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ABSTRACT. The solid torus core recognition problem is the problem that, given a
knot in the solid tours, decides whether the knot is the core of the solid torus. That
problem is in NP since the thickened torus recognition problem is in NP. We give
an alternate proof of that fact and prove that the problem is in co-NP. It is also
proved that the Hopf link recognition problem is in NP and co-NP as a corollary
of this result.

1. Introduction

The unknot recognition problem is the problem of deciding whether the knot
K represented by a given knot diagram is the unknot in the 3-sphere, namely, the
problem of deciding whether K has the diagram with no crossings. This prob-
lem is one of the fundamental problems in the computational topology. Haken
showed in [4] that there is an algorithm to solve the unknot recognition problem
using normal surface theory. With regard to the computational complexity of
this problem, Hass, Lagarias and Pippenger showed in [6] that this problem is
in NP, i.e. there is a non-deterministic polynomial time algorithm to solve the
problem. Moreover, it is proved by Lackenby in [10] that the unknot recognition
problem is in co-NP. Thus, the unknot recognition problem is in NP N co-NP.
However, it remains to be an open problem whether this problem is in P.

A two-component link L in the 3-sphere S? is called the Hopf link if L has
the diagram depicted as in Figure 1.1. The Hopf link recognition problem is
the problem of deciding whether the link represented by a given link diagram is
the Hopf link. It is known that a two-component link L in S? is the Hopf link
if and only if the fundamental group of the exterior of L is an abelian group.
See Chapter 6 of [9]. Since the exterior of the Hopf link is the thickened torus
T? x [0,1] and the fundamental group of T2 x [0, 1] is an abelian group, a two-
component link in S? is the Hopf link if and only if the exterior of the link is T2 x
[0,1]. Recently, Haraway and Hoffman announced in [5] that for every compact
surface ¥, the ¥ x [0, 1] recognition problem is in NP. This immediately implies
that the Hopf link recognition is in NP. In addition, assuming the generalized
Riemann hypothesis, the Hopf link recognition problem is in co-NP ([13]).
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FI1GURE 1.1. A diagram of the Hopf link

In this paper, we consider knots in the solid torus V. When we regard V'
as the product space of the annulus A and the unit interval [0,1], a diagram
of a knot K in V is the image of a generic projection of K onto A x {0} with
over/under information at each double point. The knots in V' that are non-affine
and prime up to 6 crossings are completely classified in [3]. Here, a knot K in
V is said to be non-affine if there are no embedded 3-ball in V' containing K.

We regard the solid torus V as D? x S, where D? denotes the disk and S!
the circle. Let x be a point of the interior of D?. A knot K is called the core
of V if K is ambient isotopic to the knot {z} x S! in D? x S'. The solid torus
core recognition problem is the problem that, given a knot K in the solid torus
V', decides whether K is the core of V, namely, the problem of deciding whether
K is non-affine and has a diagram with no crossings.

Let L = K;UK> be a two-component link in S? such that K is the unknot.
Since the exterior of K; is the solid torus, K3 can be regard as a knot in the
solid torus. In this situation, we see that K is the core of the exterior of Kj
if and only if L is the Hopf link, i.e. the exterior of L is the thickened torus.
For this reason, a knot K in the solid torus V is the core of V if and only if
the exterior of K is the thickened torus. Thus, the solid torus core recognition
problem is in NP.

The proof that the ¥ x [0, 1] recognition problem is in NP by Haraway and
Hoffman uses the powerful algorithm for cutting a 3-manifold along a properly
embedded surface developed by Lackenby [10]. In this paper, we give an alternate
proof that is independent of the results of Lackenby [10] for the theorem that
the solid torus core recognition problem is in NP, i.e. we give a new non-
deterministic polynomial time algorithm for that problem. Our algorithm does
not contain the operation of cutting a 3-manifold along a properly embedded
surface, and so it is simpler than the algorithm of Haraway and Hoffman.

THEOREM 1.1. The solid torus core recognition problem is in NP.

Haraway and Hoffman also announced in [5] that for every compact surface
¥, the ¥ x [0, 1] recognition problem is in co-NP among orientable irreducible 3-
manifolds. Using that theorem, we can show that the solid torus core recognition
problem is in co-NP.
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THEOREM 1.2. The solid torus core recognition problem is in co-NP.

A two-component link L = K; U K3 in the 3-sphere S? is the Hopf link if
and only if K is the unknot and K> is the core of S —int N(K3). Thus, we also
give an alternate proof of the theorem that the Hopf link recognition is in NP
as a corollary of Theorem 1.1, and it is proved that the Hopf link recognition
is in co-NP as a corollary of Theorem 1.2 without assuming the generalized
Riemann hypothesis.

COROLLARY 1.3. The Hopf link recognition problem is in NP N co-NP.
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2. Preliminaries

2.1. Knots in the solid torus. A knot K in a 3-manifold M is a piecewise-
linear simple closed curve embedded in M. Two knots K and K’ in M are
ambient isotopic if there is a continuous map F : M x [0,1] — M such that, if f;
denotes F|yrx sy, ft : M — M is a homeomorphism for each t € [0,1], fo is the
identity map, and f;(K) = K’. Given a knot K in a 3-manifold M, the exterior
of K is obtained from M by removing the interior of the regular neighborhood
N(K) of K.

DEFINITION 2.1. Let K be an oriented knot in the solid torus V. Let [K]
denote the homology class of Hy(V;Z) represented by K. Fix an isomorphism
f from Hy(V;Z) to Z. Then the rotation number, denoted by r;(K), of K is
defined by f([K]) € Z.

The absolute value of the rotation number does not depend on an orientation
of a knot and an isomorphism from Hy(V;Z) to Z. Thus, for an unoriented knot
K in V, we denote by |r(K)| the absolute value of the rotation number, where
an orientation of K and an isomorphism from H;(V;Z) to Z are auxiliarily fixed.
This is an invariant of unoriented knots in V. If a knot K is the core of V', then
we see that |r(K)| = 1. However, |r(K)| = 1 does not necessarily mean that K
is the core of V (See Figure 2.1).

2.2. Triangulations. Let A = {Aq,...,A,} be a collection of disjoint n
tetrahedra in R3. A face-pairing on A is an affine map between two distinct
faces of tetrahedra A; and A; (possibly i = j). Let F be a collection of face-
pairings on A such that each face of the tetrahedra appears at most once. Then
the pair (A, F) is called a generalized triangulation. In this paper, we call a
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FIGURE 2.1. A knot K with |#(K)| =1 but not the core of the
solid torus

generalized triangulation simply a triangulation. The underlying space, denoted
by |T], of a triangulation 7 = (A, F) is the quotient space obtained by gluing
the union of the tetrahedra by the face-pairings. If |7 is homeomorphic to a 3-
manifold M, then 7T is called a triangulation of M. We abuse notation by writing
A,; for the image of a tetrahedron A; in |T|. The size, denoted by size(7T), of
a triangulation 7 is the number of tetrahedra of 7. If size(T) = n, then T is
called an n-tetrahedra triangulation.

An input of the solid torus core recognition problem is given as a pair of a
triangulation of the solid torus and a knot in its 1-skeleton.

DEFINITION 2.2 (The solid torus core recognition problem). Let Ty
be a triangulation of the solid torus V. Assume that a knot K in V is represented
by a collection of edges of the 1-skeleton of Ty,. The solid torus core recognition
problem is the problem that, given the pair (7y, K), decides whether K is the
core of V.

Let 7y be an n-tetrahedra triangulation of the solid torus V. By labeling
the vertices of the tetrahedra of 7Ty by 1,...,4n, each face-pairing of Ty is
represented by a pair of triples of integers ((i1,12,13), (j1,72,73)). Since the
number of face-pairings of 7y is at most 2n, the face-pairings of 7y is represented
by at most 2n pairs of triples of integers. In addition, by labeling the edges of
Tél) by integers, a knot K in Tél) is represented by at most O(n) integers.
For these reasons, the input size of the solid torus core recognition problem is
measured by the size of an input triangulation of the solid torus.

