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Abstract

The standard model (SM) for the elementary particles is known as a very successful theory.
However the extention of the SM is necessary to give the non-zero mass for the neutrino.
By introducing the right-handed neutrino, the small mass of the neutrino could be explained
with the tiny Yukawa couplings between the neutrino and Higgs.

In this work, we propose a model in which the tiny Yukawa coupling is naturally generated.
The model consists of a light scalar, a heavy scalar and a neutrino. A light scalar corresponds
to the SM-like Higgs and it does not directly couple to the neutrino. While, the heavy scalar
couples to the neutrino and mixes with the light scalar. The tiny Yukawa coupling to the light
scalar is generated by integrating the heavy scalar out. The Yukawa coupling is suppressed
by the ratio of the mixing mass to the heavy scalar mass.

We derive the low energy effective potential for this model including the one-loop cor-
rections by performing the path integration for both heavy and light scalars. The heavy
scalar generates the correction to the light scalar mass squared and it is proportional to the
heavy scalar mass squared. The light scalar generates the large logarithm of the ratio of the
two scalar masses and it is resummed with the renormalization group (RG). Then the RG
improved effective potential is derived.

We study the RG improved potential and its stationary point, i.e., the vacuum expectation
value (VEV). We numerically study how the potential and the VEV depend on the heavy
scalar mass and the mixing mass. By requiring the correction to the VEV remains within
20 % compared to its tree level value, the upper limit for the heavy scalar mass is obtained.
Combined with the suppression factor of the Yukawa coupling for the neutrino, one can also
obtain the limit for the mixing mass.
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Chapter 1

Introduction

1.1 Motivation and background

Since the observation of neutrino oscillations in Kamiokande, it has become clear that neu-
trinos have a small mass[1]. According to the ground experiments [2, 3] and the cosmological
experiments [4, 5], the mass of neutrinos must be less than the eV scale. Therefore if the
same Higgs mechanism gives mass to the top quark and neutrino, the difference of the Yukawa
couplings for these particles becomes twelve orders of the magnitude. This means that the
standard model (SM) is not perfect, and we need a beyond standard model (BSM) to ex-
plain the small mass of neutrinos. One of the simple SM extensions is two Higgs doublet
model (2HDM) which adds one Higgs boson. There are the models in the 2HDM which can
explain the smallness of the mass of neutrino. In these models, the second Higgs doublet
has the much smaller vacuum expectation value (VEV). The scalar corresponding to the
SM-like Higgs generates masses to charged fermions, while the second Higgs has a very small
VEV and gives small mass to the neutrino with O(1) Yukawa couplings. A model with the
small Dirac nuetrino mass is proposed by S. M. Davidson and H.E. Logan in Ref.[6]. In
this model, they impose the grobal U(1) symmetry to prevent the SM-like Higgs boson from
coupling with neutrinos directly. In the other models, the Z2 symmetry is adopted for the
same purpose. Such models are proposed by S.Gabriel and S.Nandi in Ref.[7], N.Haba and
K.Tsumura in Ref.[8]. The constraint on these models from electroweak precision data is
studied in Ref.[9].

If the second Higgs in the above theories is discovered, it will be an important contribution
to the explanation of neutrinos properties and verification of BSM. There are two ways to
observe the second Higgs (the new particle). One is the direct search and the other is the
indirect search. In the direct searches, if the energy of the accelerator reaches the threshold
for the new particle production, the new particles will be directly produced and discovered.
Though the energy of the accelerator has reached several TeV, there is no report of the
observation of the second Higgs. On the other hand, the indirect search looks for the second
Higgs by verifying the deviation from the SM. With this method, the second Higgs may be
verifiable in current and near future experiments. The effective field theory is known as a
method of studying from this point of view. In the effective field theory, we construct the
theory without the new particles which exisit in the BSM. The effect of the new particles such
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CHAPTER 1. INTRODUCTION 4

as the second Higgs is included by integrating them out. The remnants of the new particles
appear as deviation in the coefficients of the interactions. It can be investigated indirectly
by verifying the deviation.

In this work, we propose a simple toy model with a heavy and a light scalars. We derive
the low energy effective potential with the method of the effective field theory. Then we
analyse the effective potential, its stationary point and the VEV.

This thesis is based on Ref.[10] and is organized as follows. In the rest of Chapter 1,
we explain the idea and the example of the effective field theory. We also explain the Dirac
neutrino mass model in Ref.[6]. In Chapter 2, we present the action for the model with the
heavy and light scalars. In Chapter 3, the definition of the effective action for the light scalar
is given. In Chapter 4, the heavy scalar and the fluctuation of the light scalar are integrated
out. In Chapter 5, the counter terms and the renormalized effective potential are derived.
In Chapter 6, the RG improved effective potential is obtained. In Chapter 7, the numerical
analysis is discussed and Chapter 8 is devoted to summary and discussion.

1.2 Effective field theory

1.2.1 The idea of the effective field theory

In this subsection, we introduce the outline of the effective field theory (EFT). There is
the wide range of the mass of particle in the nature. For example, the mass of up quark
and top quark are about 2.16 MeV and 172.76 GeV � 1.73 × 105 MeV, respectively [11].
These particles have very similar properties such as having the same electric charge but
their mass scales have a 5 digit difference. The theory often includes the multi-mass scales.
When studying the low-energy physics of the multi-scale model, proper handling of the heavy
particle field can simplify the theory and extract the essential conclusion. The EFT is often
used when studying physics at low energy (energy regions below a certain energy scale Λ).
In EFT, the field operator for the particle which has the higher mass than energy scale Λ is
integrated out. The field of the heavy particle is removed from the theory and the theory
is described by only the field of the particle with the mass below the energy scale Λ. Note
that the effect of heavy particle is not ignored. By integrating out, the effect of the heavy
particle appears as the radiative corrections to the mass and the coupling constant. The
EFT is defined by the effective action.

Next, we explain the points when making the EFT. The main elements of making an
EFT for a theory are shown below. The first step is to accurately select the dominant field in
the low energy region. The dominant field in the low energy is called the relevant operator,
the other field is called the irrelevant operator. Other fields are integrated, so it is the most
important step in deciding what field is included in the effective theory. The second step
is integrating the field of the irrelevant operator. By integrating irrelevant operators, their
effect appears in the coupling constant of the relevant operator by a series expansion with
terms inversely proportional to the square of the mass of the irrelevant operator. This series
expansion generally contains an infinite number of terms, and handling them properly is the
third step. Since these terms are suppressed by the heavy mass, they can be terminated with
a finite expansion, and it is necessary to consider what order the expansion is maintained.
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We only wrote the outline of the the EFT in this subcection. In next subsection, we show
the weak EFT for β decay as the example. There are a lot of lectures for the EFT, the more
concrete examples and explanations of the EFT are found in Refs.[12, 13].

1.2.2 Example of EFT

As for example of the EFT, we explain the weak EFT for β decay. In Fermi’s theory, which
describes the weak interaction, the Lagrangian of the weak interaction of the quark of the
standard model is written as,

LW =
g√
2
Vijūiγ

μLdjW
+
μ + h.c., (1.1)

where Vij is the CKM matrix elements and L is the left-handed projection operator. ui and di
denote the up type quark and the down type quark, respectively. Wμ denotes the W boson,
g is the coupling of the interaction. The process of the β decay is given by n → p + e + ν̄e.
It is also represented as d → u + e + ν̄e at the quark level. In the left panel of Fig.1.1, we
show the Feynman daiagram for beta decay at quark level. The amplitude of the β decay in
the SM is given by,

iASM =

[
q̄u

(
− ig√

2
Vudγ

μL

)
qd

]( −igμν
p2 −M2

W

)[
l̄e

(
− ig√

2
γνL

)
lνe

]

= i
g2

2
Vud

1

p2 −M2
W

[q̄uγ
μLqd]

[
l̄eγμLlνe

]
, (1.2)

where qα with α = u, d and lβ with β = e, νe denote the Dirac spinors correspond to the
quarks and leptons, respectively. ThenMW is the mass of the W boson, p is the momentum of
the internal W boson. The typical scale of the momentum transfer is p2 ∼ (mN −mp)

2 ∼ 1.32

(MeV)2. On the other hand, the mass of the W boson MW is the 80.376 GeV [14]. So the
relation p2 � M2

W is satisfied, we can expand the propagator with the Taylor expansion as,

1

p2 −M2
W

=
1

−M2
W

(
1 +

p2

M2
W

+ · · ·
)
. (1.3)

Therefore the amplitude of Eq.(1.2 ) can be expanded as,

ASM � − 1

M2
W

g2

2
Vud [q̄uγ

μLqd]
[
l̄eγμLlνe

]
+O

(
p2

M4
W

)
. (1.4)

On the other hand, the amplitude in the weak EFT can be obtained by introducing the
effective operator O(μ) as,

Aeff = −C(μ)O(μ) ≡ −C(μ) [q̄uγ
μLqd]

[
l̄eγμLlνe

]
, (1.5)

where C(μ) is the coupling constant of the operator O(μ) at the energy scale μ, which is called
Wilson coefficient. In order to derive the effective amplitide of the β decay, the operator O(μ)
is defined by [q̄uγ

μLqd]
[
l̄eγμLlνe

]
. The operator has the mass dimension 6, so the coefficient
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Figure 1.1: In the left panel, the Feynman daiagram for beta decay at quark level is shown.
The right panel is the Feynman in the weak EFT in which the W boson is integrated out.

has the mass dimmension −2. The Wilson coefficient can be determined by considering the
condition of the amplitude in the weak EFT of Eq.(1.5 ) equals to that in the SM of Eq.(1.4 ).
We impose the matching condition Aeff = ASM at the scale of integrating W boson field out.
This scale is the μEW � MW . Therefore, the Wilson coefficient is obtained as,

C(μEW ) =
g2

2M2
W

Vud =
4GF√

2
Vud, (1.6)

where GF = g2

4
√
2M2

W

= 1√
2v2

is the Fermi constant. The Wilson coefficient at any scale μ

can be obtained by solving the renormalization group (RG) equation, but for the sake of
simplicity we ignore the RG effect. In the right panel of Fig.1.1, we show the Feynman
diagram in the weak EFT in which the W boson is integrated out.

From Eq.(1.5 ), we can find out that the amplitude contains only the degrees of freedom
which appear in the initial and final state of the β decay. The amplitude do not include W
bosons as dynamical degrees of freedom, but it includes the information of W boson’s mass
MW and the weak coupling constant g in the form of the Wilson coefficient. The measurement
of the β decay constrains the Wilson coefficient. The value of VudGF can be determined from
the constraints of the Wilson coefficient, taking into account the relationship in Eq.(1.6 ).
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1.3 Dirac neutrino mass model of Davidson and Lorgan

We explain the Dirac neutrino mass model which is proposed by Davidson and Lorgan [6].
The most straightforward way to incorporate the Dirac neutrino mass into the SM is to
introduce three right-handed neutrinos νR. They couple with SM Higgs doublet Φ1 as well
as the SM quarks and cgarged leptons. The Yukawa Lagrangian is given by,

LYuk = −ydij d̄Ri
Φ†

1QLj
− yuijūRi

Φ̃†
1QLj

− ylij ēRi
Φ†

1LLj
− yνij ν̄Ri

Φ̃†
1LLj

+ h.c., (1.7)

where QL ≡ (uL, dL)
T and LL ≡ (νL, eL)

T correspond to the left-handed quark and lepton
doublets, respectively. The indices i, j represent the generations. yαij(α = u, d, l, ν) represents
each Yukawa coupling which is the 3×3 matrix. In this framework, the Dirac neutrino mass
mν

ij is given as follows,

mν
ij =

yνijv√
2
, (1.8)

where v is the vacuum expectation value (VEV) of the SM Higgs boson. The realistic neutrino
mass is below eV order [11]. This fact requires the Yukawa couplings |yνij| � 10−11.

