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Abstract

In this thesis, we consider quantum states in an external gravitational field. The

quantum nature is important on a microscopic level, whereas the gravity is important on

a large scale. There are at present few examples in which the two important physics are

simultaneously involved. The gravity is treated as a classical field so that our approach

is semi-classical. However, the subject is of interest for theories and experiments in the

future. We explicitly study the quantum states of a particle in an external gravitational

field and bouncing on the floor of a perfectly reflecting mirror from the classical perspective.

The gravitational acceleration is constant, such that the potential is linear with respect

to distance. We focus upon the relativistic effects in gravitational quantum states from

the perspective of the equivalence principle under appropriate boundary conditions. We

investigate the problem for free Klein–Gordon, Dirac, and Majorana particles repeatedly

bounced off by a uniformly accelerated mirror in Minkowski space. For the Klein–Gordon

particle, we adopt the Dirichlet boundary condition of a vanishing scalar field at the mirror

surface. The boundary condition for Dirac and Majorana particles is nontrivial. As an

alternative, we use the boundary condition from the MIT bag model. The results show that

the transition frequencies between the two energy eigenstates of all relativistic bouncing

particles exceed their nonrelativistic limits, and the relativistic corrections to the transition

frequencies of Dirac and Majorana bouncers exceed those of a Klein–Gordon bouncer. To

further our understanding of the roles of boundary conditions, we also revisit the system of

a Dirac particle confined in a 1D box in the absence of a gravitational field, using the chiral

MIT boundary conditions. We discuss how the system depends on the boundary condition

parameterized by the chiral angle. We find that the boundary condition for a Dirac particle

in some specific initial spin orientations can generate the asymmetric distributions of the

probability and scalar densities of a Dirac particle inside a box.
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Chapter 1

Introduction

The interplay of quantum physics and gravity is of considerable interest. One remarkable

example of this interplay is Hawking radiation [1]: By considering quantum fields on a

Schwarzschild black-hole spacetime, Hawking demonstrated that a black hole emits thermal

radiation with a temperature depending on its mass. A similar effect arises in uniformly ac-

celerated systems; that is, the accelerated observer sees the Minkowski vacuum as a thermal

state with a temperature [2]. Thus, studies on quantum effects under the influence of grav-

itational fields are challenging; furthermore, very few phenomena can be observed or tested

in the laboratory. One example system that can be tested in experiments is the quantum

bouncer; this comprises a particle trapped in a linear gravitational potential, bouncing on

the fixed floor of an ideal mirror. Theoretical analysis of the quantum bouncer has been

presented and explored in many literatures (see, e.g., Refs. [3–13]). Interestingly, the gravi-

tational quantum states have been experimentally checked using ultracold neutrons (UCNs)

[14] (see also, e.g., Refs. [15–20]).

In realistic situations, the potential surrounding the glass mirror is described by a

Fermi-pseudo potential. This potential is considerably larger than the transversal energy of

the particle, where the lowest energy of neutrons quantum bouncer is of the order of peV (see,

e.g., Ref. [21]); thus, we can approximate that the bouncing particle sees an infinite potential

around the mirror surface. In a nonrelativistic treatment of the quantum bouncer, the wave

function should vanish at the boundary surface because the particle is perfectly reflected by

an infinite potential barrier, such that the stationary bound states exhibit discrete energy

levels associated with the normalizable wave function. An observer attached to the mirror

would experience the effect as a gravitational field. In this approach, which is based on

the equivalence principle of relativity [22], we investigate the quantum bouncer problem for

1



Introduction 2

relativistic bouncing particles under appropriate mirror boundary conditions. Namely, a

particle bouncing on a fixed mirror under the influence of a gravitational field is equivalent

to a free particle repeatedly bounced off by a uniformly accelerated mirror in Minkowski

space. To describe the trajectory of the uniformly accelerated mirror, we introduce Rindler

coordinates. We primarily discuss the relativistic effects in gravitational quantum states

by solving the quantum bouncer problem for Klein–Gordon and Dirac equations in Rindler

coordinates under the mirror boundary conditions. Note that the system of a Klein-Gordon

bouncing particle under a uniformly accelerated ideal mirror has been previously investigated

by Ref. [24]. The study was extended to a Dirac bouncing particle in Ref. [23]. In the

nonrelativistic limit, the energy levels of Klein–Gordon and Dirac bouncing particles reduce

to familiar eigen-energies for the Schrödinger equation in a gravitational field under the

Dirichlet boundary condition of an ideal mirror, as has been shown by Ref. [23].

To investigate the bound state of a Klein–Gordon bouncer, we follow Ref. [24] to use

the Dirichlet boundary condition of a vanishing scalar field at the mirror surface; this is ap-

plicable because the particle approximately sees an infinite Fermi pseudo-potential barrier.

As noted in Ref. [23], the extension to a Dirac bouncing particle is nontrivial. Imposing

the Dirichlet boundary condition on the Dirac equation causes the Dirac wave function to

vanish everywhere trivially [23]. Therefore, Ref. [23] used an alternative boundary condition

to discuss the problem for the Dirac bouncing particle (cf. Refs. [25–27]). In this thesis,

we follow Ref. [25] to use the boundary condition given in the MIT bag model (BC-MIT)

[28, 29] (see also Ref. [30] for a review) as an alternative for the Dirac equation to represent

the description of the Fermi pseudo-potential barrier of the mirror while avoiding the Klein

paradox problem [31]. The BC-MIT ensures the vanishing of the normal probability current

and scalar densities at the boundary surface [32]. The probability density of a Dirac particle

does not vanish around the boundary surface (see Ref. [26] for the confinement system).

This behavior implies that the chiral symmetry is broken. To resolve this issue, Ref. [33]

introduced the chiral bag model (see also Refs. [34–42]), which restores the symmetry break-

ing via a pion field outside the bag [37, 43]. However, in our mirror model for the UCN, the

boundary thickness is of the order of 0.1 nm, far larger than the size of a hadron. Hence,

we choose to adopt the BC-MIT rather than boundary condition given in the chiral (or

little/cloudy) bag model [33–42], even though the chiral bag model is more realistic than

the MIT bag model for hadrons.

The neutron can also be presented as a Majorana fermion when neutron-antineutron

oscillation exists [44–51]. Therefore, it is also essential to discuss the UCN quantum bouncer

problem using a Majorana particle under an appropriate mirror boundary condition for
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the complementary. In this study, the Majorana wave function is obtained from a linear

combination of the Dirac wave function and its charge conjugation [49] under an additional

condition (i.e., that the charge conjugation of the Majorana wave function is the same as

itself), which ensures that the Majorana wave function also satisfies the Dirac equation.

A similar problem to that of the Dirac particle occurs at the boundary condition for the

Majorana particle; that is, the Dirichlet boundary condition cannot be applied to investigate

the bound system. Instead, we use the BC-MIT [28–30] as an alternative boundary condition

for the Majorana particle, as we apply for the Dirac particle.

Alongside the above approximations, we investigate the energy levels and transition

frequencies between two energy eigenstates for all relativistic bouncing particles. We com-

pare the results for relativistic bouncing particles with their nonrelativistic limits. This

comparison indicates the presence of relativistic corrections. Then, we apply the relativistic

corrections thereby obtain to the transition frequencies for the UCN. In our system, the

boundary conditions play a critical role because the precise properties of the wave func-

tion cannot be discussed without an appropriate boundary condition. We further discuss

how the boundary condition affects the density functions, namely, the particle localization

probability, current density in the normal direction, and scalar densities.

The likelihood of experimental observations of gravitationally quantum bound states

of Ps atoms has been discussed in Refs. [52, 53] (cf. Refs. [54, 55] for the discussion on

the feasibility of the gravitational free-fall experiment of Rydberg Ps atom). Compared to

the UCN, the Ps atom has a lighter mass; thus, the energy levels of the Ps atom quantum

bouncer are smaller than those of the UCN. In contrast, the relativistic corrections to the

Ps atom transition frequencies exceed those of the UCN. In this thesis, we also apply the

analytical results for the Ps atom.

The Foldy–Wouthuysen transformation [56] (see also Refs. [57–59]) for the Hamilto-

nian of the Dirac equation in Rindler coordinates (see, e.g., Refs. [23, 60–62]1) can be used

to investigate the relativistic corrections of the energy levels of relativistic particles [23]. Us-

ing this transformation, the relativistic Hamiltonian from the Dirac equation reduces to the

nonrelativistic one. We can perform a perturbation approximation to obtain the relativistic

corrections to the energy level [23]. Using this approximation, we find that the first-order

relativistic energy level corrections obtained from the lowest order of the Foldy–Wouthuysen

transformed Hamiltonian coincide with those of the Klein–Gordon bouncing particle under

the Dirichlet boundary condition of a vanishing field at the mirror surface. This condition

1Refs. [23, 60–62] have computed the Foldy–Wouthuysen transformation for the Hamiltonian of the
Dirac equation in Rindler coordinates using the metric first given in Ref. [63].



Introduction 4

may give an additional hint that the boundary condition would be essential to investigate

the energy level of bouncing particles.

The authors of Refs. [34] introduced the general form of the BC-MIT, which keeps

ensuring a vanishing normal probability current density at the boundary surface. The general

form of the BC-MIT conditions that includes the contribution of the chiral angle is referred

to as the chiral MIT boundary conditions (BC-chiral MIT) [34, 64, 65]. The energy levels

of a particle under these boundary conditions may depend on the chiral angle [65]. Several

studies have applied the BC-chiral MIT, e.g., Refs. [66–69] used it to confine Dirac fermions

in a rotating system. Interestingly, the author of Ref. [25] reported that the BC-chiral MIT

could be used to analyze the change of spin orientations; there, the wave function was written

as a linear combination of the incident and reflected wave components associated with their

spin orientations.

To further our understanding of the roles of boundary conditions, we also revisit the

system of a Dirac particle confined in a 1D box in the absence of a gravitational field, using

the BC-chiral MIT to describe the properties of the walls or mirrors [70]. Such systems

have been discussed in Ref. [26] (cf. Ref. [27] for a discussion of the system in a 3D box);

however, they there used the BC-MIT as an alternative boundary condition to avoid the

Klein-paradox problem. Other previous studies into confined relativistic particles can be

found in, e.g., Refs. [43, 71–78]. Along with this analysis, we investigate how the discrete

momenta and energy levels of a Dirac particle behave under boundary conditions. Then, we

discuss how the spin orientations change, owing to reflections at the mirrors. Because the

boundary conditions relate to the behaviors of density functions, we recast our analysis of

the quantum bouncer to analyze the behavior of the probability, normal probability current,

and scalar densities of a Dirac particle inside a box. Our calculation for this system is

limited to one dimension; however, our study may facilitate exploration of related topics

on finite-size effects and chiral symmetry breaking, although this subject has already been

considered in, e.g., Refs. [66, 67] (cf. Ref. [79] for a discussion on the Nambu–Jona-Lasinio

(NJL) model using the BC-MIT).

The remainder of this thesis is organized as follows. In Chap. 2, we briefly review the

bound states of a nonrelativistic bouncing particle in a homogeneous gravitational field with

an ideal mirror boundary condition; here, we also briefly review the properties of UCNs and

Ps atoms. In Chap. 3, we discuss the bound states of a Klein–Gordon bouncing particle under

the Dirichlet boundary condition of a vanishing scalar field at the mirror surface. In Chap. 4,

we investigate the bound states of Dirac and Majorana bouncing particles under the BC-

MIT in the case of arbitrary spin orientations. In Chap. 5, we discuss the roles of boundary
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conditions in the quantum states of bouncing particles in a homogeneous gravitational field,

by comparing the energy levels and transition frequencies between two energy eigenstates

for all bouncing particles, as well as discussing their density functions (especially around the

mirror surface); in this chapter, we also discuss the Foldy–Wouthuysen transformation for

the Dirac equation in Rindler Coordinates, and we investigate relativistic corrections to the

energy levels, using the perturbation approximations. In Chap. 6, we analyze the roles of

the BC-chiral MIT on the system of a Dirac particle confined in a 1D box in the absence of

a gravitational field. We discuss how the discrete momenta and energy levels depend on the

chiral angle parameters. We also analyze how the reflections with the boundary surface under

the BC-chiral MIT generate changes of the spin orientations, and we discuss the behaviors

of the density functions with respect to the chiral angle and initial spin orientation. In

Chap. 7, we provide our summary and conclusions. In Appendix A, we briefly review the

solution to the Dirac equation in Minkowski coordinates. In Appendix B, we briefly review

the two alternative boundary conditions that we apply to the Dirac equation: the BC-MIT

and BC-chiral MIT. Throughout this thesis, we use units of c = ~ = 1.



Chapter 2

Gravitational Quantum States of a

Bouncing Particle in Nonrelativistic

Quantum Mechanics

In this chapter, we primarily learn the well-known feature of the quantum bouncer, which is

the existence of the bound states of a particle trapped in a gravitational field and bouncing

above a perfectly reflecting mirror in the viewpoint of nonrelativistic quantum mechanics.

We explicitly discuss the quantum bouncer problem by investigating the Schrödinger equa-

tion in a linear gravitational potential with an ideal mirror. We start with a brief review of

the properties of UCNs and Ps atoms. Then, we discuss the bound state under the Dirichlet

boundary condition of a vanishing wave function at the mirror surface. We will show that

the quantum bouncer exhibits discrete energy levels, as demonstrated in the literatures (see,

e.g., Refs. [3–12]). We also briefly discuss the applications of the analytic solution of energy

levels to UCN and Ps atoms.

2.1 Ultracold Neutrons and Positronium Atoms

2.1.1 Ultracold Neutrons

The research on neutron optics has been discussed and reported, e.g., in Refs. [80–89]; see

also Ref. [90] for the discussion on the transmission of the electromagnetic wave through an

accelerated dielectric slab. The observation of the gravitational quantum states of UCNs

6
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[14–20] is an application of neutron optics under the influence of a gravitational field, in

which the particle bouncing above a reflecting mirror and exhibits discrete energy levels; see

also Refs. [91, 92] for the observation of UCNs. Another quantum bouncer system, namely,

the centrifugal quantum states near the cylindrical mirror is discussed in Refs. [93, 94]. In

such a system, the particle experiences a centrifugal force. UCNs are neutrons with kinetic

energy lower than the step barrier of the Fermi pseudo-potential of materials [95]. Under

this condition, UCNs can be totally reflected by appropriate materials at arbitrary incidence

angles. The mass of neutron is approximately 0.94 GeV [96]. The neutron lifetime is longer

than the observational time of the quantum bouncer under the gravitational field [14]. Along

with the mentioned properties and neutrality of neutrons, they can be successfully used as an

experimental object to observe gravitationally quantum bound states [14] (see also Refs. [15–

20]), for which a reflecting mirror must be used to trap the particle in a linear gravitational

potential [14].

2.1.2 Positronium Atom

As mentioned in the introduction, the possibility of observing the gravitationally quantum

bound states of Ps atoms has been discussed in Refs. [52, 53]. Ps atom consists of an electron

and positron (matter and antimatter); it has a total mass of approximately 1 MeV, which

is roughly around 103 times smaller than neutron mass. Furthermore, the lifetime of a Ps

atom is shorter than the observation time. To increase its lifetime, Ps atom should be placed

in the Rydberg state n′; this can increase its lifetime by a factor of n′3 [52, 54].

2.2 Quantum Mechanical Description of a Bouncing

Particle in a Gravitational Field

In the following, we review the quantum mechanical description of the quantum bouncer in

1+1D system. We consider a particle bouncing on a rest floor under the influence of a linear

gravitational potential

V (z) =

{
maz, for z > 0,

∞, for z ≤ 0.
(2.1)
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Here, m and a = g denote the mass and uniform (gravitational) acceleration of the particle,

respectively. In this system, we take the approximation in which the potential around the

mirror surface at z = 0 is infinite; hence, the particle can only move in the region of z > 0.