Let Tys be a triangulation of a compact 3-manifold M containing a knot K in
its 1-skeleton ’Tj&l ). Let 17 denote the triangulation obtained by barycentrically
subdividing T twice. A triangulation of the exterior of K is obtained from 7}
by removing the tetrahedra containing K in its edges. From this construction,
we have the following.
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LEMMA 2.3. Let Ty be an n-tetrahedra triangulation of a compact 3-
manifold M containing a knot K in its 1-skeleton T]&l). Then there is a O(n)
time algorithm that, given Ty and K, outputs a triangulation Tg of the exterior
of K. Moreover, size(Tg) is at most O(n).

PROOF. The barycentric subdivision is performed in O(size(Tyr)) = O(n)
time and multiplies the number of tetrahedra by 24. Thus, the triangulation 7,7
obtained by barycentrically subdividing Ty, twice is obtained in O(n) time, and
we have size(T};) = 24?n. Therefore, we can obtain a triangulation 7g of the
exterior of K by removing the tetrahedra containing K in O(size(7,;)) = O(n)
time, and the number of tetrahedra of 7z is less than 24°n.

2.3. An algorithm for calculating the rotation number of a knot in
the solid torus. Suppose that 7y is a triangulation of the solid torus V and
K is a knot in V represented by a collection of edges of Tél). In this subsection,
we describe that |r(K)| is calculated in polynomial time of size(7y ).

LEMMA 2.4. Let Ty be an n-tetrahedra triangulation of the solid torus V
and K be a knot in V represented by a collection of edges of T‘ﬁl). Then there
is an algorithm that, given Ty and K, outputs |r(K)| in polynomial time of n.

PrOOF. For each dimension k& > 0, we denote the k-simplices of Ty by
k k

¢ty ¢, and fix an orientation for each k-simplex cf. Let C}) denote the
k-chain group of Ty over Z. We denote the set of the n x m matrices over Z
by My, m(Z). Let Dy € My, , n,(Z) denote the representation matrix of the
boundary operator 0y : Cp — Cj_1 with respect to the standard basis. Then
there are unimodular matrices P € My, n,(Z) and Q € My, n,(Z) such that
PD1Q is the Smith normal form of D;. The matrices P and ) can be calculated
in polynomial time of n ([12]). Let @ = (q1,-..,qn,), D2 = (d1,...,dy,,), and
r = rank(Im(Dy)) for each k. We see that {qi1,...,qn,} is a basis of C and
{@r +1,---,qn, } is a basis of Ker(D).

A basis of Im(D5) is obtained as follows. Let S = ). For each i (1 <i < ng),
if SU{d;} is linearly independent, then add d; to S. We can check whether
a set of vectors {d;,,...,d;, } is linearly independent by calculating the Smith
normal form of the matrix (d,, , ..., d;,, ) and checking the number of elementary
divisors is m. Unimodular matrices P’ and @’ such that P'(d,,,...,d;, )Q" is
the Smith normal form are calculated in polynomial time of n since m is at most
n. Thus, the Smith normal form of the matrix (d;,,...,d;,,) is calculated in
polynomial time of n, and so a basis {d;,,...,d;, } of Im(Dz) is obtained in
polynomial time of n.

Since H1(V;Z) ~ Z , there is a vector g; (11 +1 < j < ny) such that
{gj,di,, ..., d;,,} is a basis of Ker(D;). We can find g; by calculating rank((g;,
di,...,d;.,)) for each j' € {r1 +1,...,n1}. The rank of (g;:,d;,,....d; ) is
obtained by calculating the Smith normal form of (g;/,d;,,...,d;, ). Thus, a
vector g; is obtained in polynomial time of n. Then we see that {q;,d;,,. .., di,,

sq1,---,qr, } is a basis of C1. Let X = (q;,di,,...,di, ,q1,...,qr,). Now,
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for each 1-cycle o in V, if @ = ajci + -+ + an, ¢}, then the homology class
[a] € H1(V;Z) is the first element of X 1(ay,...,a,,) . The inverse of X is
calculated in polynomial time of n by using the Gaussian elimination method.
Thus, given Ty and K, we can calculate |r(K)| in polynomial time of n.

2.4. Normal surfaces. A properly embedded arc in a triangle is an elemen-
tary arc if the arc connects the interior of distinct edges of the triangle. An
elementary disk in a tetrahedron A; is a properly embedded disk in A; whose
boundary consists of three or four elementary arcs of the faces of A; depicted as
in Figure 2.2. Two elementary disks in a tetrahedron are said to be of the same
type if the vertices of them are on the same edges of the tetrahedron. There are
seven types of elementary disks in a tetrahedron. A properly embedded surface
F in a compact 3-manifold M with a triangulation 7T, is called a normal surface
with respect to Ty, if for each tetrahedron A; of Tas, A; N F is a collection of

disjoint elementary disks.

FiGURE 2.2. Elementary disks

Let n be the size of a triangulation 73, of a compact 3-manifold M. We
record a normal surface F' with respect to Tps as the vector v(F) € Z™, where
each coordinate describes the number of elementary disks of each type in each
tetrahedron. The vector v(F') is called the vector representation of a normal
surface F'.

A vector in Z™™ does not always represent a normal surface with respect
to an n-tetrahedra triangulation 7p;. We describe the conditions for a vector
= (11, .., 21,7, 221,...,%n,7) € Z"™ to represent a normal surface F. Firstly,
each coordinate x; ; is greater than or equal to 0. This condition is called the non-
negative condition. Secondly, the elementary disks in two adjacent tetrahedra
are glued together. Since for each face of a tetrahedron of Ty, there are two
types of elementary disks whose intersection with the face are the same type
elementary arcs, the equation

Tis + Tit = Tju + Tjw

holds for each type of elementary arcs of an interior face of 7y;. See Figure 2.3.
Since there are three types of elementary arcs in each interior face and at most 2n
interior faces in 7Tys, there are at most 6n equations. The matrix A, is defined
by the coefficient matrix of these equations. We call this matrix the matching
matriz of Tyr. The matching condition is the condition that A7, = 0. If there
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FiGURE 2.3. Elementary disks in adjacent tetrahedra

are distinct types of quadrilateral elementary disks in a tetrahedron, they must
intersect. The final condition is that each tetrahedron has at most one type
quadrilateral elementary disks. This is called the quadrilateral condition. Haken
showed in [4] that a vector & € Z™ represents a normal surface with respect
to an n-tetrahedra triangulation Ty, if and only if @ satisfies the non-negative
condition, the matching condition, and the quadrilateral condition.

Vertex surfaces are introduced by Jaco and Ortel [7] and by Jaco and Tollef-
son [8]. Let Tas be an n-tetrahedra triangulation of a compact 3-manifold M
and A, denote the matching matrix of Tas. The Haken normal cone €7, of
Ta is the polyhedral cone in R defined by A7,z = 0 and z; > 0 for each
coordinate. The integer points of €7, that satisfy the quadrilateral condition
represent the normal surfaces with respect to 7a;. A normal surface F' with
respect to Tas is a vertex surface if F' is connected and 2-sided in M, and the
vector representation v(F') is on an extreme ray, namely a 1-dimensional face,
of %TM'

Let M be a compact 3-manifold. A properly embedded surface F' in M
that is not the disk or the 2-sphere is said to be essential if F' is incompressible,
O-incompressible, and not parallel to OM.

THEOREM 2.5 (Jaco-Tollefson [8]). Let Tar be a triangulation of M =
S x[0,1], where S is a closed surface that is not a 2-sphere or a projective plane.
Then there is an essential two-sided annulus F that is a verter surface with
respect to Tyy.

If K is the core of the solid torus, then the exterior of K is homeomorphic
to T2 x [0, 1], where T2 is the torus. Therefore, we have the following lemma.

LEMMA 2.6. Let K be the core of the solid torus V and E =V — intN (K).
Assume that Tg is a triangulation of E. Then there is an essential annulus F
that is a vertex surface with respect to Tg.

Let M be a compact irreducible 3-manifold. A collection of properly em-
bedded disjoint disks {D1,...,D,} in M is called a complete disk system for
M if each boundary component of the 3-manifold obtained by cutting M along
Ui, D; is incompressible.

THEOREM 2.7 (Jaco-Tollefson [8]). Let Tas be a triangulation of a com-
pact irreducible 3-manifold M whose boundary is compressible. Then there is
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a complete disk system {D1,...,D,} for M such that each disk D; is a vertex
surface with respect to Tas.

