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Abstract
To achieve the maximum possible improvement in expensive optimization problems with “noisy” computations, such as
the drag reduction of a realistic vehicle, within a short period of time, an optimization system is proposed. This system
combines the regression Kriging with re-interpolation (RKri) surrogate technique and pseudo expected improvement
(PEI) criterion-based efficient global optimization (EGO) algorithm (EGO-PEI), thereby called RKri-EGO-PEI. This is
then applied to filter out all kinds of noise produced by computational fluid dynamics (CFD) simulations, maintain a
smooth functional trend of the surrogate model, and carry out point infills in a parallel manner in a real-world expensive
optimization problem. Additionally, the initial samples with high space-filling quality are also beneficial to further
reducing a total number of samples required. To employ a limited number of samples to represent a continuous design
space, two modified algorithms, namely, the modified enhanced stochastic evolutionary (MESE) and translational
propagation MESE (TPMESE) algorithms, are proposed to construct optimal Latin-hypercube designs (OLHDs)
efficiently. The proposed algorithms and each of their original algorithms are applied to compare with other state-of-the-
art heuristic algorithms using optimization tests with different-size LHDs. The results show that the TPMESE and MESE
converge faster not only than other competitive algorithms but also than each of their original algorithms, respectively.
To guarantee two critical optimization processes of tunning Kriging hyperparameters and searching for the optimum on
the PEI function, the performance advantages of optimizers on the EGO-PEI algorithm are then investigated.
Subsequently, the best one in the benchmark tests is chosen as the optimizer in the proposed optimization system. To
confirm the performance of the RKri-EGO-PEI system, two existing optimization systems, namely ordinary Kriging-
based EGO-PEI (OK-EGO-PEI) and RKri-based EGO (RKri-EGO), are employed to compete with the proposed system
in minimizing the drag coefficient (Cd) of a realistic vehicle using CFD simulations. Furthermore, an object-oriented
optimization toolbox, namely, vehicular aerodynamic engineering optimization (VAEO), is programmed to guarantee the
smooth implementations of all optimization processes. The results of optimizer tests reveal that an optimizer with higher
central goal of exploitation-exploration can not only promote better convergence of the EGO-PEI algorithm within a
certain number of point infills, but also achieve the same-level convergence of the EGO-PEI algorithm as that using the
other optimizers, with fewer iterations. Regarding the real-world application, the results show that the RKri-EGO-PEI
converges to a lower Cd of the vehicle model than those of the OK-EGO-PEI and RKri-EGO systems, with a smaller

wall-clock time cost.
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Chapter 1

Introduction

In recent years, global warming has threatened the survival and development of humankind. To achieve the goals of
low carbon and environment protection, stricter emission regulations have been proposed by an increasing number of
national governments. Consequently, automotive industries have focused on the development of energy efficient vehicles
with low emission and environment pollution. Electric vehicle (EV) is an effective alternative of the conventional
combustion-engine vehicle because it is low-pollution and no direct carbon emission, and thus it attracts more and more
attention. However, the limited driving range still obstructs the wide use of EV due to low energy density of the battery.
To enhance the driving range, the reduction of aerodynamic drag is an effective measure. According to investigations, the
primary contribution of total resistance for a vehicle in driving originates from aerodynamic drag at high speed [1].
Additionally, the pressure drag produced by flow separation is the main contributor to the total acrodynamic drag, and
over 50% power is consumed against the air resistance [2]. Therefore, reducing the aerodynamic drag can significantly
improve the driving range of EV. To reduce the aerodynamic drag, the evaluation of flow field around a vehicle body is

necessary. Based on the primary properties of the flow filed, the acrodynamic drag of a vehicle can then be optimized.

1.1 Overview of optimization methodologies in vehicle aerodynamics

In early stage, the investigation of vehicle aerodynamics primarily depended on wind tunnel experiments. However,
the efficiency of optimization was significantly low because the improvements of vehicle aerodynamics must be carried
out through repeated attempts and experiments [3]. With the rapid development of computational technique, the
computational fluid dynamics (CFD) have played an important role, and it has been widely applied to replace expensive
wind tunnel experiments for the evaluation of the complex flow filed around a vehicle body [4]. Based on CFD, the
optimization methodologies of vehicle aerodynamics have become more diverse. d'Apollonia et al. [5] utilized the design
of experiments (DOE) to explore the design space. Then, the aerodynamic objective was evaluated using the CFD method.
Howell and Gaylard [6] comprehensively investigated all kinds of factors of a body shape, which influence the

aerodynamic drag of a sport utility vehicle (SUV). In the following, the aerodynamic performance of a generic SUV was



investigated after installing an upper and lower flat boat tail plates based on CFD method by Krishnani and Zhou [7].
Kang et al. [8] conducted the study on the drag reduction of a passenger vehicle using an actively translating diffuser.
However, it can be seen that considerably repeated simulations and attempts are still necessary if the optimum needs to
be found. To solve this problem, the surrogate technique was developed to approximate the relationship between the
variables and objective, so that a continuous function can be extracted based on discrete samples. According to the
continuous approximation, the optimal solution can be searched easily. Therefore, this method was also called as
surrogate-based optimization (SBO). Since SBO can explore the design space with high efficiency and effectively reduce
the number of required samples, it has become increasingly popular in expensive optimization problems [9, 10]. Typically,
Ando et al [11] conceived an adaptive multistage response surface modeling (RSM) to balance the robustness and
accuracy in surrogate metamodeling. Based on the proposed surrogate model, the drag coefficient (Cd) of a realistic sedan
was minimized. Khondge et al. [12] combined a free-form deformation (FFD) approach and SBO to investigate the
sensitivity of output parameter with respect to design variables, and to optimize the drag force of a real-life vehicle. Song
et al. [13] searched for the minimum drag coefficient (Cd) on an artificial neural network (ANN) surrogate model through
changing the rear end shapes of a sedan. Additionally, Zhang et al. [14] constructed an automatic route to carry out mesh
generation, mesh morphing, and CFD simulations, and the Cd of a MIRA notchback model was then optimized using
SBO, under a constraint which the lift coefficient (CL) was no larger than zero. In the same year, Sun et al. [15] optimized
the two-dimensional shape of a SUV using SBO in the early stage of development. Not only that, Beigmoradi [16]
simultaneously considered the aerodynamic and acoustic objectives for a simplified car model, and thus the multi-
objective optimization was carried out employing the ANN and multi-objective genetic algorithm (MOGA). Not long ago,
the redial basis function (RBF) surrogate model was applied to extrapolate the relationships between the aerodynamic
drag of a car and the heat transfer performance of brake disc. Subsequently, the non-dominated sorting genetic algorithm
(NSGA) was utilized to search for the Pareto front for multi-objective optimization [17]. In addition, Urquhart et al. [18]

optimized the drag of a square-back vehicle based on SBO.

1.2 Development of methodologies in SBO for expensive problem with “noisy” computations

As reviewed previously, SBO becomes increasingly popular in expensive optimization problems. The main reason is

that the surrogate model provides an approximation between the variables and objective, thereby replacing the expensive



experiments (e.g., expensive computational code) to cheaply give a prediction at an unknown point. In comparison,
evolutionary algorithms (EAs) need a considerable number of evaluations for expensive experiments to search for the
global optimum [19, 20]. The huge computational cost is usually unacceptable in expensive optimization problems,
particularly for most of industrial cases pressed over time. A typical SBO usually contains the three steps: sampling,
surrogate model metamodeling, and searching for the optimum on the surrogate model [21]. Although the searching
process for the global optimum on the surrogate model is significantly cheap, it also leads to a problem in which only the
optimum on the surrogate model rather than the real global optimum in the design space can be found. This is because
the surrogate model is just an approximation, and it always has difference from the real functional relationship between
the variables and objective. Fig. 1.1 shows the different optimum and landscape of the surrogate model from the real
function. Additionally, the difference between them is probably large under certain occasions. For example, when the
spatial properties of the real relationship between the variables and objective are highly nonlinear, and the number of
samples is relatively small, the approximate accuracy of the surrogate model may be significantly low. Unfortunately,
sudden perturbations between samples always exist in computer experiments, such as CFD simulations. These sudden
perturbations lead to high nonlinearities in some local regions, which significantly changes a smooth functional trend.
The sudden perturbations from the expected smooth response are what we treat as noise in the study. In this case, an
interpolation-based technique is difficult to fit “noisy” discrete samples to a continuously smooth response. To solve this
problem, Forrester et al. [22] proposed the regression Kriging with re-interpolation to automatically filter out noise (i.e.,
does not pass through from sample points) and maintain a smooth functional trend during the process of surrogate
metamodeling. Moreover, the approximate accuracy of the surrogate model should also be enhanced, particularly in the
region nearby with the global optimal solution, when the quality of the initial surrogate model cannot meet the requirement.
In past decades, all kinds of point-infill strategies based on different surrogate techniques have been developed. Kriging
interpolation can provide not only prediction at an unknown point but also its uncertainty. Thus, it is significantly suitable
for the development of a point-infill criterion [23]. Based on this, Jones et al. [24] proposed the efficient global
optimization (EGO) algorithm with the expected improvement (EI) criterion to add points and refine the Kriging model.
Compared with other criteria, such as the minimization surrogate prediction (MSP) [25, 26] and probability of
improvement (PI) [27], the EI criterion balances the local exploitation and global exploration automatically. Thus, it shows

robust and efficient performance during the process of point infills. However, the traditional EGO with EI criterion has



an apparent shortcoming, which is only one point can be added in each cycle because the Kriging model must be updated
using the last updating point. Under this situation, the outer unoccupied computational resources cannot be made full use
of. Therefore, to match the parallel architecture through making full use of outer computational resources, and
significantly reduce the wall-clock time during the entire process of expensive optimization, a multi-point infill strategy
is necessary. Ginsbourger et al. [28] proposed the g-point EI (g-EI) criterion. Although the ¢-EI allows to search for ¢
updating points with a single optimization process, its computation is still time-consuming. To reduce the computational
cost, a substitute, namely, constant liar (CL), was further developed by Ginsbourger et al. [28]. The CL strategy uses the
current minimum value as a “liar” to replace the evaluation of updating point. Thus, the Kriging model can be updated
based on the fake information. Due to only the cheap EI function needs to be evaluated, the computational cost is
significantly reduced. Nevertheless, the shortcoming of the CL strategy is also evident. This is because the “liar” without
the real evaluation at the updating point easily guides the searching process towards a wrong direction. Consequently,
more efforts must be carried out to obtain a real improvement. By observing the behavior during the updates of the EI
function, Zhan et al. [29] proposed the pseudo EI (PEI) criterion. The PEI criterion simulates the primary properties in
updates of EI function by multiplying the EI function by the influence function (IF). According to this, the later updating
point can be updated without the evaluation of early updating points. Because the PEI criterion substantially provides an

approximation with the EI function, it shows robust performance during the process of point infills.
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1.3 Objective of research

In fact, the aerodynamic drag reduction of a realistic vehicle is a considerably expensive optimization problem.
Although CFD simulations have been widely applied to replace more expensive wind tunnel experiments, the
implementations of CFD simulations for a realistic vehicle are still time-consuming. The reasons are simple. On the one
hand, the property of a flow field around a realistic vehicle body is usually complicated; on the other hand, relatively fine
meshes with a high resolution must be given so that the accuracy of the numerical solution can be acceptable, even for
industrial problems. These factors make the higher demands of computational method and burden. However, the
optimization cases of vehicle aecrodynamics are always pressed over time because of an increasingly intense competition
among automotive companies. Apparently, due to the practical limitations of the required time and expensive
computational burden, it is usually impossible to search for the real optimal solution without a considerable number of
experiments. Under this situation, the primary focus of optimization should be changed to obtain the maximum possible
improvement with a reasonable computational cost or a limited time. References [30, 31] are convincing evidence to
support this objective. Moreover, the rationality of the objective for this thesis can be further verified by the following

points:

e Applicability of an optimization method in expensive industrial optimization cases: Blacha et al. [32] (Audi automotive
company) clearly pointed out that the applicability of each optimization method not only depends on its accuracy, but
also on its time cost and robustness during the development of vehicle aerodynamics. The point further verifies the
importance of optimization method for the efficiency and robustness of expensive engineering optimization. Generally,
in the case of expensive optimization, the priority should be changed to achieve high-quality convergence (e.g., a high-
quality local solution) within a limited time or reasonable computational cost (e.g., given a reasonable number of point
infills) [30, 31, 33].

e Priority in expensive optimization cases: Even though optimization algorithms (e.g., evolutionary computations) and
point-infill criteria have been widely studied, and their global convergence performance has also been significantly
certified, they are still difficult to be really applied in engineering cases with expensive experiments [14, 17, 34]. The
main problem is still an unacceptable computational cost (e.g., a long period of optimization). In fact, if the real global

convergence is always the priority, the evolutionary algorithms (EAs), such as the genetic algorithm (GA), exactly



have higher performance than that of SBO or different gradient-based algorithms. However, in the real-world
problems, SBO, which pursues high efficiency, has been widely used rather than EAs significantly demonstrating the
importance of the balance between convergence quality and computational cost [31]. Similarly, a gradient-based
algorithm usually has a higher priority than EA in an expensive optimization mission. The cogent evidence is the
application of the stochastic gradient decent (SGD) algorithm [35] in deep neural network (DNN). Apparently, a

reasonable computational cost is significantly important in expensive optimization.

Now, the primary objective of the thesis is clear, and its rationality has been adequately verified. In this thesis, we
focus more on obtaining a real improvement of aerodynamic objectives within a short period of time. Herein, the
improvement indicates that a better objective value (a lower drag coefficient or benchmark fitness in our study) in
comparison with the current best objective value is achieved in the process of point infill. To achieve the objective, some

improved methodologies in SBO are proposed. Generally, these methodologies aim at achieving following goals:

e Initial evaluation locations with high space-filling quality must be provided, so that a surrogate model with relatively
high quality can be constructed using as fewer samples as possible. The step is quite important. Two points can explain
its importance. First, well-distributed samples can better extract spatial information from a limited number of discrete
samples, which can effectively reduce the computational costs in evaluating the objectives of initial evaluation
locations. Second, the property of the initial surrogate model significantly influences the subsequent process of point
infills, thereby also affecting the efficiency of convergence with respect to the optimization objective.

e All kinds of noise from the expected smooth response produced by CFD should be robustly filtered out, so that a
smooth functional trend, particularly in the local region around the current best solution, can be maintained. Based on
it, a surrogate model with a distinct trend for a potential improvement can be constructed, and thus the subsequential
point-infill process can employ such information to fast obtain a real improvement.

e To further reduce the conducting time of optimization, all time-consuming steps, such as mesh preparation, waiting
gap before simulation, and numerical simulation, can be carried out in a parallel manner. Therefore, the point-infill

strategy needs to predict multiple updating points in each cycle of point infills.



e An automatic route must be constructed so that the critical steps, including the construction of surrogate model,
predictions of updating points, mesh morphing, mesh generation, and CFD simulation can be carried out automatically.

This is necessary to further reduce the labor costs in expensive optimization problems.

1.4 Outline of thesis

Fig. 1.2 provides a graphical overview of this thesis. Subsequently, the primary content of each chapter is introduced

in detail.

Numerical tests for
proposed
methodologies
(Chapter 4)

Overview and
introduction of
optimization
methodologies
used in this thesis
(Chapter2)

MATLAB toolbox
for programming
critical optimization
methodologies
(Chapter 3)

Summary
(Chapter 6)

Real application of
an improved
framework for
aerodynamic drag
reduction of a
realistic vehicle
(Chapter 5)

Fig. 1.2 Graphical overview of the thesis

Chapter 2: After a brief review with respect to the state-of-the-art algorithms for constructing optimal Latin-
hypercube design (OLHD), two enhanced algorithms are proposed to efficiently construct OLHDs with high space-filling
quality in our research. Subsequently, the basic theory of ordinary Kriging (OK) and RKri models are introduced. Because
the RKri model can filter out noise produced by CFD simulations and maintain a relatively smooth functional trend, it is
suitable to be adopted as a surrogate model in the “noisy” optimization problem. To progress the optimization process

towards the global optimization, some widely used point-infill criteria are then reviewed. In these criteria, the PEI criterion



which can robustly and efficiently carry out point infills in a parallel manner is adopted as the point-infill criterion in the
research. Moreover, the performance of optimizer significantly influences not only the Kriging hyperparameter tunning
but also the search for the optimum on the PEI function. Thus, the influence of an optimizer on the PEI-based EGO (EGO-
PEI) algorithm is briefly discussed. Finally, an improved optimization framework, integrated the efficient sampling
method, RKri surrogate model, EGO-PEI algorithm, and a suitable optimizer, is proposed.

Chapter 3: AMATLAB toolbox based on object-oriented programming (OOP) are developed so that the construction
of a surrogate model, predictions of updating points, error analysis, statistical analysis, sensitivity analysis, and
visualizations in the research can be achieved. After a brief introduction of its functionalities, the performance of the
toolbox is roughly demonstrated though the comparisons with other toolboxes in Kriging metamodeling and solving a
global optimization problem.

Chapter 4: In this chapter, the performance of proposed algorithms for the construction of OLHD are first investigated
by comparison with each of their original algorithms and other state-of-the-art algorithms. In the following, the rationality
of the combination between the RKri model and EGO-PEI algorithm is investigated. To select a suitable optimizer for the
proposed optimization framework, several optimizers with all kinds of performance advantages are adopted as optimizers
in OK-based EGO-PEI algorithm first, and the OK-based EGO-PEI algorithm with different optimizers is then tested on
benchmark functions. The optimizer performed best in the numerical testes is further tested using the RKri-based EGO-
PEI algorithm. Then, the mechanism with respect to the influence of optimizer on promoting a better convergence of the
EGO-PEI algorithm is analyzed.

Chapter 5: The proposed optimization system is applied to solve the real-world expensive optimization problem. In
this case, the Cd of a realistic vehicle must be minimized as much as possible within a limited number of point infills (an
acceptable computational burden). To carry out the real-world optimization, the information of vehicle model, design
variables, mesh morphing, mesh strategies, and settings of CFD solver are introduced. After the validation with respect
to the accuracy of CFD simulations based on mesh independence and wind tunnel experiment, the proposed optimization
system is compared with the other two existing systems in minimizing the Cd of a realistic vehicle. Then, its performance

is analyzed based on the results of real-world optimization case.



Chapter 2

Critical methodologies in expensive global optimization

For expensive global optimization problems, SBO can effectively reduce the number of expensive experiments, and it
has been widely used. A completive process to carry out SBO usually includes sampling, surrogate metamodeling, and
point infills. Moreover, the most time-consuming step in expensive optimization problems is always the evaluation of
objective. Therefore, if the number of samples can be reduced, the efficiency of optimization can be improved. In this
chapter, the primary goals aim not only to provide brief overview for some widely used techniques in global optimization
using SBO method, such as OLHD, Kriging metamodeling, and methodologies of point infills based on Kriging model,
but also to introduce some proposed methodologies for reducing the number of samples and progressing the optimization
towards the global convergence with high efficiency in the real-word optimization problem with “noisy” computer
experiments. To achieve the goals, two new algorithms are developed to efficiently construct OLHD with high space-
filling quality in Subsection 2.1. Subsequently, the basic theory of the OK and RKri are introduced in Subsection 2.2. In
Subsection 2.3, the point-infill methodologies in serial and parallel manners are reviewed. Due to the optimizer must be
applied to tune the Kriging hyperparameters and search for the optimum on point-infill criteria, the influence of optimizer
on the parallel point-infill methodology is analyzed in Subsection 2.4. Based on the aforementioned methodologies, an
improved optimization system is proposed to efficiently solve the real-world optimization problem with “noisy”

computations in Subsection 2.6.

2.1 Optimal Latin-hypercube design for sampling

In most engineering optimization problems, experiments are significantly expensive. Therefore, it is difficult to
conduct a lot of experiments so that the properties of design space can be reflected. To reduce experimental costs, an
effective method to determine locations where experiments should be conducted is necessary. The techniques of design
of experiments (DOE) have been widely employed to achieve this in recent decades. In those techniques, the Latin-
hypercube design (LHD) proposed by McKay et al. [36] and Iman and Conover [37] can effectively fill design space.

However, due to the random permutation of evaluation points in LHD, a uniform distribution of evaluation points is
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difficult to be guaranteed. As a result, a high space-filling quality using finite evaluation points cannot be achieved. To
further improve the space-filling quality of a LHD, the technique of OLHD has been widely investigated. Classically, the
columnwise-pairwise (CP) algorithm [38] was proposed to optimize the space-filling quality of LHD by exchanging
elements in per column of LHD. Fang et al. [39] developed a heuristic algorithm, namely, threshold accepting (TA), in
constructing OLHD under the L, - discrepancy criterion. Bates et al. [40] proposed permutation genetic algorithm
(PermGA) with an integer encoded method to search an OLHD. Grosso et al. [41] developed iterated local search (ILS)
algorithm for the optimization of LHD. To further increase the capability of global convergence, the enhanced stochastic
evolutionary (ESE) algorithm [42] was proposed to better balance the global exploration and local exploitation using a
threshold “temperature” in constructing an OLHD. The results of numerical tests showed that the ESE has significant
capability to enhance the space-filling quality of LHD. However, it should be notable that the optimization of LHD has
huge computational costs, particularly when a design has high dimensions and considerable evaluation points. To balance
the computational costs and space-filling quality of design in optimization, many efforts were made to enhance the
efficiency of OLHD. Those methods include enhancement of ESE (EESE) algorithm [43], successive local enumeration
(SLE) algorithm [44], particle swarm optimization (PSO) algorithm [45], sequencing optimization based on simulated
annealing (SOBSA) algorithm [46], a new framework of DOE in accordance with PermGA [47], PermGA with
chromosome-length-expansion (CLE) [48], sliced latin-hypercube design (SLHD) [49], maximum projection design [50,
51], sequential-successive local enumeration (S-SLE) algorithm [52], inflate, expand and stack (IES) algorithm [53], an
efficient method for constructing space-filling and near-orthogonality Sequential LHD [54], a novel extension algorithm
[55], maximin distance Latin squares and related LHD based on Costas arrays and the Welch, Gilbert and Golomb methods
[56], and local search-based genetic algorithm(LSGA) [57]. Particularly, a method, namely, the LHD via translational
propagation (TPLHD) algorithm, was proposed by Viana et al. [58] to efficiently construct the LHD with near high space-
filling quality, which draws our attention. Due to the TPLHD only implements the translational operation without any
mathematic evaluation, its computational burden is significantly low. This property makes TPLHD highly efficient and
suitable to be as an initial design in an optimization process. Moreover, some important conclusions are worth to be
reviewed. In literature [59], the performance of simulated annealing (SA) and ESE algorithms are compared. Husslage et
al. [60] also comprehensively compared the performance of SA, ESE, and PermGA algorithms. The results published by

those references both showed the ESE has higher performance than comparative algorithms to search an OLHD with high
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space-filling quality. Additionally, the ESE was employed to compete with more algorithms including the SOBSA, SLE,
GA, SLHD, and LSGA in literatures [46, 54, 55, 57]. The performance of ESE was further verified. Generally, the ESE
showed robust and efficient performance in constructing an OLHD with high space-filling quality.

To efficiently generate an OLHD with high space-filling quality, two modified algorithms, namely, modified ESE
(MESE) and translational propagation MESE (TPMESE) are proposed, respectively. In the MESE algorithm, a new
updating strategy is introduced to adaptively adjust the value of threshold “temperature”. The adaptive strategy of
threshold “temperature” aims to simultaneously enhance the efficiency of optimization and maintain the sufficient global
search capability of the ESE. To further accelerate the convergence of optimization, the MESE is combined with TPLHD
algorithm (TPMESE). For the TPMESE, the MESE algorithm optimizes a design with a near high quality generated using
the TPLHD rather than beginning the optimization from a random LHD. Evidently, the convergence speed of optimization

using the TPMESE can be significantly increased, particularly in the cases with large sizes and many evaluation points.
2.1.1 Optimization criterion

To optimize LHD, the space-filling quality should be evaluated. In those criteria, the ¢, criterion [61] is a popular

technique to evaluate the space-filling quality in the optimization of LHD. The ¢, criterion can be calculated as follows:

np=1 np 1/p
<pp=lz X )

where d;; and n, are the distance between two random evaluation points and the number of evaluation points, respectively.

The distance of two evaluation points is calculated as:
Jt

ny 1
dij = Z i = x| 22)
k=1

where x;, and x;;, are the k" element of i and j points, respectively. For the constants p and # p = 50 and ¢ = 1 are

suggested in reference [61] to evaluate the space-filling quality of design. To achieve a uniform distribution of evaluation
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points with high space-filling quality in design space, the maximization of distance between two random points meets
above requirement. Apparently, the minimization of ¢, criterion is equal to maximize the distance between evaluation
points. Therefore, high space-filling quality of design can be reached by the optimization of ¢, criterion. In our study, the

¢, criterion was finally chosen to be the objective function in the optimization of LHD.

