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Review Article 
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A B S T R A C T

Advanced technologies for the calibration of machine tools are presented. Kinematic errors independently of 
their causes are classified into errors within one-axis as intra-axis errors, errors between axes as inter-axis errors, 
and as volumetric errors. As the major technological elements of machine tool calibration, the measurement 
methods, modeling theories, and compensation strategies of the machine tool errors are addressed. The criteria 
for selecting a combination of the technological elements for machine tool calibration from the point of view of 
accuracy, complexity, and cost are provided. Recent applications of artificial intelligence and machine learning 
in machine tool calibration are introduced. Remarks are also made on future trends in machine tool calibration.   

1. Introduction

Machine tool calibration is a process periodically carried out over the
lifetime of a machine tool for the purposes of performance verification 
and characterization, maintenance, and performance improvement (via 
mechanical adjustment or error compensation). Measurement and 
modeling are the major technological elements of machine tool cali-
bration. The calibration process starts with a set of measurement oper-
ations to quantify the undesired motion of machine positioning axes and 
how they change with changes in the machine thermal status (thermal 
errors), static load (elastic errors), dynamic loading (dynamic errors), as 
well as motion control errors. Then the measurement data are used 
directly or input to a mathematical model based on the machine struc-
tural loop, to quantify the resultant volumetric errors in the machine 
work volume or the internal error sources. Machine tool calibration is 
often associated with error compensation, either on-line or off-line, 
which is implemented based on the predicted machining errors 

through modifying the machining parameters, including the tool path 
either within the machine numerical controllers or externally with 
reprogrammed numerical control code (e.g., in the computer-aided 
manufacturing software). Another application of machine tool calibra-
tion is to predict whether a machine is capable to manufacture a 
workpiece to specified tolerances, e.g., through virtual machining 
simulation. 

A number of review papers, which are related to machine tool cali-
bration, were published in the past years. Schwenke et al. and Ibaraki 
et al. reviewed measurement of quasi-static kinematic errors in 2008 [1] 
and 2012 [2], respectively. Ramesh et al. and Li et al. reviewed thermal 
error measurement and compensation in 2000 [3], 2003 [4], and 2015 
[5]. Munoa et al. reviewed chatter suppression techniques in 2016 [6]. 
This paper reviews the state-of-the-art of the measurement methods, 
mathematical models and compensation strategies for machine tool 
calibration as an update to the previous review papers. Taking into 
consideration that each of the previous review papers mainly focused on 
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a specific aspect of machine tool errors, such as quasi-static kinematic 
errors, a more comprehensive overview is made in this paper to cover all 
aspects of machine tool errors, from kinematic errors, thermal errors to 
elastic and dynamic errors. Recent achievements and cutting-edge 
technologies in measurement and compensation of these errors are 
highlighted. More importantly, the paper aims to provide machine tool 
builders and users clear criteria for selecting a proper combination of the 
technological elements for calibration of a specific machine tool from 
the point of view of accuracy, machine downtime, complexity, and cost. 
Meanwhile, recent applications of artificial intelligence and machine 
learning in machine tool calibration are introduced. Future trends of the 
technological elements of machine tool calibration will also be 
addressed as a guidance for further research and development. 

The International Vocabulary of Metrology (VIM) [7] defines that 
calibration is “an operation that, under specified conditions, in a first 
step, establishes a relation between the quantity values with measure-
ment uncertainties provided by measurement standards and corre-
sponding indications with associated measurement uncertainties, and, 
in a second step, uses this information to establish a relation for 
obtaining a measurement result from an indication”. Some calibration 
studies reviewed in this paper neither strictly establish traceability to 
measurement standards nor include all calibration phases, i.e., 
modeling, measurement, identification, and implementation. As the 
“machine calibration” is a popularly used term both in academia and 
industry, this paper adopts it for a wider class of works. 

2. Classifications of error sources

This section covers errors within one axis as intra-axis errors, errors
between axes as inter-axis errors and finally the resulting volumetric 
errors defined as the difference between the actual position and orien-
tation of the tool relative to the workpiece and its nominal (desired) 
value. Such volumetric errors may potentially result in manufacturing or 
measuring errors depending on the specific interaction between a cut-
ting or measuring tool and a workpiece. Intra-axis kinematic errors, 
inter-axis kinematic errors, and the resulting volumetric errors, are 
induced by multiple causes [8] such as: 1) the imperfect geometry of 
machine components and of their assembly under a defined initial 
thermal status and no load conditions, 2) thermo-elastic-geometric de-
viations, or simply thermal errors, from internal heat generation under 
normal operations and external heat sources from ambient conditions, 
3) elastic-geometric deviations, or simply load-induced errors, from
process load and the weight of machine components and workpiece 
causing deflection not compensated by mechanical design, 4) trajectory 
generation and individual axis controls, 5) structural dynamics, 6) 
friction forces, 7) rolling elements [9], and 8) other disturbances. 

2.1. Kinematic errors 

The term “kinematic error” has not been clearly defined in the 
literature, including ISO. Some use this term as quasi-static errors, and 
others use it with broader definitions. In this paper, the term “kinematic 
error” is defined as follows: the undesired motion of bodies without 
consideration, but not without the presence, of the causes. This unde-
sired motion can be 1) that of a single linear axis, as intra-axis kinematic 
errors, e.g., the X-axis that moves in a nominally straight line, 2) the 
motion of an axis with respect to one or more other axes, as inter-axis 
kinematic errors, e.g., out-of-squareness or 3) a tool, or functional 
point, motion that should reach a desired position and orientation 
relative to the workpiece through specified command position of any 
number of mechanical axes, as volumetric errors. Whenever appropriate 
the particular cause being considered can be specified such as ‘‘ther-
mally-induced kinematic errors’’ to refer to the undesired motion due to 
changes in the thermal status of the machine. 

The term “geometric errors” is commonly used in the literature to 
refer to kinematic errors. However, in Ref. [10] [11] [12,13] the causal 

relation between geometric errors of machine components, such as 
guideways and bearing elements, and their impact on kinematic errors 
was demonstrated. In Ref. [14] a clear distinction is also made between 
the kinematic errors of the machine tool and the resulting geometric 
errors of the machined workpiece. It remains, however, that an imposing 
number of published research and relevant machine tool standards use 
the term “geometric errors” for quasi-static kinematic errors. 

2.1.1. Intra-axis kinematic errors 
Intra-axis kinematic errors [15] are also known in the literature and 

standards as error motions [16], motion errors [17], geometric errors (of 
a single axis) [18], position dependent geometric errors (PDGE) [19] 
[20] [21], component errors [22], and joint kinematic errors [13]. They 
are unwanted linear and angular displacements that occur when moving 
one machine axis. For a linear axis these are the positioning error in the 
direction of nominal axis motion, straightness errors in two orthogonal 
planes, and roll, pitch, and yaw error motions [23]. For a rotary axis 
these are the difference between the actual and commanded axis rota-
tion, as well as axial, radial, and tilt error motions in the position and 
orientation of the axis of rotation [24]. 

The nomenclature for the six error components, based on [16,25], is 
EX?, EY?, EZ?, EA?, EB?, EC? where X, Y, Z, A, B, and C are the nature of the 
error, i.e., a translation in X, Y, or Z or a rotation around X, Y, or Z, 
respectively. “?” is replaced by the symbol for the nominal motion axis 
having the error, i.e., typically one of X, Y, Z, A, B, C, and C1. The 
definition of a reference is necessary to quantify these errors as the same 
error motion may lead to different values as for the quantification of the 
straightness error of a linear axis with respect to a different reference 
line or the definition of an axis average line for the errors of a rotary axis 
[16]. Fig. 1 illustrates the intra-axis errors nomenclature for a linear and 
for a rotary axis. However, researchers have used various notations for 
the error terms deviating from the symbols indicated in this figure. 
Therefore, to better reflect the original research efforts found in litera-
ture, this paper does not use uniform set of notations. 

In the presence of angular errors, linear (translational) error motions 
may have different values depending on the selection of the functional 
point or position on the moving body where the error is measured. This 
is due to rotational errors causing translational effects at a distance that 

Fig. 1. A linear and a rotary axis with their translational and rotational intra- 
axis kinematic errors [15] [16] [25]. (a) Intra-axis errors for a linear axis (X). 
EXX, EYX, and EZX represent translational error motions in the X-, Y-, and Z-di-
rections, respectively. EAX, EBX, and ECX represent angular error motions around 
the X-, Y-, and Z-axes, respectively. (b) intra-axis errors for a rotary axis 
(C-axis). EXC, EYC, and EZC represent translational error motions in X-, Y-, and 
Z-directions, respectively. EAC, EBC, and ECC represent angular error motions 
around X-, Y-, and Z-axes, respectively. 
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may change with the selection of the functional point. These geometric 
effects have led to the definition of the Abbe and Bryan principles to 
reduce or eliminate them [26] [12]. Guideways straightness, alignment, 
sliding block compliance, defects of rolling components [9], and posi-
tion feedback systems are found to be contributors to intra-axis kine-
matic errors of linear axes [13] [11] [27] [28]. 

2.1.2. Inter-axis kinematic errors 
Inter-axis kinematic errors [25] [15] are deviations from the nominal 

position and orientation of one axis of motion relative to one or more 
other axes of motion. They are also defined as the alignment errors 
between multiple axes of machine tools [16]. In practice due to the 
presence of intra-axis kinematic errors, an axis of motion average line 
[25] is defined using pre-defined criteria to quantify inter-axis kinematic 
errors. The axis average line of a rotary axis is defined in Ref. [24] as “a 
straight line segment located with respect to the reference coordinate 
axes representing the mean location of the axis of rotation.” The 
inter-axis kinematic errors of a rotary axis represent the position and 
orientation errors of its axis average line with respect to the specified 
reference axes. For a linear axis, the inter-axis kinematic errors typically 
represent the relative orientation errors of its reference straight line, 
which is “the associated straight line fitting the measured trajectory of a 
functional point in accordance with specified conventions” as defined in 
Ref. [16]. 

Inter-axis kinematic errors are also known as position independent 
geometric error parameters (PIGEP), as appeared in Ref. [19] [29] and 
re-appeared in Refs. [30,31] without the word parameters (the last P in 
the acronym), which specifically refer to variables used to quantify the 
deviations. The word position refers to an axis position along its nominal 
motion. The term "position independent geometric errors" are 
commonly used today in the scientific literature [32] [33]. They are 
position-independent because they represent the translational and 
rotational errors of the axis average line of a rotary axis or the reference 
straight line of a linear axis. Fig. 2 shows four inter-axis kinematic errors 
for a C-axis as well as a constant positioning error named C0C [1]. In 
Ref. [16] the four errors are called axis alignment errors and their 
symbols start with an "E" . They are classified as geometric errors in Refs. 
[18,34]. Fig. 3 shows a possible set of eight inter-axis errors for the axes 
of a five-axis machine tool with two additional translational errors 
added for the spindle (for completeness the spindle should also have two 
rotational inter-axis kinematic errors). The nomenclature used in Figs. 2 
and 3 does not specify the reference axis [15]. 

The nomenclature, based on [16,25], was extended in Ref. [24] to 
make explicit the machine axis used as the reference axis. Such 
nomenclature and its necessity for a complete definition of inter-axis 
errors is shown in Fig. 4. 

The published literature focuses on the measurement and compen-
sation of such errors as opposed to their physical causes. 

2.1.3. Volumetric errors 
The term "volumetric error" appeared in Ref. [25] and in Ref. [37]. 

Both the workpiece and cutting tool may experience deviations from 
their desired position and orientation under the effect of all types of 
machine errors. The volumetric error is the relative deviation of the tool 
functional point with respect to the workpiece. This can be quantified by 
three translational and three rotational components. In Ref. [16], for the 
assumed purpose of quantifying a particular machine’s performance, the 
volumetric accuracy is defined as the maximum value of each such error 
component over the entire workspace of a three-axis machine. In this 
paper, volumetric errors refer to any quantity used to describe the 
relative deviation of the tool functional point with respect to the 
workpiece and it may be accompanied by a suitable descriptor, when-
ever appropriate, to refer to one or more cause being considered. 

2.1.4. Quasi-static kinematic errors 
In Ref. [34] quasi-static errors are described as errors slowly varying 

in time and related to the machine structure and specifically include 
errors due to geometric departure from the design intent, deflection 
under the machine’s own weight, over-constrained slides, and work-
piece weight. In Ref. [16] quasi-static behavior is simply defined as 
behavior in the absence of dynamic influence and servo limitations but 

Fig. 2. Inter-axis errors of rotary axis C of a machine tool [1]. Rotary axes have 
a maximum of four inter-axis errors to fully describe their position and orien-
tation with respect one or more other axes of the machine. X0C and Y0C 
represent the position errors in the X- and Y-directions of the C-axis average 
line, respectively. A0C and B0C represent its orientation errors around the X- 
and Y-axes, respectively. C0C is a CNC angular positioning offset. 

Fig. 3. Some inter-axis errors of a five-axis machine tool using the X- and Z- 
axes as primary and secondary axes, respectively [35]. It shows the eight axis 
alignment errors of the main five axes and two (the translational errors) of the 
four alignment errors of the spindle axis. This machine’s kinematic chain is 
denoted by the designation [w C′ B′ X′ b Z Y (C1) t] [36] with S replacing C1. 
The position and orientation of the tool coordinate system, denoted by {T}, 
with respect to the workpiece coordinate system, denoted by {W} is the 
resulting volumetric error. 

W. Gao et al.
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load and thermal status are specified separately. 
A review of accuracy degradation, in terms of changes in kinematic 

errors, over long-term machine tool use can be found in Ref. [38] but 
will not be addressed here. 

2.2. Thermally-induced kinematic and volumetric errors 

Thermally-induced errors are the result of thermo-elastic de-
formations of the machine tools and workpieces caused by various in-
ternal heat sources related to the machine and machining process and 
external heat sources from the environment. They are considered as the 
primary factors influencing the accuracy of machine tools [39] [3]. 
In-depth research of thermal errors can be traced back to the 1960s by J. 
Bryan [40] [41] who pioneered this topic, which remains an active 
research topic today. 

Fig. 5 summarizes the heat sources, classified as internal and 
external, and the mechanisms by which they cause thermal errors [42]. 
The internal heat sources are typically ball screws, bearings, gears, 
motors, and hydraulic oils related to the moving axes and spindle of a 
machine tool and the machining process, as well as cutting fluid that 
would warm up the tool, toolholder, workpiece, and the clamping device 
[43][44][45]. The external heat sources come from variations in envi-
ronmental temperature, the effect of people and the thermal memory 
from any previous environment [46][47]. Heat is transferred by con-
duction, convection, and radiation and consequently leads to geometric 
errors of the machine tool through thermo-elastic deformations of the 
workpiece, tool, and machine elements. It is recognized that thermal 
errors could contribute 40%–70% of the overall geometric errors of 
machined workpieces [41][40]. 

2.3. Static load-induced elastic errors 

Machine tool structures deform when load is induced on any ma-
chine component. When the load is constant, it can be regarded as static. 
The load can be regarded as quasi-static when the load is slowly varying 
with deflections having frequency components higher than 0 Hz and 
lower than approximately 10% of the first eigenfrequency of the ma-
chine [48] [16]. This means that no dynamic influence can be observed. 
In practice, loads are due to the weight of the workpiece, fixturing, and 
work table on the workpiece side, tool holder, tool, and other accessories 
on the tool side and finally to quasi-static process related forces. 

The resulting deformation is quantified through static compliance or 

static stiffness, which is the reciprocal of static compliance. ISO 230–1 
[16], defines static compliance as a ‘‘linear (or angular) displacement 
per unit static force (or moment) between two objects, specified with 
respect to the structural loop, the location and direction of the applied 
forces, and the location and direction of the displacement of interest’‘. 
The term "cross compliance" is used when displacement and force are 
not in the same direction. As the definition suggests, the compliance 
values are dependent on the position of the machine tool axes and the 
direction and position of the applied static force. The field of study 
related to static load-induced deformation, from a machine calibration 
viewpoint, is limited to elastic deformations. Elastic deformations are 
temporary changes in the machines’ geometric shape that reverse after 
the withdrawal of the applied load. This implies an upper limit on the 
load to avoid permanent deformations by staying within the so-called 
elastic limit. Nevertheless, hysteresis may still occur. ISO 230–1 [16] 
defines hysteresis as linear (or angular) displacement between two ob-
jects resulting from the sequential application and removal of equal 
forces (or moments) in opposite directions [16]. 

2.4. Dynamically induced errors 

Dynamic errors are undesirable response of the machine tool to dy-
namic forces, which vary with time, as opposed to quasistatic forces. The 
nature of this response is determined by the coupled dynamics of me-
chanical and control systems (Fig. 6). Dynamic forces include machining 
process forces generated at the tool/workpiece interface, which has non- 
negligible stiffness and damping characteristics. Although vibrations 
caused by periodic forces are typical dynamic errors, non-periodic 
tracking error such as the one caused by the response difference be-
tween different feed drives are also included in the dynamic error [49]. 

Dynamic errors can be classified into two cases. One case is the error 
caused by dynamic disturbances. The response difference between the 
tool and workpiece positions leads to relative displacements between 

Fig. 4. Inter-axis errors with the reference axis specified. In this example the Y- 
axis orientation error can be measured either with respect to the B-axis as a 
parallelism error around x, EA(0B)Y, or with respect to the Z-axis as a perpen-
dicularity around x, EA(0Z)Y. Because the B-axis may have an out-of-squareness 
error EA(0Z)B with respect to Z around x the values of EA(0B)Y and EA(0Z)Y may 
differ and are related by the algebraic relation EA(0Z)Y = EA(0Z)B + EA(0B)Y. 

Fig. 5. Heat sources of machine tools and their effect on thermal errors [40]. 
The sources of thermal errors of the machine tool are divided into two cate-
gories, namely, the influence of uniform temperature other than 20 ◦C (68 ◦F) 
and the effect of uneven temperature, and the geometric error and dimensional 
error of the machine tool. The main sources of errors include external influences 
and internal influences. External influences include environmental temperature 
changes and human interference. Internal interferences include machining 
process and internal heat source interference of machine tool. 
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them. Typical dynamic forces are the cutting force [50] and forces in the 
feed drive system such as the inertial force [51] [52] [53] and friction 
force [54] [55]. External disturbances such as the seismic vibration 
transmitted from neighboring systems may also result in dynamic errors 
[56] [57]. 

The other case covers errors caused by the undesirable response of a 
machine tool to the position commands. The response of the mechanical 
system is generally not considered in command generation [58] [59]. 
The feedback control cannot suppress the dynamic error effectively 
because the tool-workpiece relative position is not directly measured 
and fed back in most machine tools. The response of the control system is 
also often lower than the bandwidth of the dynamic error. 

Contributors to machine tool dynamics exist in both mechanical and 
control systems. The dynamic response of the mechanical system is 
determined by the mass, stiffness and damping in its mechanical struc-
ture. These parameters depend on the design of each mechanical 
component and on the machine’s structural configuration. The stiffness 
and damping are significantly influenced by the joints or interfaces such 
as preloaded joints [60] [61], guideways [62], and bearings [63]. 
Because the characteristics of these interfaces are affected by preload 
dependency, individual machines with the same design, and structure 
could have different dynamic characteristics. 

Dynamic performance of machine tools may also strongly depend on 
the placement of the machine tool structure on the factory’s foundation 
[57]. Two of the major reasons for the effect of the foundation on the 
dynamics of machine tools are the added stiffness and the increased 
mass from the installation site’s foundation. A change of these charac-
teristics greatly affects the dynamic characteristics of the overall ma-
chine tool and therefore also the machining dynamics. The machine tool 
foundation and interface with the machine also play a major role in the 
transmission of seismic vibrations. 

In the servo controller, cascaded feedback loops for the position, 
velocity, and motor current are adopted. Many commercial servo con-
trollers employ a proportional and proportional-integral (P-PI) 
controller scheme that uses proportional control for the position loop 
and proportional–integral control for the velocity loop. The gain for 
these control loops dominates the response and bandwidth of the control 
system. Because the controller gain is limited by vibrations in the me-
chanical system, the response of the mechanical system is also important 
to develop a high-response servo system. 

3. Measurement instruments and methods 

3.1. Quasi-static kinematic errors 

Machine tool quasi-static kinematic error motions can either be 
directly measured for each machine axis or they can be measured indi-
rectly using calibrated artifacts, machined workpieces, or other methods 
that involve coordinated motion of more than one machine axis [16]. 

3.1.1. Direct measurement of quasi-static error motions 

3.1.1.1. Linear axis error motions. Linear axis error motions are intra- 
axis errors comprising the positioning (translational) error along the 
nominal direction of motion of the linear axis, two translation errors 
orthogonal to the nominal direction of motion, which are called 
straightness errors, as well as three rotational errors around three 
orthogonal coordinate axes, which are usually called roll, pitch, and 
yaw. The direct measurement methods for each of these errors are well 
established in international standards. Since ultimately the relative er-
rors between the cutting tool location and the workpiece location limit 
the accuracy of the machined workpiece, the error measurements should 
reflect this relationship. Therefore, for machine calibration and error 
assessment purposes, the international standard for checking geometric 
accuracy of machine tools introduces the concept of “functional point,” 
and requires that the error measurements are conducted to reflect the 
errors at its location in the machine work volume [16]. First introduced 
in Ref. [12], the functional point, in the context of machine tools, is 
defined as the point where the cutting tool and the workpiece interacts. 
[64] summarizes many instruments used for measurements of linear axis 
error motions. The selection of instruments appropriate for a particular 
measurement depends on the acceptable levels of measurement uncer-
tainty, which includes the influence of environment on the measuring 
device or the method. 

Table 1 shows examples of the state-of-the-art commercial 
measuring instruments for direct measurement of the linear-axis error 
motions illustrated Fig. 1. Some cutting-edge measurement technologies 
are also listed in the table. Although there are multiple methods and 
instruments to measure linear positioning error motion, which are 
summarized in Ref. [64], the most common method uses a heterodyne 
laser Michelson interferometer, where the wavelength of laser light 
provides the traceable length reference. It is important to note that, to 
minimize setup-induced uncertainties in such measurements, the laser 
beam should be aligned parallel to the direction of motion of the 
component. Furthermore, the interferometer optics should be mounted 
on the stationary component (cutting tool side or workpiece side) while 
the laser beam reflector is moving with the moving component for linear 
positioning error motion. As shown in Table 1, a state-of-the-art com-
mercial laser interferometer can measure linear positioning error mo-
tion over an axis travel distance up to 80 m with a resolution of 1 nm. 
The measurement accuracy is in the order of ±0.5 ppm (parts per 
million) with environmental compensation. 

Straightness error motion measurements involve measuring small 
displacements in orthogonal directions relative to a straightness refer-
ence representing the ideal linear motion of the component under test. 
The straightness reference can be a physical artifact (straightedge, taut 
wire, or straightness reflector mirror on a laser interferometer system), 
the laser light beam of an alignment laser system, or the optical axis of 
an alignment telescope. For long range travels a taut wire/microscope 
system is a practical alternative for measuring straightness error mo-
tions. However, wire profile errors and gravitational sag as well as 
inefficient data acquisition (via microscope) create difficulties imple-
menting this method. To automate such measurements and eliminate 
wire related errors, Borisov et al. developed a system with low-cost 
sensing head consisting of an optical emitter and a receiver [80]. For a 
short range of travel less than 3 or 4 m, using a straightedge as the 
straightness reference is the most practical method to measure 
straightness error motions where a cost-effective straightedge of steel is 
often selected. However, for high-precision machine tools, form errors of 
the straightedge and gravitational sag for the measurements in the 
vertical direction must be taken into account. The form error of a steel 
straightedge increases significantly with the increase of its length. The 
Japanese Industrial Standards (JIS) B 7514 regulates the form errors for 
the rank-A steel straightedges of 0.25 m, 1 m, 2 m, and 3 m long to be 
less than 3 μm, 6 μm, 11 μm, and 14 μm, respectively. As recent 

Fig. 6. Coupled dynamics of mechanical and control systems (TCP: tool center 
point). The response to the command and disturbance is determined by the 
coupled system. The interaction between the mechanical and control systems is 
caused by the feedback control. 
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advances, ceramic straightedges and Zerodur straightedges with better 
form accuracies are commercially available. A 4 m long ceramic 
straightedge with a form error less than 2 μm and a 1 m long Zerodur 
straightedge with a form error less than 25 nm are listed in Table 1 as 
examples. In general, a reversal method can remove the straightedge 
profile errors from straightness measurements in horizontal directions. 
Removing the effects of gravitational sag is more difficult [81]. Section 
3.1.3 will present self-calibration schemes to remove the geometric 
error of a straightness reference artifact. On the other hand, linear 
variable differential transformers (LVDT) and capacitance-type 
displacement sensors (also called capacitive sensors or capacitive 
probes) are the most well used linear displacement sensors in the 
straightedge-based method. The former is cost-effective and is suitable 
for micrometric straightness measurement while the latter is more 
expensive and is suitable for nanometric straightness measurement. As a 
cutting-edge technology, precision roll measurement in the order of 0.1 
arcsecond was achieved by using a combination of a straightedge and 
two capacitive sensors [75]. It should be noted that when a capacitive 
sensor is used with a ceramic or Zerodur straightedge, it is necessary to 

coat a layer of metal on the straightedge surface since a capacitive sensor 
basically can only detect a conductive surface. 

Interferometer-based straightness error motion measurements typi-
cally split a laser beam to generate two diverging beams via a Wollaston 
prism [82] or holographic grating [83] that are reflected back by a 
V-shaped reflector or roof prism. In such instruments, precise alignment 
between the straightness reflector and interferometer is required. To 
relax this requirement [84] developed a modified version of this method 
using two right-angle prisms in place of the straightness reflector and a 
retroreflector attached to the Wollaston prism. Alignment lasers use the 
laser beam as the straightness reference and measure the lateral dis-
placements of the moving component with respect to the laser beam by 
photodetectors. A variation of this principle is used to simultaneously 
measure straightness in the vertical and horizontal directions [85]. This 
system uses a simple retroreflector mounted on the moving component 
and a camera to capture the return beam spot to measure lateral motions 
in the horizontal and vertical directions. As shown in Fig. 7, Gao et al. 
has demonstrated that a moving-reflector arrangement of the straight-
ness measurement kit in a laser interferometer-based system suffers from 

Table 1 
State-of-the-art measuring instruments for direct measurement of the linear-axis error motions illustrated in Fig. 1.   

Laser interferometer [65] Artifact method (Straightedge + linear 
displacement sensor) 

Autocollimator [66] Electronic level [67] 

Axial distance range L Linear measurement: up to 80 m 
Straightness measurement: 
0.1 m–4 m (short distance range), 
1 m–30 m (long distance range) 
Angular measurement: up to 15 m 

Length of straightedge 
Up to 3 m for steel [68] 
Up to 4 m for ceramics [69] 
Up to 1 m for Zerodur [70] 

Up to 20 m No limitation 

Translational 
errors 

Positioning 
error 
EXX 

With length optics 
Resolution: 1 nm 
Accuracy: ±0.5 ppm (with 
environmental compensation) 

Measurable with a step gauge Not applicable Not applicable 

Horizontal 
straightness 
EYX 

With straightness optics (Short 
travel range L) 
Resolution: 10 nm 
Accuracy: ±0.005A ± 0.5±0.15L2 

μm (Long travel range L) 
Resolution: 100 nm 
Accuracy: 

±0.025A ± 5±0.015L2 μm 
A: measured displacement, 
L: travel range in meters 

LVDT [71]/capacitive sensor [72] 
Resolution: 0.1 μm/1 nm 
Range: ±400 μm/±100 μm 
Linearity: 0.5%/0.2% of range 
Form accuracy of straightedge Steel: 
(
2+

L
0.25

)

μm [68] 

Ceramics: 2 μm [69] 
Zerodur: 25 nm [70] 

Vertical 
straightness 
EZX 

Rotational 
errors 

Pitch 
EBX 

With angular optics 
Resolution: 0.01” (0.1 μm/m) 
Accuracy: ±0.002A ± 0.5±0.1L 
μrad 
Range: ±10◦

A: measured displacement, 
L: travel range in meters 

Not applicable Resolution: 0.001′′

Accuracy: 0.25′′

Range: ±1000“ 

Resolution: 0.36′′

Accuracy: 3.6′′

Range: ±15◦

Yaw 
ECX 

Not applicable 

Roll 
EAX 

Not applicable Not applicable Resolution: 0.36′′

Accuracy: 3.6′′

Range: ±15◦

Measurement speed or sensor 
bandwidth 

4 m/s LVDT [71]/capacitive sensor [72] 
20 Hz/5 kHz 

25 Hz 1 Hz 

Complexity of setup and 
alignment 

One setup only for one axis 
measurement 
Careful alignment required for 
axes of laser beams and optics 

Careful alignment required for parallelism 
between straightedge and axis of motion, 
and gap between straight edge and sensor 

Simple setup and fast 
alignment 

Simple setup and fast 
alignment 

Robustness to environmental 
disturbances 

Sensitive to temperature, humidity 
and pressure variations 

Sensitive to mechanical vibration Sensitive to air flow Sensitive to temperature 
variation and mechanical 
vibration 

Estimated cost (may vary with 
manufacturer, system 
configuration, purchasing area, 
and time) 

Laser head with environmental 
compensation: 30k US$ 
Length optics: 4k US$ 
Straightness optics: 10k US$ 
Angular optics: 5k US$ 

stainless steel straightedge: 
1 m long 2k US$ 
3 m long 6k US$ 
LVDT/capacitive sensor 
2k US$/10k US$ 

45k US$ 1k US$ 

Cutting-edge technology Six degrees of freedom (DOF) 
simultaneous measurement [73] 
with roll measurement [74] 

Roll measurement with a straightedge and 
two capacitive sensors [75] 
Self-calibration of straightedge form error 
[Section 3.1.3] 

Photodiode-based high- 
speed laser 
autocollimator [76] 
Grating reflector-based 
three-axis autocollimator 
[77] 

Differential roll- 
measurement by two 
inclinometers [78] 
Liquid surface-based 
three-axis inclinometer 
[79]  
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the yaw or pitch error (Fig. 7a) [75]. To avoid the influence of yaw or 
pitch errors, it is necessary to mount the moving prism/receiver as-
sembly on the moving component of the linear axis (Fig. 7b) [75]. It 
should be noted that the laser-interferometer-based systems are sensi-
tive to external turbulences. The measurement resolution of straightness 
is also much lower than that of linear position (displacement). 