Vertex surfaces play an important role in analyzing the computational com-
plexity of algorithms using normal surfaces. Hass, Lagarias, and Pippenger
showed the following.

THEOREM 2.8 (Hass-Lagarias-Pippenger [6]). Let Ty be an n-tetrahedra
triangulation of a compact 3-manifold M. Assume that F is a vertex surface
with respect to Tar represented by v(F) = (21,...,77,) € Z™. Then each x; is
bounded from above by 271,

This theorem implies that any vertex surface with respect to a triangulation
Tar of a compact 3-manifold M is represented by a binary string whose length
is at most O(size(Tar)?). Thus, if Ty is an n-tetrahedra triangulation, then we
can guess a vertex surface with respect to Tj; in non-deterministic polynomial
time of n. Indeed, the unknot recognition problem is solved in non-deterministic
polynomial time by guessing a vertex surface with respect to a triangulation of
the exterior of a given knot.

THEOREM 2.9 (Hass-Lagarias-Pippenger [6]). There is a non-deterministic
polynomial time algorithm that, given a knot diagram D, decides whether the
knot represented by D is the unknot.

Assume that = (21,...,27,) € Z™ is a vector such that z; < 277! for
each coordinate, that is, « is a candidate for the vector representation of a vertex
surface with respect to an n-tetrahedra triangulation of a compact 3-manifold.
In this situation, some computations on normal surfaces can be performed in
polynomial time.

LEMMA 2.10. There is a polynomial time algorithm that, given an n-
tetrahedra triangulation Ty of a compact 3-manifold M and a vector x =
(1,...,T7m) € Z™ such that z; < 27"~ for each coordinate, decides whether x
represents a normal surface with respect to Tyy.

PROOF. We can decide whether x represents a normal surface with respect
to Tas by verifying the non-negative condition, the matching condition, and the
quadrilateral condition. Since each coordinate is less than or equal to 27771, we
can verify each condition in polynomial time of n.

We describe a polynomial time algorithm that calculates the Euler charac-
teristic x(F) of a normal surface F. Schleimer [11] constructed a polynomial
time algorithm that calculates x(F) in the case where F is closed. By adding
a slight change to this algorithm, we can calculate x(F') of a normal surface F'
with non-empty boundary.

LEMMA 2.11. Let Ty be an n-tetrahedra triangulation of a compact 3-
manifold M (possibly OM # () and F be a normal surface with respect to Ty
represented by a vector x = (x1,...,T7,) € Z™. Assume that x; < 271 for
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each coordinate. Then there is a polynomial time algorithm that, given Tar and
x, calculates the Euler characteristic x(F).

PRrROOF. The Euler characteristic x(F) is calculated by the formula ny —
Ne + Ny, Where ny, ne, and n, is the number of faces, edges, and vertices of F,
respectively. The number of faces ny is the sum of the coordinates ) z;. The
number of edges n. is calculated as follows. For each face f of 7, ( ) and each
integer ¢ € {1,...,7n}, set €5, = 1 if the elementary disks descrlbed by z; meet
f, otherwise set €f; = 0. Then

= Z il

f:face =1

where deg(f) denotes the number of tetrahedra of Ty containing f. Similarly,

the number of vertices n, is also calculated as follows. For each edge e of ’TJ\(; )
and each integer i € {1,...,7n}, set €.; = 1 if the elementary disks described
by z; meet e, otherwise set €.; = 0. Then

EE le
Z Z deg(e

e:edge i=1

where deg(e) denotes the number of tetrahedra of T, containing e. Since each
coordinate x; is less than or equal to 277~ !, we can calculate these values in
polynomial time of n.

3. Knots in the solid torus

In this section, we give a necessary condition and a sufficient condition for
a knot in the solid torus to be the core of the solid torus. Let V and W be solid
tori and K be a knot in V. For any essential simple closed curve « in 9V, let
M, denote the 3-manifold obtained by gluing dV and OW so that a and the
meridian of W are identified, Kjs, denote the knot in M, obtained from K, and
Ey, denote the exterior of Ky, . The aim of this section is to prove Lemma
3.1.

LEMMA 3.1. LetV and W be solid tori. Let K be a knot in V with |r(K)| =
1. If K is the core of V', then there is a properly embedded essential annulus A
in By =V — intN(K) such that 0A meets both OV and ON(K), and for any
essential simple closed curve « in AV, there is a properly embedded essential
disk D in Eyr, . Moreover, if there is a properly embedded essential annulus A
in Ey such that OA meets both OV and ON(K), and for some essential simple
closed curve v in OV that is not the meridian of V', there is a properly embedded
essential disk D in Epr, then K is the core of V.

Note that even though there is a properly embedded essential disk in Ey,
for some essential simple closed curve o in 9V, K may not necessarily be the
core of V in the situation of Lemma 3.1. For example, we consider the knot K
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in the solid torus V depicted as in Figure 2.1, and suppose that « is a longitude
of V. In this case, M, is the 3-sphere S and K, is the unknot in S3. Thus,
there is a properly embedded essential disk in Fyy_ , but K is not the core of V.

LEMMA 3.2. Let K be a knot in the solid torus V', and assume that |r(K)| #
0. Then the exterior E of K is irreducible and O-irreducible.

PROOF. Suppose that F is reducible, i.e. there is a properly embedded
essential 2-sphere S in F. Since V is irreducible, S bounds a 3-ball containing
K in V. This implies that |r(K)| = 0. This is a contradiction.

Suppose that F is d-reducible, i.e. there is a properly embedded essential
disk D in E. Let S’ be the 2-sphere in E obtained from 9V by d-compression
along D. We see that S’ bounds a 3-ball containing K in V. Thus, |r(K)| =0
holds. This is a contradiction.

The next lemma is used in Lemma 3.4 and 3.6.

LEMMA 3.3. Let M be a compact 3-manifold with non-empty boundary.
Assume that Fy and Fy are properly embedded surfaces in M such that Fy and
Fy intersect transversely. Then we can isotope Fy and Fs so that there are no
bigons in OM whose boundaries consist of parts of OF; and OF5. Moreover, this
procedure does not increase the number of intersections of Fy and Fy.

PROOF. Suppose that there is a bigon B whose boundary consists of two
arcs a1 and ao, where «; is a sub-arc of OF; for each 7. Let ¢; and ¢y denote
the vertices of B and (; denote the arc of F; N F, containing ¢; for each . In
this situation, we can remove B by moving «a; to as along B (See Figure 3.1).
If 51 and (5 are distinct edges, then this isotopy decrease |Fy N Fy|. Otherwise

FIGURE 3.1. An isotopy to remove a bigon B in the boundary of M

this isotopy does not change |Fy N Fy|. By repeating the above procedure, we
can remove all bigons in the boundary of M without increasing |Fy N Fy|.

Suppose that Ey is the exterior of a knot K in the solid torus V and A is
a properly embedded essential annulus in Ey such that A meets both OV and
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ON(K) as in Lemma 3.1. First, we consider the case where AN IN(K) is not
the meridian of N(K).

LEMMA 3.4. Let E denote the exterior of a knot K in the solid torus V.
Assume that |r(K)| = 1. Then K is the core of V if and only if there is a
properly embedded essential annulus A in E such that A meets both ON(K)
and OV, and 0ANIN(K) is not the meridian of N(K).

PROOF. Suppose that K is the core of V. Since K is parallel to 0V, there is
a properly embedded essential annulus A in E such that 0A meets both ON(K)
and OV, and A N ON(K) is not the meridian of N(K).

Conversely, suppose that A is a properly embedded essential annulus such
that 0A meets both ON(K) and 0V, and 0A N IN(K) is not the meridian of
N(K). Let my, denote the meridian of N(K). We take A so that [0A N my| is
minimal up to isotopy of A. If |[0A Nmy| = 1, then we see that K is parallel to
OV. Since |r(K)| =1, K is the core of V.

Suppose that |[0A Nmy| > 2. We take the meridian disk D of V' so that
|DNK| is minimal up to isotopy of D. Let F denote the surface D—int(DNN (K))
in E.

CrAaM. The surface F is incompressible and 0-incompressible in E.