2.1.2 Translational propagation algorithm

TPLHD is an efficient algorithm for the construction of an OLHD. In this algorithm, the translational operation was
employed to fill design space without any evaluations of optimization criteria. Here, the process for the construction of a
9 x 2 (9 points and 2 dimensions) TPLHD started from a seed of 1 x 2 is used as an example, so that the construction of

TPLHD can be clear. At the beginning, the design space is divided into n,;, blocks. The n,, can be calculated by:

n, =n,/ng (2.3)

Here, n,, is the number of evaluation points, whereas n; is the number of points in a seed. Fig. 2.1 shows the examples
of seed designs. Then, the seed initially placed in the original coordinates translates in the first dimension (horizontal
direction) until all divisions in the first dimension are filled by seeds. Additionally, to fill all divisions, the seed should

translate per ny levels each time, where the n,; levels (the number of divisions) are derived as:

ng =npt/™, (2.4)

where the n,, indicates the dimension of TPLHD. Subsequently, all seeds in the first dimension are treated as a new seed,
and it continues to translate along with the second dimension (vertical direction) until all divisions in the second dimension
are filled by new seeds. Fig. 2.2 shows the aforementioned translational operation. From the steps 1 to 3, the seed translates
in the first dimension. Then, a new seed is composed of the three points shown in step 3, which continue to translate in

the second dimension until the situation shown in step 4 occurs.
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Fig 2.1 Examples of seed designs with two dimensions

Moreover, because of the main property of LHD, one point per level, the aforementioned translational operation also
needs to be simultaneously conducted in another dimension. More specifically, the seed located at the original coordinates
should simultaneously translate n; levels and a level in the first and second dimensions, respectively, like the step 2 shows
in Fig. 2.2. Meanwhile, a resizing process is prepared to construct a TPLHD with any size, when the number of evaluation
points in the initial TPLHD constructed is not equal to the required number. Fig. 2.3 shows the details of resizing process.
It is clear that a TPLHD with larger size 9 x 2 is resized by removing an additional point and its corresponding levels, so
that a TPLHD with required size of 8 x 2 can be achieved. To maintain space-filling quality as much as possible in the
resizing process, the distances between the center of TPLHD and each point are previously evaluated. Then, the point is
removed one by one based on the sequence of descending permutation with respect to the distances. Therefore, an
additional point which has the largest distance with the center of TPLHD is removed shown in Fig. 2.3.

It should be noted that the TPLHD focus more on efficiently constructing a LHD with near high quality instead of the
best quality in comparison with other optimization algorithms of LHD. Due to there is no mathematic evaluation, the
computational cost to build a TPLHD becomes significantly low. Thus, it is significantly suitable to be a starting LHD in
an expensive optimization process for promoting its convergence. Additionally, the literature [58] shows that different
points in a seed have different space-filling properties. Considering the significantly cheap computational cost of a
TPLHD, it is possible to choose the best one from several TPLHDs constructed in basis of different seed points. To further
accelerate the convergence of global optimization process for modified algorithm, MESE, a TPLHD with the highest
space-filling quality is chosen from five TPLHDs constructed by the seed points from one to five. The criterion to evaluate

spacing-filling quality is the ¢, criterion. To more clear show the process for the construction of a TPLHD in the study,
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Table 2.1 lists the pseudo code.
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Table 2.1 Pseudo code of TPLHD

Line Procedure of construction for TPLHD
1 Set ny,, n,,.
2 Forng1to5
3 If n, is an integer
4 ny=n, /.
5 Else
6 n,-ceil(ng)™.
7 Recalculate points number 7, based on the new n,.
8 End If
9 Generate initial TPLHD.
10 Ifn, >n,
11 Resizing process to remove points from initial TPLHD.
12 End If
13 End For
14 Pick the best TPLHD based on the min value of ¢,,.

2.1.3 Enhanced stochastic environment algorithm

The ESE algorithm is modified in terms of the stochastic evolutionary (SE) algorithm [62]. The algorithm mainly
contains outer and inner loops to automatically update the “temperature” and implement element-exchange operation in
one column, respectively. In the inner loop, J distinct elements are initially exchanged in a column based on the design X.
Accordingly, a new design is obtained after randomly exchanging two elements each time. Then, the best design X, is
picked from J candidate designs based on the ¢, criterion. In the following, if the acceptance criterion is met, the current
design X will be replaced by the X,,.,,. The current design X and the current best design Xp,, are also compared with each
other. If X is better than X, .o, Xpest Will be updated using X. The aforementioned process is iterated M times. The

acceptance criterion can be written as:
f(Xey) = F(X) < Ty, - rand(0,1), (2.5)

where f (Xtry) and f(X) are the values of ¢, criterion with respect to designs X and X,,.,, respectively. T}, is a constant
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value of threshold “temperature”, whereas the function rand(-) generates a random value from zero to one. In the outer
loop, the temperature is updated based on the exploration and improvement processes, respectively. To distinguish
different processes, a judgement is calculated. Then, the value of “temperature” is updated using different expressions in
terms of the acceptance N, / M and improvement 1, / M ratios which are calculated in the inner loop. The

expression of judgement is derived as:

f(Xoldbest) - f(Xbest) > tOL (26)

where the X,;4pes: indicates the best design before an improvement obtained compared with the current best design X q; -

It is easy to find that the most important process to determine the performance of ESE is the update of “temperature”.
To update the “temperature”, the ESE algorithm uses the different updating methods based on the selection of exploration
or improvement processes. In the exploration process, Tj, will be decreased using the expression T, = a, Ty 44, if the
acceptance ratio M,c,¢ / M is larger than a large threshold such as 0.8. In contrast, T, is increased based on the expression
Ty = Tp_o1a/ @3, When the improvement ratio n;,,,, / M is lower than a small threshold like 0.1. The exploration process
aims to escape from a local solution, so that a new region can be explored. In comparison with the exploration process,
the improvement process focuses on the fast convergence to a local optimal solution. To achieve that, the T}, is reduced
interms of T, = a;Tj, o194, When ngep,, / M is larger than a small threshold such as 0.1 and n;y,;, / M. While ngcpe / M is
larger than a small value like 0.1 but equal to n;y,, / M, T}, is maintained. In contrary, T, will be increased based on the
equation Ty, = T} 4,4/;. For other parameters used in the ESE, the literature [42] suggests that M and J are M =
2n,m/J and ] = n, /5, respectively, where n, is the number of all element exchanges which can be conducted in one
column. Moreover, the J are M should be larger than 50 and 100, respectively. To make the process of ESE clear, Table
2.2 and Fig. 2.4 show the pseudo code and flowchart of ESE algorithm, respectively. The figure was redrawn based on

the reference [42].
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Table 2.2 Pseudo code of ESE algorithm

Line ESE procedure for inner loop
1 Fori=1toM
2 Pick the best X, from J candidate designs within a column (i mod ).
3 If f(X;ry) — f(X) < T, -rand(0,1)
4 X= Xtry
5 Naept = Nacpe T 1
6 If f(X) — f Kpest)
7 Xiry = X
8 Nimp = Nigmp + 1
9 End If
10 End If
11 End For
Line ESE procedure for outer loop
Initialize X =X, , Xy =X, Xpest =X o Xoiapest = Xpese Dased on initial X, design and
: “temperature” T,.
2 While stopping criterion is not satisfied
3 Xotavest = Xpest> Macpt = 05 Nimp = 0
4 Implement inner loop.
5 If f (Xowavest) = f Kpest) > tol
6 Implement improvement process to update Tj,.
7 Else
8 Implement exploration process to update Tj,.
9 End If
10 End While
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Fig. 2.4 Flowchart of ESE algorithm

2.1.4 Modified algorithms for construction of OLHD

In the ESE algorithm, some intermediate solutions in M iterations can be accepted, even though there is no
improvement of X, compared with the current design X. This strategy can appropriately increase diversity and avoid the
convergence to a local optimum. To give a threshold for choosing those intermediate solutions, T}, is proposed and
adaptively updated in the outer loop of ESE algorithm. However, only the constant scale factors, a,, a,, and a5, are
employed to control the update of Tj,, which easily leads to an oversize or undersize step in the update of Tj,. As a result,
some potential intermediate solutions will be lost, which can generate a better design after several iterations. Therefore,
the convergence will be slowed down as the algorithm must search those intermediate solutions again in the following

implementation. Additionally, the improvement process is usually conducted in the early stage of optimization because
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of adequate diversity of individuals. Apparently, T}, is always fast reduced in the process, so that the ESE can quickly
converge to a local solution. Then, T}, will vibrate as its update strategy is switched to use the exploration process in the
rest of period. To further accelerate the convergence after the summary of main properties with respect to the update of
T, in the ESE algorithm, the scale factors of variable step length in proposed algorithm MESE are applied to replace the
previous constant scale factors in the ESE algorithm. In the MESE, there are still two loops, inner and outer loops. The
inner loop is the same as the ESE, whereas the outer loop is changed. In the outer loop of MESE, the exploration and
improvement processes in the ESE algorithm to update T, are combined. More specifically, T, is decreased by

multiplying by a factor with continuous variation. The update strategy is expressed as:

ny
T = Ty ota X <0.9 - /31((1_61)/ (racpe/=c1) ) 2.7)

In Eq. (2.7), the expression can be rewritten as Tj, = T ;¢ X (0.9 — f;), when the acceptance ratio nge,e/M
approaches to 1. In this situation, T, can be decreased with a faster speed. Otherwise, T}, is reduced with a slower speed,
when 1,0, /M is close to a large percentage C; (e.g., 0.8). At this time, the expression is gradually changed to T), =
Ty o1a X 0.9. Additionally, the power n, is applied to further control the variation speed of the factor. For other parameters
in Eq. (2.7), B, and n, are suggested to set as 0.1 and 4, respectively, based on the tested results.

In the same way, T, can be increased, when the diversity becomes significantly low, and there is no improvement of

current design X (N, = 0). The update strategy is derived as:

(1+(M/nacpt—1)><(l—nacpt/M/Cz))nz) (2.8)

Ty =Th o1a/ <0-7 + B,

It is easy derive that Eq. (2.8) approaches T, = Tj,_514/0.7, when ngp, is close to 0. T}, is increased with a fast speed.
This can help the search process of MESE fast escaping from a local region. In contrast, Eq. (2.8) will be gradually
changed to T, =T}, 414/(0.7 + f8;), if the acceptance ratio ng,. /M approaches a small constant C,. At this time, the
variation speed of T}, can be slightly decreased. Similar to the format of Eq. (2.7), an additional power n, is employed to
better control the speed of variation for scale factor. Here, the parameters f3,, C,, and n, are set to 0.2, 0.2, and 0.125,
respectively, after numerical tests. Moreover, to further accelerate the convergence of MESE, T, continues to be reduced

with a slow speed based on the expression Ty, = aTj 4, When the acceptance ratio n,e,¢ /M is within an interval from
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C, to C; and meets one of the following conditions: the improvement ratio n;,,,, /M is larger than zero (n;y,, > 0) or the
current design X is worse than the current best design X, over restriction S (f(X) > S X f(X,,.s)). The values of relative
parameters, a and S could be 0.9 and 1.015, respectively. Regrading to other situations, T}, is maintained. To make the
procedure of MESE algorithm clear, Fig. 2.5 shows the flowchart of MESE, whereas Table 2.3 lists the pseudo code of
outer loop in the MESE algorithm. Evidently, Eq. (2.7) to (2.8) indicate the scale factors to update T}, can be continuously

changed within two separable intervals, and there is no tolerance to divide the update strategy into two processes.

Inner Loop Outer Loop
Initialize
X =X, Xbe_sf X, T, =1,
€
- — i=0
Randomly pick ./ distinct N —o0. M. -0
element-exchanges within acpt == imp

one column (7 mod m)

'L \

Choose the best design Inner Loop

Xy from J design induced
by exchanges

Xpy) — f(X)<=
T Xy) = F(X)< Yes Update T}, by using

an adaptive strategy

try» Macpt = Pacpr + 1|

| f(X) < f(Xpun) Yes
Xbest =X, nimp =Hn; +1 No

m . . .
2 Stopping criterion

Yes

Yes

Fig. 2.5 Flowchart of MESE algorithm
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Table 2.3 Pseudo code of outer loop in MESE algorithm

Line Procedure of outer loop in MESE
1 Initialize X = X, Xpes: = X, Ty, = T, based on initial X, design and “temperature” T,,.
2 While stopping criterion is not satisfied
3 Ngepe = 0, Ny, = 0
4 Perform inner loop.
5 If (Ngcpe/M) 2 Cy
6 Reduce Ty,.
7 Else If (Ngcpe/M) < C; and nypy, =0
8 Increase Ty,.
9 Else If C; < (Ngepe/M) < G and (F(X) > S X f(Xpese) OF Nimp > 0))
10 Continue to reduce Tj,.
11 End If
12 End While

Normally, the process of global optimization for achieving an OLHD starts from a random LHD. Therefore, the
convergence speed of optimization significantly depends on the quality of initial design. If its quality is considerably poor,
the optimization algorithm must spend long time converging to a near high-quality design. It is easy to derive that there
is only one optimal solution, when the size and range of each dimension of a design are determined. Thus, the time cost
in the optimization from an initial poor design to the final optimal design can be shortened by shortening the time cost
from this initial design to a near high-quality design. In other words, if two preconditions can be met, the whole
convergence of optimization can be further speeded up. First, the time cost to obtain a near high-quality design is shorter
than that from a poor design to an equal-quality design using global optimization algorithm. Second, there is an algorithm
with high global-search capability to escape from the local solution.

In Subsection 2.1.2, a significantly efficient algorithm, TPLHD, using the translational operation without any
mathematic evaluations, was reviewed. In practice, TPLHD only spends several seconds generating a near high-quality

design with relatively large size (e.g., 100 x 10), while there is almost no time cost for generating a near high-quality

design with a smaller size. This time cost is shorter than that spent by an optimization process from a poor design to an
equal-quality design using a global optimization algorithm. Therefore, the combination between the TPLHD and MESE

or ESE seems to be reasonable for further acceleration of the optimization process to construct an OLHD, particularly in
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the beginning of optimization. To consider that, a new combinational algorithm, namely, TPMESE, is proposed. The
algorithm aims to further shortening the time cost in the initial stage of optimization through directly starting an
optimization process from a near high-quality design generated by the TPLHD algorithm instead of a random LHD with
poor quality. It is worth to emphasize that the TPMESE focuses more on achieving a higher central goal of convergence
efficiency, particularly when the time is the first concern, or the required size of design is significantly large. Fig. 2.6

shows the procedure of TPMESE algorithm.

Pick a seed design
with i X n,size

l

i=itl,i<5
!
Construct the TPLHD

l

Calculate the value of ¢p
criterion for TPLHD

!

Pick the best design from 5 TPLHDs

l

Conduct the MESE algorithm

Fig. 2.6 Flowchart of TPMESE algorithm

2.2 Kriging metamodeling

Kriging metamodeling has been widely used to approximate discrete samples. It is useful for the tasks including SBO,
exploration in the design space, visualization of the relationship between the variables and objective, sensitivity analysis
(SA), and so on. To solve different problems better, some variants have been developed. For instance, the blind [63] and
hierarchical [64, 65] Kriging models were proposed to provide a more suitable trend function (mean term) so that the
features of discrete samples can be represented using the trend function as much as possible. To give more information in
the approximation, the gradient-enhanced Kriging (GEK) model [66, 67] was developed to contain the gradient

information of objective with respect to the variables. With the rapid development of computational techniques, computer
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simulation becomes increasingly popular. However, most of computer experiments contain all kinds of noise, which may
lead to a sudden perturbation from the expected smooth response. To filter out noise and maintain a smooth functional

trend, the RKri model was derived [22]. In this subsection, the brief overview of the OK and RKri models are given.

2.2.1 Ordinary Kriging

To generate the OK model, two steps usually need to be implemented. First, a mean term /I can be solved. Second, a
Gaussian process z(+) with a mean value zero and standard deviation ¢ should be implemented. These implementations
can help a Kriging model to approximate noise-free data. An expression to construct the mean term and Gaussian process

is listed as follows:
yx) =4 +z(x), (2.9)

where the §(*) is the prediction of a Kriging model, whereas the X is an unknown evaluation point. A Gaussian process

can be calculated based on a correlation matrix R (n x n) with respect to n samples and a correlation vector P (n x 1)

with respect to an unknown point and » samples. Here, the unknown point is X,,, ;, whereas n samples can be expressed

as {Xy, ..., X, }. Thus, the Eq. (2.9) can be written as:
Y XKni1) = A+ 21 bihi(Xn4a — X D, (2.10)
where the element 1; in a correlation vector y is calculated by:
D
expl= ) 6)(nss = 1,17

= : @.11)
D
expl= ) /(Inrs = XD
]:

Corr[Y (X,41), Y (x1)]

B <Corr[Y(xn;1), Y(xnn)

In the Eq. (2.11), p; is a parameter at j" dimension to control the level of smoothness in an approximation. 0, is the
Kriging hyperparameter at /" dimension.

The element b; from the vector b (n x 1) is given by:

b=R"1(y— 1) (2.12)

Here, the 1 is the vector of ones (n x 1). To approximate the discrete samples as high quality as possible, the Kriging
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hyperparameters should be tuned. In the optimization process, the maximum likelihood estimation (MLE) is usually

employed to be as an objective function. Thus, the mean term can be calculated as:

1"R 1y
= —2" 2.13
A=1r11 e
Here, y (n x 1 vector) indicates objective values at {X;, ..., X, }.
The predict variance can be calculated by:
$*(Xp41) = 0*(1 = P"R71Y), (2.14)
where the process variance o2 is derived as:
o’ =(y—10)"R(y—14)/n (2.15)

From the Eq. (2.14), it is easy to see that the predicted variance is equal to zero at a sample point.
To tune the Kriging hyperparameters, the optimum of MLE function should be searched. In the variants, the marginal

likelihood has been widely used [68]. The naturel log of the marginal likelihood can be calculated by:

n n o, 1 1 T o1 R
In (Lmarginal) = 511’1(27‘[) + Eln(o- ) + EIH(WJD + T.J (y - 1#) R (y - 1#) (2~16)
Thus, Eq. (2.16) can be simplified after removing constants:
n 5 1
In (Lmarginal) = Eln(a ) + Eln(llpl) (2'17)

The approximate quality of the Kriging model is also significantly influenced by the format of a correlation function.
Eq. (2.11) describes a basic format in correlations between points. It is clear that the correlation depends on the distance
between samples in the design space. A higher correlation can be reflected when the distance between two samples is
smaller. Thus, the prediction of one point would be more highly influenced by another one. The parameter p; can control
the initial drop of a correlation when the distance between points increases. Apparently, a smaller p; (e.g., p = 1) indicates
a faster initial drop in a correlation, which can accommodate a larger difference between two close points. If p; is
relatively large (e.g., p = 2), a smaller initial drop in a correlation and a smoother response can be obtained. In the
construction of the Kriging model, p; is normally fixed, and the set of parameters 0 should be optimized based on the

MLE function. Here, 0 is {0, ..., 84}. In the correlation function, 8 indicates an amount of the variation in a correlation.
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Fig. 2.7 Variation of one-dimensional correlation function with different values of p for (a) 8 = —0.7943

and 0 for (b) p = 2.

A smaller value of 6; indicates that the point is significantly influenced by others. In contrast, a significantly different
response can be accommodated when a large value of 0; is given. Fig. 2.7 shows the variations of the one-dimensional
correlation function with the different values of p and 0, respectively. However, even though Eq. (2.11) is most frequent
to be used, some variants of correlation functions are probably more useful for a real-world optimization problem.
Classically, Matérn class of correlation functions [69] was proposed to better solve engineering problems. Two wide-use

formats of Matérn correlation functions are written as:

W(x,X)y23, = (1 +V31)exp (—V3D), (2.18)
Y& XYyessz = (1+ V5L +2) exp (—V5), (2.19)
where / can be calculated by:
d
1= > 60— (2.20)
j=1

In Eq. (2.18) to (2.19), v has the similar functionality to p in Eq. (2.11). In the same way, 0 in the Matérn correlation
functions indicates the amount of a variation in a correlation. A larger value of 8; can allow a larger difference of a
response. Otherwise, a high correlation exists between points. Fig. 2.8 shows the variations of the Matérn correlation

functions with different values of 0.
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Fig. 2.8 Variation of the Matérn correlation functions with different values of 0 for (a) v = 3/2 and (b) v =

5/2, respectively.

Besides the Matérn correlation functions, “CUBIC SPLINE” correlation function [66] has been widely used. Generally,

“CUBIC SPLINE” is a piecewise function, and its expression can be written as:

Pxx') =

1 - 157 +30¢} for0 <§; <0.2

125(1-¢;) 3
0

for0.2<¢;<1
for&; > 1

2.21)

2.2.2 Regression Kriging with re-interpolation

According to the Eq. (2.10), it is clear to see that an OK model must pass through each sample. However, many factors
would produce a sudden perturbation in experiments (e.g., computer experiments like CFD) from the expected smooth
response between two close samples. Such perturbation probably changes the main property of a functional trend at a
local region in constructing the OK model. It may not cause a problem when the samples are relatively sparse in the
design space. However, close samples would be gradually produced when more points are added using a point-infill
criterion. It can predict that it is difficult to approximate a smooth function based on those “noisy” samples. In this
situation, the interpolation-based method may destroy a smooth functional trend when a point is close with another one.
As a result, the Kriging model with poor quality will be generated. Subsequently, the point infill criterion may take more
efforts for a wider exploration because effective information to obtain an improvement is significantly changed.
Apparently, a regression method (i.e., does not pass through each sample) is more reasonable to be used in this situation.

To achieve a regression process and maintain a smooth functional trend for “noisy” samples, the regression Kriging
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(RK) can be employed. To allow that a Kriging model does not pass through each sample, a regression constant 4 is

imposed on the leading diagonal of a correlation matrix. Thus, Eq. (2.10) can be rewritten as:
9 (ns1) = fr + YT R+ DY — 14,) (222)
Here, the subscript » indicates regression. I is an identity matrix (n x n).
Correspondingly, the mean term in a RK can be derived as:

. _1"R+ADly

- 7 7 2.23
bFr=1TR+ )11 2.23)
The predicted variance for the RK model can be changed to:
$F(Xpy1) =07 (1 + 21— 9Pp"(R+ D7) (2.24)
Here, the process variance of the RK model was:
o2 = (y— 14,)T(R+ D71 (y - 14,)/n (2.25)

It is easy to derive that the RK no longer forces the predictor to pass through each sample because the correlation of
each sample given with itself is not exact when a regression constant is added. Therefore, a sudden perturbation can be
filtered out so that a smooth functional trend can be maintained. To obtain as high-quality functional trend as possible,
the regression constant A also needs to be tuned with other Kriging hyperparameters.

However, it can be noticed that the predicted variance cannot be reset to zero at each sample point based on Eq. (2.24).
In the previous Eq. (2.14), the predicted variances of the OK model are all zeros at sample points. This property leads to
an exact prediction at each sample point. Thus, the value of an expected improvement is also zero. Under this situation,
the updating point will not be added at sample points because there is no potential to further improve the quality of the
Kriging model and push optimization process towards the global convergence. Nevertheless, a nonzero value of a predict
variance produces the exact response of an expected improvement at a sample point. Thus, an updating point can be added
into the same location of the previous sample. For a non-deterministic experiment, repeated experiments can reduce the
error and obtain a real improvement at the same location. However, for a deterministic computer experiment, such as a
CFD simulation, a repeatable error can be produced because the same result will be obtained for the same input given. In

other words, the improvement process will be trapped by this point when the process of point infills is implemented at
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the sample point. To solve this problem, the re-interpolation technique was proposed by Forrester et al. [22]. Generally,
the interpolation-based method was reused to approximate a continuous response surface constructed by the RK. The new

surrogate model was named as Rkri, and its expression to predict an unknown point can be rewritten as:
I Xnt1) = A+ PR, — 1) (2.26)
Therefore, the mean term can be calculated by:

1"R'y,

AL 2.27)

To verify that the prediction of Eq. (2.26) is equivalent to that of Eq. (2.22). Eq. (2.22) is employed to predict the

sample points. Thus, the expression can be given:
9, = 14, + RR+ D1 (y — 12,), (2.28)

where ¥, indicates the predictions of Eq. (2.22) at the sample points. It can be expressed by:

( yr (Xl) )
¥, = : (2.29)
Vr (Xn+1)

Now, Eq. (2.28) is substituted into Eq. (2.27), and 17 (R + A)~11/1, = 17 (R + AI)~'y according to Eq. (2.23). The
[, = [i can be verified.

Subsequently, Eq. (2.28) is substituted into Eq. (2.26). It is easy to derive that . (X,,41) = ¥ (X;11)-

Moreover, the predicted variance of the RKri can be rewritten as:

5% (Xpy1) = 05 (1 =P "R 1Y) (2.30)
Here, the subscript 77 denotes the regression with re-interpolation technique. It can be clearly seen that Eq. (2.30)
exactly has the same format as Eq. (2.14). Thus, the predicted variance of the RKri can also be reset to zero. Regarding

to the process variance. It is easy to previously derive the following expression:

o5 =@ — 18)"R'@, — 14,)/n (2.31)

Now, Eq. (2.28) is substituted into Eq. (2.31). Eq. (2.31) can be changed to:
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0% = (v — 14)" R+ AD'RR + 2D~ (y — 14,)/n (2.32)
According to the derivations, it can be seen that RKri can simultaneously filter out noise from the expected smooth
response and avoid the repeated implementations of point infills at the same sample point. Thus, the optimization process

can be progressed towards the global convergence based on deterministic experiments.

2.3 Overview of point-infill criteria for global optimization

When the samples are sparse in the design space, the approximation using the surrogate model has a huge difference
from the real functional relationship between the variables and objective. Under this situation, the optimum on the
surrogate model is also significantly different from the true optimal solution. Therefore, it is necessary to improve the
quality of the approximation, particularly for the region nearby with the optimal solution. To achieve this, the point-infill
criteria have been addressed to feed sample points so that the optimization process can be guided towards the global

convergence.

2.3.1 Expected improvement criterion

From Subsection 2.2, it can be seen that all kinds of Kriging models can provide not only a prediction at an unknown
point but also an estimation of its uncertainty. Thus, it is suitable to employ such stochastic process to develop criteria.
Additionally, the Kriging predictor substantially provides a stochastic process in the approximation based on discrete
samples. Its estimation at an unknown point is the realization of a stochastic process Y (x). Thus, the prediction subjects
to a normal distribution with the mean $(x) and standard deviation s(X). Fig. 2.9 shows the probability density function
(PDF) at an unknown point x = 4.3.