Angular error motions of a linear axes are intra-axis errors 
comprising rotational errors around the three orthogonal axes. Their 
direct measurements are carried out using, most commonly, laser angle 
interferometers, but also precision levels (inclinometers) and auto-
collimators. Both autocollimators and laser interferometers with angular 
optics can measure pitch and yaw errors but not roll error. Inclinometers 

can measure pitch and roll errors for the horizontal axes, and pitch and 
yaw errors for the vertical axis. Interferometric angle measurements use 
two parallel laser beams, generated with a beam splitter and 90◦ beam 
bender, reflected by two retroreflectors that are separated by a known 
distance [86]. The path length difference between the two laser beams is 
measured as the indication of an angular error motion. Rotational errors 
around the two axes orthogonal to the axis of motion of the component, 
which are typically called pitch and yaw errors, can be easily measured 
by changing the orientation of the instrument optics. As shown in 
Table 1, a laser angle interferometer can typically reach a high resolu-
tion of 0.001 arcsecond over a wide range of ±10◦ for separated pitch 
and yaw measurements. 

Autocollimators use a collimated light beam projected on a mirror 
mounted on a moving component and detect the position of the beam, 
reflected along the same collimated optical path, on a photodetector to 
determine the angle of the mirror with respect to the emitted beam. The 
angular error motions around two orthogonal axes (pitch and yaw) can 
be measured simultaneously with a charge-coupled device (CCD) area 
image sensor [87]. As shown in Table 1, a commercial CCD-based 
autocollimator can reach a high resolution of 0.001 arcsecond over a 
wide range of ±1000 arcseconds for simultaneous pitch and yaw mea-
surements. However, the measurement speed of the CCD-based auto-
collimator is limited on 25 Hz due to the limited sampling rate of CCD 
image sensor. As a cutting-edge technology, Shimizu et al. developed a 
photodiode-based laser autocollimator that can reach a measurement 
speed of 1 kHz with the same resolution of 0.001 arcsecond [76]. 

However, such laser angle interferometers and autocollimators 
cannot measure the angular error motion around the axis of motion (roll 
error). Conventionally, two parallel sets of straightness measurements 
separated by a known distance are used to calculate the roll angular 
error motion [16]. As a cutting-edge technology, a three-axis auto-
collimator was recently developed utilizing two detectors separated by a 
known distance and a grating reflector, capable of measuring angular 
error motions around three orthogonal axes with a resolution of 0.01 
arcsecond (see Fig. 8) [77]. A new roll measurement method using 
diffraction gratings and heterodyne interferometer with a measurement 
resolution of 0.002 arcsecond is described in Ref. [88]. 

For roll error motion around horizontal axes of motion, using elec-
tronic levels (inclinometers) is a traditional method. As shown in 
Table 1, a commercial inclinometer can reach a resolution of 3.6 arc-
seconds over a range of ±15◦. An inclinometer detects the absolute 
angle with respect to the direction of gravitational vector. Due to this 
reason, the output of an inclinometer includes not only the roll error 
motion of a linear stage but also external inclinations such as tilt angle of 
the table where the stage is mounted. As a cutting-edge technology, 
Shimizu et al. developed a differential-type roll measurement system 
where two inclinometers are mounted on the stage and the table, 
respectively. The influence of the stage inclination can then be removed 
by taking the difference of the outputs of inclinometers [78]. A new 
three-axis inclinometer [79] was recently developed for making simul-
taneous measurement of three-axis rotational error motions (pitch, yaw, 
roll) by combining a three-axis autocollimator [77] with a floating 
grating reflector. This sensor can be employed for rotational error 
measurements of not only horizontal axis of motion but also vertical 
axes of motion. 

Recent advances were also achieved in simultaneous measurement of 
six-DOF error motions. In a commercially available system [73], a light 
source unit consisting of a Helium–Neon laser source and a 
light-emitting diode (LED) source, and a receiver unit consisting of 
retroreflectors and photodetectors for the LED beam, are used for the 
measurement. Four laser beams and one LED beam are output from the 
launch unit. The three laser beams are employed for simultaneous 
measurement of linear, pitch, and yaw errors based on laser interfer-
ometry, whose specifications are similar to those of the 
conventional-type laser interferometer system shown in Table 1. The 
LED beam is employed for simultaneous measurement of straightness 

Fig. 7. Influence of the yaw error (or pitch error) on laser interferometric 
straightness measurement [75]. (a) A yaw error eyaw(x) of the moving reflector 
generates an optical path change eOP(x) in Beam 1 and − eOP(x) in Beam 2, 
causing a measurement error (D0 + x)eyaw(x)of straightness error motion in a 
moving reflector arrangement, where D0 is the distance between the center of 
the prism (O1) and that of the reflector (O2) at the starting position of the 
moving element of the stage. (b)A yaw error eyaw(x)of a moving prism/receiver 
assembly generates an equal optical path change eOP(x) in Beams 1 and Beam 2, 
which are canceled in the measurement of straightness error motion for a 
moving prism/receiver assembly arrangement. 
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and roll error motions. In the straightness measurement, a light spot 
position-sensing detector (PSD) is employed to detect the lateral shift of 
the LED beam from a corner cube mirror, which is associated with the 
straightness error motion, with a resolution of 250 nm over a range of 
±250 μm. For the roll measurement, the LED beam is passed through a 
stationary reference polarizer and a measurement polarizer where the 
beam is polarized into vertical and horizontal components. When the 
measurement polarizer rotates about the axis of the source beam, the 
intensities of the polarized components change accordingly. The roll 
angle of the measurement polarizer relative to the light source can then 
be measured from the changes of the light intensities with a resolution of 
0.12 μrad (0.02 arcsecond) and ±500 μrad (±103 arcseconds). Similar 
roll measurement technique can be seen in Ref. [74]. Meanwhile, Zheng 
et al. developed a six-DOF system in which only the positioning error is 
measured by laser interferometry and other error motions are measured 
based on laser collimation [89]. 

3.1.1.2. Rotary axis error motions. Rotary axis error motions include 
axis of rotation error motions as well as angular positioning error motion 
in the direction of the nominal axis motion. Measurements of axis of 
rotation error motions require a reference artifact representing the axis 

of rotation, which is attached to the rotating component. Displacement 
sensors attached to the opposite side of the machine tool (tool or 
workpiece side) are used to measure deviations in the relative location of 
the artifact in the sensitive direction(s) of interest as a function of the 
angular position of the rotating component [24]. The sensitive direction 
is the direction perpendicular to the workpiece surface at the 
tool-workpiece interface [24]. The reference artifact could be a preci-
sion mandrel, or two precision spheres separated by a known distance. A 
sensor nest with three or five displacement sensors is needed to measure 
radial, axial, and tilt error motions of the axis of rotation. Depending on 
the function of the rotary axis, fixed sensitive or rotating sensitive di-
rections are of interest. For fixed-sensitive direction measurements, only 
three sensors (two in the radial directions of interests and one in axial 
direction) are used. Early studies identifying and measuring axis of 
rotation errors are found in Refs. [90–92]. Although a precision artifact 
is used for these measurements, its accuracy may not be sufficient for 
measuring ultraprecision machine tool spindles and axes. Section 3.1.3 
provides details of self-calibration techniques for such applications. The 
specifications of a commercial five-sensor test system (spindle error 
analyzer) are listed in Table 2 [93]. A reference artifact with two 25.4 
mm diameter master spheres made of stainless steel is employed. The 
distance between the centers of the two spheres are designed to be 76.2 
mm. When using a capacitive sensor with a resolution of 1 nm, the 
resolution of tilt error measurement is calculated to be approximately 
0.003 arcseconds. 

As a cutting-edge technology, Gao et al. presented a multi-probe 
method for multi-DOF (MDOF) spindle error measurement by using 
two-dimensional (2D) surface slope sensors [99]. Each sensor detects the 
2D local slopes of a point on a cylindrical artifact, along the tangential 
and the axial directions, respectively. The radial and tilt error motions 
can be simultaneously measured from the 2D outputs of the sensor, 
respectively. The four-DOF radial and tilt error motions can be simul-
taneously measured by using two 2D slope sensors with a 90◦ angular 
spacing. Other cutting-edge technologies on spindle error measurement 
are summarized in Ref. [101]. 

Axis of rotation error motions of rotary tables and spindle heads are 
also critical machine kinematic errors, which need to be measured. The 
direct measurements of these error motions use the same principles and 
instruments used for spindle measurements. 

The angular positioning errors of rotary tables and rotating spindle 
heads can be significant sources of inaccuracies in workpieces. Several 
methods of direct measurements are listed in Ref. [16], including using a 
polygon mirror with an autocollimator, a reference angle encoder, and a 
reference indexing table with a laser angle interferometer. Table 2 shows 
examples of state-of-the-art measuring instruments for direct measure-
ment of the rotary-axis error motions illustrated in Fig. 1. The combi-
nation of a polygon mirror and an autocollimator is the most traditional 
method and it is still well used by national measurement institutes 
where polygon mirrors are used as angular transfer standards. However, 
it is not often used in machine tool calibration due to its limited 
measurable angular positions. For calibration of low-speed rotary tables 
of machine tools, the combination of a reference indexing table with a 
laser angle interferometer can be selected. One of the most significant 
advantages of such a system, compared with the reference angle encoder 
and the combination of a polygon mirror and an autocollimator, is its 
large tolerance against the centering alignment error of the reference 
indexing table with respect to the rotary axis for measurement. For the 
system listed in Table 2, the tolerance for centering the reference 
indexing table is approximately ±1 mm, which makes the centering 
alignment easy. For calibration of higher speed rotary tables of machine 
tools, a reference angle encoder would be a better choice. For the 
reference angle encoder listed in Table 2, the maximum measurable 
rotational speed is 1000 rpm. As a cutting-edge technology, Lou et al. 
presented a multi-head rotary encoder that can measure radial error 
motions of a rotary axis [97] where the radial error motions along the Y- 
and X-axis can be obtained from the pair of scanning heads A, B, and that 

Fig. 8. Principle of a three-axis angular measuring autocollimator (LD – laser 
diode, PBS – polarized beam splitter, QWP – Quarter wave plate) [77]. A 
collimated laser beam from a laser diode is projected onto a grating reflector 
mounted on a linear stage. The reflected 0th-order diffracted beam is received 
by an autocollimation unit, which consists of a collimator objective and a 
quadrant photodiode, for detecting the pitch and yaw errors. The reflected 
1st-order diffracted beam is received by another autocollimation unit for 
detecting the roll error. 
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of scanning heads C, D, respectively (Fig. 9). Liu et al. proposed a new 
type of absolute angle encoder [98] based on the principle of time gating 
using capacitive sensors [102] [103]. The sensor utilizes an orthogo-
nally alternating electric field to build a reference system with high 
uniform velocity, connecting space displacement and time reference. 
This makes the sensor to achieve a high resolution of position with a 
sub-millimetric scale line spacing, which significantly reduces the 
requirement on the manufacturing precision and cost. Meanwhile, 
self-calibration methods shown in Section 3.1.3 can be employed to 
calibrate the rotary encoder errors. 

On the other hand, due to the relatively large sizes of the instruments 
listed in Table 2 and the workspace limitations of a machine tool, they 
are difficult to use, especially in the case of measuring rotary spindle 
heads. Therefore, indirect methods described in the following sections 
are more common to quantify such error motions [104]. provides a 
detailed analysis of a method using a reference indexing table and laser 
interferometer applied to off-axis measurements involving coordinated 
motions of linear and rotary axes, where the actual axis of rotation is 
difficult to access such as the case of rotary spindle heads. 

3.1.2. Indirect measurement of quasi-static error motions 

3.1.2.1. General formulation of indirect measurement. As described in 
Section 2.1.1, every axis can have six intra-axis kinematic errors (error 
motions). Their direct measurement, reviewed in Section 3.1.1, can be 
time-consuming, and requires multiple measuring instruments, as well 

Table 2 
State-of-the-art measuring instruments for direct measurement of the rotary-axis error motions illustrated in Fig. 1.   

Reference indexing table with 
laser angle interferometer [94] 

Reference angle encoder [95] Polygon mirror [96] with 
Autocollimator [66] 

Five-sensor test system (spindle 
error analyzer) [93]) 

Angular positioning error 
ECC 

Resolution: 0.1′′

Accuracy: ±1′′

Range: 360◦

Resolution: 0.02′′

Accuracy: ±1′′

Range: 360◦

Autocollimator 
Resolution: 0.001′′

Accuracy: 0.1′′

Polygon mirror 
Accuracy: 2′′

Measurement interval: 30◦ (12 
faced polygon) 
Range: 360◦

Not applicable 

Radial EXC,EYC, 
and axial EZC error motions 

Not applicable Capacitive sensors 
Resolution: 1 nm 
Range: ±100 μm 
Linearity: 0.2% of range 
Precision spheres 
Sphere diameter: 25.4 mm 
Material: stainless steel 
Roundness: 50 nm 

Tilt error motions 
EAC ,EBC 

Resolution: 0.003′′

Range: ±270′′

Linearity: 0.2% of range 
Dual-sphere target 
Sphere distance: 76.2 mm 

Measurement speed or sensor 
bandwidth/ 

10 rpm 1000 rpm 25 Hz (autocollimator) 50 kHz 

Complexity of setup and 
alignment 

Complicated setup but no strict 
requirements on centering 
alignment of the reference 
indexing table 

Simple setup but strict 
requirements on centering 
alignment of the reference 
rotary encoder 

Simple setup but strict 
requirements on centering 
alignment of the polygon 
mirror 

Complicated setup and strict 
requirements on alignment of the 
gaps between the artifact and the 
sensors 

Robustness to environmental 
disturbances 

Sensitive to temperature, 
humidity and pressure variations 

Robust to environmental 
disturbances 

Sensitive to air flow Sensitive to mechanical vibrations 

Estimated cost (may vary with 
manufacturer, system 
configuration, purchasing 
area and time) 

70k US$ (including laser angle 
interferometer) 

10k US$ Polygon mirror (12 faces): 12k 
US$ 
Autocollimator: 40k US$ 

70k US$ 

Cutting-edge technology Auto-calibration [94], 
Self-calibration of indexing table 
[Section 3.1.3] 

Multi-head rotary encoder for 
radial error measurement [97] 
Absolute angle encoder based on 
time grating [98] 
Self-calibration of angle encoder 
[Section 3.1.3] 

Self-calibration of polygon 
mirror [Section 3.1.3] 

Spindle error measurement by 
using angle sensor unit [99] [100] 
Self-calibration of ball roundness 
[Section 3.1.3]  

Fig. 9. Measurement of radial error motions of the grid disc of a rotary encoder 
by using four scanning heads [97]. In addition to the rotary position θ, the 
radial error motion components along the X- and Y-directions can be obtained 
from the four scanning heads A, B, C, D.εA(θ), and εA(θ)are the rotary position 
measurement errors in scanning heads A and B, respectively, caused by the 
Y-directional radial error motion δy(θ). (Figure courtesy of Dr. Yindi Cai). 
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as an experienced operator. Typically, direct measurement of individual 
error motions is essential for accuracy check or mechanical adjustment 
during machine assembly. To diagnose error sources for a fully assem-
bled machine, or to perform numerical compensation, indirect mea-
surement can be a practical option [105]. 

When the functional point is positioned at an arbitrary position, all 
the error motions of the axes can influence its position. This relationship 
of quasi-static error motions to errors in the tool center point (TCP) 
position can be formulated by the quasi-static kinematic model in Sec-
tion 4.1. By “best-fitting” the model’s prediction to the measured po-
sitions, error sources included in the model can be estimated. Such a 
model-based identification of error motions is called “indirect mea-
surement” by Schwenke et al. [1]. 

Error identification by indirect measurements can be generally 
formulated as follows. Suppose that the k-th TCP position in the work-
piece coordinate system (CS) is given by p(k)∈ℜ3 (see Section 4.1 for the 
term “workpiece CS”). Denote the measurable projection of the TCP 
position by Φ(p(k)): ℜ3→ℜd, where d represents the dimension of the 
measurement (the number of axes involved) (d = 1, 2 or 3). Many 
measuring instruments only measure the projection of the TCP position 
onto a line or a plane. Example 1: By probing a sphere at the 
pre-calibrated position (see Fig. 10a and b), the three-dimensional 
(3D) positioning error of the TCP can be directly measured, and thus 
Φ(p(k)) = p(k). Example 2: In the circular test by using the telescoping 
ball bar (see Section 3.1.2.2), only its projection in the radial direction 
of the TCP circular trajectory can be measured, and thus Φ(p(k)) = p(k)⋅v 
(k)∈ℜ, where v(k)∈ℜ3 represents a unit direction vector of the tele-
scoping ball bar. Example 3: In the flank milling of a face (see Fig. 10e 
and f), the geometry of the finished face is determined by Φ(p(k)) = p(k)⋅ 
v(k)∈ℜ, where v(k)∈ℜ3 represents a unit vector normal to the machined 
face. 

Suppose that X represents a set of all the error sources to be identi-
fied. Example 1: X contains eight inter-axis errors of two rotary axes 
(see Figs. 2 and 3) in a five-axis machine tool. Example 2: X contains the 
linear positioning error motion of a linear axis. The error motion, an 
intra-axis error, is position-dependent (see Section 2.1.1) and can be 
represented by a lookup table with the prescribed set of command po-
sitions as input. The table can also be direction-dependent to represent 
the bidirectional linear positioning error motion. Then X is given by: 

X = [EXX(x1, + 1),…,EXX(xN , + 1),EXX(x1, − 1),…,EXX(xN , − 1)] (1)  

where xi represents the nominal axis position and “+1” and “-1” indicate 
the direction of axis motion. 

Denote the model, f, describing the relationship of a k-th set of the 
command positions of all the axes, q*(k) ∈ℜN, where N represents the 
number of axes involved, and the error sources, X, to the TCP position, 
p̂(k) ∈ R3, by: 

p̂(k) = f (q∗(k),X ) (2) 

When φ(k)∈ℜd represents the measured values, X can be identified 
by solving: 

min
X

∑N

k=1
‖Φ(p̂(k)) − φ(k)‖ (3) 

Numerous research works on indirect measurements can be catego-
rized by 1) measuring schemes, which determine Φ, and 2) the error 
sources to be identified, X. 

3.1.2.2. Linear axis error motions.  

I) Cirular test 

The circular test, typically performed with a telescoping ball bar, is 
probably the most widely accepted indirect measurement by machine 
tool builders and users. It was first presented by Bryan [106] and is 

described in ISO 230–4:2005 [107]. Other instruments can also be used. 
For example, for small-radius and high-speed tests, a two-dimensional 
digital scale is preferable [108]. 

As a simple example, the squareness error of two orthogonal linear 
axes makes the contour error profile elliptic and tilted by 45◦ [107]. In 
other words, the squareness error can be identified by best-fitting an 
ellipse to the measured contour error profile or by adjusting the 
out-of-squareness parameter in the error model so that the model pre-
diction fits the measurement data. This illustrates a simplest form of 
indirect measurement [2]. Typically, the circular test is not sufficient to 
uniquely determine all the error motions of linear axes by numerical 
best-fitting as shown in Eq. (3) [109]. Instead, the influence of typical 
error motions on the circular test can be simulated [110] [111] [107]. 
With a good understanding of the machine kinematics, a user can esti-
mate dominant error causes.  

II) 3D or 2D position measurement by artifact 

To measure the 3D position of the TCP, in other words, to measure 
Φ(p(k)) = p(k) in Eq. (3), an established method is the measurement of 
calibrated artifacts by the machine using a suitable probing system 
mounted in the spindle. Artifact-based verification is well established for 
coordinate measuring machines (CMMs) [112] [113]. When a 
one-dimensional single ball array artifact is aligned to a linear axis, the 
linear positioning and straightness error motions can be directly 
measured [114] [115]. When it is measured at multiple positions and/or 
orientations over the entire workspace, all the errors can be measured in 
an indirect manner [116] [117]. This principle was extended to a 2D ball 
array or 2D hole plates [118] [119] or 3D ball plates [120] [121] (see 
Fig. 10a), Various design variants, such as spheres on diagonal stairs 
[122] (see Fig. 10b), or a set of cubic artifacts [123], have been pre-
sented. A good review on various artifacts for CMMs and machine tools 
is in Ref. [124]. 

The 2D digital scale (Fig. 10c) uses a 2D grid as a reference [131]. 
Recent works have studied vision-based 2D measurement using a grid 
[132] [133] [134]. Vision-based 3D measurement has been also studied 
[135] but ensuring measurement accuracy sufficient for machine tool 
calibration is a research challenge. 

Artifact-based measurements have the following common issues: 1) 
the machine’s position can be measured only at the reference points on 
the artifact, which typically requires a large artifact to evaluate large 
workspaces; 2) the artifact’s geometric accuracy significantly influences 
the measurement accuracy. A self-calibration using reversal techniques 
can potentially reduce the uncertainty due to the artifact’s geometric 
errors, excluding overall scale (see Section 3.1.3). For example, self- 
calibration for a 2D digital scale is presented in Ref. [136].  

III) Distance measurement 

When the TCP positions are nominally constrained on a line, the 
projection of the 3D positioning error along the line can be measured 
using a length measuring instrument, typically a laser interferometer. In 
other words, Φ(p(k)) = p(k)⋅ vn ∈ℜ, where vn∈ℜ

3 represents the unit 
direction vector of the laser beam, fixed at the n-th location. By properly 
designing multiple lines measured over the workspace, all the error 
motions of linear axes can be identified indirectly [137] [138] [139] 
[140]. 

The diagonal test, described in ISO 230–6:2002 [141], and the 
step-diagonal test [142], can be seen as variants of such distance mea-
surement schemes with fixed laser lines. The diagonal test can assess the 
squareness errors between linear axes but no other error motion can be 
separately quantified [143] [82] [144]. The step-diagonal test can 
additionally quantify the linear positioning and straightness error mo-
tions of linear axes [142] [145] [146] but it fails when a linear axis has 
excessive angular error motions [147] [148]. An attempt has been re-
ported in Ref. [149] to quantify angular error motions by increasing the 
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Fig. 10. Measuring instruments for indirect measurement of linear axis error motions. (a) 3D ball plate in Ref. [120]. The balls of the pre-calibrated 3D position are 
probed. The vertical position of the ball plate can be changed with a kinematic coupling. (b) diagonal hole artifact in Ref. [122]. The holes of the pre-calibrated 
position are aligned along face diagonals, such that 3D error motions of three linear axes can be identified. (c) 2D digital scale [125]. The 2D position of an op-
tical detector can be measured by scanning orthogonally aligned gratings. (d) tracking interferometer [126] [127] [128]. It is a laser interferometer with a steering 
mechanism so that the laser beam automatically follows the target retroreflector. (e) multilateration by a laser interferometer attached to a spindle-side rotary axis in 
Ref. [129]. The rotary axes are indexed such that the laser beam is nominally directed to the target retroreflector. (f) multilateration by a telescoping ball bar of 
longer range [130]. The telescoping bar lengths are measured for the multilateration. 
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number of measured lines. 
A tracking interferometer (the term in ISO 230–1 [16]) continuously 

measures the distance (displacement) to a retroreflector moving in space 
by automatically regulating the laser beam direction to it. It can be 
applied to the indirect measurement of all the linear axis error motions 
[150] [151] [152] [153] based on the multilateration principle [16]. A 
commercial tracking interferometer with this indirect measurement al-
gorithm is available [126] [127] [128] (Fig. 10d). Its measurement can 
be written as: 

Φ(p(k))= p(k)⋅(p(k) − Pn) / ‖p(k) − Pn‖ (4)  

where Pn∈ℜ
3 denotes the n-th position of the tracking interferometer. 

The uncertainty of the multilateration-based indirect measurement 
heavily depends on the measurement procedure, particularly target 
command positions and tracking interferometer positions, and many 
researchers presented numerical uncertainty assessments, as well as 
experimental investigations [154] [155] [134] [156]. 

Table 3 summarizes indirect measurement methods for linear axis 
error motions. The measurement schemes can be categorized by 1) the 
model DOF in X (two or three axes) and 2) the measurement DOF in Φ 
(1D: distance measurement over a line, 2D: 2D position measurement 
over a plane, 3D: 3D position measurement). 

As a recent achievement, less expensive alternative schemes have 
been developed to perform the multilateration. The schemes include, 1) 
Tracking in “open-loop” manner: The multilateration can be performed 
by changing the laser beam direction based on the known target com-
mand position given a priori (Fig. 10e [129]). The laser beam orienta-
tion error, due to the machine tool’s positioning error, would not cause 
significant uncertainty in the length measurement [157] [158] [129]. 
2): Tracking by a physically connected link (Fig. 10f): a telescoping laser 
ball bar connects two spheres, one at the TCP and the other on the work 
table, by a link and measures the distance between them by a laser 
interferometer. The telescoping ball bar of a longer measurable range is 
not restricted to a circular path, and can be applied to arbitrary paths 
within its measurable range [159][160] [161]. By having three ball 
bars, or by three successive measurements with different positions of the 
reference sphere, the TCP 3D position can be measured [130], by using 
the multilateration. Six measurements enable the estimation of both 
position and orientation errors [162]. To further increase the measur-
able range, some researchers [52][163] combined two links with a ro-
tary joint to measure the distance from the angle between them. More 
complex passive multi-axis mechanisms are also possible for 3D position 
measurement [164]. For such multiple-link mechanisms, attention 
should be paid to the uncertainty due to the kinematic errors in the 
measuring mechanism itself. 

Recently, extension to non-rigid body influences has also been ach-
ieved. The majority of past works assume the rigid-body kinematics 

model (see Section 4.1) to describe and evaluate the error motions of 
each axis. Particularly on large-sized machine tools, error motions that 
do not satisfy this rigid-body assumption may have a significant impact 
on the machine’s overall volumetric accuracy (see Fig. 39 in Section 
4.1). The indirect measurement based on Eq. (3) is not restricted to a 
rigid-body kinematics. The model containing non-rigid body motions, as 
will be discussed in Section 4.1, can be adopted for the model, f, in Eq. 
(2) [165]. 

3.1.2.3. Rotary axis error motions. When a tool or a work table is 
orientated by a rotary axis (axes), rotary axis intra- or inter-axis errors 
can be included in the kinematic model f in Eq. (2), and thus their in-
direct measurement can be represented in the same formulation of Eq. 
(3). The measured displacements, φ(k), can be in the workpiece CS or 
the machine CS, depending on the measuring instrument setup.  

I) Single-point tests 

When the TCP is nominally constrained to a fixed point in the 
workpiece CS, the actual displacement of a precision sphere at the TCP 
can be measured by one or more linear displacement sensor, with a small 
measuring range, fixed on the work table. During the indexing of the 
rotary axis (axes) at a given set of angular positions, the nominally fixed 
TCP in the workpiece CS is achieved by positioning linear axes accord-
ingly. For rotary axes on the tool side, this test is essentially the same as 
the single point articulation test for the verification of a robotic articu-
lated arm described in ISO 10360–12:2016 [166]. Bringmann et al. [22] 
called it the “chase-the-ball test” for rotary axes on the workpiece side 
(rotating work table). 