PROOF. Suppose that there is a compression disk ¢ for F'. Then 0§ divides
F' into the two sub-surfaces d; and dy. Assume that d; contains 0F NIV . Since
09 is essential in F, we have |(0Ud;)NON(K)| < |[FNON(K)|. This contradicts
the minimality of |D N K|. Therefore, F is incompressible.

Suppose that there is a 0-compression disk § for F'. First, we consider the
case where the arc 09 N I’ connects the same component of OF. The arc 96 N F
divides F' into the two sub-surfaces d; and dy. We consider the first homology
class [0D] € H(V,Z). Since we have 0 # [0D] = [0(dy U d)] + [(da U §)],
either of d(dy U J) or O(dy U J) is essential in 9V. Without loss of generality,
assume that 9(d; U¢) is essential in V. Since 0 N I is essential in F', we have
[(dy Ud)NON(K)| < |[FNON(K)|. This contradicts the minimality of |D N K.
Next, we consider the case where 09 N F' connects distinct components of OF.
The loops OF N ON(K) divide ON(K) into annuli. Let S denote the annulus
containing the arc 96 N ON(K). We regard N(J) as § x [0,1]. Then the disk
(S—=(SNN()))Ud x{0,1} is a compression disk for F'. This contradicts that
F is incompressible. Therefore, F' is d-incompressible.

We take F so that |F N A| is minimal up to isotopy of F. Using Lemma
3.3, all bigons in JF bounded by dF and JA are removed while keeping the
minimality of |F'N AJ.

CrAaM. There are no loops and arcs of F'N A that are inessential in A.

PROOF. Suppose that « is a loop of F'N A such that « is inessential in A
and is an innermost loop in A with respect to F'N A. Let ¢ denote the disk in
A bounded by «. Since F' is incompressible, o bounds a disk ¢’ in F. We see
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that the 2-sphere § U¢’ bounds a 3-ball B in E since F is irreducible. Thus, « is
removed from F'N A by an isotopy of F' along B. This contradicts the minimality
of |[F'n Al

Suppose that « is an arc of F'N A such that « is inessential in A and is an
outermost arc in A with respect to F' N A. Let 6 denote the disk in A bounded
by a and a sub-arc of A. Since F is d-incompressible, a co-bounds a disk ¢’
in F with a sub-arc of 9F. Since F is d-irreducible, 96 U 3¢’ bounds a disk 6"
in OF. We see that the 2-sphere § U ¢’ U §” bounds a 3-ball B in E since E is
irreducible. Therefore, « is removed from F N A by an isotopy of F' along B.
This is a contradiction. Thus, there are no loops and arcs of F' N A that are
inessential in A.

Since each component of 9F N ON(K) is the meridian of N(K) and AN
ON(K) is an essential loop that is not the meridian of N(K), we see that 9A N
OF # (. This implies that each component of F'N A is an essential arc in A.

Since there are no bigons in 0F bounded by 0F and 0A, there is an integer
m such that each component of 0F NON (K) intersects 0ANIN (K') as m points.
By the assumption that |0A Nmyg| > 2, we see that m > 2.

CrLAM. The number of components of OF NON(K) is one.

PROOF. Let n denote the number of components of 0F NON (K). Suppose
that n > 2. Let (B3, 7) denote the tangle in the 3-ball B3 such that (B3, 1) is
obtained by cutting (V, K) along D. We see that T has n strings t¢1,...,t,. Let
E, denote the exterior of 7, and let F* and F~ denote the two sub-surfaces
of OF, obtained from F. The surface F' divides A into nm disks since each
component of F'N A is an essential arc in A. These disks are denoted by A; ;
(1 <i<n,1<j<m), where 4, ; is a disk intersecting ON(¢;). Now, we have
the following:

o for each string ¢;, there is a disk A;; since 0A N ON(K) is not the
meridian of N(K), and

e for each disk A; ;, ON(t;) N DA; ; is an arc that connects F* and F~
since there are no bigons in 0F bounded by JF and JA.

These imply that (E.,|J A; ;) is homeomorphic to (F x [0,1], (JA;; N FT) x
[0,1]) as a pair.

Let afj denote the arc A; ; N F* and b denote ON(t;) N F*. We define
f: F~ — FT to be the homeomorphism such that E is obtained from E, by
gluing F* and F~ by f. We also define g : F* — F~ to be the homeomorphism
such that g(bf) = b; and g(azj) = a; ; for each i and j. Note that g is just the
projection from F'* to F~ since (E;,|J A, ;) ~ (F*x(0,1], (U 4 ;NFT)x[0,1]).
Let h = fog. If k> 0, then the function k¥ : F* — F7 is defined by h*~1 o h,
and if £ = 0, then h? : F* — F7 is defined by the identity map. Since A is
connected, we have the following:

e h"™(af,) = af, and
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e for each i and j (1 <i<n,1 <j<m), there is an integer k (0 < k <
nm — 1) such that an = h¥(af,).

Let s denote the boundary component OF* — | J bj. Now, the points s N |J a;’:j
divide s into nm sub-arcs si,...,Spm. We see that for each sub-arc s;, there is
an integer k (0 < k < nm — 1) such that s; = h¥(s;).

We show that for each boundary component b;, the arcs of AN F that
meet b are mutually parallel in F+. If n = 2, i.e. F* is the two-punctured
disk, then the arcs of AN F that meets b;” are must mutually parallel. Suppose
that n > 3. For simplicity, we show that the arcs meeting bi‘ are mutually
parallel. Suppose that ai ; and aik are not parallel. In this situation, without

loss of generality, we can suppose that af ;U aik divides the set {béF yee, b
into the two set X = {b3,...,b/} and Y = {b/,,...,b} and |X| < |Y]. Let

p be an integer such that h?(b) is in X. Then hp(af,j) U hp(aik) divides the
set {hP(b3),...,hP(b;})} into the two set XP = {hP(b]),...,hP(b;")} and YP =
{hP (b 1), ... . hP(b))}. Here, we see that af_j Uaik intersects hp(afj) Uhi”(afk)
since | X — {hP(b1)}| < |XP| depicted as in Figure 3.2. This contradicts that A
is an embedded annulus. Thus, we see that the arcs of AN F that meet b;.Ir are
mutually parallel for each b;r.

hP (

hP (bf)

FIGURE 3.2. Arcs that are not parallel in F'™

From this fact and the assumption that m > 2, we see that there is a sub-arc
s; of s bounded by endpoints of parallel arcs of ANF. This implies that for each
integer k, h*(s;) is bounded by endpoints of parallel arcs of AN F, that is, each
sub-arc of s is bounded by endpoints of parallel arcs of A N F. On the other
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hand, since n > 2, there is a sub-arc of s bounded by endpoints of non-parallel
arcs of AN F. This is a contradiction. Therefore, we have n = 1.

Since the number of components of 0F N ON(K) is one, F is an annulus.
Let F’ be a disk that is obtained by dividing F' by dA4; 1. Now, we see that
an annulus is obtained from F’ and A; 1, and it intersects the meridian my, of
N(K) as a point. This implies that K is parallel to OV. Since |r(K)| =1, K is
the core of V.

Next, we consider the case where A is a properly embedded annulus in the
exterior of a knot K such that A N IN(K) is the meridian of N(K).

LEMMA 3.5. Let E be the exterior of a knot K in the solid torus V. Suppose
that |r(K)| = 1. Leti: ON(K) — E and j : OV — E denote the inclusion maps,
and let i, : H1(ON(K);Z) — Hy(E;Z) and j. : HH(ON(K);Z) — Hy(E;Z)
denote the homomorphisms induced by i and j, respectively. Then, i, and j. are
bijective.

ProoOF.
CrLAaM. The homomorphism i, is injective.

PROOF. Let i, : m(ON(K)) — 71 (E) denote the homomorphism induced
by i. Since ON(K) is the torus, there is an isomorphism f : m (ON(K)) —
H,(ON(K);Z). By the Hurewicz theorem, 71 (E)/[m1(E), 71 (F)] is isomorphic
to Hy(FE;Z), where [r1(E), 7 (E)] is the commutator subgroup of m(F). Let
g’ denote this isomorphism map. We denote the natural homomorphism from
m(E) tom (E)/[m(E),m(E)] by ¢". Let g = g'og”. Now, we have the following
commutative diagram.