In the model in Ref.[6], the new scalar doublet Φ2 is introduced. This doublet has the
same quantum number as the SM Higgs doublet. They also impose a global U(1) symmetry.
Under this symmetry, the new scalar Φ2 and νRi carry charge +1, while other SM fields
are uncharged. Therefore, only the Φ2 couples to the right-handed neutrinos νRi. Then the
neutrino term in Eq.(1.7 ) is replaced as,

−yνij ν̄Ri
Φ̃†

1LLj
→ −yνij ν̄Ri

Φ̃†
2LLj

. (1.9)

If the U(1) symmetry is unbroken, the VEV of Φ2 becomes zero and the neutrinos are
strictly massless [15]. In order to generate the small Dirac neutrino mass without supposing
tiny Yukawa coupling yνij, the Φ2 must have a small VEV. To get the small VEV of Φ2,
they explicitly break the global U(1) symmetry by a term with mass dimension two. This
term has the form of m2

12Φ
†
1Φ2. The terms with mass dimension four are invariant under the

symmetry. The symmetry that is preserved for the terms with the mass dimension four and
is broken for the terms with the mass dimension less than four is called the softly broken
symmetry. The Higgs potential with the softly broken term is obtained as,

V = m2
11Φ

†
1Φ1 +m2

22Φ
†
2Φ2 −

[
m2

12Φ
†
1Φ2 + h.c.

]
+

1

2
λ1

(
Φ†

1Φ1

)2

+
1

2
λ2

(
Φ†

2Φ2

)2

+λ3

(
Φ†

1Φ1

)(
Φ†

2Φ2

)
+ λ4

(
Φ†

1Φ2

)(
Φ†

2Φ1

)
. (1.10)

λ1, λ2 > 0, λ3 > −√
λ1λ2 and λ4 > −√

λ1λ2−λ3 are required for the stability of the potential
at large field values. Non-zero VEV for Φ1 is generated with the usual spontaneous symmetry
breaking mechanism achieved when m2

11 < 0. In order to avoid a very light pseudo-Nambu-
Goldstone boson, we consider the case that the mass termm2

22 for Φ2 is positive. Substituting
the VEV v1 and v2 for Φ1 and Φ2, we find the values of the VEVs with Higgs potential
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parameters by applying the stationary condition as follows,

∂V

∂|Φ1|
∣∣∣∣
min

= m2
11v1 −m2

12v2 +
1

2
λ1v

3
1 +

1

2
(λ3 + λ4)v1v

2
2 = 0, (1.11)

∂V

∂|Φ2|
∣∣∣∣
min

= m2
22v2 −m2

12v1 +
1

2
λ2v

3
2 +

1

2
(λ3 + λ4)v

2
1v2 = 0. (1.12)

In this discussion, we require the m2
12 � v21, v2 � v1. Therefore, we can ignore m2

12 and v2
when solving Eq.(1.11 ), then we obtain v1 as,

v21 =
−2m2

11

λ1

. (1.13)

Concerning v2, we have to keep m2
12. Then v2 is obtain from Eq.(1.12 ) as follows,

v2 =
m2

12v1
m2

22 +
1
2
(λ3 + λ4)v21

, (1.14)

where the term proportional to v32 is ignored compared to terms proportional to v21v2. The
ratio v2/v1 becomes small naturally. As the result, the neutrino mass is explained without
tiny Yukawa coupling.



Chapter 2

Model

2.1 The small neutrino mass from the EFT

In this subsection, we will explain the mechanism for the small neutrino mass using the EFT.
In subsection 1.3, we explained the model which leads to the small Dirac neutrino mass by
introducing the additional second Higgs. Currently, there are no reports on the discovery of
the second Higgs. This indicates that the second Higgs is heavier than the energy scale to
which the current collider experiments can reach. Therefore, in this research, we will study
a model in the veiw of the EFT. Our model is not built on gauge theories. We consider a
model with one light scalar, one heavy scalar and the neutrino. The light scalar correponds
to the SM like Higgs, while the heavy scalar corresponds to the second Higgs in Ref.[6].

In the view of the EFT, we will discuss how the small mass of Dirac neutrinos is explained.
Similar to Eq.(1.9 ), the neutrino mass term is given in the following form : ynRnLρ2. ρ2
represents the heavy scalar, nR (nL) represents the right-handed (left-handed) neutrino. y is
the Yukawa coupling of the neutrino. By introducing the mixing mass term which has the
form as m2

12ρ1ρ2, the neutrino can couple to ρ1 through the mixing mass term as follows,

ynRnLρ2 → ynRnL

(
m2

12

m2
2 − k2

2

)
ρ1, (2.1)

where ρ1 represents the light scalar. m2 and k2 are the mass and momentum of the heavy
scalar, respectively. In Fig.2.1, we draw the Feynman diagram of the right-side of Eq.(2.1 ).
We consider the heavy scalar such that m2

2 � k2
2,m

2
12 is satisfied. In the limit, we obtain the

following result. (
y
m2

12

m2
2

)
nRnLρ1 (2.2)

In Fig.2.2, we draw the Feynman diagram of Eq.(2.2 ). From Eq.(2.2 ), the effective Yukawa

coupling of the neutrino is suppressed as y
m2

12

m2
2
. It naturally leads to the small neutrino mass.

In this thesis, we will build a model which includes the above mechanism. Then we
integrate the heavy scalar out to derive the EFT. We will also study the relation between
the parameters of the full theory and those of the EFT.

9
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Figure 2.1: The Feynman diagram of the right-side of Eq.(2.1 ). DF22 represents the propa-
gator of the second Higgs.

Figure 2.2: The Feynman diagram of Eq.(2.2 ).
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2.2 Action for the model

As mentioned in the previous subsection, we study a simple toy model which leads to a
tiny Yukawa coupling to neutrinos with the light scalar in the view of the effective theory.
The model consists of two scalars, neutrino and cosmological constants. We denote the light
scalar as ρ1, the heavy scalar as ρ2 and the neutrino as n. The action is written in terms of
bare fields ρ0i, bare masses m0i and bare couplings λ0i as,

S =

∫
ddx

[
− 1

2

2∑
i=1

ρ0i

(
�+m2

0i +
λ0i

2
ρ20i

)
ρ0i − λ03

4
ρ201ρ

2
02 − (y0n̄0n0 +m2

012ρ01)ρ02

+
2∑

i=1

h0im
4
0i + h012m0

4
12 + 2h03m

2
01m

2
02

]
, (2.3)

where m2
012 is the bare mixing mass. y0 is the Yukawa coupling between the neutrino and

the heavy scalar. The cosmological constants of this model are written in terms of the mass
parameters of the model [16]. In this work, we do not consider the kinetic term of the
neutrino. The quantum correction of the neutrino is also ignored.

This model has the following features.

� The model is renormalizable.

� The neutrino n does not couple to the light scalar ρ01 directly, while it couples to the
second scalar ρ02 directly.

� The neutrino n couples to the light scalar indirectly because the second scalar and the
light scalar have the mass mixing term.

� The mass of the second scalar is large.

2.3 Symmetry for the model

To realize the above features, we impose two Z2 symmetries. One is the exact symmetry
called as Z2 and another is the softly broken symmetry called as Z ′

2. The charge assignment
is shown in Table2.1. Under the Z2 symmetry, two scalar fields ρ1, ρ2 and right-handed
neutrino nR have the odd parity and the left-handed neutrino nL has the even parity. Under
the softly broken Z ′

2, only the light scalar field ρ1 has odd parity. Only the heavy scalar ρ2
has the Dirac type Yukawa coupling to the neutrino with this assignment.

In the scalar potentials, the cubic interactions of scalars are prohibited by Z2 symmetry.
For the quartic couplings of the scalar field, the number of each scalar field must be even
due to Z ′

2 symmetry. For the quadratic part, the mixing term proportional to ρ1 and ρ2
is allowed. This term softly breaks Z ′

2 symmetry. About the Yukawa interaction between
neutrinos and scalar fields, only the Dirac type Yukawa coupling of the form ρ2nLnR are
allowed. All the other Yukawa couplings, such as ρ1nLnR , ρi(nL)cnL and ρi(nR)cnR are
forbidden by imposing both Z2 and Z ′

2 symmetries. Concerning the neutrino mass term
with the dimension three, Dirac mass term mνnLnR is forbidden due to Z2 symmetry. The
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symmetry under the transformation (nL, nR) into ei
π
2 (nL, nR) prohibits Majorana mass term

such as (nR)cnR and (nL)cnL.

Symmetry ρ1 ρ2 nL nR

Z2 – – + –
Z ′

2 – + + +

Table 2.1: The charge assignment under Z2 and Z ′
2 symmetries.

2.4 Renormalized quantities and fields

In this subsection, we rewrite the action of Eq.(2.3) in terms of the renormalized fields,
renormalized couplings and masses. The relations between the bare quantities and the renor-
malized ones are given as follows,

ρ0i =
√
Ziρi, (2.4)

n0 =
√
Znn, (2.5)

m2
0iZi =

2∑
j=1

Zmijm
2
j , (2.6)

m2
012

√
Z1Z2 = m2

12Z12, (2.7)

λ0iZ
2
i =

3∑
I=1

ZλiI
λIμ

2η, (2.8)

λ03Z1Z2 =
3∑

I=1

Zλ3I
λIμ

2η, (2.9)

y0Zn

√
Z2 = Zyyμ

η, (2.10)

where the index i (i = 1, 2) is not summed. μ denotes the renormalization scale and η is 2− d
2
.

Concerning the cosmological constants, the relations between the renormalized parameters
and the bare ones are given as follows,

2∑
i=1

h0im
4
0i + 2h03m

2
01m

2
02 = μ−2η

(
2∑

i=1

Zhihimi
4 + 2Zh3h3m

2
1m

2
2

)
, (2.11)

h012m0
4
12 = μ−2ηZh12h12m

4
12. (2.12)
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Using Eqs.(2.4 )-(2.12 ), the action of Eq.(2.3 ) can be written in terms of the renormalized
quantities as follows,

S[ρ1, ρ2, n] = −1

2

∫
ddx

2∑
i=1

(
Ziρi�ρi + ρ2iZmijm

2
j +

μ2η

2

3∑
I=1

(
ρ4iZλiI

λI + ρ21ρ
2
2Zλ3IλI

))

−
∫

ddx
(
Zyyμ

ηn̄n+ Z12m
2
12ρ1

)
ρ2

+

∫
ddxμ−2η

(
2∑

i=1

Zhihimi
4 + 2Zh3h3m

2
1m

2
2 + Zh12h12m

4
12

)
. (2.13)



Chapter 3

The definition of the effective action

In this section, we give the definition of the effective action for the light scalar ρ1. For this
purpose, we integrate the heavy scalar ρ2 and quantum fluctuation of the light scalar. To
begin with, we define the generating functional W [J1, n] by

eiW [J1,n] =

∫
dρ1

∫
dΔ2e

iS[ρ1,Δ2,n]+i
∫
ρ1J1d4x, (3.1)

where we have introduced the source term J1 for the light scalar field ρ1. We do not introduce
any source term for the heavy scalar. Instead, we integrate it by setting ρ2 = Δ2 in the action
S of Eq.(3.1 ). In other words, we expand the heavy scalar field around the vanishing VEV.
ρ̄1 which is the expectation value of ρ1 is defined by,

ρ̄1|J1 =
δW [J1, n]

δJ1
=

∫
dρ1

∫
dΔ2ρ1e

iS[ρ1,Δ2,n]+i
∫
ρ1J1d4x∫

dρ1
∫
dΔ2eiS[ρ1,Δ2]+i

∫
ρ1J1d4x

. (3.2)

Then we can define the effective action Γeff [ρ̄1, n] which is a functional of ρ̄1 with Legendre
transformation of W [J1, n] as,

Γeff [ρ̄1, n] = W [J1, n]−
∫

J1ρ̄1d
4x

= −i log

∫
dΔ1

∫
dΔ2e

iS[ρ̄1+Δ1,Δ2,n]−i
∫
Δ1

δΓeff [ρ̄1,n]

δρ̄1(x)
d4x

, (3.3)

Δ1 ≡ ρ1 − ρ̄1, (3.4)

where the relation J1(x) = − δΓeff [ρ̄1,n]
δρ̄1(x)

is used in the transformation from the first line to the

second line. In Eq.(3.3 ), the variable of the path integral was changed from ρ1 to Δ1 defined
by Eq.(3.4 ). Δ1 is the quantum fluctuation from the expectation value ρ̄1 .

14
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The following equation is obtained by functional derivative of Eq.(3.3) with J1.

∫
dΔ1Δ1

∫
dΔ2e

iS[ρ̄1+Δ1,Δ2,n]−i
∫
Δ1

δΓeff [ρ̄1,n]

δρ̄1(x)
d4x

∫
dΔ1

∫
dΔ2e

iS[ρ̄1+Δ1,Δ2,n]−i
∫
Δ1

δΓeff [ρ̄1,n]

δρ̄1(x)
d4x

= 0. (3.5)

From this equation, we can show the tadpole vanishing condition for Δ1 as follows.∫
dΔ1Δ1

∫
dΔ2e

iS[ρ̄1+Δ1,Δ2,n]−i
∫
Δ1

δΓeff [ρ̄1,n]

δρ̄1(x)
d4x

= 0. (3.6)

This condition leads to the one particle irreducibility of the effective action Γeff [ρ̄1, n]. On
the other hand, the one particle reducible diagrams for Δ2 are included.