The application of the telescoping ball bar to this test has been re-
ported since the 1990s [167] [168] [169] [20] [30] [44], where it is 
used simply as a linear displacement sensor for a precision sphere 
nominally fixed in the workpiece CS (Fig. 11a). The same test can be 
done by any linear displacement sensors, for example, a dial gauge. Due 
to the wide acceptance of the telescoping ball bar in the machine tool 
industry, its application to rotary axis indirect measurement has been 
reported by numerous researchers even lately [170] [171] [172]. By 
using a nest of three linear displacement sensors, the precision sphere’s 
3D small displacements can be measured. The application of a sensor 
nest to measure the error motions of a spindle has a long history [24] 
[173]. A comprehensive approach to its application to measure the 
intra- and inter-axis kinematic errors of rotary axes was first presented 
by Weikert et al. as the R-Test (Fig. 11b) [174] [22]. The single-point 
tests, performed either by the telescoping ball bar, a linear displace-
ment sensor, or the R-Test, are adopted in ISO 10791–6:2014 [36]. 
While many works employed contact linear displacement sensors for the 
R-Test (Fig. 11b), some works presented an R-Test instrument with 
non-contact displacement sensors, including capacitive sensors [175], 
eddy current sensors [176], refraction-based laser displacement sensors 
[177], and triangulation-based laser displacement sensors [178] [179]. 
A commercially available non-contact R-Test instrument is shown in 
Fig. 11c [115]. 

The single-point test can also be conducted using a touch-trigger 
probe, which is available on many machining centers in today’s mar-
ket. When a user places a precision sphere on a machine table and 
measures its position using the machine probe, the sphere’s position can 
be probed at various rotary axis angular positions in an automated 
manner [184] [185]. 

When a rotary axis rotates, the measured position of a sphere 
attached to it forms a nominally circular (arc) trajectory. The center 
position and orientation of the trajectory are determined by the position 
and orientation of the rotary axis average line in the machine CS (inter- 
axis errors) whereas its shape is determined by the position-dependent 
error motions of the rotary axis. This is the principle for their indirect 
measurement. The contribution of position-dependent error motions can 

Table 3 
Summary of indirect measurement schemes for linear axis error motions. A: 
artifact-based (including linear encoders), O: optical.   

Measurement DOF in Φ 

1D (distance 
measurement) 

2D 3D 

Model 
DOF 
in X 

2D A: Telescoping ball bar A: 2D digital 
scale ( 
Fig. 10c) 
A: 2D 
machining 
test pieces  

3D (X, 
Y, and 
Z-axes) 

A:/O: Multilateration ( 
Fig. 10d, e, f) 
O: Multi-line distance 
measurement (including 
diagonal and step- 
diagonal tests) 

A: 2D ball 
grid ( 
Fig. 10a) 

A: 3D 
artifact ( 
Fig. 10a and 
b) 
A: 3D test 
piece  
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Fig. 11. Indirect tests for rotary axis error motions. (a) telescoping ball bar setups for A-axis in Ref. [30]. With the A-axis rotation, linear axes are regulated such that 
the telescoping ball bar is nominally in the axial or tangential direction of A-axis. It measures the radial and angular positioning error motions of A-axis, assuming 
that linear axis error motions are negligibly small. (b) an R-Test setup. Similar to a), with the rotation of rotary axes, linear axes are regulated such that the sphere is 
nominally not displaced with respect to the work table. Three displacement sensors measure the sphere’s actual 3D displacement. (c) a commercially available R-test 
device [115]. It has non-contact displacement sensors. (d) a set of spheres to be probed on a five-axis horizontal machine in Ref. [180]. As rotary axes are indexed, the 
spheres are probed to observe not only linear error motions but also angular error motions of rotary axes. (e) the pyramid machining test piece in Ref. [181] [182]. 
Each step is machined at different angular positions of rotary axes. Linear and angular error motions of rotary axes are copied to the geometric errors of the finished 
test piece. (f) the machining test piece in Ref. [183] [182]. Thermal influence on position and orientation errors of a rotary axis can be observed from the geometric 
errors of the finished test piece. 

W. Gao et al.                                                                                                                                                                                                                                    



International Journal of Machine Tools and Manufacture 187 (2023) 104017

14

be determined by removing the reference circle (e.g., least square circle) 
and analyzing the residuals. However, to separate linear and angular 
position-dependent error motions, the repeated single point tests need to 
be carried out with multiple spheres or artifacts with different geome-
tries. The application of the R-Test to measure rotary axis error motions 
(intra-axis errors) is presented in Ref. [186] [187] [188]. Analogous 
measurements are possible with other measuring instruments, for 
example, the telescoping ball bar [170], but the efficiency of the 3D 
measurement is a strong advantage of the R-Test. 

The heat generated by a rotating spindle can cause machine kine-
matic errors. The tests reviewed above should be performed in a thermal 
condition as close as possible to actual machining conditions, typically 
by sufficient machine warm-up. The machine kinematic errors during 
machining operations should be ideally identified with a rotating spin-
dle, but the tests reviewed above can be performed only when the ma-
chine spindle stops. This typically causes a rapid initial thermal drift that 
can be challenging for indirect methods to estimate kinematic errors. 
Ibaraki et al. [189] [190] used a non-contact laser barrier tool mea-
surement system to perform essentially the same single-point test by 
measuring the position of a rotating tool. The machining tests, reviewed 
below, can observe machine geometric errors as the spindle continu-
ously generates heat.  

II) Measurement of the position and orientations of the axis of 
rotation 

A machine probe can measure multiple points at each stationary 
position of the rotary axes. This information can be used to estimate 
static orientations of the axis of rotation and static angular and linear 
error motions of rotary axes. Multiple blocks [191] and a rectangular 
block [192] [193] can be used as targets. Mayer et al. [180] [35] [194] 
used a set of spheres fixed on a machine table at uncalibrated positions 
(Fig. 11d). 

By machining a workpiece using different stationary positions of the 
rotary axes, the effect of the position and orientation of the rotary axis 
with respect to the machine CS can be observed from the finished 
workpiece’s geometry. Ibaraki et al. [181] showed that rotary axis inter- 
and intra-axis errors can be indirectly identified from the geometry of 
any finished test pieces, but the sensitivity of each error depends on the 
test piece geometry. For the indirect measurement, the test piece ge-
ometry should be designed to maximize the sensitivity and distin-
guishability of the errors to be identified. 

A set of simple machining tests is presented in Ref. [14] [195] to 
quantify the rotary axis inter-axis errors. Similar machining tests, per-
formed at different angular positions of the rotary axis, are integrated 
into the pyramid test piece [181] [192] [196] [189] [197] (Fig. 11e). 
Various machining tests were presented for different types of machine 
tools. Morimoto et al. [198] presented a machining test using a 
non-rotating tool. Ibaraki et al. [199] presented a machining test for 
turning operations with the angular indexing of a test piece. Arizmendi 
et al. [200] analyzed five-axis machined elliptical dimples. Huang et al. 
[201] presented a machining test such that the influence of the rotary 
axis inter-axis errors is visually quantifiable. ISO 230–12:2022 [23] 
presents many machining tests that can be applied to the indirect 
measurement of intra- and inter-axis errors. 

By repeatedly performing the same machining operation, one may 
observe a change in the geometry of the finished test pieces, which is 
typically caused by thermal effects. The machining test proposed by 
Wiessner et al. [183], and the one in Ref. [181], are adopted as thermal 
machining tests in ISO 10791–10:2022 [182]. 

The test pieces for indirect measurement are typically machined with 
rotary axes fixed at the prescribed angular positions. However, ISO 
10791–7:2020 [202] proposes the cone frustum and the S-curve test 
pieces, which are machined by dynamic, simultaneous five-axis mo-
tions. Researchers showed that it is not possible to separately quantify 
all the rotary inter-axis errors from the finished cone frustum test piece 

[203] [31] and the S-curve test piece [204]. In other words, these tests 
are not suitable for indirect measurement. The S-curve test shows the 
influence of dynamic errors of each axis [205].  

III) Separation of linear and rotary axis error motions 

All the tests reviewed here somehow measure the relative displace-
ment between the tool-holding and workpiece-holding components. 
Thus, they involve the positioning not only by rotary axes but also by 
linear axes. This is a common potential challenge when error motions of 
a rotary axis are indirectly identified. Many previous studies assume 
negligibly small linear axis error motions. Bringmann et al. [206] [207] 
discussed the influence of linear axis error motions on the uncertainty in 
the estimation of rotary axis inter-axis errors. They established an 
assessment methodology of the uncertainty propagation from the linear 
axis error motions based on the Monte Carlo simulation [208]. They 
showed that linear axis error motions can be a major uncertainty 
contributor and stated that “you have to pay for bad axes twice” [206]. 
Analogous uncertainty assessment was presented in many other works, 
e.g., Ref. [191] [189]. 

When the measured artifact, e.g., a precision sphere, is placed 
nominally on the axis of rotation, rotary axis error motions can be 
measured without linear axis motions. This setup is equivalent to the 
direct measurement method in Section 3.1.1. This test can be done by e. 
g., the R-Test (ISO 230–7:2015 [24] and ISO/DIS 10791–2:2022 [209]) 
or the telescoping ball bar [210]. This test may not be applicable to 
every rotary axis; for example, it is difficult to apply to a table-side 
swivel axis having its centerline below the table surface, or a tool-side 
swivel axis having its centerline at a distance from the TCP. Multi-
lateration can be used to measure the rotary axis error motions without 
moving linear axes [127]. 

Indirect “best-fitting” approaches to the identification of linear or 
rotary axis kinematic errors are well matured, and thus fewer re-
searchers have adopted machine learning approaches to this problem. 
Rooker et al. [211] applied a pattern recognition approach, based on the 
Convolutional Neural Network (CNN), to the measured trajectories in 
the single-point test, for fault monitoring in the five-axis kinematics. The 
authors of [211] stated that “the approach, presented in this paper, is not 
intended as an improved alternative to the mature methods of the field 
… The general pattern recognition model could provide high-level fault 
detection, the ability to detect non-kinematic faults and robustness 
against trajectories influenced by machine-specific signatures.” Fault 
monitoring through the observation of a change in linear or rotary axis 
quasi-static kinematic errors, by applying machine learning approaches, 
have been presented in Ref. [212] [194] [213]. 

Self-calibration schemes, reviewed in Section 3.1.3, can be an 
approach to the separation of linear and rotary axis error motions. This 
will be reviewed in Section 3.1.3.3. 

Table 4 summarizes indirect measurement schemes for rotary axis 
error motions. Indirect tests can be categorized based on whether they 
involve linear axes, or rotary axis (axes) only, and whether they measure 

Table 4 
Summary of indirect measurement schemes for rotary axis error motions. A: 
artifact-based (including linear encoders), O: optical.  

Schemes Measurement of positions 
(single point tests) 

Measurement of positions and 
orientations 

Tests involving 
rotary and 
linear axes 

A: Telescoping ball bar ( 
Fig. 11a) 
A: R-Test (Fig. 11b and c) 
A: Probing of sphere 

A: Probing of artifact with 
orientations, e.g., multiple 
spheres (Fig. 11d) 
A: Machining tests (Fig. 11e 
and f) 

Tests involving 
rotary axis 
(axes) only 

A: Same as above, with 
sphere located on the axis of 
rotation 
O: Multilateration 

O: Multilateration (with 
multiple targets)  
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target positions, or both positions and orientations. 

3.1.3. Self-calibration methods 
In precision or ultraprecision machining, high motion accuracies are 

required for each of the machine axes [214]. As presented in Sections 
3.1.1, artifacts such as straightedges and spheres, as well as angular 
scales such as polygon mirrors, indexing tables, and angle encoders are 
employed as the references in direct measurement of the error motions. 
Similar artifacts and measuring instruments are also employed in indi-
rect measurement of error motions as shown in Section 3.1.2. However, 
for precision machines, the magnitudes of the machine error motions 
may be comparable to those of the form errors of the reference artifacts 
or the measurement errors of the measuring instruments. It is also 
desired to measure machine error motions under loaded conditions, 
where the actual workpiece is mounted on the machine. A precision 
drum lathe is such an example, where a roll (cylindrical) workpiece with 
a mass up to several thousands of kilograms is mounted on the spindle. 
In such cases, it is effective to employ an error-separation method for 
self-calibration of the reference artifact, in which a set of simultaneous 
equations are established from the displacement probe outputs for 
estimating both solving the motion error and the artifact form error 
mathematically [215] [216] [99] [217]. Evans et al. [216] provided a 
comprehensive overview of self-calibration methods over wide areas of 
dimensional metrology in 1996. In the following, advances in 
self-calibration of artifact form errors for direct measurement of slide 
and spindle errors are focused in responding to the significant 
achievements over this field. Recent progress in self-calibration of 
angular scales for direct measurement of angular positioning errors as 
well as self-calibration methods for indirect measurement are also pre-
sented briefly. 

3.1.3.1. Self-calibration for direct measurement of slide and spindle 
errors. As summarized in Tables 5–7, based on how the simultaneous 
equations are established for slide and spindle error measurements, 
conventional self-calibration techniques can be classified into 1) the 
multi-step approach including the reversal method [218] [219] and the 
multi-position method) [220], 2) the multi-probe approach [221] [222] 
[223] [224] [225] [226] [227] [228], and 3) the hybrid approach of 
combining the multi-probe and the multi-step approaches [229]. In a 
multi-step approach, the equations are established from the outputs of a 
probe acquired in multi-step scan operations over the artifact surface. In 
each step, the positions of the artifact, the probe, and spindle/slide are 
changed with respect to each other. It should be noted that in practical 

implementation of the reversal method [230] [231], two probes are 
often employed so that the reversal operation of the probe can be 
removed. In a multi-probe approach, multiple probes are placed at 
different positions against the artifact. The equations are established by 
using the outputs of the probes acquired in one scan operation over the 
artifact surface. Although specified for measurement of carriage slide 
errors of precision drum lathes, the hybrid approach that combines the 
multi-probe configuration with multi-step measurements is also avail-
able more broadly [229]. The following provides and overview of the 
three types of approaches are explained in details.   

I) The multi-step approach 

Straightedge reversal is the most traditional multi-step method [250] 
[81]. It has been standardized for slide straightness error motion 

Table 5 
Summary of multi-step self-calibration techniques.  

Category Method Configuration/tips 

Spindle error 
measurement 

Slide error 
measurement 

Multi-step approach:  
- Multiple scans  
- Constant harmonic 

sensitivity  
- Can only measure 

repeatable error 
motion components  

- Can only measure 
slide out-of- 
straightness but not 
slide misalignment 
angle  

- Major uncertainty 
source: repeatability 
of motions, probe 
calibration and 
stability error 

Reversal 
method 

1 displacement probe +1 reversal 
operation of workpiece and probe [218] 
[232] [219] 
- Reversal operation of probe can be 
replaced by adding one more displacement 
probe [233]  
- Spindle reversal 

method 
available for 
large roll lathe 
[233]  

- Accurate 
positioning of 
workpiece 
necessary in 
reversal 
operation 

Multi- 
position 
method 

1 displacement 
probe + N rotary 
indexing 
operations 

Not applicable.  

- Time-consuming 
indexing process  

Table 6 
Summary of multi-probe self-calibration techniques.  

Category Method Configuration/tips 

Spindle error 
measurement 

Slide error 
measurement 

Multi-probe 
approach  
- Single scan  
- Inconstant 

harmonic 
sensitivity  

- Short 
measurement 
time  

- Can measure 
both repeatable 
and non- 
repeatable mo-
tion error 
components  

- Can only 
measure slide 
out-of- 
straightness but 
not slide 
misalignment 
angle  

- Major 
uncertainty 
sources: loss of 
specific 
harmonic 
components, 
probe 
calibration 
error, zero- 
adjustment 
error in 
straightness 
measurement 

Multi- 
displacement 
probe method  

3 displacement 
probes [215] 
[221] [222] 
[228] [234] 
[235]  

3 displacement 
probes [236] 
[237] [238],  

2 displacement 
probes + 1 
external 
autocollimator 
[239]  

- Asymmetric 
probe setup 
necessary for 
reducing 
harmonic loss  

- Asymmetric 
probe setup 
necessary for 
reducing 
harmonic loss, 
accurate probe 
zero-adjustment 
necessary for 
reducing para-
bolic calculation 
error in three- 
probe 
configuration  

- Simplified two- 
probe configura-
tion possible 
[240] [241] 
[242] 

Muti-slope 
probe method  
- Only for 

mirror surface 

Three slope 
probes [100] 

Two slope probes 
[243] [244]  

- Asymmetric 
probe setup 
necessary for 
reducing 
harmonic loss  

- Accurate zero- 
adjustment 
necessary for 
reducing para-
bolic calculation 
error  

- Configurations of 
1 slope probe+1 
external 
autocollimator, 1 
slope probe +
pentaprism 
available 

Mixed method  
- Use both slope 

and 
displacement 
probes  

2 displacement probes+1 slope probe 
[245] [246], or,  

1 displacement probe +2 slope probes 
[99]  

- 1 displacement 
probe+1 slope 
probe 
(orthogonal 
mixed method) 
available [241]  

- Accurate probe 
zero-adjustment 
necessary for 
reducing para-
bolic calculation 
error  
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measurement of precision machines [16]. Fig. 12 shows the imple-
mentation of the straightedge reversal method for accurate measure-
ment of the horizontal straightness error motion eZ(x) of a V–V bearing 
X-slide and the form error fZ(x) of a 150 mm long Zerodur straightedge 
on a T-based diamond turning machine [232]. The straightedge is 
sandwiched by two capacitive probes (Probes 1 and 2) along the Z-di-
rection. The fixture mounting the probes is placed and kept stationary on 
the workpiece spindle of the machine. From the probe outputs before 
and after a reversal operation of the straightedge about the X-axis, the 
peak-to-valley (PV) values of eZ(x) and fZ(x) were measured to be 
approximately 80 nm and 15 nm, respectively, over a travel of 80 mm. 

The straightedge reversal method has also been applied to vertical 
out-of-straightness measurement [75] [251]. However, in such a mea-
surement, the deflection of straightedge caused by the gravity force can 
be an uncertainty source for slides with a long stroke where a long 
straightedge is needed. 

The reversal method was applied by Donaldson in 1972 for sepa-
rating the spindle error motion from the roundness error of a precision 
sphere artifact [218]. Compared with the straightedge reversal opera-
tion in straightness and slide error measurement, the reversal operation 
to separate sphere roundness and spindle error from combined mea-
surement is much easier in most cases. On the other hand, it is some-
times expected to measure the spindle error under loaded conditions 
where an actual workpiece is mounted on the spindle, i.e., the workpiece 
is employed as the artifact for measurement instead of a test sphere. This 
is especially important for large drum lathes. Commercially available 
drum lathes have a cylindrical workpiece capacity of up to 500 mm 
(diameter) × 2000 mm (length) [233]. The mass of such a roll workpiece 
can reach 3000 kg. Due to the heavy mass, it is difficult to make the 
reversal operation of the workpiece with respect to the spindle angular 
position. Lee et al. proposed a spindle reversal technique for solving this 
problem [233]. In this method, after the first scan of the workpiece by 
two displacement probes along the θ-direction, the workpiece is lifted up 
in order for rotating the headstock and the tailstock of the drum lathe by 
180◦ with respect to the workpiece, followed by the second scan by the 
two probes. Fig. 13 shows a picture of lifting up the workpiece by using a 
crane for the spindle reversal operation. 

It should be noted that the slide error or the spindle error is required 
to be repeatable in the two scans before and after the reversal operation. 
Horikawa et al. proposed an improved reversal method shown in Fig. 14 
to solve this problem [236]. In this method, an additional probe (Probe 
B) is employed to detect the change Δer(θ) between the spindle radial 
error motions (er1(θ) and er2(θ)) before and after the reversal operation, 
based on which the separation of er1(θ) or er2(θ) and the workpiece 
roundness error r(θ) can be made accurately without the influence of 
Δer(θ). It should be noted that this method is still influenced by the 
change of the spindle tilt error motion between the two scans before and 
after the reversal operation. 

The multi-orientation or multi-position method is another type of 
multi-step method. In this method, N sets of measurements are carried 
out where the artifact angular positions are changed from 0 to (1-1/N) 
*2π with N equal intervals [220]. The spindle error can be evaluated 

Table 7 
Summary of hybrid self-calibration techniques.  

Category Method Configuration/tips 

Spindle error 
measurement 

Slide error 
measurement 

Hybrid approach  
- Combines multi- 

probe and multi- 
step approaches  

- Only for slide 
error 
measurement  

- Can measure 
both repeatable 
and non- 
repeatable mo-
tion error 
components  

- Can measure 
both slide 
straightness error 
motion and slide 
alignment angle 
error  

- Major 
uncertainty 
source: probe 
calibration error 

Reversal three- 
probe method  
- Only for slide 

out-of- 
straightness 

Not 
applicable 

Two sets of three- 
probe units +1 
workpiece reversal 
operation [238]  
- Self-calibration 

capability of 
probe zero- 
adjustment error 

Rotating roll 
hybrid method  
- For both slide 

out-of- 
straightness and 
slide misalign-
ment angle  

- Constant 
harmonic 
sensitivity  

- Simple 
configuration  

- No influence of 
probe zero- 
adjustment error  

2 displacement 
probes +
rotating roll 
workpiece [247]  

- For horizontal 
slide error  

4 displacement 
probes +
rotating roll 
workpiece [248]  

- For both 
horizontal and 
vertical slide 
errors  

1 displacement 
probe + rotating 
self-cut roll 
workpiece [249]  

- Very simple 
configuration  

Fig. 12. Implementation of the straightedge reversal method on a diamond turning machine [232]. (a) Schematic of the straightedge reversal method; After the 
straightedge is scanned by Probe 1, the straightedge is reversed and the probe is set to the position of Probe 2 for the second scan by Probe 2. (b) Reversal setup on a 
diamond turning machine; two capacitance probes (Probes 1 and 2) are mounted on a fixture, which is placed and kept stationary on the workpiece spindle of 
the machine. 
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from the mean value of the N sets of measurements based on the fact that 
the mean value of the artifact roundness error over one rotation equals 
to zero. Compared with the reversal method, it takes more time for the 
measurement. A rotary indexing table is also required to change the 
angular position of the artifact. For these reasons, the multi-orientation 
method is often used in spindle error measurement of roundness 
measuring machines [252] but seldom used for the measurement of 
machine tool spindles. It should be noted that depending on the evalu-
ation the Nth harmonic can appear in both the spindle error and artifact 
roundness error, or can be eliminated in both (in software they can be 
made zero).  

II) The multi-probe methods 

The concept of the three-probe method, as the first multi-probe 

method, was proposed by Aoki and Ozono in 1966 as an alternative to 
the traditional V-block method for roundness measurement [221]. The 
possibility of the three-probe method for spindle error measurement was 
demonstrated by Mitsui in 1972 through the radial error motion mea-
surement results of the spindles of a lathe and a surface grinding ma-
chine [234]. It was then applied by Shinno et al. for the measurement of 
ultraprecision spindles at the nanometric level in 1987 [253]. 

In the three-probe method, three displacement probes are arranged 
around a cylindrical artifact being rotated by a spindle with its axis of 
rotation along the Z-axis. The run-outs of the artifact surface at the probe 
positions are scanned by the probes over one rotation. Three unknowns 
are included in each probe output: the artifact roundness error r(θ), and 
the X- and Y-directional spindle radial error motions erX(θ) and erY(θ), 
where θ is from 0 to 2π. As shown in Fig. 15, the probe outputs mA(θ), 
mB(θ), and mC(θ) are employed to obtain a differential output Δm3(θ) in 
which the spindle error components are removed and only the round-
ness error r(θ) is included [235]. Assume the Fourier transforms of 
Δm3(θ) and r(θ) are denoted by ΔM3(n) and R(n), where n is the har-
monic number (the spatial frequency showing the number of un-
dulations per revolution). Since ΔM3(n) is the product of R(n) and H3(n), 
where H3(n) is referred to as the transfer function of the three-probe 
method, which is determined by the angular intervals of the probes 
[215], R(n) can be obtained from ΔM3(n) and H3(n). The roundness 
error r(θ) can then be obtained from the inverse Fourier transfer of R(n), 
based on which the spindle radial error motions erX(θ) and erY(θ) can be 
evaluated. 

Gao et al. expanded the three-probe method for multi-degree-of- 
freedom (MDOF) spindle error measurement by using 2D slope probes, 
which are based on 2D laser autocollimation, as shown in Fig. 16 [100]. 
A 2D slope probe can detect the 2D local slopes. In this case, error 
separation is carried out by using the angular outputs μi(θ), (i = A, B, C), 
of the slope probes in the horizontal plane for measurement of the 
artifact roundness error rr

′

(θ), and the X- and Y-directional spindle 
radial error motions erX(θ) and erY(θ), which is the same as for the 
three-displacement probe methods. Meanwhile, error separation is also 
carried out by using the angular outputs υi(θ), (i = A, B, C) of the slope 
probes in the vertical plane for measurement of the artifact surface slope 
error rz

′

(θ) along generatrix, and the spindle tilt error motions eTX(θ) and 
eTY(θ) about the X- and Y-axes. 

The harmonic-loss problem is the most significant challenge for 
conventional multi-probe methods in which only displacement probes 
or only slope probes are employed. The transfer function H3(n) shown in 
Fig. 15 represents the harmonic sensitivity of the three-probe method 
[99]. There are some frequencies at which the amplitude of H3(n), i.e., 
the harmonic sensitivity, becomes zero. The frequency of the first 
zero-sensitivity position can be increased by selecting an asymmetric 
probe arrangement as shown in the figure. Similar phenomena are 
observed in the harmonic sensitivity of the three-slope probe method. 

Fig. 13. Lift-up of workpiece by a crane for spindle reversal on a large drum 
lathe. After a scan of the workpiece along the θ-direction with two probes 
through rotating the workpiece by the spindle, the workpiece is lifted up in 
order to rotate the headstock and the tailstock of the drum lathe by 180◦

(spindle reversal). The workpiece is then mounted on the spindle again for the 
second scan after the spindle reversal [233]. 

Fig. 14. The improved reversal method for spindle radial error measurement 
for reducing the influence of the non-repeatability of the spindle error (modi-
fied from Ref. [236]). (a) Scan before reversal. Probe A and B are employed to 
scan the workpiece surface with a roundness error r(θ)) and the spindle surface 
with a roundness error q(θ), respectively, under the existence of a spindle error 
er1(θ). (b) Scan after reversal. After Probe A and the workpiece are reversed, the 
second scan is carried out under the existence of a spindle error er2(θ). 

Fig. 15. Data processing in the three-probe method for separation of spindle 
error and workpiece roundness error. The probe outputs mA(θ), mB(θ), and 
mC(θ) are treated as the inputs of the system. The workpiece roundness error r 
(θ) and the X- and Y-directional spindle error components erX(θ), erY(θ) are 
treated as the outputs of the system. 
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This means that the corresponding harmonic components of the 
roundness error and the spindle error will be lost in the error-separation 
operation of the three-probe method, which is referred to as the 
harmonic-loss problem. It should be noted that this harmonic-loss 
problem exists in all kinds of multi-probe methods, including the 
four-probe method [223], where only displacement probes or only slope 
probes are used. 

The harmonic-loss problem can be completely solved by using the 
mixed method that uses both displacement and slope probes [224]. The 
mixed method can be achieved by using the combination of two 
displacement probes and a slope probe (the 2D1S mixed method) [224], 
or the combination of a displacement probe and two slope probes (the 
1D2S method) [99]. The simplest probe combination can be realized in 
the orthogonal mixed method [254] where a displacement probe and a 
slope probe are set with an angular interval of 90◦ as shown in Fig. 17a. 
The harmonic sensitivity Hom(n) of the orthogonal mixed method is 
shown in Fig. 17b. The workpiece roundness error and the spindle radial 
error motion can be obtained accurately by using this method without 
any loss of harmonic components. 

The multi-probe method has been employed for measurement of the 
straightness error motion. Fig. 18 shows a schematic of the measurement 
system with three displacement probes. Three unknowns included in 

each probe output are the workpiece straightness error f(x), the Z- 
directional slide straightness error motion eZ(x), and the slide angular 
error motion eyaw(x) about the Y-axis. Basically, the same Fourier 
transform-based error separation operation shown in Fig. 15 can be 
applied for solving the unknowns from the three probe outputs, except 
for the parabolic straightness error components included in f(x) and 
eZ(x). This is because the parabolic component will generate a constant 
term in the differential output and cannot be treated by Fourier trans-
form. Instead, it is necessary to carry out a double integral operation of 
the constant term in the differential output with respect to the scan 
length to obtain the parabolic straightness error component. On the 
other hand, the differences in the zero outputs of the probes will cause a 
change in the constant term of the differential output of the three-probe 
method, which is referred to as the zero-adjustment error [255]. A 
parabolic measurement error will therefore be introduced in f(x) and 
eZ(x) by the double integral operation of the differential output. The 
magnitude of the parabolic error in the straightness of artifact or slide is 
proportional to the square of the scan length, a significant parabolic 
calculation error will occur when the scan length increases as shown in 
Fig. 18. This is the greatest uncertainty source in the three-displacement 
probe method, as well as other types of multi-probe methods such as the 
four-displacement probe method [237], the two-slope probe method 
[243] [244], and the mixed method of using both displacement and 
slope probes [245] [246] for straightness measurement. 

One way to avoid the influence of the zero-adjustment error is to 
employ the two-displacement probe method together with an auto-
collimator. In this case, the slide angular error motion eyaw(x) about the 
Y-axis is measured using an autocollimator. The Z-directional slide 
straightness error motion eZ(x) and the workpiece straightness error f(x) 
are separated from each other by using the outputs from the two 
displacement probes. The zero-adjustment error between the two probes 
only causes a linear component in the calculated out-of-straightness 
result and will therefore not influence the measurement. If eyaw(x) is 
small enough to be omitted, only the two displacement probes are 
needed for error separation [240] [241] [242].  