Accordingly, it is easy to see that there are some probabilities to obtain an improvement which the objective value is

better than the current best objective value y,,;,. Generally, the improvement at an unknow point can be expressed as:

[(x) = max (Ymin — Y(X),0) (2.33)
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Fig. 2.9 Probability of improvement at an unknown location using Kriging model for approximation

Due to the process Y (X) is a stochastic process, the [(x) is also a stochastic process. The amount of improvement is
determined by the probability which the objective value is better than the current best objective value y,,i,- Thus, the

mathematic expectation of improvement, also namely, EI criterion, can be calculated by:
El(x) = f max(Ypin — Y (%),0) ¢(¥ (x))dY (2.34)

Here, the ¢(-) is the probability density function (PDF) of the normal distribution with mean $(x) and standard

deviation s(x). Thus, it is equal to:

1 1/Y(®) - 90\
V2ms(x) P _§< s(x) > 239

Eq. (2.35) can also be expressed by a PDF @®(-) of the standard normal distribution:

1 Yx) -9
$(r(x) = S(X)<D< (X)S(X)y (X)> (2.36)
When Eq. (2.36) is substituted into Eq. (2.34), Eq. (2.34) can be rewritten as:
~ Vmin — }7(X) Vmin — 37(X) .
El(x) = (ymin - y(X)) (] <T> +sx)® (T) ifs>0 (2.37)
0 ifs=0

In Eq. (2.37), ®(+) indicates the cumulative distribution function (CDF) of the standard normal distribution. An



31

updating point can be found through maximizing the EI criterion. Moreover, according to the expression of EI, the value
of El is zero when the predicted variance is zero. This guarantees that there is no probability to implement point infill at
the previously sampled locations so that the optimization process can be guided towards the global convergence.
Additionally, to efficiently search for the global optimum, the balance between the local exploitation and global
exploration is always significantly important. To be clear, a local exploitation is beneficial to obtain a fast convergence in
an optimization process, whereas a global exploration can help search process to escape from the local optimum and
progress the optimization process towards the global convergence. Eq. (2.37) provides an automatic balance between the
local exploitation and global exploration. It can be seen that the value of Eq. (2.37) is simultaneously determined by two
terms. Apparently, the search process will focus more on the local exploitation when the prediction is better than the
current best objective value. This is because the (ymin - ﬁ(x)) becomes relatively large and lead to a large response of
EI criterion. In contrast, the search process aims more at a global exploration when the predicted variance becomes

relatively large as a poor quality of approximation.

2.3.2 Efficient global optimization algorithm

Based on the EI criterion, the EGO algorithm was proposed to gradually update the Kriging model and add new
updating points. Generally, the EGO algorithm can be summarized by two steps. First, an initial Kriging model needs to
be constructed based on some discrete samples. Second, the maximum solution of the EI function needs to be found using
an optimization algorithm. The maximum solution with the maximum EI value indicates a location which has the largest
probability to obtain a better solution in the next cycle of point infills. Thus, an additional experiment should be
implemented at this point. Once the objective value of the updating point is evaluated, it will be added into the previous
samples and update the Kriging model. In the following, the processes to search the global optimum of the EI function
and update the Kriging model will be repeatedly implemented until a stopping criterion is reached. The process of the
EGO algorithm is also summarized using a pseudo code listed in Table 2.4.

In past decades, the EGO algorithm has been widely used to solve global optimization problems [70]. Its performance
was significantly demonstrated. However, the EGO algorithm has an evident limitation. Apparently, only one point can
be added in each cycle. In other words, for computer experiments, even though there are adequate outer computational

resources, they cannot be made full use of because only one computational process can be carried out. However, the
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parallel computational architecture becomes increasingly popular and mature in industry. Making full use of the parallel
computational architecture, such as the implementations of expensive computer experiments in a parallel manner, can
significantly reduce wall-clock time. To achieve that, multiple updating points also need to be simultaneously found in

each cycle of point infills.

Table 2.4 Pseudo code of EGO algorithm

Line EGO algorithm
1 Input: Initial samples (x, y), where x and y are {X,, ..., X, } andy = {y,, ..., y,}, respectively.
2 While stopping criterion is not reached
3 Construct a Kriging model based on the current samples (x, y).
4 Find the maximum solution X, of the EI criterion.
5 Evaluate the objective value y,,, of the updating point X,
6 X < XU Xpew
7 Y < YU Ynew
8 Update the current best objective value y,;, for a minimization problem.
9 Update the current optimal solution Xy ;-
10 End While

2.3.3 Parallel point-infill criteria

The limitation to simultaneously add multiple points in the traditional EGO algorithm is a necessary update of the
Kriging model in each cycle of point infills. Before the search for a new updating point, a new Kriging model must be
constructed using the current samples so that the EI function can obtain some necessary information from the last updating
point. In other words, the EI function also needs to be updated after adding a new updating point in the last cycle of point
infills. If there is no evaluation of an updating point, the EI function cannot be updated and find the next updating point.
To find multiple updating points, many efforts have been made. Ginsbourger et al. [28] proposed the ¢-EI criterion, and
it is the first extension of the EI criterion to conduct point infills in a parallel manner. In the ¢-EI criterion, a joint

distribution can be naturally defined when ¢ updating points need to be found.
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N([ﬁr(xrwl)v ""yr(xn+q)]'c)a (238)

where C is the covariance matrix (g X g). It can be expressed as:

Cij = C Xp+irXn4j;0%,0) (2.39)

Thus, the improvement function of q updating points related to the current best objective y,,;,, is:

I(Xn+1' ""Xn+q) = max (Ymin - Y(Xn+1)r +Ymin — Y(xn+q)' O) (2-40)

Accordingly, the ¢-EI function can be calculated by:

EI(Xps1, s Xnaq) = E[I(Xps1, s Xnp ) IV X) = y] (2.41)
Unfortunately, the calculation of the ¢-EI criterion is significantly expensive, even though several investigations have
been made to reduce the computational complexity [28, 71, 72]. Additionally, the search for the optimum in the g-EI

criterion is also considerably time-consuming and challenging [72]. A d x ¢ hyperspace has to be searched using the
optimization algorithm because the dimension of the g-El is d x q. The expensive computation significantly limits the

wide application of the g-EI criterion. Thus, some cheaper strategies have been also widely developed.

a. Constant liar strategy

Constant liar (CL) strategy was proposed by Ginsbourger et al. [28]. The strategy is significantly simple. Since the
update of the EI function needs information of the new updating point, the objective value of the updating point should
be evaluated. To find multiple points without the evaluations of those points, constant values are employed to replace the
expensive computer experiments in the CL strategy. Those constants can be the mean, minimum, or maximum values of
the current samples. For example, if the minimum value of the current samples is chosen as a constant, the CL strategy
uses the minimum value as the evaluation value of the updating point without a real evaluation. Thus, the Kriging model
and EI function can be updated by containing the fake sample. The next updating point can then be obtained through
maximizing the updated EI function. The process will be repeated until ¢ requested points are chosen. Subsequently, the
q updating points will be reevaluated, and the Kriging model can be updated by containing the g samples into the previous

samples.
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Table 2.5 Pseudo code of CL strategy

Line CL strategy
1 Input: Initial samples (x, y), where x and y are {X,, ..., X,} andy = {y,, ..., y,,}, respectively.
2 While stopping criterion is not reached
3 Construct a Kriging model based on the current samples (x, y).
4 Fori=1tog
5 Ifi=1
6 Find the maximum solution X,,; of the EI criterion.
7 Else
8 X < XU Xpewi
9 Y <Y YViiar
10 Update the Kriging model based on the current samples (X, y).
11 Find the maximum solution X.,,; of the EI criterion.
12 End if
13 End for
14 Evaluate the objective values {¥new1, --+» Ynewq} of the updating points {Xpew1, -+» Xnewq}-
15 Remove ¢ fake “lairs” from y
16 Y < YU Vnew
17 Update the current best objective value y,,;, for a minimization problem.
18 Update the current optimal solution Xy .-
19 End While

Table 2.5 lists the procedure of the CL strategy. It can be seen that ¢ updating points can be chosen without the
evaluations of their objective values. To achieve that, total ¢ + 1 optimizations need to be conducted in each cycle.
Specifically, the Kriging hyperparameters need to be tuned once, and search for the optimum on the EI function needs to
be carried out ¢ times. However, it is still significantly cheap in comparison with the calculation of the ¢-EI criterion
because only the optimum on the cheap EI function needs to be found. Even though the CL strategy shows cheap
computational burden and performs robustly in the numerical tests, its disadvantage is still obvious. That is because a
constant “liar” rather than the real evaluation usually gives some fake information in the updates of a kriging model. Then,
the updated EI function received the fake information probably guides the CL strategy to explore some regions without
true values of improvement. As a result, more cycles of point infills must be implemented so that a high-quality

convergence can be reached.
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b. Pseudo expected improvement criterion

To overcome the aforementioned disadvantage of the CL strategy, a more appropriate method is to simulate the
property of an updated EI function after adding an updating point. Based on the idea, a parallel point-infill criterion,
namely, PEI, was proposed by Zhan et al. [29]. Fig. 2.10 shows the variation of the EI function before and after adding
one point. It can observe that the response of the EI function was significantly reduced in the region nearby with the
updating point, whereas there is only a slight variation in the region far away from the updating point. Apparently, the
influence of an updating point on the update of the EI function is significantly dependent on the distance. A higher
influence of an updating point on the EI function is caused by a smaller distance between the location and the updating
point. In contrast, A larger distance corresponds to a smaller influence.

After summarizing the main properties of the EI function after adding an updating point, it is natural to multiply the
EI function by an influence function (IF) so that the impact of the updating point on the EI function can be roughly
approximated. Based on it, multiple updating points can be simultaneously obtained without the updates of the Kriging

model. The IF probably has different formats, but some main features must be contained.

e The IF must be a continuous function in the design space.

e The IF is only relative with the distance between an evaluation location and an updating point. More specifically, the
IF needs to be zero at the same location as the updating point but one in the region far away from the updating point.

e Recalling the classical form of the correlation function defined in Eq. (2.11), it can be seen that the function has the
value zero at a location far away from the sample points but the value one at the sample points. Thus, a following form

exactly contains the main features of the IF.

IF (X, Xy 41) = 1 = Corr[Y(x,,), Y (Xy11)] (2.42)
Here, x,, and X, are the updating point added early (sampled location) and the candidate point (unknown location)
which needs to be added later, respectively. According to Eq. (2.42), it is easy to find that the IF is only associate with the
distance between an unknown location and the sampled location. When the location approaches to the sampled location,

the IF has value of zero, whereas the IF is equal to one at the location far away from the sampled location.
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Fig. 2.10 Variation of EI function in two iterations

Accordingly, the PEI criterion can be defined in basis of the IF. The process to search g updating points using PEI
criterion can be described in turn. When an initial Kriging model was constructed based on the initial samples, or a Kriging
model was updated after adding points. The first updating point can be found by searching for the optimum on the EI

function. Thus, an equation can be defined as:
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Xn41 = argmaxEI(x), (2.43)
where the function argmaxEI(+) returns the location with the maximum EI value. In the following, the PEI function for
searching the second updating point can be defined by multiplying the initial EI function by the IF function. It can be

written as:

PEI(X,X,41) = EI(X) - IF(X,X;,41) (2.44)

Therefore, the second point can be found by maximizing the PEI function.

X, 4o = argmaxPEI(X,X,,,1) (2.45)

In the same way, the PEI function for searching for the gth updating point can be written as:

PEI(X, X141, Xn42 - » Xntg-1) = EIX) " IF(X,Xp41) * IF(X, X45) * oo IF(X, X4 1) (2.46)

Now, the g™ updating point can be searched by:

Xn+q = argmaxPEI(x, Xn+1, Xn+t2 -":Xn+q—1) (2.47)

2.3.4 Parallel EGO algorithm based on PEI criterion

Based on the PEI criterion, multiple points can be searched in each cycle. Thus, a parallel EGO algorithm using the
PEI criterion (EGO-PEI) for point infills was developed by Zhan et al. [29]. Table 2.6 lists the pseudo code of the EGO-
PEI criterion. Similar to the CL strategy, when ¢ candidate points need to be found in turn using the PEI criterion, a total
of g + 1 optimizations should be carried out in each cycle of point infills. Specifically, the Kriging hyperparameters need
to be tunned once, whereas ¢ optimizations for searching the optimum on the PEI function should be carried out.
Fortunately, the PEI function is just a product with respect to the EI function and IF/IFs. Considering the calculation of
the IF is significantly cheap, the computational burden of the PEI criterion is almost no increase in each optimization
compared with the EI function. Generally, the computational cost for finding ¢ updating points using the PEI criterion

can be ignored compared with the expensive computer experiments and multipoint-infill criterion, such as ¢g-EI.
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Table 2.6 Pseudo code of EGO-EPI algorithm

Line EGO-PEI algorithm
1 Input: Initial samples (x, y), where x and y are {X,, ..., X,} andy = {y,, ..., y,,}, respectively.
2 While stopping criterion is not reached
3 Construct a Kriging model based on the current samples (x, y).
4 Fori=1tog
5 Ifi=1
6 Find the maximum solution X,,; of the EI criterion.
7 Else
8 Find the maximum solution X,,.,; of the PEI criterion.
9 End if
10 End for
11 Evaluate the objective values {¥new1, --+» Ynewq} of the updating points {Xpew1, -+» Xnewq}-
12 X < XU Xpow
13 Y < YU Vnew
14 Update the current best objective value y,,;, for a minimization problem.
15 Update the current optimal solution Xy .-
16 End While

2.4 Influence of optimizer on EGO-PEI algorithm

The processes to tune the Kriging hyperparameters and find the optimum of a point-infill criterion are all optimizations.
To construct a high-quality Kriging model and search for an updating point with the maximum improvement, an
appropriate optimizer should be carefully selected. Before that, the influence of an optimizer on the EGO-PEI algorithm

is summarized. According to the procedure of the EGO-PEI algorithm, a total of N x (¢ + 1) optimizations should be

carried out. Here, N is the number of cycles to implement point infills. It can be seen that the processes to find the updating
points using the PEI criterion have to be implemented in a sequential way. The remaining updating points can only be
found when the early points were obtained. This is because the search for the next updating point must use the information
(the IF function) of the last updating point. Thus, it is clear to see that the early updating points will significantly influence
the calculations with respect to the locations of remaining updating points. Unfortunately, the EI and PEI functions show

highly multimodal properties [29, 73], which makes the search for the optimum on the EI and PEI functions becomes
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significantly challenging. In the literature [29], the influence of the optimizer using the differential evolutionary (DE)
algorithm was investigated. The results show that the convergence level of the DE optimizer significantly influences the
performance of the EGO-PEI algorithm. In general, the optimizer with the capability for searching a higher-quality
solution can promote a better convergence of the EGO-PEI algorithm. Meanwhile, the EGO-PEI also shows some internal
robustness, even if the global optimum in the PEI function was missed by the optimizer. However, DE probably performs
well in the simple optimization problems (e.g., unimodal or low-dimensional problems), but it is difficult to search a high-
quality solution in the complicated problems, such as highly multimodal and high-dimensional problems [74].

Not only that, the Kriging hyperparameters also need to be tuned at the beginning of each cycle for the implementation
of point infills. Because the property of the initial PEI function (Essentially, the EI function) is determined by the Kriging
model, the remaining predictions of updating points will be influenced in turn. It can predict that a Kriging model with
poor quality must take more efforts for improving its quality, which results in more cycles of point infills. Moreover, A
poor-quality Kriging model provides considerable ineffective information in the process of point infills, particularly in
high-dimensional or highly multimodal problems. As a result, a stochastic process in point infills is implemented. The
convergence speed of point infills is then significantly slowed down. Initially, some gradient-based optimization
algorithms, such as sequential quadratic programming (SQP) [75], have been widely used to fast tune the Kriging
hyperparameters. However, those gradient-based algorithms are easy to be trapped by a local optimal solution. With the
fast development of global optimization algorithms and computational techniques, some “heavy” strategies based on
global optimization algorithms have been considered to obtain a high-quality Kriging model [75].

Another point needs to be further notable. The difference of the performance between the EGO-PEI and traditional
EGO algorithms should be smaller with more their similarities. However, the EGO-PEI significantly performs better than
the traditional EGO algorithm in most tested cases [29]. A convincing explanation can be derived. A reasonable balance
between the difference and approximation between the EI and PEI functions provides the higher performance of the EGO-
PEI algorithm. To further explain the mechanism, the one-dimensional Griewank function with a feasible region [-10, 10]
was employed to carry out point infills. In the Griewank function, the optimal function fitness y = 0 can be obtained at
the location x = 0. Fig. 2.11 shows the results with six point infills using the EGO-PEI and EGO algorithms, respectively.
In Fig. 2.11, the responses of EI at the fourth and fifth point infills were shown on the left side, whereas the convergence

curves of two algorithms were shown on the right side. It can clearly observe that the PEI and EI criteria provide an
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approximation between them because some similar responses (similar peaks) exist in the feasible region. Meanwhile,
differences between them are also distinctly shown in Fig. 2.11. The factors to produce these differences can be analyzed.
On the one hand, the IF can only provide an approximation between the EI and PEI criteria rather than the exact same
simulation with respect to the updates of the EI function. On the other hand, the difference will be cumulated with the
progress of point infills towards. From Fig. 2.11, the different highest responses of EI provide two updating points in the
fourth iteration of point infills. However, the two updating points are still far away from the global solution. In the next
iteration, a location with the highest response which is significantly close to the global solution is produced in the PEI
function. As a result, the EGO-PEI algorithm can faster achieve the global convergence in the fifth iteration. In contrast,
the EGO algorithm must run more iterations to obtain the global convergence with a slower convergence speed. The
mechanism of a reasonable balance between the PEI and EI criteria for promoting convergence of the EGO-PEI algorithm
can be further analyzed. In comparison with the EGO algorithm, the difference between the EI and PEI criteria brings
more diversities to the EGO-PEI algorithm. Thus, a certain randomness is added into the process of the point infills. Now,
suppose the EGO algorithm drops into a local region nearby with the current best solution but still far away from the
global solution, a quite natural method is to give slight randomness so that the algorithm can escape from the local region.
In the same way, the difference between the EI and PEI criteria can be treated to dynamically impose some biases on the
EI function, which provides more options for the search process. Once a region nearby with the global solution is explored,
the approximation between the EI and PEI criteria can guarantee the EGO-PEI algorithm to converge properly.

Then, our viewpoints can be further summarized as follows:

e The performance of an optimizer to search for the global optimum significantly influences the approximation between
the PEI and EI criteria.

e The approximation makes the EGO-PEI algorithm run through a similar mechanism to the traditional EGO algorithm.
This guarantees the EGO-PEI algorithm performs properly. However, the difference rather than the same between the
El and PEI criteria brings some randomness and diversities to the EGO-PEI algorithm, which promotes the
convergence of the EGO-PEI algorithm on certain occasions.

e A more approximation between the PEI and EI criteria can be provided by a higher global search capability of an
optimizer (with a more global exploration for reaching the real global convergence), whereas a solution with lower

quality searched by an optimizer (with a more local exploitation for fast obtaining a near-optimal solution) can give
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more difference between the PEI and EI criteria. In other words, a reasonable balance with respect to the approximation

and difference between the PEI and EI criteria can be produced when an appropriate optimizer is given.
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Fig. 2.11 A reasonable balance with respect to difference of PEI from EI for promoting convergence of EGO-PEI

algorithm

Therefore, to select an optimizer for guaranteeing the performance of the EGO-PEI algorithm based on the RKri model,
the influence with respect to the performance advantages of some state-of-the-art global optimization algorithms on the
EGO-PEI algorithm were comprehensively investigated. The investigation can help us not only to choose a suitable
optimizer, but also to provide a reference for the selection of an optimizer for other investigators. To implement the
investigation, three traditional algorithms which have been widely used in the EGO algorithm, including a real-coded
genetic algorithm (RCGA) [76], DE, and basic PSO with a constriction factor [77], were investigated. Additionally, two
variants of DE algorithm, namely, success-history based adaptive DE (SHADE) [78] as the winner of CEC 2013 and
adaptive guided DE (AGDE) [79], were compared. Not only that, two blending algorithms, namely, bare bones particle
swarm optimization integrated DE (BBPSO-DE) [80] and modified Gaussian bare bones DE (MGBDE) [81], were also
chosen to take part in the competition. The reason to choose these algorithms can be further explained. First, the three

traditional algorithms, RCGA, DE, and PSO, can be treated as standards so that the influence with respect to the
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performance advantages of other algorithms on the EGO-PEI algorithm can be clearer. Second, the selected algorithms
comprehensively contain different performance advantages. Here, the RCGA, DE, SHADE, and AGDE focus more on
the global exploration. The PSO algorithm aims to fast convergence through the personal cognition and social cooperation
of particles. With regard to two blending algorithms, BBPSEO-DE and MGBDE, they emphasize to obtain a higher central
goal of exploration-exploitation. Accordingly, it is clear to see that the influence of three performance advantages with
respect to optimizers, including the global search capability, fast convergence, and better balance between the global
exploration and local exploitation, can be comprehensively investigated. Based on the investigation, the performance

advantage of an optimizer with the highest impact on the EGO-PEI algorithm can be estimated.

2.5 Efficient system for SBO with “noisy” computations

In SBO, if CFD simulations are employed to evaluate the objective values of evaluation locations, some sudden
perturbations from the expected smooth response in fitting a surrogate model is impossible to avoid [22]. Many factors
can provide such perturbations: Changes in the variation of a flow structure after the deformation of a geometry, changes
in a computational mesh (e.g., a variation with respect to the local quality of a mesh after deformation), and an unavoidable
error in the result between a numerical simulation and the corresponding true solution. In other words, a perturbation can
still be produced even though a CFD simulation shows the exact same physical property as the physical experiment. This
perturbation probably provides a relatively large difference between two close evaluation points and significantly changes
the main property of a smooth trend. Here, such perturbation from the expected smooth response is what we treat as noise
in the study [22]. Considering the perturbation is essentially produced by CFD simulations, CFD simulations can be
treated as “noisy” computations. Now, if an interpolation-based method (must pass through each sample) is employed to
fit the “noisy” raw samples, the perturbation must be directly contained. This may not cause problem when the samples
are relatively sparse in the design space, whereas the smooth functional trend is possible to be significantly changed when
the samples become increasingly dense, particularly in the implementation of point infills. As a result, the implementation
of point infills must make more efforts to guide the optimization process towards the global convergence. In comparison
with the interpolation-based method, a regression method (i.e., does not pass through from each sample), such as the RKri
model, is more appropriate to fit the “noisy” samples and maintain the expected smooth functional trend. Based on it,
some important information, such as a specific trend nearby with the current best solution, can be correctly shown. Fig.

2.12 explains the difference between the interpolation and regression methods for fitting the “noisy” samples. It can be
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seen that the regression method clearly shows a potential location for the improvement through maintaining a smooth
response between samples. In contrast, the functional trend near with some close samples is significantly changed when
an interpolation-based method is used. Consequently, a potential location for the improvement cannot be found on the
response fitted by the interpolation method.

The shape optimization of vehicle aecrodynamics is significantly expensive. To evaluate the acrodynamic performance
(e.g., Cd) of different geometries, CFD simulations are more suitable to be used. Unfortunately, some noise is impossible
to avoid using a CFD simulation. Therefore, to efficiently solve real-world optimization problems with “noisy”
computations, an improved system, namely, RKri-EGO-PEI, was proposed. The system utilizes the RKri to directly filter
out noise from the expected smooth response so that a high-quality approximation nearby with the current best solution
can be generated. This can reduce the total number of point infills. Moreover, the EGO-PEI algorithm allows the
implementation of point infills in a parallel manner, which can make full use of the outer computational resources, thus
further reducing the wall-clock time in an optimization process. To guarantee the high-quality processes for tunning
Kriging hyperparameters and searching for the optimum on the PEI function, a suitable optimizer should be chosen.
Additionally, to initially construct a high-quality surrogate model using as few samples as possible, the OLHD based on
TPMESE algorithm is employed to efficiently sample the initial evaluation locations with high space-filling quality. Fig.

2.13 shows the proposed system.
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Fig. 2.14 Comparison of wall-clock time costs using different point-infill methods with two point infills

To further demonstrate the potential efficiency of the proposed system, the costs of wall-clock time by different point-
infill methods are roughly compared. Normally, the process of point infills based on a CFD simulation contains other
time-wasting steps, e.g., mesh preparation, waiting, and numerical simulation. For a serial point-infill method, all time-
wasting steps must be implemented in turn even though adequate outer computational resources can be provided. By
contrast, all time-wasting steps can be carried out in a parallel manner. Fig. 2.14 roughly evaluates the wall-clock time
costs using different point-infill methods with 2 point infills. Here, the method 1 indicates the implementation of point

infills using a serial point-infill method, whereas the method 2 denotes a parallel method to carry out point infills. From
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Fig. 2.14, it is clear to see that the method 1 must cost double wall-clock time, similar to a parallel way does. Moreover,
the total optimizations can be reduced when the parallel point-infill method is used. Fig. 2.14 clearly shows the reason.
In the process of two point infills, the Kriging hyperparameters only needs to be tuned once using the parallel point-infill

method, whereas it needs to be tuned twice based on a serial point-infill method.

2.6 Conclusion

In this chapter, a new algorithm, namely, MESE, is proposed to construct OLHD with high space-filling quality. The
algorithm combines the exploration and improvement processes of ESE algorithm using a new updating strategy of
“temperature”. The strategy can update the “temperature” in terms of some scale factors with variable step length so that
the “temperature” can meet the complicated requirement of update in the optimization of LHD. Additionally, because the
TPLHD algorithm just has the translational operation instead of the mathematic evaluation of space-filling criterion, it
can rapidly construct a near high-quality design almost without time costs. Therefore, it is natural to employ the TPLHD
as the starting design for the MESE algorithm. The combinational algorithm based on the TPLHD and MESE algorithm
is named as TPMESE, which aims to further accelerating the convergence speed of optimizing LHD at the beginning.

Subsequently, the OK and RKri surrogate model are reviewed. Compared with the OK model, the RKri model adds a
regression constant to the leading diagonal of the correlation matrix, and thus the RKri model can allow the approximation
does not pass though from the sample points. Consequently, sudden perturbations from the expected smooth response can
be filtered out. Additionally, the re-interpolation is applied to reset the uncertainty to zero at an existing sample point,
which can avoid the point infill at the sample points for deterministic computer experiments, such as CFD simulations.