M (ON(K)) —— 7.(E)

ls

|s
Hi(ON(K);Z) —"— H\(E;Z)

Since |r(K)| # 0, ON(K) is incompressible by Lemma 3.2. This implies that
i’ is injective. Suppose that [m] and [I] are elements of 7 (ON(K)) such that
[m] and [I] generate m1(ON(K)). Let N denote the sub-group of 71 (E) such
that N is generated by i, ([m]) and i, ([l]). We see that N is an abelian group.
Therefore, g|y is injective. Since f is bijective, we see that i, = g|y o, o f~}

is injective.

CrLAaM. The homomorphism i, is surjective.

PROOF. Let o be an arbitrary oriented loop in E. Let [ be an oriented
longitude of N(K). Suppose that h : E — V is the inclusion map and h, :

Hy(E;Z) — Hy(V;Z) is the homomorphism induced by h. Since |r(K)| = 1,
there is an integer k € Z such that h.([a] + k- i.([l])) =0 € H1(V; Z).
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Suppose that F' is an embedded annulus in E such that ;1 = 0F N« is a

sub-arc of & and m = F' N ON(K) is the meridian of N(K) (See Figure 3.3).
Let B denote the arc OF — (int8; Um). Choose an orientation of F' so that the

e}

AN (K)

FIGURE 3.3. The arc o/

orientation of By induced by the orientation of F' is reverse to the orientation of
«. Assume that the orientations of 31, B2, and m are induced by the orientation
of F. Let o denote the loop (o — B1) U B2. Now, we have [o/] = [a] + [m] in
H,(FE;Z), and &' is obtained by moving « across N(K) once. Thus, there is an
integer k' € Z such that [a] + k- i ([l]) + k' - ix([m]) = 0 € H1(E;Z). Therefore,
we have [a] = i.(—=k[l] — k'[m]) € Hy(F;Z). This implies that i, is surjective.

From the above two claims, i, is bijective. In a similar way, we can show
that j, is bijective.

LEMMA 3.6. Let E denote the exterior of a knot K in the solid torus V.
Assume that there is a properly embedded annulus A in E such that 0A meets
both OV and ON(K), and 0A N ON(K) is the meridian of N(K). Then K is
the core of V if and only if there is a properly embedded planar surface F in E
such that |OF NON(K)| = 1, and OF N ON(K) is an essential loop in ON(K)
and not the meridian of N(K).

PROOF. Suppose that K is the core of V. Since K is parallel to 9V, there
is a properly embedded annulus F such that [0FNON(K)| =1, and 0FNON (K)
is an essential loop in ON(K) and not the meridian of N(K).

Conversely, suppose that there is a properly embedded planar surface F' in
E such that [0F NON(K)| =1, and OF NON(K) is an essential loop in ON(K)
and not the meridian of N(K). Let a denote the loop OF NON(K). Suppose
that |[OF NOV| = n, and let by, ..., b, be the components of dF NJV. We prove
that K is the core of V' by induction on n. If n =1, i.e. F' is the annulus, then
we see that K is the core of V by Lemma 3.4.

Assume that n > 2. First, we consider the case where F' is compressible,
i.e. there is a compression disk § for F. The boundary 9¢ divides F into the
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two sub-surfaces d; and do. Suppose that d; contains OF N ON(K). Since 96
is essential in F', we have |0(6 Udy) NOV| < |0F N 9V|. Using the induction
hypothesis, K is the core of V.

Next, suppose that F' is incompressible. We take F so that |F N A] is
minimal up to isotopy of F. Using Lemma 3.3, all bigons in 0F bounded by 0F
and 0A are removed while keeping the minimality of |F' N A|.

CLAIM. There is a O0-compression disk for F whose intersection with F
connects distinct boundary components b; and b; of F.

ProOF. Fix an orientation of F'. The orientations of a,bq,...,b, are in-
duced by the orientation of F. Now, we see that [0F] = [a] + Y., [b;] =
0 € Hy(E;Z). Thus, we have —[a] = .7 ,[b;]. Let i : ON(K) — E and
j : OV — E denote the inclusion maps, and let i, : Hi(ON(K);Z) — Hy(E;Z)
and j, : H1(0V;Z) — Hy(FE;Z) denote the homomorphisms induced by ¢ and
j, respectively. By Lemma 3.5, i, and j, are bijective. Fix an orientation of A.
Let f: HI(ON(K);Z) - Z®Z and g : H (0V;Z) — Z @ Z be isomorphisms
such that f(OANIN(K)) = (0,1), g(0ANIV) = (0,1), and if g(a) = (1,0),
then foi;!oj.(a) = (1,0), where  is a loop in V. We see that 9A NIV and
JANON (K) are homologous in E. This implies that foi; loj,(0ANIV) = (0,1),
and so foi; toj,og~! is the identity map. Suppose that (z,y) = foi;(—[a]) and
for each b;, (pi,q;) = goj; 1([bi]). Since F is incompressible, the loops b1, ..., b,
are essential in V. Thus, there is a pair of integers (p, ¢) € Z&Z such that (p, q)
is equal to (p;, ¢;) or (—pi, —q;) for each i. This implies that there is an integer
k € Z such that Y"1 | (pi,qi) = (kp,kq). Now, we have (z,y) = foi;'(—[a]) =
iy Foir ([ba]) = Y20, foirtojuog ™ (pisai) = X1, (pis @i) = (kp, kq). Since
a is an essential loop in ON(K) and not the meridian of N(K),  and y satisfy
either of the following:

o (z,y) =(1,0) or
e r#£0,y#0, and x and y are relatively prime.

Thus, it follows that k = 1, and so (z,y) = (p,¢). This implies that |0F N9AN
ON(K)| = p and |[0F N OA N OV| = np. By the assumption that n > 2, we
have |[0F NOANIN(K)| < |0F N OAN OV|. This implies that there is an arc
a of F'N A whose endpoints are in A N JV. Let § denote the disk in A whose
boundary consists of @ and a sub-arc of 0A.

Suppose that there are loops of FN A in §. Let ¢’ be an innermost disk in
0 and o’ denote the boundary of §’. Since F' is incompressible, o’ bounds a disk
6" in F. From the irreducibility of F, the properly embedded 2-sphere ¢’ U §”
bounds a 3-ball in E. Thus, we can remove o from F' N A by an isotopy of F
along the 3-ball. This contradicts the minimality of |F' N A|. Therefore, there
are no loops of F N A in §.

Let o’ denote an outermost arc in § and ¢” denote the disk bounded by o
and a sub-arc of JA. Since there are no bigons in dF bounded by dF and 0A,
o'" connects distinct boundary components of F. Since inté” N F = (), the disk
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0" is a O-compression disk for F' such that F N ¢” connects distinct boundary
components of F'.

Let F' denote the surface obtained from F by O-compression using the
boundary compression disk ¢”. Then we have |[0F N V| > |0F' N dV|. Using
the induction hypothesis, K is the core of V.

As in Lemma 3.1, M, denotes the 3-manifold obtained by gluing the bound-
aries of solid tori V' and W so that an essential simple closed curve « in 9V and
the meridian of W are identified, K, denotes the knot in M, obtained from a
knot K in V, and E), denotes the exterior of Ky, .

LEMMA 3.7. Let V and W be solid tori. Let K be a knot in V and Ey
denote the exterior V —intN(K). Assume that A is a properly embedded annulus
in Ev such that 0A meets both ON (K) and OV, and 0ANON (K) is the meridian
of N(K). If K is the core of V, then for any essential simple closed curve «
in OV, there is a properly embedded essential disk D in Epr, . Moreover, if for
some essential simple closed curve o in OV that is not the meridian of OV, there
is a properly embedded essential disk D in Eys , then K is the core of V.

PrOOF. Suppose that K is the core of V. We see that E}, is homeomor-
phic to the solid torus for any essential simple closed curve o in V. Thus, there
is a properly embedded essential disk D in Eyy,_ .

Conversely, suppose that there is an essential simple closed curve « in OV
such that there is a properly embedded essential disk D in Fjs, and « is not the
meridian of V. We denote the properly embedded torus OV = 0W in Ej;, by
T. Assume that D and T intersect transversely.