III) The hybrid approach 

Fig. 19 shows another method that can compensate for the zero- 
adjustment error inherent in the three-probe method [238]. A reversal 
operation of the workpiece is added to the three-probe method for 
self-calibration of the zero-adjustment error. In this hybrid method 
combining the three-probe method with a reversal operation of the 
workpiece, the zero-adjustment errors of two three-probe units can be 
evaluated without using any accurate reference flat surfaces. The two 
probe units of the three-probe method are mounted on the slide to scan a 
workpiece simultaneously. The zero-difference between probes in each 
probe-unit can be obtained from the probe outputs of scanning the 

Fig. 16. The three 2D slope probe method for MDOF spindle error measure-
ment [100]. Three 2D angle sensors A, B, and C are placed around a cylindrical 
workpiece. The workpiece is mounted in the spindle to be tested. Each sensor 
detects the two-dimensional local slopes r′

z(θ), r
′

r(θ) of a point on the workpiece 
surface and the four spindle error components erX(θ), erY(θ), eTX(θ), eTY(θ). 

Fig. 17. Configuration and harmonic sensitivities of 
the orthogonal mixed method [254]. (a) The probe 
configuration. A displacement probe and a slope 
probe are set in the X- and Y-direction to scan the 
workpiece being rotated by a spindle. The workpiece 
roundness error r(θ) and the spindle error component 
erX(θ) can be measured from the two probe outputs. 
(b) The magnitudes of the harmonic sensitivity. No 
zero values exist for the harmonic sensitivity of the 
mixed method, demonstrating the capability of the 
method for detecting all harmonic components 
without the harmonic-loss problem.   
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cylinder surface along the X-direction before and after a 180◦ rever-
sal/rotation of the workpiece. Although a reversal operation of the 
cylinder surface is used for self-calibration of the zero-adjustment error, 
the repeatability of the slide errors before and after the reversal opera-
tion is not required in this method. The variation of the zero-adjustment 
error caused by thermal drift can also be compensated by scanning a 
rotating cylindrical workpiece [238]. 

The hybrid method was further simplified for measurement of the 
carriage slide total error of a precision lathe in the horizontal XZ-plane 
by combining a two-probe unit with a rotating cylindrical workpiece. As 
shown in Fig. 20, the carriage slide total error eslide(z) in the horizontal 
plane at a position z is composed of the straightness error component 
es(z) and the axis misalignment error component α* z in the horizontal 

plane where α is the slide axis misalignment angle with respect to the 
axis average line of the spindle [247]. In this hybrid two-probe method, 
two displacement probes are placed on the two sides of a cylindrical 
workpiece. The probes are first moved by the carriage slide to scan the 
stationary workpiece from the starting position to the end position of the 
carriage before and after a 180◦ rotation of the workpiece about the axis 
of rotation of the spindle. The slide straightness error motion es(z) can be 
accurately evaluated by removing the influence of the workpiece 
straightness form error g(z) based on the reversal method. The two 
probes are then kept stationary at the start position and the end position 
of the carriage slide travel range, respectively, to scan the rotating 
workpiece over multiple rotations. The slide axis misalignment angle 
error α can be evaluated from an averaging operation of the probe 

Fig. 18. Parabolic calculation error caused by the zero-adjustment error of probes in the three-probe method for straightness measurement [99]. (a) The influence of 
zero-adjustment error α. α, which is related to relative differences of zero-values em1, em2, em2 between the probes, causes a parabolic error component (evaluation 
error) in the evaluated workpiece straightness f1(x). (b) Simulation results. A 10 nm zero-adjustment error causes the evaluation errors of 4.5 μm and 0.18 μm when 
the probe interval d is set to be 10 and 50 mm, respectively. 

Fig. 19. A hybrid method combining the three-probe method with a reversal operation of the workpiece for self-calibration of zero-adjustment errors of three-probe 
units [238]. (a) The first scan before workpiece rotation. Two probe-units A and B with zero-adjustment errors α and β are placed on the two sides of the cylinder to 
simultaneously scan the two straightness profiles f(x,0◦) and f(x, 180◦), respectively. (b) The second scan after workpiece rotation. The two straightness profiles 
f(x,180◦) and f(x,0◦) are scanned by the probe-units A and B, respectively. 
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outputs over one rotation or multiple rotations. The influences of the 
workpiece out-of-roundness form error, the spindle motion error and the 
workpiece misalignment angle can be removed by this method. The 
hybrid two-probe method was extended to a hybrid four-probe method 
shown in Fig. 21 for measurement of the total slide errors of a large drum 
lathe in both the horizontal plane and the vertical plane [248]. 

A hybrid method which combines a single displacement probe and 

diamond tool turning operation on a cylindrical workpiece is presented 
in Ref. [249]. The displacement probe is mounted on the opposite po-
sition of the workpiece with respect to the cutting tool. In this method, 
the cylindrical workpiece is first turned on the precision drum lathe and 
the measurement is carried out without removing the workpiece from 
the spindle. The slide total error, including both the slide straightness 
error component es(z) and misalignment error component α*z can be 
evaluated from the averaged value of half of the probe outputs over one 
rotation or multiple rotations. Because the surface form of the cylin-
drical workpiece is a replication of the tool motion, which is a combi-
nation of the slide motion and the spindle motion, the workpiece 
misalignment angle γ in Fig. 20 does not appear in the probe output. It 
should be noted that the techniques in the hybrid approach shown above 
are basically specified for a precision lathe or a precision grinding 
machine. 

In addition to the techniques shown above, self-calibration is also 
effective for removing the influence of planar grating errors. Recently, 
surface encoders and planar encoders are widely used for planar motion 
measurement [256]. 2D error separation techniques have been devel-
oped for self-calibrating the XY position, excluding scale [257] [258]. In 
XYZ three-axis measurement [259], the out-of-flatness of the planar 
scale is another critical uncertainty factor in addition to the X- and 
Y-directional deviations of pitch spacing [260]. A fast and accurate 
self-calibration technique based on Fizeau interferometer measurements 
was developed for evaluating the X- and Y-directional deviations of 
pitch spacing, excluding scale as well as the Z-directional out-of-flatness 
error of a planar grating scale [261]. This method can also be applied to 
a variable-line-spacing (VLS) planar grating [262] [263], which is used 
as the scale of an absolute surface encoder [264]. 

3.1.3.2. Self-calibration for direct measurement of angular positioning 
errors. Polygon mirrors, indexing tables, and angle encoders are 
employed as the reference angular scales for angular positioning error 
measurement. All of these angular scales are realized by subdividing a 
circle into a certain number of equally-spaced angle intervals which are 
referred to as circular divisions. However, the actual angle intervals are 
not perfectly equal but having certain division errors (angular scale 
errors), which are the deviations from the nominal angle interval due to 
manufacturing errors. Based on the fact of circle closure, a summation of 
all the division errors over 2π will be zero, or a summation of all the 
angular intervals over 2π will be zero. This principle has long been 
employed for self-calibration of angular scale errors. Similar to the 
methods for self-calibration of roundness errors, the self-calibration of 
angular scale errors can be implemented by the multi-step method and 
the multi-head method, which are well summarized in Ref. [265] [266] 
[267] [268]. 

On the other hand, most of such self-calibration practices are made in 
a stand-alone self-calibration system, rather than on a machine tool. A 
unique method was proposed by Lu and Trumper for self-calibration of 
on-axis rotary encoder [269]. In this method, the rising and falling edges 
of the pair of the encoder quadrature signals are treated as spatial 
sampling events that mark the spindle rotary positions. These events are 
numbered with reference to rising edge of the encoder index signal. 
Under certain approximations on the free-response dynamics of an 
air-spindle, the angular scale errors can be obtained from applying the 
circle closure principle to two sets of pulse temporal widths captured 
from the spindle free responses. Although this method is limited to 
spindles with aerostatic bearings, it can be applied to calibrate the 
angular positioning error of such a spindle without using any additional 
references. 

3.1.3.3. Self-calibration for indirect measurement. In the multilateration 
(see Fig. 10d), reviewed in Section 3.1.2.2, to indirectly measure linear 
or rotary axis error motions, both target retroreflector and tracking 
interferometer positions are unknown. When tracking interferometer 

Fig. 20. A hybrid two-probe method for measurement of slide total error in the 
horizontal plane. The two probes are first moved by the Z-slide to scan the roll 
workpiece before and after a 180◦ rotation of the workpiece about the spindle 
axis for measurement of the slide straightness error motion es(z) based on the 
reversal method. The two probes are then kept stationary at the start position 
and the end position of the carriage slide travel range, respectively, to scan the 
rotating workpiece over multiple rotations for measurement of the slide axis 
misalignment angle error α from an averaging operation of the probe outputs 
over one rotation or multiple rotations. 

Fig. 21. A hybrid four-probe method with a rotating cylindrical workpiece for 
measurement of slide total errors in both the horizontal plane and the vertical 
plane [238]. For probes mounted on the tool post of the machine through a 
probe fixture are moved along the Z-slide to scan the roll workpiece. Based on 
the reversal method, the vertical straightness motion error with respect to the 
deformed axis of the roll workpiece and the horizontal straightness motion 
error are synchronously evaluated. The slide axis misalignment angle errors in 
both the XZ- and YZ-planes are evaluated by using the algorithm shown 
in Fig. 20. 
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positions are known, three distance measurements are sufficient (tri-
lateration). By using one or more additional distance measurements, a 
self-calibration method is applied to identify both target retroreflector 
and tracking interferometer positions [126] [127]. 

Interesting and new applications of a self-calibration method to in-
direct measurements include the separation of linear and rotary axis 
error motions. As reviewed in Section 3.1.2.3, many indirect mea-
surement schemes for rotary axes also involves linear axes, in e.g., single 
point tests, and thus linear axis error motions can be a major uncertainty 
contributor. Zimmermann et al. [270] [271] applied a self-calibration 
scheme in a probing-based test with a nominally circular test piece. 
The test scheme can be seen as a classical multi-step approach to the 
roundness measurement, but it is applied to separate the influence of 
linear axis error motions from rotary axis error motions. 

Self-calibration methods are, in principle, limited to the measure-
ment of 1) the roundness of a nominally circular part, 2) the straightness 
of a nominally straight surface, and 3) the position of 2D grid points. 
This is because self-calibration methods require the probed points being 
in a closed set, as the workpiece is rotated or translated. Onishi et al. 
[272] extended their applications to arbitrary 2D geometries, by 
assuming that the machine’s positioning error is in accordance with the 
rigid-body kinematic model reviewed in Section 4.1. The linear axis 
error motions are unknown variables to be identified, and they are in a 
closed set, as the object rotates. The application of self-calibration 
methods to indirect measurements is worthy for further study. 

3.2. Thermal errors 

Measurement of thermal errors can be classified as direct and indi-
rect methods. The direct method is the measurement of changes in 
relative position or orientation by using appropriate measuring methods 
[273] [156] [274]. Indirect measurement is the estimation of thermal 

distortion of the machine tool based on models and measured temper-
atures [275] [276] [277]. 

ISO 230–3: 2020 [278] provides testing methods for systematic 
analysis of thermal behavior of machine tools, including tests for the 
environmental temperature variation error (ETVE), thermal distortion 
caused by rotating spindles, thermal distortion caused by moving linear 
axes, and thermal distortion caused by moving rotary axes. Fig. 22 
shows a typical measurement setup for a milling machine with a vertical 
spindle. It measures thermal changes in the radial, axial and tilt of the 
spindle relative to the table, in the same way presented in Table 2. For 
thermal errors caused by rotating the spindle, the temperature close to 
the spindle bearing and the ambient air temperature are monitored with 
temperature sensors as shown in figure. A similar measurement setup 
can be applied to most machine tool configurations. For the thermal 
distortion caused by moving linear axes, an example of measurement 
setup is shown in Fig. 23. The measurement setup consists of one sensor 
fixture with seven displacement sensors mounted on the spindle and two 
target blocks located at positions close to the end points of travel of the 
moving axis. Based on such a setup, the change in traveled distance 
along the moving axis can be estimated, as well as changes in the two 
orthogonal linear deviations and three angular deviations at each target 
position. The displacement sensors can be laser interferometers [279] 
[280], capacitive [281] [282], inductive [283] [284] or contacting 
probes [285] [286]. The temperature measurements can be obtained by 
thermocouple, resistance or thermistor sensor, as well as, infrared 
cameras [287] [288] [289]. As pointed out by Mayr [39], the mea-
surement for thermal deformation should meet the following re-
quirements: a) measure all relevant geometric error parameters (intra- 
and inter-axis kinematic error parameters and volumetric errors), b) 
include the relevant work volume, c) achieve with sufficiently low 
measurement uncertainty, and d) last a short time so that the effect of 
changing temperatures can be monitored by the measurement system 

Fig. 22. Typical setup for tests of ETVE thermal 
distortion caused by rotating the spindle, and thermal 
distortion caused by moving linear axis on a vertical 
machining center [278]. The device in the figure is 
used to measure the thermal error of the vertical 
spindle machining center. The fixture for installing 
the linear displacement sensor shall be firmly fixed on 
the non-rotating workpiece fixture or tool fixture as-
sembly of the machine tool for measurement. The 
relative displacement between the parts holding the 
tool and the parts holding the workpiece along the 
three orthogonal axes parallel to the travel axis of the 
machine tool, and the accurate position of the 
measuring device are recorded together with the test 
results.   
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with sufficient temporal resolution. Table 8 summarizes the perfor-
mance parameters of some measuring instruments used for thermal 
error measurement. 

It should be noted that since the method proposed in ISO 230–3 only 
measures the tool displacement at one or two positions, it is difficult to 
obtain the change in volumetric error due to thermal deformation [278]. 
Multilateration using tracking interferometers is a standard method for 
volumetric error measurement [16]. However, its traditional operation 
is quite time-consuming and thus limits its usefulness to measure ther-
mally induced volumetric error which requires measurement conducted 
within a short time. Ibaraki et al. propose a scheme to evaluate thermal 
influence on two-dimensional motion trajectory of a five-axis machine 
tool by a single-setup tracking interferometer and rotational motion of a 
table [294]. This method is further improved by Mori et al. to reduce the 
measurement uncertainty [295]. The application of a tracking interfer-
ometer to thermal tests is also explored in Refs. [296,297]. Brecher et al. 

[298] proposes a new system for measurement of thermal errors of a 
machine tool by using a position sensing detector (PSD) and a 
thermally-stable laser frame, from which changes in 13 of 21 kinematic 
errors of a three-axis machine tool can be obtained (Fig. 24). 

The measurement efficiency is important in thermal induced error 
measurement [299] [4] [298]. Measuring thermal error by machine 
learning (ML) based methods is promising to effectively reduce the 
necessary measurement points and increase the measurement efficiency 
[300]. Zhu proposed a ML method based on random forest to predict 
thermal errors. By selecting key temperature points and iteratively 
eliminating the least important features to eliminate redundant features, 
the ML method has a prediction accuracy of more than 90% and effec-
tively reduces the number of temperature points to be measured [301]. 
Recent advances of thermal error measurement deal with development 
of machine-integrated compact measuring devices integrated in the 
machine tool structure or designed as modules stored in the tool 
changing unit [298] [302]. Machine-integrated measurement setups 
enable an efficient measurement during machine idle time. Nabil 
Ouerhani predicted the thermal error by data-driven method [303]. The 
paper compared four ML methods: Linear regression, Decision tree re-
gressor, Multi-Layer Perceptron regressor and ElasticNet. The average 
absolute error of three of the four ML algorithms is lower than 1 μm. The 
correlation coefficient is higher than 90%. Even the classical linear 
regression model can have high prediction accuracy. ML method has a 
good application prospect for the prediction of machine tool thermal 
error. 

For the indirect measurement, the Finite Element Method (FEM), 
which enables in-depth analysis of thermal behavior of machine tools, is 
usually adopted to predict thermal errors [304] [305]. The indirect 
measurement of thermal errors must be based on an accurate modeling 
of thermal phenomena taking place in the machine tools [306]. The 
modeling methodology is reviewed in Section 4.2. 

3.3. Static load-induced elastic deformation 

Elastic load-induced deformations in machine tools and industrial 
robots have a significant impact on system performance and are linked 
to the compliance of the structural members and joints [307]. The 
compliance is the reciprocal of the stiffness that is defined as the ability 
to resist deformation when loads are applied [308] [309]. In machining 
systems (machine tool, cutting process, workpiece, and their in-
teractions) loads (inertia, gravitational, and cutting process) directly 
affect the machined part dimensional and geometric accuracy [310]. 
Deflections can either be measured under static conditions, i.e., at dis-
cretized static configurations along trajectories or at quasi-static con-
ditions, i.e., measured under motion along the same trajectories [311]. 

A standardized way to evaluate machine tool compliances, by 
applying a static load between the table and spindle, is described in ISO 
230–1 [16]. The test provides a simplified method to quantify the 

Fig. 23. Alternative setup for measurement of thermal distortion caused by 
moving the X-axis slide of a machining center [278]. The illustrated device 
includes a fixture with seven displacement sensors and two target blocks. In this 
device, the sensor holder is installed on the main shaft. Install two target blocks 
at each end of the stroke. This setting allows simultaneous measurement of six 
thermal deformation components, one in the direction of travel and two in the 
orthogonal direction and three angular components around three linear axes. 

Table 8 
Measuring instruments for measuring thermal errors.   

Thermocouple or other temperature 
sensors [290] 

Infrared camera [291] Laser tracking interferometer 
[292] 

Capacitive sensor 
[72] 

Inductive probe [293] 

Resolution 16-bit resolution: 0.0078 ◦C (1 LSB) ≤0.05 ◦C (50 mK) at 30 ◦C 
target temperature 

0.001 μm 0.05 nm@1 kHz 0.02 μm 

Measuring 
range 

− 55 ◦C–150 ◦C − 40 ◦C to+1200 ◦C, high 
temperature option: up to 
2000 ◦C 

0.2 m–20 m (Larger machine size 
is covered by measuring stitching) 

200 μm ±5 mm 

Measuring 
accuracy 

±0.3 ◦C (maximum) from − 55 ◦C to 
150 ◦C 

±1.5 ◦C or ±1.5% Uncertainty (95%) = 0.2 μm + 0.3 
μm/m 

Probe 
Maximum 
Drift: 0.02 
% F.S./◦C 

700 nm 

Other 
parameters 

power consumption: 3.5 μA, 1 Hz 
conversion cycle; 150 nA shutdown 
current 

spatial resolution: 
0.6 mrad 
Image resolution (pixels): 
2048 × 1536 

Horizontal angle range: 
− 225◦–225◦

Vertical angle range: − 35◦–85◦

Capacitive sensor 
module bandwidth: 
Selectable: 
1, 10, 15, 50 kHz 

Temperature drift ≤
±10% 
Communication 
protocol IO-Link  
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machine’s static compliance in a single axis direction using a linear 
screw actuator to apply a load that is measured using a load cell, while 
monitoring deformations using a displacement sensor. Measurements 
are made close to the center of the machine workspace for each linear 
axis directions separately. Examples of the test setup for translational 

and rotary axs are shown in Fig. 25. 
Following a similar approach, researchers have evaluated machine 

tools’ static stiffness and compliance of a machine tool in 3D Cartesian 
space utilizing force actuators (hydraulic, electromechanical), pressure 
and force sensors, dynamometers, and displacement sensors. 

The Elastically Linked Systems (ELS) was introduced to relate the 
machine tool positional and static and quasi-static accuracy to the 
machined part’s dimensional and form deviations [312]. A practical 
implementation of the ELS concept is the telescoping Loaded Double Ball 
Bar (LDBB). It combines the circular test (described in ISO 230–4) 
methodology for evaluating the contouring accuracy of machine tools 
with the ability to apply variable loads during measurement [313]. The 
measurement system enables the evaluation of the machine tool 
equivalent stiffness in the circular trajectory by capturing the aggre-
gated deformation of the machine tool including tool holder due to the 
quasi-static errors and load-induced deviations. The instrument and 
measurement method were further developed by introducing a 
metrology frame enabling separation between the force and measure-
ment loops and it is used to quantify the full quasi-static translational 
stiffness matrix (Fig. 26) [314]. The rotation angle and clamping con-
dition of a rotary axis influences the tool-workpiece compliance [315]. A 
comparison study shows that the rotational static stiffness is greater than 
the quasi-static rotational stiffness. The static measurement is direct, i. 
e., inducing a load to the machine tool table, while the quasi-static 
measurement is indirect, i.e., inducing a load between the tool and the 
table. Thus, the apparent lower stiffness can be a result of the longer 
force loop. i.e., with more components and that are affected by the 
applied load [316]. 

Different measurement instrument, sensors and actuators are used 
for machine tool compliance measurement. One study investigated how 
a pneumatic piston for loading the structure can be combined with 
measurements of force/torque and deflection, see Fig. 27a [317]. It 
highlighted that in order to have results with low uncertainty it is 
important to consider the accuracy of both the force and deflection 
measurement device. 

A stiffness workspace system (SWS) was developed to evaluate the 
machine displacements and force values at the functional point [318]. It 
has the capability to load the structure, in three orthogonal directions 
while measuring, machine compliance. Fig. 27b shows the apparatus 
with its 12 displacement sensors mounted on a machine tool. 

One study investigates the improvement of stiffness caused by force 
sensor integration into the machine tool axes [319]. The results were 
evaluated in comparison to compliances of other components, such as 
the kinematic joints, and to stiffness changes resulting from 
sensor-integration into the TCP or the application of a commercial 
force/torque sensor at the TCP. In conclusion, the study supports the 
approach of structure-integrated force measurement for machines with 
parallel kinematics, as their stiffness is relatively small in many cases. 

3.4. Dynamic errors 

3.4.1. Tracking errors 
Contour tracking errors during synchronous motions of several axes 

are often evaluated because the difference in the dynamic response re-
sults in contour errors. Position detectors, such as rotary and linear 
encoders are used to measure the error in the servo system. Fig. 28 shows 
an example of the contour tracking error during circular motions 
measured by the rotary encoder in the servo motor [49]. The contour 
distortion observed in diagonal is directions caused by the mismatch of 
controller gains. Quadrant glitches caused by the response delay due to 
the friction force are also seen at the location of axis motion reversals. 
Even when no external load acts on the machine, internal disturbances 
such as the friction force cause dynamic errors. Fig. 29 shows the 
amplitude of the periodic positional deviation at a constant feed speed 
motion caused by such internal disturbances [320]. The contribution of 
disturbances in mechanical and control systems were separated by 

Fig. 24. Setup for measuring thermal changes in kinematic errors of a three- 
axis machine tool. (a) Laser beam and frame. The laser beam path is divided 
into five beam segments by four pentaprisms, and the four pentaprisms reorient 
the beam along the machine axis. (b) Measurement head. For the measuring 
PSD in the measuring head installed on the main shaft, move it to the discrete 
measuring points in each beam section in turn. By rotating the spindle, the 
vertical PSD is placed perpendicular to the laser beam segments 1 to 4. The 
horizontal PSD is used to measure the fifth segment. During the crossing process 
of each segment, only one feed axis is moved to produce two measuring 
straightness perpendicular to the feed direction. (c) Measurement setup 
including housing parts in a machine [298]. The laser frame is installed on the 
workbench with an invar adapter, and the measuring head is connected to the 
I/O data acquisition equipment by cable. 

Fig. 25. The setup proposed by ISO 230–1 for machine static compliance and 
hysteresis by externally applied force. (a) Using a load cell 3, differential screw 
2, and a probe 4 mounted on a table 5 to measure the deflections at the spindle 
1. (b) Using a load cell 2, a displacement sensor with a special fixture 4 
mounted on the rotary table 5 [16]. 
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combining measurements from the linear and rotary encoders. In this 
case, one of the disturbances in the mechanical system was the result of 
the geometric imperfections in the ball screw. This disturbance seems to 
be static because the spatial period of the disturbance is constant. 
However, the frequency of the disturbance changes depending on the 
feed speed. Thus, this positional deviation is a dynamic error, and the 
resultant positional deviation is determined by the dynamic disturbance 
response of the servo system. 

The measurement of TCP positioning error requires external sensors. 
The 2D digital scale (or grid encoder, see Fig. 10c) is a popular 
measuring instrument because it provides high-resolution, non-contact, 
and high-bandwidth measurement. Fig. 30 shows the contour error 
measured during circular motion with high feed speed and small radius 
[51]. The radius at the TCP trajectory is larger than that of the position 
feedback measured by the linear encoders. This radius of enlargement 
results from the dynamic deformation of the mechanical system due to 
the driving and counter forces in the feed drives. The error magnitude 
depends on the dynamic response of the mechanical system and fre-
quency components of the driving force. 

The measurement of the dynamic TCP positioning error in three di-
mensions remains challenging. A tracking interferometer can be used 
theoretically for the 3D measurement. However, the tracking system 
may not have the dynamic bandwidth required for high-speed con-
touring. Vision based measurements have good potential for 3D mea-
surement. The contour tracking error at micrometer level in a 120 mm 
× 100 mm window can be detected using industrial video cameras with 
high resolution [135]. 

The presented measurement techniques are summarized in Table 9. 
As the emerging technology, the vision-based measurement can be 
focused on. Owing to the recent development in high-speed cameras and 
image processing algorithms, micrometer level resolution can be ach-
ieved at a frame rate of 1000 fps [321]. 

3.4.2. Frequency response 
The frequency response of a machine tool is measured to understand 

the cause and mechanism of dynamic errors. The measured frequency 
response is used also in modeling and motion error compensation. The 
frequency response measurement requires an excitation with the target 
bandwidth. An impulse excitation using an instrumented hammer is the 
most popular excitation method because it is quick and easy to imple-
ment. White noise and sine sweep excitations using shakers are also 
applied [324]. Accelerometers, displacement sensors and laser-Doppler 
vibrometers are used to measure the response of the machine. Acoustic 
imaging can also be used for this purpose [325]. 

Driving force and cutting force excitations are common excitation 
methods for machine tools. The cause of dynamic errors such as shown 
in Fig. 30 can be investigated effectively by the driving force excitation 
method [51]. Many commercial computer numerical control (CNC) 
machines have the function of driving force excitation for servo 
parameter tuning. A white noise or sine sweep command is input to the 
feed drive as the excitation. The response difference is evaluated be-
tween the axis position detector and TCP position. In this case, TCP 
position is measured with the grid encoder or accelerometers as shown 
in Fig. 31. A surface encoder can also be employed for this measurement 

Fig. 26. Experimental setup for the measurement of the Cartesian translational stiffness matrix of 5-axis machining centers. The figures show two circular trajectories 
at different radii, RS (Radius Short) in blue, and RL (Radius Long) in green applied for two machines with different kinematic chain [314,316]. (a) A metrology frame , 
is used to separate the metrology loop from the force loop in a machine with kinematic configuration [wC’A’bYXZ(C)t]. (b) Experimental setup for the measurement 
of static and quasi-static rotational stiffness in a machine with kinematic configuration [wB’A’YbXZ(C)t] . (For interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of this article.) 

Fig. 27. (a) General test setup with pneumatic cylinder and force/torque sensor [317]. The two ends of the pneumatic cylinder are attached to the force/torque 
sensor and the spindle under test through ball joints, respectively. (b) Mechanical part of SWS — the prototype of the system [318]. The SWS is used to evaluate the 
machine displacements and force values at the functional point. 
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[326]. A difficulty in driving force excitation is in measurement of the 
excitation force. Although the motor current feedback can be obtained 
from the CNC, data acquisition synchronized with other measurement 
signals is often difficult. To solve this problem, a data acquisition system 
was developed to synchronously record the data from the CNC and 
external sensors [327]. 

The cutting force excitation is effective to evaluate the machine’s 
response to practical machining conditions. An instantaneous cutting of 
a small step is used for the impulse excitation [50]. A periodic cutting 

force from intermittent cutting is also used for excitation. However, the 
cutting force generally contains only frequency components with the 
tool passing frequency and its harmonics. A variable spindle speed 
technique was used to conduct excitation with a wider bandwidth in face 
milling [328] and turning [329]. The bandwidth of the cutting force 
measurement is also limited because the measured force is filtered by the 
dynamic response of the force measurement system. Although 3-axis 
dynamometers with a high natural frequency are used to measure the 
cutting force, their measurement bandwidth is often decreased to less 
than 1 kHz by the mass of the tool and the workpiece. The influence of 
the dynamic response of the force measurement system can be 
compensated by the inverse transfer function method. In this compen-
sation, the increased noise can significantly increase the uncertainty at 
the anti-resonance frequency. 