2.2.1 Schrödinger Equation in a Gravitational Field

The dynamics of a particle bouncing above a perfectly reflecting mirror in a linear gravi-

tational potential (2.1) can be described by the time-dependent Schrödinger equation, as

follows

i
∂

∂t
Ψ(z, t) = − 1

2m

∂2Ψ(z, t)

∂z2
+mazΨ(z, t). (2.2)

By introducing the following general solution

Ψ(z, t) = e−iEntψn(z), (2.3)

we find that the wave function ψn(z) satisfies the time-independent Schrödinger equation,

as follows

− 1

2m

d2ψn(z)

dz2
+mazψn(z) = Enψn(z). (2.4)

To solve the above equation, it is more convenient to introduce the parameter of ζ = z/B,

where B is the gravitational length scale explicitly given by [7]

B =
(
2m2a

)−1/3
. (2.5)

Then, the above time-independent Schrödinger equation (2.4) can be written as follows

−d
2ψn(ζ)

dζ2
+ (ζ − ζn)ψn(ζ) = 0. (2.6)

Here, ζn is defined as ζn = En/(maB). The second-order differential equation (2.6) is

the Airy differential equation, which takes a solution consisting of a linear combination of

Airy function Ai(ζ − ζn) and Airy function Bi(ζ − ζn) [97]. The Airy function Ai(ζ − ζn)

converges goes to zero as ζ goes to infinity. By contrast, the Airy function Bi(ζ − ζn)

diverges goes to infinity with the growth of ζ (see Fig. 2.1). In the quantum bouncer, the

wave function vanishes under the increases of height z(≡ Bζ), which is described by the

boundary conditions ψ(z → ∞) = 0. Therefore, the Airy function Bi cannot be used as a
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z
Figure 2.1: The solid black line is Airy function Ai(z/B), the dashed red line is Airy
function Bi(z/B), and the dotted green line is second kind of the modified Bessel function
K iω

a

(
meaz/a). Here, we used mass m = 10, uniform acceleration a = 1, ω = 11, and B

is the length scale defined in Eq. (2.5). Both the Airy function Ai and modified Bessel
function converges goes to zero as the increases of z. In contrast, the Airy function Bi

diverges goes to infinite as the increases of z. This figure is reproduced from Ref. [31].

solution, and an appropriate solution for the equation (2.6) can be given by Airy function

Ai(ζ − ζn) only; this is explicitly given as

ψn(ζ) = NnAi(ζ − ζn). (2.7)

Here, Nn is the normalization constant, defined as∫ ∞
0

|Ψn(t, z)|2dz =

∫ ∞
0

|ψn(z)|2dz =

∫ ∞
0

B|Nn|2 [Ai(ζ − ζn)]2 dζ = 1, (2.8)

where we have used the relation of z = Bζ with the parameter values ζn are determined by

the boundary condition, as we will show below.

2.2.2 Bound States of a Bouncing Particle in a Gravitational Field

As mentioned above, in a realistic system, the contact potential around the glass mirror is

finite and may depend on the momentum of the bouncing particle [98, 99]. However, the

potential around the mirror is considerably much larger than the energy of the UCN [21].

Under this condition, we can assume that a bouncing particle sees an infinite potential at
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the mirror surface; thus, the Dirichlet boundary condition of a vanishing wave function at

the floor is sufficient to investigate the bound system. Imposing this Dirichlet boundary

condition to the wave function (2.7) at the reflecting mirror located at z = 0 leads to the

following condition [7]

Ai(−ζn) = 0, n = 1, 2, 3, ... . (2.9)

From the boundary condition (2.9), we can see that −ζn refers to the zeros of the Airy func-

tion, which takes negative and discrete values (see Fig. 2.1). Hence, the value of parameter

ζn is discrete positive. The essential feature from the boundary condition (2.9) is that the

energy of a bouncing particle for states n is also discrete and explicitly given by

En = maBζn, (2.10)

where its values are also always positive; see Table 2.1 for the lowest few energy levels of a

neutron.

It is well-known that the analytical expression of the zeros of the Airy function −ζn
cannot be found exactly in an analytic way. However, the Wentzel-Kramers-Brillouin (WKB)

approximation gives a high precision; approximately, it is given as [5, 7]

ζWKB
n '

[
3π

2

(
n− 1

4

)]2/3

, (2.11)

and the normalization constant under the WKB approximation is approximately given by

(see Ref. [7])

√
BNWKB

n '
[

8π2

3(4n− 1)

]1/6

. (2.12)

The turning point of a classical particle is given by [17, 20]

zn = Bζn, (2.13)

which is also discrete. From the above derivations, we can see that the mass dependences of

the energy level (2.10) and the turning point (2.13) appear in the factors m1/3 and m−2/3,

respectively. Therefore, the energy level and turning point of the Ridberg Ps atom are 10

times smaller [52] and 102 times higher than for those of the UCN at the same state n,

respectively.
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Table 2.1: The first six values of the parameters ζn (left column) in comparison with
those of ζWKB

n (middle column). Here, we also provides the first six values of the energy
level En (right column) of a neutron with mass m ≈ 0.94 GeV and uniform acceleration

a ≈ 2.15× 10−32 GeV.

n ζn ζWKB
n En (peV)

1 2.338 2.320 1.406
2 4.088 4.082 2.458
3 5.521 5.517 3.319
4 6.787 6.784 4.080
5 7.944 7.942 4.776
6 9.023 9.021 5.424

Table 2.1 provides the first six values of the parameter ζn and the energy level En for

the neutron with mass m ≈ 0.94 GeV [96] and acceleration a ≈ 2.15×10−32 GeV. From this

table, we can also see that the values of parameter ζWKB
n obtained from WKB approximation

approaches to the value of parameter ζn as the increases of the state n.



Chapter 3

Gravitational Quantum States of a

Klein–Gordon Bouncing Particle

In this chapter, we discuss the bound states of a Klein–Gordon bouncer in the viewpoint

of the equivalence principle of relativity. We analyze the problem by investigating the

Klein–Gordon equation in Rindler coordinates under the boundary condition of an ideal

mirror. We begin by briefly deriving the solution to the Klein–Gordon equation in Rindler

coordinates [100] (cf. Ref. [101]). Then, we follow Ref. [24] to use the Dirichlet boundary

condition of the vanishing scalar field at the mirror surface to derive the energy eigenstates

of a Klein–Gordon bouncer. From the obtained boundary condition, we proceed to express

the energy level using the approximation formula given in Ref. [102]. The application of this

solution to the UCN and Ps atom, as well as the comparison with the energy levels of the

other bouncing particles, will be discussed in Chap. 5.

3.1 Rindler Coordinates

Rindler coordinates (η, x, y, ξ) describe a uniformly accelerated observer in Minkowski co-

ordinates (t, x, y, z); these two coordinate systems can be related via the following transfor-

mation:

t =
eaξ

a
sinh aη and z =

eaξ

a
cosh aη. (3.1)

12
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Here, a denotes a uniform acceleration in the z-direction. The line element in Minkowski

coordinates is given by

ds2 = ηµνdx
µdxν = dt2 − dx2 − dy2 − dz2, (3.2)

where in the present thesis we use ηµν = diag.(1,−1,−1,−1). Using the transformations

given in Eq. (3.1), the line element in Rindler coordinates can be expressed as [103, 104]

ds2 = gµνdx
µdxν = e2aξ(dη2 − dξ2)− dx2 − dy2, (3.3)

where gµν = diag.(e2aξ,−1,−1,−e2aξ).

3.2 Klein–Gordon Equation in Rindler Coordinates

We consider a free massive scalar field φ in curved spacetime, with an action given by

S =
1

2

∫
d4x
√−g

(
gµν∂µφ∂νφ−m2φ2

)
, (3.4)

where m is the mass of the scalar field. Taking the variation of the above action, we obtain

the Klein–Gordon equation in curved spacetime, as follows

1√−g∂µ
(√−ggµν∂νφ)+m2φ = 0. (3.5)

Using the Rindler metric (3.3), the Klein–Gordon equation in Rindler coordinates reads(
∂2

∂η2
− ∂2

∂ξ2
− e2aξ ∂

2

∂x2
⊥

)
φ+m2e2aξφ = 0, (3.6)

where x⊥ ≡ (x, y) denotes the coordinates perpendicular to the direction of the uniform

acceleration a. To proceed, we introduce the ansatz for the positive-frequency solution as

φωk⊥ = fKG
ωk⊥

eik⊥·x⊥−iωη, (3.7)

where k⊥ =
√
k2

1 + k2
2 is the momentum perpendicular to the direction of the uniform accel-

eration a. Substituting the positive-frequency ansatz solution (3.7) into the Klein–Gordon

equation (3.6), we obtain a differential equation, known as the modified Bessel differential
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equation, as follows

1

a2

∂2

∂ξ2
fKG
ωk⊥

=

[
(m2 + k2

⊥)
1

a2
e2aξ +

(
iω

a

)2
]
fKG
ωk⊥

. (3.8)

The solution of the modified Bessel differential equation consists of a linear combination

of the second kind of modified Bessel function Kν(z) and the first kind of modified Bessel

function Iν(z); Iν(z) diverges to infinity as the parameter z increases; meanwhile, Kν(z)

converges to zero under z increases [97] (see also Fig. 2.1). Therefore, the solution to the

above differential equation (3.8) consists of the second kind of modified Bessel function Kν(z)

only, and is given as (see, e.g., Ref. [100])

φωk⊥(η, ξ,x⊥) = NKG
ωk⊥

K iω
a

(κ
a
eaξ
)
eik⊥·x⊥−iωη, (3.9)

where κ =
√
m2 + k2

⊥ and NKG
ωk⊥

is a normalization constant determined depending on the

boundary condition. We will see that ω should be discrete in the presence of the mirror

boundary condition. In contrast, ω will takes the continuous values 0 ≤ ω < ∞ in the

absence of the mirror.

3.3 Bound States of a Klein–Gordon Bouncing Parti-

cle

Similar to the above solution of the Schödinger equation, the infinite potential around the

mirror for the scalar field (3.9) can be represented via the Dirichlet boundary condition of

the vanishing scalar field at the boundary surface, which implies that [24]

K iω
a

(κ
a

)
= 0, (3.10)

and leads that ω in the condition of Eq. (3.10) must be discrete. The boundary condition

(3.10) can be written in the first kind of a Hankel function [97, 102]; explicitly, this is written

as H
(1)
iω
a

(
κ
a
eiπ/2

)
= 0 [23].

Here, we discuss the bound system for the case of a suppressed perpendicular mo-

mentum; that is, where k⊥ = 0. In this case, κ = m and the boundary condition of the

bouncing Klein–Gordon particle leads to

H
(1)
iω
a

(iµ) = 0, (3.11)
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where µ ≡ m/a. To explicitly obtain the zeros of the first kind of the Hankel function in

the boundary condition (3.11), we use the approximation formula given in Ref. [102], taking

advantage of the expansion of µ in the case of ω/a � 1. We obtain the solution of the

discrete ωn for a Klein–Gordon bouncer; this is explicitly as

ωn
a
≈ µ+ ζn2−1/3µ1/3 +

ζ2
n

60
21/3µ−1/3 +

(
1

70
− ζ3

n

700

)
µ−1 +O(µ−5/3), (3.12)

where ζn can be obtained from the zeros of the Airy function.

The solution of the energy level of a Klein–Gordon bouncer can be directly found using

the relation of ωn = En+m for Eq. (3.12). Then, we can see that in the nonrelativistic limit,

the energy level of a Klein–Gordon bouncer reduces to the eigen-energy for the Schrödinger

equation in a linear gravitational potential under the Dirichlet boundary condition, which

appears at the second term on the right-hand side of Eq. (3.12). The remaining terms on

the right-hand side can be understood as relativistic corrections to the energy levels of a

Klein–Gordon bouncer determined by the Dirichlet boundary conditions. Thus, we can write

the energy level of a Klein–Gordon bouncer as

EKG
n = ENR

n + ∆EKG
n , (3.13)

where ENR
n (≡ En) is the energy level in the nonrelativistic limit given by Eq. (2.10) and

∆EKG is the relativistic correction to the energy level of a Klein–Gordon bouncer.



Chapter 4

Gravitational Quantum States of

Dirac and Majorana Bouncing

Particles

In this chapter, we expand upon the previous discussion of Dirac and Majorana bouncing

particles under appropriate mirror boundary conditions [31]; see also Ref. [23] for an earlier

discussion on the Dirac bouncing particle. We start with the derivation of the Dirac wave

function from the Dirac equation in Rindler coordinates, which have been studied in many

previous works. Here, we follow the procedure given in Refs. [100, 103–108] to obtain

the solution to the Dirac equation in Rindler coordinates; this procedure uses the Dirac

representation. In the present study, we initially derive the solution to the Dirac equation

written in the Majorana representation [109, 110]. Then, the obtained solution is directly

transformed to that written in the Dirac representation using the unitary matrix [109, 110].

From the obtained Dirac wave function, we solve for the Majorana wave function by taking

a linear combination of the Dirac wave function and its charge conjugation [49] so that the

Majorana wave function consists of positive- and negative-energy components. We apply the

condition that the charge conjugation of the Majorana wave function is the same as itself.

To obtain the energy eigenstates, we adopt the BC-MIT [28–30] (instead of the Dirichlet

boundary condition) as alternative boundary conditions for Dirac and Majorana bouncing

particles. Then, we calculate the analytic energy eigenstate solutions for Dirac and Majorana

bouncers in the nonrelativistic limit using the approximation formula given in Ref. [102].

In this chapter, we also briefly discuss the application of the BC-chiral MIT for the Dirac

bouncing particle in the particular case.

16
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4.1 Dirac Bouncing Particle in a Homogeneous Gra-

vitational Field

As mentioned above, we here discuss the bound states of Dirac and Majorana bouncers in

the viewpoint of equivalence principle of relativity. We analyze the bouncer problems by

investigating the Dirac equations in Rindler coordinates under appropriate mirror boundary

conditions.

4.1.1 Dirac Equation in Rindler Coordinates

The Dirac equation for a Dirac wave function ψ̃D written in the Majorana representation in

Rindler coordinates is given by [104][
iγ̃µR

(
∂

∂xµ
+ Γ̃µ

)
−m

]
ψ̃D = 0, (4.1)

where m is the rest mass of the particle, Γ̃µ is the spin connection written in the Majorana

representation, γ̃µR are gamma matrices in the Rindler coordinates written in the Majorana

representation, and σ represents the spin orientation. In Rindler coordinates, the spin

connection is given by Γ̃µ = (a
2
γ̃0γ̃3, 0, 0, 0).

The gamma matrices in Minkowski and in Rindler coordinates written in the Ma-

jorana representation satisfy the anti-commutation relations {γ̃µ, γ̃ν} = 2ηµν and {γ̃µR, γ̃νR} =

2gµν , respectively. From these anti-commutation relations, the gamma matrices in Minkowski

coordinates can be related to those in the Rindler coordinates as follows

γ̃0
R = e−aξγ̃0, γ̃1

R = γ̃1, γ̃2
R = γ̃2, γ̃3

R = e−aξγ̃3. (4.2)

The gamma matrices in Minkowski coordinates written in the Majorana representation γ̃µ

can be obtained from those written in the Dirac representation γµ by using the following

relation [109, 110]

γ̃µ = UγµU †. (4.3)

In this thesis, we use the gamma matrices γµ given in Refs. [111, 112] as

γ0 =

(
I 0

0 −I

)
, γi =

(
0 σi

−σi 0

)
, i = 1, 2, 3, (4.4)
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where I is a 2 × 2 identity matrix and σi are Pauli matrices that satisfy anti-commutation

relations {σi, σj} = 2δijI. The detail expression of the Pauli matrices are given by

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (4.5)

The above gamma matrices satisfy anti-commutation relations {γµ, γν} = 2ηµν , where in the

present study we adopt ηµν = diag.(1,−1,−1,−1). To use the transformation in Eq. (4.3),

we adopt the unitary matrix U as [109]

U = U † = U−1 =
1√
2

(
I σ2

σ2 −I

)
. (4.6)

In the Majorana representation, we can obtain a real solution for the Dirac equation [110].

Applying the unitary transformation (4.3) to the gamma matrices written in Dirac repre-

sentation γµ (4.4), we obtain Majorana representation counterparts γ̃µ as [109]1

γ̃0 =

(
0 σ2

σ2 0

)
, γ̃1 =

(
iσ3 0

0 iσ3

)
, γ̃2 =

(
0 −σ2

σ2 0

)
, γ̃3 =

(
−iσ1 0

0 −iσ1

)
. (4.7)

See also Ref. [110] for the other set of gamma matrices written in the Majorana representa-

tion. From their expressions given in Eq. (4.7), we can see that the gamma matrices written

in the Majorana representation satisfy [110]

(γ̃µ)∗ = −γ̃µ, (4.8)

which explicitly means that the gamma matrices written in the Majorana representation γ̃µ

are purely imaginary [109, 110].