CLAIM. The simple closed curve 0D is not the meridian of N(K).

PROOF. Let ¢ denote the meridian disk of N(K) such that 96 = dD. Then
we see that DUJ is a non-separating 2-sphere in M,. On the other hand, M, is
irreducible since « is not the meridian of V. This is a contradiction. Thus, 0D
is not the meridian of N(K).

Let F' denote the component of VN D such that OF contains 0D. Then F' is
a properly embedded planar surface in Ey, |[90FNIN(K)| = 1, and IFNIN (K)
is not the meridian of N(K). Using Lemma 3.6, K is the core of V.

Now, we are ready to show Lemma 3.1.

PROOF (Proof of Lemma 3.1). Suppose that K is the core of V. Then
we have a properly embedded essential annulus A in Ey such that A meets both
ON(K) and 9V, and A N ON(K) is the meridian of N(K). Using Lemma 3.7,
there is a properly embedded essential disk D in Ej;, for any essential simple
closed curve « in 9V

Conversely, suppose that there is a properly embedded essential annulus in
Ey such that 0A meets both OV and ON(K), and there is an essential simple
closed curve « in OV such that there is a properly embedded essential disk D
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in Ejyr, and « is not the meridian of V. If 9A N ON(K) is not the meridian of
N(K), then we see that K is the core of V by Lemma 3.4. If 0A N ON(K) is
the meridian of N(K), then K is the core of V' from Lemma 3.7.

4. An algorithm for the solid torus core recognition problem

In this section, we describe an algorithm for the solid torus core recognition
problem.

4.1. Algorithms for deciding whether disks and annuli in the exterior
of a knot are essential. Let 7g,, be an n-tetrahedra triangulation of the
exterior Ey; of a knot K in a compact 3-manifold M. Suppose that Ej; is
irreducible. First, we describe that if D is a normal surface with respect to Tg,,,
then it can be verified that D is an essential disk in Ej; in polynomial time of
n.

LEMMA 4.1. Let Tr be a triangulation of the torus T. Suppose that Tr
contains n triangles. Then there is a polynomial time algorithm that, given
Tr, outputs simple closed curves m and | in the 1-skeleton TT(l) such that the
homology classes [m] and [l] generate Hy(T;7Z).

PrOOF. Let n. and n, denote the number of edges and vertices of Tr,
respectively. There is a O(n. +n,) = O(n) time algorithm that, given 7}21) and
a vertex of 7T, outputs a non-contractive simple closed curve passing the given
vertex if it exists ([2]). Thus, we can obtain an essential simple closed curve m
in 7'T(1) in polynomial time of n. Suppose that v is a vertex contained in m. Let
T} denote the triangulation of the annulus obtained by cutting 77 along m, and
let v and v~ denote the vertices of T} obtained from v. A simple path p in

’TT/(l) connecting v and v~ is obtained by using a depth-first search starting at

vt in O(n) time. Let | denote the simple closed curve in ’TT(l) obtained from
p by gluing v™ and v~. Now, we see that [m] and [I] generate Hy(T;Z). This
completes the proof.

Let Tg be a triangulation of a compact surface S. A properly embedded
simple curve « in S is called a normal curve with respect to Tg if for each
triangle ¢; of Tg, aNt; is a collection of elementary arcs of ¢;. In a similar way
of normal surfaces, a normal curve with respect to Tg is represented by a vector
x = (x1,...,73,) € Z3", where n is the number of triangles in Tg.

LEMMA 4.2. Let Tr be a triangulation of the torus T. Suppose that Tr
contains n triangles. Let o be a mormal curve with respect to Tr that is rep-
resented by a vector * = (x1,...,73,) € Z3". Assume that each xz; is at most
20() . Then there is an algorithm that, given Tr and x, decides whether o is
essential in T in polynomial time of n.

ProOOF. By Lemma 4.1, simple closed curves m and [ in 7'T(1) such that the
homology classes [m] and [I] generate H;(T;Z) are obtained in polynomial time
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of n. Since « is a normal curve with respect to Tr, a and m intersect transversely.
For a similar reason, o and [ also intersect transversely. The simple closed curve
o is essential in T if and only if either of |m N«f or [l N al is odd. Since each
z; is at most 2°(™) | |m N a| and |I N a| are calculated in polynomial time of 7.
Thus, we can decide whether « is essential in 7" in polynomial time of n.

LEMMA 4.3. LetTg,, be an n-tetrahedra triangulation of the exterior Enr of
a knot K in a compact 3-manifold M. Suppose that Ey; is irreducible. Let D be
a normal surface with respect to Tg,, represented by a vector x = (x1,...,%7m) €
Z"™. Suppose that each coordinate x; is less than or equal to 2™~ 1. Then there
is an algorithm that, given Tg,, and x, decides whether D is an essential disk
in Ey in polynomial time of n.

PROOF. A normal surface D is the disk if and only if D is connected,
x(D) =1, and dD # (. There is an algorithm that, given Tg,, and x, outputs
the number of components of D in polynomial time of nlog2™~1 = (7Tn? —
n)log2 ([1]). Thus, we can verify whether D is connected in polynomial time of
n. By Lemma 2.11, x(D) is calculated in polynomial time of n, and it can be
verified that D # 0 in polynomial time of n. Therefore, we can check whether
D is the disk in polynomial time of n.

A disk D in E)y is essential if and only if 0D is essential in OF); since Eyy is
irreducible. Let 07g,, denote the triangulation of 0Fj; obtained from 7g,, and
n’ denote the number of triangles in d7g,,. Suppose that y = (y1,...,Ysn) €
Z3" is the representation vector of the normal curve dD with respect to d7g,, .
Since z; < 2™ ! for each x;, we see that y; is at most 20(n) Thus, we can
verify that 9D is essential in OF); in polynomial time of n by Lemma 4.2.

Let 7T be an n-tetrahedra triangulation of the exterior E of a knot K in
the solid torus V and A be a normal surface with respect to 7g. We describe
that it can be verified that A is an essential annulus in F such that 0A meets
both ON(K) and OV in polynomial time of n.

LEMMA 4.4. Let E denote the exterior of a knot K in the solid torus V
and A be a properly embedded annulus in E such that OA meets both ON(K)
and V. Assume that |r(K)| # 0. Then A is essential if and only if 0AN AV is
essential in OV .

PROOF. Suppose that A NIV is inessential in V. Then there is a disk
D in 0V bounded by a component of A, and the disk obtained by pushing D
to the interior of E is a compression disk for A. Thus, A is inessential.

Conversely, suppose that A is inessential. Since dA meets both ON(K)
and 9V, A is O-incompressible and not parallel to 0F. This implies that A is
compressible, i.e. there is a compression disk D for A. Let A’ and A” denote
the disks obtained by compressing A using D. Suppose that A’ meets V. By
the assumption that |r(K)| # 0, E is O-irreducible by Lemma 3.2. Therefore,
OA’ = DA NIV is inessential in OV.
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LEMMA 4.5. Let Tg be an n-tetrahedra triangulation of the exterior E of
a knot K in the solid torus V and A be a normal surface with respect to Tg
represented by a vector © = (z1,...,27,) € Z™. Suppose that |r(K)| # 0 and
each coordinate x; is less than or equal to 2""~1. Then there is a polynomial

time algorithm that, given Tg and x, decides whether A is an essential annulus
in E such that A meets both ON(K) and OV

PROOF. A normal surface A is a properly embedded annulus in E such
that A meets both ON(K) and 0V if and only if A is connected, x(A) = 0, and
0A meets both ON(K) and V. The number of components of A is calculated
in polynomial time of n by [1]. Thus, we can verify whether A is connected
in polynomial time of n. The Euler characteristic x(A4) can be calculated in
polynomial time of n by Lemma 2.11. It also can be verified whether A meets
both ON(K) and dV in polynomial time of n. Therefore, it can be verified that
A is a properly embedded annulus in E such that A meets both ON(K) and
OV in polynomial time of n.

Since |r(K)| # 0, an annulus A in F is essential if and only if 9F N oV is
essential in OV by Lemma 4.4. By Lemma 4.2, we can decide whether 0A N oV
is essential in OV in polynomial time of n. Thus, it can be verified whether A is
essential in E in polynomial time of n.