Chapter 4

Integrating the scalar fields

In this section, we will integrate the light and heavy scalar field out. We assume the following
hierarchy for the mass parameters.

m2
2 � −m2

1 ≥ m2
12 > 0, ε =

m2
12

m2
2

� 1 (4.1)

The integration is performed in two steps:

� As the first step, we integrate the heavy scalar field Δ2 in Eq.(3.3 ).

� As the second step, we integrate the lighter scalar field Δ1 which correspond to the
quantum fluctuation around the background field ρ̄1.

For the quantum corrections, we keep the terms up to the second order of the coupling
constants within the one loop approximation. In the following subsection, we will integrate
the light scalar field and the heavy scalar field step by step.

4.1 Integrating the heavy scalar field

In this subsection, we integrate the heavy scalar field Δ2. Using Eq.(2.13 ) and Eq.(3.4 ),
the action in Eq.(3.3 ) is written as follows,

S[ρ̄1 +Δ1,Δ2, n] = S[ρ̄1, 0, 0] +

∫
ddxΔi(x)

δS[ρ1, ρ2,n]

δρi(x)
|ρ1=ρ̄1,ρ2=0

+
1

2

∫
ddx

∫
ddyΔi(x)

δS[ρ1, ρ2,n]

δρi(x)δρj(y)
|ρ1=ρ̄1,ρ2=0Δj(y)

+Sint(Δi, ρ̄1). (4.2)

16
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Each term in Eq.(4.2 ) is given as follows,

S[ρ̄1, 0, 0] =

∫
ddx

(
Z1

2
∂μρ̄1∂μρ̄1 − Zm11

2
m2

1ρ̄
2
1 −

λ01Z
2
1

4
ρ̄41

)

+

∫
ddxμ−2η

(
2∑

i=1

Zhihimi
4 + 2Zh3h3m

2
1m

2
2 + Zh12h12m

4
12

)
,

(4.3)

δS[ρ1, ρ2,n]

δρi(x)
|ρ1=ρ̄1,ρ2=0 = −

( {Z1(�+m2
01) + λ01Z

2
1 ρ̄

2
1}ρ̄1

μηyZyn̄n+ Z12m
2
12ρ̄1

)
, (4.4)

δS[ρ1, ρ2,n]

δρi(x)δρj(y)
|ρ1=ρ̄1,ρ2=0 = −

(
Z1(�+m2

01) + 3λ01Z
2
1 ρ̄

2
1 Z12m

2
12

Z12m
2
12 Z2(�x +m2

02) +
λ03

2
Z1Z2ρ̄

2
1

)
×δd(x− y), (4.5)

Sint(Δi, ρ̄1) = S1 int(Δ1, ρ̄1) + S2 int(Δ2) + S12 int(Δ1,Δ2, ρ̄1), (4.6)

S1 int(Δ1, ρ̄1) = −
∫

ddxλ01Z
2
1Δ

3
1ρ̄1 −

∫
ddx

1

4
λ01Z

2
1Δ

4
1, (4.7)

S2 int(Δ2) = −
∫

ddx
1

4
λ02Z

2
2Δ

4
2, (4.8)

S12 int(Δ1,Δ2, ρ̄1) = −
∫

ddx
1

2
λ03Z1Z2Δ1Δ

2
2ρ̄1 −

∫
ddx

1

4
λ03Z1Z2Δ

2
1Δ

2
2. (4.9)

We define the effective action Γ̃eff [ρ̄1, n] by subtracting the classical action S[ρ̄1, 0, 0] from
Γeff [ρ̄1, n] in Eq.(3.3 ),

Γ̃eff [ρ̄1, n] = Γeff [ρ̄1, n]− S[ρ̄1, 0, 0]. (4.10)

Then Eq.(4.10 ) is rewritten as follows,

eiΓ̃eff [ρ̄1,n] =

∫
dΔ1e

i

{
1
2

∫
ddx

∫
ddyΔ1(x)

δ2S[ρ̄1,0,n]
δρ̄1(x)δρ̄1(y)

Δ1(y)+S1 int(Δ1,ρ̄1)−
∫
ddxΔ1(x)

(
δΓ̃eff [ρ̄1,n]

δρ̄1(x)

)}
eiW2[J2,Δ1,n].

(4.11)

The last factor of Eq.(4.11 ) represents the contribution to the effective action from the path
integral of the heavy scalar. This factor is written in terms of the path integral with respect
to Δ2 as follows,

eiW2[J2,ρ̄1,Δ1]

=

∫
dΔ2e

i
2

∫
ddx

∫
ddyΔ2(x)

δ2S[ρ1,ρ2,n]

δρ2(x)δρ2(y)
|ρ1=ρ̄1,ρ2=0Δ2(y)+iS2 int(Δ2)+iS12 int(Δ1,Δ2,ρ̄1)+i

∫
ddxΔ2(x)J2(x),

(4.12)

where J2 is given by,

J2(x) =

(
δS[ρ1, ρ2,n]

δρ2(x)
|ρ1=ρ̄1,ρ2=0 − Z12m

2
12Δ1

)
= −Z12m

2
12(Δ1 + ρ̄1)− μηyZyn̄n. (4.13)
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J2 is the collection of fields that linearly couple to the heavy scalar Δ2. Note that W2 in
Eq.(4.12 ) is the generating function of the Green’s function of the heavy scalar Δ2. Next we
calculate W2[J2, ρ̄1,Δ1] by integrating the heavy scalar field Δ2 out. To simplify the result,
we introduce the exponentiated functional differentiation and the notation 〈· · ·〉0 as,

〈F [Δ2]〉0 ≡ exp

[
1

2

δ

δΔ2

·DF22
δ

δΔ2

]
F [Δ2]

∣∣∣
Δ2=0

, (4.14)

where

δ

δΔ2

·DF22
δ

δΔ2

≡
∫

ddx

∫
ddy

δ

δΔ2(x)
DF22(x, y)

δ

δΔ2(y)
, (4.15)

DFii(x, y) denotes the Feynman propagator of Δi. The propagatorsDF11(x, y) andDF22(x, y)
are defined to satisfy the following equations,∫

ddyiD−1
ii (x, y)DFii(y, z) = δd(x− z), (i = 1, 2). (4.16)

where the D−1
11 (x, y) and D−1

22 (x, y) are defined by,

−D−1
11 (x, y) ≡ −{Z1(�x +m2

01) + 3λ01Z
2
1 ρ̄

2
1(x)}δd(x− y), (4.17)

−D−1
22 (x, y) ≡ −

{
Z2(�x +m2

02) +
λ03

2
Z1Z2ρ̄

2
1(x)

}
δd(x− y). (4.18)

Note that D−1
11 (x, y) and D−1

22 (x, y) depend on the background field ρ̄1. Using Eqs.(4.16 )-
(4.18 ), the propagators are symbolically written as follows,

DF11(x, y) = − i

Z1(�x +m2
01) + 3λ01Z2

1 ρ̄
2
1(x)

, (4.19)

DF22(x, y) = − i

Z2(�x +m2
02) +

λ03

2
Z1Z2ρ̄21(x)

. (4.20)

Note that DF11(x, y) and DF22(x, y) also depend on the background field ρ̄1. Using the
notation of Eq.(4.14 ), the generating functional W2[J2, ρ̄1,Δ1] is calculated as follows,

eiW2[J2,ρ̄1,Δ1] =

(
det

δ2S[ρ1, ρ2,n]

δρ2(x)δρ2(y)

∣∣∣
ρ1=ρ̄1,ρ2=0

)− 1
2

〈eiS2 int(Δ2)+iS12 int(Δ1,Δ2,ρ̄1)〉0 eiW
c
2 [J2,ρ̄1,Δ1],

(4.21)

where eiW
c
2 [J2,ρ̄1,Δ1] is given as,

eiW
c
2 [J2,ρ̄1,Δ1] =

〈
eiS2 int(Δ2)+iS12 int(Δ1,Δ2,ρ̄1)+i

∫
ddxΔ2(x)J2(x)

〉
0

〈eiS2 int(Δ2)+iS12 int(Δ1,Δ2,ρ̄1)〉0 . (4.22)

In Eq.(4.21 ), the first factor is the contribution of the vacuum graph from the quadratic
part of Δ2. The second part corresponds to the contribution from the interaction. The third
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factor is the connected Green function contribution of Δ2 with the source term J2 which is
defined by Eq.(4.13 ). W c

2 [J2,Δ1] can be written as the sum of the contributions from the
tree diagrams and that of one loop diagrams,

iW c
2 [J2, ρ̄1,Δ1] = iW

c(tree)
2 [J2, ρ̄1,Δ1] + iW

c(1 loop)
2 [J2, ρ̄1,Δ1]. (4.23)

iW
c(tree)
2 [J2, ρ̄1,Δ1] and iW

c(1 loop)
2 [J2, ρ̄1,Δ1] are given as follows,

iW
c(tree)
2 [J2, ρ̄1,Δ1] = −1

2

∫
ddx

∫
ddyJ2(x)DF22(x, y)J2(y)− i

λ02

4

∫
ddxDJ2(x)

4

−i
λ3μ

2η

4

∫
ddx(Δ2

1(x) + 2Δ1(x)ρ̄1(x))DJ2
(x)2 − λ2

02

2

∫
ddx

∫
ddyDF22(x, y)DJ2

(x)3DJ2
(y)3

−λ2
3μ

4η

8

∫
ddx

∫
ddy(Δ2

1(x) + 2Δ1(x)ρ̄1(x))(Δ
2
1(y) + 2Δ1(y)ρ̄1(y))DF22(x, y)DJ2(x)DJ2(y)

−λ2λ3μ
4η

2

∫
ddx

∫
ddy(Δ2

1(x) + 2Δ1(x)ρ̄1(x))DF22(x, y)DJ2
(x)DJ2

(y)3 (4.24)

iW
c(1 loop)
2 [J2, ρ̄1,Δ1] = −3iλ2μ

2η

2

∫
ddxDF22(x, x)DJ2(x)

2

−λ2
2μ

4η

2

∫
ddx

∫
ddy

{
9

2
DF22(x, y)

2DJ2
(x)2DJ2

(y)2 + 6DF22(x, x)DJ2
(x)DF22(x, y)DJ2

(y)3
}

−3λ2λ3μ
4η

4

∫
ddx

∫
ddy(Δ2

1(x) + 2Δ1(x)ρ̄1(x))

×{2DF22(0)DF22(x, y)DJ2(x)DJ2(y) +D2
F22(x, y)DJ2(y)

2}, (4.25)

where we have used the following definition,

DJ2(x)
n =

n∏
i=1

∫
ddxiDF22(x, xi)iJ2(xi). (4.26)

The tree contribution to iW c
2 [J2, ρ̄1,Δ1] by Δ2 integration is obtained by setting Δ1 to be

zero in Eq.(4.24 ),

iW̄
c(tree)
2 [ρ̄1, n] ≡ iW

c(tree)
2 [J2(Δ1 = 0), ρ̄1, 0]

= −1

2

∫
ddx

∫
ddyO(x)DF22(x, y)O(y)− i

λ02

4

∫
ddxDO(x)

4

−λ2
02

2

∫
ddx

∫
ddyDF22(x, y)DO(x)

3DO(y)
3, (4.27)

where we have defined DO(x) as follows,

DO(x) =

∫
ddxiDF22(x, xi)iO(xi), (4.28)

where −J2(Δ1 = 0) = O(x) = Z12m
2
12ρ̄1 + μηyZyn̄n. The diagrams of the tree contribution

for Eq.(4.24 ) are shown in Fig.4.1. All the propagators in the diagrams are the heavy
scalars and they are the one particle reducible diagrams. In Eq.(4.27 ), these tree level
contributions contain the counter terms that subtract the divergences of the one loop graphs,
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Figure 4.1: The tree level diagrams which contribute to iW̄
c(tree)
2 [ρ̄1, n]. All the propagators

are heavy scalars. The external source terms denoted by O correspond to the background
field ρ̄1 and the neutrino bilinear nn. From the figure of the left to that of the right, each
Feynman diagram corresponds to the terms of Eq.(4.27 ) from the first term to the last term
respectively.

so the bare coupling constant λ02 is substituted. The terms with Δ1 in Eq.(4.24 ) contribute
to the effective action beyond the tree level and the renormalized coupling constants are
substituted for their interactions.