4.1.2 Dirac Wave Function in Rindler Coordinates

We represent the wave function for the UCN as the positive-frequency solution of the Dirac

equation (4.1) [112]. Then, we introduce an ansatz of the positive-energy solution for the

Dirac equation as

ψ̃D
ωk⊥σ

≡ f̃D
ωk⊥σ

(ξ)eik⊥·x⊥e−iωη, (4.9)

1The choice of the gamma matrices written in the Majorana representation is not limited to Eq. (4.7)
because there is an infinite choice of the gamma matrices in the Dirac representation [110].
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where f̃D
ωk⊥σ

(ξ) denotes a four-component Dirac spinor written in the Majorana representa-

tion. To further proceed, we here follow the procedure in Refs. [100, 105–108]. Inserting the

ansatz (4.9) into Eq. (4.1), the Dirac equation reads

ωf̃D
ωk⊥σ

(ξ) =

[
meaξβ̃ − ia

2
α̃3 − iα̃3

∂

∂ξ
+ k1e

aξα̃1 + k2e
aξα̃2

]
f̃D
ωk⊥σ

(ξ), (4.10)

where β̃ ≡ γ̃0 and α̃j ≡ γ̃0γ̃j are explicitly given by

β̃ =

(
0 σ2

σ2 0

)
, α̃1 =

(
0 −σ1

−σ1 0

)
, α̃2 =

(
I 0

0 −I

)
, α̃3 =

(
0 σ3

−σ3 0

)
. (4.11)

Next, we decompose the four-component Dirac spinor f̃D
ωk⊥σ

(ξ) into the upper two-component

spinor χ̃1(ξ) and lower two-component spinor χ̃2(ξ), as follows

f̃D
ωk⊥σ

(ξ) =

(
χ̃1(ξ)

χ̃2(ξ)

)
. (4.12)

Inserting the form of the four-component Dirac spinor (4.12) into the Dirac equation (4.10),

we have

ωχ̃1(ξ) = meaξσ2χ̃2(ξ) + i
a

2
σ3χ̃2(ξ) + iσ3

∂χ̃2(ξ)

∂ξ
− eaξk1σ1χ̃2(ξ) + eaξk2χ̃1(ξ), (4.13)

ωχ̃2(ξ) = meaξσ2χ̃1(ξ) + i
a

2
σ3χ̃1(ξ) + iσ3

∂χ̃1(ξ)

∂ξ
− eaξk1σ1χ̃1(ξ)− eaξk2χ̃2(ξ). (4.14)

Further calculation yields

1

a2

∂2

∂ξ2
χ̃1 =

[(
m2 + k2

⊥
) 1

a2
e2aξ +

1

4
− ω2

a2

]
χ̃1 +

iω

a
σ3χ̃2, (4.15)

1

a2

∂2

∂ξ2
χ̃2 =

[(
m2 + k2

⊥
) 1

a2
e2aξ +

1

4
− ω2

a2

]
χ̃2 +

iω

a
σ3χ̃1. (4.16)

From Eqs. (4.13) and (4.14) or Eqs. (4.15) and (4.16), we see that the two-component spinors

χ̃1 and χ̃2 are coupled each other. The Dirac equation is a first-order differential equation;

therefore, we cannot use the Dirichlet boundary condition of a vanishing wave function at

the boundary surface [26], and we employ an alternative boundary condition to compute the

bound states of a Dirac particle. We introduce another two-component spinor as follows

φ̃± = χ̃1 ∓ χ̃2 =

(
ϑ̃±(ξ)

ς̃±(ξ)

)
. (4.17)
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Then, Eqs. (4.15) and (4.16) yield

1

a2

∂2

∂ξ2
ϑ̃±(ξ) =

[
(m2 + k2

⊥)
1

a2
e2aξ +

(
iω

a
∓ 1

2

)2
]
ϑ̃±(ξ), (4.18)

1

a2

∂2

∂ξ2
ς̃±(ξ) =

[
(m2 + k2

⊥)
1

a2
e2aξ +

(
iω

a
± 1

2

)2
]
ς̃±(ξ), (4.19)

respectively. Both Eqs. (4.18) and (4.19) are Bessel differential equations (cf. Eq. (3.8)).

The solutions to these differential equations are given by the modified Bessel function of the

second kind, as (see, e.g., Refs. [100, 105–108])

ϑ̃±(ξ) = A±K∓(ξ), ς̃±(ξ) = B±K±(ξ), (4.20)

where K±(ξ) = Kiω
a
± 1

2
(κ
a
eaξ). Here, A± and B± are complex coefficients which store the

information of spin orientations. From the two-component spinor in Eq. (4.17), the upper

two-component spinor χ̃1(ξ) can be rewritten as

χ̃1(ξ) =
1

2
(φ̃+ + φ̃−) =

1

2

(
ϑ̃+(ξ) + ϑ̃−(ξ)

ς̃+(ξ) + ς̃−(ξ)

)
, (4.21)

while the lower two-component spinor χ̃2(ξ) reads

χ̃2(ξ) =
1

2
(−φ̃+ + φ̃−) =

1

2

(
−ϑ̃+(ξ) + ϑ̃−(ξ)

−ς̃+(ξ) + ς̃−(ξ)

)
. (4.22)

Then, by using the solution in Eq. (4.20), we obtain the Dirac spinor in Rindler coordinates

written in the Majorana representation, as follows

f̃D
ωk⊥σ

=
1

2


ϑ̃+ + ϑ̃−

ς̃+ + ς̃−

−ϑ̃+ + ϑ̃−

−ς̃+ + ς̃−

 =
1

2


A+K−(ξ) + A−K+(ξ)

B+K+(ξ) +B−K−(ξ)

−A+K−(ξ) + A−K+(ξ)

−B+K+(ξ) +B−K−(ξ)

 . (4.23)

From the Dirac spinor (4.23), we obtain the positive-frequency solution to the Dirac equation

written in the Majorana representation for an arbitrary spin orientation expressed in terms

of coefficients A± and B±.

To physically interpret the coefficients A± and B±, we next substitute back the so-

lution of the Dirac spinor (4.23) into the Dirac equations (4.13) or (4.14). Thus, we obtain
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that the coefficients A± and B± satisfy the relations in the following four equations (cf.

Ref. [108] for expression in the Dirac representation)

iκA+ + k2A− + (im+ k1)B+ = 0, (im− k1)A− + k2B+ + iκB− = 0, (4.24)

k2A+ − iκA− − (im+ k1)B− = 0, (im− k1)A+ + iκB+ − k2B− = 0. (4.25)

From the above relations, the coefficients B± can be written in terms of the coefficients

A±; then, the four-component Dirac spinor in Rindler coordinates written in the Majorana

representation can be written in terms of the coefficients A± only, as follows

f̃D
ωk⊥σ

=
1

2


A+K−(ξ) + A−K+(ξ)

− iκA++k2A−
(im+k1)

K+(ξ) + k2A+−iκA−
(im+k1)

K−(ξ)

−A+K−(ξ) + A−K+(ξ)
iκA++k2A−

(im+k1)
K+(ξ) + k2A+−iκA−

(im+k1)
K−(ξ)

 . (4.26)

In the previous discussion, we successfully obtained the solution to the Dirac equation

in the Rindler coordinates written in the Majorana representation. Here, we discuss the

solution in the Dirac representation. The Dirac wave function in the Dirac representation

ψD
ωk⊥σ

can be obtained by applying a unitary transformation ψD
ωk⊥σ

= Uψ̃D
ωk⊥σ

[109, 110],

which is explicitly given as

ψD
ωk⊥σ

=
ND
ωk⊥σ

(im+ k1)


PK+(ξ) +QK−(ξ)

RK+(ξ) + SK−(ξ)

−PK+(ξ) +QK−(ξ)

RK+(ξ)− SK−(ξ)

 eik⊥·x⊥e−iωη, (4.27)

where the details of coefficients P ,Q,R, and S are given as follows

P =
[
κA+ + (im+ k1 − ik2)A−

]
, Q =

[
(im+ k1 − ik2)A+ − κA−

]
, (4.28)

R =
[
− iκA+ − (m− ik1 + k2)A−

]
, S =

[
(m− ik1 + k2)A+ − iκA−

]
, (4.29)

with the unitary matrix U given in Eq. (4.3) [109]. Here, ND
ωk⊥σ

is a normalization constant

determined depending on the boundary condition, as shown later in Sec. 5.5. The general

solution to the Dirac equation in the Rindler coordinates for the case of general momentum

and arbitrary spin orientations (written in the Dirac representation) has been calculated

and discussed elsewhere (e.g., Refs. [107, 108]; see also the solution provided in Ref. [113]).

Interestingly, the coefficients P ,Q,S, and R in the solution (4.27) can be seen as



Gravitational Quantum States of Dirac and Majorana Bouncing Particles 22

c1, c2, c3, c4 of Ref. [108]2, respectively. From this fact, we have the relations between the

coefficients A±, B± and c1, c2, c3, c4 of Ref. [108]. This relation indicates that it is also

acceptable to operate using other representations because they can be transformed into

each other using a specific unitary matrix [109, 110]. We can set these coefficients to obtain

the solution in a specific direction of spin orientation (see Refs. [107, 108]). However, in the

present study, we discuss the system in the general spin orientation, which is expressed via

the coefficients A±.

In the following, we consider the Dirac solution for a simpler case: that of suppressed

perpendicular momentum k⊥ = 0. In this case, κ = m and the Dirac wave function in

Rindler coordinates written in the Dirac representation (4.27) reduces to the following form:

ψD
ωσ = ND

ωσ


(−iA+ + A−)Kiω

a
+ 1

2
(m
a
eaξ) + (A+ + iA−)Kiω

a
− 1

2
(m
a
eaξ)

(−A+ + iA−)Kiω
a

+ 1
2
(m
a
eaξ)− (iA+ + A−)Kiω

a
− 1

2
(m
a
eaξ)

(iA+ − A−)Kiω
a

+ 1
2
(m
a
eaξ) + (A+ + iA−)Kiω

a
− 1

2
(m
a
eaξ)

(−A+ + iA−)Kiω
a

+ 1
2
(m
a
eaξ) + (iA+ + A−)Kiω

a
− 1

2
(m
a
eaξ)

 e−iωη. (4.30)

When A+ = ±iA−, the Dirac wave function (4.30) has a spin orientation in the ±z-direction;

see Refs. [100, 105, 106] for the explicit form of the Dirac wave function in the case of k⊥ = 0

with spin orientation is in the ±z-direction. Below we will discuss the bound system for an

arbitrary spin orientation.

4.1.3 Bound States of a Dirac Bouncing Particle in a Homoge-

neous Gravitational Field

Here, we discuss the bound states of a Dirac bouncing particle in the case of suppressed

perpendicular momentum. We here utilize the BC-MIT [28–30] as the boundary condition

for the Dirac wave function in Rindler coordinates ψD at ξ = 0, given by (see Appendix B

for a brief review)

iNµγ
µ
Rψ

D
∣∣
ξ=0

= ψD
∣∣
ξ=0

, (4.31)

where an inward normal unit vector to the boundary is given by Nµ = (0, 0, 0, eaξ). By

decomposing the Dirac wave function into upper and lower two-component spinors ψD =

2The coefficients in Ref. [108] are originally denoted by cn1 , c
n
2 , c

n
3 , c

n
4 , where n in that reference denotes

the direction of the spin state.
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(χ1, χ2)T, the boundary condition (4.31) yields

iσ3χ1|ξ=0 + χ2|ξ=0 = 0. (4.32)

Imposing the boundary condition (4.32) to the Dirac wave function in Rindler coordinates

for the case of k⊥ = 0 (4.30), we obtain

K iω
a

+ 1
2

(m
a

)
+K iω

a
− 1

2

(m
a

)
= 0. (4.33)

See our work in Ref. [31] for the boundary condition of a Dirac bouncing particle in the

case of general momentum. We can see that the boundary condition in Eq. (4.33) does

not depend on the spin orientation; thus, the boundary condition (4.33) holds for all spin

orientations.

The boundary condition (4.33) leads ω must be discrete, for which the analytical

solution for the case of ω/a� 1 can be found using the approximation formula in Ref. [102];

the discrete solutions ωn are approximately given by

ωn
a
≈ µ+ ζn2−1/3µ1/3 − 1

2
+
ζ2
n

60
21/3µ−1/3 +

ζn
6

2−1/3µ−2/3 +

(
1

70
− ζ3

n

700
− 1

12

)
µ−1

+O(µ−4/3), (4.34)

where µ = m/a. Similar to the Klein–Gordon bouncer, the energy level of a Dirac bouncer

in Eq. (4.34) can be found using ωn = ED
n +m. The results show that, in the nonrelativistic

limit, the energy levels of a Dirac bouncer also reduce to eigen-energies for the Schrödinger

equation in a linear gravitational potential with an ideal mirror. This can be seen from the

second term of the right-hand side of the energy levels of a Dirac bouncer in Eq. (4.34).

The remaining terms on the right-hand side can be understood as a relativistic effect of the

bouncing Dirac particle associated with the BC-MIT. Thus, we can write the energy level

of a Dirac bouncer as

ED
n = ENR

n + ∆ED
n , (4.35)

where ENR
n (≡ En) is the energy level in the nonrelativistic limit given by Eq. (2.10) and

shared with the Klein–Gordon bouncer in the same limit. Here, ∆ED
n is the relativistic

correction to the energy level of a Dirac bouncer.

Here, we briefly discuss the bound states of a Dirac bouncing particle under the BC-

chiral MIT. Similar to the previous discussion, we here compute the case of a suppressed
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perpendicular momentum k⊥ = 0. The BC-chiral MIT [64] for the Dirac wavefunction in

the Rindler coordinates at ξ = 0 is given by (see Appendix B for a brief review)

iNµγ
µ
Rψ

D
∣∣
ξ=0

= e−iγ
5Θ ψD

∣∣
ξ=0

, (4.36)

where γ5 = iγ0γ1γ2γ3 and the inward normal unit vector to the boundary is given by

Nµ = (0, 0, 0, eaξ) and shared with that of the BC-MIT (4.31). The BC-chiral MIT (4.36)

can be decomposed into two equations, as follows:

i(σ3 + sin ΘI)χ2

∣∣
ξ=0
− cos Θχ1

∣∣
ξ=0

= 0, (4.37)

i(σ3 − sin ΘI)χ1

∣∣
ξ=0

+ cos Θχ2

∣∣
ξ=0

= 0. (4.38)

Here, both boundary conditions (4.37) and (4.38) are equivalent: The two-component Dirac

spinors in Eq. (4.37) trivially satisfy Eq. (4.38).

Imposing the boundary condition (4.37) to the Dirac wave function in the case of a

suppressed perpendicular momentum (4.30), we obtain two equations that can be rewritten

in the form of a multiplication between two matrices as(
T U
V W

)(
A+

A−

)
=

(
0

0

)
, (4.39)

where

T = (1 + sin Θ)(K+(0) + iK−(0)) + i cos Θ(−K+(0) + iK−(0)), (4.40)

U = (1 + sin Θ)(−iK+(0)−K−(0)) + i cos Θ(iK+(0)−K−(0)), (4.41)

V = (−1 + sin Θ)(−iK+(0)−K−(0)) + i cos Θ(−iK+(0) +K−(0)), (4.42)

W = (−1 + sin Θ)(−K+(0) + iK−(0)) + i cos Θ(−K+(0)− iK−(0)). (4.43)

For the arbitrary non-zero coefficients A±, we require the vanishing of the determinant of

the 2× 2 matrix in Eq. (4.39); this implies the following condition:

K iω
a
− 1

2

(m
a

)
+ e−iΘK iω

a
+ 1

2

(m
a

)
= 0. (4.44)

The presence of the chiral angle in Eq. (4.44) determines the explicit structure of the bound-

ary conditions. For example, in the non-chiral case (Θ = 0), the boundary condition (4.44)

generated by the BC-chiral MIT reduces to the boundary condition (4.33). For the case of
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chiral angle Θ = π, one has the following boundary condition

K iω
a
− 1

2

(m
a

)
−K iω

a
+ 1

2

(m
a

)
= 0. (4.45)

Both the boundary conditions in Eqs. (4.33) and (4.45) coincide with the boundary condition

in Ref. [23].

The authors of Ref. [23] showed that the behavior of the lowest few energy eigenstates

energy obtained from the boundary conditions differed from those of the Klein–Gordon

bouncing particle (3.11). In Chap. 5, we restrict our discussion to the non-chiral case (Θ =

0) applicable for realistic UCN systems, and we compare the energy levels and transition

frequencies of a nonrelativistic bouncer with those of a Klein–Gordon bouncer. Meanwhile,

we also compare the results against those of Ps atoms, using the analytic Klein–Gordon

bouncer solution. In addition, the study of the effects of chiral angle on the confinement

system has been discussed in Ref. [70], as we will also present in this thesis.

