate computed from the work done by PD force den-
sities is regarded as a measure to determine the state of interaction bonds.
The energy release rate for each interaction bond ḡ(k)(j) is defined as

ḡ(k)(j) =
1

2∆xh
(ω(k)(j) + ω(j)(k))V(k)V(j), (24)

where ∆x denotes the spacing between material points, and ω(k)(j) and ω(j)(k)

represent the micro-potentials between points k and j.
From the PD force densities acting on the deformed bond, the micro-

potential ω(k)(j) under the assumption of linear elasticity is yielded as

ω(k)(j) =
1

2h
(tip(k)(j)sip(k)(j) + tb(k)(j)sb(k)(j) + ts(k)(j)ss(k)(j))ξ, (25)

in which ss(k)(j)=(w(j)-w(k))/ξ is defined.
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The nonlocal interaction is irreversibly terminated between material points
to model crack segments when the physical measure reaches its critical value,
either for the critical bond stretch or the critical energy density. µ(k)(j) is
introduced into the PD equation of motion to denote the state of each inter-
action bond; specifically,

µ(k)(j) =

{
0 broken bond,

1 intact bond.
(26)

3. Arbitrary horizon domain method for PD parameters

In the standard approach to BBPD and OSPD, the PD parameters com-
puted under the complete horizon are kept constant for every material point
in the analysis domain. Because the horizon near domain boundaries or crack
surfaces is incomplete, these constant PD parameters can not correctly repro-
duce material behavior (see Fig. 3). Therefore, several numerical corrections
have been proposed to reduce the surface effect in BBPD and OSPD. To
compensate for the difference in PD force densities near domain boundaries
or crack surfaces, the force density is modified by multiplying a correction
factor in most surface effect corrections. In contrast to regular surface effect
corrections, the variable PD parameters are computed using the actual in-
fluence domain of the horizon in the arbitrary horizon domain method. The
actual influence domains near discontinuities in the arbitrary horizon domain
method are similar to the visibility criterion [32] in the meshfree method (see
Fig. 4).

The arbitrary horizon domain method is introduced in this section. By
comparing dilatations and SEDs between PD and CCM, the variable PD
parameters are obtained. In the derivation of the proposed method, the
membrane, bending, and transverse shear deformations are included.

3.1. Membrane deformation

At first, the PD parameters in the membrane term are derived. The
displacement components of point j are expressed using Taylor’s series ex-
pansion as

u(j) = u(k) + u,x(k)(x(j) − x(k)) + u,y(k)(y(j) − y(k)),

v(j) = v(k) + v,x(k)(x(j) − x(k)) + v,y(k)(y(j) − y(k)),
(27)
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Domain boundary

Complete horizon Incomplete horizon

PD parameters in 

complete horizon

PD parameters in 

incomplete horizon

Missing bonds

Figure 3: Surface effect in PD caused from PD parameters computation.

which can be rewritten as

u(j) − u(k)

ξ
= u,x(k) cosφ+ u,y(k) sinφ,

v(j) − v(k)
ξ

= v,x(k) cosφ+ v,y(k) sinφ.
(28)

By substituting Eq. (28) into Eq. (4), the bond stretch for the membrane
term is expressed as

sip(k)(j) = u,x(k) cos
2 φ+ u,y(k) sinφ cosφ+ v,x(k) sinφ cosφ+ v,y(k) sin

2 φ.
(29)

Under the isotropic expansion condition (u,x(k)=ζ, v,y(k)=ζ), the dilata-
tion of PD in Eq. (6) becomes
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Crack

Domain boundary
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x

x

Hx
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Figure 4: Actual influence domain of the horizon near a domain boundary and a crack
surface.
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ϑPD
ip(k) =diph

∫
Hx

wsip(k)(j)ξdA

=diph

∫
Hx

w(ζ cos2 φ+ ζ sin2 φ)ξdA

=diph

∫
Hx

wζξdA.