Special dynamic loading devices for machine tools were developed in 
several studies to emulate the cutting force and achieve a more flexible 
excitation. While the force loading devices in Section 3.3 (see Figs. 25 
and 26) are designed mainly for static loads, electromagnetic loading 
devices were developed to evaluate the dynamic response of the spindle 
(Fig. 32) [330] [331] [332]. These non-contact loading devices enable 
excitation during spindle rotation. Thus, the variation of the dynamic 
response depending on the spindle speed and temperature can be eval-
uated. A small and high bandwidth loading device was developed using 
piezoelectric devices, but it is a contact excitation system [315]. The 
direction dependent variation of the dynamic response in three di-
mensions was evaluated by the combination of this excitation system 
shown in Fig. 33 and interpolation of the frequency response. Fig. 34 
shows a map of the compliance for a tilting-table type five-axis machine 
tool. The magnitude of the compliance is represented by a color map. 
The color map in three quadrants shows the compliance in the XY, YZ, 
and ZX planes. The direction dependency of the compliance owing to the 
machine tool structure can be visualized by this method. The compari-
son between Fig. 34 (a) and (b) indicate the compliance variation due to 
the posture of the tilting table. Such dynamic response variation 
depending on the direction, position, and posture has been studied 
because demands for ensuring the dynamic stability in the entire 
workspace are increasing [333] [334] [335] [336]. 

The estimation of dynamic response variation is a challenging work. 
A machine learning technique is used to estimate the position dependent 
dynamic response variation [336]. Although the real time estimation of 
the dynamic response variation during the process may be ideal, it has 
not been established well in current studies. A data assimilation tech-
nique such as Kalman filter [337] is a promising approach to develop the 
real time estimation system. 

The introduced excitation methods are summarized in Table 10. 
Although the principle of excitation is traditional nowadays, the current 
focus is on their application in the in-process and on-machine mea-
surements. The driving force and cutting force excitation can be used in 
the frequency response measurement in operational conditions. Owing 
to the development in battery and wireless communication technolo-
gies, even loading devices have potentials in on machine measurement 
[338]. These measurements provide important data to update the 
simulation model in development of digital twin of machining system.. 

3.5. Error measurement result and uncertainty evaluation 

The accuracy of measurement results for machine tool errors is 
affected by various influence. These factors include deviations from 
performed under various predefined conditions for the measurements. 
In the case of reporting the result of a measurement of machine tool 
errors and physical quantities, the quality of the result shall be provided 
by a quantitative indication in terms of measurement uncertainty. There 
has been a historic confusion about error and uncertainty (budgets) in 
the field of machine tool metrology, where machine tool errors (and 
their repeatability) are the measurand, and measurement errors occur in 
their assessment. When these measurement errors are not identified and 

Fig. 28. Contour errors in circular motions for different servo gain combina-
tions [49]. (a) Trajectory when the position loop gain for the X axis is larger. (b) 
Trajectory when the position loop gain for the Y axis is larger. (c) Trajectory 
when the same position loop gain is set for the X and Y axes. The unit for 
horizontal and vertical axes is millimeter. The radial deviation from the nom-
inal circle is enlarged by 900 times. When the servo gain is different for two 
orthogonal feed drives, the circular trajectory by these feed drives is distorted in 
the diagonal direction. 

Fig. 29. Positional deviation caused by internal disturbances in feed drive 
systems [320]. Even when the spatial period of the disturbance is constant, the 
frequency of the disturbance changes depending on the feed speed. Thus, the 
resultant positional deviation caused by each disturbance is changed by the 
feed speed as shown in the figure. 
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compensated, the quality of the measurements values for the machine 
errors is affected, which contributes to their uncertainty. Uncertainty of 
measurement shall be considered, both for establishing tolerance or 
compliance limit specification, as well as for conformance assessment. 
ISO/IEC Guide 98–3 [344] contains general procedures for the 

expression and the evaluation of measurement uncertainty, which are 
internationally accepted. ISO 14253–2 [345] introduces the Procedure 
for Uncertainty Management (PUMA), a generic procedure for the 
practical implementation of uncertainty evaluation. ISO/TR 230–9 
[346] provides the estimation of measurement uncertainty specifically 
for machine tool tests performed according to the ISO 230 series. The 
ISO 230 series further discusses the main contributors of measurement 
uncertainty as well as the main assumptions. The uncertainty assessment 
of machine tool measurements is challenged by the inherent physical 
characteristics of the mechanics and control of machines affecting the 
repeatability of measurements. All measurement should be repeated if 
possible. If the variation of the measurement results is significant, the 
causes should be identified in either the method, the measuring instru-
ment, the environment or the machine tool and its thermal state. 

The coupling between machine performance and measurement un-
certainty was discussed by researchers. Bringmann et al. [206] discussed 
how machine tool geometric calibration is affected by the test uncer-
tainty and its dependence on machine tool performance. The problem of 
error interdependencies leading to a worse test uncertainty is explained 
and the occurrence of such effects is shown with example results for the 
measurement of geometric errors under unloaded test conditions (see 
also Section 3.1.2.3). A proposed method for estimating the overall test 
uncertainty is introduced that addresses indirect measurements. 
Ref. [347] describes how measurement uncertainty is associated with 
the performance of the machine tool under quasi-static loaded test 
conditions. The effect of variation of the static compliance of machine 
tools, hysteresis, play, and their interdependency are investigated with 
respect to the measurement uncertainty. A measurement methodology, 
using the telescoping loaded double ball bar (LDBB) is proposed to 
describe and demonstrate the variation of the contributing uncertainties 
associated with repeatability of the machine tool (see Section 3.3 for its 
detailed description). 

Knapp [348] published important fundamentals for measurement 
uncertainty in machine tool testing, which also served as a basis for 
future standard development particularly for unloaded geometric 
testing. The introduced concepts are further detailed in Ref. [349] 

Fig. 30. Contour errors in circular motions measured using linear and grid encoders [51]. (a) Radius = 5 mm. (b) Radius = 2 mm. (c) Radius = 1 mm. The radius at 
the TCP trajectory is enlarged due to the dynamic deformation of the mechanical system even when the position feedback measured by the linear encoders is still 
similar to the commanded trajectory. 

Table 9 
Summary of dynamic error measurement. * low, *** high.  

Category Method Measurement object Accuracy Setup 
cost 

Degree of 
freedom 

Cutting-edge technology 

Internal measuring 
instruments 

Rotary encoder [49] Servo error in each feed 
drive 

*** * no cost 1D  
Linear encoder [51,320] *** * no cost 1D 

External measuring 
instruments 

Grid encoder [51] Tool center point error *** *** 2D 
Tracking interferometer ** *** 3D 
Vision based measuring 
instrument [135] 

* ** 3D Measurement of dynamic errors and 
vibration [322,321,323]  

Fig. 31. Experimental setup for frequency response measurement with driving 
force excitation [51]. (a) Four-accelerometers method. (b) Two-encoders 
method. The white noise or sine sweep command is input to the feed drive to 
excite the machine. The response of the tool center point (TCP) position is 
measured using accelerometers and surface encoders to evaluate the response 
difference between the position detector and TCP position. 
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focusing on straightness measurements for long large travels. Ref. [350] 
introduced a laser calibration system that can evaluate the positioning 
accuracy of a numerically controlled axis of a machine tool or coordinate 
measuring machine (CMM) under dynamic conditions. To assess the 
measurement uncertainty of this calibration, an analysis of the uncer-
tainty components that make up the uncertainty budget was carried out. 
Ref. [351] introduced uncertainty analysis for angle calibrations using 
circle closure, including two types of full-circle angle calibrations: a 
simple closure in which a single set of unknown angular segments is 
sequentially compared with an unknown reference angle, and a dual 
closure in which two divided circles are simultaneously calibrated by 
intercomparison. In each case, the constraint of circle closure provides 
auxiliary information that (1) enables a complete calibration process 
without reference to separately calibrated reference artifacts, and (2) 
serves to reduce measurement uncertainty. Ref. [352] introduced a 

measurement method and uncertainty analysis for position-independent 
quasi-static kinematic errors of a rotary axis using a telescoping double 
ball-bar. The standard uncertainty for the proposed method is analyzed 
to quantify the confidence interval of the measurement result. Errors of 
two trajectories are measured to estimate the position-independent 
quasi-static kinematic errors, including two offset errors and two 
squareness errors of a rotary axis. An error synthesis model was devel-
oped that uses homogenous transformation matrices and a telescoping 
ball bar equation to represent the relation between the positions of the 
two spheres and the measured distance between them. Setup errors, 
which are inevitable during the installation of the spheres, are modeled 
as constants and added to the nominal position of the spheres. Their 
effects on the measurement result are investigated in detail. The pro-
posed method is validated using simulation and is applied to the rotary 
axis located on a five-axis machine tool. 

For the estimation of uncertainties in the case of indirect measure-
ments, the measurement uncertainties are propagated by the model 
during the best-fit. Generally, an estimation of the uncertainties of the 
movement or position/orientation errors is carried out by the best-fit 
method (least square method). By using the pseudo-inverse method 
[353], it is possible to propagate measurement uncertainties on the 

Fig. 32. Electromagnetic loading device for excitation of spindle [331]. (a) Appearance of device. (b) Schematic of device configuration. The non-contact system 
enables the excitation in the two-dimensional direction during spindle rotation. 

Fig. 33. Piezoelectric loading device for evaluating the direction dependency 
of the machine’s response [315]. Three-dimensional tool-workpiece compliance 
matrix is measured by three orthogonal excitations. The color map representing 
the direction dependent compliance variation is obtained as shown in Fig. 34 by 
the interpolation of the frequency response. 

Fig. 34. Colormap of compliance in different directions at different frequencies 
[315]. (a)With horizontal tilt table. (b) With vertical tilt table. The color map in 
three quadrants shows the compliance in the XY, YZ, and ZX planes. The radial 
position in the map represents the frequency. The difference in (a) and (b) 
shows the influence of the tilt table attitude on the tool-workpiece compliance 
in a five-axis machine tool. (For interpretation of the references to color in this 
figure legend, the reader is referred to the Web version of this article.) 
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movement or position/orientation errors of machine tool. To reduce the 
uncertainty of the estimation of movement and position/orientation 
errors during the best-fit, the condition number must be satisfied. The 
choice of good measurement setup (range of measurements for example) 
and the increase in the number of measurements makes it possible to 
reduce the condition number thus to reduce the uncertainty on the 
estimation of the machine tool errors. For example, the uncertainty in 
direct measurement of thermal errors can be calculated directly from the 
measurement uncertainty budget including the uncertainty sources, 
such as the measurement accuracy and the thermal drift of each indi-
vidual sensor itself, the arrangement of the sensors, the external in-
fluences such as room environment and human operation, etc. The 
uncertainty in indirect measurement of thermal errors comes from the 
accuracy and applicability of the thermal error model. Artificial intel-
ligence (AI) and machine learning (ML) are data-driven thermal error 
estimation methods, which explore the internal characteristics of pro-
cess data, establish the relationship between temperature and thermal 
error. The input data sets, the lag effect, redundant data, accuracy and 
robustness of the models are the main sources of uncertainty in AI and 
machine learning measurement methods. 

4. Modeling theories 

4.1. Quasi-static kinematic models 

For the indirect measurements reviewed in Section 3.1.2.1, the 
error sources, X, are related to the actual TCP position, p̂(k) ∈ R3, by the 
kinematic model, f, in Eq. (1). The kinematic model, f, clearly plays an 
essential role in determining errors in the TCP position and the respec-
tive uncertainty. The majority of past studies on indirect measurements, 
reviewed in Section 3.1.2, or numerical compensation, reviewed in 
Section 5.1, are based on essentially the same model assuming the rigid- 
body motion of axes. This model is reviewed in this subsection. 

One example is the five-axis machine tool configuration shown in 
Fig. 35. When the X-, Y-, and Z-axes are positioned at an arbitrary 
command position (x, y, z), the position errors at the TCP in the X-, Y- 
and Z-directions are formulated as: 

ex(x, y, z)=EXX(x)+EXY(y)+EXZ(z) −
(
EC(0X)Y +ECX(x)

)
y

+
(
EB(0X)Z +EBX(x)+EBY(y)

)
z (5)  

ey(x, y, z)=EYX(x)+EYY(y)+EYZ(z) +
(
EA(0Y)Z +EAX(x)+EAY(y)

)
z (6)  

ez(x, y, z)=EZX(x)+EZY(y)+EZZ(z) + EAX(x)y (7) 

This model assumes no offset in the TCP from the point where the 
error motions are defined. This model formulates the influence of 
angular error motions on the TCP position [2]. As an example, when the 
Y-axis has a pitch error motion, EAY(y), as is illustrated in Fig. 36, it 
changes the motion direction of the Z-axis, mounted on the Y-axis, 
which results in a position error at the TCP in the Y-direction. This in-
fluence is in the 6th term of Eq. (6). 

A classical, well-developed way to derive this model is based on 
coordinate system (CS) transformation. Fig. 37 shows an illustrative 
example. With respect to the fixed reference CS, called the machine CS, 

Table 10 
Summary of excitation methods in frequency response measurement. * low, *** high.  

Excitation method Controllability of 
force 

Measurement possibility under operational 
condition 

Setup 
cost 

Cutting-edge technology 

Hammering * * *  
Driving force [51] ** ** ** In process parameter identification [329, 

339–342] Cutting force [50,328,329] ** *** ** 
Loading 

device 
Contact type [315] *** * ** Loading device for on machine measurement 

[338,343] Non-contact type 
[330–332] 

*** ** ***  

Fig. 35. Example of a five-axis machine tool configuration. Suppose that the  
X-axis has quasi-axis intra-axis error motions, described in Section 2.1.1, 

namely, linear error motions in the X, Y, and Z directions, denoted by EXX(x), 
EYX(x), and EZX(x), and angular error motions around the X-, Y-, and Z-axes, 
denoted by EAX(x), EBX(x), and ECX(x), for the command position, x∈ℜ. Error 
motions of the Y- and Z-axes are denoted similarly. EC(0X)Y, EB(0X)Z, EA(0Y)Z 
respectively represent the squareness errors of Y- to X-axis, of Z-to X-axis, and of 
Z-to Y-axis (see Section 2.1.2). 

Fig. 36. Influence of the pitch error motion of Y-axis, EAY(y), on the TCP po-
sition error. Since the Z-axis is mounted on Y-axis, EAY(y) changes the direction 
of the Z-axis motion, which results in the positioning error at the TCP in Y- 
direction by -EAY(y)z. 
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suppose that the X-axis slider moves to the command position, x, with all 
the six error motions mentioned above. Define the X-axis CS attached to 
the X-axis slider, as depicted in Fig. 37 a. Then, define: 
rTx =Dx(x)Dx(EXX(x))Dy(EYX(x))Dz(EZX(x))Da(EAX(x))Db(EBX(x))Dc(ECX(x))

(8)  

where D*(*)∈ℜ4×4 denotes the homogeneous transformation matrix 
(HTM) representing either translation in X, Y, or Z, or rotation around X, 
Y, or Z. See, for example [354], for their formulation. rTx represents the 
position and orientation of the X-axis CS (denoted in the right-side 
subscript) in the machine CS (denoted in the left-side superscript). At 
the same time, it converts a vector in the X-axis CS to a vector in the 
machine CS, as will be shown in Eq. (9). This notation of the CS trans-
formation matrix, rTx, is adopted in many works, e.g. Ref. [20] [355] 
[354] [356], although many other analogous notations are available. 

Similarly, a set of homogenous transformations is used to define the 
position and orientation of the Y-axis CS with respect to the X-axis CS 
(see Fig. 37 b). Its CS transformation is represented by xTy, formulated 
similarly as Eq. (8). The origin of the Z-axis CS is here defined at the 
TCP. Then, the position of the TCP in the machine CS, denoted by rp∈ℜ3 

(the left-hand side superscript, r, represents a vector in the machine CS), 
is formulated by converting the origin of the Z-axis CS to the machine 
CS: 

[ rp
1

]

= rTx ⋅ xTy⋅yTz

⎡

⎢
⎢
⎣

0
0
0
1

⎤

⎥
⎥
⎦ (9) 

Assuming all the error motions are sufficiently small, enabling 
ignoring the second- and higher-order terms, Eq. (9) gives Eq. (5) to (7). 
More details in this derivation of the three-axis model are documented in 

earlier works such as [356]. It is important to note that the position and 
orientation of these CSs can be selected to accommodate practical con-
siderations of error motion measurement procedures, based on rigid 
body assumptions. 

This modeling can be straightforwardly applied to rotary axes. 
Consider the configuration of the A- and C-axes in Fig. 35 as an example. 
Define the machine CS with its origin at the nominal intersection of the 
A- and C-axes. The A-axis of rotation nominally coincides with the 
machine CS X-axis. The actual axis average line (see Section 2.1.2) can 
have arbitrary position and orientation errors. Define the A-axis CS, 
aX-aY-aZ, such that its X-axis coincides with the A-axis average line. This 
determines the position and orientation of the A-axis CS in the machine 
CS, except for 1) the position of its origin in the aX-direction, and 2) the 
orientation around the aX-axis. They can be set arbitrarily. One amongst 
reasonable choices is: 1) its origin is at rX = 0, and 2) the projection of 
the aY-axis on the rY-rZ plane is parallel to the rY-axis. Fig. 38 illustrates 
this definition of the A-axis CS. Then, the position and orientation of the 
A-axis CS are formulated in the machine CS by: 
rTa =Db(EB0A)Dc(EC0A)Dy(EY0A)Dz(EZ0A)Da(− a) (10)  

where a∈ℜ is the angular position of the A-axis, and EB0A, EC0A, EY0A, and 
EZ0A represent the orientation and position errors of the A-axis average 
line (or inter-axis kinematic errors, see Section 2.1.2). Notice that Da 
(EA0A) and Dx (EX0A) are missing because of the CS definition above. By 
similarly defining the workpiece CS, with its Z-axis aligned to the C-axis 
average line, and formulating aTw, the position and orientation of the 
workpiece CS in the machine CS are represented by: 
rTw =

rTa⋅aTw (11) 

This is a fundamental for various forms of the five-axis kinematic 
model. For example, when the TCP position in the machine CS is given 

Fig. 37. a) Definition of the X-axis CS, xX-xY, with respect to the machine CS, rX-rY. For simplicity, the diagram depicts the influence of EYX(x) and ECX(x) only. The 
X-axis CS is a local CS attached to the X-axis slider. b) Definition of the Y-axis CS, yX-yY, with respect to the X-axis CS. The Y-axis error motions determine the position 
and orientation of the Y-axis CS with respect to the X-axis CS. 

Fig. 38. Definition of the A-axis CS for an arbitrary position and the orientation of the A-axis average line in the machine CS, a) in 3D view, b) projected onto the 
rX-rY plane. Its aX-axis is aligned to the A-axis average line. The origin is on the rY- rZ plane. 
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by rp in Eq. (9), its position in the workpiece CS, wp∈ℜ3, is given by: 
[ wp

1

]

=
( rTw

)− 1
[ rp

1

]

(12) 

Its possible application is the simulation of the geometry of the 
finished workpiece under the existence of rotary axis quasi-static kine-
matic errors. More details for this five-axis model are documented in 
earlier works such as [20] [358] [359]. Ibaraki et al. [354] showed that, 
when the nominal TCP position is given in the workpiece CS, its posi-
tioning error in the workpiece CS can be formulated as a linear function 
of rotary axis inter- and intra-axis errors, under the small error 
assumption. This formulation has been a basis for many indirect mea-
surement methods [354] [189] [191] [192]. It was shown in Ref. [181] 
that the position and orientation of a workpiece feature, e. g. a face, 
machined with rotary axes fixed at arbitrary angular positions, can be 
formulated as a linear equation function of rotary axis quasi-static ki-
nematic errors. The model of Eq. (10) contains the inter-axis posi-
tion-independent errors only, but can be readily extended to include 
position-dependent error motions. Some researchers modeled the 
position-dependent error motions of linear or rotary axes as an analyt-
ical function such as a quadratic function [360] or Chebyshev poly-
nomials [134], but many commercial machine tool controllers, for their 
numerical compensation, model them as a look-up table [357] (see 
Section 5.1). 

The present kinematic model derivation, based on the CS trans-
formation, was presented in the 1980s [355] [361]. It is essentially 
equivalent to the Denavit and Hartenberg (D-H) model [362], which has 
been a well-established basis for modeling robots [363] [364]. Many 
other modeling approaches have been presented, which yield essentially 
an equivalent model. The complete and parametrically continuous 
(CPC) model [365] and the product of exponentials (POE) model [366] 
have been proposed as alternatives to the D-H model. An HTM has 4 × 4 
entries, whereas only 6 entries are needed to describe an arbitrary 
rigid-body motion. The unit dual quaternion (UDQ), which describes the 
rigid-body motion by an array with eight entries, can be more efficient 
computationally [367]. In the machine tool community, a considerable 
number of researchers have adopted the kinematic model derived from 
the screw theory [368] [369] [370] [371] [372] [373], which allows a 
global description of rigid body motion without constructing the local 
CSs. 

The present models, Eqs. (9) and (12), assume rigid-body motions, 
but can be extended to non-rigid body motions. ISO/TR 16907 [357] 

presents an example of non-rigid body behaviors, shown in Fig. 39. The 
angular error motion of the Y-axis (spindle-head slide), EAY, may vary as 
a function of the position of the Z-axis (ram), due to the finite stiffness of 
the column, its connection to the bed, the bed itself, and its connection 
to the foundation. This example shows a case where the position of one 
linear axis influences error motions of another axis carrying it. Ibaraki 
et al. [165] presented the modeling of such a “cross-talk” influence for 
quasi-static error motions. 

Okafor et al. presented quasi-static kinematic modeling for the 
derivation of machine tool error models and error compensation pro-
cedures for a three-axis vertical machining center using rigid body ki-
nematics [356]. To improve machine tool volumetric positional 
accuracy cost-effectively, machine tool quasi-static kinematic errors as 
well as thermally induced errors were characterized and predicted for 
error compensation. The presented mathematical model is used to pre-
dict the resultant error vector at the tool–workpiece interface for error 
compensation. Lin et al. used a matrix summation approach for 
modeling five-axis machine tools [358]. The traditional approach of 
using a HTM relies on computationally expensive matrix multiplication. 
In this work, a matrix summation approach is developed and imple-
mented for modeling the quasi-static kinematic errors of five-axis ma-
chine tools. This approach breaks down the kinematic equation into six 
components, each of which has clear physical meaning and reduces the 
computations substantially to make the five-axis kinematic model 
manageable and understandable. Suh et al. described a comprehensive 
procedure for error modeling and measurement of the rotary table of 
five-axis machine tools [359]. The introduced steps include geometric 
error model, error compensation method for the CNC controller, error 
measurement method, and verification of the error model and 
compensation algorithm. The developed procedure was verified by ex-
periments, indicating that they can be used for multi-axis machine tools 
as a means of calibration and enhancement of the rotary table. Ferreira 
et al. introduced an analytical modeling approach using rigid body ki-
nematics [360] that allows for the description of variation of errors 
along the machine’s axes. The model relates the error vector at a point in 
the machine tool workspace to the coordinates of that point by the 
dimensional and form errors of the individual links and joints of the 
machine’s kinematic scheme. Shape (inter-axis errors) and joint 
(intra-axis errors) transforms are developed for inaccurate machine el-
ements. An expression is developed for the case where the individual 
joint errors vary linearly as well as the case of a quadratic relationship 
with the movement along the axis. A comparison made between the 
errors predicted by a model that allows for variation of individual errors 
and one that does not, indicates that the higher order terms of the 
expression make significant contributions to the predicted error. The 
presented research proposes a method for estimating the coefficients of 
the model from the errors of a workpiece. 

4.2. Thermal models 

Thermal models are built for studying the relationship between 
changes in temperature or heat sources, and thermally-induced errors as 
well as for compensation of thermal errors [374]. For temperature-based 
approaches, the model is fine-tuned based on precision measurement of 
temperatures and displacements at specific positions of the machine tool 
[39], which requires not only numerical simulation but also precise 
experimental data. Fig. 40 shows an example of measuring the tem-
perature distribution of a machine tool fitted using a series of temper-
ature sensors near the locations of heat sources like spindle box, 
guideway, motor, feed screw nut, etc [375]. 

Table 11 summarizes the modeling methods for thermal errors. The 
applicable machines and modeling accuracy are also compared and 
shown in the table. The FEM enables an in-depth analysis of thermally- 
induced errors of machines. A combination of FEM with the finite dif-
ference method (FDM), which is the so-called finite difference element 
method (FDEM), can produce an effective way for thermal modeling as 

Fig. 39. An example of possible non-rigid body behavior of a Y-axis carrying a 
heavy Z-axis ram [357]. The angular error motion of the Y-axis, EAY, may vary 
as a function of the position of the Z-axis. 

W. Gao et al.                                                                                                                                                                                                                                    



International Journal of Machine Tools and Manufacture 187 (2023) 104017

31

shown in Fig. 41. The FDM is used first to compute the temperature 
distribution of the machine and FEM is used to compute the resulting 
thermally induced deformation of the machine [44] [376] [377]. The 
challenges in thermal modeling come from the complexity of machine 
tools and the thermal interaction between the various elements. The 
thermal boundary conditions are difficult to determine accurately. 
Fig. 41 shows the SATO system [378] for thermal behavior simulation 
and analysis for a spindle assembly based on FEM, FDM, and a series of 
procedures describing the boundary conditions. Other methods for 
thermal modeling such as the least square method, regression analysis, 
neural network, grey system method, etc. are reviewed in Ref. [5]. The 
advantages and disadvantages of the linear least squares regression, the 
back propagation network, and the radial basis function methods are 
compared in Ref. [375]. 

Based on the above-mentioned methods, a series of models 
describing the thermal behavior of rotary or linear axes of machine tools 
were developed. For example, Holkup et al. established a FEM based 
model of a high-speed spindle with ball bearings, emphasizing the ac-
curate modeling of rolling elements loads as a function of spindle rota-
tional speed and temperature distribution [379]. Brecher et al. proposed 
a model for spindle error compensation with model input consisting of 
spindle temperature, rotational speed, and motor current values [380]. 
Mayr et al. used the cooling power as input to model the location errors 
of rotary axes and spindle [381]. Gleich described an approach for 
modeling ball bearing screws in thermal finite element simulations. The 
thermal model of a machine is much more complicated than that of a 
single component due to the interactions among the various components 
and the environment. Gebhardt et al. established a grey-box model 
derived from measured data to predict the load-dependent behavior of a 
rotary axis of a five-axis machine tool [382]. More thermal modeling 
methods are reviewed in Ref. [39] [4] [47]. Building a physical model is 
a great challenge due to problems of establishing the boundary condi-
tions and accurately obtaining the characteristics of heat transfer [383]. 
Recently, some artificial intelligent (AI) methodology are adopted in 
thermal modeling to bridge the trade-off between precision and profit-
ability [384] [385] [386] [4] [387] [388]. Thermal modeling with 
self-learning and self-optimizing capabilities dealing with the case of 
changing boundary conditions in a machining process was developed by 
Zimmermann et al. [384] and Mayr [305], which increased the intelli-
gence level in thermal modeling. Chiu et al. proposed a ML modeling 
method, which uses random forests and Gaussian process regression to 

model the thermal error of the spindle, with an accuracy of 90.49% 
[389]. 

4.3. Static load-induced deformation models 

A matrix formulation of the kinematic and compliance model of a 
serial mechanism is used to generate a numerical Jacobian of the change 
in the telescoping loaded double ball bar (LDBB) length as a function of 
the machine joint compliances and the applied forces [390]. 

A modeling method for machine tool stiffness within the work vol-
ume is presented in Ref. [391]. A parametric model, considering 
six-directional static stiffness is established to predict machining errors 
under various loading situations considering practical machining posi-
tions and stress conditions. Experimental results are presented for a 
boring-milling machining center for the verification of the accuracy and 
efficiency of the proposed error prediction method by comparing the 
results from experimental data with those from finite element analysis. 
The proposed model is stated to be applicable in optimizing the machine 
tool design. 

4.4. Dynamic models 

To increase energy efficiency, recent machine tool designs are ori-
ented toward low friction and weight reduction. These designs may 
simultaneously reduce the damping ability and the stiffness of the sys-
tem, which has the effect of degrading the dynamic characteristics of the 
machine tool. This is a critical issue in the manufacturing industry 
because the dynamic motion accuracy of machine tools deteriorates as 
the dynamic stiffness of the machine tool deteriorates, which has a 
significant impact on machining quality, production efficiency, and 
manufacturing costs. 

A comprehensive dynamic simulation of machine tool behaviors 
using coupled models of mechanical and control systems provides 
beneficial information in machine tool evaluation. The control system 
model is represented by a block diagram reflecting the control scheme 
and parameters in servo controllers. Traditionally, P-PI cascaded feed-
back loops are employed. The mechanical system is modeled by a mass- 
spring-damper model. The model for an entire machine tool structure is 
developed using a FEM or a multi body (MB) model. 

A precise model considering higher order vibration modes can be 
developed using the FEM that can be obtained by meshing a 3D 

Fig. 40. Locations of temperature sensors on a four-axis milling machine [375]. Temperature measuring points are distributed on heat sources, such as headstock, 
feed nut, guide rail, motor, coupling, spindle cooling system, environment, etc. 
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computer-aided design (CAD) model. However, a large computation cost 
is required because of its high degrees of freedom (DOF). Additionally, 
because large motion is also not allowed in the FEM, the simulation of 
feed drive motions is limited. To solve these issues, a reduced order 
modeling based on the FEM [335] and a combination of FEM and MB 
model [392] were proposed. 