4.2 Majorana Bouncing Particle in a Homogeneous

Gravitational Field

Here, we turn to discuss the quantum bouncer problem for the Majorana particle in the

viewpoint of the equivalence principle. We investigate a Majorana solution of the Dirac

equation in Rindler coordinates under appropriate mirror boundary condition. Here, we

adopt the condition that the mirror properties are described by the BC-MIT so that the

normal probability current and scalar densities of a Majorana bouncing particle vanish at

the mirror surface. We start with a derivation of the Majorana wave function in Rindler

coordinates. There are several ways to obtain the solution of the Majorana wave function

(see, e.g., Refs. [49, 109, 110, 114]). In the present study, we follow the procedure given in

Ref. [49], in which the Majorana wave function is constructed using a linear combination of

the Dirac wave function and its charge conjugation. We use an additional condition for the

Majorana particle. Namely, the charge conjugation of the Majorana wave function is the

same as itself. Then, we apply the boundary condition to the Majorana wave function to

discuss its bound state.
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4.2.1 Majorana wave function in Rindler Coordinates

The Majorana wave function in Rindler coordinates written in the Dirac representation is

given by [49]

ψM
ωk⊥σ

=
1√
2

[
ψD
ωk⊥σ

+ λ(ψD
ωk⊥σ

)C
]

= λ(ψM
ωk⊥σ

)C , (4.46)

where λ = ±1 and ψD
ωk⊥σ

is the positive-frequency Dirac wave function (4.27). Here, the

charge conjugation is defined by ψC = iγ2ψ∗. We can see that the Majorana wave function

(4.46) consists of positive- and negative-energy components. For the parameter λ = +1, the

charge conjugation of the Majorana wave function is completely the same as itself and the

components of the Majorana wave function satisfy

ψM =

(
χM

1

−iσ2χ
M∗
1

)
= (ψM)C . (4.47)

This means that one can obtain the complete solution of the Majorana wave function from

the upper or lower two-components of the Majorana wave function only [110].

4.2.2 Bound States of a Majorana Bouncing Particle in a Homo-

geneous Gravitational Field

In the following, we consider the bound states of a Majorana particle in the case of a

suppressed perpendicular momentum k⊥ = 0 and arbitrary spin orientation. Because the

Majorana wave function is derived from the same equation as the Dirac wave function, i.e.,

the Dirac equation, the same problem regarding boundary conditions also appears for the

Majorana bouncing particle. Then, similar to the case of the Dirac bouncing particle, we

here adopt the BC-MIT (4.31) for the Majorana wave function (4.46); this gives us the

following boundary condition:[
K iω

a
+ 1

2

(
m

a

)
+K iω

a
− 1

2

(
m

a

)][
e−iωη

(
A+ + iA−

)
+ λeiωη

(
iA∗+ − A∗−

)]
= 0. (4.48)

The solution of ω in the boundary condition (4.48) must satisfy for all η. Therefore, each

term e−iωη and eiωη of the boundary condition (4.48) must vanish separately. From this

requirement, we finally find that for both cases λ = ±1, the boundary condition of the

Majorana bouncing particle (4.48) reduces to the boundary condition given in Eq. (4.33);
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this yields the discrete ωn as given in Eq. (4.34), where the solutions for both cases λ = ±1

are shared with those of the Dirac bouncing particle. This means that the energy levels of

a Majorana bouncer and its relativistic correction are the same as those of a Dirac bouncer.

In the following chapter, we will discuss the case of λ = +1 only.



Chapter 5

Roles of Boundary Conditions on

Gravitational Quantum States of

Bouncing Particles

In the previous chapters, we discussed the bound systems for four types of bouncing par-

ticles associated with the boundary conditions. We showed that the bound systems of all

relativistic bouncing particles can be compared to their nonrelativistic limits. In this chap-

ter, we discuss the roles of boundary conditions on the behaviors of bouncing particles in a

homogeneous gravitational field by analyzing the energy levels, transition frequencies, and

density functions using the results in Ref. [31].

5.1 Energy Levels of Quantum Bouncing Particles

We first summarize and compare the energy levels of four types of bouncing particles in

the case of suppressed perpendicular momentum, which are derived and discussed in the

previous chapters.

Nonrelativistic Particle. The energy level of a nonrelativistic bouncing particle under

the Dirichlet boundary condition of a vanishing wave function at the mirror surface is given

from Eq. (2.10) as

ENR
n

a
= 2−1/3

(
m

a

)1/3

ζn, (5.1)

28
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where m is the mass of the particle, a is uniform (gravitational) acceleration, B is the length

scale defined by Eq. (2.5), and ζn is obtained from the zeros of the Airy function Ai(−ζn) = 0

(2.9).

Klein–Gordon Particle. The energy level of a Klein–Gordon bouncing particle under

the Dirichlet boundary condition of a vanishing scalar field at the mirror surface is obtained

as

EKG
n

a
≈ E

NR
n

a
+
ζ2
n

60
21/3

(
a

m

)1/3

+

(
1

70
− ζ3

n

700

)
a

m
(5.2)

from the analytic expansion given in Eq. (3.12) after inserting µ = m/a and ωn = EKG
n +m.

Using this approximation in the nonrelativistic limit, the energy levels of a Klein–Gordon

bouncer (5.2) can be clearly compared with those of a nonrelativistic bouncer, where the

energy levels of a Klein–Gordon bouncer has the additional terms approximately given as

follows:

∆EKG
n

a
=
EKG
n

a
− E

NR
n

a
≈ ζ2

n

60
21/3

(
a

m

)1/3

+

(
1

70
− ζ3

n

700

)
a

m
. (5.3)

These additional terms can be understood as relativistic corrections to the energy levels

generated by the Dirichlet boundary condition; their values are dominated by the first term

of Eq. (5.3) and are positive. In other words, the energy levels of a Klein–Gordon bouncer

always exceed those of the nonrelativistic bouncing particle for all states n. In Table 5.1,

we shows an example of such properties of a Klein–Gordon bouncer for mass m = 10 and

uniform acceleration a = 1. In addition, from Eq. (5.3), we can also see that the relativistic

corrections to the energy levels go to zero in the large-mass and small-acceleration schemes.

Dirac and Majorana Particles. The energy levels of Dirac and Majorana bouncing

particles under the BC-MIT are given by

ED,M
n

a
≈ E

NR
n

a
− 1

2
+
ζ2
n

60
21/3

(
a

m

)1/3

+
ζn
6

2−1/3

(
a

m

)2/3

+

(
1

70
− ζ3

n

700
− 1

12

)
a

m
, (5.4)

which is obtained from the analytic expansion given in Eq. (4.34) with µ = m/a and ωn =

ED,M
n +m. Comparing the energy levels of Dirac and Majorana bouncers in the nonrelativistic

limit to those of a nonrelativistic bouncer, we find the extra terms approximately given as

∆ED,M
n

a
≈ −1

2
+
ζ2
n

60
21/3

(
a

m

)1/3

+
ζn
6

2−1/3

(
a

m

)2/3

+

(
1

70
− ζ3

n

700
− 1

12

)
a

m
, (5.5)
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Table 5.1: Energy levels of quantum bouncers for the lowest six states. The left column
is for a nonrelativistic bouncer, the middle column is for a Klein–Gordon bouncer, and
the right column is for Dirac and Majorana bouncers. Here, we use mass m = 10, uniform

acceleration a = 1, and each energy level is scaled by a factor maB [31].

n ENR
n /maB EKG

n /maB ED,M
n /maB

1 2.338 2.369 2.103
2 4.088 4.179 3.931
3 5.521 5.683 5.446
4 6.787 7.028 6.800
5 7.944 8.270 8.049
6 9.023 9.438 9.223

which can be understood as relativistic corrections to energy levels. It can be seen that in

the lowest few states, the correction is dominated by the first term of Eq. (5.5) and has a

negative contribution. However, when the state n is sufficiently large, the correction gives a

positive contribution. As an example, Table. 5.1 shows that the energy levels of Dirac and

Majorana bouncers with mass m = 10 and uniform acceleration a = 1 are lower and higher

than those of nonrelativistic bouncing particle for n ≤ 3 and n ≥ 4, respectively. Similar to

the Klein–Gordon bouncer, the relativistic corrections from Dirac and Majorana bouncers

also go to zero in the case of large-mass and small-acceleration. A comparison of the scaled

energy level of a Dirac bouncer to those for a Klein–Gordon bouncer has previously been

discussed in Ref. [23] (see Figs. 1 and 2 of Ref. [23]).

Table 5.2: The lowest six relativistic corrections to energy levels of quantum bouncers
in Table 5.1. The left column is for a Klein–Gordon bouncer, and the middle column is
for Dirac and Majorana bouncers. The right column provides the differences values of the
transition frequencies between a Klein–Gordon bouncer and Dirac and Majorana bouncers.
Here, we use mass m = 10, uniform acceleration a = 1, and each relativistic correction to

the transition frequency is scaled by a factor maB.

n ∆EKG
n /maB ∆ED,M

n /maB (∆EKG
n −∆ED,M

n )/maB
1 0.031 -0.235 0.266
2 0.091 -0.157 0.248
3 0.162 -0.075 0.237
4 0.241 0.013 0.228
5 0.326 0.105 0.221
6 0.415 0.200 0.215

Table 5.2 provides the relativistic corrections to the energy levels of Klein–Gordon

(left column) and Dirac and Majorana bouncers (middle column) for mass m = 10 and

uniform acceleration a = 1. The results show that the relativistic corrections to the energy
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levels of a Klein–Gordon bouncer are always positive for all states n. In contrast, those of

Dirac and Majorana bouncers are negative for the lowest three states and positive for the

higher states n ≥ 4. This table also provides the lowest six scaled differences values of the

transition frequencies between a Klein–Gordon bouncer and Dirac and Majorana bouncers

(right column). The results show that, for the lowest few states, the differences give the

smaller value as the increases of the state n.

In the realistic situation, where the mass of the neutron is m ≈ 0.94 GeV [96] and the

gravitational acceleration on the Earth’s surface is a = 9.8 m/s2 ≈ 2.15 × 10−32 GeV, the

first six energy levels of a nonrelativistic bouncer of the UCN are approximately given by

ENR
n ≈ 1.406, 2.458, 4.080, 4.776, and 5.424 peV for n = 1, 2, 3, 4, 5, and 6, respectively (see

the values in Table 2.1). The first term of the relativistic corrections to the energy levels of

the Klein–Gordon bouncing particle (5.3), when compared with ENR
n /a is ζn(2a/m)2/3/60,

which is about 4.984 × 10−23 for the lowest state of the UCN. We can see that the order

is fairly small. Meanwhile, the first term of relativistic corrections to the energy levels of

the Dirac and Majorana bouncers (5.5), compared with ENR
n /a is −(a/4m)1/3/ζn, which is

about −7.339× 10−12 for the lowest state of the UCN. This order is also fairly small.

As we mentioned above, observations of gravitational quantum states have recently

been proposed not only for UCNs but also for Ps atoms [52, 53], whose masses are 10−3

times smaller. The dependence of the energy levels and first-order relativistic corrections to

energy levels on the mass appear in the factors m1/3 and m−1/3, respectively. Therefore, the

energy levels and the relativistic corrections to there for the Rydberg Ps atom are 10 times

smaller [52] and 10 times larger than for those of UCNs at the same state n, respectively.

5.2 Relativistic Corrections to Energy Levels of a Clas-

sical Particle in Rindler Coordinates

In the previous section, we discussed how the energy levels behave under specific boundary

conditions. To further our understanding of the boundary conditions, we calculate the

relativistic corrections to the energy levels for a classical particle in Rindler coordinates by

using a perturbation approximation (see, e.g., Refs. [23, 115, 116]). Below, we consider the

first-order correction to the energy level. We start with the derivation of the nonrelativistic

Hamiltonian of the Dirac equation in Rindler coordinates. The derivation is applicable

for both Dirac and Majorana particles because we adopt that the Majorana wave function

satisfies the Dirac equation, similar to the Dirac wave function.
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5.2.1 Hamiltonian of Dirac equation in Rindler Coordinates

We start with the action of a relativistic particle of mass m in Rindler coordinates, as given

by

S = −
∫
m

√
e2aξ

(
1− ξ̇2

)
dη =

∫
Ldη, (5.6)

where ξ̇ ≡ dξ/dη and we have suppressed the transverse motion in the x and y directions.

The Hamiltonian is defined as

H = P ξ̇ − L = meaξ
√

P 2

m2e2aξ
+ 1, (5.7)

where P is the conjugate momentum given by

P =
δS

δξ̇
=

me2aξ ξ̇√
e2aξ(1− ξ̇2)

. (5.8)

Using the expansion of
√

1 + x = 1 + 1
2
x− 1

8
x2 +O(x3) and ex = 1 + x + 1

2
x2 +O(x3), we

obtain

H ≈ HNR ≡ m+
P 2

2m
+maξ +

ma2ξ2

2
− P 4

8m3
− aξP 2

2m
. (5.9)

The first term of Eq. (5.9) is the rest-mass, which can be excluded from the total Hamil-

tonian. The second and third terms of Eq. (5.9) describe the Hamiltonian of a particle in

a linear gravitational field; this takes a solution in the form of the Airy function Ai, as we

previously discussed in Sec. 2.2. Thus, the particle’s energy from the Hamiltonian (5.9)

can be calculated using the perturbation approximation, as we demonstrate in the following

subsection; see also the calculation in Ref. [23].

5.2.2 Relativistic Corrections to Energy Levels

We classify the nonrelavitistic Hamiltonian (5.9) into two terms: perturbed and unperturbed

Hamiltonians. That is,

HNR ≡ H0 +H ′, (5.10)
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where the unperturbed Hamiltonian consists of the kinetic and potential terms explicitly

given by

H0 =
P 2

2m
+maξ, (5.11)

which will form the nonrelativistic Hamiltonian if we replace the ξ here by the z given in

Sec. 2.2; furthermore,

H ′ =
ma2ξ2

2
− P 4

8m3
− aξP 2

2m
(5.12)

is the relativistic correction, which is a perturbed terms in our approximation.

To obtain the relativistic corrections, we write ξ in the above Hamiltonians as the

z in Sec. 2.2 and quantize the system by introducing [z, P ] = i. With this parameter, we

obtain the energy levels from the unperturbed Hamiltonian via

E0
n = 〈ψn|H0|ψn〉

= 〈ψn|
P 2

2m
+maz|ψn〉

= maBζn = ENR
n , (5.13)

which matches that of the energy levels of a nonrelativistic bouncer (2.10). Here, |ψn〉 is

the nth energy eigenstate, whose wavefunction ψn(z) = 〈z|ψn〉 is in the function of the Airy

function (2.7). Next, we discuss the first-order correction, which can be obtained using the

perturbation approximation as

Ẽ (1)
n ≈ 〈ψn|H ′|ψn〉

=
ma2

2
〈z2〉 − 1

8m3
〈P 4〉 − a

2m
〈zP 2〉. (5.14)

Here, all expectation values are taken with respect to the state |ψn〉. The second term of

Eq. (5.14) gives

− 1

8m3
〈P 4〉 = − 1

8m3
〈4m2(E2

n − 2mazEn +m2a2z2)〉

= −E
2
n

2m
+ aEn〈z〉 −ma2〈z2〉, (5.15)

where we have used the relation

P 2|ψn〉 = 2m(En −maz)|ψn〉, (5.16)

from the Schrödinger equation (2.4). Then, by exploiting Eq. (5.16), the commutation

relation [z, P 2] = 2iP , and the fact that 〈ψn|P |ψn〉 = 0, the last term of Eq. (5.14) can be
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written as

− a

2m
〈zP 2〉 = −aEn〈z〉+ma2〈z2〉. (5.17)

Combining Eqs. (5.15) and (5.17), the first-order correction (5.14) yileds

Ẽ (1)
n ≈ −E

2
n

2m
+ma2〈z2〉. (5.18)

The contribution of the first term of Eq. (5.18) is −ma2β2ζ2
n/2, which is obtained after

inserting the explicit expression of the energy level En(≡ En) given in Eq. (2.10). Meanwhile,

the second term of Eq. (5.18) gives

ma2〈z2〉 = ma2B
∫ ∞

0

ψ∗n(ζ)z2ψn(ζ)dζ

= ma2B3N 2
n

∫ ∞
0

ζ2(Ai(ζ − ζn))2dζ

= ma2B2 8

15
ζ2
n, (5.19)

where we have used ζ = z/B. Combining the first and second terms of Eq. (5.18), we obtain

the total first-order correction as

Ẽ (1)
n ≈ −1

2
ma2B2ζ2

n +
8

15
ma2B2ζ2

n

≈ 1

30
ma2B2ζ2

n, (5.20)

which matches that of a Klein–Gordon bouncer (5.3) and gives a positive correction. From

this result, we learn that the boundary condition is important to analyze the bound system.