(30)

The dilatation of CCM under the isotropic expansion condition becomes

ϑCM
ip(k) = 2ζ. (31)

By comparing the dilatation for the membrane term between PD and
CCM, the PD parameter dip is obtained as

dip =
2

h
∫
Hx

wξdA
. (32)

Similarly, the SED of PD in Eq. (1) under the isotropic expansion con-
dition (u,x(k)=ζ, v,y(k)=ζ, and ϑip(k)=2ζ) becomes

W̄ PD
ip =aipϑ

2
ip(k) + biph

∫
Hx

ws2ip(k)(j)ξ
2dA

=aip(2ζ)
2 + biph

∫
Hx

wζ2ξ2dA.

(33)

The SED of CCM under the isotropic expansion condition becomes

W̄CM
ip(k) =

Eh

1− ν
ζ2. (34)

By comparing the SED for the membrane term between PD and CCM,
the PD parameter aip is obtained as

aip =
E

4(1− ν)
− biph

4

∫
Hx

wξ2dA. (35)
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Under the simple shear condition (u,y(k)=ζ, v,x(k)=ζ, and ϑip(k)=0), the
SED of PD in Eq. (1) becomes

W̄ PD
ip =biph

∫
Hx

ws2ip(k)(j)ξ
2dA

=biph

∫
Hx

w(ζ sinφ cosφ)2ξ2dA.

(36)

The SED of CCM under the simple shear condition becomes

W̄CM
ip(k) =

Eh

4(1 + ν)
ζ2. (37)

In a similar comparison of the SED, the PD parameter bip is obtained as

bip =
E

4(1 + ν)

1∫
Hx

w(ξ cosφ sinφ)2dA
. (38)

3.2. Bending deformation

Next, the PD parameters in the bending term are derived in a similar
manner to the computation in the membrane term. By using Taylor series
expansion, the rotation components of point j are expressed as

θx(j) = θx(k) + θx,x(k)(x(j) − x(k)) + θx,y(k)(y(j) − y(k)),

θy(j) = θy(k) + θy,x(k)(x(j) − x(k)) + θy,y(k)(y(j) − y(k)),
(39)

which can be rewritten as

θx(j) − θx(k)
ξ

= θx,x(k) cosφ+ θx,y(k) sinφ,

θy(j) − θy(k)
ξ

= θy,x(k) cosφ+ θy,y(k) sinφ.

(40)

By substituting Eq. (40) into Eq. (5), the bond stretch for the bending
term is expressed as
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sb(k)(j) = −θy,x(k) cos
2 φ− θy,y(k) sinφ cosφ+ θx,x(k) sinφ cosφ+ θx,y(k) sin

2 φ.
(41)

Under the isotropic rotation condition (−θy,x(k)=ζ, θx,y(k)=ζ), the dilata-
tion of PD in Eq. (7) becomes

ϑPD
b(k) =dbh

∫
Hx

wsb(k)(j)ξdA

=dbh

∫
Hx

w(ζ cos2 φ+ ζ sin2 φ)ξdA

=dbh

∫
Hx

wζξdA.

(42)

The dilatation of CCM under the isotropic rotation condition becomes

ϑCM
b(k) = 2ζ. (43)

By comparing the dilatation for the bending term between PD and CCM,
the PD parameter db is obtained as

db =
2

h
∫
Hx

wξdA
. (44)

Similarly, the SED of PD in Eq. (2) under the isotropic rotation condition
(−θy,x(k)=ζ, θx,y(k)=ζ, and ϑb(k)=2ζ) becomes

W̄ PD
b =abϑ

2
b(k) + bbh

∫
Hx

ws2b(k)(j)ξ
2dA

=ab(2ζ)
2 + bbh

∫
Hx

wζ2ξ2dA.