Furthermore, the point infill methodologies, including EGO, CL, and EGO-PEI algorithms, are introduced. As
explained in Subsection 2.3, the EGO-PEI algorithm can not only work well through a similar mechanism to the traditional
EGO algorithm, but also make full use of outer computational resources through choosing multiple points simultaneously.
Thus, it is suitable to be adopted as the point-infill strategy in expensive optimization problems.

Since the approximation rather than exact same between the PEI and EI criteria makes the EGO-PEI algorithm perform
better than the traditional EGO algorithm on certain occasions, the influence of optimizers on the approximation and
difference between the EI and PEI criteria for promoting the convergence of EGO-PEI algorithm is roughly analyzed. In

summary, the global search capability of an optimizer can provide more accurate approximation between the EI and PEI
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criteria, thereby ensuring the EGO-PEI carries out trough closer mechanism of action with the traditional EGO algorithm,
whereas the local search capability of an optimizer to a near optimum rather than the real global optimum leads to more
difference between the EI and PEI criteria, thus bringing more diversities to the EGO-PEI algorithm and promoting it to
converge better under certain occasions.

Finally, an improved optimization system is proposed. The system, namely, RKri-EGO-PEI, aims to filtering out noise
from the expected smooth response using the RKri model and carrying out the point infills in a parallel manner based on
the EGO-PEI algorithm. Therefore, the RKri-EGO-PEI system can extract a smooth functional trend from “noisy”
samples, so that a high-quality approximation nearby with the current best solution can be maintained. Moreover, the
system can also make full use of the outer computational resources for the further reduction of practical processing time

in expensive optimization problems though the parallel implementation of time-consuming steps.
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Chapter 3

A toolbox for SBO

A typical SBO usually contains sampling, surrogate metamodeling, optimization process, and result visualization. To
achieve these functionalities, some corresponding techniques, such as design of experiments (DOE), optimization
algorithms, and point infill strategies, need to be provided. In recent time, some famous programs have been programmed
to give users a convenience in SBO. Typically, in MATLAB, the design and analysis of computer experiments (DACE)
[82] and the object-oriented DACE (00DACE) [83] toolboxes were developed to achieve Kriging metamodeling. They
provide high extendable programs so that users can define new Kriging predictors, optimizers, point-infill strategies, and
so on. To achieve the functionalities of the DOE, MATLAB provides some built-in functions for fast sampling using some
mature strategies. To carry out the optimization process, the optimization toolbox with various optimization algorithms
has been continuously updated. In Python, many programs for surrogate metamodeling have been widely used to construct
surrogate models. Similar to the 00DACE toolbox, the Pykrige [84] was released to generate all kinds of Kriging models.
Meanwhile, other surrogate techniques, such as neural networks (NNs), can also be achieved using the open-source
program like PyTorch [85]. Additionally, there is a toolbox, namely, surrogate optimization toolbox in Python (pySOT)
[86], with more completive functionalities of SBO has been continuously renewed.

However, those toolboxes either only provide some basic functionalities rather than the most advanced techniques in
SBO or are difficult to be extended by users. Therefore, to provide a program with highly extendable capability and more
advanced techniques in SBO, a toolbox, namely, VAEO toolbox in MATLAB was developed. As the name of the toolbox
implies, the VAEO toolbox not only aims to providing the most advanced and completive techniques in SBO, it also
focuses on integrating the most efficient and robust schemes for solving complicated engineering optimization problems,
such as vehicle aerodynamics. To show the extendable capability and adequate functionalities of the VAEO toolbox,
Subsections 3.1 and 3.2 introduce the functionalities and programing design of the VAEO toolbox, respectively. To
demonstrate the performance of the VAEO toolbox, the VAEO toolbox was used to compared with the 00DACE toolbox

for Kriging metamodeling and the pySOT for solving a global optimization problem in Subsection 3.3.
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3.1 Functionalities

The VAEO toolbox is programmed for robustly and efficiently solving all kinds of optimization problems using SBO

method. Therefore, various functionalities are integrated into the VAEO toolbox. Generally, to provide a high extendable

program, different functionalities were achieved by functions, and these functions were then packaged into the classes

with their arguments. The main functionalities in VAEO toolbox include:

1)

2)

3)

4

5)

6)

DOE includes: Sobol sequence [87] with 40 maximum dimensions, LHD, and OLHD constructed by ESE, MESE,
and TPMESE algorithms.

Kriging metamodeling involves: OK, RKri, HK, and GEK models.

Optimizer contains: Gradient-based optimizers including SQP, SQP stating a point found by the golden search
(GS-SQP) algorithm [88], and SQP starting a point found by the GA (GA-SQP) [88], and “heavy” strategies
including RCGA, DE, PSO, AGDE, SHADE, BBPSO-DE, MGBDE, BBPSO, and BBPSO with crossover and
mutation operators of DE based on lbest topology (BBPSO-MC-Ibest) [80]. All “heavy” strategies were
implemented using the vectorization so that their efficiency in operations can be accelerated as much as possible.
In EGO, the EI, weighted EI (WEI) [89], PEI criteria were programmed to progress the optimization towards the
global convergence by adding a single point or multiple points. To obtain a well distributed Pareto front with high-
quality convergence, the expected hypervolume improvement (EHVI) [90], Euclidean distance-based EI matrix
(EIMe) [31], and Euclidean distance-based PEI matrix (PEIMe) [91] criteria are available to implement point
infills in a series or parallel manner. Not only that, to solve the global optimization problem with inequality and
equality constraints, the constrained EI (CEI) [ 73] and EI versus probability of feasibility function (EIvsPOF) [92]
criteria were integrated for single-point infill or multi-point infills.

SA contains: Sobol global SA (SGSA) [93] for the calculations of the first- and total-order sensitivity indices of
variables in terms of a surrogate model.

Other utilities: To test the performance of new techniques, adequate benchmark suites are provided. These suites
contain all kinds of benchmark functions with respect to the global optimization, multi-objective optimization,
and constrained global optimization. Additionally, VAEO toolbox provides plots with respect to the response of a
Kriging model, SA, cross validation, and convergence process. To implement statistical analysis, all kinds of

statistical tests, e.g., t-test [42], Wilcoxon signed-rank [94], and Friedman tests [94], were repackaged.
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Table 3.1 lists the main file structure of the VAEO toolbox, the functionalities are clearly exhibited.

Table 3.1 Main file structure of VAEO toolbox

VAEO toolbox

+VAEO

+VAEO/@GaussianProcess
+VAEO/(@Kriging
+VAEO/@RegressionKriging
+VAEO/@HierarchicalKriging
+VAEO/@GradientEnhancedKriging
+VAEO/@Optimizer
+VAEO/@DOE

+VAEO/@EGO
+VAEO/@SensitivityAnalysis
+VAEO/utilities/@Statistical
+VAEO/utilities/@ErrorAnalysis
+VAEO/utilities/metric.m

+VAEO/basicFunction/correlation.m

+VAEO/basicFunction/doe_basic_func.m

3.2 Programing design

To provide a highly extendable and reusable program for users, the object-oriented programming (OOP) is employed
to design the VAEO toolbox. Fig. 3.1 shows the main operations of Kriging metamodeling and the implementations of
EGO algorithms. To generate a Kriging model, the corresponding object of a Kriging subclass, e.g., “Kriging” and
“HierarchicalKriging”, should be instanced by inheriting some necessary attributes from the superclass
“GaussianProcess”. Then, the processes including the construction of the Vandermonde matrix, Kriging hyperparameters
tunning, updates with respect to the necessary arguments (e.g., correlation matrix, mean term, and process variance in
terms of the tunned hyperparameters) of a Kriging model, and prediction at an unknown point can be achieved by calling
the corresponding member functions. Evidently, all objects of different Kriging models can reuse the universal attributes

and recall the member functions with the duplicated processes through the inheritance from the superclass
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“GaussianProcess”. Thus, the program is highly reusable. Meanwhile, if users want to develop a new Kriging model based
on the VAEO toolbox, a new subclass can be defined, and it should inherit the constructor and necessary member functions
from the superclass “GaussianProcess”. To tune the Kriging hyperparameters, an optimizer should be called to search the
optimal set of the hyperparameters on the MLE function. The VAEO toolbox provides flexible selections for users to
choose a suitable optimizer. The tuning process can be easily achieved by containing the object of a selected optimizer
into the attribute of the superclass “GaussianProcess”. Then, the optimization process can be implemented by calling the
member function “optimize( )”. After constructing a Kriging model, an optimization process, such as the search for the
optimum on a point-infill criterion or surrogate model, usually needs to be further carried out. To achieve it, the objects
of the Kriging model constructed, selected optimizer, and objective function should be simultaneously contained into the
attributes of the class “SingleOptim”. Subsequently, the member function “optimize( )” in the “SingleOptim” can be
called to search the optimum on the selected objective function. In the same way, a new optimizer can be developed by
users through the inheritance from the superclass “Optimizer”. Moreover, the existing optimizers also provide mature

templates for a new definition. Thus, the program can be easily extended by users for the developments of new techniques.

Optimizer GaussianProcess Kriging SingleOptim ’J
+ setDimensions() + fit() <t + fit() + optimize)
+ setBounds + i + i
0 - ;egresswnTerm() predict() CostFunc
yperparaTune() :
_— . + ei_func
MGBDEoptimizer | * mm:lel[,g)date() HierarchicalKriging + wei fu,fz()
+ predict r
— . + pei_func()
+ optimize() +it() im
+ regression_term() + e“fl—e—f““c()
; + predict() + peim_e_func()
— + cei_e_func()
AGDEopt SDO
opumizer + eivspof_func()

+ optimize()

Fig. 3.1 UML class diagram of Kriging metamodeling and optimization in VAEO toolbox

To provide the best solution in programing development, design pattern has been widely used. In the VAEO toolbox,
all kinds of design patterns were employed to design different functionalities. As an example, Fig. 3.2 shows the UML

class diagram of DOE in VAEO toolbox. Since DOE has different methodologies, the strategy pattern is natural to be
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applied for achieving different methodologies. More specially, when the user chooses a concrete methodology of DOE,
the corresponding methodology name (string input) should be given. In addition, an object “doe” of “DOE” class needs
to be instanced by calling its constructor “DOE( )”. Subsequently, the object “doe” can execute its member function
“setStrategy( )” for containing the object of the corresponding methodology through using the string input of the
methodology name. When the member function “execution( )” is then executed, the member function “execute( )” of the
concrete methodology can be carried out in terms of the object of the corresponding methodology. Apparently, different
methodologies can be carried out in a similar manner. Now, if a new methodology of DOE needs to be developed, only a
new subclass should be independently defined through inheriting from the abstract superclass “Methodology”. The

extendable capability of the VAEO toolbox is further demonstrated.

DOE Methodology
- method <>—

+ setStrategy + execute

+ execution 4 A 4
I
|
:
1

3 1

1 1
| User |-----' LHD SobolSequence TPMESE

str = newMethod() + execute + execute + execute
doe = DOE()
doe.setStrategy(str)
doe.execution()

Fig. 3.2 UML class diagram of DOE in VAEO toolbox

3.3 Simple comparisons with other toolboxes

To show the performance of the VAEO toolbox, the VAEO toolbox was used to compare with 00DACE toolbox for
Kriging metamodeling and the pySOT for solving a specific global optimization problem. The comparisons were carried

out on a computer with 32GB of RAM and eight-core CPUs with a clock speed of 3.6 GHz. The 00DACE and VAEO
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toolbox were run in MATLAB R2022b, whereas the pySOT was run in Python 3.9.

3.3.1 Comparison with 00DACE toolbox

To construct a high-quality Kriging model, the Kriging hyperparameters need to be tuned by an optimizer. The VAEO
toolbox provides flexible options for users to choose an optimizer. To show the influence of optimizers on tunning the
Kriging hyperparameters, the MGBDE, AGDE, and BBPSO-DE optimizers in the VAEO toolbox were chosen to compare
with the GA with the highest global searching capability and the SQP with the highest efficiency in the 00DACE toolbox.
These optimizers were used to tune the Kriging hyperparameters of the OK model under the different numbers of samples
(n =100, 150, 200, 250). To evaluate the objective values of samples, the two-dimensional Schwefel benchmark function
[95] was used in the test. A total of 100 runs were carried out for each optimizer under different » values to tune the
Kriging hyperparameters so that the comparison is fair. To evaluate the quality of the OK constructed, the root mean
squared error (RMSE) was measured in each run. To terminate the tuning process, the SQP can be stopped when one of
stopping conditions, which are 500 maximum iterations and 1e-06 global precision goal, is reached, whereas MGBDE,
AGDE, BBPSO-DE, GA all run 2000 function evaluations. To confirm the significant difference of comparative results,
the Friedman test [96] with significance level o = 0.05 was used to calculate the mean rankings of difference optimizers
over 100 runs under each n value. Table 3.2 lists the results of the Friedman test. Here, a smaller value of the mean ranking

indicates the higher performance of an optimizer.

Table 3.2 Comparison of Kriging metamodeling using different optimizers provided by VAEO and 00DACE toolboxes,

respectively.
n p-value Optimizer
MGBDE BBPSO-DE AGDE GA SQP
100 <0.0001 Mean ranking 2.38 2.52 2.36 2.74 5
150 < 0.0001 Mean ranking 2.54 2.34 242 2.70 5
200 < 0.0001 Mean ranking 2.30 2.48 2.46 2.76 5
250 < 0.0001 Mean ranking 2.20 2.60 2.24 2.96 5
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According to the results listed in Table 3.2, it can be seen that the three optimizers, including MGBDE, BBPSO-DE,
and AGDE, obtain the three smallest mean rankings which are all smaller than the mean rankings of the GA and SQP
optimizers in the 00DACE toolbox. Meanwhile, the p-values under all n values are lower than the significance level.
Theses reveal that the three optimizers in the VAEO toolbox have higher performance on tunning Kriging hyperparameters
than that of the optimizers in the 00DACE toolbox. For the internal comparison of the optimizers in the VAEO toolbox,
the MGBDE and AGDE perform better than the BBPSO-DE, except n = 150. In addition, the MGBDE optimizer
outperforms the AGDE optimizer when 7 is relatively large (n = 200 and 250). The lower mean rankings than those of
AGDE are obtained by the MGBDE verify this. However, when the 7 is relatively small (n = 100 and 150), the AGDE
shows better robustness than that of the MGBDE to obtain a higher-quality Kriging model. From Fig. 3.3 and Table 3.2,
the MGBDE shows the highest balance between the convergence and efficiency in tunning the Kriging hyperparameters.
This is because the MGBDE shows a relatively robust performance on tunning Kriging hyperparameters with a relatively
low time cost in three heavy strategies in the VAEO toolbox. In comparison, even though the GA and SQP optimizers in
the 00DACE toolbox have higher efficiency than that of the optimizers in the VAEO toolbox, the largest two mean
rankings obtained by them indicate that a high-quality Kriging is difficult to be constructed using the two optimizers.
Evidently, the VAEO toolbox provides more options of optimizers for users to construct the Kriging model with high

quality in comparison with the 00DACE toolbox.
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3.3.2 Comparison with pySOT toolbox

To show the performance of the VAEO toolbox on global optimization problems. The VAEO toolbox was used to
compare with the pySOT in solving a specific global optimization problem. To progress the optimization towards the
global convergence, three kinds of EGO algorithms based on the EI, WEI, and PEI criteria (EGO-EI, EGO-WEI, and
EGO-PEI) provided by the VAEO toolbox were compared on the six-dimensional Hartmann6 function, whereas two kinds
of EGO algorithms based on the EI criterion in a series and asynchronous manners (EGO-EI and EGO-AEI) were adopted
as optimization strategies in the pySOT. To make the comparison fair, each strategy ran 50 times starting from 50 groups
of OLHDs with 11D-1 initial samples constructed by TPMESE algorithm with 100 iterations. A total of 200 points were
added using different strategies. To tune the Kriging hyperparameters and search for the global optimum on the point-
infill criteria, the MGBDE optimizers was chosen in the VAEO toolbox. Here, the MGBDE algorithm with 10000 function
evaluations was used to search for the global optimum. Additionally, the number of multiple points was set to four for
EGO-PEI algorithm. The weight was 0.3 for the WEI criterion. For the pySOT toolbox, the SQP algorithm with a stopping
criterion of 500 maximum iterations or le-06 precision goal was chosen to tune the Kriging hyperparameters, whereas
the GA algorithm with 10000 function evaluations was carried out to search for the global optimum on the point-infill
criteria. To confirm the significant difference of comparative results, two non-parametric statistical tests were used: (i)
the Wilcoxon signed-rank test with the significance level of a = 0.05 [96] was used to confirm the significance difference
of the comparative results obtained by two optimization strategies. (ii) the Friedman test with the significance level of a
= 0.05 [96] was applied to calculate the mean rankings of different optimization strategies. Tables 3.3 and 3.4 show the
statistical results. In Table 3.3, R" and R~ denote the sum of rankings in which the first optimization strategy performs
better and worse than the second one. The larger difference of R* from R~ shows the higher discrepancy of the performance
between two comparative strategies. Even though the p-value within an interval (0.05, 0.1) is larger than the significance
level, it still potentially shows the significant difference between the comparative results. Thus, the results of p-values
which are lower than 0.1 are marked in bold in Table 3.3.

From the results listed in Table 3.3, it can be observed that three optimization strategies, the EGO-EI, EGO-WEI, and
EGO-PEL in the VAEO toolbox do not show significant differences between each other. The p-values between two of the
strategies in the internal comparison of the VAEO toolbox verify their close performance because the p-values are all

significantly higher than the significance level. Similarly, in the internal competition between the EGO-EI and EGO-AEI
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provided by the pySOT, they also show close performance in the tested function. The p-value which is also higher the
significance level between the two strategies confirms the conclusion. The EGO-PEI in the VAEO-toolbox significantly
performs better than the EGO-EI and EGO-AEI in the pySOT. The higher values of R* than those of R™ obtained by the
EGO-PEI and the p-values, which are lower than the significance level, confirm the better performance of the EGO-PEI
in the tested problem. For the comparison between two EGO-EI algorithms provided by the VAEO toolbox and pySOT,
respectively, they do not show significant difference. This is because the p-value between them is significantly higher
than the significance level. Even though the p-values between one of the EGO-WEI and EGO-PEI in the VAEO toolbox,
and another one of the EGO-EI and EGO-AEI in the pySOT are slightly higher than the significance level of a = 0.05,
the values are still lower than &= 0.1. This potentially confirms the significant differences between them. Since the values
of R" obtained by the EGO-PEI and EGO-WETI in the VAEO toolbox are larger than those of R™ obtained by the EGO-EI
and EGO-AEI in the pySOT, two strategies in the VAEO toolbox potentially perform better than the EGO-EI and EGO-
AEI in the pySOT. Additionally, even though two EGO-EI algorithms in the VAEO toolbox and pySOT, respectively,
show close performance, the EGO-EI in the VAEO toolbox still potentially performs better than the EGO-AEI in the
pySOT. In the same way, the larger value of R* than that of R™ and the p-value which is lower than o = 0.1 between them
confirm the conclusion. The reason why the optimization strategies in the VAEO toolbox generally have better
performance than that of the strategies in the pySOT can be demonstrated. On the one hand, the construction of a high-
quality Kriging model can be better guaranteed using the MGBDE optimizer; on the other hand, a high-quality solution
on the point-infill criteria can also be more easily found by the MGBDE algorithm. Clearly, two critical processes in the
EGO algorithm can be carried out with higher quality using the VAEO toolbox. From the results of the Friedman test
listed in Table 3.4, it is clear to see that the strategies in the VAEO toolbox obtain the top three ranks, whereas the strategies
in the pySOT only obtain the end two ranks. Moreover, the p-value of the Friedman test is significantly lower than the
significance level, which shows a significant difference of the comparative results. These further demonstrate that the
strategies in the VAEO toolbox generally perform better than the strategies in the pySOT. In addition, Fig. 3.4 shows the
average convergence curves of different strategies over 50 runs in the VAEO toolbox and pySOT. It can be seen that the
EGO-EI, EGO-WEI, and EGO-PEI in the VAEO toolbox converge significantly faster than two strategies of the EGO-EI
and EGO-AEI in the pySOT. For the comparison of three strategies in the VAEO toolbox, the EGO-WEI converges to a

close-level solution with the fastest speed, whereas the EGO-PEI converge more slowly than other two strategies. For the
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comparison of the EGO-EI and EGO-AEI in the pySOT, they both converge to the same level solutions with close speeds.
Evidently, the VAEO toolbox can provide more EGO-based strategies than those of the pySOT for more flexibly solving
the global optimization problems. Moreover, more optimizers can also be chosen by users so that a high-quality

convergence of point infills can be better guaranteed.

Table 3.3 Comparisons of different strategies provided by the VAEO toolbox and pySOT in tested problem using

Wilcoxon signed-rank test.

Strategy p-value | R* R | p<0.05 [ p<0.l
EGO-EI in VAEO toolbox versus EGO-PEI in VAEO toolbox 0.3876 | 727 | 546 No No
EGO-EI in VAEO toolbox versus EGO-WEI in VAEO toolbox 0.1463 | 788 | 487 No No
EGO-PEI in VAEO toolbox versus EGO-WEI in VAEO toolbox 0.6397 | 686 | 589 No No
EGO-EI in VAEO toolbox versus EGO-EI in pySOT 0.1190 | 799 | 476 No No
EGO-EI in VAEO toolbox versus EGO-AEI in pySOT 0.0618 | 831 | 444 No Yes
EGO-PEI in VAEO toolbox versus EGO-EI in pySOT 0.0083 | 878 | 347 Yes Yes
EGO-PEI in VAEO toolbox versus EGO-AEI in pySOT 0.0041 | 935 | 340 Yes Yes
EGO-WEI in VAEO toolbox versus EGO-EI in pySOT 0.0978 | 809 | 466 No Yes
EGO-WEI in VAEO toolbox versus EGO-AEI in pySOT 0.0798 | 819 | 456 No Yes
EGO-EI in pySOT versus EGO-AEI in pySOT 0.5921 | 693 | 582 No No

Table 3.4 Comparisons of different strategies provided by the VAEO toolbox and pySOT in tested problem using Friedman

test.
Strategy Rank Mean ranking p-value
EGO-EI in VAEO toolbox 1 2.36
EGO-PEI in VAEO toolbox 2 2.57
EGO-WEI in VAEO toolbox 3 2.80 <0.0001
EGO-EI in pySOT 4 3.65
EGO-AEI in pySOT 5 3.62
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Fig. 3.4 Average convergence curves of different point-infill strategies in VAEO toolbox and pySOT, respectively.

3.4 Conclusion

To implement SBO, a MATLAB toolbox, namely, VAEO toolbox, was programmed using OOP. The VAEO toolbox
provides all kinds of functionalities, including various methodologies of DOE, different techniques for Kriging
metamodeling, numerous optimization algorithms (optimizers), flexible optimization strategies, SA, and other utilities,
for flexibly solving all kinds of complicated optimization problems based on SBO. To make program highly extendable
and reusable, the OOP was applied to design the VAEO toolbox. Based on it, a new technique, such as a new methodology
of DOE, Kriging model, optimizer, and optimization strategy, can be easily developed. In addition to showing the
performance of the VAEO toolbox, the VAEO toolbox was used to compare with the 00DACE toolbox for Kriging
metamodeling and the pySOT for solving a specific global optimization problem. On the one hand, the results of the
comparisons show that the VAEO toolbox with more powerful optimizers better guarantee the construction of a Kriging
model with high quality compared with the 00DACE toolbox; on the other hand, the point infill strategies with the
MGBDE optimizer in the VAEO toolbox converge better with faster speeds than those of strategies in the pySOT.
Therefore, the VAEO toolbox provides not only the highly extendable program for users to develop their new techniques,

but also more flexible and robust options for users to solve global optimization problems.



Chapter 4

Construction of optimization system

In this chapter, the performance of proposed algorithms, namely, TPMESE and MESE, are first investigated in
Subsection 4.1. Then, the rationality of the combination between the RKri surrogate model and the EGO-PEI algorithm
is discussed in Subsection 4.2. To select a suitable optimizer for the proposed RKri-EGO-PEI system, the seven optimizers
are tested on the benchmark functions from five to ten dimensions using the OK-based EGO-PEI algorithm first.
Subsequently, the best optimizer in the previous tests is further tested using the RKri-based EGO-PEI algorithm. Then,

the mechanism with respect to the influence of an optimizer on the EGO-PEI algorithm is analyzed in Subsection 4.3.

4.1 Performance of proposed algorithms on efficient constructions of OLHDs

To construct a surrogate model with high quality using as fewer discrete samples as possible, an OLHD with high
space-filling quality can significantly ensure this goal. Moreover, two key points should be further noticed. First, the
optimization is considerably expensive to search for the real optimal design with the highest space-filling quality,
particularly for high dimensional problems. Second, the improvement of space-filling quality is significantly small in the
later stage of the optimization. Because such small improvement of space-filling quality is hardly helpful to the surrogate
modeling, it is usually invaluable to be obtained. Under this situation, the convergence in optimizing an OLHD to a near-
global optimum with high efficiency meets the real-life need in SBO better. To efficiently construct OLHDs with high
space-filling quality, the TPMESE and MESE were proposed. Subsequently, their performance was compared against
each of their original algorithms, namely, Translational propagation ESE (TPESE) and ESE, and other state-of-the-art
heuristic algorithms, including PermGA, ILS, and LSGA. The comparison aims to confirming the efficiency of the
proposed algorithms. The performance of the different algorithms was tested using three classifications of LHDs. To make
comparison fair, all algorithms repeatedly carry out optimizations of LHDs 100 times. The TPMESE and TPESE
algorithms started from TPLHDs, whereas other algorithms began the optimizations from random LHDs. The three

classifications of LHD sizes contain two small (30 x 3 and 40 x 4), one medium (50 x 5), and two large sizes (60 x 6
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and 100 x 10). The ¢, criterion was used to evaluate the space-filling quality of OLHD. To set the parameters of the
proposed algorithms, the TPMESE and MESE algorithms were employed to construct OLHDs with sizes of 30 x 3, 50 x
5, and 100 x 10. The optimization using each combination of parameters on each size of LHD was carried out ten times.