5.3 Foldy–Wouthuysen Transformed Hamiltonian for

Dirac Equation in Rindler Coordinates

In this section, we apply the Foldy–Wouthuysen transformation [56–59] to the Hamilto-

nian of the relativistic spin-1/2 particle, to obtain its nonrelativistic approximation. The

Hamiltonian for the Dirac equation in Rindler coordinates is given by [100, 113]

H = eaξmγ0 − ia
2
α3 − iα3Pξ

' γ0m+ γ0maξ + γ0m

2
a2ξ2 − ia

2
α3 + α3Pξ, (5.21)
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where we have used the expansion of ex = 1 + x + 1
2
x2 + O(x3), −i ∂

∂ξ
≡ Pξ, and we have

suppressed the coordinates perpendicular to the direction of acceleration a. The Hamiltonian

(5.21) can be classified into three terms as

H = βm+ ε+O (5.22)

with β ≡ γ0. Here, ε and O are even and odd operators that satisfy

βε = εβ, βO = −Oβ, (5.23)

respectively. We classify the even and odd operators for the relativistic Hamiltonian (5.21)

as follows

ε = maξβ +
1

2
ma2ξ2β, O = −ia

2
α3 + α3Pξ. (5.24)

The Foldy–Wouthuysen Hamiltonian is given by [56, 57]

HFW ' β

(
m+

O2

m2
− O4

8m3

)
+ ε− 1

8m2

[
O,
[
O, ε

]]
. (5.25)

Inserting Eq. (5.24) into Eq. (5.25), we obtain the lowest order of the Foldy–Wouthuysen

Hamiltonian transformation for Eq. (5.21), as follows:

HFW ' β

[
m+

P 2

2m
+maξ +

ma2ξ2

2
− P 4

8m3
− aξP 2

2m

]
. (5.26)

It can be seen that the Foldy–Wouthuysen transformed Hamiltonian consists of positive

and negative eigenvalues under gamma matrix β(≡ γ0) (see Eq. (4.4) for the detail ex-

pression of the gamma matrices). Here, we discuss the positive eigenvalues only. Then,

the results show that the lowest orders of the Foldy–Wouthuysen transformed Hamiltonian

(5.26) coincides with the nonrelativistic Hamiltonian (5.9) after replacing the ξ here by the

z. Thus, Foldy–Wouthuysen transformed Hamiltonian give the same first-order correction

as Eq. (5.20). Note that our Hamiltonian (5.26) was obtained using the Rindler metric given

in Eq. (3.3). When one uses the metric first given in Ref. [63], expressed as

ds2 = (1 + au)2dt2 − dx2 − dy2 − du2, (5.27)

the Hamiltonian is given by

H = βm+ βmgu+ α3Pu + α3auPu, (5.28)
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where the perpendicular coordinates x⊥ ≡ (x, y) are supressed. The odd and even operators

of the Hamiltonian (5.28) are given by ε = βmgu and O = α3Pu + α3auPu, respectively.

Then, the lowest order of the Foldy–Wouthuysen transformed Hamiltonian is given by (see,

e.g., Refs. [23, 60–62])

HFW ' β

[
m+

P 2

2m
+maz +

azP 2

2m
− P 4

8m3

]
, (5.29)

after treating u as z. Comparing to the lowest order of the Foldy–Wouthuysen transformed

Hamiltonian given in Eq. (5.29), we can see that our Hamiltonian (5.26) is not exactly

identical, because we use the metric given in Ref. [103], which is suitable for uniformly

accelerated observers at ξ = 0 [117]. However, taking the advantage of the Hamiltonian

of the Schrödinger equation as the unperturbed Hamiltonian of (5.26) and (5.29), both the

perturbed terms of their Hamiltonian give the same correction, as we will see below. Note

that the relativistic correction from the Hamiltonian has also been previously discussed in

Ref. [23] using the metric given in Ref. [63]. The first-order correction from Hamiltonian

(5.29) under the perturbartion approximation is given as follows

E (1)
n ≈ a

2m
〈zP 2〉 − 1

8m3
〈P 4〉

≈ 2aEn〈z〉 −
3

2
ma2〈z2〉 − E2

n

2m

≈ 1

30
ma2B2ζ2

n, (5.30)

which is identical to our first-order correction to energy levels of a Klein–Gordon bouncer

given in the first term of Eq. (5.3). The relativistic correction is also identical to Eq. (5.20).

The above obtained Foldy–Wouthuysen transformed Hamiltonian is applicable for

both Dirac and Majorana particles because both Dirac and Majorana wave functions satisfy

the Dirac equation. Thus, the relativistic corrections for the energy level of the Dirac bouncer

also apply to the Majorana one.

5.4 Transition Frequencies between Two Energy Eigen-

states of Bouncing Particles

In the previous section, we presented the bouncing particles’ energy levels and their rel-

ativistic corrections. Unfortunately, the parameter of the shift of energy spectrum is not
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detectable in the laboratory. However, the parameter of the transition frequencies between

the energy eigenstates of the two quantum states can be observed, e.g., by using gravita-

tional resonance spectroscopy [118–122]. The transition (angular) frequency between the

two energy eigenstates En′ and En is given by

ωn,n′ = En′ − En, (5.31)

where we have used ~ ≡ 1. Below, we compare the transition frequencies for four types of

bouncing particles.

Nonrelativistic Particle. The transition frequency between the two energy eigenstates

ENR
n+1 and ENR

n for a nonrelativistic bouncer is given by

ωNR
n,n+1 = maB(ζn+1 − ζn) =

(
ma2

2

)1/3

(ζn+1 − ζn). (5.32)

From the property of the zeros of the Airy function, the value of ζn+1 > ζn guarantees that

the transition frequencies of a nonrelativistic bouncer (5.32) remain positive for all states n.

However, its value goes to zero when the states n increase.

Klein–Gordon Particle. The transition frequency between the two energy eigenstates

EKG
n+1 and EKG

n for a Klein–Gordon bouncer is approximately given by

ωKG
n,n+1 ≈ ωNR

n,n+1 +
1

60

(
2a4

m

)1/3

(ζ2
n+1 − ζ2

n)− 1

700

a2

m
(ζ3
n+1 − ζ3

n). (5.33)

The first term on the right hand side of Eq. (5.33) is the transition frequency of a nonrela-

tivistic bouncer, while the remaining terms can be understood as relativistic corrections to

the transition frequency of a Klein–Gordon bouncer, given by

∆ωKG
n,n+1 = ωKG

n,n+1 − ωNR
n,n+1 ≈

1

60

(
2a4

m

)1/3

(ζ2
n+1 − ζ2

n)− 1

700

a2

m
(ζ3
n+1 − ζ3

n). (5.34)

From Eq. (5.34), we can see that the relativistic corrections to transition frequency are

dominated by the first term and give the positive values, where we here have used the case

of ω/a � 1. The relativistic corrections to the transition frequencies of a Klein–Gordon

bouncer go to zero in the large-mass and small-acceleration schemes, which is similar to

those of the energy levels of a Klein–Gordon bouncer. In addition, the analytic relativistic

corrections of the transition frequencies of a Klein–Gordon bouncer are quite small when we
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apply for the realistic parameters of the UCN and Ps atom, as we see below.

Dirac and Majorana Particles. The transition frequencies between the two energy

eigenstates ED,M
n+1 and ED,M

n of Dirac and Majorana bouncers are given by

ωD,M
n,n+1 ≈ ωNR

n,n+1 +
1

60

(
2a4

m

)1/3

(ζ2
n+1 − ζ2

n) +
1

6

(
a5

2m2

)1/3

(ζn+1 − ζn)

− 1

700

a2

m
(ζ3
n+1 − ζ3

n), (5.35)

and the relativistic corrections to the transition frequencies of a nonrelativistic bouncer are

given by

∆ωD,M
n,n+1 ≈

1

60

(
2a4

m

)1/3

(ζ2
n+1 − ζ2

n) +
1

6

(
a5

2m2

)1/3

(ζn+1 − ζn)− 1

700

a2

m
(ζ3
n+1 − ζ3

n). (5.36)

The contribution of a/2, responsible for the negative correction to the lowest few energy

levels, is canceled in the transition frequencies. Thus, the relativistic corrections to the

transition frequencies are dominated by the first term of Eq. (5.36) and give positive values.

In other words, the obtained results show that the transition frequencies for all relativistic

bouncing particles exceed those of a nonrelativistic one. As an example, we compare the

transition frequencies for mass m = 10 and uniform acceleration a = 1 in Table 5.3. Com-

pared to the results obtained for the Klein–Gordon particle, the relativistic corrections to

transition frequencies of Dirac and Majorana particles feature one additional term, explicitly

given in the second term of Eq. (5.36).

Table 5.3: The transition frequencies between the nth and (n+ 1)th energy eigenstates
of the bouncers in Table 5.1. The left column is for a nonrelativistic bouncer, the middle
column is for a Klein–Gordon bouncer, and the right column is for Dirac and Majorana
bouncers. Here, mass m = 10, uniform acceleration a = 1, and each transition frequency

is scaled by a factor maB [31].

n ωNR
n,n+1/maB ωKG

n,n+1/maB ωD,M
n,n+1/maB

1 1.750 1.810 1.828
2 1.433 1.504 1.515
3 1.266 1.345 1.354
4 1.157 1.242 1.249
5 1.079 1.168 1.174

Table 5.4 shows the relativistic corrections to the transition frequencies of a Klein–Gordon

bouncer (left column) and Dirac and Majorana bouncers (middle column) from the obtained
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Table 5.4: The relativistic corrections to the transition frequencies between the nth
and (n + 1)th energy eigenstates of the bouncers. The left column is for a Klein–Gordon
bouncer and the middle column is for Dirac and Majorana bouncers. The right column
is for the differences values of the scaled relativistic corrections to transition frequencies
between a Klein–Gordon bouncer and Dirac and Majorana bouncers. Here, mass m = 10,
uniform acceleration a = 1, and each relativistic correction to the transition frequency is

scaled by a factor maB.

n ∆ωKG
n,n+1/maB ∆ωD,M

n,n+1/maB (∆ωD,M
n,n+1 −∆ωKG

n,n+1)/maB
1 0.060 0.078 0.018
2 0.071 0.082 0.011
3 0.079 0.088 0.009
4 0.085 0.092 0.007
5 0.089 0.095 0.006

results in Table 5.3. We can see that that the relativistic corrections to the transition fre-

quencies for all Klein–Gordon, Dirac, and Majorana particles increase under the increase of

states n. This table also provides the differences values of the scaled relativistic corrections

to transition frequencies between a Klein–Gordon bouncer and Dirac and Majorana bounc-

ers (right column). The results show that, for the lowest few states, the differences decrease

as the increase of states n.

In the realistic situation for UCNs, the relativistic corrections to the transition fre-

quencies (5.34) and (5.36), ∆νKG
n,n+1 = ∆ωKG

n,n+1/(2π) and ∆νD,M
n,n+1, are both on the order

of 10−20 Hz for the lowest states, which are too small to be detected with the present

technology. For comparison, the transition frequencies of UCNs in the lowest few states

are approximately given by νNR
n,n+1 ≈ 254.44, 208.31, 184.11, 168.30, and 156.82 Hz for

n = 1, 2, 3, 4, and 5, respectively. The mass dependence of the first-order relativistic correc-

tion to transition-frequencies corrections also appears in the factor m−1/3. Therefore, these

relativistic corrections to transition frequencies for the Ps atom are 10 times larger than for

the UCN, though still too small to be detected with the present technology.

5.5 Density Functions of Quantum Bouncing Particles

In this section, we discuss the density functions for bouncing particles in the case of sup-

pressed perpendicular momentum k⊥ = 0 [31]. We compare the probability, normal proba-

bility current, and scalar density of the bouncers. We may represent the functions in z or ξ

using the relation of az = eaξ − 1.
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5.5.1 Probability Density of Bouncing Particles

First, we discuss the comparison of the probability densities of four types of bouncing par-

ticles in the case of suppressed perpendicular momentum.

Nonrelativistic Particle. The probability density of a nonrelativistic bouncer is given

by

ρNR(z) = |Ψn(t, z)|2

= |Nn|2
[
Ai
( z
B − ζn

)]2

, (5.37)

where we have used the wave function in Eq. (2.3) with ψn(z) as given in Eq. (2.7). Here,

B is the gravitational length scale given in Eq. (2.5), Nn is the normalization constant de-

termined by the condition in Eq. (2.8), and the parameter ζn is defined in Eq. (2.9). From

the second line of Eq. (6.52), we can see that the probability density for a nonrelativistic

bouncer is time-independent.

Klein–Gordon Particle. The probability density of a Klein–Gordon bouncer is given

by normalizing

ρKG
ω (ξ) = i

[
φ∗(η, ξ)

∂φ(η, ξ)

∂η
− φ(η, z)

∂φ∗(η, ξ)

∂η

]
= 2ω

∣∣NKG
ω

∣∣2 [K iω
a

(
m

a
eaξ)

]2

, (5.38)

where we have used the solution given in Eq. (3.9) with ωn = EKG
n + m determined by the

boundary condition (3.10). Note that the probability density of a Klein–Gordon bouncer

can also be written in the function of z by using the relation of eaξ = az + 1, as mentioned

above. From Eq. (5.38), we can see that the probability density of a Klein–Gordon bouncer

is time-independent, similar to the nonrelativistic one. Here, the normalization constant

NKG
ω is determined by the following condition∫ ∞

0

ρKG
ω (ξ)eaξdξ =

∫ ∞
0

ρKG
ω (z)dz = 1 (5.39)

with dz = eaξdξ.

Dirac Particle. The probability density of a positive-energy Dirac bouncing particle can
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be obtained in a coordinate-independent way (see e.g., Ref. [123]) by normalizing

ρD
ωσ(ξ) = n0ψ̄

D
ωσ(η, ξ)γ0

Rψ
D
ωσ(η, ξ)

= 8
∣∣ND

ωσ

∣∣2 (|A+|2 + |A−|2)
∣∣∣K iω

a
− 1

2
(
m

a
eaξ)

∣∣∣2 , (5.40)

which is obtained from the solution in Eq. (4.30) with ωn = ED,M
n + m determined by

the boundary condition (4.33). The continuity equation of the Dirac equation in Rindler

coordinates is given by ∂µ(
√−g ψ̄γµRψ) =

√−g ∇µ(ψ̄γµRψ) = 0. Here, nµ is the normal

vector perpendicular to the constant time hypersurface. The normalization constant ND
ωσ is

determined by the following condition∫ ∞
0

ρD
ωσ(ξ)eaξdξ =

∫ ∞
0

ρD
ωσ(z)dz = 1 (5.41)

with dz = eaξdξ. From Eq. (5.40), we can see that the probability density of a Dirac bounc-

ing particle is time-independent, similar to the Klein–Gordon and nonrelativistic bouncing

bouncers. In addition, the probability density of a Dirac bouncer does not depend on the

spin orientation because the factor (|A+|2 + |A−|2) gives real constant values that can be

absorbed into the normalization constant.

Majorana Particle. We here define the probability density of a Majorana bouncer in

the case of k⊥ = 0 by normalizing

ρM
ωσ(η, ξ) = n0ψ̄

M
ωσ(η, ξ)γ0

Rψ
M
ωσ(η, ξ)

= 8
∣∣NM

ωσ

∣∣2 (|A+|2 + |A−|2
){∣∣∣K iω

a
− 1

2
(
m

a
eaξ)

∣∣∣2 + 2A(η) Re

[(
K iω

a
− 1

2
(
m

a
eaξ)

)2
]}

,

(5.42)

from the Majorana wave function given in Eq. (4.46) with ωn = ED,M
n +m determined by the

boundary condition (4.33) shared with the Dirac particle. Here, NM
ωσ is the normalization

constant of the Majorana wavefunction in the case of k⊥ = 0, determined by the condition∫ ∞
0

ρM
ωσ(η, ξ)eaξdξ =

∫ ∞
0

ρM
ωσ(η, z)dz = 1. (5.43)

In contrast to the Dirac bouncer, the behavior of the probability density for a Majorana

bouncer depends on time η as well as spin orientation (determined by the values of A±) via
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the factor

A(η) ≡ −Im
[(
A2

+ + A2
−
)
e−2iωη

]
2 (|A+|2 + |A−|2)

. (5.44)

When the spin orientation is in the ±z-direction (A+ = ±iA−) [100, 105, 106], we have

A = 0 and the probability density of the Majorana bouncer exactly matches that of the

Dirac bouncer. In the other spin orientations, we have A 6= 0 in the last term of Eq. (5.42)

that corresponds to the Zitterbewegung; it is explicitly given by

ρM,ZB
ωσ (η, ξ) = −8

∣∣NM
ωσ

∣∣2 Im
[(
A2

+ + A2
−
)
e−2iωη

]
Re

[(
K iω

a
− 1

2
(
m

a
eaξ)

)2
]
. (5.45)

This Zitterbewegung arises from the interference between the Dirac wavefunction and its

charge conjugation, or from the positive- and negative-energy components of the Majorana

wave function (4.46) [111]. However, this Zitterbewegung rapidly oscillates and might not

be resolvable using experimental apparatus [31]. Thus, we can assume the vanishing of

this factor; under this condition, the probability density of the Majorana bouncing particle

exactly matches that of the Dirac bouncing particle (see Fig. 5.1 for the case of A = 0).