4.2. An algorithm for gluing the boundaries of two solid tori. In order
to solve the solid torus core recognition problem using Lemma 3.1, we describe
an algorithm for gluing the boundaries of two solid tori in polynomial time.

LEMMA 4.6. Let Ty be an n-tetrahedra triangulation of a compact 3-
manifold M with non-empty boundary and o be a simple closed curve in OM
represented by a collection of edges of 7}&1). Let N be the 3-manifold obtained
by gluing a 2-handle along a. Then there is an algorithm that, given Ty and
outputs a triangulation Ty of N in polynomial time of n. Moreover, size(Tn) is
at most O(n).

PROOF. We can obtain 7Tx as follows. Let 7;; denote the triangulation
obtained by barycentrically subdividing 7Tj; twice. The barycentric subdivision
is performed in O(n) time, and size(7;}) is at most O(n). Let OT;; denote the
triangulation of OM obtained from 7;;. Let A denote the triangulation of an
annulus in OM consisting of the faces of 97}; that meet a. We can obtain A in
O(size(0Ty;)) = O(n) time, and size(A) is at most O(n). Let By, ..., Bge(a)
denote the triangulated 3-balls depicted as in Figure 4.1. Each B; has the two
triangle faces and the two triangulated quadrilateral faces. Then Ty is obtained
by gluing a triangle face of B; and a face of A, and gluing the faces of adjacent
triangulated 3-balls B; and B;. If adjacent quadrilateral faces cannot be glued,
then the faces are glued by adding a tetrahedron (See Figure 4.2). This procedure
is performed in O(n) time and increases the number of tetrahedra by at most
O(n). Thus, Ty is obtained in polynomial time of n, and size(7y) is at most

O(n).
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The quadrilateral faces

T

The triangle faces

FIGURE 4.1. A triangulated 3-ball B;

Sy

FI1GURE 4.2. Gluing adjacent quadrilateral faces

Asin Lemma 3.1, M, denotes the 3-manifold obtained by gluing the bound-
aries of solid tori V and W so that an essential simple closed curve « in 9V and
the meridian of W are identified, and Kjs, denotes the knot in M, obtained
from a knot K in V.

LEMMA 4.7. Let V and W be solid tori and my be the meridian of W.
Let Ty be an n-tetrahedra triangulation of V.. Suppose that K is a knot in V.
represented by a collection of edges of Tél) and « is an essential simple closed
curve in OV represented by a collection of edges of Té-l). Then there is an
algorithm that, given Ty, K, and o, outputs a triangulation Tyr, of My and the

knot Ky, represented by a collection of edges of 7']\(/[1(3 in polynomial time of n.
Moreover, size(Ta,) is at most O(n).

PROOF. We obtain Ty, and K, as follows. Let V' be the 3-manifold
obtained from V by gluing a 2-handle along «. Using Lemma 4.6, a triangulation
Ty of V' is obtained from 7y in polynomial time of n, and size(7Ty/) is at
most O(n). Then we obtain Ty, by taking the cone of 07y, where 9Ty is a
triangulation of OV’ obtained from Ty. This procedure increases the number of



22 Yuya NISHIMURA

tetrahedra by O(size(0Ty)) = O(n). Thus, Ty, is obtained in polynomial time
of m, TA(/}@) contains Ky, and size(Taz,) is at most O(n).

4.3. Proof of Theorem 1.1. Now, we are ready to show Theorem 1.1.

PROOF (Proof of Theorem 1.1). Let 7y be an n-tetrahedra triangula-
tion of the solid torus V and K be a knot in V represented by a collection of

edges of Tél). We consider the following non-deterministic algorithm.

(1) Check whether |r(K)| = 1. If |r(K)| # 1, then output “no”.

(2) Construct a triangulation 7g, of the exterior Ey of K, and let ny =
size(Tg, ).

(3) Guess a vector © = (1, ...,27,,) € Z™ such that each coordinate z;
is less than or equal to 2711,

(4) If x represents a normal surface with respect to Tg,,, then let A denote
it. Otherwise output “no”.

(5) If Ais not an essential annulus in Ey such that 04 meets both N (K)
and 9V, then output “no”.

(6) Take an essential simple closed curve « in 9V such that « is not the
meridian of V' and « is contained in T‘Sl).

(7) Construct a triangulation 7z, and the knot Ky, , where Ty, is a
triangulation of the 3-manifold M, obtained by gluing OV and the
boundary of the solid torus W so that « is identified with the meridian
of W and Ky, is the knot in M, obtained from K.

(8) Construct a triangulation 7g,, of the exterior Eyy, = My —intN(Kyy, ),
and let ny = size(Tg,,, )-

(9) Guess a vector y = (y1, ..., Yrn,) € Z™2 such that each coordinate y;
is less than or equal to 27721,

(10) If y represents a normal surface with respect to Tg,, , then let D
denote it. Otherwise output “no”.
(11) If D is an essential disk in F;_, then output “yes”. Otherwise output
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no .

CrLAamM. The above algorithm outputs “yes” if and only if K is the core of
V.

PROOF. Suppose that K is the core of V. Since |r(K)| = 1, the 1st step
does not output “no”. From Lemma 2.6, there is an essential annulus A such
that A is a vertex surface with respect to Tp. Let = (x1,...,%7,,) € Z™
denote the vector representation of A. Using Theorem 2.8, we see that each
coordinate x; is at most 2771~ This implies that we can guess the vector x
representing the essential annulus A in F in the 3rd step. Thus, the 4th step
and 5th step do not output “no”. From Theorem 2.7 and Lemma 3.1, there is
an essential disk D in Ejs, such that D is a vertex surface with respect to TEMa .
Since D is a vertex surface, we can guess the vector representation y of D in the
9th step, and the 10th step does not output “no”. Since D is an essential disk,

the 11th step outputs “yes”.
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Conversely, suppose that K is not the core of V. If |r(K)| # 1, then the
1st step outputs “no”. Suppose that |[r(K)| = 1. From Lemma 3.1, there are
no properly embedded essential annuli in Ey such that the annuli meet both
ON(K) and 9V or there are no properly embedded essential disks in Eyy for
any essential simple closed curve « in V. Therefore, the algorithm outputs
“no” in the 4th, 5th, 10th, or 11th step.

CraM. The running time of the above algorithm is bounded by a polyno-
mial of n.

ProOOF. The 1st step is performed in polynomial time of n by Lemma
2.4. Using Lemma 2.3, the 2nd step is performed in polynomial time of n, and
ny is at most O(n). Since each coordinate z; is less than or equal to 277171,
x is represented by a binary code whose length is at most O(n?). Thus, we
can guess  in O(n?) = O(n?) time in the 3rd step. By Lemma 2.10, the 4th
step runs in polynomial time of n. Lemma 4.5 implies that the 5th step runs
in polynomial time of n. From Lemma 4.1, two simple closed curves m and [
in OV satisfying that [m] and [I] generate H1(OV;Z) is obtained in polynomial
time of n. Since at least one of m and [ is not the meridian of V, we can
obtain a simple closed curve « in 9V such that « is not the meridian of V' by
calculating the homology classes [m] and [I] in H1(V;Z). Therefore, the 6th
step runs in polynomial time of n. By Lemma 4.7, the 7th step is performed in
polynomial time of n, and size(7a) is at most O(n). A triangulation Tg,, of
the exterior Ey;, = M, —intN(K)y, ) is obtained by barycentrically subdividing
T, twice and removing the tetrahedra containing Ky, . Thus, we obtain Tg,,
in polynomial time of n, and size(7g,, ) is at most O(n). In a similar way of
the 3rd step and the 4th step, the 9th step and the 10th step run in polynomial
time of n. Since |r(K)| # 0, Epy, is irreducible. Thus, the 11th step runs in
polynomial time of n by Lemma 4.3. Since each step is performed in polynomial
time of n, the above algorithm runs in polynomial time of n.

Now, we see that there is a non-deterministic polynomial time algorithm
for the solid torus core recognition problem. Therefore, this problem is in NP.