The diagrams of Fig.4.2 are the diagrams for the one-loop contribution of Δ2 defined by
iW̄

c(1 loop)
2 . The contribution is summarized as,

iW̄
c(1 loop)
2 [ρ̄1, n] ≡ iW

c(1 loop)
2 [−O(x), ρ̄1, 0]

= −3iλ2μ
2η

2

∫
ddxDF22(x, x)DO(x)

2

− λ2
2μ

4η

2

∫
ddx

∫
ddy

(
9

2
DF22(x, y)

2DO(x)
2DO(y)

2 + 6DF22(x, y)DF22(x, x)DO(x)DO(y)
3

)
.

(4.29)

In this contribution, Δ1 is set to be zero because the contribution of Δ1 generates either
another loop effect or one-particle reducible contribution that is excluded from the effective
action Γ̃eff [ρ̄1, n] in Eq.(4.11 ). With Eq.(4.24 ) and Eq.(4.29 ) , iW c

2 [J2, ρ̄1,Δ1] is finally
obtained as follows,

iW c
2 [J2, ρ̄1,Δ1] = iW

c(tree)
2 [J2, ρ̄1,Δ1] + iW̄

c(1 loop)
2 [ρ̄1, n]. (4.30)

Next we calculate the vacuum graph contribution which corresponds the second factor of
Eq.(4.21). This contribution is computed as follows,

〈eiS2 int(Δ2)+iS12 int(Δ1,Δ2,ρ̄1)〉0
= exp

[
− λ3μ

2η

4
i

∫
ddx(Δ2

1(x) + 2Δ1(x)ρ̄1(x))DF22(x, x)

−
(
λ3

4

)2

μ4η

∫
ddx

∫
ddy(Δ2

1(x) + 2Δ1(x)ρ̄1(x))(Δ
2
1(y) + 2Δ1(y)ρ̄1(y))D

2
F22(x, y)

]
= 1. (4.31)
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DF22

DO DO

λ2

DF22

DF22

DO

DO

DO

DO

λ2 λ2

DF22

DO DO

DO DO

λ2 λ2

Figure 4.2: One loop diagrams of the heavy scalar Δ2 which contribute to the iW̄
c(1 loop)
2 [ρ̄1, n].

From the figure of the left to that of the right, each Feynman diagram corresponds to terms
of Eq.(4.29 ) from the first term to the last term respectively. This figure was reproduced
from Ref.[10].

In this contribution, the one loop contribution of the heavy scalar is included. Therefore this
contribution leads to two loop contribution because another loop effect of the light scalar.
We set Δ1 to be zero in the last line of Eq.(4.31 ) because the same reason as that of one
loop contribution. Combining Eq.(4.24 ) and Eq.(4.29 ), the expression for Eq.(4.12 ) can be
summarized as follows,

eiW2[J2,ρ̄1,Δ1] = e−
1
2
TrLnD−1

22 (ρ̄1)+iW̄
c(tree)
2 [ρ̄1,n]+iW̄

c(1 loop)
2 [ρ̄1,n]eiW

c(tree)
2 [J2,ρ̄1,Δ1]|rest , (4.32)

where iW
c(tree)
2 |rest is defined as the difference of Eq.(4.24 ) and Eq.(4.27 ),

iW
c(tree)
2 [J2, ρ̄1,Δ1]|rest ≡ iW

c(tree)
2 [J2, ρ̄1,Δ1]− iW̄

c(tree)
2 [ρ̄1, n]. (4.33)

4.2 Integrating the light scalar field

In this subsection, we integrate the light scalar Δ1 out. We consider the corrections up to one
loop level. Using the result of previous section, the effective action of Eq.(4.11 ) is written
by,

eiΓ̃eff [ρ̄1,n] = e−
1
2
TrLnD−1

11 (ρ̄1)e−
1
2
TrLnD−1

22 (ρ̄1)eiW̄
c(tree)
2 [ρ̄1,n]+iW̄

c(1 loop)
2 [ρ̄1,n]

×
∫
dΔ1e

i

{
1
2

∫
ddx

∫
ddyΔ1(x)

δ2S[ρ̄1,0,n]
δρ̄1(x)δρ̄1(y)

Δ1(y)+S1 int(Δ1,ρ̄1)+W
c(tree)
2 [J2,ρ̄1,Δ1]|rest−

∫
ddxΔ1(x)

(
δΓ̃eff [ρ̄1,n]

δρ̄1(x)

)}

∫
dΔ1e

i
{

1
2

∫
ddx

∫
ddyΔ1(x)

δ2S[ρ̄1,0,n]
δρ̄1(x)δρ̄1(y)

Δ1(y)
} .

(4.34)

From Eq.(4.34 ), the effective action is summarized as follows,

iΓ̃eff [ρ̄1, n] = −1

2
Tr LnD−1

22 (ρ̄1)−
1

2
Tr Ln{(D−1

11 )
′(ρ̄1)}+ iW̄

c(tree)
2 [ρ̄1, n] + iW̄

c(1 loop)
2 [ρ̄1, n]

+ log

⎡
⎢⎣
∫
dΔ1e

i

{
− 1

2

∫
ddx

∫
ddyΔ1(x){(D−1

11 )′(ρ̄1)}Δ1(y)−
∫
ddxΔ1(x)

(
δΓ̃eff [ρ̄1,n]

δρ̄1(x)

)}
eLint[J2,Δ1,ρ̄1]∫

dΔ1e
i{− 1

2

∫
ddx

∫
ddyΔ1(x){(D−1

11 )′(ρ̄1)}Δ1(y)}

⎤
⎥⎦ .

(4.35)
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In Eq.(4.35 ), we define Lint[J2,Δ1, ρ̄1] by,

Lint[J2,Δ1, ρ̄1] ≡ iS1 int(Δ1, ρ̄1) + iW c tree
2 [J2,Δ1, ρ̄1]|rest + 1

2
m4

12

∫
ddx

∫
ddyΔ1(x)DF22(x, y)Δ1(y)

� iW c tree
2 [J2,Δ1, ρ̄1]|quadratic part of Δ1

rest +
1

2
m4

12

∫
ddx

∫
ddyΔ1(x)DF22(x, y)Δ1(y).(4.36)

In the second line from the first line of Eq.(4.36 ), the quartic interaction term with respect
to Δ1 is ignored because it contributes to beyond the one loop order. The contribution to the
tadpole diagram from the cubic interaction of Δ1 does not exist in the 1 PI effective action
and the second order contributions from the cubic interaction which contributes beyond the
one loop order are also ignored. In the derivation of Eq.(4.35 ) from Eq.(4.34 ), we absorb
the mixing effect of the heavy scalar which comes from the first term of Eq.(4.24 ) into the
propagator of the light scalar. The corresponding inverse propagator is given as,

−D−1′
11 (x, y) = −D−1

11 (x, y) + im4
12DF22(x, y). (4.37)

The mixing of the heavy scalar is the second term of Eq.(4.37 ) and the modified propagator
for the light scalar is defined by the following equation,

i

∫
ddzD−1′

11 (x, z)D′
F11(z, y) = δd(x− y). (4.38)

Due to this change, the quadratic term with respect to Δ1;

−1

2
m4

12

∫ ∫
ddxddyΔ1(x)DF22(x, y)Δ1(y) (4.39)

must be subtracted from iW c tree
2 [J2,Δ1, ρ̄1]|rest. The second term of the last line of Eq.(4.36 )

is added for this purpose. Therefore within one loop approximation, we keep only the
quadratic terms with respect to Δ1 and the explicit expression of Lint[O,Δ1, ρ̄1] is given
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as follows,

Lint[O,Δ1, ρ̄1]

=
3im4

12λ2μ
2η

2

∫
ddx

(
2∏

i=1

∫
ddxiDF22(x, xi)

)
DO(x)

2Δ1(x1)Δ1(x2)

− iλ3μ
2η

4

∫
ddxΔ2

1(x)DO(x)
2

+m2
12λ3μ

2η

(∫
ddxΔ1(x)ρ̄1(x)DO(x)

)(∫
ddx1DF22(x, x1)Δ1(x1)

)

−λ2
3μ

4η

2

∫
ddx

∫
ddyΔ1(x)ρ̄1(x)Δ1(y)ρ̄1(y)DF22(x, y)DO(x)DO(y)

−λ2λ3μ
4η

4

∫
ddx

∫
ddyΔ2

1(x)DF22(x, y)DO(x)DO(y)
3

− im2
12λ2λ3μ

4η

2

∫
ddx

∫
ddyΔ1(x)ρ̄1(x)DF22(x, y)DO(y)

3

(∫
ddx1DF22(x, x1)Δ1(x1)

)

−i
3

2
m2

12λ2λ3μ
4η

∫
ddx

∫
ddyΔ1(x)ρ̄1(x)DF22(x, y)DO(x)DO(y)

2

(∫
ddy1DF22(y, y1)Δ1(y1)

)

+3m4
12λ

2
2μ

4η

∫
ddx

∫
ddyDF22(x, y)DO(x)DO(y)

3

(
2∏

i=1

∫
ddxiDF22(x, xi)Δ1(xi)

)

+
9m4

12λ
2
2μ

4η

2

∫
ddx

∫
ddyDF22(x, y)DO(x)

2DO(y)
2

(∫
ddx1DF22(x, x1)Δ1(x1)

)(∫
ddy1DF22(y, y1)Δ1(y1)

)
.

(4.40)

In Eq.(4.40 ), we replaced J2 by O to subtract Δ1 term from J2. We have shown the diagrams
for Eq.(4.40 ) in Fig.4.3.

Next we calculate the contribution from Lint[O,Δ1, ρ̄1] in Eq.(4.40 ). For simplicity, we
define the following function;

F [ρ̄1, n] ≡
∫
dΔ1e

i{− 1
2

∫
ddx

∫
ddyΔ1(x)(D

−1
11 )′(ρ̄1)Δ1(y)}e

(
Lint[O,Δ1,ρ̄1]−i

∫
ddxΔ1(x)

(
δΓ̃eff [ρ̄1,n]

δρ̄1(x)

))

∫
dΔ1e

i{ 1
2

∫
ddx

∫
ddyΔ1(x)(D

−1
11 )′(ρ̄1)Δ1(y)} . (4.41)

This function coressponds to the expression inside the logarithmic function in the last term

of Eq.(4.35). Note that the effect of
∫
ddxΔ1(x)

(
δΓ̃eff [ρ̄1,n]
δρ̄1(x)

)
removes the contribution from

one particle reducible graphs. We calculate F [ρ̄1, n] up to the second order of the couplings,
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Δ1
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λ2
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Figure 4.3: From the figure of the upper left to that of the lower right, each Feynman diagram
corresponds to each line of Eq.(4.40 ) from the top line to the bottom. The cross mark denotes
an insertion of the mass mixing term m2

12. All the propagators are heavy scalars. This figure
was reproduced from Ref.[10].

then it is given as,

F [ρ̄1, n] ≈ 1 +
i

4
λ3μ

2η

∫
ddx

(
2∏

i=1

∫
ddxiD

(0)
F22(x− xi)O(xi)

)
D′

F11(x, x)

+iλ3m
2
12μ

2η

∫
ddxρ̄1(x)

(
2∏

i=1

∫
ddxiD

(0)
F22(x− xi)

)
O(x2)D

′
F11(x, x1)

+iλ3m
2
12μ

2η

∫
ddxρ̄1(x)

∫
ddx1

∫
ddx2D

(1)
F22(x, x1)D

(0)
F22(x− x2)O(x2)D

′
F11(x, x1)

+iλ3m
2
12μ

2η

∫
ddxρ̄1(x)

∫
ddx1

∫
ddx2D

(0)
F22(x− x1)D

(1)
F22(x, x2)O(x2)D

′
F11(x, x1)

+
λ2
3μ

4η

2

∫
ddx

∫
ddyρ̄1(x)ρ̄1(y)D

(0)
F22(x− y)

×
∫

ddx1

∫
ddy1D

(0)
F22(x− x1)D

(0)
F22(y − y1)O(x1)O(y1)D

′
F11(x, y). (4.42)

In the derivation of Eq.(4.42 ), we approximate the exact expression by expanding the result

with the small parameter ε =
m2

12

m2
2
� 1. For the quadratic terms of the background field ρ̄,

we keep the terms suppressed up to the order of m2
12ερ̄

2
1. For the quartic terms of ρ̄1, we keep

the terms suppressed by ε2ρ̄41. D
(n)
F22(x, y) in Eq.(4.42 ) are obtained by solving the following

integral equation with iteration.