Moreover, it should be clarified that our current focus is not to search for the optimal set of parameters. Thus, the
parameters, including f;, 5,, n;, n,, and a, were roughly set to [0.1, 0.2], [0.1, 0.2], [2, 2.5, 3, 3.5, 4], [0.125, 0.25, 0.5],
and [0.8, 0.85, 0.9, 0.95], respectively. Each simulation was evaluated 0.5 million evaluations of ¢,, criterion. Then, the
best combination of parameters was chosen from above data vectors. As explained in Subsection 2.1.4, the suitable

combination of parameters for proposed algorithms were already described, except the tests on the 100 x 10 LHD. In the
tests of 100 x 10 LHD, the S,, n,, n,, and @ were 0.2, 2.5, 0.5, 0.95, respectively. Moreover, the initial “temperature”
was set to 0.005 x ¢, in terms of the initial design, whereas the tolerance for ESE was set to 0.0001 in accordance with

reference [43]. Regarding the parameters of other comparative algorithms, the population sizes for small, medium, and

large size LHDs were 20 x dimensions of the design, 10 x dimensions of the design, and 10 x dimensions of the design

[97], respectively, in the PermGA algorithm. Additionally, the elite size, crossover, and mutation rates were 5, 0.8, and
0.05, respectively [47]. For the LSGA algorithm, the population number P, mutation probability P,,, parameters of Py,
and P,,;,, and distance ratio ¢ were set as 10, 0.2, 0.3, 0.01, and 0.5, respectively [57]. There were no parameters in the
ILS algorithm.

In the tests, the #-test was used to confirm the significant difference of comparative results [42]. The significance level
of t-test was set to 0.025. In other words, when the statistical decision of the p-value is lower than the significance level,
the null-hypothesis should be rejected. Thus, the comparative results have different means. To make the illustration clear,
the symbols “algorithm-algorithm” or “algorithm-algorithm*” were used. The “algorithm-algorithm”, such as “TPMESE-
MESE”, means that the comparison between two algorithms have no significant difference, whereas the symbol
“algorithm-algorithm*” shows a significant difference between comparative algorithms. Particularly, the symbol
“algorithm-" indicates comparisons between an algorithm and the remaining ones. All tests were carried out on a computer
with 32GB RAM and eight-core CPUs with a clock speed of 3.60 GHz using MATLAB R2019b.

To show the performance of the TPMESE and MESE algorithms, Tables 4.1 to 4.3 monitored the mean values and

standard deviations of ¢, criterion over 100 runs under the certain numbers of evaluations for ¢, criterion. The best
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Table 4.1 Comparison of different heuristic algorithms for optimization of LHDs with small sizes.

Size of LHD Algorithms Setl Set2
#Evaluations Mean (Std) #Evaluations Mean (Std)
MESE 50000 1.9915 (0.0265) 500000 1.9350 (0.0081)
ESE 50000 1.9994 (0.0252) 500000 1.9353 (0.0081)
TPMESE 50000 1.9834 (0.0211) 500000 1.9347 (0.0080)
30%3 TPESE 50000 1.9912 (0.0239) 500000 1.9342 (0.0097)
ILS 50000 2.0067 (0.0175) 500000 1.9675 (0.0163)
LSGA 50000 2.0488 (0.0294) 500000 2.0216 (0.0250)
PermGA 50000 2.1298 (0.0316) 500000 2.0349 (0.0313)
MESE 120000 1.3519 (0.0095) 1000000 1.3174 (0.0065)
ESE 120000 1.3585 (0.0110) 1000000 1.3212 (0.0099)
TPMESE 120000 1.3474 (0.0076) 1000000 1.3153 (0.0063)
40x4 TPESE 120000 1.3516 (0.0080) 1000000 1.3187 (0.0078)
ILS 120000 1.3708 (0.0089) 1000000 1.3522 (0.0079)
LSGA 120000 1.3934 (0.0150) 1000000 1.3810 (0.0147)
PermGA 120000 1.4496 (0.0135) 1000000 1.3868 (0.0148)

results of mean value and standard deviation, which show the significant difference from others, were marked in bold. It
can be seen that the proposed algorithms, TPMESE and MESE, and each of their original algorithms, TPESE and ESE,
generally perform better than other comparative algorithms for most of the tested cases except the largest size case of 100

x 10. Two points can support the conclusion. Not only are the smaller mean values of ¢, criterion obtained by the
TPMESE, MESE, and each of their original algorithms, but the p-values of “one of the TPMESE, MESE, TPESE, and
ESE-one of the ILS, LSGA, and PermGA*” show significant difference between the comparisons, except for the tested
results of 100 x 10 LHD. The PermGA shows the worst performance in comparison with others. The largest mean values
of ¢, criterion over 100 runs and the p-values of “PermGA-*” validate this. The ILS algorithm has the closest
performance with the proposed algorithms and each of their original algorithms. However, the p-values of “ILS-one of
TPMESE, MESE, TPESE, and ESE*” still show the significant differences between them, except the largest-size case.

For the 100 x 10 tested case, the ILS converges faster than the ESE, but is still worse than the TPMESE and MESE

algorithms, at the first monitored evaluation number of ¢,, criterion. With the increase of evaluations of ¢, criterion, the
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leading position of the ILS algorithm is fast reversed by the ESE algorithm based on the results at the second monitored
evaluation number of ¢, criterion. The p-value of “ESE-ILS*” and the mean value of ¢, criterion obtained by the ILS,
which changes from a smaller to larger values than that of the ESE algorithm, demonstrate this. Evidently, the ILS, LSGA,
and PermGA are significantly time-consuming in comparison with the ESE and its variants, when a sufficient near-optimal
or the global optimal design needs to be searched.

For the comparison between the TPMESE, MESE and each of their original algorithms, the TPMESE and MESE
generally converge faster than each of their original algorithms and both perform better than the ESE algorithm in the
entire measurement interval, except the smallest size case. The smaller mean values obtained by the TPMESE and MESE
algorithms, respectively, and the p-values of “TPMESE-TPESE*”, “MESE-ESE*”, and “TPMESE-ESE*” verify the
conclusion. For the smallest tested case, the TPMESE and MESE algorithms only have better performance than each of
their original algorithms at the beginning of the optimization for LHD. This is because the p-values of “TPMESE-
TPESE*”, “MESE-ESE*”, and “TPMESE-ESE*” are only obtained at the first monitored evaluation number of ¢,
criterion. Moreover, the starting point from the TPLHD can significantly accelerate the convergences of the MESE and
ESE algorithms at the beginning of the optimization. From Tables 4.1 to 4.3, it can be observed that the mean values of
¢, criterion obtained by the TPMESE and TPESE algorithms are smaller than those obtained by the MESE and ESE
algorithms, respectively, over all tested cases at the first monitored evaluation number of ¢, criterion. In addition, the p-
values of “TPMESE-MESE*” and “TPESE-ESE*” confirm the significant differences. The two points verify the
acceleration from the TPLHD as an initial design. However, its acceleration becomes inconspicuous with an increase in

the number of evaluations of ¢,, criterion, except the 40 x 4 and 100 x 10 tested cases. The p-values of “TPMESE-MESE”
and “TPESE-ESE” for the 30 x 3, 50 x 5, and 60 x 6 tested cases confirm the close performance between the TPMESE
versus MESE and TPESE versus ESE at the second monitored evaluation number of ¢,, criterion. For the 100 x 10 tested

case, the TPLHD significantly influences the entire measurement interval because the p-values of “TPMESE-MESE*”
and “TPESE-ESE*” consistently confirm the significant differences between the TPMESE versus MESE and TPESE
versus ESE at two monitored evaluation numbers of ¢, criterion. The reason of the acceleration from the TPLHD can be
derived. First, the heuristic algorithms can directly optimize a design with a near high space-filling quality when the initial

design is constructed using the TPLHD method almost without time costs. Second, the high diversity of optimization in
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50x5

MESE 120000 1.0244 (0.0066) 2000000 0.9871 (0.0036)
ESE 120000 1.0311(0.0067) 2000000 0.9912 (0.0049)
TPMESE 120000 1.0209 (0.0059) 2000000 0.9881 (0.0043)
TPESE 120000 1.0276 (0.0061) 2000000 0.9923 (0.0055)
ILS 120000 1.0378 (0.0083) 2000000 1.0176 (0.0056)
LSGA 120000 1.0538 (0.0079) 2000000 1.0387 (0.0081)
PermGA 120000 1.1061 (0.0090) 2000000 1.0423 (0.0091)

Table 4.3 Comparison of different heuristic algorithms for optimization of LHDs with large sizes.

MESE 120000 0.8265 (0.0047) 2000000 0.7936 (0.0029)
ESE 120000 0.8284 (0.0049) 2000000 0.7976 (0.0034)

TPMESE 120000 0.8240 (0.0044) 2000000 0.7931 (0.0031)

60x6 TPESE 120000 0.8267 (0.0049) 2000000 0.7964 (0.0033)
ILS 120000 0.8326 (0.0057) 2000000 0.8118 (0.0039)

LSGA 120000 0.8465 (0.0050) 2000000 0.8222 (0.0054)

PermGA 120000 0.9088 (0.0056) 2000000 0.8336 (0.0050)

MESE 1000000 0.4466 (0.0011) 2000000 0.4439 (0.0010)

ESE 1000000 0.4490 (0.0013) 2000000 0.4450 (0.0009)

TPMESE 1000000 0.4459 (0.0008) 2000000 0.4435 (0.0008)

100x10 TPESE 1000000 0.4481 (0.0012) 2000000 0.4446 (0.0010)
ILS 1000000 0.4484 (0.0010) 2000000 0.4457 (0.0009)

LSGA 1000000 0.4531 (0.0014) 2000000 0.4494 (0.0012)

PermGA 1000000 0.5053 (0.0027) 2000000 0.4988 (0.0027)

the initial stage can ensure a fast convergence of the heuristic algorithm. Take 40 x 4 case for example, the optimization

can directly start from an initial design whose value of ¢, criterion is 1.6412, whereas the heuristic algorithm must run

several thousand evaluations of ¢, criterion to achieve the same-level convergence when the starting point is a random

LHD. Thus, the TPLHD as an initial design can significantly accelerate the convergence of optimization for LHD.

However, the diversity fast loses along with an increase in the evaluation number of ¢,, criterion, particularly for the low-

dimensional cases. Thus, a better design is more and more difficult to be searched by the heuristic algorithms in the later

stage of optimization. Consequently, the acceleration from the TPLHD as an initial design is no longer apparent. Under
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this situation, the heuristic algorithms must spend more time escaping from a local optimal design.

To further illustrate the efficiency of the proposed algorithms, Table 4.4 shows the computational time of different
heuristic algorithms to achieve the same convergence level. The convergence level was set to that the value of ¢, criterion
was smaller than 104% the final mean value of ¢, criterion over 100 runs when the global convergence was reached.
Here, the global convergence was reached, when the TPMESE algorithm ran until no better design was obtained within
1000 generations. The generation means that the number of outer and inner loops completed. To confirm the significant
difference, the #-test with the significance level of 0.05 was still applied to carry out the statistical analysis for comparative
results. The best results which show significant difference from others were marked in bold. Additionally, the thresholds
of five, eight, and ten million evaluations of ¢, criterion with small, medium, and large sizes, were set, respectively. If
the heuristic algorithms cannot converge to the near-optimal value of ¢, criterion within the thresholds, the optimization
can be treated as the divergence. The symbol of *“/” indicates that the algorithm cannot search for the near-optimal design
over half of 100 runs, as shown in Table 4.4.

From Table 4.4, it can be seen that the proposed algorithm, TPMESE, has the highest efficiency to search for a near-
optimal design. The lowest average time costs over all cases and the p-values of “TPMESE- *” confirm the conclusion.
The PermGA and LSGA significantly lack the global search capability to search for a near-optimal design, particularly
for the small and medium cases of LHDs. The symbols of “/”” in Table 4.4 verify this. The TPMESE and MESE algorithms
generally converge faster than each of their original algorithms. The corresponding lower time costs obtained by the
TPMESE and MESE than those of TPESE and ESE, respectively, and the p-values of “TPMESE-TPESE*” and “MESE-
ESE*” both illustrate the significantly higher efficiency of the TPMESE and MESE than that of each of their original

algorithms, respectively.

Table 4.4 Average time costs in optimization of LHDs using different heuristic algorithms.

Size of LHD Algorithms MESE ESE TPMESE TPESE ILS LSGA PermGA
30x3 7 9 5 7 24 / /
40x4 46 59 37 47 762 / /
50%5 Time/s 52 89 44 78 553 / /
60x6 68 111 62 97 291 627 4285

100x10 547 867 488 813 921 1946 /
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4.2 Rationality of RKri-EGO-PEI

Previously, Forrester et al. [21] employed the RKri and traditional EGO algorithm (RKri-EGO) to minimize the Cd of
an airfoil based on a “noisy” CFD simulation. The results showed that the RKri-EGO can robustly filter out noise from
the expected smooth response and guide a faster convergence than that of the OK-based EGO algorithm (OK-EGO). To
make full use of outer computational resources and further reduce wall-clock time in an optimization process, the
combination between the RKri and EGO-PEI is natural to be considered. However, the reason why the EGO-PEI
algorithm can work properly is that the PEI criterion substantially provides an approximation with the EI criterion.
Therefore, the approximation between the PEI and EI criteria based on the RKri model should be investigated.

To investigate the rationality of the combination between the RKri and EGO-PEI algorithm, the EGO-PEI and
traditional EGO algorithms were used to add updating points based on the RKri. To simulate the expensive deterministic
computer experiments, the one-dimensional Griewank function with a feasible region [-5, 5] was adopted. Additionally,
a random perturbation from the expected smooth response can be calculated in terms of a normal distribution error € with
the mean f(x) and standard deviation 0.05 X f(x) [98], where the f(x) is the objective value of the Griewank function
at the evaluation location X. When the error generated exceeds the bounds (fiin, fmax ), the error should be reproduced.
Here, the fi,i, and f,.¢ are the minimum and maximum values of objective, respectively. Before the implementation of
point infills, the errors were imposed on five samples chosen from 21 initial samples with constant step lengths.
Subsequently, the error was added to each updating point. The RKri was used to fit the discrete samples, whereas the
traditional EGO and EGO-PEI algorithms were employed to insert the updating points. The number of point infills is four
in each cycle for EGO-PEI algorithm.

Fig. 4.1 shows the responses of EI and PEI functions in the process of point infills using the EGO and EGO-PEI
algorithms, respectively. It can be seen that the PEI criterion still provides an approximation with the EI criterion using
the RKri model. From the first to third iterations, two algorithms provide significantly close predictions of the updating
points. Although the different locations for resampling are predicted by the EGO and EGO-PEI algorithms in the fourth
iteration based on the different maximum responses of the EI and PEI functions, the EI and PEI functions still show the
similar responses. The approximate peaks are clearly exhibited in two functions, which verifies their similarity.
Consequently, the location for adding a point searched by the EGO algorithm in the fourth iteration is also the potential

location for resampling using the EGO-PEI algorithm. Therefore, an updating point which is significantly close to the
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fourth updating point searched by the EGO algorithm in the last iteration is found by the EGO-PEI algorithm at the
beginning of the next cycle. Not only that, the similar responses of the EI and PEI functions continue to produce the close
predictions for EGO and EGO-PEI algorithms. Thus, more updating points with similar locations are found by two
algorithms with the different sequences in the following iterations. In addition, the El-based criterion only provides the
prediction of the location where the maximum probability can obtain any improvement rather than an improvement. This
is also the reason why the weighted EI (WEI) criterion can perform better than the EI criterion on certain occasions [89],
as it provides a more reasonable balance between global exploration and local exploitation of the point infill criterion. In
other words, other locations with a huge response to EI also have potential value for resampling. Therefore, the rationality
of the combination between the RKri and EGO-PEI algorithm can be significantly verified because the PEI criterion still

provides an approximation with the EI criterion based on the RKri model.
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4.3 Numerical tests for selection of optimizer

In Subsection 2.4, the importance of an optimizer on the EGO-PEI algorithm was discussed in detail. To select a
suitable optimizer for proposed optimization system, RKri-EGO-PEI, and also provide a reference for the selection and
development of an optimizer, seven optimizers including DE, RCGA, PSO, BBPSO-DE, MGBDE, AGDE, and SHADE
were applied to tune the Kriging hyperparameters and search for the optimum on the PEI function. Additionally, the
benchmark functions, f4 (5D), f4 (10D), f6 (5SD), 110 (5D), f11 (5D), /14 (5D), and 22 (5D), chosen from the CEC 2013
problems [99] were adopted as the substitutes of expensive deterministic computer experiments. Here, D denotes the
dimensions of a benchmark function. In the first stage, the OK-based EGO-PEI algorithm (OK-EGO-PEI) was used to
add the points. A total of 50 runs were carried out using the EGO-PEI algorithm for each optimizer on each benchmark
function so that the comparison is fair. All runs independently started from 50 groups of OLHDs with 11D - 1 samples.
These OLHDs were constructed using the TPMESE algorithm with 250 iterations. To provide a reasonable computational
cost, the feasible regions of the benchmark functions were rebounded by a smaller hyperspace. The lower and upper
bounds of 5D problems are [-50, 0, -60, 30, -50] and [0, 50, -10, 80, 0], respectively, whereas the 10D problem has a
lower bound [-50, 0, -60, 30, -50, -70, 20, 0, 30, -50] and an upper bound [0, 50, -10, 80, 0, -20, 70, 50, 80, 0]. To progress
the optimization towards the global convergence, 200 points were added in each run [31]. The selection of the number of

updating points is based on the following points:

e In real-world optimization problems, the number of point infills is limited by the time and experimental costs. Quickly
obtaining a real improvement as large as possible within a short period of time, rather than searching for the real global
optimum, much better meets the real-life needs of engineering optimization.

e During the point infill process, the convergence speed of the EGO-PEI algorithm becomes significantly smaller after
inserting a certain number of updating points. In other words, if the EGO-PEI algorithm with an optimizer quickly
converges to a high-quality solution, it can hold the lead position within a long interval of the following point infills.
Considering an acceptable computational cost, the performance of an optimizer to guarantee high-quality convergence
of the EGO-PEI algorithm in a relatively short period of time is sufficient for an evaluation within an acceptable

number of point infills.

All numerical tests were implemented using the VAEO toolbox in MTALAB 2018b on a computer with 32GB of RAM
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and eight-core CPUs (17 9700K) with a clock speed of 3.6 GHz.
Since the VAEO toolbox keeps the similar style as the 00DACE [83] and DACE [82] toolboxes, the basic settings for

the construction of a Kriging model have same meaning. The settings of the OK in the numerical tests are listed as follows:

e Regression function: repoly0.
e Correlation function: correxp.

e Bounds of Kriging hyperparameters: [10-°, 10°].

Additionally, the parameters of an optimizer usually significantly influence its performance in the search for the global
optimum. Fortunately, the parameters of an optimizer are usually strictly tested using the benchmark functions, even real-
world problems. Thus, the most robust suite of parameters is normally suggested by authors. In other words, to guarantee
that an optimizer works with the best state in the process of point infills, it is necessary to refer to those suggestions and
fix the parameters in the numerical tests. Furthermore, to comprehensively investigate the influence of optimizers on the
EGO-PEI algorithm, three states of convergence including the incomplete, near-complete, and competed convergences
were simulated based on different iterations. To achieve that, each optimizer independently ran 150/250/500 and
250/500/1000 iterations for 5D and 10D problems, respectively. With regard to the specific settings of each optimizer, the

details are listed as follows:

e In the DE algorithm, the scale factor was 0.8, whereas the crossover rate was 0.9 [74].

e For the RCGA algorithm, the mutation and crossover rates were set to 0.1 and 0.9, respectively. The tournament
selection with a tournament size 2 was adopted in the selection. Additionally, the simulated binary crossover (SBX),
non-uniform mutation and elitism were also used [76].

e For the PSO algorithm with a constriction factor, the velocity of the particle can be updated using the following

expression:

vt +1) = x [vi 76 + rand(0,1) x 0, (¢) (pbest;; (£) — x;;(6) ) + rand(0,1) x 0,;(¢) (gbest; () -
x,;(0)]

where the pbest and gbest are the personal best solution of a particle in the swarm and the current best solution of the

(4.1)

swarm. Here, i andj are ith particle and jth component. The # is the number of iterations. The function rand(0, 1) randomly

chooses a value from zero to one. With regard to the constriction factor y, it can be calculated by:
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In Eq. (4.1), constants 4, (),, and x satisfy the constraints 0 = Q; + Q, >4 and 0 < k¥ < 1. A reasonable pair of

values for Q,, Q,, and k are 2.05, 2.05, and 0.8 [100].
e The BBPSO-DE algorithm had no other parameters.
e The MGBDE algorithm had a scale factor 0.5 for the DE/best/1 mutation strategy [81].

e In the SHADE algorithm, the archive and memory sizes were set to 10 X D, and the pbest rate was 0.11 [78].

e In the AGDE algorithm, the pbest rate was 0.1 [79].

To confirm the significant difference of comparative results, the Wilcoxon signed-rank and Friedman tests [96] were
used. Here, the Wilcoxon signed-rank test was used to check the significant difference of different optimizers for each
tested function, whereas the Friedman test was employed to calculate the mean rankings of different optimizers for all
tested functions. Their significance levels are both 0.05. In other words, if the statistical decision p-value is lower than
the significance level, the null hypothesis should be rejected. Thus, the comparative results show significant difference.
By contrast, the null hypothesis which the comparative results have the same mean can be accepted. All p-values
calculated were accurate to the fourth decimal places. When the p-values were lower than 0.0001, the form “<0.0001”
was used. In the Wilcoxon signed-rank tests, the R" and R™ are the sum of rankings in which the first group of paired
samples (comparative results) performs better or worse than the second group. A larger discrepancy between the
comparative results can be reflected by the larger difference of the R* from R". In addition to calculating the sum of
rankings, R" and R", for optimizers over all tested functions, the sums of rankings for each tested function were early
calculated. These sums of rankings were then employed to construct the new paired samples over all tested functions.
Similarly, to calculate the mean rankings of different optimizers over all tested functions in the Friedman tests, the mean
rankings of different optimizers for each tested function were early calculated. Subsequently, these mean rankings were
applied to construct the new data matrix for the calculation of mean rankings over all tested functions. Here, a smaller
value of mean rankings indicates the better performance of an optimizer for a minimization problem. Correspondingly, a

higher rank can be assigned to the optimizer.
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Rank Global search capability Convergence speed Complexity
1 SHADE PSO PSO
2 AGDE MGBDE DE
3 BBPSO-DE BBPSO-DE RCGA
4 MGBDE AGDE BBPSO-DE
5 DE SHADE MGBDE
6 RCGA DE AGDE
7 PSO RCGA SHADE

To more clearly analyze the influence with respect to the performance advantages of optimizers on the EGO-PEI
algorithm, the performance advantages of seven comparative optimizers was firstly compared. To comprehensively show
the performance advantages of the comparative optimizers, the comparisons contained the global search capability,
convergence speed, and computational complexity. To make comparison fair, seven comparative optimizers independently
ran 50 times on 28 benchmark functions, with five and ten dimensions, chosen form the CEC 2013 benchmark suite [99].
Then, the Friedman test was applied to calculate the mean rankings of the optimizers so that the global search capabilities
of the optimizers can be ranked. Additionally, the computational complexity was calculated in terms of the suggestion of
the literature [99]. With regard to the comparison of convergence speeds, a relatively subjective results were given based
on the main properties in their convergences. Generally, a higher rank indicates a better global search capability, a faster

convergence speed, and a smaller complexity. Table 4.5 lists the results in the comparison.

4.3.1 Tests with respect to influence of optimizer on OK-based EGO-PEI algorithm

To clearly show the influence of optimizers on the EGO-PEI algorithm, the results of the EGO-PEI algorithm with
seven selected optimizers, under three convergence levels, on the tested functions, after 200 point infills were compared.
Table 4.6 lists the comparative results between the MGBDE and other optimizers using the Wilcoxon signed-rank test. In
Table 4.6, markers “+” and “-” indicate that the MGBDE optimizer significantly performs better and worse than another
comparative optimizer, whereas the marker “=" denotes the comparison between the MGBDE and another optimizer has
no significant difference. Additionally, even though the p-value which is lower than 0.1 is slightly higher than the

significance level (0.05), the relatively small value still can potentially confirm the significant difference of comparative



71

results. Therefore, as a supplement, the markers “p/<0.1” and “p\<0.1” are additionally listed in Table 4.6 for showing
that the MGBDE optimizer potentially has higher or lower performance than that of another one, respectively. To more
clearly show the performance of optimizers on the EGO-PEI algorithm, Table 4.7 lists the mean rankings of optimizers

under different convergence levels over all tested functions.

Table 4.6 Comparative results between MGBDE and other optimizers under different convergence levels using Wilcoxon

signed-rank test.