Figure 5.1 shows the probability density of the nonrelativistic, Klein–Gordon, Dirac,

and Majorana bouncers for the case of suppressed perpendicular momentum k⊥ = 0 with

mass m = 10 and uniform acceleration a = 1 for the ground, first-excited, and second-excited

states. From this figure, we can see that the probability density of the nonrelativistic and

Klein–Gordon bouncers vanishes around the boundaries ξ = 0 or z = 0. This property is

associated with the Dirichlet boundary conditions. For a Dirac bouncer, the probability

density under the BC-MIT does not vanish around the boundary surface for arbitrary coef-

ficients A±. For a Majorana bouncer, the behavior around the boundary surface depends on

the coefficients A±. This figure presents three cases for the probability density of a Majorana

bouncer, which are presented for the three values of factor A = 0,+0.5, and −0.5. From this

figure, we can see that at A = 0, the probability density for both the Dirac and Majorana

bouncing particles produce an identical pattern that does not vanish at the boundary. For

A = +0.5, the probability density of a Majorana bouncer vanishes around the boundary sur-

face, which matches the behaviors of the nonrelativistic and Klein–Gordon bouncers around

the boundary surface. However, their physical meaning differs: Both the nonrelativistic and

Klein–Gordon cases are determined by the boundary conditions, whereas the Majorana one

does not. In contrast, when A = −0.5, the probability density of a Majorana bouncer does

not vanish around the boundary surface and is higher than in other cases.
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Figure 5.1: The probability densities of the bouncers with the transverse dimensions
x and y suppressed. We demonstrate for the case of lowest three states: the ground
state n = 1 (upper panel), first-excited state n = 2 (lower-left panel), and second-excited
state n = 3 (lower-right panel). For the probability density of a Majorana bouncer, we
depict three cases for various values of factor A: A = 0 is for the case of A+ = ±iA−
(corresponding to the spin orientations in the ±z-directions), A = +0.5 is for the upper
limit of A = +0.5 sin(2ωη) from purely real coefficients A± with A+ = A−, and A = +0.5
is for the lower limit of A = −0.5 sin(2ωη) from purely imaginary coefficients A± with
A+ = A−. Here, mass m = 10, uniform acceleration a = 1, and az = eaξ − 1. Both
the probability densities of nonrelativistic and Klein–Gordon bouncers vanish around the
boundary surface while a Dirac bouncer does not. For a Majorana bouncer, its behavior
around the boundary surface depends on coefficients A±. These figures are reproduced

from Ref. [31].

Here, we discuss the physical interpretation or implications of the presence of the

Zitterbewegung, which depends on the coefficients A± and oscillates in the function of time

η. In the above discussion, we mentioned that the coefficients A± store the information

regarding spin orientations. However, the presence of the Zitterbewegung in the probability

density of a Majorana bouncer does not indicate a dependence of the Zitterbewegung on the

spin orientation. As mentioned above, the BC-MIT requires vanishing the normal probability

current density vanishes at the boundary surface. Therefore, the particle is perfectly reflected

under all spin orientations [31] (cf. Ref. [25] for the reflection system, and see also the system
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of a Dirac particle confined in a box, described in the next chapter).

5.5.2 Normal Probability Current Density for Dirac and Majo-

rana Bouncing Particles

In this subsection, we turn to discuss the normal component of the probability current den-

sity JN,ωσ(η, ξ) = ψ̄ωσ(η, ξ)γ3ψωσ(η, ξ) of Dirac and Majorana bouncers in arbitrary spin

orientations, for the case of a suppressed perpendicular momentum k⊥ = 0.

Dirac Particle. The normal probability current density for a Dirac bouncer vanishes

everywhere; that is

JD
N,ωσ(ξ) = ψ̄D

ωσ(η, ξ)γ3ψD
ωσ(η, ξ)

= 0. (5.46)

This can be mathematically explained in more detail as follows. The Dirac wavefunction

consists of four components: ψD = (ψD
1 , ψ

D
2 , ψ

D
3 , ψ

D
4 )T. Thus, from the first line of Eq. (5.46),

we have the summation of four terms: ψD∗
3 ψD

1 − ψD∗
4 ψD

2 + ψD∗
1 ψD

3 − ψD∗
2 ψD

4 . Substituting

each component of the Dirac wavefunction (4.30) into those four terms, we find that the

first and third terms cancel each other, likewise for the second and fourth terms. Finally,

we find that the total contribution vanishes everywhere (see also the analysis in Ref. [23]).

Here, we do not directly use the vanishing of the normal probability density as the boundary

conditions for Dirac particle and further for Majorana particle to avoid the ambiguity of the

chiral angle. If we apply this vanishing as the boundary condition, we have an extra result

as given by Eq. (4.45).

Majorana Particle. In general, the normal component of the probability current den-

sity of a Majorana bouncer does not vanish; it is explicitly given by

JM
N,ωσ(η, ξ) = ψ̄M

ωσ(η, ξ)γ3ψM
ωσ(η, ξ)

= 8
∣∣NM

ωσ

∣∣2 Re

[ (
A2
− + A2

+

)
e−2iωη

]
Im

[(
K iω

a
+ 1

2
(
m

a
eaξ)

)2
]
, (5.47)

where NM
ωσ is normalization constant determined by the condition in (5.43). We can see

that the normal probability current of a Majorana bouncer is time-dependent. In addition,
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it also depends on the coefficients A±. These dependences corresponds to the Zitterbewe-

gung, which are similar to that of the probability density. This Zitterbewegung arises from

the contribution of the interference between the positive- and negative-energy components

of the Majorana wavefunction (4.48). When the spin orientation is in the ±z-directions

(corresponding to the chosen values of the coefficients A+ = ±iA−), the normal probability

current density of a Majorana bouncer vanishes everywhere. In this condition, the normal

probability current density of a Majorana bouncer is identical to the Dirac one. Discussions

of the role of spin orientation on the probability density of a Majorana bouncer are limited.

However, from the result in Ref. [25], we learn that the non-chiral case of the boundary con-

ditions from the MIT bag model does not generate a change of spin orientation for a Dirac

particle (see also our discussion in the next chapter). Furthermore, the BC-MIT requires the

vanishing normal probability current density at the boundary surface. This property means

that the particle is perfectly reflected for all spin orientations. Thus, the normal probability

current density does not depend on the spin orientation.

5.5.3 Scalar Density of Dirac and Majorana Bouncing Particles

In the following, we discuss the scalar density q(η, ξ) = ψ̄(η, ξ)ψ(η, ξ) of Dirac and Majorana

bouncers in arbitrary spin orientations, for the case of suppressed perpendicular momentum.

Dirac Particle. The scalar density of a Dirac bouncer is explicitly given by

qD
ωσ(ξ) = ψ̄D

ωσ(η, ξ)ψD
ωσ(η, ξ)

= 8
∣∣ND

ωσ

∣∣2 (|A+|2 + |A−|2
)

Im

{[
K iω

a
+ 1

2
(
m

a
eaξ)

]2
}
, (5.48)

obtained from the Dirac wave function given in Eq. (4.27), with ωn = ED,M
n +m determined

by the boundary condition (4.33) and the normalization constant ND
ωσ determined by the

condition in Eq. (5.41). It can be seen that the scalar density of a Dirac bouncer does

not depend on the spin orientation, because the contribution of (|A+|2 + |A−|2) gives a real

constants value that can be absorbed by the normalization constant. From this formalism,

we can also see that the scalar density of a Dirac bouncer is time-independent.

Figure 5.2 depicts the scalar density of ground, first-excited, and second-excited states

for a Dirac bouncer with mass m = 10, uniform acceleration a = 1, and arbitrary spin orien-

tations σ, where the normalization constant is defined by the condition given in Eq. (5.41).

The scalar density is plot as a function of z by using the relation of az = eaξ−1. This figure
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Figure 5.2: The scalar density of a Dirac bouncer for arbitrary spin orientation and
suppressed perpendicular momentum k⊥ = 0. We demonstrate for the case of the lowest
three states: the black solid curve is for the ground state n = 1, the red dashed curve is
for the first-excited state n = 2, and the green dotted curve is for the second-excited states
n = 3. Here, we use mass m = 10, uniform acceleration a = 1, and az = eaξ − 1. The
scalar density for all states vanishes around the boundary surface, which is consistent with

the property of the BC-MIT. This figure is reproduced from Ref. [31].

shows that the scalar density of a Dirac bouncer for all states n vanishes at the boundary

surface z = 0 or ξ = 0. This property arises from the consequence of the usage of the mirror

under the BC-MIT; see Eq. (B.2) for the non-chiral case Θ = 0.

Majorana Particle. The scalar density of a Majorana bouncer vanishes everywhere; that

is,

qM
ωσ(η, ξ) = ψ̄M

ωσ(η, ξ)ψM
ωσ(η, ξ)

= 0. (5.49)

This vanishing occurs because the charge conjugation of the Majorana wave function is

entirely the same as itself. This can be understood in more detail as follows. We write

the Majorana wave function into four components as ψM = (ψM
1 , ψ

M
2 ,−ψM∗

2 , ψM∗
1 )T (see

Eq. (4.47)), which satisfy the condition in Eq. (4.47). Inserting these four components into

the first line of Eq. (5.49), we obtain four terms as |ψM
1 |2 + |ψM

2 |2 − |ψM
2 |2 − |ψM

1 |2. Then, it

is clear that the total scalar density of a Majorana bouncer is zero everywhere.



Chapter 6

Roles of Chiral MIT Boundary

Conditions on a Dirac Particle

Confined in a 1D Box

In the previous chapters, we discussed the bound states of four types of bouncing particles

in a gravitational field under the mirror boundary conditions. We utilized the Dirichlet

boundary condition for nonrelativistic and Klein–Gordon bouncers, and used the BC-MIT

to describe the property of the mirror for Dirac and Majorana bouncers while avoiding the

Klein paradox problem. There, we discussed the relativistic effects generated by boundary

conditions associated with types of relativistic bouncing particles. To further understand

the roles of the boundary conditions, especially in the Dirac equation, we turn to discuss the

system of a Dirac particle confined in a 1D box, though in the absence of a gravitational field

[70]. To solve the problem, we first discuss the setup of the physical system, from which we

derive the discrete momentum solution and its energy levels, by following the procedure in

Ref. [26] but using the BC-chiral MIT [34, 64, 65] in describing the properties of the mirrors.

In our setup, the presence of the mirrors under the BC-chiral MIT can be seen as an infinite

mass of the particle at the boundary surfaces [25], as proposed for the MIT bag for hadron

[28–30]. Thus, one can propose to write the mass in the function of position of the particle

so that the problem of Klein paradox can be avoided [26, 27]. We investigate how the spin

orientation changes under reflection. We review the spin orientation changes produced by

the reflection at the first mirror by following Ref. [25] but using the chiral angle defined in

Ref. [64]. Using the same procedure, we analyze the spin orientation change generated by

the reflection at the second mirror. We also discuss the relation between the reflection at the

first mirror and that of the second. At the end of the chapter, we demonstrate the density

47
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functions for a Dirac particle in a 1D box, where the property of the boundary surface is

described by the BC-chiral MIT, as we mentioned above.

6.1 Setup of a Dirac Particle in a Box

6.1.1 Total Dirac Wave Function

We consider a Dirac particle confined to a 1D box consisting of two perfectly reflecting

mirrors under the BC-chiral MIT. The first mirror is placed at z = 0, while the second

mirror is placed at z = `. In other words, the box size is `. Inside the box, the particle moves

with momentum k3 along the z-axis, and the perpendicular momentum is suppressed. We

set the total Dirac wave function to consist of a linear combination of left- and right-moving

wave components, where each component is associated with a spin orientation. At the first

mirror, the incident component is associated with the left-moving wave which propagates

in the −z-direction; the reflecting component is associated with the right-moving wave

component, which propagates in the +z-direction. At the second mirror, the reverse is true:

The incident component is associated with the right-moving wave and the reflecting one is

associated with the left-moving wave component. Note that the reflection system consisting

of one perfectly reflecting mirror under the BC-chiral MIT has been previously discussed in

Ref. [25]. There, the author of Ref. [25] discussed how the reflected spin orientation behaves

owing to the reflection with the floor or wall. For the 1+1D Dirac equation, one can use the

formalism on the basis of the 2 × 2 gamma matrices (see, e.g., Refs. [65, 73]). Using such

formalism, one can clearly discuss the bound system as well as spin orientation. However,

in the present study, we work in the basis of the 4 × 4 gamma matrices because it may be

easier to extend the discussion for the more general cases (cf. Ref. [27]). From the above

description, we propose the total wave function for a Dirac particle with the momentum k3

inside the box, as

ψk3s(z) = B

(
ξR,s

σ3k3
(m+E)

ξR,s

)
eik3z + C

(
ξL,s

−σ3k3
(m+E)

ξL,s

)
e−ik3z, (6.1)

where the coefficients B and C are complex constants, m is the mass, and E =
√
m2 + k2

3

is the energy of the Dirac particle. Here, we use ξR,s and ξL,s to denote the two-component

spinors of the right- and left-moving wave components, respectively, where s represents the

spin orientation. Note that each component of the Dirac wave function Ψ(t, z) = ψ(z)e−iEt

satisfies the Dirac equation in Eq. (A.1).
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6.1.2 Initial Setup of Spin Orientation

As we mentioned above, the two-component spinor specifies the direction of the spin orien-

tations. Thus, it is more convenient to decompose the two-component spinors ξL,s and ξR,s

into

ξL,s =

(
αL,s

βL,s

)
, ξR,s =

(
αR,s

βR,s

)
. (6.2)

In general, the two-component spinor ξL(R),s consists of a linear combination of a two-

component spinor with a spin-up (+z-direction) ξL(R),+z = (1, 0)T and a spin-down (−z-

direction) ξL(R),−z = (0, 1)T as

ξL(R),s = αξL(R),+z + βξL(R),−z =

(
α

β

)
, (6.3)

where the normalized two-component spinor requires that ξ†L(R),sξL(R),s = |α|2+|β|2 = 1. The

normalized two-component spinor ξL(R),s with a spin orientation in some specific direction

is given by

ξL(R),+x =
1√
2

(
1

1

)
, ξL(R),−x =

1√
2

(
1

−1

)
, (6.4)

ξL(R),+y =
1√
2

(
1

i

)
, ξL(R),−y =

1√
2

(
1

−i

)
. (6.5)

In our setup, we first define the arbitrary spin orientation for the left-moving wave com-

ponent, which is stored in the values of αL,s and βL,s. Owing to the interaction with the

mirror, the two-component spinor ξL,s can be related to the two-component spinor ξR,s. This

relation is controlled by a rotation operator in the spin space [25].

6.2 Discrete Momenta and Energy Levels of a Dirac

particle in a Box

At the first mirror, the incident component is associated with the left-moving wave, the

reflected component is associated with the right-moving wave, and the inward normal unit

vector to the boundary is given by Nµ = (0, 0, 0, 1). Therefore, the BC-chiral MIT [64] for
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the Dirac wave function ψ = (Φ1,Φ2)T yields the following equations

i(σ3 + sin ΘI)Φ2|z=0 − cos ΘΦ1|z=0 = 0, (6.6)

i(σ3 − sin ΘI)Φ1|z=0 + cos ΘΦ2|z=0 = 0. (6.7)

Similar to the boundary conditions generated by the BC-MIT, both the boundary conditions

(6.6) and (6.7) are equivalent, which indicates that we need only one of them [25]. One can

simply check that both the two-component spinors in Eq. (6.6) trivially satisfy Eq. (6.7).