DF22(x, y) = D
(0)
F22(x− y)− i

∫
ddzD

(0)
F22(x− z)

λ3

2
ρ̄21(z)DF22(z, y), (4.43)
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where the leading contribution D
(0)
F22(x− y) is given as follows,

D
(0)
F22(x− y) =

∫
ddk

(2π)di

1

m2
2 − k2

e−ik(x−y). (4.44)

We need to find the first order correction and the second order correction to perform the
calculation. These corrections are obtained by solving Eq.(4.43 ), it is given by,

D
(1)
F22(x, y) = −i

∫
ddzD

(0)
F22(x− z)

λ3

2
ρ̄21(z)D

(0)
F22(z − y), (4.45)

D
(2)
F22(x, z) = −

∫
ddz

∫
ddωD

(0)
F22(x− z)

λ3

2
ρ̄21(z)D

(0)
F22(z − ω)

λ3

2
ρ̄21(ω)D

(0)
F22(ω − y). (4.46)

The same approximation is also used when we expand DF22 in Eq.(4.27 ) and Eq.(4.29 ). We
expand the propagator D′

F11(x, y) with respect to m12. When ρ̄1 is independent of the space
time, D′

F11(x, y) up to the fourth power of m12 is given as follows.

D′
F11(x− y) =

∫
ddk

(2π)d
e−ik·(x−y) −i

m2
1 − k2 + 3λ1ρ̄21

+

∫
ddk

(2π)d
e−ik·(x−y) −im4

12

(m2
1 − k2 + 3λ1ρ̄21)

2
(
m2

2 − k2 + λ3

2
ρ̄21
) . (4.47)

We study the effective potential for the scalar and the bilinear in this paper. Therefore, we
consider the case of the field ρ̄1 and the fermion bilinear of n̄n for the neutrino that do not
depend on the space time. To study the scalar loop effect on the neutrino Yukawa coupling,
it is sufficient to consider the space time independent mode of bilinear n̄n. We summarize
the tree level action and one loop contribution for the constant background fields.

Γeff [ρ̄1, n] = S[ρ̄1, 0, 0] + Γ̃eff [ρ̄1, n], (4.48)

S[ρ̄1, 0, 0] =

∫
ddx

[
−Zm11

2
m2

1ρ̄
2
1 −

λ01Z1
2

4
ρ̄41

]

+

∫
ddx

[
μ−2η

(
2∑

i=1

Zhihimi
4 + 2Zh3h3m

2
1m

2
2 + Zh12h12m

4
12

)]
, (4.49)

Γ̃eff [ρ̄1, n] = Γ̃eff [ρ̄1, n]
tree + Γ̃eff [ρ̄1, n]

1 loop
Δ2

+ Γ̃eff [ρ̄1, n]
1 loop
Δ1

+ Γ̃eff [ρ̄1, n]
TrLn, (4.50)

Γ̃tree
eff [ρ̄1, n] =

∫
ddx

[
m2

012

2
ε0ρ̄

2
01 + y0ε0n̄0n0ρ̄01 − λ03

4
ε20ρ̄

4
01 +

1

2m2
2

(
λ3μ

2η

2
ερ̄31 − yμηn̄n

)2
]
,

(4.51)

Γ̃
1 loop(Δ2)
eff [ρ̄1, n] =

∫
ddx

[
3λ2μ

2η

16π2
(Γ(η) + 1 + log 4π − logm2

2)ε(yμ
ηn̄nρ̄1 +

m2
12

2
ρ̄21)

+
3λ2λ3μ

4η

64π2
(−Γ(η)− 2− log 4π + logm2

2)ε
2ρ̄41

]
, (4.52)
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Γ̃
1 loop(Δ1)
eff [ρ̄1, n] =

∫
ddx

[
−λ3μ

2η

16π2
(Γ(η) + log 4π + 1− logm2

2)ε(yμ
ηn̄nρ̄1 +m2

12ρ̄
2
1)

+
λ3μ

2η

16π2

{
3λ1μ

2η

4

(
Γ(η) + 1 + log 4π − log(m2

1 + 3λ1μ
2ηρ̄21)− 4 log

(
m2

1 + 3λ1μ
2ηρ̄21

m2
2

))

+ λ3μ
2η

(
Γ(η) + log 4π +

3

2
− logm2

2

)}
ε2ρ̄41

]
, (4.53)

Γ̃eff [ρ̄1, n]
TrLn =

∫
ddx

[
m4

12

32π2
(Γ[η] + log 4π + 1− logm2

2) +
ε2m2

1m
2
2

32π2
log

m2
1 + 3λ1μ

2ηρ̄21
m2

2

+
m4

1

64π2

(
Γ[η] + log 4π +

3

2
− log(m2

1 + 3λ1ρ̄
2
1μ

2η)

)
+

m4
2

64π2

(
Γ[η] + log 4π +

3

2
− logm2

2

)

+
m2

12

2

(
3λ1μ

2η

16π2
log

m2
1 + 3λ1μ

2ηρ̄21
m2

2

− λ3μ
2η

32π2

)
ερ̄21

+

{
3λ1μ

2ηm2
1

32π2

(
Γ[η] +

3

2
+ log 4π − log(m2

1 + 3λ1ρ̄
2
1μ

2η)

)

+
λ3μ

2ηm2
2

64π2

(
Γ[η] + 1 + log 4π − logm2

2

)}
ρ̄21

+

{
λ2
3μ

2η

256π2

(
Γ[η] + log 4π − logm2

2

)
+

9λ2
1μ

4η

64π2

(
Γ[η] +

3

2
+ log 4π − log(m2

1 + 3λ1ρ̄
2
1μ

2η)

)}
ρ̄41

+

{
9λ2

1μ
2η

32π2
log

m2
1 + 3λ1μ

2ηρ̄21
m2

2

− 3λ1λ3μ
4η

64π2

(
1 + log

m2
1 + 3λ1μ

2ηρ̄21
m2

2

)
+

λ2
3μ

4η

256π2

}
ε2ρ̄41

]
,

(4.54)

where we define the ε0 by
m2

012

m2
02
. Γ[η] is a gamma function that represents the divergence in

the dimensional regularization, it is defined by 1
η
− γ.



Chapter 5

The counter terms and the effective
potential

One loop contribution in Eqs.(4.52 )-(4.54 ) contains the divergent terms. We show that
the counter terms of S[ρ̄1, 0, 0] in Eq.(4.49 ) and Γ̃tree

eff in Eq.(4.51 ) are determined to cancel
the divergences. We replace the bare mass terms and the bare coupling constants with the
renormalized ones using the relations from Eqs.(2.4 )-(2.10 ). We also consider the fact that
the wave function renormalization for scalars from their one-loop diagrams does not exsist.
Since we do not consider the contribution of the fermion loop, we can set Zi = 1(i = 1, 2).
m2

1m
2
2 term does not contain divergence, so we can set Zh3 = 1. The other counter terms are

generated by splitting the Z factors as follows,

Z12 = 1 + (Z12 − 1), (5.1)

Zλii
= 1 + (Zλii

− 1)(i = 1, 2, 3), (5.2)

Zmii = 1 + (Zmii − 1)(i = 1, 2), (5.3)

Zhi
= 1 + (Zhi

− 1)(i = 1, 2), Zh12 = 1 + (Zh12 − 1). (5.4)

Using these Z factors, the tree part of the effective action and the counter terms are obtained
as follows,

Stree[ρ̄1, n] = S[ρ̄1, 0, 0] + Γ̃eff [ρ̄1, n]
tree = S4dim

tree [ρ̄1, n] + S6dim
tree [ρ̄1, n] + SC[ρ̄1, n], (5.5)

S4dim
tree [ρ̄1, n] =

∫
ddx

[
−1

2
m2

1ρ̄
2
1 −

λ1

4
ρ̄41 +

m2
12

2
ερ̄21 + yμηεn̄nρ̄1 − λ3μ

2η

4
ε2ρ̄41

]

+

∫
ddxμ−2η

[
2∑

i=1

himi
4 + 2h3m

2
1m

2
2 + h12m

4
12

]
, (5.6)

S6dim
tree [ρ̄1, n] =

∫
ddx

[
1

2m2
2

(
λ3μ

2η

2
ερ̄31 − yμηn̄n

)2
]
, (5.7)

27
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SC[ρ̄1, n] =

∫
ddx

[(
−(Zm11 − 1)m2

1 + Zm12m
2
2

2
ρ̄21 −

{(Zλ11 − 1)λ1 + Zλ12λ2 + Zλ13λ3}μ2η

4
ρ̄41

)

+
1

2
m2

12 (2(Z12 − 1)− {(Zm22 − 1)}) ερ̄21 + ((Z12 − 1)− {(Zm22 − 1)}) yμηεn̄nρ̄1

−μ2η

4
[Zλ31λ1 + Zλ32λ2 + (Zλ33 − 1)λ3 + 2λ3 {(Z12 − 1)− ((Zm22 − 1))}] ε2ρ̄41

+ μ−2η

(
2∑

i=1

(Zhi − 1)himi
4 + (Zh12 − 1)h12m

4
12

)]
. (5.8)

We keep the suppressed terms such as ερ̄21 , ε2ρ̄41 and εn̄nρ̄1 and ignore the terms with

the further suppression factor of
m2

1

m2
2
. Correspondingly, the counter terms with the same

suppression factor, such as Zm21
m2

1

m2
2
, are also ignored in Eq.(5.8 ). The Z factors in Eq.(5.8 )

are determined by full theory and its derivation is shown in appendix A. Substituting the Z
coefficient of Eqs.(A10 )-(A14 ), cancels all divergence of Eqs.(4.52 )-(4.54 ). As the results,
the tree level part and the one loop part of the effective action are given as,

Stree
eff = S4dim

tree [ρ̄1, n] + S6dim
tree [ρ̄1, n], (5.9)

Sloop
eff = Γ̃eff [ρ̄1, n]

1 loop
Δ2

+ Γ̃eff [ρ̄1, n]
1 loop
Δ1

+ Γ̃eff [ρ̄1, n]
TrLn + SC[ρ̄1, n], (5.10)

Seff = Stree
eff + Sloop

eff

=

∫
d4x

[
m4

1

{
h1 +

1

64π2

(
3

2
− log

m2
1 + 3λ1ρ̄

2
1

μ2

)}
+m4

2

{
h2 +

1

64π2

(
3

2
− log

m2
2

μ2

)}

+ m4
12

{
h12 +

1

32π2

(
1− log

m2
2

μ2

)}
+ 2m2

1m
2
2

{
h3 +

ε2

32π2
log

m2
1 + 3λ1ρ̄

2
1

μ2

}

− 1

2

{
m2

1

(
1− 3λ1

16π2

(
3

2
− log

m2
1 + 3λ1ρ̄

2
1

μ2

))
− λ3m

2
2

32π2

(
1− log

m2
2

μ2

)}
ρ̄21

+
m2

12

2

{
1 +

3λ1

16π2
log

m2
1 + 3λ1ρ̄

2
1

m2
2

+
3λ2

16π2

(
1− log

m2
2

μ2

)
− λ3

8π2

(
5

4
− log

m2
2

μ2

)}
ερ̄21

− λ1

4

{
1− 9λ1

16π2

(
3

2
− log

m2
1 + 3λ1ρ̄

2
1

μ2

)
+

1

64π2

λ2
3

λ1

log
m2

2

μ2

}
ρ̄41

− λ3

4

{
1 +

3λ2

16π2

(
2− log

m2
2

μ2

)
− λ3

4π2

(
25

16
− log

m2
2

μ2

)

+
3λ1

16π2

(
log

m2
1 + 3λ1ρ̄

2
1

μ2
+ 5 log

m2
1 + 3λ1ρ̄

2
1

m2
2

− 6
λ1

λ3

log
m2

1 + 3λ1ρ̄
2
1

m2
2

)}
ε2ρ̄41

+

{
1 +

3λ2 − λ3

16π2

(
1− log

m2
2

μ2

)}
yεn̄nρ̄1 +

λ2
3

8m2
2

ε2ρ̄61 −
λ3y

2m2
2

εn̄nρ̄31 +
y2

2m2
2

(n̄n)2
]
,

(5.11)
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where we took the limit d → 4. With the VEV v1 for ρ̄1, the effective potential is given as
follows,