Convergence Function versus Versus Versus versus versus Versus
BBPSO-DE SHADE AGDE DE RCGA PSO

J4 (5D) = = = = = +

Jf4 (10D) = = - - = -

/6 (5D) - T - T T "

Incomplete J10 (5D) = = = + + +
f11 (5D) + = + + + +

f14 (5D) + + = + + +

/22 (5D) - n = ¥ T "

/4 (5D) = = = - - ;

/4 (10D) = =(p/<0.1) = = n -

/6 (5D) - = = ¥ n n

Near-complete /10 (5D) = = = = + +
f11 (5D) + + + = + +

/14 (5D) - - = ¥ T n

22(5D) | = (p/<0.1) T = T T T

/4 (D) = = = ; " ;

/4 (10D) - = - ¥ T T

/5 (5D) - = - ¥ T T

Completed /10 (5D) = = = = + +
f11 (5D) = (p/<0.1) + + + + +

/14 (5D) - = - = " "

722 (5D) - = n " ; "

Based on the results listed in Tables 4.6 and 4.7, it can observe that the MGBDE performs best in comparison with

other optimizers under the near-complete and completed convergences of optimizers. This is because not only are the top
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(highest) ranks in the Friedman tests obtained by the MGBDE optimizer in Table 4.7, but all markers are “+” and “=" in
Table 4.6. For the comparison under an incomplete convergence of the optimizer, the MGBDE still comprehensively
shows the better performance than other optimizers even though the BBPSO-DE and AGDE perform better than the
MGBDE on f6. Two points can support the conclusion. First, not only are all markers “+” and “=" except for f6 compared
with the AGDE and BBPSO-DE, but the number of markers “+” are more than that of ““-” for the comparison between the
MGBDE and any other one, except the comparison with AGDE, in Table 4.6. Second, the MGBDE obtains the highest
rank in the Friedman test based on Table 4.7. The BBPSO-DE optimizer has the closest performance with the MGBDE
optimizer because not only are all second top ranks obtained by the BBPSO-DE optimizer under the near-complete and
completed convergences, except for the incomplete convergence of the optimizer in the Friedman test, but there is almost
no significant difference between the MGBDE and BBPSO-DE when the optimizer tends to the completed convergence
based on the Wilcoxon signed-rank tests in Table 4.6. Two DE variants, SHADE and AGDE, do not show better
performance on promoting the convergence of the EGO-PEI algorithm than that using the MGBDE optimizer even though
they truly have higher global search capabilities. It is clear to see that the SHADE and AGDE can only guarantee that the
EGO-PEI algorithm converges to a same- or worse-level solution in comparison with that using the MGBDE optimizer,
except for f6 under an incomplete convergence of the optimizer. The results of the Friedman test in Table 4.7 also confirm
that. The SHADE and AGDE just obtain the third and fourth ranks under the near-complete and completed convergences
of the optimizer. For three traditional optimizers, DE, RCGA, and PSO, they are all difficult to ensure that the EGO-PEI
algorithm converges properly. Clearly, the MGBDE optimizer performs better than them on most of tested functions in
terms of the results in Table 4.6. Consequently, three traditional optimizers can only obtain the lower ranks than those of
other optimizers in the Friedman test. The influence with respect to the performance advantages of different optimizers
can be summarized. The blending optimizers, MGBDE and BBPSO-DE, with the higher central goal of exploitation-
exploration, can guarantee a better convergence of the EGO-PEI algorithm within a limited number of point infills in
comparison with other optimizers. This is because a more elegant balance of the approximation and difference between
the EI and PEI criteria can be obtained using the two optimizers. Three traditional optimizers can only make the EGO-
PEI algorithm converge to a low-level solution because they significantly lack the capabilities for tunning the Kriging
hyperparameters and searching for a high-quality solution on the PEI function. The SHADE and AGDE have the higher

global search capabilities than those of other optimizers. However, the EGO-PEI algorithm with the SHADE and AGDE
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just converges better than that with three traditional optimizers but still worse than that with MGBDE and BBPSO-DE

optimizers. The reason may be that a high-quality local search from two blending optimizers provides more appropriate

randomness, thereby producing an elegant balance of the approximation and difference between the EI and PEI criteria.

Such balance brings more diversities to the EGO-PEI algorithm and then promotes a better convergence.

Table 4.7 Mean rankings of different optimizers under incomplete, near-complete and completed convergences of

optimizer over all tested functions.

Convergence Rank Optimizer Mean ranking p value
1 MGBDE 1.8571
2 AGDE 2.5714
3 BBPSO-DE 2.7143
Incomplete 4 SHADE 3.5714 <0.0001
5 RCGA 5.1429
6 PSO 5.7143
7 DE 6.4286
1 MGBDE 2.0714
2 BBPSO-DE 3.0000
3 AGDE 3.0714
Near-complete 4 SHADE 3.7143 0.0005
5 DE 3.7143
6 RCGA 5.8571
7 PSO 6.5714
1 MGBDE 1.8571
2 BBPSO-DE 1.9286
3 SHADE 3.3571
Completed 4 AGDE 3.4286 <0.0001
5 DE 4.4286
6 RCGA 6.1429
7 PSO 6.8571

To make the influence with respect to the performance advantages of optimizers on the EGO-PEI algorithm clearer,

the Wilcoxon signed-rank test was used to calculate the sum of rankings R* and R in the comparisons with respect to the
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Table 4.8 Comparisons with respect to different convergence states of MGBDE and DE using the Wilcoxon sign-rank test,

respectively.
Optimizer | Comparison R* R p value
Incomplete versus near-complete
3 25 0.0630
convergences
Incomplete  versus  completed
MGBDE 0 28 0.0180
convergences
Near-complete versus completed
4.5 23.5 0.1077
convergences
Incomplete versus near-complete
0 28 0.0180
convergences
Incomplete  versus  completed
DE 1 27 0.0280
convergences
Near-complete versus completed
21 7 0.2367
convergences

different convergence levels of the optimizer using the MEGDE and DE over all tested functions, respectively. Table 4.8
lists the results. From Table 4.8, it can be clear to see that the convergence level of an optimizer significantly influences
the performance of the EGO-PEI algorithm. Generally, when the optimizer tends to a completed convergence, the EGO-
PEI algorithm gains higher-quality convergence. The conclusion can be verified by the following points. For the results
of the MGBDE optimizer, not only are all the values of R* smaller than those of R", but the p-values, 0.0630 and 0.0180,
in the comparisons of incomplete versus near-complete convergences and incomplete versus completed convergences are
lower than the significance level. These indicate that the convergence of the EGO-PEI algorithm is significantly improved
when the completed convergence of the MGBDE optimizer tends to reaching. A close regularity can also be found on the
DE optimizer. Since the p-values, 0.0180 and 0.0280, in the comparisons of incomplete versus near-complete
convergences and incomplete versus completed convergences are lower than the significance level, the significant
differences of two comparisons can be confirmed. Moreover, the values of R" are also smaller than those of R™ in the
comparisons of incomplete versus near-complete convergences and incomplete versus completed convergences. This
further demonstrates the EGO-PEI algorithm converges better when convergence state of the optimizer is significantly

improved. However, there is an interesting point. In the comparison between the near-complete and completed
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convergences of the optimizer, the value of R" is larger than that of R, and the difference between them is relatively large.
These denote that the EGO-PEI algorithm potentially converges better when the state of the DE optimizer changes from
the near-complete to completed convergences. However, it is no doubt that the DE under the completed convergence has
a larger chance to search for a better solution on the PEI function than that under the near-completed convergence.
Therefore, it is cogent evidence to demonstrate that the performance of the EGO-PEI algorithm can be better guaranteed
by a higher central goal of exploitation-exploration of the optimizer. Furthermore, Table 4.8 also denotes that the
performance of the EGO-PEI algorithm is not significantly improved when the convergence states of the MGBDE and
DE change from near-complete to completed convergences. Therefore, a relatively high-quality convergence of the EGO-
PEI algorithm can be achieved when a suitable optimizer with the near-completed convergence is adopted. This can
achieve a better balance of reducing real conducting time and obtaining a high-quality convergence.

It can be seen that two blending optimizers, particularly for the MGBDE, with a higher central goal of exploitation-
exploration are beneficial to promoting the convergence of the EGO-PEI algorithm. To further explain the advantage of
the MGBDE optimizer in the EGO-PEI algorithm, the statistical results of the EGO-PEI algorithm using the Wilcoxon
sign-rank test is listed in Table 4.9. The comparison was carried out between the MGBDE optimizer under an incomplete
convergence and other optimizers under a completed convergence on each tested function. Additionally, Table 4.10 shows
the mean rankings of different optimizers in the comparison over all tested functions. From Table 4.9, it is easy to observe
that the MGBDE significantly outperforms better than three traditional optimizers, DE, RCGA, and PSO. This is because
not only are all markers “+” and “=", but the number of markers “+” is more than that of “-”compared with the RCGA
and PSO optimizers. Regarding the comparison with DE optimizer, the MGBDE still shows better performance than that
of the DE on fb, f11, and f22. The advantage of the MGBDE is evident. In comparison with other more advanced
optimizers, BBPSO-DE, AGDE, and SHADE, the MGBDE generally has a better performance than those of SHADE and
AGDE on f11, but worse than those of BBPSO-DE, SHADE, and AGDE on 6. The reason could be a more reasonable
balance with respect to the approximation and difference between the EI and PEI criteria can be provided by the MGBDE
under such state of convergence on fll, but the quality of a solution searched by the MGBDE is too poor on fb.
Additionally, there are no significant differences on other tested functions, except for 22 with AGDE and f4 (10D) with
SHADE. However, the p-value of the Friedman test in Table 4.10 is lower than the significance level, which denotes the

performances of comparative optimizers have significant difference. Moreover, the MGBDE optimizer obtains the second
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Table 4.9 Statistical results of comparisons between MGBDE optimizer under incomplete convergence and other

optimizers under completed convergence using the Wilcoxon signed-rank test.

Function versus versus versus versus versus versus
BBPSO-DE SHADE AGDE DE RCGA PSO
4 (5D) = — — - — -
4 (10D) = _ - - — —
6 (5D) - _ 3 n " —
10 (5D) = _ — — " —
f11 (5D) = T n n - —
f14 (5D) = — - - - —
22 (5D) = _ n n " —

Table 4.10 Mean rankings of MGBDE under incomplete convergence and other optimizers with completed convergence

over all tested function.

Ranking Optimizer Mean ranking p value
1 BBPSO-DE 1.7143
2 MGBDE 2.6429
3 SHADE 3.0714
4 AGDE 3.2143 <0.0001
5 DE 4.5000
6 RCGA 6.1429
7 PSO 6.7143

top rank which is only lower than that of another blending optimizer of BBPSO-DE, but higher than other comparative

optimizers. The performance of the MGBDE is further demonstrated. First, the MGBDE optimizer can guarantee that the

EGO-PEI algorithm converges to the same-level solution as those using the SHADE, AGDE, DE, RCGA, and PSO

optimizers, with significantly fewer iterations. Though the MGBDE has a higher computational complexity than those of

PSO, DE, RCGA, and PSO algorithms, the significantly fewer iterations still can save the real conducting time in the

optimization process. Apparently, the efficiency of the MGBDE can be further improved in comparison with the AGDE

and SHADE. Moreover, the MGBDE under the incomplete convergence has no chance to search for a better solution than

those of the SHADE and AGDE optimizers under the completed convergence, but it still promises a high-quality
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convergence of the EGO-PEI algorithm. Therefore, the importance with respect to an elegant balance between the global
exploration and local exploitation provided by an optimizer for the EGO-PEI algorithm is demonstrated again.

The influence of the optimizers on the convergence level of the EGO-PEI algorithm is clearly demonstrated in previous
content. However, it is worth to further investigate the convergence process of the EGO-PEI algorithm using different
optimizers. Thus, Fig. 4.2 shows the average convergence curves of the EGO-PEI algorithm with different optimizers
under the completed convergence on tested functions over 50 runs. Since the variations of convergence curves on 5D
problems are not obvious in end 50 point infills, only the convergence curves within top 150 point infills are shown in
Fig. 4.2. With regard to the visualization of 10D problem, the whole process of point infills is visualized. From Fig. 4.2.
it can be seen that the more advanced optimizers, MGBDE, BBPSO-DE, SHADE, and AGDE generally promote a faster
convergence of the EGO-PEI algorithm than that of the EGO-PEI algorithm using three traditional optimizers, DE, RCGA,
and PSO over all tested functions. Clearly, their convergence curves are usually lower than those of DE, RCGA, and PSO
optimizers in most of monitoring intervals, which adequately verifies the conclusion. For the comparison of the MGBDE,
BBPSO-DE, SHADE, and AGDE optimizers, the MGBDE generally guarantees that the EGO-PEI algorithm converges
faster than that with the BBPSO-DE, SHADE, and AGDE on {4 and {6, but the AGDE and BBPSO-DE make the EGO-
PEI algorithm gain a larger acceleration than that of the EGO-PEI algorithm with MGBDE and SHADE on f11, f14, and
f22. However, a better balance between the convergence speed and diversity of the EGO-PEI algorithm can be obtained
when the MGBDE optimizer is adopted. Though the EGO-PEI algorithm with MGBDE optimizer converges more slowly
than that with the AGDE and BBPSO-DE optimizers on f11, f14, and 22 in the early stage of point infills, it obtains a
larger reduction than that of the EGO-PEI algorithm with the AGDE and BBPSO-DE optimizers in the later stage.
Evidently, the advantage of the MGBDE optimizer on the EGO-PEI algorithm can be more clearly demonstrated. In
summary, the MGBDE optimizer can promote a better convergence of the EGO-PEI algorithm with a faster speed than
that of the EGO-PEI algorithm with three traditional optimizers, whereas the MGBDE optimizer can guarantee that the
EGO-PEI algorithm converges to the same- or higher-quality solution with a close speed compared with the BBPSO-DE,

AGDE, and SHADE within a limited number of point infills.
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Fig. 4.2 Average convergence curves of EGO-PEI algorithm with different optimizers under completed convergence

on tested functions over 50 runs

4.3.2 Performance of selected optimizer on RKri-EGO-PEI

The performance of the MGBDE optimizer on the OK-based EGO-PEI algorithm was adequately demonstrated in
Subsection 4.3.1. It provides an elegant balance with respect to the difference and approximation between the PEI and EI
criteria, thereby guaranteeing the EGO-PEI algorithm to converge better than that using other optimizers, within a limited
number of point infills. In this sense, it is suitable to choose the MGBDE optimizer in the proposed system of the RKri-
EGO-PEI However, such balance provided by the MGBDE optimizer is probably changed when the Kriging predictor is
changed to RKri. Though the rationality of the combination between the RKri and EGO-PEI algorithm was also verified
in Subsection 4.2, it cannot ensure that the influence of the MGBDE on the OK-based EGO-PEI algorithm is the same as
that on the RKri-based EGO-PEI algorithm. Thus, to verify that the MGBDE optimizer still has an excellent performance
on the Rkri-EGO-PEI, the MGBDE optimizer was employed to compare against the SHADE optimizer on f4 (5D), f6
(5D), f11 (5D), and /22 (5D) benchmark functions again. Since these functions comprehensively contain the unimodal,
multimodal, and composition problems, the performance of the MGBDE on the RKri-EGO-PEI can be adequately
analyzed. The reason why the SHADE algorithm rather than the other algorithms was selected as a competitor can be

summarized as follows:
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e The SHADE optimizer was the top-ranking approach in the Friedman test under the completed convergence of the
optimizer, except two blending optimizers, MGBDE and BBPSO-DE, according to the analysis in Subsection 4.3.1.

e Compared with the MGBDE and BBPSO-DE optimizers, SHADE has the highest global search capability for
guaranteeing the Kriging hyperparameter tunning and the search for the global optimum on the point infill criterion,
and thus the approximation with the maximum level between the EI and PEI criteria can be achieved. Therefore, the
influence of a reasonable balance between the approximation and differences in the EI and PEI criteria, rather than
only the approximation with the maximum level on the RKri-based EGO-PEI algorithm, can be fully evaluated through

a comparison between MGBDE and SHADE. fiin

The experimental design is similar to the numerical tests of the OK-based EGO-PEI algorithm in Subsection 4.3.1.
The RKri-based EGO-PEI algorithm with the MGBDE and SHADE optimizers independently run 50 times on each
benchmark function starting from 50 groups of initial designs with 100 samples constructed by the Sobol sequence [87].
Total of 200 points were added using the RKri-EGO-PEI. To simulate the “noisy” deterministic computer experiments, a
random perturbation ¢ = N(f(x), 0.1 X f(x)) was imposed on the objective value of each point in the initial samples,
whereas a perturbation € = N(f(x),0.01 X f(x)) was added to the objective value of each updating point later. The
function N(y, o) was applied to produce a random value based on a normal distribution with a specific mean p and
standard deviation o. In the same way, when the objective value of a point exceeds the bounds of an interval (fiin, fmax)>»
the random perturbation must be reproduced using above expressions. In the tests, four points were be searched in each
cycle of point infills in terms of the PEI criteria. All settings of the MGBDE and SHADE were the same as the settings
described in Subsection 4.3. According to the results in Subsection 4.3.1, the EGO-PEI algorithm can converge properly
when the optimizers tend to a high-level convergence. Thus, the MGBDE and SHADE optimizers both ran 500 iterations
to a completed convergence for tunning the Kriging hyperparameters and searching for the optimum on the PEI function.

To confirm the significant difference of the comparative results, the Wilcoxon signed-rank test with a significance

29

level of 0.05 was used. Here, the markers “+” and “-” indicate that the MGBDE optimizer significantly performs better
and worse than the SHADE optimizer. The marker “=" denote there is no significant difference between their performance.
Meanwhile, the sums of rankings, R" and R", indicate the MGBDE performs better and worse than the SHADE optimizer
in the comparison. Additionally, to more clearly show the influence of the MGBDE optimizer on the RKri-EGO-PEI, the

results of the Wilcoxon signed-rank test on the OK-EGO-PEI with the same number of point infills were also shown.
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Table 4.11 show the statistical results.

Table 4.11 Wilcoxon signed-rank tests with respect to comparisons of OK-EGO-PEI and RKri-EGO-PEI using MGBDE

and SHADE optimizers, respectively, on tested functions.

Optimizer Kriging model Function R* R Marker
14 717 558 =
1o 513 762 =
OK
11 960 315 +
MGBDE vs 122 732 543 =
SHADE 14 778 497 =
) 1o 852 423 +
RKri1
11 841 434 +
22 847 428 +

According to the results listed in Table 4.11, the MGBDE optimizer significantly performs better than the SHADE
optimizer in the RKri-based EGO-PEI algorithm on f6, f11, and f22. The conclusion is confirmed by the markers “+” on
16, f11, and f22 functions. Therefore, a positive influence of the MGBDE optimizer on the balance between the
approximation and difference in the PEI and EI criteria still exists even though the Kriging predictor was changed to the
RK(ri. Moreover, the MGBDE optimizer just outperforms the SHADE on the f11 in the OK-EGO-PEI. In other words, the
MGBDE seems to provide a better balance between the approximation and difference of the PEI and EI criteria for the
RKri-EGO-PEI than that of the OK-EGO-PEI Since not only are more markers “+” obtained by the MGBDE optimizer
in the RKri-EGO-PEI than those in the OK-EGO-PEI, the larger differences between the R* and R™ on 4, f6,and 22 in
the RKri-EGO-PEI than those in the OK-EGO-PEI also show the larger discrepancies with respect to the performance
between the MGBDE and SHADE optimizers. Based on the tested results, it is clear to see that the MGBDE optimizer
still performs properly in the RKri-based EGO-PEI algorithm. Thus, the MGBDE is still suitable as an optimizer in the

proposed optimization system, RKri-EGO-PEIL.

4.3.3 Action mechanism with respect to influence of optimizer on EGO-PEI algorithm
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According to the analysis in Subsections 4.3.1 and 4.3.2, it can be seen that the performance of an optimizer
significantly influences the convergence quality of the EGO-PEI algorithm. Not only is the performance of the EGO-PEI
algorithm relative with the convergence level of an optimizer, it can also be promoted by an elegant balance between the
exploitation and exploration of an optimizer. To investigate the mechanism of the influence with respect to an optimizer
on the EGO-PEI algorithm, Fig. 4.3 shows a comparison between the PEI and biased PEI functions in two iterations of
point infills on a one-dimensional benchmark function. Here, the biased function can be produced in the next iteration
when the global optimum in the PEI function is missed in the last iteration. From Fig. 4.3a, it can be observed that an
updating point can be searched by an optimizer with a high global search capability, such as the SHADE, at the location
with the highest response of the PEI function. However, the updating point still has a relatively large interval with the
global optimal solution. Consequently, the EGO-PEI algorithm can only converge to a solution with relatively poor quality
in this iteration. However, a high-quality convergence can be accelerated when a high-quality local solution is fast found
by an optimizer with a high central goal of exploration-exploitation. Under this situation, a location which is significantly
close to the global optimal solution is produced in the biased PEI function. Thus, the EGO-PEI algorithm can fast converge
to a high-quality solution in the next iteration. By contrast, the EGO-PEI algorithm must run more iterations for a close
or even worse convergence when the real global optimal solution is found in the last iteration. Evidently, a higher central
goal of exploration-exploitation in an optimizer can bring more diversities to the EGO-PEI algorithm so that the EGO-
PEI algorithm has a larger chance to escape from a poor solution. Moreover, if the EGO-PEI algorithm prematurely
converges to a poor local solution in a high dimensional or highly multimodal problem, its convergence speed will be
significantly slowed down because the EGO-PEI must take more efforts to explore the design space. In addition to using
an over poor optimizer, such as DE, RCGA, or PSO, the search process of the EGO-PEI algorithm is closer to a quasi-
stochastic process. Since an optimizer with a poor-quality convergence cannot obtain a high-quality solution in the PEI
function, the EGO-PEI algorithm cannot also receive the useful information of a scientific point-infill criterion. Thus, the

EGO-PEI algorithm runs unproperly.
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Fig. 4.3 Comparison between PEI and biased PEI functions for adding updating points in two iterations

4.4 Conclusion

In this chapter, an optimization system, namely, RKri-EGO-PEI, is constructed to generate initial samples with high

space-filling quality, filter out noise, and carry out point infills in a parallel manner.

To fast construct an OLHD with high space-filling quality so that the spatial properties can be extracted using as fewer
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discrete samples as possible, the performance of the proposed algorithms, namely, TPMESE and MESE, are compared
with other state-of-the-art heuristic algorithms, including the ILS, LSGA, and PermGA, and each of their original
algorithms, called TPESE and ESE, on five tested cases with small, medium, and large sizes of LHDs. The performance

of the TPMESE and MESE can be summarized as follows:

1) The TPMESE and MESE algorithms and each of their original algorithms show significantly higher efficiency
than that of the ILS, LSGA, and PermGA algorithms in the optimizations of LHDs.

2) The TPMESE and MESE algorithms generally converge faster than each of their original algorithms, TPESE and
ESE, particularly for relatively large-size cases.

3) The TPLHD can significantly accelerate the optimization process at the beginning, whereas the effect from the
TPLHD as an initial design is gradually weaken in the subsequent optimization. However, when the dimension of
a design is relatively high, the acceleration can continue for a long period of time. Therefore, the TPMESE
algorithm can achieve a sufficient near-optimal design with highest efficiency compared with other completive

algorithms, particularly for large-size LHDs.

In the following, the rationality of the combination between the RKri surrogate model and EGO-PEI algorithm is
validated. According to the investigation, the PEI criterion still provides an approximation with the EI criterion during
the process of point infills. The approximation ensures that the RKri-EGO-PEI works properly based on a similar
mechanism to the traditional RKri-EGO.

To select a suitable optimizer for the proposed system, seven optimizers, including the MGBDE, BBPSO-DE,
SHADE, AGDE, DE, RCGA, and PSO, are tested on the benchmark functions from five to ten dimensions using the
OK-based EGO-PEI algorithm. After the tests, the MGBDE with the best performance on the OK-based EGO-PEI
algorithm is chosen to further compare with the SHADE optimizer using the RKri-based EGO-PEI algorithm. Its
performance is verified again. Additionally, the mechanism with respect to the influence of optimizer on the EGO-PEI
algorithm is analyzed.

1) An optimizer with a higher central goal of exploitation-exploration can give a more element balance of the

approximation and difference between the EI and PEI criteria, thereby promoting the better convergence of the
EGO-PEI algorithm within a limited number of point infills. Generally, a high global search capability of the

optimizer guarantees that the EGO-PEI algorithm can work properly through a similar mechanism to the
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traditional EGO algorithm, whereas an excellent local exploitation of the optimizer to search for a high-quality
local or near-optimal solution rather than the real optimal solution can bring more diversities to the EGO-PEI
algorithm, thereby achieving the convergence with higher quality.

The MGBDE optimizer is the winner in the benchmark tests. The MGBDE optimizer can not only ensure that
the EGO-PEI algorithm converges to the same level solution as that using other optimizer, with fewer iterations,
but also promote a higher-level convergence of the EGO-PEI algorithm than that with other optimizers. Thus,

the MGBDE optimizer is chosen as the optimizer in the proposed system.
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Chapter 5

Real-world application on aerodynamic shape optimization of a vehicle

In this chapter, the proposed optimization system, namely, RKri-EGO-PEI, is employed to minimize the Cd of a
realistic vehicle model based on CFD simulations. Before the optimization, the information of the vehicle model is
introduced in Subsection 5.1. Subsequently, the design variables, objective, turbulence model, mesh morphing, mesh
scheme, and settings of the CFD solver are introduced in Subsections 5.2, 5.3 and 5.4, respectively. Since the mesh scheme
and solver settings significantly influence the accuracy of the CFD simulations, the rationality of the CFD simulation is
validated in terms of the analysis of mesh independence and the wind tunnel experiment in Subsection 5.5. To further
reduce labor costs in the optimization, an automatic route is generated to carry out the mesh morphing, mesh construction,
and CFD simulation in an automatic manner in Subsection 5.6. In Subsection 5.7, the performance of the proposed

optimization system on the drag reduction of the vehicle with “noisy” computations is adequately discussed.

5.1 Vehicle model

The DrivAer model [101] was developed by the Technische University Munchen (TUM) in collaboration with the
Audi and BMW automotive companies, and it contains three typical rear configurations of vehicles, namely, Fastback,
Notchback, and Estateback. Each configuration consists of two underbody types including smooth and detailed
underbodies. In comparison with other famous vehicle bodies, such as the Ahmed [102] and Mira bodies [103], the
DrivAer model almost maintains all primary characteristics of a realistic vehicle. Thus, the characteristics of the flow
field around the vehicle body are worthy of being investigated. To give other engineers and researchers a more valuable
reference, the Estateback configuration of DrivAer model was chosen to implement the optimization. In addition, the
Estateback model in this study has a smooth underbody, standard mirrors, and non-rotating wheels. The model was scaled
down to 20% full model. More detailed sizes can be found in Table 5.1, whereas Fig. 5.1 shows the three rear

configurations of the DrivAer model. In Table 5.1, the model scale (MS) was adopted to parameterize other primary sizes

[104].
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Table 5.1 Primary geometric information of Estateback model.