Imposing the boundary condition (6.6) on the Dirac wave function (6.1) at the first

mirror z = 0, we have

B

[
i(I + sin Θσ3)

k3

(m+ E)
− cos ΘI

]
ξR,s = C

[
i(I + sin Θσ3)

k3

(m+ E)
+ cos ΘI

]
ξL,s, (6.8)

which can be rewritten in terms of a multipication between 2× 2 and 2× 1 matrices as[i(1 + sin Θ) k3
(m+E)

− cos Θ
]
αR,s

[
−i(1 + sin Θ) k3

(m+E)
− cos Θ

]
αL,s[

i(1− sin Θ) k3
(m+E)

− cos Θ
]
βR,s

[
−i(1− sin Θ) k3

(m+E)
− cos Θ

]
βL,s

(B
C

)
= 0, (6.9)

after decomposing the two component-spinors ξR,s and ξL,s using Eq. (6.2). Note that the

coefficients B or C cannot be zero because if one sets one or both of them are zero, the wave

function will trivially vanish everywhere. As a consequence, we require the 2× 2 matrix in

Eq. (6.9) to vanish, which implies the following condition

(αR,sβL,s − βR,sαL,s)−
ik3 tan Θ

E
(αR,sβL,s + βR,sαL,s) = 0. (6.10)

This condition indicates a relation between the incident and reflected spin orientations,

expressed as a function of chiral angle Θ, where in the non-chiral case (Θ = 0), the spin

orientation does not change; the reflected spin orientation is the same as the incident one1.

We will discuss this point in more detail later in Sec. 6.3. Meanwhile, from Eq. (6.8), we

obtain the relation between coefficients B and C, given as

C = B
i(1 + sin Θ)k3/(m+ E)− cos Θ

i(1 + sin Θ)k3/(m+ E) + cos Θ

αR,s
αL,s

, (6.11)

C = B
i(1− sin Θ)k3/(m+ E)− cos Θ

i(1− sin Θ)k3/(m+ E) + cos Θ

βR,s
βL,s

, (6.12)

1In the non-chiral case, one can use the Dirac wave function given in Ref. [26], where the reflected and
incident spin orientations are not distinguished.
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where both relations in Eqs. (6.11) and (6.12) are equivalent, though Eq. (6.11) connects

the coefficients αR,s and αL,s while Eq. (6.12) connects the coefficients βR,s and βL,s. To

obtain the solution of discrete momentum, it is necessary to proceed with the reflection at

the second mirror under the BC-chiral MIT.

At the second mirror, the incident component is associated with the right-moving

wave, the reflected component is associated with the left-moving wave, and the inward

normal unit vector to the boundary is given by Nµ = (0, 0, 0,−1). Therefore, the BC-chiral

MIT [64] for the Dirac wave function ψ = (Φ1,Φ2)T reads

i(σ3 − sin ΘI)Φ2|z=` + cos ΘΦ1|z=` = 0, (6.13)

i(σ3 + sin ΘI)Φ1|z=` − cos ΘΦ2|z=` = 0, (6.14)

where both boundary conditions (6.13) and (6.14) are also equivalent. By imposing the

boundary condition (6.13) upon the Dirac wave function (6.1) at the second mirror z = `,

the relation between left- and right-moving waves can be obtained as

Beik3`
[
i(I − sin Θσ3)

k3

(m+ E)
+ cos ΘI

]
ξR,s

= Ce−ik3`
[
i(I − sin Θσ3)

k3

(m+ E)
− cos ΘI

]
ξL,s. (6.15)

Decomposing the two-component spinors ξR,s and ξL,s as given in Eq. (6.2), the relation

(6.15) gives

Beik3`
[
i(1− sin Θ)

k3

(m+ E)
+ cos Θ

]
αR,s

= Ce−ik3`
[
i(1− sin Θ)

k3

(m+ E)
− cos Θ

]
αL,s, (6.16)

Beik3`
[
i(1 + sin Θ)

k3

(m+ E)
+ cos Θ

]
βR,s

= Ce−ik3`
[
i(1 + sin Θ)

k3

(m+ E)
− cos Θ

]
βL,s, (6.17)

where both of these relations are also equivalent. Similar to the relations at the first mirror,

the coefficients relation in Eq. (6.16) connects αR,s and αL,s. Meanwhile, the coefficients

relation in Eq. (6.17) connects βR,s and βL,s. Taking the advantages of such properties, we

can derive the discrete momentum solution.
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6.2.1 Discrete Momenta of a Dirac Particle in a Box

Inserting the coefficients relation (6.11) into Eq. (6.16), we arrive at the following equation

for the momentum k3

−tan(k3`)

k3

=
1

m cos Θ
. (6.18)

This requires the allowed momenta to be discrete. Note that we can also obtain the condition

for discrete momenta by inserting the relation between coefficients B and C in Eq. (6.12)

into Eq. (6.17). It is clear that the discrete momentum solutions (6.18) do not depend on

spin orientation for all chiral angles Θ. This is because the contribution of spin orientation,

which is stored in αR(L),s or βR(L),s can be factorized out.
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Null

Figure 6.1: Plot of the curve − tan(k′3)/k′3 and the horizontal line 1/m′ cos Θ ≡ y(m′,Θ)
as a function of momentum k′3. The intersection between the curve − tan(k′3)/k′3 and the
horizontal line y(m′,Θ) gives the solutions for the discrete momentum k′3n with k′3n > 0
and n = 1, 2, 3, ... . Here, we adopt the parameter m′ = 1 and four values of the chiral

angle Θ = 0, π/4, π, 3π/4. This figure is reproduced from Ref. [70].

To further discuss the discrete momentum, it is more convenient to introduce the

following two new parameters

k′3 = k3`, m′ = m`. (6.19)
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Figure 6.2: Discrete momentum solution k′3n for Eq. (6.20) as a function of 1/m′ cos Θ.
Each curved is normalized by a factor π. We demonstrate for the case of the lowest four
states. The black solid curve is for n = 1, the dashed red curve is for n = 2, the green
dotted curve is for n = 3, and the blue dash-dotted curve is for n = 4. This figure is

reproduced from Ref. [70].

Thus, we have

−tan(k′3)

k′3
=

1

m′ cos Θ
. (6.20)

With these parameters, the discrete momentum solution k′3n is expressed as a function

of m′ and chiral angle Θ. In other words, the discrete momentum depends on the mass

m, chiral angle Θ, and box’s size `. Figure 6.1 plots the curves of − tan(k′3)/k′3 and

1/m′ cos Θ ≡ y(m′,Θ) as a function of momentum k′3, where the intersection between the

lines of − tan(k′3)/k′3 and 1/m′ cos Θ ≡ y(m′,Θ) provides the solution for discrete momen-

tum k3n, where n denotes the state. This figure demonstrates the various chiral angles with

the fixed m′. The curves show that the solution for discrete momentum depends on the chi-

ral angle, as expected. Figure 6.2 demonstrates the momentum solution k′3n for Eq. (6.20),

normalized by π as a function of 1/m′ cos Θ for n = 1, 2, 3, and 4.

The authors of Refs. [26, 27] showed that the box’s size determines whether the system

behaves relativisticaly or approaches nonrelativistic or ultrarelativistic limits. Therefore, it
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is also essential to discuss the nonrelativistic and ultrarelativistic limits of the discrete mo-

mentum. In the nonrelativistic limit m′ � 1, the discrete momentum (6.20) approximately

reduces to

k′NR
3n ' nπ

(
1− 1

m′ cos Θ

)
, (6.21)

where the dependence of the discrete momentum on the chiral angle is coupled to m′ in the

second term. The contribution of the second term increases under an increase in states n.

In the ultrarelativistic limit m′ � 1, the discrete momentum (6.20) approximately reduces

to

k′UR
3n '

(2n− 1)π

2
+

2m′ cos Θ

(2n− 1)π
. (6.22)

In the ultrarelativistic limit, the dependence of the discrete momentum on the chiral angle

is coupled with the m′ in the second term, similar to that in the nonrelativistic limit.

However, the contribution of this second term decreases under the growth of states n. In the

significantly nonrelativistic limit, the discrete momentum approximately reads k′NR
3n ' nπ,

which recovers the solution for that of the Schrödinger equation in an infinite potential well.

While in the significantly ultrarelativistic limit, the discrete momentum approximately reads

k′UR
3n ' (2n− 1)π/2. In these two limits, the results are shared with those of under the BC-

MIT at the same limits [26, 27], where the results do not depend on the chiral angle.

6.2.2 Energy Levels of a Dirac Particle in a Box

From the above discussion, it is clear that the mirrors under the BC-chiral MIT for the

Dirac particle confined in a 1D box require the allowed momenta must be discrete. As a

consequence, the energy of a Dirac particle in a 1D box under the BC-chiral MIT is also

discrete; this is explicitly expressed as

E ′n =
√
m′2 + k′23n, (6.23)

where E ′n = En` and the momentum solution k′3n satisfies Eq. (6.20). Similar to the discrete

momentum, the energy level solution does not depend on the spin orientation but depends

on mass m, chiral angle Θ, and the box’s size `.
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We next discuss the nonrelativistic and ultrarelativistic limits of the energy level

(6.23). In the ultrarelativistic limit, the energy level approximately reduces to

E ′UR
n ≈ k′UR

3n '
(2n− 1)π

2
+

2m′ cos Θ

(2n− 1)π
. (6.24)

We can see that the energy level in the ultrarelativistic limit approximates that of the discrete

momentum in the same limit, where the dependence of the energy level on the chiral angle

appears in the second term and is coupled with the parameter m′. Here, the contribution of

the second term decreases under an increase in states n. For the significantly ultrarelativistic

limit, we find that the energy level does not depend on the chiral angle; it is approximately

given by E ′UR
n ' (2n− 1)π/2. Under this limit, the result corresponds to that of under the

BC-MIT [26, 27]. In the nonrelativistic limit, the energy level approximately reduces to

E ′NR
n ≈ m′ +

(k′NR
3n )2

2m′
' m′ +

(nπ)2

2m′
. (6.25)

In this limit, the first and second terms of the energy level (6.25) do not depend on the chiral

angle because their dependence are in higher order. For the significantly nonrelativistic limit,

we find that the energy level of a Dirac particle confined in a 1D box is approximately given

by the rest mass m′, which does not depend on the chiral angle and is shared with that of

under the BC-MIT [26, 27], similar to the behavior in the ultrarelativistic limit.

6.3 Changes of Spin Orientation due to Reflections at

Both Boundaries of Mirrors

In this section, we discuss the changes of spin orientation owing to reflections with both the

boundaries following the procedure in Ref. [25].

6.3.1 Changes of Spin Orientation at First Mirror

In the following, we discuss the spin orientation changes generated by the reflection at the

first mirror located at z = 0, by following Ref. [25] and applying the BC-chiral MIT in

Ref. [64]. To discuss the changes of spin orientation, it is more convenient to write the

relation between the left- and right-moving wave components in Eq. (6.8) as

ξR,s = (Q
(1)
R )−1Q

(1)
L ξL,s = U (1)ξL,s, (6.26)
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where

Q
(1)
R = B

[
i(I + sin Θσ3)

k′3n
(m′ + E ′n)

− cos ΘI

]
, (6.27)

Q
(1)
L = C

[
i(I + sin Θσ3)

k3n

(m′ + E ′n)
+ cos ΘI

]
, (6.28)

and U (1) is the rotation operator in spin space, given as [25]

U (1) = eiχ
(1)

[
cos(

ϕ
(1)
n

2
)I − i sin(

ϕ
(1)
n

2
)Υ(1) · σ

]
. (6.29)

Here, eiχ
(1)

, ϕ
(1)
n , and Υ(1) denote the pure phase, chiral angle, and rotation axis generated

by the reflection at the first mirror, respectively. Inserting the coefficients in Eqs. (6.27)

and (6.28) into Eq. (6.26), we obtain the relation between the incident and reflected spin

orientations at the first mirror; this can be written as

ξR,s =
C

B

cos Θ

(ik′3n −m′ cos Θ)
(E ′nI + ik′3n tan Θσ3) ξL,s. (6.30)

Decomposing two-component spinors in Eq. (6.30), the components of the right-

moving wave can be connected with those of the left-moving wave, as follows(
αR,s

βR,s

)
=
C

B

cos Θ

(ik′3n −m′ cos Θ)

(
(E ′n + ik′3n tan Θ)αL,s

(E ′n − ik′3n tan Θ)βL,s

)
. (6.31)

To obtain the explicit expression, we next take the equivalent expressions in Eq. (6.26) with

Eqs. (6.29) and (6.30), which yields

eiχ
(1)

cos(
ϕ

(1)
n

2
) =

C

B

E ′n cos Θ

(ik′3n −m′ cos Θ)
, (6.32)

eiχ
(1)

sin(
ϕ

(1)
n

2
)Υ(1) · σ = −C

B

k′3n sin Θ

(ik′3n −m′ cos Θ)
σ3. (6.33)

It is clear that the role of pure phase can be canceled, and we obtain the expression for the

rotation angle and rotation axis at the first mirror as

tan(
ϕ

(1)
n

2
) = −k

′
3n tan Θ

E ′n
, and Υ(1) = ẑ, (6.34)

respectively, where ẑ is the unit vector in the direction of the z axis. Note that, from

Eqs. (6.32) and (6.33), we may choose the rotation axis Υ(1) = −ẑ but with the opposite
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sign of the rotation angle ϕ
(1)
n .

As mentioned above, the discussion for the system featuring one perfectly reflecting

mirror under the BC-chiral MIT at z = 0 has been previously discussed in Ref. [25]. Our

result for the rotation axis given in Eq. (6.34) matches that of Ref. [25]; however, our

rotation angle has the opposite sign. The difference comes from the different definitions of

chiral angle; here, we used the definition provided in Ref. [64].

6.3.2 Changes of Spin Orientation at Second Mirror

In this subsection, we consider the changes of the spin orientation generated by the reflection

at the second mirror. The procedure at the second mirror matches that of the first mirror.

Thus, it is more convenient to write the relation between the incident and reflected spin

orientations produced by the reflection at the second mirror as

ξL,s = (Q
(2)
L )−1Q

(2)
R ξR,s = U (2)ξR,s, (6.35)

where

Q
(2)
L,s = Ce−ik

′
3n

[
i(I − sin Θσ3)

k′3n
(m′ + E ′n)

− cos ΘI

]
, (6.36)

Q
(2)
R,s = Beik

′
3n

[
i(I − sin Θσ3)

k′3n
(m′ + E ′n)

+ cos ΘI

]
, (6.37)

and U (2) denotes the rotation operator for the reflection at the second mirror, which can be

written as follows [25]

U (2) = eiχ
(2)

[
cos(

ϕ
(2)
n

2
)I − i sin(

ϕ
(2)
n

2
)Υ(2) · σ

]
. (6.38)

Here, we use eiχ
(2)

, ϕ
(2)
n , and Υ(2) to denote the pure phase, rotation angle, and unit rotation

axis generated by a reflection at the second mirror, respectively. Inserting the two parameters

in Eqs. (6.36) and (6.37) into Eq. (6.35), the relation between the incident and reflected spin

orientations at the second mirror can be written as

ξL,s =
Be2ik′3n

C

cos Θ

(ik′3n −m′ cos Θ)
(E ′nI − ik′3n tan Θσ3) ξR,s. (6.39)

Decomposing the two-component spinor in Eq. (6.39), the relation between the incident and

reflected spin orientations at the second mirror can be written as can be written explicitly
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as (
αL,s

βL,s

)
=
Be2ik′3n

C

cos Θ

(ik′3n −m′ cos Θ)

(
(E ′n − ik′3n tan Θ)αR,s

(E ′n + ik′3n tan Θ)βR,s

)
. (6.40)

Taking the equivalence expressions in Eq. (6.35) with Eqs. (6.38) and (6.39), we obtain the

following relations

eiχ
(2)

cos(
ϕ

(2)
n

2
) =

Be2ik′3n

C

E ′n cos Θ

(ik′3n −m′ cos Θ)
, (6.41)

eiχ
(2)

sin(
ϕ

(2)
n

2
)Υ(2) · σ =

Be2ik′3n

C

k′3n sin Θ

(ik′3n −m′ cos Θ)
σ3. (6.42)

Similar to the reflection at the first mirror, the role of the pure phase eiχ
(2)

can be factorized

out. The rotation angle and rotation axis at the second mirror are expressed as

tan(
ϕ

(2)
n

2
) = −k

′
3n tan Θ

E ′n
and Υ(2) = −ẑ, (6.43)

respectively. Here, we choose the rotation axis at the second mirror as Υ(2) = −ẑ because we

have chosen the rotation axis at the first mirror as Υ(1) = ẑ (6.34). The opposite direction of

the rotation axis is derived from the normal unit vector Nµ opposite to the first and second

mirrors. In addition, if we choose the rotation axis Υ(1) = −ẑ, we can choose the rotation

axis Υ(2) = ẑ with the opposite sign to the rotation angle ϕ
(2)
n .