The MB model is widely used in the comprehensive dynamic simu-
lation of machine tool behavior [393] [394] [339]. Fig. 42 shows a MB 
model of a vertical machine tool. In the MB model, the structural 

components such as the bed and saddle are modeled as rigid bodies that 
are connected by springs and dampers. The MB model’s DOF is sufficient 
in many cases because the important structural vibration affecting the 
machine’s dynamic behavior is not the deformation of structural com-
ponents themselves but the relative vibration between them. 

In both the FEM and MB models, an important issue is the modeling 
and identification of non-linear characteristics that exist at mechanical 
interfaces. The friction behavior in the ball screw and guideway is a 
well-known non-linear effect [340] [396]. The preload dependent 

Table 11 
Summary of modeling methods for thermal errors.  

Methods Modeling steps Characteristics Applicable machines Accuracy 

The finite 
element 
method [5]  

1. Simplifying the original 
geometric constructions and 
sending it to the software;  

2. Meshing according to the 
structure of the parts;  

3. Computing the power of heat 
sources;  

4. Computing the convections;  
5. Applying the thermal load and 

boundary conditions obtained 
before on the spindle;  

6. Computing the steady/transient 
temperature field of the spindle 
by FEM; 

7. Replacing thermal elements with 
structural elements to acquire the 
thermal deformation  

- Determining the influence of free 
convection and forced convection on 
heat transfer coefficient (film 
coefficient)  

- Analyzing the thermal behavior of the 
machine tool under the influence of 
heat source in the machine tool 
structure and its surrounding 
environment.  

- Calculating static and dynamic 
machine characteristics  

- Individual structural 
components, including 
those containing heat 
sources and those affected 
by external heat sources  

- The overall structure of 
machine tool  

- Moderate accuracy, dependent on 
modeling constraints 

The finite 
differences 
element 
method [39]  

1. Using Finite Differences to 
compute the multidimensional 
temperature distribution of 
machine tools  

2. Using Finite Elements to 
compute the thermally induced 
deformation of machine tools 
with a linear system of 
equations. 

- Simulating the transient thermal 
behavior of machine tools. 
- Combining the advantages of FDM and 
FEM  

- A serial simulation method with high 
accuracy and short calculation time 

The linear least 
square 
regression 
[375]  

1. Temperature and thermal 
deformation measurement  

2. Thermal key point identification  
3. Establish thermal error model 

according to different algorithms  

- The prediction accuracy of the linear 
least square regression model is 
affected by measurement technology 
and thermal key points.  

- Multi-axis machining center 
structure  

- High prediction accuracy and low 
robustness 

The back 
propagation 
network [375]  

- the back propagation network model is 
more adaptive to the case of different 
feed rates, rotational speeds, and 
ambient temperatures and has certain 
versatility on machine tools of the same 
type, and not conducive for on-line 
thermal error compensation.  

- The fitting ability and the prediction 
ability of the back propagation network 
are limited by the number of hidden 
neurons. 

- Good robustness for a long-term use and 
certain versatility on same type machine 
tools. 

The radial basis 
function [375]  

- The fitting accuracy and the prediction 
correctness usually vary according to 
the hidden neurons, thresholds, and 
weights and cannot achieve the peak 
performance simultaneously.  

- The thermal error could be reduced to 
as less as 25% of the original thermal 
error with compensation using the 
radial basis function model under the 
machining conditions of various feed 
rates and rotational speeds. - The 
radial basis function model could 
improve the thermal precision by 
about 65% under the distinct 
environmental temperature 
conditions. 

Grey system 
theory [5]  

1. Temperature and thermal 
deformation measurement  

2. Establish thermal error model 
according to the grey system 
theory  

3. Describe the relationship 
between thermal drift of main 
shaft and temperature change 
through thermal error model  

- Modeling based on the grey system 
theory is simpler, more convenient and 
does not depend on massive and 
complete data information as the 
modeling foundation.  

- The grey system theory model with 
AGO (accumulated generating 
operation) transformation can be used 
to describe the relationship between 
the temperature rise and thermal drift 
of the main shaft.  

- Mainly used for thermal 
error modeling of machine 
tool spindle  

- The online grey system theory model 
can compensate about 90% of the 
thermal error on average, while the 
offline pre-established grey system 
theory model can compensate about 
75% of the error  

- The grey system theory model had 
good accuracy and robustness  
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stiffness in guideways and bearings is also a non-linear effect that should 
be considered [397] [398]. In examples shown in Fig. 43, the difference 
in the frequency response due to different magnitude of the excitation 
forces is significant in the ball screw and linear motion guideway. These 
traditional approaches for non-linear modeling were combined with a 
data-driven model in recent years (Fig. 44) [399]. This combination is 
expected to improve estimation accuracy while yielding a model that is 
adaptive to variations in machine condition, such as preload change. 

Another difficulty exists in modeling the supporting system of the 

machine and the foundation [402] [399] [57]. Although the support 
stiffness depends on the preload, the preload distribution for supports 
cannot be estimated easily when the number of supports is more than 
four. Developing a model that includes the foundation is still challenging 
because the material properties and structure of the floor can be 
different for each machine shop. An on-site parameter estimation of the 
floor [403] and parameter identification under an operational condition 
[339] are effective in such modeling. 

The described modeling approaches are summarized in Table 12. The 
cutting-edge technology is in digital twin development of machine tools. 
However, the real time simulation of dynamic errors is still challenging 
because of its computation cost and short variation period. Only reduced 
order approaches such as the MB model can currently provide the real 
time solution. The utilization of a supercomputer is an interesting 
challenge to realize both high estimation accuracy and short computa-
tion time [404]. 

The machining process itself has a significant influence on the dy-
namic performance of a machine tool. The fluctuation of machining 
forces can cause vibration problems called “forced vibration” and self- 
excited vibrations, so called “chatter vibration”. Chatter vibration has 
been the focus of much research due to its importance for part quality 
and production efficiency [405] [6]. The mechanism by which the dy-
namic characteristics of the machine structure and the machining pro-
cess interact with each other is well described in Ref. [406]. The process 
can be represented by the time-delay differential equation shown in Eq. 
(13). 

Mü+Cu̇+Ku=Fn + A(u − ut) (13)  

Where M, C, and K represent the modal parameters of the system. In 
other words, the dynamic characteristics of the machine structure that 
constitutes the machining system greatly affect the stability of the 
system. 

The machine structure consists of the tool, tool holder, spindle, feed 
drive mechanism, machine tool structure, table, workpiece clamp, and 
workpiece. The structural components of the system are coupled in se-
ries, and the dynamic stiffness of the system is dependent on the prop-
erties of the least stiff structure and its joints [407]. In many cases, loop 
stiffness is calculated by simplifying the system to a MDOF vibration 
model of a mass-damper-spring system. The simplified model can 
accurately predict the machining results. 

Examples of modeling for turning [400] and milling processes [401] 
are shown in Fig. 45. The dynamic characteristics of the machine 
structure are modeled and the effects of the relative displacement be-
tween the tool and workpiece on the cutting force fluctuations are 
modeled. As shown in Fig. 46, the structural dynamics and the 
machining process form a feedback loop so that the structural vibration 

Fig. 41. Diagram of the SATO system for thermal modeling [378]. The system 
is used to simulate the thermal and static behavior of the machine tool, and 
combine the calculation of temperature and displacement distribution with the 
determination of power loss in the moving link of the drive system. The 
boundary conditions included in the system can ensure the modeling of thermal 
and elastic phenomena occurring in the structure and on the fixed and moving 
links between the machine tool units and components. Including: convection 
generated by radiation, natural convection and element movement, heat 
generated by coolant flow, contact conductivity and contact stiffness. 

Fig. 42. Multi body model of vertical machine tool [395]. (a) Z-X Plane. (b) Y-Z-Plane. Major structural components are modeled as rigid bodies and connected by 
springs and dampers. 
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caused by the cutting force fluctuation generates further cutting force 
fluctuations. Chatter vibration will develop if the interaction between 
the dynamic behavior of the machine structure and the cutting process 
leads to system instability. Time-domain, frequency-domain, and 
semi-discrete-time-domain methods have been proposed for analyzing 
chatter vibration. The time-domain solution is widely used because it 
can estimate transient states of the system by directly solving ordinary 
differential equations in the time domain, and it is easy to implement 

nonlinear models. However, when large-amplitude vibration occurs 
under unstable conditions, the nonlinear behavior of the machine 
structure [397] and a phenomenon called process damping [408] [409], 
in which the tool flank face contacts the workpiece surface, must be 
considered to precisely simulate the phenomenon. These modeling 
studies are still in their developmental stages, and no reliable means has 
been established to quantitatively estimate the behavior under unstable 
conditions. Under stable conditions, the cutting force fluctuations 

Fig. 43. Frequency response of different machine elements depending on excitation force [397]. (a) Support bearing. (b) Ball screw. (c) Ball screw/nut. (d) Linear 
motion (LM) guideway/carriage. (e) Table. (f) Table connection. The influence of the excitation force is larger in the ball screw and LM guideway because the 
stiffness and damping are changed by the preload in these rolling elements. 

Fig. 44. Feed drive dynamics model combined with neural network [399]. The representation of “Dynamics model” bock was modified from the original figure. The 
simulation error of the dynamics model caused by complicated factors such as a position dependent friction variation is estimated by the neural network. 
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caused by chatter converge to zero in the steady state, hence the prob-
lem can be treated simply as a forced vibration problem. Therefore, in 
the analysis of chatter vibration, it is important to determine whether 
the system is stable or unstable. From this point of view, the 
frequency-domain approach is a computationally cost-effective method. 
Focusing on the dynamic characteristics of the mechanical structures as 
a filter, Budak and Altintas proposed a simple model called 
Zero-Order-Solution (ZOS) [410] that handles only the mean magnitude 

of the periodic cutting resistance coefficient matrix. Its excellent esti-
mation performance has been well demonstrated experimentally, and 
hence it is widely used as a method to determine the stability and 
instability of a system. On the other hand, the ZOS is more likely to 
produce estimation errors in processes such as low immersion milling, 
where the periodicity of the machining process has a large influence. 
Under such conditions, estimation errors have been observed with the 
time-domain method [411]. The semi-discrete time-domain solution 
combines the advantages of the time-domain and frequency-domain 
methods to improve both higher estimation accuracy and relatively 
lower computational cost [412]. 

The accuracy of these vibration estimation methods depends on the 
accuracy of the model and model parameters. The model parameters 
comprise parameters such as specific cutting resistance, which is a co-
efficient used to estimate cutting forces, and modal parameters, which 
represent the dynamic characteristics of the machining system. Model 
parameters are generally identified through cutting experiments and 
impulse response methods [406]. Conventional methods based on 
off-line measurement cannot handle parameter identification that re-
flects changes in the system during machining. For this reason, the 
identification of cutting parameters [414] and modal parameters [415] 
[416] based on information obtained during actual operation has been 

Fig. 45. Modeling of cutting processes. (a) Turning process [400]. The condition-dependent process force gain needs to be modeled. (b) Milling process [401]. 
Modeling of the motion kinematics, machine structural dynamics, and tool-workpiece engagement in a multi-DOF system is important. 

Table 12 
Summary of modeling approaches for machine tools.  

Methods Modeling 
cost 

Computational 
cost 

Estimation 
accuracy 

Cutting-edge 
technology 

Finite element 
method 
(FEM) [335] 

* *** *** Digital twin of 
machine tool 
and machining 
process [393, 
394,404] 
In-process 
parameter 
identification 
[339–342] 

Multi body 
method 
(MB) [393] 
[394] [339] 

*** * * 

Combination 
of FEM and 
MB [392] 

** ** **  
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proposed. Alternatively, simultaneous identification of all parameters 
using disturbance forces input to the feed system of a machine tool [341] 
[342] has been proposed. Fig. 47 shows an example of the parameter 
identification from transient fluctuations in the disturbance force that 
occur in a milling process with spindle speed variation. The identifica-
tion techniques that use in-process information are useful for accurately 
estimating vibration phenomena caused by the machining process. 

The described modeling approaches are summarized in Table 13. 
None of the methods proposed so far can guarantee sufficiently high 
accuracy in estimating the dynamic behavior of machine tools caused by 
dynamic processes. Further improvement of model accuracy and accu-
rate identification of model parameters are essential to achieve highly 
accurate estimation using digital twins based on physical models. The 
consideration of nonlinearities in dynamic models of the machining 
processes [417] and the machine dynamics [418] is an interesting 
challenge. Modeling with AI-based approaches [419] [420] [421] [422] 
[423] is also an interesting challenge to improve the estimation accu-
racy. Current approaches are mostly oriented toward the stability lobe 
diagram prediction. 

5. Compensation strategies 

5.1. Compensation of quasi-static kinematic errors 

5.1.1. Static compensation 
Initially, a machine tool’s accuracy is due to the quality of its com-

ponents and their assembly [2] [1]. The errors are summarized in ISO 
230–1 [16] and the compensation for their effect is in ISO/TR 16907 
[357]. Reproducibility of these errors is the key to effective compensa-
tion. Accuracy variations may be due to wear and/or sag in the foun-
dation (thermal and load effects will be treated in Section 5.3 and 5.4). 
A collision during use may also modify the alignment and dimensions of 
machine components. 

Compensation strategies to improve the workpiece quality can be 
classified into two classes: direct/indirect and model-based compensa-
tions. Both classes of compensations can be introduced, either in the 
controller setup of the machine tool or applied in the G-code part 

Fig. 46. Block diagram of the system consisting of the cutting process and 
machine dynamics [413]. The dynamic cutting force excites the machine 
structures, causing dynamic displacement, which triggers cutting force fluctu-
ations with a regeneration effect. The diagram depicts a feedback Loop of the 
system consisting of the structural dynamics and the machining process. 

Fig. 47. Parameter identification method for a linear model of the milling 
process [341]. This example shows the concurrent identification of cutting 
process parameters and modal parameters from the disturbance forces 
measured during the transiently varying milling process by the spindle speed 
variation (SSV) method. The disturbance force includes both chatter and forced 
vibration components, as shown by the results of the short-time Fourier 
transform of the disturbance forces. 

Table 13 
Summary of modeling approaches for dynamic performance of machine tools. * 
low, *** high.  

Methods Modeling 
cost 

Computational 
cost 

Estimation 
accuracy 

Cutting-edge 
technology 

Time domain 
approach 
[394,397] 

* *** *** Modeling 
accuracy 
improvement 
[397,408,409, 
417,418] 
Parameter 
identification 
improvement 
[341,342, 
414–416] 
AI-based 
approach [419], 
[420] [421] 
[422] [423] 

Frequency 
domain 
approach 
[400,401, 
410] 

*** * * 

Semi discrete 
time 
domain 
approach 
[412] 

** ** **  
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program to modify the toolpath (Fig. 48). 

5.1.1.1. Direct/indirect static compensations using CNC function. Current 
CNC systems have numerous options to compensate major machine tool 
errors by applying direct corrections to the axis command. These are 
summarized in ISO Technical Report 16907 “Numerical Compensation 
of Machine Tools.” The compensation will be said to be direct when the 
measured value is directly applied to the nominal position of the point to 
be corrected. Indirect compensation will use an equation to calculate the 
compensation from measured values.  

I) Empirical backlash compensation: To compensate for backlash, 
the axis-specific value is corrected by the amount of backlash 
every time the axis changes direction. This quantity is introduced 
for each axis in the CNC machine tool data setup. Fig. 49a sum-
marizes a procedure to determine the backlash value. The back-
lash of each axis can be determined easily using a dial indicator 
with a micrometer resolution.  

II) Linear positioning errors of a linear axis (EXX, EYY or EZZ): The 
leadscrew and the measuring system errors can be compensated 
using a compensation table. This compensation assumes that the 
current position of the axis can be computed from the position of 
the drive actuator or directly by the measuring system. In the case 
of the encoder being mounted on the drive ball screw, the lead of 

the ball screw is assumed constant for the entire axis travel. The 
kinematic errors EXX, EYY,and EZZdirectly affect the accuracy of 
workpiece machining. Their compensation requires the relevant 
position-dependent compensation values. The compensation 
values are computed using measured error curves and entered in 
the form of compensation tables in the setup register of the CNC 
system. Fig. 49b shows the measurement of linear positioning 
errors using a laser interferometer. An interpolation procedure is 
used to derive the compensation value between two measured 
values. Classically, linear interpolation is employed for its 
simplicity. Other types of interpolations can be used, for example, 
B---Spline interpolation. The compensation value obtained after 
interpolation of the measured values is added by the CNC system 
to the current position value of the axis.  

III) Sag and multi-axes compensation: The own weight of machine 
elements can cause deformations depending on their position. 
These deformations induce a displacement and an inclination 
change that modify the position and the orientation of the tool. 
Fig. 49c shows this situation in the case of a horizontal milling 
machine with a heavy Y-axis ram. The sag, or the straightness 
error motion induced by the moving mass, can be compensated 
using a compensation table where the difference between 
measured and nominal Z values are stored (see Fig. 49c). The 
compensation table describes the sag error in Z direction as a 
function of the nominal position of the Y-axis. The compensation 
value between two saved values in the compensation table is 
computed using an interpolation. Fig. 49d shows the compensa-
tion of sag in a foundation. This compensation can reduce the 
effect of structural deformations of the machine tool when its link 
with the foundation is static. The data for axis compensation are 
saved in the table with nominal axis position entries (for example 
X and Y) and the measured value of the compensation (for 
example Z). A more complete compensation makes it possible to 
deal with cases where the angular error is too great. In this case, 
an equation linking linear axis angular error motions and errors 
in the tool position can be used for the compensation of the 
sagging using a set of tables [424] (the quasi-static kinematic 
models, reviewed in Section 4.1, can be applied). These tables 
can be multiplied and/or added. This case is shown in Fig. 49d. 
This type of compensation can be extended to multi-axis 
compensation. The position of an axis can be the input quantity 
for several tables. This allows the derivation of the total 
compensation value of an axis from several compensation 

Fig. 48. Solutions for compensation: (I) Open-source software by modification 
of the G-code toolpath and (II) Original Equipment Manufacturer (OEM) using 
the OEM functionalities of the CNC system. The VCS system is a specific option 
added to CNC system, and the OEM options are directly implemented in the 
CNC system. 

Fig. 49. Direct/indirect static compensations on CNC 
systems: (a) Backlash compensation option allows to 
take in account the clearance of ball-screws of the 
axes (except for the case of linear motors), (b) Lead-
screw and measuring system errors compensation 
option permits to deal with linear positioning errors 
using compensation tables, (c) Multi-axis compensa-
tion allows to deal with machine errors merging by 
compensation tables (d) Compensation of sag in a 
foundation permits to balance structural deformations 
of the machine tool using compensation tables.   
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relationships (tables). Compensation that includes all position 
and angular errors can be performed using this approach. The 
eight inter-axis errors, two spindle lateral offsets, and the three 
linear axis scale errors of a five-axis machine tool were addressed 
using 40 compensation tables to derive compensation values for 
each axis (X, Y, Z, A, C) [425]. This work used symbolic varia-
tional forward and inverse kinematics approaches. The mean 
volumetric error was reduced by 79 %.  

IV) Physical and empirical compensation of squareness error on a 
machine tool: A position compensation does not allow for the 

compensation of errors in tool orientation. Fig. 50 shows the ef-
fect of the parallelism error of the spindle axis to the worktable. 
Suppose that the bottom face of the workpiece is the datum 
surface. If it is fixed parallel to the machine table, the parallelism 
error of the spindle axis to the worktable can cause the perpen-
dicularity error of the left side face to the bottom face, as shown 
in Fig. 50a. If the positioning surface of the fixture is machined on 
the machine tool by feeding the tool to the Z-direction, as shown 
in Fig. 50b, and if the parallelism error of the spindle axis to the Z- 
axis is sufficiently small, then the resulting perpendicularity error 
of the machined surface is not affected by this orientation error of 
the spindle axis to the worktable. 

5.1.1.2. Static model-based compensation using CNC controller function. 
The volumetric error compensation of quasi-static kinematic errors is a 
direct application of compensation tables. Many OEMs of CNC systems 
have incorporated volumetric error compensation modules for three- 
axis machine tools, as is reviewed in ISO/TR 16907 [357]. This option 
is based on a static model and allows for the volumetric compensation of 
the TCP position (Fig. 51) of three axis milling machine tools. 

Most volumetric error compensation modules available in commer-
cial CNCs are based on the quasi-static kinematic model reviewed in 
Section 4.1. 

Cp =A × OC + Ap × Cp  
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In the CNC system setup, a set of compensation tables can be saved. If 
two or more tables are activated, the mean values of compensation table 
values are computed by the CNC system. This smoothens the effect of a 
newly added table. Each compensation table includes the measured 
values of each kinematic error expressed at each interval value (e.g., 
each 50 mm) along the considered axis. The estimation of the error value 
in the interval is derived using an interpolation. The measured square-
ness errors, EC0X, EB0Z, and EC0Y, are included at the end of the table. This 
is a typical volumetric error compensation, based on the quasi-static 
kinematic model reviewed in Section 4.1. Some commercial CNC sys-
tems offer compensation based on the representation of the volumetric 
error in a spatial error grid, which requires no kinematic model in the 
controller. ISO/TR 16907 [357] reviews various forms of volumetric 
error compensation. 

5.1.1.3. Static model-based compensation using modified G-code. When 
the volumetric compensation is not available on the CNC controller, 
alternative methods have been used, such as modifying programmable 
application logic (PAL) software of CNC [426] or adding special 

Fig. 50. Squareness error compensation for the case of a milling operation on a 
machine tool. The image on the left (a) shows the effect of the squareness error 
on the orientation error between reference A and the machined surface. In the 
right image (b), a physical compensation has been applied by machining the 
fixture on the machine-tool. In this case, the orientation between the reference 
A and the machined surface is not influenced by the squareness error of the 
machine tool. 

Fig. 51. Principle of VCS for a three-axis milling machine: The VCS software is 
based on the kinematics (18 errors) and position/orientation errors (3 errors). 
To compute the Cp compensation vector, the software needs to know the 21 
machine errors (compensation table), and the CP and OC vectors. For each 
position of the points C and P during the machining, the VCS software calcu-
lates in real time the end point compensation that the CNC software must apply. 
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hardware devices to the drive feedback loops [427]. Due to significant 
increase in the amount of internal CNC memory over the years, the same 
compensation can now be performed by a modified G-code programs 
(Fig. 52a). The tool path generated by the computer aided 
manufacturing (CAM) system is modified to include the TCP at discrete 
positions, which are then compensated based on the modeled TCP errors 
[126] [428]. This compensation is applied in the workpiece coordinate 
system along the toolpath. 

Over the past decade, the compensation of five-axis machine tools 
was the focus of numerous works. The five-axis machine tool structure 
has numerous kinematic errors (more than 40 errors) and has specific 
kinematic singularities and motion discontinuities along the curved tool 
paths. To avoid this impediment, the tool orientation vectors, and the 
movement of the tool tip were represented by a fifth degree B-spline 
curve in Ref. [371]. The use of polynomials allowed compensation of 
both tool tip position and tool orientation (Fig. 52b) [429]. Numerous 
applications for a set of five-axis machine tool structures were published 
in the last decade [430] [431] [432]. 

5.1.1.4. Efficiency and limitation of quasi-static error compensation. 
Quasi-static kinematic error compensation enables reducing the posi-
tioning deviation of the tool point around 60% or more [425] [156]. The 

TCP or direct/indirect method performance is directly linked with the 
repeatability of machine tool axes. The design of the machine compo-
nents may impact the rigidity, the geometrical stability, and the 
repeatability of the machine tool movements, which remains the limit 
for a realistic error compensation. The installation quality of the ma-
chine on its foundation has much influence on the observed structural 
deformation, notably when the number of contact points is more than 
the minimal number to obtain an isostatic installation. This phenome-
non can be observed for large machine tools. In three axes milling ma-
chine, the real orientation of the tool cannot be compensated 
numerically. This deviation has significant effects when the tool has a 
large size. In this case, angular error motions can have a larger influence 
on the TCP position. In the case of five axes milling machines, rotary 
axes can be used in most cases to align the normal vector of the 
machined surface with the tool axis. Finally, the quasi-static kinematic 
errors are correlated to the room temperature. A smooth gradient of the 
temperature can be compensated by changing the table as a function of 
the current room temperature. Quick temperature variations cannot be 
considered with a static compensation method. 

The presented static compensation methods are summarized in 
Table 14. They are compared in terms of error type, direct or indirect 
application, complexity (* Easy-to-use method, ** Long and complicated 
method), cost (*Low cost, ** Expensive method), effect of compensation 
(Partial: some effects of errors are compensated; Complete: all effects of 
errors are compensated), and application domain. This classification 
brings to the fore that the compensation of machine tools with three-axis 
or less is overcame and routinely implemented in industry today (OEM 
facilities) 

The most recent advances in static compensation for linear error 
motions, position and orientation errors have taken place in the field of 
multi-axis machines, in particular, to five-axis machine tool [430] [431] 
[126] [432] [428]. New research approaches are emerging to compen-
sate machine errors, as described next. The use of artificial intelligence 
and machine learning is gaining momentum in the compensation of 
quasi-static kinematic errors [434]. Machine learning approaches have 
been tested to compensate volumetric errors in five-axis machine tool 
[435] and to predict the thermal error compensation [436]. 

5.1.2. Precise and high bandwidth compensation by using fast tool servo 
Although quasi-static kinematic errors in a machine tool can be 

Fig. 52. Application of the compensation on the CAM toolpath. The compen-
sation is limited by the degrees of freedom of the machine tool axes. In the case 
of three-axis machine tools (a) only translation compensations can be applied 
on tool tip point. In the case of five-axis machine tools (b) the compensations of 
tool tip position and the tool orientation can be applied by the CNC. 

Table 14 
Summary of static compensation classes. * low, *** high.  

Classes of static 
compensations 

Methods for static 
compensation 

Name Error type Direct or 
Indirect 
method 

Complexity Cost Effect of 
compensation 

Applications 

Physical and 
empirical 
compensation 

Physical 
compensation of 
squareness errors 

Direct 
compensation of 
squareness errors 

Orientation errors Direct * * Partial All machine 
tools 

Original Equipment 
Manufacturer 
(OEM) for 
compensation 

Direct/indirect 
compensation 
using CNC 
functions 

Empirical backlash 
compensation 

Backlash Direct ** ** Partial All machine 
tools with ball 
screws 

Linear positioning 
errors of a linear 
axis 

Linear positioning 
errors 

Direct ** ** Partial All machine 
tools 

Sag and multi-axis 
compensation 

Kinematic and 
orientation/position 
errors 

Indirect *** to **** Difficulty 
to do the model and 
manage compensation 
tables in controller 

*** Partial to 
complete 

All machine 
tools 

Volumetric error 
compensation 
using CNC 
function 

Matrix 
compensation and 
TCP compensation 

21 errors: 18 
kinematic and 3 
orientation errors 
(more error 
components exist for 
5-axis machines) 

Indirect * Model is 
implemented in 
controller. ** Setup 
management in 
controller 

*** Complete 3 axis machine 
tools 

Model-based 
compensation 
using modified G- 
code 

Modified toolpath 
in G-code program 

Machine tool model, 
matrix 
compensation and 
TCP compensation 

Kinematic and 
orientation/position 
errors 

Indirect *** to **** Difficulty 
to do the complete 
model in multi-axis 
machine tools 

**** Complete All machine 
tools  
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compensated by moving slides, this is only possible for low frequency 
components of the quasi-static kinematic errors due to the low band-
width of a slide that is typically limited to the order of 10 Hz [437]. The 
fast tool servo (FTS) technology, although limited in applications of 
diamond turning, was developed for the compensation of quasi-static 
kinematic errors over a wider bandwidth up to several hundreds of Hz 
[438] as well as for the fabrication of non-rotationally symmetric sur-
faces [439], large-area microstructured surfaces [440], and for cutting 
experiments in nanomachining instruments [441]. 

Kounno at NEC Cooperation and Patterson at Lawrence Livermore 
National Laboratory developed the first FTSs independently in the mid- 
1980s [442] [443]. In the FTS by Kounno, a linear variable differential 
transformer (LVDT) was employed as the displacement sensor for the 
feedback control of a piezo (PZT) actuator with a 10 nm resolution and a 
6 μm range over a bandwidth 50 Hz [442]. The FTS by Patterson, which 
had a combination of a capacitance-type displacement sensor and a PZT 
actuator, could realize a dynamic repeatability of better than 1.3 nm 
over a bandwidth of 100 Hz [443]. The first application of FTS to the 
compensation of machine errors was made by Fawcett at North Carolina 
State University in 1989 [438]. To compensate for the vibration intro-
duced by the Z-axis with an amplitude of 100 nm and a frequency of 
67.5 Hz, an improved FTS shown in Fig. 53 was employed. The FTS, in 
which a capacitance-type displacement sensor and a PZT actuator were 
employed had a maximum stroke of 15 μm with a bandwidth over 1 kHz. 
The relative error motion of the workpiece with respect to the tool post, 
which was introduced by the Z-slide, was measured by a 
capacitance-type displacement sensor (A). The sensor output was used 
as the error signal to control the FTS. The expansion and contraction of 
the PZT actuator adjusts the tool position to compensate for the relative 
motion between the tool and the workpiece. The actual movement of the 
tool was monitored by a second capacitance-type displacement sensor 
(B) to verify that the tool motion corresponds to the measurement from 
sensor A. It can be seen that the periodic error component introduced by 
the Z-axis vibration error was removed. The peak-to-valley (PV) surface 
roughness was reduced from 50.1 nm to 34 nm. 