(45)

The SED of CCM under the isotropic rotation condition becomes

W̄CM
b(k) =

Eh3

12(1− ν)
ζ2. (46)
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By comparing the SED for the bending term between PD and CCM, the
PD parameter ab is obtained as

ab =
Eh3

48(1− ν)
− bbh

4

∫
Hx

wξ2dA. (47)

Under the torsion condition (−θy,y(k)=ζ, θx,x(k)=ζ, and ϑb(k)=0), the SED
of PD in Eq. (2) becomes

W̄ PD
b =bbh

∫
Hx

ws2b(k)(j)ξ
2dA

=bbh

∫
Hx

w(ζ sinφ cosφ)2ξ2dA.

(48)

The SED of CCM under the torsion condition becomes

W̄CM
b(k) =

Eh3

48(1 + ν)
ζ2. (49)

In a similar comparison of the SED, the PD parameter bb is obtained as

bb =
Eh2

48(1 + ν)

1∫
Hx

w(ξ cosφ sinφ)2dA
. (50)

3.3. Transverse shear deformation

Finally, the PD parameter in the transverse shear term is derived. The
transverse deflection component of point j is expressed using Taylor’s series
expansion as

w(j) = w(k) + w,x(k)(x(j) − x(k)) + w,y(k)(y(j) − y(k)), (51)

which can be rewritten as

w(j) − w(k)

ξ
= w,x(k) cosφ+ w,y(k) sinφ. (52)
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By substituting Eq. (52) into Eq. (3) and assuming θ̄(k)=θ̄(j), the SED of
PD under the transverse shear condition ((w,x+θy)=ζ, (w,y-θx)=ζ) becomes

W̄ PD
s =

1

4
Csh

∫
Hx

w(
w(j) − w(k)

ξ
− θ̄(k))

2ξ2dA

=
1

4
Csh

∫
Hx

w[(w,x + θy) cosφ+ (w,y − θx) sinφ]
2ξ2dA

=
1

4
Csh

∫
Hx

w(ζ2 cos2 φ+ ζ2 sin2 φ)ξ2dA

=
1

4
Csh

∫
Hx

wζ2ξ2dA.

(53)

The SED of CCM under the transverse shear condition becomes

W̄CM
s =

ksEh

2(1 + ν)
ζ2. (54)

By comparing the SED for the transverse shear term between PD and
CCM, the PD parameter Cs is obtained as

Cs =
ksE

1 + ν

2∫
Hx

wξ2dA
. (55)

For the proposed method, the PD parameters integrated over the com-
plete circle horizon are the same as those given in the standard approach [6].
It confirms that the PD parameters are correctly derived in the arbitrary
horizon domain method. In the computational procedure, the PD parame-
ters are numerically integrated by summing the integrand over the horizon.
The volume correction is thereby also adopted in the numerical integration
of PD parameters.

4. Numerical examples

The OSPD shell model incorporated with the arbitrary horizon domain
method is employed in the present study. Four numerical examples of shell
structures are considered to examine fracture mechanics behaviors under in-
plane or out-of-plane loading. CODs and SEDs corresponding to the critical
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bond stretch and critical energy density criteria, respectively, are regarded
as the assessed objectives. Additionally, a crack propagation analysis is also
performed using the proposed method. A uniform particle distribution is
employed, and the horizon size δ is set to 3.015∆x [31]; here, ∆x denotes the
particle spacing.

Three PD approaches are considered in the present study. Those ap-
proaches are labeled“ Approach 1” for the standard method without cor-
rection,“ Approach 2” for the volume method, and“ Approach 3” for
the arbitrary horizon domain method. The volume correction mentioned in
Eq. (21) is adopted in all three approaches. A commercial FEM software,
ABAQUS [34], is used to compute reference results with linear elastic frac-
ture mechanics settings. The element size of the FEM models near the crack
tip is set to approximately 0.001 m.