Parameter Symbol Parameterization Value
Model Scale MS 0.2
Model length L. 4.6126 MS 0.9925m
Model width W. 1.7529 MS 0.3506 m
Model height H. 1.4182 MS 0.2836m

Front projected area A 2.1605 MS? 0.0864 m>

Estateback model

Notchback model Fastback model

Fig. 5.1 Configurations of DrivAer model

5.2 Objective and variables of optimization

Aerodynamic drag is the primary component of resistances in the movement of a vehicle with high speed [1]. In this
study, the Cd minimization was chosen as the objective in the optimization. To provide more valuable reference in the
real-world industrial application, the design variables should be carefully defined. In general, the definitions of the design

variables are necessary to meet the following requirements. First, the Cd can be reduced as much as possible based on the
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design variables. Second, the computational costs should be reasonable so that the efficiency of the optimization can be
maximized. Third, the vehicle configuration cannot be excessively changed when the largest deformation is carried out.
To meet the aforementioned requirements, the design variables should have not only huge influences on the Cd, but also
the reasonable lower and upper boundaries of the feasible region. According to the reference [ 105], the characteristics of
the wake significantly influence the acrodynamic performance of vehicles. In fact, a steep change of pressure always
occurs in the rear of a vehicle, the considerable variation of the pressure distribution on the rear body surface suppresses
the pressure recovery of the rear body in comparison with the front body. Consequently, a pressure difference is produced
between the front and rear bodies of a vehicle, which leads to a pressure drag. Thus, if the pressure on the rear vehicle
body can be recovered better, a grater reduction in drag can be achieved. It is remarkable that a reasonable shape of the
rear body is beneficial to reducing the drag [8]. Similarly, since the pressure difference are simultaneously determined by
the pressure distributions on the front and rear bodies, the front shape, particularly the stagnant flow aera of the head, also
influences the drag. In past decades, many studies have investigated the influences with respect to the different parts of
vehicles on the Cd [7, 13, 14]. To achieve a possible maximum improvement under a reasonable computational cost and
prevent a difference of deformation model far away from the baseline model, the definitions of the design variables can
refer to these references [7, 13, 14]. Accordingly, five design variables for five critical parts including the engine hood,
rear spoiler, diffuser, and front and rear sides were chosen in the optimization. The design space surrounded by the lower
and upper bounds of the design variables are listed in Table 5.2, whereas the Fig. 5.2 visualizes the design variables and

definition of the mesh morphing. Initially, the baseline model has zero values of the design variables.

Table 5.2 Definition of design variables

Deformation part Variable Lower bound Upper bound
Engine hood Al - 5° +10°
Rear spoiler A2 -3¢ +7°

diffuser A3 -5° +6°
Front side L1 0 mm +20 mm
Rear side L2 0 mm +20 mm




90

Original

Deformation

(b) Step 2 for deformation on XZ plane

Fig. 5.2 Definitions of design variables and mesh morphing

The morphing technique in ANSA v20 was adopted to implement automatic deformation for the vehicle model. Before
the deformation, the morphing regions should be partitioned by the control boxes. Then, the partitioned morphing regions
can be activated and deformed along with the movements or deformations with respect to the control points, edges, and
surfaces of the control boxes. Fig. 5.2 shows the details of the mesh morphing. The green boxes are the control boxes to
define the deformation regions, whereas the red and blue cycles on the control boxes denote the active control points
moved in the Y- and Z- directions. In this study, the active parts within the control boxes can be morphed along with the
movement of the control points. It can be seen that the vehicle model was generally partitioned into the deformation and
stagnation aeras by two control boxes. Additionally, some inner surfaces of the control boxes continue to partition the
deformation regions into different control regions. In summary, the regions covered by the yellow color were activated

when the control points in blue cycles were moved, whereas the regions covered by the sets of points 1-2-3-4 and 5-6-7-
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8 were loaded into the control boxes when the control points in the red cycles were moved. To avoid the deformations of
the tyers, the tyers were not loaded into the control boxes. In step 1, the control points in blue cycles translated in the Y-
direction, as shown in Fig. 5.2a. Thus, the front and rear sides of the vehicle model, covered by the yellow color, were
only changed on the XY plane. In step 2, when the relative control points in red cycles, as shown in Fig. 5.2b, only moved
in the Z-direction, the regions covered by the point sets of 1-2-3-4 and 5-6-7-8 were deformed on the XZ plane.

Accordingly, the A1, A2, and A3 were changed.

5.3 Turbulence model

The RANS model assumes that the turbulence flow is steady state. Thus, the turbulence velocity can be decomposed
into the average and fluctuation components. By substituting the decomposing turbulence velocities into the governing
equation of flow, the Navier-Stokes (NS) equation can be rewritten as the Reynolds-average NS equation. Here, the
difference between the two equations is only the Reynold stress. In the three-dimensional flow, the Reynold stress can be

expressed by a matrix of 3 x 3. The leading diagonal of matrix contains the three terms of the Reynold norm stresses,

whereas the other elements in the matrix indicate the rest of terms of the Reynold shear stresses. To close the equation,
different methodologies for the approximation of the turbulence viscosity haven been developed [106].

In past decades, the two-equation turbulence models have been widely used to solve the different problems of
turbulence flows. The k — € model is significantly popular to solve the high Reynolds number flows but lacks enough
accuracy for capturing the properties of flows from the near wall layer to separation region. The k — w model is more
suitable to provide a proper prediction of the flow structure in the boundary layer. However, it fails to solve the problem
of pressure induced separation. Moreover, the w equation is significant sensitivity with the freestream [107] outside the
boundary layer. That is the primary reason why the w equation still cannot substitute the € equation as the standard scale-
equation in turbulence modeling. According to the limitations of the k — € and k — w models, the K — omega — SST
model was developed to blend their advantages for better solving the problem of pressure induced separation [107].

The K — omega — SST model can be expressed as:

d(pk) 9(pU;k)
at Oxi

=P *pk +a(+ )ak 5.1
=P ﬁpwaxiﬂaku:axi (5.1)
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In the Eq. (5.1), the blending function F; is defined as follows:

4
F, = tanh{{min [max( vk 5001/) 4p%2k]} } (5.2)

Brwy’ y?w )’ CDyyy?
Here, y is the distance to the nearest wall, whereas the C Dy, is written as:

(5.3)

From Eq. (5.1), it can be seen that the blending function controls the switch between the k — € and k — w models.
When the vertex of mesh cell is far from the wall, the y is large, thus leading to zero value of blending function. Under
this situation, the K — omega — SST is identical to the k — € model in the freestream outside the boundary layer. In
contrast, the blending function switches the K — omega — SST to the k — w model when the y is close to the wall.

In Eq. (5.1), the turbulent viscosity of u; is expressed as:

a k

e (5.4)

~ max (a,w,S,Fy)

The S and F, are the invariant measure of the strain rate and second blending function, respectively, where F, is defined

as:

2
F, = tanh“max <ﬁ2;/fy, 5;1?)] } (5.5)

The constants of §*, @y, a5, By, B2, Ok1»> Okz> Op1, and g, are 0.09, 5/9, 0.44, 3/40, 0.0828, 0.85, 1, 0.5, 0.856,
respectively. All constants are calculated based on a blend from of the k — € and k — w models, such as ¢ = oy F +

5.4 Mesh scheme and CFD solver

In numerical simulation, the K — omega — SST turbulence model with the steady state time scheme in OpenFOAM
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v1706 running on the ITO supercomputer in Kyushu University was employed to solve the flow flied around the vehicle
model. A numerical domain with the width W = 11W,, length L = 15L., and height H = 7H. was generated, which
guarantees that the block ratio was less than 1%. For mesh generation, four prism layers with the first layer thickness of
0.97mm and growth rate of 1.02 were constructed to capture the details of a marginal relative boundary layer. All elements
in the first prism layer were adjusted to meet the requirement of y-plus value which is about 30 for allowing the minimum
threshold of the log-law section [104]. To make the scheme of mesh generation clear, an expression s x & x MS was
applied to evaluate the primary sizes of the surface and volume meshes in the numerical domain, where s and / were the
constant and threshold, respectively. In this study, # was equal to 10 mm. To provide a high-quality transition from the
surface to volume meshes and capture the details of the primary separation zones, such as the wake behind the vehicle
rear end, five density boxes (refinement regions) with the different maximum element sizes were utilized to refine the
meshes. Fig. 5.3 shows the mesh generation and density boxes. The resolution of the density boxes C, D, and E were set
to A x MS (2mm), 2 x MS (2mm), and 64 x MS (12mm), respectively. Additionally, not only do the flow characteristics
of the wake significantly influence the pressure distribution on the surfaces of the vehicle rear, but the bottom flow below
the underbody also affects the functionality of the diffuser. Thus, the sensitivity of the mesh resolution in density boxes A
and B should be investigated [108] before optimization. To achieve this, five resolutions with s = 1.5, 2, 3, 4, and 5 in
density boxes A and B were chosen to test the mesh independence. For the surface meshes on the vehicle body, the sizes
from 0.25h x MS to 2k x MS (0.5 to 4 mm) were set. All elements in the surface meshes were adjusted to fit fluent
skewness which is no higher than 0.5, whereas all cells in the volume mesh should meet a standard of the mesh quality
which the non-orthogonality in OpenFOAM is no larger than 70. In the mesh generation, the triangle surface mesh and
the tetra volume mesh were both constructed in ANSA v20. The mesh file was then exported by ANSA to OpenFOAM

with a format of the fluent mesh file.

(a) Density boxes



94

(b) Numerical domain

(c) Boundary layer

Fig. 5.3 Visualization of mesh generation

To ensure accurate computations, some reasonable settings and boundary conditions are necessary. In this study, the
primary flow variables, such as velocity u, pressure p, and turbulent viscosity u,, were first prescribed. Table 5.3 shows
the boundary conditions. It can be seen that the incoming flow was imposed on the inlet boundary of the velocity with a
speed of 22m/s directed towards the vehicle model, whereas the outlet boundary of the pressure was set to 0. The
“inletOutlet” condition was used for the outlet boundary of the velocity when the backward flow was unknown. For the
turbulent viscosity, the inlet and outlet boundaries were both “calculated” conditions, which indicates the flied value was
utilized. Since there is no moving ground device in the wind tunnel of Hiroshima University, the “noSlip” condition was
imposed on the ground boundary of the velocity to simulate the effect of the ground. All surfaces of the vehicle model,
including primary vehicle body and wheels, and the ground, were set to solid walls with the fixed value of zero, which

means the velocity of the air flow was zero on the walls. The “nutUSpaldingWallFunction” condition was used to calculate
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the turbulent viscosity using the corresponding wall function on the walls of the vehicle model and ground.

Table 5.3 Boundary condition of velocity, pressure, and turbulent viscosity.

Boundary u p Ue
fixedvalue
Inlet zeroGradient Calculated
uniform (22 0 0)
inletOutlet fixedvalue
Outlet ) Calculated
uniform (22 0 0) 0
fixedvalue ] ) )
Car body zeroGradient nutUSpaldingWallFunction
uniform (22 0 0)
fixedvalue ] ] )
Wheel zeroGradient nutUSpaldingWallFunction
uniform (22 0 0)
Ground noSlip zeroGradient nutUSpaldingWallFunction
Domain wall slip slip slip

In OpenFOAM, the semi-implicit method of the pressure linked equations (SIMPLE) algorithm with GAMG for
pressure and “smoothSolver” for momentum, &, and omega was adopted to calculate the flow filed around the vehicle
model. Moreover, the discretization schemes also significantly influence the computational accuracy. To guarantee a high-
quality spatial discretization, the second-order scheme is necessary. However, the second-order scheme is less stable,
whereas the first-order scheme is significant stable but is less accurate. According to the references [109, 110], the
reasonable discretization schemes for each term of the transport equations are listed in Table 5.4. These can better balance
the stability and accuracy in simulations using OpenFOAM.

In simulations, the “simpleFoam” solver was used to run the SIMPLE algorithm. The tolerance of 1 x 107 for solving

the flow variable p was set, whereas the convergence achieved was 7 decades fall for the flow variable of velocity and
turbulent quantities of omega and k. To guarantee the convergence, all cases before and after deformation were run for
20000 iterations. Moreover, the moving average with a window for averaging 2000 iterations was employed to check
whether a stable trend was reached in the end 10000 iterations. The convergence was reached when the moving average

tended to a single value on the convergence curve of the Cd in the end 10000 iterations.
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Term Subitem Scheme Order
Time Steady state
Gradient Linear Second
div(phi, U) LinearUpwind Second
Convective div(phi, k) Upwind First
div(phi, omega) Upwind First
Interpolation Linear Second
Laplacian Linear Second

Notably, although a stable convergence is reached, the perturbation from the expected smooth response is impossible

to be avoided. Some primary factors to cause the noise are explained as follows:

e Discretization error from changes in a mesh: The geometric properties of a realistic car are significantly complicated.
The meshes are usually non-regular and contain incomplete prisms and highly skewing elements [32]. These elements
have significant effects on the spatial discretization cross over the numerical domain. Unfortunately, some
discretization errors are always caused by these distorted elements. When a deformation is implemented, the properties
of the meshes in a local region around deformation walls of the vehicle body will be changed. Although the mesh
reconstruction should be carried out for improving the overall quality of the meshes after deformation, two meshes
before and after deformations are impossible to keep the same. These changes are possible to significantly change the
flow characteristics in a sensitive area, such as the boundary layer, which leads to uncontrollable perturbations for
different cases.

e Error from turbulence modeling: In past time, the performance of different RANS and DES turbulence models on
predicting the aerodynamic properties of realistic vehicles has been widely investigated [ 108, 111]. The investigations
show that none of the RANS and DES models can provide an accurate prediction for all vehicle configurations. In
other words, stochastic errors cannot be avoided for different deformation models using a RANS model.

e High non-linearity of fluid mechanics: The characteristics of the flow field around a realistic vehicle are significantly
complicated, particularly in the wake. All kinds of vortical structures lead to a steep variation of the pressure at the
rear end of the vehicle. A deformation may significantly influence the wake structure, then making a sudden change

of the physical property. Accordingly, a high non-linearity occurs in a local region of the design space.
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5.5 Mesh independence and wind tunnel experiment

Before the optimization, the accuracy of the CFD simulation needs to be validated. As explained in Subsection 5.4, a
deformation potentially leads to changes in a numerical mesh, which may produce some discretization errors over the
numerical domain. Thus, the simulation should be as mesh-independent as possible. To test the mesh independence, five-
level resolutions in the density boxes of A and B were set. The Cd of the baseline model was repeatedly measured when
the different resolutions were used. Fig. 5.4 shows the results of the mesh independence. It can be seen that the Cd of the
baseline model consistently decreases with the refinement of the mesh. However, the variation rate of the Cd is also

significantly decreased. Evidently, when s and the number of mesh elements vary from 5 to 2 and 32 to 52 x 108,

respectively, the Cd of 0.293 drops down to 0.285 with a total of 8 count declines (0.008). By contrast, the Cd has only

one count (0.001) decline when the mesh is further refined from 52 to 79 x 10°. Thus, the small variation of the Cd

indicates that the mesh is relatively independent when s and the number of mesh elements change from 2 to 1.5 and 52 to

79 .52 x 109, respectively. To better balance the computational burden and accuracy in the optimization, the mesh strategy
with s =2 (s x & x MS =4 mm) for density boxes of A and B, and a total of 52 x 10° mesh elements were chosen for all

simulations.

SX hXMS=10mm

3 X h X MS=6mm
0.282 2 X h X MS=4mm i

0-28 L 1 L 1 L 1 L L L X ]06
30 35 40 45 50 55 60 65 70 75 80

Total elements

Fig. 5.4 Analysis of mesh independence
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The wind tunnel experiment was further conducted to verify the rationality of the CFD simulation. The Cd of the
baseline model without the deformation was measured in a wind tunnel at Hiroshima University. The wind tunnel has a

square nozzle of 2 m x 2 m and measurement section of 4 m in length [112]. In this wind tunnel, the maximum wind
speed was 25 m/s, whereas a wind speed of 22 m/s (Re = 1.34 x 10° based on a reference length of 0.9225 m) was set to

keep the same condition as the CFD simulation. Consequently, the Cd of 0.292 was obtained in the measurement. In
comparison with the Cd of 0.285 in the CFD simulation, the error of the CFD simulation was 2.4%. Additionally, the
previous studies [109, 111] comprehensively investigated the performances of different RNAS models on the DrivAer
model. The K — omega — SST turbulence model showed relative robustness in the numerical simulation for all
configurations of the DrivAer model. The errors 2.7% and 7.1% between the CFD simulations using the K — omega —
SST turbulence model on the Estateback form and the wind tunnel experiments were obtained, respectively, in the previous
studies [109, 111]. Apparently, the error 2.4% in this study is lower than those in the previous studies, which is acceptable
for industrial automotive flow. This further verifies the accuracy of the CFD simulation in this study. In addition, it should
be notable that the RANS models are usually applied to predict the magnitude and direction of a trend with a reasonable
computational cost rather than an exactly accurate result in the CFD simulation. Since the RANS models can better
balance the accuracy and computational cost, they have been widely used in the simulation of a complex geometry in

SBO [16, 17, 111, 113].

Collector

Experimental model
(MS=0.2)

Ground plate

Fig. 5.5 Wind tunnel experiment
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5.6 Procedure of optimization and automatic route

In the optimization, some necessary steps including sampling, mesh morphing, mesh generation, CFD simulation, and

point infills need to be carried out in turn. To achieve these, some details are clarified as follows:

Sampling: In the optimization of the vehicle drag reduction, 11D - 1 evaluation locations using the OLHD methodology
constructed by the TPMESE algorithm with 250 iterations and the baseline model consisted of the initial evaluation
locations. Subsequently, the Cds of these evaluation locations were evaluated based on the CFD simulations. Thus, a
total of 55 sample points were obtained and applied to construct the initial surrogate model.

Mesh: ANSA v20 was applied to carry out the mesh morphing, mesh reconstruction, and volume mesh generation.
CFD simulation: OpenFOAM v 1706 was used to evaluate the Cd of an evaluation location.

Stopping criterion: Until a stopping criterion was reached, the RKri-EGO-PEI system was used to repeatedly conduct
point infills so that the optimization process can be guided towards the global convergence. However, it should be
further clarified that in engineering optimization, it is usually impossible to obtain the optimal value by expensive
experiments (such as vehicle aerodynamics). This is because those optimization cases are always simultaneously
pressed over time and significantly expensive. Due to the practical limitations of the required time and expensive
experimental burden, it is impossible to obtain the real mathematic relationship (mathematic function) and verify it
without a considerable number of experiments. Thus, the corresponding optimum cannot also be found and verified.
In this case, the applicability of each optimization method depends not only on its accuracy, but also on its time cost
and robustness during the development of vehicle aerodynamics [32]. Evidently, achieving the maximum possible
improvement within a limited time rather than searching for the real optimal solution with an unacceptable time cost
meets a real-life need of expensive optimization problems much better. Take into consideration of computational
burden in previous studies [13, 16, 17, 113, 114] and a shortly required time (about one week) to obtain the results of

the optimization, 40 points with a total of 95 cases in the optimization were added using the proposed system.

To further reduce the labor costs and maximize the efficiency of the optimization, the morphing, mesh generation, and

CFD simulation need to be automatically implemented. Fig. 5.6 shows the automatic route. Specifically, when the

surrogate model was constructed or updated, and the updating points were predicted in the VAEO toolbox, the updating

points were exported into a txt file. Subsequently, a Python script, namely, “ansa_run.py”, was used to launch the ANSA
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and load an ANSA script file for importing the updating points and automatically carrying out the morphing, mesh
construction, and mesh generation. After the completion of mesh preparations, the meshes were exported using a format
of the Fluent mesh, and all meshes were uploaded on the ITO supercomputer. Based on the uploaded meshes, a shell script

was applied to automatically control the file operations and start the CFD simulations.
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Script

Fig. 5.6 Automatic route to carry out optimization

5.7 Performance of proposed system on real-world application with “noisy” computations

To investigate the performance of the proposed system, RKri-EGO-PEI, the other two existing systems, OK-EGO-PEI
and RKri-EGO, were applied to optimize the shape of the Estateback model and guide the optimization process towards
the global minimization through adding updating points. A total of 40 points were inserted into the initial samples using
the three systems, respectively. In the initial 55 samples, the minimum Cd was 0.267. Thus, the improvement related to
the minimum Cd in the initial samples means that a lower value of Cd than 0.267 is found in the point infills. To minimize
the waiting time, 4 points were simultaneously added in each cycle of point infills using the RKri-EGO-PEI and OK-
EGO-PEI systems, respectively. In the optimization, the necessary arguments for the constructions of the OK and RKri

models were listed as follows:
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e Regression function: regpoly0.
e Correlation function: correxp.
o The feasible region of the hyper-parameters: [1071°, 10'°].

e The feasible region of regression constant A4 : [10-5, 10°].

As discussed in Chapter 4, the MGBDE optimizer was applied to tune the Kriging hyperparameters and search for the
optimum on the EI and PEI functions. All parameters of the MGBDE were the same as those set in the numerical tests in
Subsection 4.3. To guarantee that the MGBDE optimizer to achieve a completed convergence, the number of iterations
was set to 500. In the same way, two non-parametric statistical tests were adopted to confirm the significant difference of
comparative results: (i) The Wilcoxon signed-rank test with a significance level of 0.05 was used to check the significant
difference of the comparative systems during the process of the point infills. (ii) the Freidman test was used to calculate
the mean rankings of the comparative systems during the process of the point infills. The sum of rankings R* and R
calculated by the Wilcoxon signed-rank test indicates the first system performs better and worse than the second system,
respectively. In the Freidman test, a smaller value of the mean rankings indicates a better performance of the optimization
system, thus a higher rank can be assigned.

To compare the efficiency and convergences of different optimization systems, Fig. 5.7 and 5.8 show the convergence
curves of Cd during the process of point infills, and the reduction of Cd with wall-clock time cost using different
optimization systems, respectively. In this study, all time-consuming steps including mesh preparation, waiting, and
numerical simulation must be carried out in turn when a single point-infill method is used. In contrast, these time-
consuming steps can be implemented in a parallel manner. In comparison with the time-consuming steps, the time costs
of tunning the Kriging hyperparameters and searching for the optimum based on the point-infill criterion are significantly
short. Thus, the two-optimization processes can be ignored. In the optimization, one point infill roughly needs to take 8
h. More specifically, mesh preparation, waiting gap, and CFD simulation need to spend 0.15 h, 2.85 h, and 5 h, respectively.
Based on the evaluation, if ¢ points must be added in each cycle of point infills, each point averagely requires 8 / q h using
the RKri-EGO-PEI and OK-EGO-PEI systems, whereas the RKri system still takes 8 h to add a point. From Fig. 5.7, it
can be seen that the two RKri-based optimization systems can obtain a real improvement more easily compared with the
OK-based optimization system. Apparently, the RKri-EGO-PEI system obtains a total of nigh count reductions in Cd with

seven point infills, whereas the RKri-EGO converges to a worse solution than that of the RKri-EGO-PEI with 12 point
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infills. In comparison with the two RKri-based optimization systems, the convergence of the OK-EGO-PEI system comes
to a halt in the top 26 point infills. In the following, a continuous reduction of the Cd is achieved by the OK-EGO-PEI
system from 27" to 32 point infills. Although the total reduction of the CD using the OK-EGO-PEI system is slightly
larger than that of the RKri-EGO, it still spends considerably more computational costs. However, the parallel
implementations for all time-consuming steps significantly reduce the real conducting time of the optimization process.
As a result, the OK-EGO-PEI system still spends less wall-clock time converging to a lower Cd than that of RKri-EGO
system. The proposed system shows the highest efficiency compared with the other comparative systems. Fig. 5.8 clearly
shows that the RKri-EGO-PEI system converges to the lowest Cd with 14 h within a limited number of point infills,
whereas the RKri-EGO and OK-EGO-PEI take 96 and 64 h to obtain two lower-level convergences than that of the RKri-
EGO-PEI system, respectively. Generally, the RKri-EGO-PEI approximately spends 1/4 and 1/7 wall-clock time
converging to a similar solution as that searched by the OK-EGO-PEI system, and searching for a better solution than that

of the RKri-EGO system, respectively.
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Fig. 5.7 Convergence curves of Cd obtained by different optimization systems
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Table 5.5 Wilcoxon signed-rank test between different systems
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System R* R p value
RKri-EGO-PEI versus RKri-EGO 442.5 152.5 0.0126
RKri-EGO-PEI versus OK-EGO-PEI 611.0 169.0 0.0020
RKri-EGO versus OK-EGO-PEI 519.5 260.5 0.0700
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Table 5.6 Friedman test between different systems

Rank System Mean ranking p value
1 RKri-EGO-PEI 1.5375
2 RKri-EGO 1.9625 <0.0001
3 OK-EGO-PEI 2.5000

To further investigate the performance of the proposed system on obtaining an actual improvement, the Cds searched
by the different optimization systems were recorded during the process of point infills. Fig. 5.9 shows the comparison of
Cds searched by the different systems during the entire process of the point infills. When the number of point infills is
zero, the Cds of all systems are the minimum Cd (0.267) in the initial samples. To confirm the significant difference of
the comparative results, the Cds of the different systems were checked using the Wilcoxon signed-rank and the Friedman
tests. Tables 5.5 and 5.6 list the statistical results. It can be observed that the OK-based optimization system cannot obtain
a lower Cd than the minimum Cd (0.267) in the initial samples during the top 26 point infills. This is because the noise
from the expected smooth response changes the functional property nearby with the minimum solution in the initial
samples. Then, the information of the point-infill criterion guides the EGO-PEI algorithm to explore the region far away
from the minimum solution in the initial samples, so that the predicted variance of the Kriging model can be reduced.
Compared with the OK-EGO-PEI system, the two RKri-based systems more easily achieve an actual improvement
compared with the minimum Cd in the initial samples during the process of point infills, particularly in the early stage.
The statistical results listed in Table 5.5 also confirm the conclusion. In the comparisons of the RKri-EGO-PEI versus
OK-EGO-PEI and RKri-EGO versus OK-EGO-PEI, the larger values of R* than those of R™ and the p-values of 0.0020
and 0.0700 (p < 0.1) show that the two RKri -based systems potentially have a higher opportunity to obtain a lower Cd
during the process of point infills than that of the OK-EGO-PEI system. Correspondingly, the RKri-EGO-PEI and RKri-
EGO obtained the first and second ranks in the Friedman test, respectively, which also demonstrates the higher
performance of the two RKri-based systems. For the comparison between the two RKri-based systems, the larger value
of R" than that of R™in the comparison between the RKri-EGO-PEI and RKri-EGO, and the p-value of 0.0126 confirm
that the RKri-EGO-PEI is easier to search a lower Cd than that of the RKri-EGO system. Although the RKri-EGO
potentially has higher opportunity to search for a lower Cd than that of the OK-EGO-PEI, the OK-EGO-PEI converges

to a similar solution as that searched by the RKri-EGO-PEI system, which is slightly lower than the lowest Cd searched
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by the RKri-EGO system. Therefore, the EGO-PEI algorithm also shows better performance than that of the traditional
EGO algorithm in this real-world optimization problem within a reasonable computational cost. Moreover, it can be seen
that the RKri-EGO-PEI and RKri-EGO show some similar variation trends during the process of point infills. This further
verifies the rationality of the combination between the RKri model and EGO-PEI algorithm. Generally, the RKri-based
systems can more easily gain an actual improvement during the process of point infills than that of the OK-based
optimization system, in the real-world optimization problem based on CFD simulations, through directly filtering out the

noise from the expected smooth response.