When an FTS is employed on a diamond tuning machine (DTM) for 
further compensating the slide and the spindle errors, the integration of 
the FTS to the machine controller is a challenge since the FTS controller 
is independent of the machine CNC. In a specific diamond turning ma-
chine where the FTS was integrated [437], the spindle rotary position 
was measured by a rotary encoder, and the positions of the X and Z slides 
were measured by laser interferometers. The slide axes controller exe-
cutes the correction algorithm at each controller cycle after the 

reference coordinates for each slide are calculated outside the feedback 
loop. The FTS feedback control loop is independent of the X and Z slide 
control. The interferometer data were made available to both the slide 
axes controller and the FTS feedback controller by connecting the two 
controllers directly to the interferometer interface output ports. An 
additional angular feedback interface, makes the FTS controller acces-
sible to the spindle encoder with a maximum encoder resolution of 
0.0015 radians per count. With this architecture, the X/Z and FTS 
control processes execute in parallel. 

Fig. 54 shows an improved integration of an FTS onto an ultra- 
precision lathe in which the position measurements of the slides were 
made by linear encoders [64] instead of laser interferometers [440]. 
Based on the spindle rotary encoder and the linear encoder outputs, the 
CNC provided servo drives to synchronize the rotation of the spindle and 
the feed of the X-slide and/or the Z-slide. Since the polar coordinates of 
the tool tip position in the XY-plane could be identified from the spindle 
rotary encoder output, a signal interpolator was added between the 
rotary encoder read head and the encoder serial interface of the CNC to 
receive the sinusoidal voltage output signals of the encoder. The sinu-
soidal voltage signals were then converted into pulsed output signals of 
the spindle rotational positions by the interpolator. A digital inpu-
t/output (I/O) board was employed as the interface connecting the 
interpolator and the personal computer (PC). The data of depth of cut for 
compensating the slide and spindle errors as well as the data for fabri-
cating the desired surface microstructures, are stored in a PC. The data 
stored on the hard disk of the PC are first transferred to the 
random-access memory (RAM) of the PC before fabrication. When the 
fabrication starts, the data in the RAM are then output to the CNC one by 
one through a 16-bit digital-to-analog (D/A) converter responding to the 
output signals of spindle rotation positions from the interpolator. 
High-speed data transfer from the memory to the FTS controller is car-
ried out by using the function of direct memory access. Since the data 

Fig. 53. An early FTS for compensating the Z-slide stability error [438]. The 
tool is actuated by a PZT actuator. The displacement of the tool is measured by 
a capacitive sensor (cap gauge) for full-close loop control. 

Fig. 54. An improved integration of FTS to an ultra-precision lathe (diamond 
turning machine) for fabrication of microstructured surfaces with compensation 
of machine errors [440]. The rotation of the spindle and the feed of the X-slide 
and/or the Z-slide is synchronized by the numerical controller (NC). When the 
fabrication starts, the depth of cut data stored in a personal computer are output 
to the NC one by one in responding to the output signals of spindle rotation 
positions from the NC. 
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file is too large (approximately 3 GB) to be stored in the RAM at the same 
time, the RAM is divided into two parts. One updates the data from the 
hard disk, while the other transfers the data to the FTS controller. By 
using this technique, data exceeding the RAM capacity can also be 
output continuously. 

Fig. 55a shows a facing cut result on an aluminum workpiece with a 
diameter of 150 mm by the ultra-precision lathe without machine error 
compensation by the FTS [232]. In the facing cut, the tool was moved by 
the X-slide against the workpiece being rotated by the spindle while the 
depth-of-cut of the tool was kept constant. As can be seen in the figure, 
the surface out-of-flatness was approximately 0.27 μm, which is 
composed of two major components: a periodic component along the 
radial direction of the workpiece surface with a pitch of approximately 
11 mm and a 2 upr (undulations per revolution) component around the 
circular direction of the workpiece surface. 

The specific error motions of the slide and spindle that could possibly 
cause the surface out-of-flatness were measured. The axial error motion 
ef(θ) of the spindle was measured to be approximately 5 nm, which was 
too small to cause the surface out-of-flatness of the facing cut workpiece 
shown in Fig. 55a. On the other hand, as demonstrated in Section 3.1.3, 
the X-slide of the ultraprecision lathe had a straightness error motion 
eZ(x) of approximately 60 nm over the 80 mm travel. The peak-to-valley 
(PV) of the periodic component was approximately 20 nm with a pitch of 
11 mm, which was corresponding to the diameter of the rollers used in 
the V–V shaped bearing of the X-slide. Obviously, the periodic compo-
nent of the surface out-of-flatness of the facing cut workpiece was caused 
by eZ(x). The tilt error motion ea(θ) of the spindle about the Y-axis was 
then measured. A photoelectric autocollimator was mounted on the X- 
slide for the measurement. An aluminum-coated glass disc with a 
thickness of 15 mm and a diameter of 100 mm, which was vacuum- 
chucked on the spindle, was employed as the reflector for the auto-
collimator. The surface out-of-flatness of the glass disc was approxi-
mately 10 nm. The large beam diameter of the autocollimator, which 
was 30 mm, acted as a filter to reduce the influence of the out-of-flatness 
of the glass disc. 

Fig. 55b shows three repeated measurement results of ea(θ). It can be 
seen that ea(θ) was measured to be approximately 0.3 arcseconds, which 
corresponds to a 73 nm axial error motion in the Z-direction at an x- 
position of 50 mm relative to the spindle axis. Since ea(θ) was dominated 
by a 2 upr component, it indicates that the 2 upr error component of the 
surface out-of-flatness of the facing cut workpiece along the circular 
direction shown in Fig. 55a was mainly caused by the angular error 
motion of the spindle. Fig. 55c shows the result of the compensation for 
face cutting by the FTS. The machine error components were compen-
sated based on the measurement result of each machine error. The peak- 
to-valley (PV) value of the surface out-of-flatness of the face cut work-
piece shown in Fig. 55c was approximately 0.12 μm, which was less than 
half the surface out-of-flatness before compensation by the FTS shown in 
Fig. 54. A comparison between the results before and after compensation 
by FTS reveals that the periodic out-of-flatness component with a radial 
pitch of 11 mm in the workpiece surface, which was caused by the 
straightness error motion eZ(x) of the X-slide, was removed. The 2 upr 
out-of-flatness component around the circular direction of the work-
piece surface, which was caused by the tilt error motion ea(θ) of the 
spindle, was also greatly reduced. 

Recently, with the development of open controller architecture 
(Open CNC), it becomes easier for a PC-based FTS to access the CNC for 
obtaining machine axis positions and for uploading CNC data for FTS 
compensation [444]. Software interfaces such as application program-
ing interfaces, and hardware interfaces such as Recommended Standard 
232C (RS-232C), optical fiber, Universal Serial Bus (USB), and Ethernet 
network interface are now equipped in a CNC for communication with a 
PC. On the other hand, the performance of FTS has been improved with 
the advancement of sensor and actuator technologies [445]. FTS is now 
also commercially available [446] [447]. All of these developments will 
expand the flexibility and application range of FTS-based compensation 
for machine errors. In addition, a force sensor integrated FTS (FS-FTS) 
[448], has been developed for a nano-cutting instrument to conduct FTS 
diamond turning [449]. By using the FS-FTS, the diamond cutting tool, 
which has been conventionally only used for cutting operations, can be 
employed as a force-controlled measuring stylus for various measuring 

Fig. 55. Compensation on an ultra-precision lathe [232]. (a) The surface 
out-of-flatness of a facing-cut workpiece by the ultra-precision lathe without 
machine error compensation. The surface out-of-flatness with a peak-to-valley 
magnitude of 0.27 μm is composed of a periodic component along the radial 
direction of the workpiece surface with a pitch of approximately 11 mm and a 2 
upr (undulations per revolution) component around the circular direction of the 
workpiece surface. (b) Measurement results of angular error motion ea(θ) of 
spindle [232]. Three repeated measurement results are shown in the figure. 
ea(θ) has a 2 upr component with a peak-to-valley amplitude of approximately 
0.3 arcseconds. (c) The result of compensation cutting by FTS. The 
peak-to-valley (PV) value of the surface out-of-flatness was reduced to 
approximately 0.12 μm. 
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operations [450] [451] [452], which is expected to expand the appli-
cations of FTS technology. 

5.2. Compensation of thermally-induced errors 

Since thermally-induced errors have significant influences on the 
positioning accuracy of machine tools, it is desired to reduce or 
compensate the thermal errors. Reduction of thermal errors is generally 
considered in the design phase of machine tools and includes reducing or 
isolating heat sources, cooling, or making the machine less sensitive to 
temperature variations. Examples are the use of materials with less 
friction like ceramic balls for bearing [453] or materials having a 
negative linear expansion coefficient like carbon fiber reinforced plas-
tics (CFRP) [454] [455]. The optimization of lubrication is also a good 
way for the reduction of thermal errors [42]. [456] describes another 
effort to reduce the thermal deformation of machine tools by applying 
Coanda-effect cooling to spindle housing of a turning center. However, 
thermal reduction by using advanced materials might increase the cost 
of machine tools, and compensation of thermal errors may be a more 
cost-effective way to improve accuracy [3]. 

The compensation of thermally-induced errors normally relies on a 
predictive model that is built based on measurement of the machine 
temperature distribution typically by temperature sensors placed at 
critical points on the machine tools structure as well as measuring the 
thermal errors in tool position and orientation. The goal is an accurate 
model to predict the thermally-induced errors of machine tools for any 
specific temperature condition, based on which the necessary compen-
sation values can be calculated and incorporated to the motion axes for 
compensation. Fig. 56 shows a common procedure for thermal error 
compensation. Moriwaki [274] summarizes the transfer functions be-
tween spindle speed and thermal deformation, as well as ambient tem-
perature and thermal deformation. He then estimates and compensates 
thermal deformation through transfer function and convolution inte-
gral, reducing the machining error caused by spindle speed and ambient 
temperature to less than 15%. Gebhardt et al. [382] introduced a 
high-precision grey box model for predicting errors caused by internal 
heat sources such as drives or bearings. It is verified by experiments that 
85% of the thermally-induced positioning errors can be corrected by this 
model. 

Compensation strategies based on empirical models enable a data- 
based and efficient reduction of thermally-induced errors. However, 
the accuracy of the model depends on the characteristics of the training 

Fig. 56. Diagram of a thermally-induced error compensation procedure, (1) measuring boundary conditions, (2) computing the temperature distribution, (3) 
computing TCP displacements in the working envelope using reduced FEM models, (4) computing thermal locations and component errors for compensation [457]. 

Fig. 57. Concept of the TALC with the adaptive input selection including the 
periodically and autonomously triggered on-machine measurements [384]. The 
purpose of the TALC method is to reduce the tool center point (TCP) deviation 
caused by the mark end error at the mark end and improve the long-term 
robustness of the phenomenological compensation model by combining the 
phenomenological compensation model with machine measurement. The input 
of the TALC method is static and predefined before starting the calibra-
tion phase. 

Fig. 58. Integration of the novelty detection model for on-demand triggered ST 
updates into the TALC [384]. An adaptive input selection iterative procedure is 
developed, including the main steps of creating a compensation model for each 
thermal error, and normalize the time series of the measured temperature and 
the time series of the thermal error considered to achieve a detailed comparison 
of the original time series with different scales. 
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data and the model does not have the ability to adapt or self-optimize. 
To deal with such problems, AI and ML based compensation method-
ologies are developed recently [434] [458] [459] [460] [461]. Zim-
mermann et al. [384] provide the foundation of self-learning 
compensation models for thermally-induced errors by developing the 
thermal adaptive learning control (TALC), which improves the 
long-term robustness of compensation results with respect to changing 
boundary conditions [462]. They developed a smart method for thermal 
adaptive learning to select the optimal input for the compensation 
model. Each input is automatically adjusted and the model is automat-
ically calibrated after the initial model is built, without relying on 
detailed prior knowledge about thermal behavior (Fig. 57). This method 
significantly increases the self-optimization ability for compensation of 
thermally-induced errors by triggering on-machine measurement when 
an unknown thermal condition occurs (Fig. 58). TALC also increases the 
uptime and productivity of machine tools without reducing the precision 
of the compensation results. A thermal displacement compensation 
method using deep learning to change the compensation weight adap-
tively was developed by a commercial machine tool company [451]. By 
adjusting the compensation values based on the uncertainty, the method 
can prevent the deterioration of accuracy due to extreme prediction 
values caused by sensor failure [463]. A method of thermal error pre-
diction and compensation for five-axis machine tools based on super-
vised online ML was proposed by researchers in Switzerland [454]. 
Based on the change and state of ambient temperature, load and 
boundary conditions, the thermal displacement of the tool center point 
is predicted and compensated to reduce most thermal errors [383]. 
Fabian Stoop proposed a cloud-based thermal error compensation 
method for cross-border federated learning of machine tools to 
compensate the thermal error of machine tools [424]. This method al-
lows training of shared models locally derived by machine learning 
methods from a large number of distributed systems, the key thermal 
error of the machine tool is reduced by more than 80% under the best 
conditions [436]. Table 15 shows a summary of compensation methods 
for thermal errors. 

5.3. Compensation of static load-induced deformation 

A predictive compliance-based model for compensation in multi-pass 
milling by on-machine probing is introduced in Ref. [464]. In the pre-
sented method, a process-intermittent gauging by on-machine probing 
detects errors due to the cutting action such as system deflection, with a 
particular focus on milled thin wall parts. A general model is presented 
which relies solely on probing data from semi-finishing cuts to 
compensate the final cut. A variable cutting compliance coefficient re-
lates the total system deflection to the depth of cut. The effect of both 
changes in the final depth of cut and the reduction in part compliance 
are anticipated by the model-based approach to more effectively 
compensate the final cut. Experimental validations for the milling of a 
straight thin wall and for a hole with variable wall thickness show that 
the compliance induced error is essentially eliminated using the pro-
posed model compared to only 60% for a noncompliance-based 
approach. 

To combine the quasi-static kinematic errors with spatial variation of 
static stiffness and resulting compliance deviations of machine tools a 
method describing synthesis of bottom-up and top-down model building 
approaches was proposed in Ref. [465]. The study introduces a char-
acterization of the position- and direction-dependent static stiffness and 
presents the identification of the effects of the quasi-static machine tool 
behavior on the part accuracy. 

[466] introduces a deformation compensation method for the case of 
machining large thin-walled parts. The compensation of cutting force 
induced deviations is performed with the adjustment of axial cutting 
depth and is built on the coupling effect of the axial cutting depth and 
the cutting force itself. The efficiency of the iterative method is depen-
dent on reaching a sufficient convergence, which has to be reached 
within a short time period (real-time). The method is demonstrated for 
both first-order and higher-order convergence in both the simulation 
and the experiments for machining square pockets. 

5.4. Compensation of dynamic errors 

Dynamic errors due to the motion control and/or the structural vi-
bration that occur during cutting are copied to the machined surface 

Table 15 
Summary of compensation methods for thermal errors.  

Methods Compensation steps Characteristics Effectiveness 

Thermal Adaptive Learning 
Control methodology 
[384]  

1. Calibration thermal error and setup the 
model  

2. Adaptive input selection and start 
compensation  

3. Update model and repeat 
compensation process  

- Model input does not rely on detailed prior 
knowledge of thermal behavior  

- The robustness of the compensation model is 
significantly improved.  

- The measurement time required by the method 
is reduced by 45%. 

Compensation through grey 
box model [382]  

1. Measuring the thermally induced 
displacement of shaft  

2. Establish grey-box model of thermal 
displacement  

3. Model-based compensation  

- The model corrects the error of tool center point 
based on internal signal.  

- It can directly be implemented in machine tool 
controls or in a pre-processing CAM software.  

- The model can correct the thermal positioning 
error of the machine tool up to 85%. 

Method of using measured 
transfer function and 
convolution integral 
[274]  

1. The transfer function of temperature 
and thermal deformation is obtained 
through experiments  

2. Measure the heat change caused by the 
environment and the spindle rotation  

3. Compensation for thermal deformation 
based on transfer function and heat 
change  

- Does not need any sensor of the internal heat 
source in the processing process, but only uses 
the measured transfer function and a 
thermocouple to measure the ambient air 
temperature.  

- The transfer function depends on the rotational 
speed. This method needs to measure the 
transfer function at different rotational speeds.  

- Reduce the processing error caused by the 
change of ambient temperature and the heat 
generated by the rotation of the main shaft to 
less than 15%. 

Online machine learning 
based on process 
intermittent detection 
information [433]  

1. Measure the thermal error and the 
current boundary and processing 
conditions to obtain the parameters of 
the thermal prediction model  

2. Establish thermal error model  
3. Compensate the thermal error by 

adaptive control  

- By extending the weighted matrix of Least 
Squares estimation of system parameters, any 
sampling rate from any tool center point 
measurement can be processed.  

- It is feasible to dynamically adjust the action 
control limit to the expected accuracy of the 
machine compensation method.  

- By continuously adjusting model parameters, 
the downtime of modeling is almost eliminated. 
- In a 88 h experimental study, the 
compensation reduced the error by more than 
95%.  
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resulting in the deterioration of the machining quality. Therefore, 
counter measures to reduce dynamic errors are of interest to industrial 
researchers and engineers. When a machine tool with low damping and 
low stiffness is operated, its motion control must be designed to avoid 
excitation of the machine structure. This problem is particularly 
important in control of motion with high acceleration and deceleration. 

A simple solution is filtering to avoid resonances. Low pass filters can 
be easily used for eliminating vibrations with high frequencies. How-
ever, in that case, the response bandwidth of the feed drive is limited by 
the first natural frequency. Thus, notch filters such as finite impulse 
response (FIR) and infinite impulse response (IIR) filters are used in 
commercial servo controllers to selectively attenuate vibrations for a 
preset frequency. The notch filter increases the phase delay in the servo 
response that can cause an oscillation in higher frequency ranges. IIR 
filters can be used to tune the notch depth and phase delay for avoiding 
such unexpected oscillation [467]. 

Modification of the motion command is also a popular approach to 
decrease the dynamic errors. As shown in Fig. 59, acceleration filtering 
with moving average filters is widely used to have vibration attenuation 
that is similar to the notch filters [468] [469]. Filtering is included in 
this review as a compensation technique to reduce dynamic errors for its 
easy implementation. The shortcoming of acceleration filtering is the 
increase of positioning time or delay when reduction of the low fre-
quency vibration is targeted. To overcome this shortcoming, improved 
acceleration profiles were designed by optimizing the parameters of the 
spline function [470] and tuning the segmented acceleration time [471]. 
The input shaper that cancels the residual vibration by an impulse 
excitation with a delay of half the vibration period is also a popular 
approach [472] [473]. However, whereas these methods based on tra-
jectory generation effectively suppress vibration in motion control 
without machining disturbance, they are not effective in the motion 
control with disturbance. 

In contrast to software approaches, many mechanical and mecha-
tronic devices have been proposed to reduce the dynamic errors by 
modifying the dynamic characteristic of the machine. Tuned mass 

damper (TMD) and active mass damper (AMD) are popular and practical 
approaches because an additional device can be attached without 
drastically modifying the entire machine structure [474] [475] [476]. 
Because its target frequency can be tuned, AMD can be used to adap-
tively compensate the dynamic errors that vary due to position 

Fig. 59. Motion command generation using finite impulse response (FIR) filter [469]. (a) Filtering of a rectangular velocity pulse. (b) Filtering of a trapezoidal 
velocity pulse. (c) Displacement profile generation by interpolation. The FIR filter selectively attenuate vibrations for a preset frequency. 

Fig. 60. Portable active mass damper (AMD) for machining flexible workpiece 
[477] (a) Mechanical design. (b) Electrical simulation. (c) Mechanical simula-
tion. (d) Experimental characterization. The damper can be attached directly to 
the workpiece by the magnet. 
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dependent dynamics and aging. Fig. 60 shows a recently developed 
small portable AMD that can be easily attached to the object by a magnet 
[477]. Application of various damping elements such as viscoelastic 
material [478] [476] [479] [480], high-damping interfaces [481] [482] 
[483], magneto–rheological fluids [484], air viscosity [474], and eddy 
current [485] were investigated. 

An additional reinforcement beam was temporally attached to tune 
the workpiece stiffness [486] although this approach may not be prac-
tical when modification of the entire machine is targeted. Stiffness 
tuning of the machine component is possible using its preload de-
pendency for bearings and contacted joints. As shown in Fig. 61, spindle 
stiffness [487] and support stiffness [61] were tuned by changing the 
preload. The dynamic error reduction by anisotropic stiffness has been 
studied based on such stiffness tuning methods [486] [487]. The dy-
namic error in one direction can be canceled by coupled vibration in the 
other direction in the anisotropic design [488]. 

To reduce dynamic errors caused by the machining process, the first 
thing to consider is the optimization of machining conditions. By care-
fully selecting the spindle speed and depth of cut, a highly efficient 
condition called “stable pocket” can be reached where chatter is avoided 
at relatively large depth of cuts. As shown in Fig. 62, methods using the 
Stability Lobe Diagrams (SLD) [6] or measurement signals during 
machining [489] have been proposed to identify these regions. On the 
other hand, in the stable pockets, forced vibration increases because the 
natural frequency of the system corresponds to the tooth passing fre-
quency or its harmonic components. Therefore, comprehensive mea-
sures must be taken to prevent both chatter and forced vibration 
simultaneously [490]. 

The main mechanisms causing chatter vibration are regenerative 
effects and mode coupling. Only regenerative effects occur in turning 
operations, but in milling operations, regenerative effects and mode 
coupling usually occur simultaneously triggering chatter vibrations. 
Many advanced approaches have been proposed to mitigate each of 

these mechanisms. To suppress regenerative effects, irregular pitch and/ 
or variable helix cutter designs are effective [491] [492], and an optimal 
design method that is robust for chatter frequency change has been 
proposed [493], as shown in Fig. 63. For mode coupling, effective 
measures are to provide anisotropy in dynamic stiffness to prevent 
interference between flexible modes, and selection of low immersion 
conditions with a small radial depth of cut. Optimization of the tool 
posture can be effective in suppressing chatter in terms of both structural 
dynamics [494] [495] and process force gain [496]. This approach is 
particularly advantageous in the processes that use multi-axis machine 
tools with flexible mechanical structures, such as robot machining. 

Other methods have been proposed, such as varying the spindle 
rotation speed [497] [498] and actively using process damping [499]. In 
parallel turning and parallel milling, where multiple tools are used 
simultaneously, measures to slightly shift the tool position from a fully 
symmetrical arrangement [500] and the use of tool rotation speed dif-
ference [501] have also been proposed. Adaptive control strategy to 
mitigate regenerative chatter vibration utilizing machine tool feed 
drives [502] is an interesting challenge. Both measures have the effect of 
reducing the gain in the feedback loop consisting of the machining 
process and the machine dynamics. On the other hand, there is no 
broadly applicable, definitive solution, and appropriate methods must 
be selected according to the constraints of the machining process. 

Table 16 summarizes the introduced compensation methods. The 

Fig. 61. Spindle equipped with stiffness tuning function using a piezoelectric 
actuator [487]. The stiffness of the front bearing is changed to achieve the 
anisotropic stiffness for reducing the vibration. 

Fig. 62. Procedure to obtain stability lobe diagram [6]. This example dem-
onstrates that frequency-domain and time-domain simulations from the 
machining process, dynamics, and various parameters can be used to estimate 
stable and unstable regions with respect to spindle speed and depth of cut. 

Fig. 63. Comparison of calculated stability lobe diagrams and experimental 
results with (a) regular pitch end mill (b) irregular pitch end mill with APV 
design (c) irregular pitch endmill with optimal design [493]. In this example, 
the irregular pitch endmill improved chatter stability by canceling out the 
regenerative effect. The dependence of chatter stability on spindle speed and 
depth of cut varies significantly depending on the pitch angle design, so optimal 
design is important. 
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modification of cutting conditions is a current popular approach for 
machine tool users because of its low installation cost. However, the 
allowable machining condition is still limited by the dynamic response 
of the machining system. The hardware approach can be more effective 

in many cases because it improves the dynamic response. Wireless and 
downsized addon devices for decreasing the vibration can be expected as 
a near future solution. 

Table 16 
Summary of compensation methods for dynamic errors. * low, *** high.  

Category Methods Installation cost Effect Cutting-edge technology 

Software condition modification approach Filtering [467] *** * Adaptive control strategy [502] 
Command modification [468–473] * * 
Cutting condition modification [6,489,493,494–496] * *** 

Hardware approach Additional damper [478,474–476,479,480,484,485] ** ** Wireless and portable device [477] 
Stiffness tuning [61,486–488] *** **  

Table 17 
Summary of the technological elements for calibration of machine tool errors.  

Error sources technological elements 

Measuring methods Modeling theories Compensation strategies 

Quasi-static 
kinematic 
errors 

[Direct measurements] 
◾Described in ISO 230-1:2012. 
◾Artefact-based or optical. [Indirect measurements] 
◾dentification of individual kinematic error by 
“best-fitting” of kinematic model. 
◾Measurement of TCP positions: artefact-based or 
optical methods. For longer linear axes, the limited 
availability of artefact can be an issue. 
◾For rotary axes, single point tests are well 
established. Separation of rotary and linear axis 
kinematic errors can be an issue. 
◾Target kinematic errors to identify: intra-axis or 
inter-axis errors. 
◾Multi-axis coordinated motion trajectory” tests (e. 
g., circular tests). 
◾Self-calibration methods for ultra-precision and 
large-sized machines. 

◾Rigid-body kinematic models are well 
established. Various representations are 
available. 
◾Its extension to non-rigid body kinematic errors 
is possible. 
◾ML approaches can be applied for e.g., accuracy 
degradation and fault detection. 

◾Physical and empirical compensation of 
squareness errors. 
◾Original Equipment Manufacturer (OEM) for 
backlash compensation. 
◾OEM for linear positioning error compensation. 
◾OEM for Sag and multi-axis compensation. 
◾OEM volumetric error compensation 
(compensation based on multi-dimensional error 
tables and TCP compensation). 
◾Model-based compensation using modified G- 
code. 
◾Fast tool servo for precise and high-bandwidth 
compensation. 

Thermal errors [Direct measurements] 
◾Described in ISO 230-3:2020. 
◾Direct measurement of thermal deformation 
through sensors. 
◾Measurement performances only determined by 
those of the sensor. 
◾Interaction of multiple heat sources (composite 
thermal error) during machine operation and their 
effects in the full work volume can be improved with 
more clever measurement strategies or artifacts 
(sometimes based on the user specified machine 
operation regimes). [Indirect measurements] 
◾Indirect measurement by machining test artifacts 
described in ISO 10791-10:2022. 
◾Indirect measurements based on machine learning 
methods with effective prediction of thermal errors 
but requiring a large number of experimental data 
for establishing the ML tool. 

[Temperature-based approaches] 
◾The heat source and thermal deformation are 
used as inputs and outputs respectively, the 
model is established through FEM, FDEM, the 
linear least square regression, etc.. 
◾The model based on temperature input could be 
used for calculating the static and dynamic 
machine characteristics. [Artificial intelligence 
and machine learning methods] 
◾AI and ML are adaptive to complex processing 
conditions, such as different feed rates, rotational 
speeds, and ambient temperatures. 
◾Modeling by AI and ML does not depend on 
massive and complete data information, making 
it the most promising modeling method. 

[Compensation by advanced materials] 
◾Compensation by the use of materials and designs 
with less friction or materials having a negative 
linear expansion coefficient. [Compensation by 
models] 
◾Compensating for thermal errors through 
measured thermal deformation and established 
models can achieve compensation for all thermal 
errors of the machine tool. 
◾Compensation can directly be implemented in 
machine tool controls or in a pre-processing CAM 
software through ML and AI, and does not rely on 
detailed prior knowledge of thermal behavior. 
◾Compensation by online ML is adaptive to 
dynamically adjust the action control limit to the 
expected accuracy, the method could process 
sampling rate from any tool center point 
measurement. 

Elastic 
deformation 

[Stiffness measurements] 
◾Described in ISO 230-1: 2012 [224]. One axis 
loading device and displacement sensor is used. 
◾Devices for multi axes loading and displacement 
measurement were developed. [Motion trajectory 
measurements under loaded condition] 
◾Telescoping ball bar integrated with a loading 
device was developed. 

◾Stiffness model is developed for the component 
chain between tool and workpiece. 
◾Six-dimensional stiffness matrix at each tool 
center point in work space is modeled to consider 
its position dependency. 

◾Variable depth of cut for canceling deformation 
effect. 