4.4. Proof of Theorem 1.2. For every compact surface X, the ¥ x [0,1]
recognition problem is the problem of determining that the underlying 3-manifold
of a given triangulation is homeomorphic to ¥ x [0, 1]. Haraway and Hoffman
showed that this problem is in co-NP among orientable irreducible 3-manifolds.

THEOREM 4.8 (Haraway-Hoffman [5]). For every compact surface X,
the ¥ x [0,1] recognition problem is in co-INP among orientable irreducible 3-
manifolds.

PROOF (Proof of Theorem 1.2). Let 7y be an n-tetrahedra triangula-
tion of the solid torus V and K be a knot in V represented by a collection of
edges of 7"51). We consider the following non-deterministic algorithm.

(1) If |r(K)| # 1, then output “yes”.
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(2) Construct a triangulation 7g of the exterior F =V — int N(K).
(3) If E is not homeomorphic to T2 x [0, 1], then output “yes”, where T2
is the torus. Otherwise output “no”.

The knot K is not the core of V if and only if E is not homeomorphic to T2 x [0, 1].
Thus, this algorithm outputs “yes” if and only if K is not the core of V. By
Lemma 2.4 and Lemma 2.3, the 1st step and the 2nd step run in polynomial
time of n. In the 3rd step, we see that |r(K)| = 1 since if |r(K)| # 1, then the
1st step outputs “yes”. This implies that F is irreducible by Lemma 3.2. Using
Theorem 4.8, the 3rd step is performed in non-deterministic polynomial time
of n. Since there is a non-deterministic polynomial time algorithm that decides
whether K is not the core of V', the solid torus core recognition problem is in
co-NP.

4.5. The Hopf link recognition problem. In this subsection, we give an
alternate proof that the Hopf link recognition problem is in NP and show that
problem is in co-NP.

DEFINITION 4.9 (The Hopf link recognition problem). Let D be a
diagram of a link L in S3. The Hopf link recognition problem is a problem that,
given D, decides L is the Hopf link.

Let D be a diagram of a link L in S®. Suppose that c is the number of
crossings of D and k is the number of components of L. The crossing measure
n of D is defined as

n=c+k—1.
The computational complexity of a problem whose input is a link diagram is
measured by the crossing measure of the input diagram. See [6] for details.

LEMMA 4.10 (Hass-Lagarias-Pippenger [6]). Let D be a diagram of a
link L in S® and n be the crossing measure of D. Then there is a O(nlogn)
time algorithm that, given D, outputs a triangulation Tr of S® such that the

1-skeleton 'TL(l) contains L. Furthermore, size(Ty) is at most O(n).
COROLLARY 1.3. The Hopf link recognition problem is in NP N co-NP.

PROOF. Let D be a diagram of a link L in S®. Suppose that the crossing
measure of D is n.

CLAM. The Hopf link recognition problem is in NP.

PRrROOF. We consider the following non-deterministic algorithm.

(1) If the number of components of L is two, then let L = K; U K».
Otherwise output “no”.

(2) If K; is the unknot in S®, then construct a triangulation 7Tz, of the
solid torus F; = S® —int N (K) such that ’TE) contains K5. Otherwise
output “no”.

(3) If K5 is the core of E, then output “yes”. Otherwise output “no”.
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The link L = K7 U K5 is the Hopf link if and only if K7 is the unknot and
K> is the core of E; = S® — intN(K;). Therefore, the above algorithm outputs
“yes” if and only if L is the Hopf link.

The 1st step is performed in O(n) time. Let D; be the diagram of K; that
is contained in D. By Theorem 2.9, we can determine whether D; is a diagram
of the unknot in non-deterministic polynomial time of n. By Lemma 4.10, a
triangulation 77 of S? such that the 1-skeleton ’TL(l) contains L is constructed
in polynomial time of n, and size(7;) is at most O(n). A triangulation Tg,
of By = S* — intN(K3) is obtained by barycentrically subdividing TL(D twice
and removing the tetrahedra containing K;. This implies that Tz, is obtained
in polynomial time of n, and size(7g,) is at most O(n). Thus, the 2nd step
runs in polynomial time of n. Using Theorem 1.1, the 3rd step is performed
in non-deterministic polynomial time of n. Therefore, the above algorithm runs
in non-deterministic polynomial time of n. Since there is a non-deterministic
polynomial time algorithm for the Hopf link recognition problem, this is in NP.

CrAM. The Hopf link recognition problem is in co-NP.

PRrROOF. We consider the following non-deterministic algorithm.

(1) If the number of components of L is two, then let L = K; U K».
Otherwise output “yes”.

(2) If K; is not the unknot in S?, then output “yes”. Otherwise construct
a triangulation 7z, of the solid torus E; = S3 — intN(K7) such that
TE(? contains Ko.

(3) If K5 is not the core of Eq, then output “yes”. Otherwise output “no”.

If L is not the Hopf link, then the number of components of L is not two,
K7 is not the unknot, or K7 is the unknot and K5 is not the core of E;. Thus,
the above algorithm outputs “yes” if L is not the Hopf link. Conversely, if L
is the Hopf link, then this algorithm outputs “no” in the 3rd step. Thus, this
algorithm outputs “yes” if and only if L is not the Hopf link.

We see that the 1st step runs in polynomial time of n. The 2nd step is
performed in non-deterministic polynomial time of n since the unknot recogni-
tion is in co-NP ([10]). Using Theorem 1.2, we see that the 3rd step runs in
non-deterministic polynomial time of n. Since there is a non-deterministic poly-
nomial time algorithm that decides whether L is not the Hopf link, the Hopf
link recognition problem is in co-NP.

From the above two claims, the Hopf link recognition problem is in NP N
co-NP.

References

[1] Tan Agol, Joel Hass, and William Thurston. 3-manifold knot genus is NP-complete. In
Proceedings of the Thirty-Fourth Annual ACM Symposium on Theory of Computing,
pages 761-766. ACM, New York, 2002.

[2] Sergio Cabello, Eric Colin De Verdiere, and Francis Lazarus. Finding cycles with topo-
logical properties in embedded graphs. SIAM J. Discrete Math., 25(4):1600-1614, 2011.



26

(3]

(4]
(5]

[6]

[7

8

(9]
(10]

(11]

(12]

(13]

Yuya NISHIMURA

Bostjan Gabrovsek and Maciej Mroczkowski. Knots in the solid torus up to 6 crossings.
J. Knot Theory Ramifications, 21(11):1250106, 43, 2012.

Wolfgang Haken. Theorie der Normalflachen. Acta Math., 105:245-375, 1961.

Robert Haraway III and Neil R Hoffman. On the complexity of cusped non-hyperbolicity.
arXiv:1907.01675.

Joel Hass, Jeffrey C. Lagarias, and Nicholas Pippenger. The computational complexity of
knot and link problems. J. ACM, 46(2):185-211, 1999.

William Jaco and Ulrich Oertel. An algorithm to decide if a 3-manifold is a Haken mani-
fold. Topology, 23(2):195-209, 1984.

William Jaco and Jeffrey L. Tollefson. Algorithms for the complete decomposition of a
closed 3-manifold. Illinois J. Math., 39(3):358-406, 1995.

Akio Kawauchi. A survey of knot theory. Birkhauser Verlag, Basel, 1996. Translated and
revised from the 1990 Japanese original by the author.

Marc Lackenby. The efficient certification of knottedness and Thurston norm. Adv. Math.,
387:Paper No. 107796, 142, 2021.

Saul Schleimer. Sphere recognition lies in NP. In Low-dimensional and symplectic topol-
ogy, volume 82 of Proc. Sympos. Pure Math., pages 183-213. Amer. Math. Soc., Provi-
dence, RI, 2011.

Arne Storjohann. Algorithms for Matriz Canonical Forms. PhD thesis, Swiss Federal
Institute of Technology, 2000.

Yi Xie and Boyu Zhang. On meridian-traceless SU(2)-representations of link groups. Adv.
Math., 418:Paper No. 108947, 48, 2023.

Yuya Nishimura
Mathematics Program
Graduate School of Advanced Science and Engineering
Hiroshima University

1-3-1, Kagamiyama, Higashi-Hiroshima City, Hiroshima, 739-8526, Japan

E-mail: d213032@hiroshima-u.ac.jp