Veff(v1) = Vcosmo +
m2

1eff

2
v21 −

m2
12eff

2
εv21 +

λ1eff

4
v41 +

λ3eff

4
ε2v41 − yeffεn̄nv1

− λ2
3

8m2
2

ε2v61 +
λ3

2m2
2

ε(n̄n)v31 −
y2

2m2
2

(n̄n)2, (5.12)

where the cosmological constant, the effective masses and couplings are defined as,

Vcosmo = −h1effm1
4 − h2effm2

4 − h12effm12
4 − 2h3effm1

2m2
2, (5.13)

m2
1eff = m2

1

(
1− 3λ1

16π2

(
3

2
− log

m2
1 + 3λ1v

2
1

μ2

))
− λ3m

2
2

32π2

(
1− log

m2
2

μ2

)
, (5.14)

m2
12eff = m2

12

{
1 +

3λ1

16π2
log

m2
1 + 3λ1v

2
1

m2
2

+
3λ2

16π2

(
1− log

m2
2

μ2

)
− λ3

8π2

(
5

4
− log

m2
2

μ2

)}
,

(5.15)

λ1eff

4
=

λ1

4

{
1− 9λ1

16π2

(
3

2
− log

m2
1 + 3λ1v

2
1

μ2

)
+

1

64π2

λ2
3

λ1

log
m2

2

μ2

}
, (5.16)

λ3eff

4
=

λ3

4

{
1 +

3λ2

16π2

(
2− log

m2
2

μ2

)
− λ3

4π2

(
25

16
− log

m2
2

μ2

)

+
3λ1

16π2

(
log

m2
1 + 3λ1v

2
1

μ2
+ 5 log

m2
1 + 3λ1v

2
1

m2
2

− 6
λ1

λ3

log
m2

1 + 3λ1v
2
1

m2
2

)}
, (5.17)

h1eff = h1 +
1

64π2

(
3

2
− log

m2
1 + 3λ1v

2
1

μ2

)
, (5.18)

h2eff = h2 +
1

64π2

(
3

2
− log

m2
2

μ2

)
, (5.19)

h3eff = h3 +
ε2

32π2
log

m2
1 + 3λ1ρ̄

2
1

μ2
, (5.20)

h12eff = h12 +
1

32π2

(
1− log

m2
2

μ2

)
, (5.21)

yeff = y

(
1 +

3λ2 − λ3

16π2

(
1− log

m2
2

μ2

))
. (5.22)

The renormalization scale μ independence of the effective mass, coupling constant and cosmo-
logical constant is discussed in the appendix A. We have shown that the following parameters
are scale independent.

μ
dm2

1 eff

dμ
= 0, μ

dλ1 eff

dμ
= 0, μ

dVcosmo

dμ
= 0. (5.23)
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For the other parameters are scale dependent as follows,

μ
d(m2

12 effε)

dμ
= m2

12εO

(
m2

1

m2
2

)
� 0, (5.24)

μ
d(λ3 effε

2)

dμ
= ε2O

(
m2

1

m2
2

)
� 0, (5.25)

μ
d(yeffε)

dμ
= εyO

(
m2

1

m2
2

)
� 0, (5.26)

If we consider the leading order of the expansion with respect to
m2

1

m2
2
. Eqs.(5.24 )-(5.26 )

imply that they are approximately scale independent.



Chapter 6

Renormalization group improvement

In this section, we discuss the RG improvement of the effective potential of Eqs.(5.12 )-
(5.22 ). The RG improved effective potential for the models with two scalars is studied in
Refs.[17, 18]. The RG improved effective potential with multi-scale is also studied in Ref.[19].

By setting the renormalization scale μ equal to the heavy scalar mass m2, the effective
couplings and masses obtained with Eqs.(5.14 )-(5.18 ) include the large logarithmic correc-

tion proportional to log
m2

2

m2
1+3λ1v21

. In this section, we study the resummation of this type of

logarithmic corrections. Their origin is the loop correction of the light scalar, whose virtual
momentum ranges from the heavy scalar mass m2 down to the low energy, so the correction
can be calculated using the low-energy effective theory without the heavy scalar. One can
derive the low energy effective Lagrangian by integrating the tree-level contribution of the
heavy scalar in Eq.(4.27 ),

SLow[ρ̄1, n] = S[ρ̄1, 0, 0] + W̄ c tree
2 [ρ̄1, n]

=

∫
ddx

{
1

2
∂μρ̄1∂

μρ̄1 − m2
1

2
ρ̄21 −

λ1

4
ρ̄41 + h1m1

4 + h2m2
4 + 2h3m1

2m2
2 + h12m

4
12

}

+
i

2

∫
ddxddyO(x)DF22(x, y)O(y), (6.1)

where DF22(x, y) has the following form of the low energy expansion,

DF22(x, y) =
1

i

(
1

m2
2

− �x +
λ3

2
ρ̄1

2

m4
2

+
(�x +

λ3

2
ρ̄1

2)2

m6
2

)
δd(x− y). (6.2)

Keeping the terms up to the operators of dimension six, the effective action is given by,

SLow[ρ̄1, n] =

∫
ddx

{
1

2
∂μρ̄1∂

μρ̄1 − m2
1

2
ρ̄21 −

λ1

4
ρ̄41 +

m4
12

2m2
2

ρ̄21 + y
m2

12

m2
2

nnρ̄1

+h1m1
4 + h2m2

4 + 2h3m1
2m2

2 + h12m
4
12 +

m4
12

2m4
2

∂μρ̄1∂
μρ̄1 − λ3

4

m4
12

m4
2

ρ̄41

+
y2

2m2
2

(nn)2 − y
m2

12

m2
2

�ρ̄1 +
λ3ρ̄31
2

m2
2

(nn) +
m4

12(�ρ̄1 +
λ3ρ̄31
2

)2

2m6
2

}
. (6.3)
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Rewriting the action with ε =
m2

12

m2
2
and the rescaled field ρ′1 =

√
1 + ε2ρ1 gives,

SLow[ρ̄1, n] =

∫
ddx

{
1

2
∂μρ

′
1∂

μρ′1 −
m2

1 − εm2
12

2
ρ′1

2 − λ1 + ε2(λ3 − 2λ1)

4
ρ′1

4
+ εyn̄nρ′1

−εyn̄n
�ρ′1
m2

2

+
1

2m2
2

(
ελ3ρ

′
1
3

2
− yn̄n

)2

+
(ε�ρ′1)

2

2m2
2

+
(ε2�ρ′1)
2m2

2

λ3ρ
′
1
3

+h1m1
4 + h2m2

4 + 2h3m1
2m2

2 + h12m
4
12

}
. (6.4)

Next we derive the effective potential containing one-loop effects of the light scalar and
improve it with the RG equation. Concerning d = 6 operators, we examine the one-loop
contribution to the renormalizable terms in the effective potential. As the result of this

estimation, we found that the contribution is suppressed by the higher powers of ε and
m2

1

m2
2
.

Therefore we ignore these contributions and obtain the effective potential within the following
accuracy.

� Concerning higher dimensional (d = 6) terms, we calculate the contribution within the
tree-level approximation.

� Concerning the renormalizable part of the effective potential, the one-loop contributions
are contained.

By substituting the constant expectation value (1 + ε2)v21 into ρ̄1
′2 of Eq.(6.4 ), the effective

potential at the tree-level approximation is given by,

V
tree(Low)
eff =

m2
1 − εm2

12

2
v1

2 +
λ1 + ε2λ3

4
v1

4 − εyn̄nv1 − h1m1
4 − h2m2

4

−2h3m1
2m2

2 − h12m
4
12 −

1

2m2
2

(
ελ3v1

3

2
− yn̄n

)2

. (6.5)

The total contribution which contains the one-loop corrections and its counter terms is given
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as follows,

V Low
eff = V

tree(Low)
eff + V

1loop(Low)
eff + V

c(Low)
eff

=
m2

1

2

{
1− 3λ1

16π2

(
3

2
− log

(
m2

1 + 3λ1v
2
1

μ2

))}
v21

−m2
12

2

{
1− 3λ1

16π2

(
1− log
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m2

1 + 3λ1v
2
1

μ2

))}
εv21 − εyn̄nv1

+
λ1

4

{
1− 9λ1

16π2

(
3

2
− log

(
m2

1 + 3λ1v
2
1

μ2
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v41

+
λ3
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{
1 +

9

8π2
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+
9

8π2
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+
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(
λ3ε

2
v31 − yn̄n

)2

. (6.6)

The derivation of Eq.(6.6 ) is shown in the appendix B. V
1loop (Low)
eff and V

c(Low)
eff correspond

to Eq.(B1 ) and Eq.(B4 ), respectively. In order to obtain the effective potential Eq.(6.6 )
from Eq.(B7 ), we keep the terms such as m2

1v
2
1ε

0, m2
12v

2
1ε, v

4
1 and ε2v41. Concerning the

cosmological constant terms, we keep the terms of the forms m4
1ε

0, m2
1m

2
12ε and m4

12ε
2. We

drop the other terms which have the extra suppression factors.
Next we compare the loop effect of the light scalar for the two effective potential in

Eq.(6.6 ) and Eq.(5.12 ). Note that the effective potential in Eq.(5.12 ) contains both heavy
and light scalar loop effect. In order to compare the loop effect of the light scalar, we set the
renormalization scale μ equal to m2 in both effective potentials. When we set μ = m2, the
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effective potential in Eq.(5.12 ) becomes,

Veff =
m2

1

2

[
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16π2

3

2
− λ3
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+
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+
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v41

+
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− 25λ3
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log
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16π2
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yεn̄nv1 −m4
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1

64π2

(
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− log
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2
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2
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−m4
2
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128π2
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−m4
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h12 +

1

32π2
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64π2
log
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. (6.7)

Comparing Eq.(6.7 ) and Eq.(6.6 ), we can find that the coefficients of all the logarithmic term

log
m2

1+3λ1v21
m2

2
are identical to each other. This implies that the low-energy effective potential

of Eq.(6.6 ) properly includes the loop effect of the light scalar. Since the low-energy effective
potential can be improved by RG, we define the RG improved effective potential as,

V Improved
eff = Veff − V Low

eff + V Low RGimproved
eff , (6.8)

where we set the renormalization scale μ equal to m2 in Veff and V Low
eff . The first two terms

Veff −V Low
eff on the right-hand side cancel the loop effect of the lighter scalar in Veff and V Low

eff .
Note that this terms includes the loop effect of the heavy scalar. As shown in Eq.(6.8 ),
V Improved
eff , which properly contains the loop effect of the light and heavy scalars, can be

obtained by adding the effective potential improved by RG at low energy. The solutions of
RG equation at low-energy are given by,

λ′
1

(√
m2

1 + 3λ1v21

)
=

λ′
1(m2)

1− 9λ′
1(m2)

16π2 log
m2

1+3λ1v21
m2

2

, (6.9)

m′2
1

(√
m2

1 + 3λ1v21

)
=

m′2
1 (m2)(

1− 9λ′
1(m2)

16π2 log
m2

1+3λ1v21
m2

2

) 1
3

, (6.10)

h̄

(√
m2

1 + 3λ1v21

)
= h̄(m2)− 1

64π2
log

m2
1 + 3λ1v

2
1

m2
2

, (6.11)

where m′
1 and λ′

1 are defined in Eq.(B2 ). h̄ is introduced in Eq.(B4 ). The derivation of
Eqs.(6.9 )-(6.11 ) is shown in appendix C. Using the solutions of RG equation of Eqs.(C6 )-
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(C8 ), the RG improved effective potential at low energy is obtained as,

V Low RGimproved
eff =
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. (6.12)

In this form, we are able to resum the leading logarithmic corrections. Note that the large

large logarithmic correction proportional to log
m2

2

m2
1+3λ1v21

in the cosmological constant can be

interpreted as the running of the coefficient for the cosmological constant of the low energy
effective theory. By adding Eq.(6.12 ) to Veff − V Low

eff , we finally obtains the renormalization
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group improved effective potential as,

V Improved
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. (6.13)

In Eq.(6.13 ), the large logarithmic correction to the cosmological constant terms which
are proportional to m4

12 and m2
1m

2
2, m

2
1m

2
12 remains. Concerning the cosmological constant

term which are proportional to m4
12, the large logarithmic correction can be canceled by the

running of the coefficient for the cosmological constant of the low energy effective theory.
Using Eq.(6.11 ), we can show the relation,
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1
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}
. (6.14)

Concerning the cosmological constant terms which are proportional to m2
1m

2
2 and m2

1m
2
12,

these terms can be calculated as,
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. (6.15)



CHAPTER 6. RENORMALIZATION GROUP IMPROVEMENT 37

In this calculation, we write m2
1m

2
2 as 1

ε
m2

1m
2
12. Using Eqs.(6.14 )-(6.15 ), we rewrite the

renormalization improved effective potential of Eq.(6.13 ) as,
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. (6.16)

This is the final formula of the RG improved effective potential.