4.1. 2D plane stress problem for the near-tip solution with a stationary crack
under Mode-I fracture

An infinite plate with a central crack under biaxial tensile load is ana-
lyzed. To simplify this example, a 2D plane stress model under specified
displacement boundary conditions (BCs) is considered to examine the near-
tip solutions in linear elastic fracture mechanics. The length L and width W
are 1 m, and the crack length a is 0.5 m. Young’s modulus E and Poisson’s
ratio ν are set to 1 GPa and 0.25, respectively. The analytical solutions for
the near-tip displacement and stress fields [33] are expressed in the form

[
u
v

]
=

KI

2µ

√
r′

2π

[
cos θ′

2
(κ− 1 + 2 sin2 θ′

2
)

sin θ′

2
(κ+ 1− 2 cos2 θ′

2
)

]
, (56)

 σxx

σyy

τxy
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KI√
2πr

 cos θ′

2
(1− sin θ′

2
sin 3θ′

2
)

cos θ′

2
(1 + sin θ′

2
sin 3θ′

2
)

cos θ′

2
sin θ′

2
cos 3θ′

2

 , (57)

where µ=E/2(1+ν) and κ=(3-ν)/(1+ν). KI=1.0 MPa
√
mm is set. The

origin of the polar coordinate system (r′,θ′) is placed at the crack tip. The
specified displacement BCs given in Eq. (56) are applied (see Fig. 5). Three
different particle spacings are used, specifically, ∆x=1/80, 1/160, and 1/320
m.
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r’
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d 

Figure 5: 2D plane stress model under specified displacement BCs with a stationary crack.

A convergence analysis of the displacement fields is performed. The L2-
norm in Eq. (58) is selected to estimate the error by comparing the PD
results with the analytical solution. The rates of convergence for the entire
domain and the crack surface are presented in Fig. 6(a) and (b), respectively.
Approach 1 produces slower convergence rates in both circumstances. Similar
convergence rates in Fig. 6(a) are found for Approaches 2 and 3. In Fig. 6(b),
however, Approach 3 has a better convergence rate than Approach 2.

error =

√∫
Ω

(uPD − uRef )2dΩ, (58)

where uPD and uRef are the displacement results from the PD and reference
solutions, respectively.

The COD results, uy, obtained from the analytical solution and Approach
3 are compared along the crack surface (see Fig. 7(a)). Both sets of results are
in good agreement with each other. Furthermore, the SED along the crack
surface and crack front is investigated. The SED results of the analytical
solution and three PD approaches are illustrated in Fig. 7(b). The SED
results of Approach 3 are found to be most similar to those of the analytical
solution. Moreover, the arbitrary horizon domain method is able to evaluate
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Figure 6: Convergence analysis of the displacement fields, (a) Entire domain, (b) Crack
surface.

the SED in linear elastic fracture mechanics. Even near the crack tip, the
proposed method provides a reasonable SED solution.
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Figure 7: Fracture mechanics quantities, (a) Displacement uy, (b) Strain energy density.

4.2. Rectangular shell with an inclined edge crack under tensile load

A rectangular shell with an inclined edge crack under tensile load is cal-
culated. The length L, width W , and thickness h of the rectangular shell
are 1 m, 0.5 m, and 0.1 m, respectively. The crack length a is 0.2 m, and
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the crack angle β is 45◦. A uniform tensile stress of σ=1.0 MPa is applied
on the top edge, and displacement BCs are adopted on the bottom edge (see
Fig. 8). Young’s modulus E and Poisson’s ratio ν are set to 200 GPa and
0.3, respectively. A particle spacing of ∆x=1/320 m is used.

a

L

W

β

Figure 8: Rectangular shell under tensile load with an inclined edge crack.