Table 5.7 Optimal results searched by different systems within a limited number of point infills

System Al A2 A3 L1/ mm L2/ mm
RKri-EGO-PEI +3.6° +4.7° +1.6° +4.1 +1.7
OK-EGO-PEI +3.6° +4.5° +1.6° +4.1 +1.8
RKri-EGO +3.6° +4.2° + 1.0° +4.2 +35.2

The optimal results searched by the different systems within a limited number of point infills are listed in Table 5.7.
According to the results, the RKri-EGO-PEI and OK-EGO-PEI converge to two similar solutions, whereas the RKri-EGO
system obtains a solution slightly far away from those solutions searched by the EGO-PEI-based systems. As discussed
early, the two solutions obtained by the RKri-EGO-PEI and OK-EGO-PEI systems, respectively, correspond to the lower
Cds than that of the solution searched by the RKri-EGO. Thus, it is clear to see that the local exploitation brings a faster
convergence to the RKri-EGO in the optimization problem with all kinds of noise, but may lose some diversities, which
leads to the RKri-EGO prematurely dropping into a local solution. By contrast, the EGO-PEI can bring more diversities
to the RKri model, thereby achieving a more elegant balance of the local exploitation and global exploration. Moreover,
the optimal values obtained by the three systems show the same trend for the minimization of the Cd: The relatively larger
angles of Al (engine hood), A2 (spoiler), and A3 (diffuser), a lower Cd. To analyze the effect of each design variable on
the Cd, Fig. 5.10a and b show the first- and total-order sensitivity indices of the variables, respectively, based on the SGSA

[93]. The first-order sensitivity indices indicate the primary effect of a single variable without interactions with other
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Fig. 5.10 sensitivity analysis

variables on the output variance, whereas the total-order sensitivity indices denote the effect of a single variable including
interactions with the rest of variables on the output variance. For the calculation of the SGSA, the initial samples and all
unique samples inserted using the three optimization systems were used to construct an OK model. Then, the OK model
is applied to replace the expensive computer experiments for the evaluations of the evaluation locations generated by the
Sobol sequence [87]. When the indices are higher than 0.05, the influences of variables on the objective are significant
[115]. Although Table 5.7 implies that the larger L1 and L2 guide the optimization towards the convergence, the results

of SA, as shown in Fig 5.10, show the two variables have no significant influences on the Cd. The first- and total-order
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sensitivity indices of L1 and L2 are both lower than the 0.05 verify this conclusion. In contrast, three angles, particularly
the angle of A2, significantly affect the Cd of the Estateback model. The variation trends of the variables for the
minimization of the Cd are similar to those in the previous studies [113, 116], which further validates the rationality of
the CFD simulation and optimization strategies. This is because the CFD simulations and optimization strategies guide
the convergence of the optimization towards a right direction.

To demonstrate the performance of the proposed system on filtering out the noise from the expected smooth response
during the process of point infills, the Euclidean distance between the current best solution and a new updating point
searched by each optimization system was calculated. It can be predicted that the RKri-based optimization systems can
focus more on searching for a region nearby with the current best solution through better accommodating the perturbation
between two close points. Correspondingly, a closer approach reflected by a smaller Euclidean distance can be obtained
when an optimization system filters out the noise better. Fig. 5.11 shows the results. To calculate the Euclidean distance,

all evaluation locations should be first standardized using the Eq. (5.6).

J?ij = (xij - lij)/gj (5.6)

Here, the x;; is the value of /" variable at /" evaluation location, whereas the y1; and g; are the mean and standard
deviation of j" variable, respectively. Evidently, when a solution which is better than the current best solution is searched,
the current best solution should be dynamically updated by this solution during the process of point infills. From Fig. 5.11,
the two RKri-based optimization systems focus more on searching for a region nearby with the current best solution,
whereas the OK-EGO-PEI tends to searching for a region far away from the current best solution, particularly in the early
stage of the point infills. The red and black markers are below the blue markers in most intervals, as shown in Fig. 5.11,
which demonstrates the conclusion. The reason why such close updating points around the current best solution can be
more easily searched by the RKri-based optimization systems can be derived. During the first cycle of point infills, the
two RKri-based optimization systems searched for an updating point or some updating points nearby with the current best
solution in the initial samples based on each initial RKri model, respectively. Due to the RKri model can filter out the
perturbation after adding a close point, a smooth functional trend can be maintained. Thus, an updating point which was
much closer to the current best solution could be more easily searched in the following cycles. Consequently, an
improvement was also easier to be achieved when more closer updating points nearby with the current best solution were

added gradually. In contrast, the OK model could not filter out the noise, which was easier to change a smoothly local
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functional trend after inserting some updating points nearby with the current best solution in the first cycle. Therefore, the
OK model guided the EGO-PEI algorithm to search for a region far away from the current best solution in the following
stage. Only when was the predicted variance of the OK model reduced, the OK-EGO-PEI could search the region nearby

with the current best solution again.
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Fig. 5.11 Variation of Euclidean distance between the current best solution and a new updating point during the

process of point infills

The variation of the Euclidean distance with an increase in the number of point infills also explains the reason for the
high variation of the Cds searched by different systems during the process of point infills. The search process is a dynamic
procedure using the El and PEI criteria because the global exploration and local exploitation can be automatically balanced.
According to the expressions of the EI and PEI functions, the search region nearby with the current best solution should
be exploited when the relatively large response of the first term in the EI expression exists, whereas the search region far
away from the current best solution can be explored when the predicted variance of Kriging model is relatively large. Fig.
5.11 shows the dynamic search process using the different optimization systems. Although the two RKri systems focused
more on adding the updating points with a relatively small Euclidean distance, a region far away from the current best
solution could also be explored during the process of the point infills. Similarly, the relatively large predicted variance of
the OK model guided the OK-EGO-PETI to search for the region far away from the current best solution in the early stage,

thus some higher Cds were obtained, as shown in Fig. 5.9. When the predicted variance of the OK model significantly
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reduced, a region nearby with the current best solution was exploited. Consequently, a lower Cd was gradually obtained
by the OK-EGO-PEI. In general, three systems dynamically added the points; thus the Cds searched by the different
systems shifted during the process of point infills.

To further investigate the performance of the different optimization systems on the shape optimization of vehicle
aerodynamics based on “noisy” CFD simulations, Fig. 5.12 calculates the normalized distances between the best solution
searched by all systems and other updating points. As aforementioned, the best solution within a limited number of point
infills was searched by the RKri-EGO-PEI system. To calculate the normalized distances, the Euclidean distances between
the best solution of all inserted points and other updating points were first calculated. Then, these Euclidean distances
were divided by the maximum Euclidean distance. It is clear to see that the two RKri-based solutions focus more on a
local exploitation around the best solution searched by the three systems during the process of point infills. Evidently, the
red markers are all on the left side of the blue markers, whereas the number of the black markers outside the blue region
are more than that inside the blue region, as shown in Fig 5.12a and b. These demonstrate that the search regions of the
RKri-based systems are closer to the best solution than that of the OK-EGO-PEI system in the top 20 point infills. The
reason can be derived. Initially, the local functional trend around the current best solution was changed when some points
around the current best solution were added by three systems. For the two RKri-based systems, the sudden perturbations
after adding the close points could be filtered out; thus a smooth functional response was maintained. Based on this, more
closer points around the current best solution could be gradually added using the two RKri-based systems. Consequently,
the search regions on the lower left side of the region searched by the OK-EGO-PEI system were primarily exploited by
the RKri-based systems. In contrast, the varied functional trend guided the OK-EGO-PEI to explore the region far away
from the best solution, with a poor fitting quality, during top 20 point infills. During the final 20 point infills, the search
regions of the three systems gradually approached with each other, as shown in Fig 5.12¢ and d. This is because the OK-
EGO-PEI changed to search the region nearby with the best solution with the fast reduction of the predicted variance,
whereas the RKri-based systems started to explore the region far away from the best solution as the loss of the
improvement probability around it. Even if the search regions of the RKri-EGO-PEI and OK-EGO-PEI were significantly
close to each other during the end ten point infills, the RKri-EGO-PEI system still aimed more at the search region nearby
with the best solution. The conclusion can be verified by the blue region which has an equal lower but larger upper and

right-side boundaries compared with the boundaries of the red region, as shown in Fig. 5.12d. Additionally, the RKri-
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EGO system had more centralized search regions during the process of point infills. It can be seen that the black markers
normally located at a region between red and blue regions. This provides a faster exploitation than that of the OK-EGO-
PEI system, but may lose an elegant switch between the local exploitation and global exploration. Consequently, the RKri-

EGO-PEI and OK-EGO-PEI converged to the similar solutions with lower Cds than that of the solution searched by the

RKri-EGO system.
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Fig. 5.12 Normalized distances between the best solution searched by all systems and other updating points during the

process of point infills.

5.7 Conclusion

The primary goal of this chapter aims at investigating the performance of the proposed system, namely, RKri-EGO-
PEI, on the drag reduction of the realistic vehicle with all types of noise produced by CFD simulations. In the optimization,

the RKri-EGO-PEI system is easier to obtain a lower Cd than those of the RKri-EGO and OK-EGO-PEI systems.
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Although the RKri-EGO system can also achieve an improvement with fewer point infills than that of the OK-EGO-PEI
system during the process of point infills, the parallel implementations for all time-consuming steps, including mesh
preparation, waiting gap, and CFD simulation, significantly shorten the real conducting time in the optimization.
Consequently, the OK-EGO-PEI spends less wall-clock time achieving a larger reduction of the Cd than that of the RK(ri-
EGO system. In summary, the RKri-based optimization systems can filter out noise from the expected smooth response,
so that the smooth functional trend can be maintained after adding some close points. Thus, a lower Cd can be continuously
obtained with the more insertions of close points around the current minimum Cd. In contrast, the OK-based system
focuses more on an exploration for a region far away from the current minimum Cd, with a poor fitting quality. Only the
predicted variance significantly reduces, the OK-based system can search for a region nearby with the current minimum
solution. Additionally, the EGO-PEI algorithm brings more diversities to the optimization. Thus, the RKri-EGO-PEI and
OK-EGO-PEI systems converge to two similar solutions which are slightly better than the solution searched by the RKri-
EGO system within a limited number of point infills. Evidently, the proposed RKri-EGO-PEI system shows more
robustness and efficiency than those of the OK-EGO-PEI and RKri-EGO systems in the real-world optimization problem
with “noisy” computations. Not only is a faster convergence obtained by the RKri-EGO-PEI through directly filtering out
noise using the RKri model, but also a higher-level convergence with high efficiency is achieved because the EGO-PEI
algorithm with a higher diversity than that of the traditional EGO algorithm carries out the optimization in a parallel

manner.
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Chapter 6

Summary

The primary goal of this thesis is to provide an efficient framework of SBO for expensive optimization problems with
“noisy” computations, such as the aerodynamic shape optimization of a vehicle. In real-world expensive optimization
problems, it is usually impossible to obtain the optimal result by expensive experiments. This is because those
optimization cases are always simultaneously pressed over time and significantly expensive. Due to the practical
limitations of the required time and expensive experimental burden, it is impossible to obtain the real mathematic
relationship (mathematic function) and verify it without a considerable number of experiments. Thus, the corresponding
optimum cannot also be found and verified. In this case, the surrogate model is only a rough approximation of the
functional trend between variables and objective. The primary focus of optimization is to quickly obtain the improvement
of experimental objectives. Additionally, computer experiments become increasingly popular, and they have been widely
applied to replace the practical physical experiments. However, the computer experiments always produce all kinds of
noise, which leads to sudden perturbations from the expected smooth response and gives wrong information to the point-
infill criterion. If the noise cannot be filtered out during the process of surrogate model modeling, more efforts must be
carried out to find a better solution than the current best solution, thereby significantly slowing down the convergence
speed of optimization. In this thesis, some efficient methodologies were improved to minimize the aerodynamic drag of
a realistic vehicle with complicated geometric features using the CFD simulations with all kinds of noise. Generally, these
methodologies aim at achieving the maximum possible improvement of objective, such as Cd, using as fewer samples as
possible within a limited time. The primary contributions and conclusions of the investigation are further summarized in

Subsection 6.1 in detail.

6.1 Primary contributions and conclusions

1) Methodologies of SBO for expensive problems with “noisy” computations
To achieve the goal of solving expensive optimization problem with “noisy” computations efficiently, some critical

methodologies, including sampling using OLHD, Kriging metamodeling, and point-infill criteria, in SBO, were reviewed
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in Chapter 2. By referencing the traditional ESE algorithm, two algorithms, namely, TPMESE and MESE, were developed
to efficiently optimize LHDs with high space-filling quality so that a high-quality surrogate model can be constructed
using as fewer initial samples as possible. Then, a new optimization system, namely, RKri-EGO-PEI, was proposed. The
system aims at filtering out the noise from the expected smooth response using the RKri surrogate model and carrying
out the optimization in a parallel manner based on the EGO-PEI algorithm. Since the Kriging hyperparameter tunning
and searching for the optimum on the point-infill criterion are both optimizations, the performance of an optimizer
significantly influences the proposed system. Therefore, the influence of an optimizer on the EGO-PEI algorithm was
briefly analyzed. In summary, the global search capability of an optimizer to accurately search for the optimum ensures a
more accurate approximation between the PEI and EI criteria, thus guaranteeing the EGO-PEI works properly though an
approximate mechanism of action with the traditional EGO algorithm. In contrast, the local search capability for fast
exploitation in a local region provides more differences between EI and PEI criteria, which brings more diversities to the
EGO-PEI algorithm. Consequently, an elegant balance between the difference and approximation of EI and PEI criteria

promotes that the EGO-PEI algorithm performs better than the traditional EGO algorithm on certain occasions.

2) A MATLARB toolbox for SBO

To provide an automatic route for the implementation of SBO and highly extendable program in future development,
a toolbox, namely, VAEO toolbox, using the OOP, was developed. The VAEO toolbox provides a wide selection of Kriging
surrogate models, optimizers, point-infill strategies, statistical analysis, and data analysis. Based on these techniques, the
complicated global, multi-objective, and constrained optimization problems can be efficiently solved. For the
programming design, the design pattern makes the VAEO toolbox highly extendable for users. Thus, a new SBO technique,
such as a Kriging model, optimizer, and point-infill strategy, can be programmed easily. The performance of the VAEO
toolbox was tested by the comparison with other state-of-the-art programs. First, the VAEO toolbox was compared against
the 00DACE toolbox for Kriging metamodeling using different optimizers. The results showed that the VAEO toolbox
provided more heavy strategies to tune the Kriging hyperparameters than those in the 00DACE toolbox. Although the
heavy strategies, such as MGBDE, AGDE, and BBPSO-DE, in the VAEO toolbox are more time-consuming than the
optimizers of GA and SQP in the 00DACE toolbox, a higher-quality Kriging can be constructed using these strategies.
Subsequently, the VAEO toolbox was used to compare with the pySOT for solving a specific global optimization problem.

The result showed that the point-infill strategies in the VAEO toolbox converged better and faster than those in the pySOT
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because the critical processes of tunning Kriging hyperparameters and searching for the optimum on the point-infill
criterion could be better guaranteed by the MGBDE optimizer. Therefore, it is clear to see that the VAEO toolbox can
provide not only an extendable environment for users to develop new techniques of SBO, but also more efficient strategies
to solve the global optimization problem flexibly. In fact, the VAEO toolbox made huge contribution to the whole

investigation.

3) Efficient construction of OLHD with high-space filling quality

The MESE and TPMESE algorithms were proposed to efficiently construct OLHDs with high space-filling quality. To
confirm their performance, the proposed algorithm and each of their original algorithms were compared with several state-
of-the-art heuristic algorithms, including ILS, LSGA, and PermGA, on five sizes of LHDs. The tested LHDs included

two small (30 x 3 and 40 x 4), one medium (50 x 5), and two large (60 x 6 and 100 x 10) sizes. In the numerical tests,

The TPMESE, MESE, and each of their original algorithms, showed considerably high efficiency than that of ILS, LSGA,
and PermGA algorithms. Additionally, the TPMESE and MESE algorithms generally converged faster than each of their

original algorithms, including TPESE and ESE, respectively, except the optimization of LHD with smallest size of 30 x

3. The TPLHD as an initial design significantly accelerated the convergence speed at the beginning of optimization in
comparison with a random LHD as an initial design. The reason can be analyzed. On the one hand, the TPLHD can
construct a near high-quality design almost without time costs, whereas heuristic algorithms, such as MESE and ESE,
stating from a random LHD must converge to the same-level design running thousands of iterations, which has a higher
time cost than that of generating a TPLHD; on the other hand, the MESE and ESE have enough diversities to fast escape

from a local design, thereby maintaining the leading position from the TPLHD as an initial design.

4) Rationality of combination between RKri and EGO-PEI

As explained in Subsections 2.3 and 2.4, the reason why the EGO-PEI algorithm can work well without the updates
of Kriging model in each cycle of point infills is that the PEI criterion substantially provides an approximation with EI
criterion. Thus, the rationality of the combination between the RKri model and EGO-PEI algorithm was investigated
before the application of RKri-EGO-PEI in a real-world optimization problem. The variations of the PEI and EI functions
using the RKri model was tested on a one-dimensional benchmark function. The results showed that the PEI criterion still

provided an approximation with the EI criterion when the RKri model was used. Therefore, the rationality of the
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combination between the RKri model and EGO-PEI algorithm was illustrated.

5) Selection of optimizer

The optimizer significantly influences the performance of the EGO-PEI algorithm, no matter what type of Kriging
model is. This is because two important processes, including the Kriging hyperparameter tunning and searching for the
optimum on the PEI function, are influenced by the optimizer. To select a suitable optimizer, seven optimizers, including
DE, RCGA, PSO, SHADE, AGDE, MGBDE, and BBPSO-DE, with different performance advantages, were tested on
six benchmark functions chosen from the CEC 2013 benchmark suites using the OK-based EGO-PEI algorithm first.
Then, the best optimizer of MGBDE in the previous tests was further tested on four benchmark functions through the
comparison with the SHADE optimizer with the highest global search capability. The results of numerical testes showed
that the MGBDE with a higher central goal of exploitation-exploration had the highest performance on the EGO-PEI
algorithm. In general, the MGBDE could not only ensure that the EGO-PEI algorithm converged to the same-level
solution as that of the EGO-PEI algorithm using other optimizers, with fewer iterations, it also had a higher chance to
promote the convergence of the EGO-PEI algorithm than those of the other competitive optimizers within a limited
number of point infills. The mechanism of the higher central goal of exploitation-exploration for promoting the
convergence of the EGO-PEI algorithm was discussed. A higher global search capability from an optimizer substantially
provides more approximation between the EI and PEI criterion, thereby ensuring that the EGO-PEI works properly
through a similar mechanism to the traditional EGO algorithm, whereas a higher local search capability from an optimizer
to a high-quality solution rather than the real global optimum brings more differences between the EI and PEI functions,
thus giving more diversities to the EGO-PEI algorithm. In summary, the higher central goal of exploitation-exploration
from the MGBDE produced a more elegant balance between the difference and approximation of EI and PEI criteria,
which made the EGO-PEI perform better. Therefore, the MGBDE was adopted as the optimizer in the proposed RKri-

EGO-PEI system.

6) Aerodynamic shape optimization of a realistic vehicle using improved methodologies

The proposed optimization system, called RKri-EGO-PEI, was then applied to minimize the Cd of DrivAer Estateback
model with five variables based on CFD simulations with all kinds of noise. To further reduce the labor during the process
of optimization, an automatic route was developed. Based on this route, the mesh morphing, mesh preparation, and CFD

simulations can be automatically carried out using the ANSA and shell scripts. Subsequently, the performance of the RKri-
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EGO-PEI was confirmed by the real-world optimization problem started from a 55 initial samples with 40 point infills.
To compare with the RKri-EGO-PEI system, the two existing systems, including RKri-EGO and OK-EGO-PEI, were also
applied to carry out the same number of point infills in the minimization of Cd of the Estateback model. The results
revealed that the RKri-EGO-PEI system is the winner in the real-world optimization problem with “noisy”” computations.
Not only was the RKri-EGO-PEI easier to search for a lower Cd than that of the RKri-EGO and OK-EGO-PEI systems,
but it finally obtained a lower Cd which is lower than the Cds searched by other systems within a limited number of point
infills. Although the RKri-EGO could also search for a lower Cd than the current minimum Cd with less computational
burden (fewer point infills) than that of the OK-EGO-PEI system, the implementations of all time-consuming steps in a
parallel manner reduced the real conducting time of the OK-EGO-PEI system. Moreover, the EGO-PEI algorithm brings
more diversities to the optimization, thereby achieving a convergence which is close to the RKri-EGO-PEI but is slightly
better than the RKri-EGO, for OK-EGO-PEI system. The optimal results searched by the different systems and the SGSA
of the variables confirmed the rationality of the optimization process. This is because the effects of variables on the Cd
and the trend of the convergence were consistent with previous efforts. In summary, the RKri model can filter out the
noise from the expected smooth response so that a smooth functional trend can be maintained, particularly in the local
region nearby with the current best solution, whereas the EGO-PEI algorithm allows implementations of time-consuming
steps in a parallel manner. Thus, the RKri-EGO-PEI showed highest robustness and efficiency in the expensive

optimization problem with “noisy” computations.

6.2 Future research

In industrial optimization, the balance between the computational cost and global convergence must be carefully
considered because optimization cases are usually pressed over time and considerably expensive. Under this situation, the
time becomes the primary limitation to carry out the optimization in industry, particularly for high dimensional problems.
Therefore, an efficient optimization framework should effectively reduce the required number of samples and achieve the
maximum possible improvement with a reasonable computational cost. To achieve this goal, two points need to be further

investigated in the future.

1) Surrogate model with gradient information

To construct a high-quality surrogate model, a certain number of initial samples must be given. Unfortunately, there is
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not a specific standard for the number of initial samples because many factors influence its selection. Generally, the
required number of initial samples should be increased with increases in the complexity of the relationship between
variables and objective, and the dimensions of problems. It is easy to predict that a lot of samples must be given when the
spatial property is complex (e.g., high nonlinearity), or the dimension of a case is high. Take the OK model for example,

the literatures [31] suggest that the number of initial samples can be set to 11 x D — 1, which can provide a relatively

robust performance for fitting the OK model with an acceptable approximation quality. However, it is still heavy burden
for expensive optimization problems, particularly the situation in which additional samples also need to be added in the
subsequent optimization process. To achieve the goal of obtaining the maximum possible improvement using as few
samples as possible, a surrogate model with additional information, such as the first-order gradient of the objective with
respect to variables, is an effective measure to reduce the required number of initial samples as well as promote faster
convergence during the process of point infills. The reasons can be derived. On the one hand, a surrogate model with
gradient information, such as GEK surrogate model [66, 67], is usually beneficial to extracting and capturing more special
information from a limited number of samples, thereby achieving the same-level approximation as that using a normal
model, with fewer samples. On the other hand, a more accurate approximation can also provide more effective information

for a point-infill criterion, thus ensuring a more efficient process of point infills.

2) Point infill strategy with higher efficiency in a parallel manner

Another way to further reduce the number of samples and real conducting time in optimization is to carry out point
infills in a highly efficient manner. Although the PEI criterion achieves high-quality parallel processes of point infills in
this study, its efficiency (average improvement of each point) is significantly weakened with an increase in the number of
point infills in each cycle, particularly in the early stage of point infills. Consequently, the convergence speed of the PEI
criterion is reduced within a certain total number of point infills. Thus, more computational costs with more point infills
possibly need to be taken so that the same convergence level as that using a single point infill method can be reached.
This may weaken or invert the advantage of saving time through the implementations of point infills in a parallel manner.
The reference [29] clearly illustrated the reasons why the efficiency of the PEI criterion is weakened with an increase in
the number of point infills. First, the PEI criterion must be multiplied by more IFs when more points need to be added in
each cycle. Therefore, the PEI function becomes increasingly unreliable in comparison with the original EI function.

Second, the number of Kriging updates is reduced when a certain total number of point infills is given. As a result, the
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effective information from the Kriging updates, received by each updating point, is also decreased. Therefore, the average
improvement of each point is weakened. To minimize the time cost in optimization, a point-infill criterion needs to ensure
a process of point infills not only in a parallel manner but also with high efficiency. Thus, it is worth to further investigate

and develop a more powerful point-infill criterion in the future.
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