Chapter 7

Numerical analysis

In this section, we study the RG improved effective potential and the VEV of the light scalar
by numerical analysis.

7.1 The VEV of the light scalar

To explain how VEV depends on heavy scalar mass, we study the stationary condition of the
effective potential,

∂V Improved
eff

∂v1
= 0. (7.1)

When we keep the leading logarithmic correction and the correction proportional to the mass
squared of the heavy scalar, the solution of stationary condition is given as,

v1
v10

=

√√√√√
[
− λ3m2

2

32π2m2
1

+
1{

1− 9λ1

16π2 log
(

m2
1+3λ1v21
m2

2

)} 1
3

][
1− 9λ1

16π2
log

(
m2

1 + 3λ1v21
m2

2

)]
,

v10 =

√
−m2

1

λ1

, (7.2)

where v10 corresponds to the solution of the level effective potential. The other corrections
suppresed by ε to the power of n(n = 1, 2...) are ignored. In Fig.7.1, the ratio v1

v10
in Eq.(7.2 )

is plotted as the function of the heavy scalar mass m2. The parameters are fixed as m2
1 =

−(100)2(GeV)2 and λ1 = λ3 = 1. This corresponds to v10 = 100 (GeV). As the heavy scalar
mass increases, the correction to VEV increases. By requiring the VEV does not exceed 120
% compared to its tree level value, the upper limit for the heavy scalar mass is about 1000
(GeV). In the region where the heavy scalar mass is larger than 500 (GeV), the condition
m2

2 � |m2
1|,m2

12 is easily fulfilled.

38



CHAPTER 7. NUMERICAL ANALYSIS 39

Figure 7.1: The VEV’s ratio v1
v10

in Eq.(7.2 ) is plotted as the function of the heavy scalar
mass m2. The dashed line corresponds to v1

v10
= 1.2.

Next we study how the upper limit for the heavy scalar mass changes by varying the
coupling constant λ3. In Fig.7.2, the ratio v1

v10
for λ3 = 1, 0.1, 0.01 is shown. For the same

reason as in the Fig.7.1, the ratio for the region m2 > 500 GeV is drawn. By requiring the
VEV does not exceed 120 % compared to its tree level value, the upper limit for the heavy
scalar mass is determined for a fixed value of λ3. The upper limit for the heavy scalar mass
are shown in Table7.1. In Fig.7.3, it is plotted as the function of the coupling λ3. It turns
out that it increases as λ3 decreases.

Figure 7.2: The VEV’s ratios v1
v10

for λ3 = 1, 0.1, 0.01 are plotted as the function of the heavy

scalar mass m2. In this figure, we fixed m2
1 = −(100)2(GeV)2. The dashed line corresponds

to v1
v10

= 1.2.
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λ3 1 0.1 0.01
m2 (GeV) 1000 2500 6000

Table 7.1: The upper limits for the heavy scalar mass with the different λ3.

Figure 7.3: The heavy scalar mass is plotted as the function of the coupling λ3. In this figure,
we fixed m2

1 = −(100)2(GeV)2. The dashed line corresponds to m2 = 500 (GeV).

7.2 The RG improved effective potential

In this subsection, we show the RG improved effective potential as a function of the VEV of
the light scalar numerically. There are two possibilities for the mass hierarchy that satisfies
Eq.(4.1 ) as follows,

(i) m2
2 � −|m1|2 � m2

12 > 0, (ii) m2
2 � −|m1|2 � m2

12 > 0,

In order to estimate the effect of the difference of mass hierarchies, we show the effective
potential with m12 varied. In the following effective potential, we fixed m2

1 = −100 (GeV)2

and m2 = 1000 GeV. In Fig.7.4, we show the effective potential with m12 = 10 GeV, 50
GeV and 100 GeV, respectively. The height of the effective potential with a fixed value of
the VEV decreases as m2

12 increases. For the small m12 which satisfies the condition (1), the
change of the height is small. However, for the larger m12 which satisfies the condition (2),
the change is visible as drawn with the blue colored line in Fig7.4. We can also see that v1
which gives the minimum of the potential is about 120 GeV and it does not depend on the
value of m12.

In Fig.7.5, we show the effective potential with two different values for m2. The left panel
of Fig.7.5 corresponds to m2 = 1000 GeV and the right panel corresponds to m2 = 3000
GeV. The VEV which gives the minimum of the potential for the latter case is twice larger
than that of the former case. This is consistent with the result of subsection 7.1, where the
VEV of the light scalar is shown to be an increasing function with respect to m2. The height
of the potential at the fixed value of VEV goes down significantly as m2 becomes larger.
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50 100 150 200
v1 (GeV)-9.8240×1011

-9.8235×1011
-9.8230×1011
-9.8225×1011
-9.8220×1011

Veff (GeV)4

Figure 7.4: In the left panel, the RG improved effective potential on the VEV of the light
scalar are shown. We fixed m2 = 1000 GeV and m2

1 = −(100)2 (GeV)2. Concerning m12

we show the three case, 10 GeV, 50 GeV, 100 GeV. Concerning the couplings, we fixed
λ1 = λ2 = λ3 = 1. Concerning the cosmological constant, we choose h1(m2) = h2(m2) =
h3(m2) = h12(m2) = 1 for simplicity. In the right panel, we focus on the region v1 is from 0
to 200 GeV. The paramaters are fixed the same value to the left panel.

Figure 7.5: The RG improved effective potential with differentm2 is plotted as the function of
the VEV. m2

1 is fixed −(100)2 (GeV)2. Concerning the couplings, we fixed λ1 = λ2 = λ3 = 1.
Concerning the cosmological constant, we choose h1(m2) = h2(m2) = h3(m2) = h12(m2) = 1
for simplicity.
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7.3 The estimation of the effective Yukawa coupling of

the neutrino

In the present model, even if the Yukawa coupling between the neutrino and the second
scalar denoted as y is O(1), the effective Yukawa coupling between the neutrnino and the

light scalar denoted as yε is naturally suppressed by a factor of ε =
m2

12

m2
2
. Conversely, the

order of the effective Yukawa coupling of the neutrino can be used to limit the ratio, ε. We
consider the case where the effective Yukawa coupling (yε) is the order of 10−10 and the
Yukawa coupling (y) is unity. We show the three sets of the parameters (m2, m12) which
lead to yε = ε = 10−10 in Table.7.2

m2 500 (GeV) 1 (TeV) 10 (TeV)
m12 5 (MeV) 10 (MeV) 100 (MeV)

Table 7.2: The sets of the parameters (m2, m12) which leads to ε = 10−10 is shown.



Chapter 8

Summary and discussion

In this work, we studied a model with the light scalar and the heavy scalar. In the model, the
Yukawa interaction between the neutrino and the heavy scalar is introdued. The cosmological
constant terms are added. They are related to the mass parameters in the model. By
integrating both light and heavy scalars out, we derived the low-energy effective potential.
The effective potential is given as the function of the VEV of the light scalar. This is achieved
by introducing the generating function with the source only for the light scalar. In this way,
the one particle irreducibility for the light scalar is maintained, and the diagrams in which
the heavy scalar is exchanged are included.

It turns out that the effective potential is independent of the renormalization scale ap-
proximately. We set the renormalization scale equal to the mass of the heavy scalar. With
this choice of the renormalization scale, the large logarithmic corrections come from the loop
effect of the light scalar. We resum the large logarithmic corrections with the RG equation.

The effective Yukawa coupling Yeff between the light scalar and the neutrino, was found

to be inversely proportional to the mass squared of the heavy scalar as Yeff = yeff
m2

12

m2
2

and

is naturally suppressed. The dimension six operators such as the six-point interaction for
the light scalar and the four-Fermi interaction for the neutrino are also generated in the tree
level. As for the light scalar mass, one finds the large radiative correction proportional to the
heavy scalar mass squared. The cosmological constant also suffers from the large contribution
proportional to the fourth power of the heavy scalar mass. Concerning the renormalizable
coupling such as the quartic interaction of the light scalar, the contribution suppressed by
a factor of ε2 is contained. This implies the effective coupling constants and masses of the
low-energy effective potential are sensitive to the couplings and the mass which are related
to the heavy scalar.

We also numerically study the effect of the heavy scalar on VEV using the stationary
condition of the RG improved effective potential. The VEV depends on the heavy scalar
mass and we can set the upper limit of the heavy scalar mass by requiring that the radiative
correction to the VEV should be limited within a certain range. Combined with the sup-
pression factor of the Yukawa coupling for the neutrino, one can also obtain the limit for the
mixing mass. Those limits increase as the coupling constant among the light and the heavy
scalars becomes small. We also numerically study how the shape and the height of potential
vary by changing the heavy scalar mass and the mixing mass. The height of the effective
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potential depends on the heavy scalar mass and the mixing mass. This is because the RG
improved effective potential contains the term proportional to m4

2 and m4
12 with the negative

sign. As the result, the height of the potential decreases as m2 (m12) increases.
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Appendix A

The counter terms for the full theory

In this appendix, we derive the counter terms for the full theory. We also derive the RG
equation and study the renormalization point independence of the effective masses and cou-
plings. Since there is no wave function renormalization from one-loop contribution of scalar
fields, it is sufficient to study the counter terms for the effective potential. The Lagrangian
density for the full theory in terms of the bare masses, couplings and fields is given by

L = −1

2

(
2∑

i=1

ρ0i�ρ0i +
2∑

i=1

ρ20im
2
0i +

1

2

(
2∑

i=1

ρ40iλi + ρ201ρ
2
02λ03

))

−(y0n̄0n0 +m2
012ρ01)ρ02 + n̄0i  ∂n0 + μd−4Zh1h1m

4
1 + μd−4Zh2h2m

4
2 + μd−4Zh12h12m

4
12.

(A1)

It in terms of the renormalized quantities can be written as follows,

L = −1

2

(
2∑

i=1

Ziρi�ρi +
2∑

i,j=1

ρ2iZmijm
2
j +

μ2η

2

3∑
I=1

(
2∑

i=1

ρ4iZλ iIλI + ρ21ρ
2
2Zλ3IλI

))

−(Zyyμ
ηn̄n+ Z12m

2
12ρ1)ρ2 + in̄  ∂nZn + μd−4Zh1h1m

4
1 + μd−4Zh2h2m

4
2 + μd−4Zh12h12m

4
12.

(A2)

The counter terms are given by,

Lc = −1

2

2∑
i=1

(Zi − 1)ρi�ρi − 1

2

2∑
i,j=1

ρ2i (Zmij − δij)m
2
j − ((Zy − 1)yμηn̄n+ (Z12 − 1)m2

12ρ1)ρ2

−μ2η

4

3∑
I=1

(
2∑

i=1

ρ4i (Zλ iI − δiI)λI + ρ21ρ
2
2(Zλ3I − δ3I)λI

)

+in̄  ∂n(Zn − 1)− μd−4(Zh1 − 1)h1m
4
1 − μd−4(Zh2 − 1)h2m

4
2 − μd−4(Zh12 − 1)h12m

4
12.
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The one-loop effective potential is computed as,

V 1 loop
eff = −i

1

2V d−1T
log det

(
−δ2Stree

δρi(x)δρj(y)

∣∣∣∣
ρi=viμ−η

)
+ Vc

=
1

2

∫
ddk

(2π)di
log

[(
m2

1 +

(
3λ1v

2
1 +

λ3

2
v22

)
− k2

)(
m2

2 +

(
3λ2v

2
2 +

λ3

2
v21

)
− k2

)

−(m2
12 + v1v2λ3)

2
]
+ Vc. (A3)

where Vc is the counter tems for effective potential and it is given by,

Vc =
μ−2η

2

[
{(Zm11 − 1)m2

1 + Zm12m
2
2}v21 + {(Zm22 − 1)m2

2 + Zm21m
2
1}v22 + 2(Z12 − 1)m2

12v1v2

]
+μ−2η (Zλ11 − 1)λ1 + Zλ12λ2 + Zλ13λ3

4
v41 + μ−2ηZλ21λ1 + (Zλ22 − 1)λ2 + Zλ23λ3

4
v42

+μ−2ηZλ31λ1 + Zλ32λ2 + (Zλ33 − 1)λ3

4
v21v

2
2 + (Zy − 1)yn̄nv2

−μ−2η{(Zh1 − 1)h1m
4
1 + (Zh2 − 1)h2m

4
2 + (Zh12 − 1)h12m

4
12}. (A4)

The one-loop effective potential can be written as follows by expanding the logarithmic terms
up to (m2

12 + v1v2λ3)
2.