The COD results, uy, along the inclined crack surface are presented in
Fig. 9(a). Approach 3 appears to match well with the FEM solution than
the other two approaches. The deformation contours, uy, from Approach 3
and FEM are given in Fig. 10. From linear elastic fracture mechanics, the
stresses tend to infinity near the crack tip. Because of the stress singular-
ity, the near-tip stress fields can not be determined from FEM simulations.
Therefore, a comparison of the SED results is plotted (see Fig. 9(b)) from
x′/a=1.1 along the crack front; here, x′ denotes the x-axis of the local Carte-
sian coordinate system. From this comparison, the SED results of Approach
1 show an obvious difference from those of Approaches 2 and 3. After further
discussion, the SED results of Approach 2 are slightly lower than those of
the FEM solution, and Approach 3 provides the closest SED results to the
FEM solution. It indicates that the arbitrary horizon domain method well
assesses COD and SED for mixed-mode fracture problems.
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Figure 9: Fracture mechanics quantities, (a) Displacement uy, (b) Membrane strain energy
density.
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4.3. Square shell with a central crack under uniform pressure

A square shell with a central crack under uniform pressure is investigated.
The length L, width W , and thickness h of the square shell are 1 m, 1 m,
and 0.1 m, respectively. The half crack length a is 0.1 m. The shell is
subjected to a uniform pressure of p0=1.0 MPa in the transverse direction
with clamped BCs imposed on all the edges (see Fig. 11). Young’s modulus
E and Poisson’s ratio ν are set to 200 GPa and 0.3, respectively. A particle
spacing of ∆x=1/320 m is used.

2a

W

L

h

p0

Clamped BC

Figure 11: Square shell under uniform pressure with a central crack.

The COD results, including uz, θx, and θy, along the crack surface are
shown in Fig. 12(a), (b), and (c), respectively. The COD results are improved
under Approach 3 to obtain the most similar results to the FEM solution
for not only transverse deformation but also rotation deformations. The
deformation contours, θx, from Approach 3 and FEM are presented in Fig.
13. The SED of the bending term dominates in the example instead of
the transverse shear term. Therefore, only the SED of the bending term
illustrated in Fig. 12(d) is discussed. The SED results of both Approaches
2 and 3 agree well with those of the FEM solution. In general, accurate

24



results for CODs and SED under out-of-plane loading can be obtained from
the arbitrary horizon domain method.
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Figure 12: Fracture mechanics quantities, (a) Displacement uz, (b) Rotation θx, (c) Ro-
tation θy, (d) Bending strain energy density.

4.4. Rectangular shell with an inclined central crack under bending load

A rectangular shell with an inclined central crack under bending load is
simulated. The length L, width W , and thickness h of the rectangular shell
are 0.5 m, 1 m, and 0.1 m, respectively. The half crack length a is 0.1 m,
and the crack angle β is 45◦. The rectangular shell is subjected to bending
moments of M=10.0 kPa-m with simply supported BCs on the right and left
edges (see Fig. 14). Young’s modulus E and Poisson’s ratio ν are set to 200
GPa and 0.3, respectively. A particle spacing of ∆x=1/320 m is used.
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2a
L

W

β

M

simply supported BC

Figure 14: Rectangular shell under bending load with an inclined central crack.
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The COD results for uz, θx, and θy along the inclined crack surface are
presented in Fig. 15(a), (b), and-(c), respectively. As for the third example,
the results for the transverse and rotation deformations from Approach 3 are
most similar to those from the FEM solution. The deformation contours, θy,
from Approach 3 and FEM are drawn in Fig. 16. Likewise, a comparison
of the SED results of the bending term along the crack front from x′/a=1.1
is plotted in Fig. 15(d). In contrast to Approach 1, Approaches 2 and 3
distinctly provide better SED results. In a detailed comparison between Ap-
proaches 2 and 3, the SED results of Approach 3 are closest to those of the
FEM solution. In other words, CODs and SED in mixed-mode fracture prob-
lems involving out-of-plane loading are well reproduced using the arbitrary
horizon domain method.
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Figure 15: Fracture mechanics quantities, (a) Displacement uz, (b) Rotation θx, (c) Ro-
tation θy, (d) Bending strain energy density.
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4.5. Diagonally loaded square plate with a central pre-existing crack