Dynamic errors [Tracking error measurements] 
◾Measurements by integrated position detectors is 
possible in operational conditions. 
◾Errors at tool center point is mainly measured in 
offline state. [Frequency response measurements] 
◾Typically obtained by excitation and response 
measurements. 
◾Model based modal parameter identification in 
operational conditions is possible. 
◾ML is used to estimate the position dependent 
dynamic response variation. 

◾FEM or multi body models considering non- 
linear characteristics at mechanical interfaces. 
◾Modeling of process-machine-interaction to 
simulate dynamic errors triggered by forced vi-
bration and/or self-excited vibration. 
◾ML is used to predict the stability lobe diagram. 

◾Trajectory generation with filtering to avoid 
resonance excitation in motion control. 
◾Modification of dynamic characteristic of the 
machine by tuning mass, damping, and stiffness. 
◾Optimization of machining conditions and tool 
geometry to avoid dynamic errors due to chatter 
vibration.  
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6. Conclusion remarks, challenges and future opportunities 

6.1. Conclusion remarks  

1) General issues 

Quasi-static kinematic error, thermal error, elastic deformation, and 
dynamic error have been described in this paper as the major error 
sources for machine tool calibration. Measuring instruments/methods, 
modeling theories and compensation strategies for each of the errors, 
which are summarized in Table 17, have been presented as the tech-
nological elements. 

It should be noted that the roles and applicability of each of the 
technological elements may vary with the machine structure, number of 
axes, types of machine components, foundation, environmental tem-
perature conditions, process forces, workpiece weight, feed rate, etc. 
This requires machine tool users to make a proper selection of the 
technological elements in the machine tool calibration. Table 18 shows 
some generalized indications on the roles and applicability of the 
technological elements from the viewpoint of machine tool types. 

As shown in Table 18, machine tools can be categorized based on the 
size of machine work volume, with which the roles and applicability of 
the technological elements may change. Most small-sized machine tools 
with a size of the work volume in the order of 0.5 m or less, which are 
typically used to fabricate molds of small-sized optical or electronic 
devices, have light workpieces, moderate machining forces and repeat-
able machine motions while the influence of thermal errors is relatively 
small. All these make it effective to implement the measuring methods 
and compensation strategies while the modeling theories are less 
important, although the size of a typical commercial measuring instru-
ment may be a limitation to fit in very small size machines and bring 
challenges to the measurement. On the other hand, when the size of a 
machine tool gets larger than 1.5 m, i.e., a large-sized machine, the 
measurement of kinematic errors gets difficult due to the limited 
availability of the measuring instruments and the reference artifacts, 
while the self-calibration techniques may provide a solution to this 
problem. The large mechanical loop from the tool to the workpiece re-
sults in a low machine stiffness. Complicated and difficult-to-predict 
machine deformations can result from the large masses of the work-
piece and the machine axes. The influence of thermal errors is also large. 
Due to its relatively large volumetric errors, numerical compensation is 
often of more importance, although its precise kinematic modeling 
contains many technical challenges, related to larger work volume, long 
machining time, significant temperature changes, and complicated 
workpiece structures. 

The normal-sized machine tools form the largest group of machine 
tools. A sub-categorization is further made in Table 18 based on the 
number of axes, which is often an indicator of the complexity of machine 
structure. As a two/three-axis machine tool, an ultraprecision lathe 
based on diamond turning has a simple machine structure with two or 
three linear axes, which does not require a complicated modeling the-
ory. Diamond machinable materials are typically soft metals and the 
cutting force is generally small, resulting in small elastic deformation 
and dynamic errors. The cutting tool motion is transferred to the 
workpiece surface with a high accuracy associated with a material 
removing mechanism of single-point cutting with a diamond cutting 
tool. An ultraprecision lathe is often operated in a temperature- 
controlled environment and the error motions of the axes have a high 
repeatability. Due to these reasons, the most significant error source for 
an ultraprecision lathe is the kinematic errors of each machine axis, 
particularly the slide straightness error and the spindle axis of rotation 
error motion. The implementation of measurement technologies and 
compensation strategies of the kinematic errors thus plays an important 
role in calibration of an ultraprecision lathe. Meanwhile, for ultrapre-
cision machines, the measurement uncertainties are much closer to 
machine precision/resolution, which brings challenges to the 

measurement. The self-calibration techniques are effective for address-
ing such challenges. The thermal errors will be significant when an ul-
traprecision lathe is employed to cut large-area 3D microstructures 
surfaces, which takes a long time. The dynamic errors can also be an 
issue when an ultraprecision lathe is employed to cut brittle materials. 
For a general-purpose two/three-axis cylindrical grinding machine or a 
surface grinding machine, the role of modeling theory is also weak due 
to the simple machine structure, which is similar to an ultraprecision 
lathe. Meanwhile, since a grinding machine is associated with a much 
larger machining force, the impact of elastic deformation, together with 
the thermal errors and dynamic errors, increase significantly. The ma-
terial removing mechanism is also much more complicated compared 
with diamond turning. For these reasons, the implementation of mea-
surement technologies and compensation strategies on a grinding ma-
chine tends to be more difficult. 

As shown in Table 18, a machining center or a turning center can be a 
three-axis machine with linear axes only, or be a four/five-axis machine 
with one or two additional rotary axes. Due to the complicated machine 
structure, large depth-of-cut, severe machining environment, fast 
machining speeds, relatively long tools, the impact of thermal errors and 
dynamic errors are regarded as the most significant error sources in a 
machining center or a turning center. Kinematic errors, particularly 
position and orientation errors of rotary axes, can be a major source for 
workpiece geometric errors on four/five-axis machining centers or 
turning centers. On machines with rotary axis (axes), even under rela-
tively simple thermal deformation, where only the linear positioning 
error of linear axes is thermally influenced, it changes the position and 
orientation errors of rotary axes with respect to linear axes, which can 
result in significant workpiece geometric errors. On three-axis machines, 
the linear positioning errors of linear axes typically cause workpiece 
dimensional errors only. Thermal errors can be more critical on five-axis 
machining centers or turning centers. Modeling theories play an 
important role especially for five-axis machining centers and turning 
centers. Model-based measurement and compensation strategies have 
also been well developed for machining turning centers or turning 
centers and are effective particularly for machines with rotary axes. 

The information for four/five-axis laser or wire electro-discharge 
machines are also illustrated in Table 18. These machines have several 
linear and rotary axes that must be compensated to obtain an accurate 
cutting geometry on the workpiece. In such a machine, the machining 
force is negligible compared to the rigidity of the axes and the machine 
frame. Axis position/orientation errors are the largest compared to ki-
nematic and structural deformation errors. The control of the workpiece 
geometry on these two processes is linked to the position/orientation 
control of laser beam or wire in the EDM and the wire/laser-material 
interaction. In addition, for laser cutting, the laser power, the feed 
rate, and the focal point are essential to control the laser-material 
interaction. The laser-material interaction can cause an increase in 
temperature of the cut part and influences the temperature of the ma-
chine structure. In consequence, the compensation of the quasi-static 
errors has been less developed in this type of machine and their mea-
surement methods have been developed, principally, by the machine 
manufacturer. For EDM, the wire deformation under the action of 
electrical discharge must be considered for an efficient control of the 
machined geometry. The cutting process is made in deionized water or 
special dielectric oil. These liquids are filtered, and their temperature is 
regulated. In consequence, the axes and the structure of the machine are 
not influenced by the temperature due to cutting. 

The information in Table 18 only provides readers a very rough 
picture about the roles of the elementary technologies for machine tool 
calibration. All the indications shown in the table may vary with a 
specific machine tool, the environment where the machine tool is 
operated, the sizes, geometries, masses and materials of the workpiece 
and tool, as well as the machining parameters, etc. 

On the other hand, machine tool users are interested only in the 
machining performance for their specific machining applications. As 
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summarized in Fig. 64, this paper reviewed many potential source 
sources in a machine tool, and test methods to separately quantify them. 
It is important to note that the machining process, designed by a ma-
chine tool user, determines the relationship between error sources and 
the machining. Machine tool builders perform a subset of the accuracy 
tests in Fig. 64. Users want to know if it ensures the machining perfor-
mance required for their specific machining applications. In our view, 
this is still an open, unsolved problem. To quantify the relationship 
between the accuracy tests, performed by machine tool builders or users, 
and the machining performance, quantitative analysis of the machining 
process is essential. The modeling of the machine and machining pro-
cesses, reviewed in Section 4, plays an essential role in this analysis, but 
it should be tailored for individual machining applications, and more 
reliable modeling of machine-process interaction may be essential. Ac-
curacy tests should be selected based on such an analysis of target 

machining applications. 
Uncertainty is the most important parameter to evaluate the reli-

ability of the results of machine tool calibration. In machine tool cali-
brations, the general rule of thumb is to carry out a warmup procedure 
to bring the machine tool to a “steady state” condition before initiating 
calibration measurements. The relevant standards assign the re-
sponsibility of providing such warmup procedures (along with the 
necessary environmental requirements, e.g., spatial and temporal envi-
ronmental temperature gradients, for machine tool to operate within the 
provided specifications) to the machine tool builders in general. Ma-
chine tool user is responsible for providing the specified environment 
and carrying out required warmup procedures prior to any performance 
(calibration) measurements. However, during calibration measurements 
thermal conditions deviate from the steady state conditions, resulting in 
increased “test uncertainty”, which includes the changes in machine 

Table 18 
Roles of technological elements for calibration of different types of machines. * weak, *** strong.  

Type of machine Technological element 

Measuring 
methods 

Modeling 
theories 

Compensation 
strategies 

Small-sized machine (work 
volume: 0.5 m or less) 

Small-sized machining center or turning center, micro/nano-fabrication machine, small- 
sized laser cutting machine, T-base diamond turning machine, ultraprecision grinding 
machine, etc. 

** * *** 

Normal-sized machine 
(work volume: 0.5 m–1.5 
m) 

Two/three-axis 
machine 

Ultraprecision lathe (single-point cutting/small depth-of-cut/small 
machining force) 

** * *** 

General purpose cylindrical grinding machine and surface grinding 
machine (abrasive process/small depth-of-grinding/large machining 
force) 

** * ** 

Three-axis machining center or turning center with linear axes only 
(multi-point cutting/large depth-of-cut/medium machining force) 

*** ** ** 

Four/five-axis 
machine 

Four/five-axis machining center or turning center with rotary axis 
(axes) 
(multi-point or single-point cutting/large depth-of-cut/medium 
machining force) 

*** *** *** 

Four/five-axis laser cutting machine (vaporization or melting process/ 
no machining force) 

** * ** 

Four/five-axis wire electro-discharge machine (erosion process/no 
machining force) 

* * * 

Large-sized machine (work 
volume: 1.5 m or above) 

Bridge-type milling machines, large-sized machining center or turning center, large-sized 
grinding machine, precision drum lathe, etc. 

* * *  

Fig. 64. Summary of potential error sources in machine tools, available tests, and the requirement from machine tool users.  

2) Uncertainties in machine tool calibration 
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behavior during testing. In any case, test uncertainties always tend to 
dominate the limitation of the calibrations. 

Assessment of measurement uncertainties for machine calibrations is 
provided in ISO/TR 230–9, with some practical examples. The influence 
of the measurement uncertainty has been discussed in many parts of the 
manuscript. Section 3.5 (“Error measurement result and uncertainty 
evaluation”) has reviewed research works presenting the uncertainty 
assessment in machine tool calibration, particularly in direct measure-
ment. Uncertainty in indirect measurements include additional con-
tributors originating from the necessary computational steps. In indirect 
measurements, the propagation of the measurement uncertainty to the 
estimation of each error motion should be assessed, which is essential to 
design measurement conditions and procedures, as is discussed in Sec-
tion 3.1.2.3. The self-calibration methods, reviewed in Section 3.1.3, are 
effective in practice to significantly reduce the propagation of the 
measurement uncertainties both in direct and indirect measurements. 
Measurement of thermally-induced errors at the tool/workpiece inter-
face point is relatively straightforward utilizing linear displacement 
sensors against precision artifacts. Uncertainty of such measurements 
are assessed using well-known methods and are relatively small. On the 
other hand, estimating thermally-induced errors at any given time based 
on prior measurements (data-driven modeling) or based on physics- 
based models is limited by modeling uncertainties.  

3) Machine tool errors and workpiece geometrical tolerances 

One of the utmost motivations of machine tool calibration is to 
improve the workpiece geometrical tolerances. In the area of machine 
tool metrology, deterministic theory dictates that with adequate ma-
chine tool kinematic model supplemented with measured errors in 6 
DOF, one should be able to reliably predict geometric errors of the 
machined part. Many studies in literature provided enough evidence 
about the validity of this theory. In addition, there are many well- 
established test procedures simulating the generation of various com-
plex part geometries (using multi-axis contouring) that provide confi-
dence in predicting the behavior of machine tool in actual cutting 
process. However, there are simplifying assumptions, such as rigid body 
behavior, as well as measurement setup limitations that prevent exact 
prediction of workpiece errors. One of the ultimate goals of machine tool 
calibration is to quantify a solid relationship of geometric tolerances of 
finished workpieces and machine tool and machining process models. 
For this purpose, quantitative analyses of the machining processes are 
essential where further research works are expected.  

4) Applications of artificial intelligence (AI) and machine learning (ML) 
tools in machine tool calibration 

Taking into consideration that the large number of influencing fac-
tors and variables in the manufacturing environment, AI and ML based 
tools are becoming increasingly important in modeling, compensation 
and optimization of machine tool errors. For these tools to be effective 
for real time analysis, availability of large datasets containing infor-
mation about various categories of machine structures operating in 
various manufacturing environments, improved computational power 
and algorithms are required. Especially, as mentioned in Sections 4.2 
and 5.2, in the field of thermal induced errors which are influenced by 
multiple varying and interacting internal and external heating and 
cooling conditions, AI and ML are promising to efficiently bridge the 
trade-off between precision and productivity. A number of ML methods 
for self-optimizing thermal error compensation, which improves the 
long-term robustness of compensation results with respect to changing 
boundary conditions have already been developed. AI and ML tools are 
desired to take more effect in future application of machine tool cali-
bration with the aims of increasing of productivity, reduction of neces-
sary sensors and people operations, self-adaption and self-optimizing 
dealing with varied working conditions. 

Uncertainty assessment of measurements assisted by artificial intel-
ligence (AI) and machine learning (ML) tools is an ongoing research 
area. In fact, there is an effort within the International Academy of 
Production Engineering (CIRP) to investigate the state-of-the-art in this 
area to be reported in 2026. 

6.2. Challenges and future opportunities 

Although machine tool performance modeling, calibration, and 
compensation methods have reached a significant level of maturity over 
the last decades, they still require high level of engineering and 
metrology expertise. Furthermore, machine tool calibrations, especially 
when requiring six-DOF error motion measurements for each machine 
tool axis, are time consuming and require expensive measuring in-
struments or special artifacts. In addition, wear, collisions, as well as 
changing machine loading conditions, manufacturing cycle times, and 
environmental conditions may require frequent updates to the machine 
calibrations. Such requirements create significant barriers for industrial 
applications. Therefore, a future goal in this area is to transition from the 
use of expensive measuring equipment operated by skilled engineers 
and technicians and implementing sophisticated models and algorithms 
developed by skilled engineers as add-on features to existing machine 
tools towards making these technologies transparent to machine tool 
users by embedding such capabilities through inexpensive sensors and 
intelligent self-optimized models and algorithms into machine tools and 
their control systems. This section summarizes some applications and 
the efforts towards this future goal. 

In manufacturing, machine tools typically operate for more than ten 
years, likely in poorly controlled environmental conditions. To stream-
line production and address shortages of skilled labor, self-optimization 
and characterization of machine accuracy over, preferably, the ma-
chine’s entire life, has a clear industrial demand. It can be an important 
part of self-optimization machining systems [434]. 

Self-optimization and characterization of machine accuracy can be 
achieved by implementing self-calibration methods. These methods 
generally rely on conducting multiple simple positioning measurements 
to form an overdetermined set of equations based on the machine tool 
kinematic models and solving them to quantify the error motions of 
individual machine tool axes (these are also covered in indirect methods 
of calibration section). The multilateration method described in 
Ref. [16] is the most common example of such calibration. 
Multilateration-based calibration using tracking interferometers is 
described in Ref. [126]. As with any measurement method, character-
ization of measurement uncertainty is important for machine calibra-
tions [503]. In addition to the uncertainty associated with the laser 
tracker, the effect of environment temperature gradients and air tur-
bulence results in uncertainties as high as 60 μm for typical machine 
workspaces [504]. To reduce environmental effects, Aguilar et al. 
developed a telescopic instrument to carry out multilateration mea-
surements [505]. A similar commercial instrument is available [506]. 
Furthermore, to reduce numerical uncertainties associated with solving 
the system of equations, redundant measurements are needed, which 
increase the time and cost of the calibrations. Researchers have inves-
tigated how to optimize such measurements to reduce uncertainties by 
introducing weighted multilateration and different measurement stra-
tegies [507] [353] [156]. However, even with those improvements, the 
effects of thermal drift on measurements still cause concern and provide 
opportunities for further improvements. 

As an alternative to laser interferometric multilateration, indoor GPS 
(iGPS) systems are attracting attention for potential future use in ma-
chine tool calibrations. iGPS systems are currently being proposed for 
the guidance of robots as shown in Fig. 65 [508]. iGPS uses multiple 
transmitters located around the workspace of the machine tool to 
determine the position of a single sensor located near the TCP. Multiple 
sensors can be located on different components of the machine tool to 
determine relative positions between those components. A 
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commercially available iGPS uses fanned lasers generated by a rotating 
head on transmitters acting as theodolites (see Fig. 66). The sensor de-
tects the laser beams as they sweep past, determining the azimuth and 
elevation angles. Aangular data from at least two transmitters are used 
to determine the position of the sensor using triangulation. Redundancy 
achieved with multiple sensors located on the machine structure relaxes 
the line-of-sight requirement, enabling reconnecting to transmitters 
with relative ease [509]. A special touch probe system with three sensors 
attached to the probe body is described to calculate six-DOF pose 
measurement at a given position in space, which was applied to robot 
calibration [510]. 

There have been several research efforts investigating the perfor-
mance and related measurement uncertainty of iGPS methods. Heiden 
and Porath compared the iGPS measurements of a specially designed 
artifact with the measurements obtained by a CMM, finding up to 500 
μm difference between the two sets of measurements [511]. They re-
ported repeatability of iGPS measurements ranging from 10 μm to 160 
μm. Wang and Mastrogiacomo compared iGPS measurements with those 
of laser tracker with special emphasis on dynamic performance [512]. 
They observed a bias error when the iGPS sensor was moving at speeds 
above 0.1 m/s reaching a level of around 3 mm–4 mm at speeds of 1 m/s. 
Schmitt et al. conducted a detailed measurement uncertainty analysis 
for iGPS using Monte-Carlo simulations of the measurement process 
with different arrangements of the transmitters [513]. Their results 
indicated standard uncertainty levels (k = 1) of around 150 μm. It should 
be noted that this level of uncertainty is not acceptable for most preci-
sion machine tools. On the other hand, most recently, Nicksch et al. 
described a systematic approach to assess measurement uncertainties of 
iGPS systems following the Guide to the Expression of Uncertainty in 
Measurements (GUM) utilizing a virtual iGPS as a measurement model 
[514]. All these results point out that iGPS technology needs to improve 
to be feasible for machine tool calibrations. Further research is needed to 
reduce measurement uncertainties by optimizing transmitter designs 
and locations as well as designing new sensor nests. 

Vision-based machine tool calibration has attracted interest from 
researchers and machine tool users due to rapid advances in the capa-
bilities, cost, and size of camera systems. Vision-based measuring sys-
tems rely on capturing the target measurand information by a vision 
sensor, such as a visible-light camera, and processing it for the quanti-
tative determination of the measurand, such as the coordinates of a 
target feature. Information processing consists of several steps, such as 
pre-processing of the raw image(s) to reduce noise, blurring, etc. and to 
normalize pixel intensity, image analysis, such as segmentation, edge 

detection, pattern recognition and pattern matching, and finally, the 
post-processing step, such as estimating feature positions or dimensions 
and applying calibration [515]. An example of using camera for cali-
bration of positioning errors of a two-dimensional precision stage was 
described in Ref. [516]. In that study, an inexpensive imaging target 
consisting of a textured plane was used. The stage positioning errors 
were extracted from overlapping texture images utilizing a 
feature-matching algorithm (see Fig. 67). Compared against CMM 
measurements, a maximum measurement error of 3 μm over a mea-
surement range of 100 mm was reported. Another example of machine 
calibration using a spindle mounted vision system was reported in 
Ref. [517]. 

As mentioned in Section 3.4.1, vision-based metrology can also be 
used in measuring machine tool vibrations achieving micrometer reso-
lution at frame rates of 1000 fps [321]. A different application of 
vision-based positioning calibration was reported in Ref. [518]. In this 
application, an optical target grid plate was used as the dimensional 
reference artifact in combination with a camera located on the optical 
path of a two-dimensional scanning galvo system. Positioning errors of 
the scanner were determined from the series of images captured by the 

Fig. 65. Setup of the indoor GPS based robot cell [508]. Multiple transmitters 
located around the workspace are employed to determine the location of the 
receivers mounted on the end effectors of two robots. 

Fig. 66. Main components of iGPS transmitter [509]. A rotating head and 
fanned lasers acting as a theodolite are utilized. 

Fig. 67. Monocular vision-based measurement system [516]. A camera and a 
target with textured surface are included in the system to determine positioning 
errors of machine slides using a feature-matching algorithm. 
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camera while scanning the target artifact. Measured errors were 
compared to the more traditional “mark and measure” method with 
satisfactory results. However, none of these two application examples 
provide rigorous measurement uncertainty assessment. A general 
approach to uncertainty assessment of vision-based metrology was 
provided in Ref. [519]. Implementation of this approach or similar 
rigorous methods for use in machine tool calibrations are needed to 
enable reliable, fast, and inexpensive vision-based calibrations. 

Image processing for optical metrology, which includes vision-based 
metrology, is a critical part of the measurement process. With advanced 
graphics processing units (GPUs) and large data sets, artificial intelli-
gence (AI) and machine learning (ML) tools are becoming significant 
enablers to improve the capabilities of image processing algorithms. Zuo 
et al. provided a comprehensive review of the use of deep learning in 
optical metrology [520]. They correctly differentiate the deep learning 
in computer vision from the deep learning in optical metrology, the 
latter of which focuses on accuracy, repeatability, and traceability. To 
overcome such concerns, future directions were suggested for 
vision-based optical metrology, which include developing hybrid 
learning methods consisting of semi-supervised, unsupervised, and 
self-supervised learning, incorporating laws of physics into learning 
models to improve learning, and uncertainty quantification by inte-
grating deep learning with Bayesian models. These approaches provide 
promising opportunities to improve machine tool calibrations by 
vision-based metrology. 

Although individual kinematic, thermal, and dynamic machine tool 
error models were developed as separate research efforts as described in 
Section 4, a robust and unified machine tool performance model that 
includes all these machine tool characteristics is needed to predict the 
overall machine performance and the resulting workpiece accuracy 
under any relevant machining conditions. Such efforts should also 
address the deviations from rigid body assumptions as well as influence 
of machine foundations by including elastic deformation of machine 
structural components into the unified machine tool performance 
models [3]. Furthermore, to make the technology more transparent for 
users, numerical and information processing tools are needed to utilize 
available calibration data in combination with the machine tool struc-
tural configuration to automatically generate kinematic models sup-
plemented with other measured errors, such as elastic deformations, 
servo coordination errors, etc. Fesperman et al. described such an 
approach and called it a “data driven virtual machine tool (DDVMT) in 
Ref. [521]. Further improvements are needed to make such tools 
commercially feasible, enabling performance-based digital twins of 
machine tools. A machine tool digital twin consists of multi-physics, 
multi-scale models incorporating calibration data and sensor updates 
to simulate the up-to-date realistic performance of its physical twin at 
any time. When available, these machine tool digital twins enable pro-
cessing multiple “what if” scenarios to optimize machine tool utilization 
for given workpiece geometries with associated tolerance requirements. 
Considering the large number of influencing factors and variables in the 
manufacturing environment, AI and ML tools can be incorporated into 
such models to make the optimization more efficient based on prior 
performance results. For these tools to be effective for real time analysis, 
datasets containing information about various categories of machine 
structures operating in various manufacturing environments, environ-
ments need to be developed, as well as improved computational power 
and algorithms. 

As mentioned in Sections 4.2 and 5.3, AI and ML tools are also good 
candidates to improve the prediction and compensation of thermally- 
induced errors of machine tools, which are influenced by multiple 
varying and interacting internal and external heating and cooling con-
ditions. However, as mentioned earlier, a major challenge with the use 
of any AI and ML tools is the assessment of uncertainty in the predicted 
errors. More research is needed to establish robust and rigorous methods 
for uncertainty assessment and traceability of AI and ML tools used in 
estimating and compensating machine tool thermal deformations. 

Changes in machine tool performance over time, due to inevitable 
wear and possible collisions of moving components, create the need for 
costly and time-consuming periodic checks and recalibration. Some of 
these checks are done relatively quickly with calibrated artifacts or 
telescoping ball bars. Nevertheless, such quick tests are still disruptive to 
ongoing machining operations. Therefore, they are often not conducted 
frequently enough, to detect performance degradations before their ef-
fects appear in inaccurate machined products. An approach to detect 
changes in machine tool performance in a timely fashion is to integrate 
multiple inexpensive non-intrusive sensors to track those changes. Vogl 
et al. used an inertial measurement unit (IMU), consisting of three ac-
celerometers and triaxial rate gyroscope, mounted on a machine slide to 
measure its quasi-static kinematic errors (see Fig. 68) [522]. A similar 
approach was used to measure the squareness of two machine tool axes 
using inertial measurements [523]. Integration of such non-intrusive 
sensors enables continuous acquisition of real-time data that could be 
fed to machine models for updating compensation files in machine 
controllers. However, further research is needed to establish traceability 
of IMU-based quasi-static kinematic error measurements. 

Except for specialized cases where real-time error measurement is 
feasible, error compensation is only possible for the average values of 
the measured errors (systematic component of the errors), repeatability 
of machine error motions creates a major limitation for implementing 
error compensation. The apparent non-repeatability of error motion is 
caused by multiple influencing factors, including play between compo-
nents, typically caused by a lack of adequate preload, friction, and the 
interaction between moving non-ideal interface features, such as non- 
straight guideways and multiple trucks with recirculating balls car-
rying a machine slide. A recent research effort showed the effect of the 
periodicity of recirculating ball motion within the trucks of a linear slide 
to the measured positioning error of that slide [9]. This research iden-
tifies possibilities to improve error compensation by integrating inex-
pensive sensors to machine components to predict the systematic 
variations in positioning behavior that at first seem non-repeatable, and 
thus address the non-repeatability barrier to error compensation. 

A challenge for error compensation of three-axis machine tools is 
that the orientation error of the cutting tool cannot be compensated by 
moving a machine axis, as mentioned in Section 5.1.1.4. More research 
is needed to develop and integrate active mounting or fixture designs 
into machine tools, similar to fast tool servos mentioned in Section 
5.1.2, that manipulate workpiece or spindle orientation to compensate 

Fig. 68. IMU-based method for diagnostics of machine tool performance 
degradation [522]. IMU sensors are integrated with machine slides to contin-
uously detect the changes in slide positioning errors. 

W. Gao et al.                                                                                                                                                                                                                                    



International Journal of Machine Tools and Manufacture 187 (2023) 104017

52

for errors in the tool orientation errors (e.g., workpiece fixtures with 
piezo driven Stewart platforms), without compromising the static and 
dynamic stiffness of the machine tool structural loop. 

Finally, implications of machine calibration, usage, and condition 
information in relation to Industry 4.0 need to be considered to take full 
advantage of the Industry 4.0 technologies. In the era of Industry 4.0 
machine tools will have higher connectivity with each other and with 
the enterprise, in addition to higher degrees of adaptivity and autonomy. 
Liu et al. [524] recently stated that one of the ultimate goals of Industry 
4.0 is digitization of manufacturing systems, including machine tools, in 
terms of data availability, accessibility, connectivity, communication, 
interoperability, as well as efficient data computation and storage. 
Achieving these goals will enable advanced data analytics, high-fidelity 
modeling and simulations, and intelligent decision making for optimized 
utilization of machine tools. Two categories of data exist in machine 
tools: data obtained by sensors and measuring systems attached to the 
machine and data generated and used by the machine control system. 
For efficient calibration of machines, both categories of data must be 
accessible. However, for the current generation of machine tools, 
accessing data from controllers is challenging. Various data communi-
cation protocols are being proposed by the machine tool community to 
enable such data acquisition. A conceptual framework is also needed to 
integrate data acquisition and processing technologies to generate and 
use next generation machine tool digital twins. Low-cost, reliable, ac-
curate, multi-axis and easy-to-implement sensors and data acquisition 
devices, as well as unified, multi-dimensional, multi-scale machine tool 
digital twins, which include a virtual model, data model, a knowledge 
models and a service model, are among the other needs to achieve the 
full potential of Industry 4.0 [524]. 
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