V 1 loop
eff � 1

2

∫
ddk

(2π)di

{
log(m2

1 + 3λ1v
2
1 +

λ3

2
v22 − k2) + log(m2

2 + 3λ2v
2
2 +

λ3

2
v21 − k2)

}

−1

2

∫
ddk

(2π)di

(m2
12 + v1v2λ3)

2

(m2
1 + 3λ1v21 +

λ3

2
v22 − k2)(m2

2 + 3λ2v22 +
λ3

2
v21 − k2)

+ Vc + ...

(A5)

This contribution can be calculated by using the following general d-dimentional integration
formulas and Feynman parameters formula,

∫
ddk

i(2π)d
ln(m2 − k2) = −Γ[−d

2
]

(4π)
d
2

(
m2

) d
2 ,

∫
ddk

i(2π)d
1

(m2 − k2)α
=

Γ[α− d
2
]

(4π)
d
2Γ[α]

1

(m2)α−
d
2

, (A6)

1

ab
=

∫ 1

0

dx
1

[ax+ b(1− x)]2
.
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We collect only the one-loop divergence parts and the counter terms as follows,

V 1 loop div
eff + Vc

= −CUV

64π2
{m4

1 +m4
2 + 2m4

12} −
CUV

32π2

(
3m2

1λ1 +m2
2

λ3

2

)
v21

−CUV

32π2

(
3m2

2λ2 +m2
1

λ3

2

)
v22 −

CUV

16π2
m2

12λ3v1v2

−CUV

64π2

{(
9λ2

1 +
λ2
3

4

)
v41 +

(
9λ2

2 +
λ2
3

4

)
v42 + 3(λ1 + λ2)λ3v

2
1v

2
2 + 2λ2

3v
2
1v

2
2

}

+
μ−2η

2

[
{(Zm11 − 1)m2

1 + Zm12m
2
2}v21 + {(Zm22 − 1)m2

2 + Zm21m
2
1}v22 + 2(Z12 − 1)m2

12v1v2

]
+μ−2η (Zλ11 − 1)λ1 + Zλ12λ2 + Zλ13λ3

4
v41 + μ−2ηZλ21λ1 + (Zλ22 − 1)λ2 + Zλ23λ3

4
v42

+μ−2ηZλ31λ1 + Zλ32λ2 + (Zλ33 − 1)λ3

4
v21v

2
2 + (Zy − 1)yn̄nv2

−μ−2η{(Zh1 − 1)h1m
4
1 + (Zh2 − 1)h2m

4
2 + (Zh12 − 1)h12m

4
12}, (A7)

where the divergence CUV is defined by,

CUV =
1

η
− γ + log 4π. (A8)

We require that the counter terms eliminate all the divergences as,

Vc = −V 1 loop div
eff . (A9)

This condition can determine the Z factors of the counter terms as follows,

Zm ii = 1 +
3CUV

16π2
λi, Zm12 = Zm21 =

CUV

32π2
λ3, (A10)

Z12 = 1 +
CUV

16π2
λ3, Zλ ii = 1 +

CUV

16π2
9λi, (A11)

Zλi3 =
CUV

64π2
λ3, Zλ3i =

CUV

16π2
3λ3, Zλ33 = 1 +

CUV

8π2
λ3, (A12)

Zy = 1, Zλ12 = Zλ21 = 0, (A13)

(Zhi
− 1)hi = −CUV

64π2
, (Zh12 − 1)h12 = −CUV

32π2
, (A14)

where i = 1, 2. This completes the derivation of the Z factors in the counter terms for the
full theory.

Next we derive the RG equations for the parameters of theory and study the renormaliza-
tion point independence of their parameters. The RG equations for the coupling constants
can be derived as,

μ
dλ3

dμ
=

1

8π2
(2λ3 + 3λ2 + 3λ1)λ3, (A15)

μ
dλi

dμ
=

1

8π2
9λ2

i +
1

32π2
λ2
3, (i = 1, 2). (A16)
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The RG equations for the mass parameters is given by,

μ
dm2

1

dμ
=

3

8π2
λ1m

2
1 +

1

16π2
λ3m

2
2, (A17)

μ
dm2

2

dμ
=

3

8π2
λ2m

2
2 +

1

16π2
λ3m

2
1, (A18)

μ
dm2

12

dμ
=

λ3

8π2
m2

12. (A19)

The coefficients of the cosmological constants satisfy the following RG equations,

μ
dh1

dμ
=

−1

16π2

(
1

2
+ 12λ1h1 + 2λ3h3

)
, (A20)

μ
dh2

dμ
=

−1

16π2

(
1

2
+ 12λ2h2 + 2λ3h3

)
, (A21)

μ
dh3

dμ
=

−1

16π2
(λ3(h1 + h2) + 6(λ2 + λ1)h3), (A22)

μ
dh12

dμ
= − 1

16π2
(1 + 4λ3h12). (A23)

Using the RG equations of Eqs.(A15 )-(A23 ), we can examine the independence of the
renormalization points of the effective masses and the effective coupling constants in one
loop effective potential of the Eq.(5.12 ). The independence of the renormalization points of
the these parameters of Eqs.(5.14 )-(5.17 ) and Eq.(5.22 ) are given by,

μ
dm2

1 eff

dμ
= m2

1

3λ1

8π2
+m2

2

λ3

16π2
−m2

1

3λ1

8π2
− λ3m

2
2

16π2
= 0, (A24)

μ
d(m2

12 effε)

dμ
=

m4
12

m2
2

{
λ3

4π2
− 3λ2

8π2
+

3λ2

8π2
− λ3

4π2
+

λ3

16π2

m2
1

m2
2

}
=

λ3m
2
12ε

16π2

(
m2

1

m2
2

)
, (A25)

μ
dλ1 eff

dμ
=

9λ2
1

8π2
+

λ2
3

32π2
+ λ1

{
−9λ1

8π2
− 1

32π2

λ2
3

λ1

}
= 0, (A26)

μ
d(λ3 effε

2)

dμ
= ε2

{
λ3(2λ3 + 3λ2 + 3λ1 + 3λ2 − 4λ3 − 3λ1 + 2λ3 − 6λ2)

8π2

}
− λ3ε

2

8π2

m2
1

m2
2

= −λ3ε
2

8π2

(
m2

1

m2
2

)
, (A27)

μ
d(yeffε)

dμ
= εy

{
3λ2 − λ3 + λ3 − 3λ2

8π2

}
− εyλ3

16π2

m2
1

m2
2

= −λ3yε

16π2

(
m2

1

m2
2

)
. (A28)

By ignoring the sub-reading correction O(
m2

1

m2
2
), we can find that all effective masses and

couplings do not depend on the renormalization point. The remaining dependency is due
to the truncation of these suppressed contributions in deriving the effective potential. The
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cosmological constants of Eq.(5.13) is written as follows,

Vcosmo = − m4
12

32π2

(
1− log

m2
2

μ2

)
− m4

1

64π2

(
3

2
− log

(
m2

1 + 3λ1v
2
1

μ2

))

− m4
2

64π2

(
3

2
− log

m2
2

μ2

)
− h1m

4
1 − h2m

4
2 − h12m

4
12 − 2h3m

2
1m

2
2. (A29)

The renormalization point independence of Vcosmo is explicitly shown as,

μ
dVcosmo

dμ
=

2λ3h3

16π2
(m4

1 +m4
2)− 2(h1 + h2)m

2
1

1

16π2
λ3m

2
2

+
2

16π2
(λ3(h1 + h2))m

2
1m

2
2 − h3

2

16π2
λ3(m

4
2 +m4

1)

= 0. (A30)



Appendix B

Derivation of V Low
eff in Eq.(6.6 )

In this appendix, we show the outline of the derivation of Eq.(6.6 ). In Eq.(6.6 ), V 1 loop
eff is

given by,

V
1 loop(Low)
eff =

1

2

∫
ddk

(2π)di
log(m′2

1 + 3λ′
1v

2
1 − k2)

= −(m′2
1 + 3λ′

1v
2
1)

2

64π2

(
CUV +

3

2
− log(m′2

1 + 3λ′
1v

2
1)

)
, (B1)

where the divergence CUV is given by Eq.(A8 ). The coupling constant and the mass are
defined as,

m′2
1 = m2

1 − εm2
12, λ′

1 = λ1 + ε2(λ3 − λ1). (B2)

If only the divergent parts is extracted from the Eq.(B1 ), it is derived as,

V
1 loop(Low)
eff

∣∣∣
div.

= −(m′2
1 + 3λ′

1v
2
1)

2

64π2
CUV

= −(m2
1 − εm2

12)
2 + 6(m2

1 − εm2
12)(λ1 + ε2(λ3 − λ1))v

2
1 + 9(λ1 + ε2(λ3 − λ1))

2v41
64π2

CUV .

(B3)

The counter term in order to subtract this divergence is given by,

V
c(Low)
eff =

1

2
(Zm′

1
− 1)(m2

1 − εm2
12)μ

−2ηv21 +
λ′
1

4
(Zλ′

1
− 1)v41μ

−2η − (Zh̄ − 1)μ−2ηh̄(m2
1 − εm2

12)
2.

(B4)

where the Z factors are determined so that the counter terms satisfy V
c(Low)
eff = − V

1 loop(Low)
eff

∣∣∣
div.

.

Zm′
1
− 1 =

3λ′
1CUV

16π2
, Zλ′

1
− 1 =

9CUV

16π2
λ′
1. (B5)

(Zh̄ − 1)h̄ = − 1

64π2
CUV . (B6)
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By adding the counter terms to the tree and one-loop contribution, we can obtain the finite
effective potential as,

V
tree(Low)
eff + V

1loop(Low)
eff + V

c(Low)
eff

= −h1m1
4 − h2m2

4 − 2h3m1
2m2

2 − h12m
4
12 −

1

2m2
2

(
ελ3v1

3

2
− yn̄n

)2

+
m2

1 − εm2
12

2
v1

2 +
λ1 + ε2λ3

4
v1

4 − εyn̄nv1

+
(m2

1 − εm2
12 + 3(λ1 + ε2(λ3 − λ1))v

2
1)

2

64π2

(
log

m2
1 − εm2

12 + 3(λ1 + ε2(λ3 − λ1))v
2
1

μ2
− 3

2

)
.

(B7)

We keep the terms such as m2
1v

2
1ε

0, m2
12v

2
1ε , v

4
1 and ε2v41 to get the final form of the effective

potential Eq.(6.6 ) from Eq.(B7 ). Concerning the cosmological constant terms, we keep the
terms of the forms m4

1ε
0, m2

1m
2
12ε and m4

12ε
2.



Appendix C

RG equation and its solutions for low
energy effective theory

In this appendix, we study the RG equations for the coupling, mass, and cosmological con-
stant of the low-energy effective action in Eq.(6.4 ). We also derive the solutions for these
equations in the leading logarithmic approximation. At low-energy effective theory, the rela-
tions between the renormalized quantities and the bare ones are given as,

λ′
10 = Zλ′

1
λ′
1μ

2η, m′2
10 = Zm′

1
m′2

1 , h̄0m
′4
10 = Zh̄h̄m

′4
1 μ

−2η. (C1)

where Z factors are given by,

Zλ′
1
= 1 +

9CUV

16π2
λ′
1, Zm′

1
= 1 +

3λ′
1CUV

16π2
, (Zh̄ − 1)h̄ = −CUV

64π2
. (C2)

Using the relations of Eqs.(C1 )-(C2 ), we can derive the RG equations as,

μ
dλ′

1(μ)

dμ
− 9λ′2

1

8π2
= 0, (C3)

μ
dm′2

1 (μ)

dμ
−m′2

1 (μ)
3λ′

1

8π2
= 0, (C4)

μ
dh̄(μ)

dμ
+

1

32π2
= 0. (C5)

By solving the RG equations, we obtain the RG improved couplings and masses, cosmological
constants as,

λ′
1(μ0) =

λ′
1(μ)

1 +
9λ′

1(μ)

16π2 log μ2

μ2
0

, (C6)

m′2
1 (μ0) =

m′2
1 (μ)(

1 +
9λ′

1(μ)

16π2 log μ2

μ2
0

) 1
3

, (C7)

h̄(μ0) = h̄(μ)− 1

64π2
log

μ2
0

μ2
. (C8)
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