A crack propagation analysis of the DLSP specimen [30] with an inclined
central crack is performed. The geometrical dimension 2W and plate thick-
ness h are 0.15 m and 0.005 m, respectively. The initial half crack length
a is set to 0.045, and the crack orientation β is set to one of five different
angles, specifically, 0◦, 15◦, 30◦, 45◦, and 62.5◦. Young’s modulus E=2.94
GPa, Poisson’s ratio ν=0.38, and density ρ=1,200 kg/m3 are chosen. A con-
stant displacement increment of ∆u=2.5× 10−7 m [35] is applied within the
circle holes at the top and bottom corners. The radius of each circle hole is
0.004 m, and the distance q between the center of each circle hole and the
plate corner is 0.025 m. The DLSP model is sketched in Fig. 17. A particle
spacing of ∆x=0.001 m is used. The fracture toughness of the material Kc is
set to 1.33 MPa

√
m, and its critical energy release rate Gc is set to 601.667

N/m. The critical bond stretch sc obtained from Eq. (22) is 9.145× 10−3.

2a
β

2W2W

P

P

q

Figure 17: Diagonally loaded square plate with a central pre-existing crack.

From the numerical examples simulated above, CODs are well evaluated
near the crack tip under single- and mixed-mode fracture conditions. On the
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other hand, SEDs can not be properly predicted near the crack tip owing to
the stress singularity. The material of the DLSP specimen is a brittle poly-
mer called polymethyl methacrylate (PMMA). Therefore, the critical bond
stretch criterion, which is suited for brittle materials, is adopted. Addition-
ally, Approach 3 is employed in this crack propagation analysis.

The crack propagation paths for different crack orientations obtained from
PD and experiment [30] are presented in Fig. 18. To examine the crack
paths in detail, crack path comparisons with initial crack orientations 15◦ to
62.5◦ within the region marked by red dashed lines in the model are shown
in Fig. 19. The reference solutions from experiment and extended FEM
[36] are selected. From the comparisons, the crack paths are well predicted
for all crack orientations when using the arbitrary horizon domain method.
Moreover, the initial crack growth angle for different crack orientations is
investigated in a comparison of PD and experiment. As expressed in Fig.
20, the PD results are in good agreement with those from experimental data.

Figure 18: Crack propagation paths from experiment [30] (upper) and PD (lower).

5. Conclusion

The OSPD shell model is introduced to evaluate fracture mechanics be-
haviors of thin-walled structures. In the standard PD framework, the con-
stant PD parameters for each material point are derived based on the com-
plete horizon. The surface effect takes place because the constant PD param-
eters can not properly reproduce material behavior near domain boundaries
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Figure 19: Detailed comparison of crack propagation paths between experiment, PD, and
extended FEM [36].
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or crack surfaces. It significantly affects the accuracy of computational re-
sults, especially near the crack tip. The arbitrary horizon domain method
is adopted to minimize the PD surface effect by eliminating the complete
horizon assumption. In the previous studies, only two-dimensional plane
problems have been considered using similar approaches with arbitrary hori-
zon domains. Here, the arbitrary horizon domain method is incorporated
into the OSPD shell model involving the membrane, bending, and transverse
shear deformations. Moreover, the volume correction and adaptive dynamic
relaxation techniques are employed in the proposed method.

Several numerical examples, including single- and mixed-mode fracture
problems, are considered to examine CODs and SEDs under in-plane or out-
of-plane loading. The COD and SED results obtained from three different
PD approaches are compared with those from the FEM simulations. The
volume method and the arbitrary horizon domain method provide effective
approaches to reduce the influence from the PD surface effect. The actual
volume of the horizon for each material point in the analysis domain is con-
sidered in both methods. However, the volume method assumes that each
interaction bond within the horizon equally contributes to the PD force den-
sity. Thus, the PD force density is approximated by merely multiplying a
ratio of the complete volume to the present volumes. In contrast to the vol-
ume method, as expounded in Section 3, the PD parameters in the arbitrary
horizon domain method are a function of distance and angle between material
points. For the PD force density, each interaction bond within the horizon
no longer contributes equally. The arbitrary horizon domain method can
precisely simulate physical behavior near domain boundaries or crack sur-
faces. From the comparisons of CODs and SEDs presented in Section 4, the
arbitrary horizon domain method provides good agreement with the FEM
solution than the other two approaches. Moreover, the proposed method is
applied to predict crack paths in the crack propagation analysis of the DLSP
specimen. These predictions for different crack orientations well match the
experimental data.

Appendix A. Examination of varied plate thickness

To verify the capability of the arbitrary horizon domain method for shells
with different thicknesses, the same example discussed in Section 4.3 is in-
vestigated. A shell with L/h=10 is considered in Section 4.3. Here, two
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additional cases with L/h=5 and 15 are configured to examine CODs in a
comparison with the FEM solution.

The COD results for L/h=5 and 15, including uz, θx, and θy, are illus-
trated in Figs. A.1 and A.2, respectively. As the same as the conclusions in
Section 4.3, the COD results evaluated from Approach 3 are closest to the
FEM solution than the other two approaches. It indicates that the arbitrary
horizon domain method can effectively reduce the PD surface effect for shell
structures with different thicknesses.
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Figure A.1: Fracture mechanics quantities for L/h=5, (a) Displacement uz, (b) Rotation
θx, (c) Rotation θy.
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Figure A.2: Fracture mechanics quantities for L/h=15, (a) Displacement uz, (b) Rotation
θx, (c) Rotation θy.
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Nomenclature 

Latin symbols 

aip, bip and dip: PD constants of in-plane term 

ab, bb and db: PD constants of bending term 

a: half crack length 

b: body force vector 

Cs: PD constants of shear term 

E: Young’s modulus 

f: PD force density vector 

Gc: critical energy release rate 

𝑔c: average critical energy density 

�̅�: total energy density stored in each interaction bond 

Hx: material points within Horizon in the PD theory 

h: shell thickness 

ks: shear correction factor 

KI: mode-I stress intensity factor 

Kc: critical fracture toughness 

L: shell length 

M: bending moment load 

m: mass matrix 

N: total number of material points within Horizon 

Nc: total number of interactions for creating a unit crack surface 

p0: pressure load 

r: half distance of particle spacing 

r’: r-axis of the polar coordinate 

sip: bond stretch of in-plane term 

sb: bond stretch of bending term 

ss: bond stretch of transverse shear term 

sc: critical bond stretch 

t: PD force density state 

u=[u v w θx θy]T: displacement vector 

V: volume of material point 

V0: volume of the complete horizon 

W: shell width 

𝑊ഥ ip: strain energy density of membrane term 

𝑊ഥ b: strain energy density of bending term 



𝑊ഥ s: strain energy density of transverse shear term 

x: reference position vector 

xi (x1, x2 and x3): xi-axis of the coordinate system 

x: position of x-axis in Cartesian coordinates 

y: deformation vector 

y: position of y-axis in Cartesian coordinates 

 

 

Greek symbols 

β: crack angle 

Δx: particle spacing 

δ: horizon length 

ζ: gradient loading 

�̅�: rotations with respect to the interaction bond 

θ’: θ-axis of the polar coordinate 

𝜗ip: dilatation of in-plane term 

𝜗b: dilatation of bending term 

κ: bulk modulus 

λ: correction factor of the volume method for the surface effect 

𝜇: shear modulus 

𝜇(k)(j): state of bond interaction between points k and j 

ν: Poisson’s ratio 

𝜉: distance between material points 

ρ: mass density 

σ: tensile stress 

[σxx σyy σxy]T: stress components 

𝜐: volume correction factor 

𝜑: angle of interaction bond with respect to the x1-axis 

ω: micro-potential 

ω: influence function 

 

 

 

 

 

 



Abbreviations 

BC: boundary condition 

CCM: classical continuum mechanics 

COD: crack tip opening displacement 

DLSP: diagonally loaded square plate 

OSPD: ordinary state-based peridynamics 

PD: peridynamics 

SED: strain energy density 
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