6.3.3 Total Reflections inside a Box: Relations between Reflec-

tions at First and Second Mirrors

At the previous subsections, we discussed the changes of the spin orientation at both the

mirrors. In the following, we discuss the relation between the reflections at the first and

second mirrors. Inserting Eq. (6.31) into Eq. (6.40), we have(
αL,s

βL,s

)
= eiΞ

(
αL,s

βL,s

)
. (6.44)

The phase factor eiΞ in Eq. (6.44) is explicitly given by

eiΞ =
e2ik′3n(−ik′3n −m′ cos Θ)

(ik′3n −m′ cos Θ)
, (6.45)
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which equals 1 for the allowed momentum (6.20). This condition indicates that the reflected

spin orientation at the second mirror matches the incident spin orientation at the first one;

hence, we can use the Dirac wave function in Eq. (6.1) for this system.

From the reflection at the first mirror (6.31) and second mirror (6.40), we find that

the normalized two-component spinor of the left-moving wave component |αRL,s|2 + |βL,s|2 =

|C|2/|B|2 implies that |αR,s|2 + |βR,s|2 = |C|2/|B|2. In other words, the normalisation two-

component spinor of the right-moving wave component |αR,s|2 + |βR,s|2 = 1 entails that

|C|2 = |B|2 (cf. Refs. [27, 74]). Comparing the obtained results in Eqs. (6.34) and (6.43),

we obtain the relation for the parameters in both mirrors as

ϕ(2)
n = ϕ(1)

n , and Υ(2) = −Υ(1), (6.46)

which means that the rotation angles for reflection at both mirrors are identical but their

rotation axes are in opposite directions2. From Eqs. (6.34) and (6.43), we can also see that

the rotation angle depends on the momentum, mass, and chiral angle.

We next discuss the behavior of the rotation angle under the chiral angle in ultra-

relativistic and nonrelativistic limits. In the ultrarelativistic limit, the rotation angle at the

first and second mirror are approximately given by

tan(
ϕ

(1),UR
n

2
) = tan(

ϕ
(2),UR
n

2
) ' − tan Θ. (6.47)

From this result, we can see that the rotation angle only depends on the chiral angle. More

explicitly, the rotation angles are given by ϕ
(1),UR
n = ϕ

(2),UR
n ' −2Θ. This indicates that the

spin orientation does not change for chiral angle Θ = 0, π. In the nonrelativistic limit, the

rotation angles are approximately given by

tan(
ϕ

(1),NR
n

2
) = tan(

ϕ
(2),NR
n

2
) ' −nπ

m′
tan Θ. (6.48)

For the significantly nonrelativistic limit, the spin orientation remains identical for all chiral

angles; this is explicitly expressed by the condition of ϕ
(1),NR
n = ϕ

(2),NR
n = 0. Thus, the result

corresponds to those of under the BC-MIT. In this case, we can adopt the total Dirac wave

function given in Refs. [26, 27], where the incident and reflected two-component spinors are

not distinguished.

2We may choose the conditions where the rotation axis for the reflection at both mirror are identical
but their rotation angles are in opposite, as we mentioned in the previous subsections.
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6.4 Density Functions of a Dirac Particle in a Box

In this section, we analyze the behavior of three types of density functions: the probability,

normal probability current, and scalar densities [70]. Here, we use the parameter z′(≡ z/`);

thus, the particle is confined to a box with a scaled size of z′ = 1.

6.4.1 Probability Density of a Dirac Particle in a Box

First, we start the discussion of the density functions by considering the probability density

of a Dirac particle confined in a 1D box, where the energy eigenstate and discrete momentum

are determined by the BC-chiral MIT. To obtain the explicit expression for the probability

density, we use the relations of normalized two-component spinors: |αL,s|2 + |βL,s|2 = 1 and

|αR,s|2 + |βR,s|2 = |C|2/|B|2(= 1). Furthermore, we use the relation between coefficients B

and C given in Eqs. (6.11) and (6.12). Then, we find that the probability density of a Dirac

particle in a 1D box is given by

ρk′3n,s(z
′) = ψ̄Box

k′3ns
(z′)γ0ψBox

k′3ns
(z′)

=
2|C|2

(m′ + E ′n)

[
2E ′n + (Dne−2ik′3nz

′
+D∗ne2ik′3nz

′
)m′
]
, (6.49)

where the coefficient Dn is given by

Dn =
(−E ′n cos Θ + ik′3n sin Θ(|αL,s|2 − |βL,s|2))

(ik′3n +m′ cos Θ)
. (6.50)

From the above expression, we can see that the probability density of a Dirac particle in a

1D box under the BC-chiral MIT depends on the chiral angle and spin orientation. This

dependence appears in the second term of the numerator in Eq. (6.50). It arises from the

interference between the left- and right-moving wave components. Here, the coefficient |C|2
is determined using the following condition∫ 1

0

ρk′3ns(z
′)dz′ = 1 . (6.51)

We demonstrate the dependence of the probability density on the spin orientation in

Figs. 6.3 and 6.4 for the parameters m′ = 10 and m′ = 2, respectively. Here, we use five

values of the chiral angles as Θ = 0, π/4, π/2, 3π/4, π. More specifically, in the top panel, we

consider the case of a spin orientation in the ±x- or ±y-directions, where |αL,s|2−|βL,s|2 = 0.
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<latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit><latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit><latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit><latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit> ⇢
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<latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit><latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit><latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit><latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit>
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<latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit><latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit><latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit><latexit sha1_base64="g/HHb/9FUrd90JGu24WGMOrOZ0g=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSGVpUoACcYKFsYi0YfUhMhxndaqY0e2g1SijCz8CgsDCLHyCWz8DW6bAVqOdKXjc+6V7z1hwqjSjvNtLSwuLa+sltbK6xubW9v2zm5LiVRi0sSCCdkJkSKMctLUVDPSSSRBcchIOxxejf32PZGKCn6rRwnxY9TnNKIYaSMF9oEnByLIhndeImlMguyU5yqvPhTv48CuODVnAjhP3IJUQIFGYH95PYHTmHCNGVKq6zqJ9jMkNcWM5GUvVSRBeIj6pGsoRzFRfjY5JIdHRunBSEhTXMOJ+nsiQ7FSozg0nTHSAzXrjcX/vG6qows/ozxJNeF4+lGUMqgFHKcCe1QSrNnIEIQlNbtCPEASYW2yK5sQ3NmT50nrpOY6NffmrFK/LOIogX1wCKrABeegDq5BAzQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwBf3Jos</latexit>

⇥ = 0
<latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit>

⇥ = ⇡/4
<latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit>

⇥ = ⇡/2
<latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit><latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit><latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit><latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit>

⇥ = 3⇡/4
<latexit sha1_base64="et8zWvy6vSfaUTGNB766q7KNsBI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa0ItQ9OKxQr+gCWWznbRLN5u4uymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmBQlnSjvOt5VbW9/Y3MpvF3Z29/YPiodHTRWnkmKDxjyW7YAo5ExgQzPNsZ1IJFHAsRUM72d+a4RSsVjU9ThBPyJ9wUJGiTaS79UHqMntlZewi0q3WHLKzhz2KnEzUoIMtW7xy+vFNI1QaMqJUh3XSbQ/IVIzynFa8FKFCaFD0seOoYJEqPzJ/OipfWaUnh3G0pTQ9lz9PTEhkVLjKDCdEdEDtezNxP+8TqrDG3/CRJJqFHSxKEy5rWN7loDdYxKp5mNDCJXM3GrTAZGEapNTwYTgLr+8SpqXZdcpu4+VUvUuiyMPJ3AK5+DCNVThAWrQAApP8Ayv8GaNrBfr3fpYtOasbOYY/sD6/AGga5FW</latexit><latexit sha1_base64="et8zWvy6vSfaUTGNB766q7KNsBI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa0ItQ9OKxQr+gCWWznbRLN5u4uymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmBQlnSjvOt5VbW9/Y3MpvF3Z29/YPiodHTRWnkmKDxjyW7YAo5ExgQzPNsZ1IJFHAsRUM72d+a4RSsVjU9ThBPyJ9wUJGiTaS79UHqMntlZewi0q3WHLKzhz2KnEzUoIMtW7xy+vFNI1QaMqJUh3XSbQ/IVIzynFa8FKFCaFD0seOoYJEqPzJ/OipfWaUnh3G0pTQ9lz9PTEhkVLjKDCdEdEDtezNxP+8TqrDG3/CRJJqFHSxKEy5rWN7loDdYxKp5mNDCJXM3GrTAZGEapNTwYTgLr+8SpqXZdcpu4+VUvUuiyMPJ3AK5+DCNVThAWrQAApP8Ayv8GaNrBfr3fpYtOasbOYY/sD6/AGga5FW</latexit><latexit sha1_base64="et8zWvy6vSfaUTGNB766q7KNsBI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa0ItQ9OKxQr+gCWWznbRLN5u4uymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmBQlnSjvOt5VbW9/Y3MpvF3Z29/YPiodHTRWnkmKDxjyW7YAo5ExgQzPNsZ1IJFHAsRUM72d+a4RSsVjU9ThBPyJ9wUJGiTaS79UHqMntlZewi0q3WHLKzhz2KnEzUoIMtW7xy+vFNI1QaMqJUh3XSbQ/IVIzynFa8FKFCaFD0seOoYJEqPzJ/OipfWaUnh3G0pTQ9lz9PTEhkVLjKDCdEdEDtezNxP+8TqrDG3/CRJJqFHSxKEy5rWN7loDdYxKp5mNDCJXM3GrTAZGEapNTwYTgLr+8SpqXZdcpu4+VUvUuiyMPJ3AK5+DCNVThAWrQAApP8Ayv8GaNrBfr3fpYtOasbOYY/sD6/AGga5FW</latexit><latexit sha1_base64="et8zWvy6vSfaUTGNB766q7KNsBI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa0ItQ9OKxQr+gCWWznbRLN5u4uymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmBQlnSjvOt5VbW9/Y3MpvF3Z29/YPiodHTRWnkmKDxjyW7YAo5ExgQzPNsZ1IJFHAsRUM72d+a4RSsVjU9ThBPyJ9wUJGiTaS79UHqMntlZewi0q3WHLKzhz2KnEzUoIMtW7xy+vFNI1QaMqJUh3XSbQ/IVIzynFa8FKFCaFD0seOoYJEqPzJ/OipfWaUnh3G0pTQ9lz9PTEhkVLjKDCdEdEDtezNxP+8TqrDG3/CRJJqFHSxKEy5rWN7loDdYxKp5mNDCJXM3GrTAZGEapNTwYTgLr+8SpqXZdcpu4+VUvUuiyMPJ3AK5+DCNVThAWrQAApP8Ayv8GaNrBfr3fpYtOasbOYY/sD6/AGga5FW</latexit>

⇥ = ⇡
<latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TLSQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOIpwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit><latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TLSQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOIpwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit><latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TLSQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOIpwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit><latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TLSQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOIpwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit>

z0
<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>

z0
<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>

z0
<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>
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Figure 6.3: The probability densities of the ground state Dirac particle confined in a
1D box as a function of z′ with the parameter m′ = 10 and five values of the chiral angle
Θ = 0, π/4, π/2, 3π/4, π. We demonstrate three conditions for the spin orientation of the
left-moving wave component. The upper panel corresponds to the condition in which the
left-moving wave component has a spin orientation in the ±x- or ±y-direction (|αL,s|2 −
|βL,s|2 = 0), the lower-left panel corresponds to the +z-direction (|αL,s|2 − |βL,s|2 = 1),
and the lower-right panel corresponds to the −z-direction (|αL,s|2 − |βL,s|2 = −1). These

figures are reproduced from Ref. [70].

In these directions, we can see that the distributions of the probability density inside a box

are symmetrical. In contrast, when the spin orientation is in the +z- or −z-directions,

asymmetrical distributions are observed (see the lower panels). These properties correspond

to the chiral angle and behavior of the spin direction at the first and second mirrors. It

can be discussed in more detail as follows. From Eqs. (6.49) and (6.50), we can see that

when “ sin Θ = 0” and/or “|αL,s|2 − |βL,s|2 = 0”, the distributions will be symmetrical.

When the chiral angle takes value Θ = 0, π, the distributions will be symmetrical for all

spin orientations. When we have “|αL,s|2− |βL,s|2 = 0” (e.g., when the spin orientation is in

the ±x- or ±y-directions), the distributions inside a box will be symmetrical for all chiral

angles. The condition of the spin orientation in the ±z-directions related to the condition of

“|αL,s|2−|βL,s|2 6= 0”. This may explain why we have asymmetrical distribution for the chiral

angle Θ 6= 0, π. Furthermore, when the incident spin orientation is in the ±z-directions, the
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reflected spin state has the same direction as the incident one.

|αL,s|2 − |βL,s|2 = −1|αL,s|2 − |βL,s|2 = 1

|αL,s|2 − |βL,s|2 = 0
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<latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit>

⇥ = ⇡/2
<latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit><latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit><latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit><latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit>

⇥ = 3⇡/4
<latexit sha1_base64="et8zWvy6vSfaUTGNB766q7KNsBI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa0ItQ9OKxQr+gCWWznbRLN5u4uymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmBQlnSjvOt5VbW9/Y3MpvF3Z29/YPiodHTRWnkmKDxjyW7YAo5ExgQzPNsZ1IJFHAsRUM72d+a4RSsVjU9ThBPyJ9wUJGiTaS79UHqMntlZewi0q3WHLKzhz2KnEzUoIMtW7xy+vFNI1QaMqJUh3XSbQ/IVIzynFa8FKFCaFD0seOoYJEqPzJ/OipfWaUnh3G0pTQ9lz9PTEhkVLjKDCdEdEDtezNxP+8TqrDG3/CRJJqFHSxKEy5rWN7loDdYxKp5mNDCJXM3GrTAZGEapNTwYTgLr+8SpqXZdcpu4+VUvUuiyMPJ3AK5+DCNVThAWrQAApP8Ayv8GaNrBfr3fpYtOasbOYY/sD6/AGga5FW</latexit><latexit sha1_base64="et8zWvy6vSfaUTGNB766q7KNsBI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa0ItQ9OKxQr+gCWWznbRLN5u4uymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmBQlnSjvOt5VbW9/Y3MpvF3Z29/YPiodHTRWnkmKDxjyW7YAo5ExgQzPNsZ1IJFHAsRUM72d+a4RSsVjU9ThBPyJ9wUJGiTaS79UHqMntlZewi0q3WHLKzhz2KnEzUoIMtW7xy+vFNI1QaMqJUh3XSbQ/IVIzynFa8FKFCaFD0seOoYJEqPzJ/OipfWaUnh3G0pTQ9lz9PTEhkVLjKDCdEdEDtezNxP+8TqrDG3/CRJJqFHSxKEy5rWN7loDdYxKp5mNDCJXM3GrTAZGEapNTwYTgLr+8SpqXZdcpu4+VUvUuiyMPJ3AK5+DCNVThAWrQAApP8Ayv8GaNrBfr3fpYtOasbOYY/sD6/AGga5FW</latexit><latexit sha1_base64="et8zWvy6vSfaUTGNB766q7KNsBI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa0ItQ9OKxQr+gCWWznbRLN5u4uymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmBQlnSjvOt5VbW9/Y3MpvF3Z29/YPiodHTRWnkmKDxjyW7YAo5ExgQzPNsZ1IJFHAsRUM72d+a4RSsVjU9ThBPyJ9wUJGiTaS79UHqMntlZewi0q3WHLKzhz2KnEzUoIMtW7xy+vFNI1QaMqJUh3XSbQ/IVIzynFa8FKFCaFD0seOoYJEqPzJ/OipfWaUnh3G0pTQ9lz9PTEhkVLjKDCdEdEDtezNxP+8TqrDG3/CRJJqFHSxKEy5rWN7loDdYxKp5mNDCJXM3GrTAZGEapNTwYTgLr+8SpqXZdcpu4+VUvUuiyMPJ3AK5+DCNVThAWrQAApP8Ayv8GaNrBfr3fpYtOasbOYY/sD6/AGga5FW</latexit><latexit sha1_base64="et8zWvy6vSfaUTGNB766q7KNsBI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSZa0ItQ9OKxQr+gCWWznbRLN5u4uymU0t/hxYMiXv0x3vw3btsctPXBwOO9GWbmBQlnSjvOt5VbW9/Y3MpvF3Z29/YPiodHTRWnkmKDxjyW7YAo5ExgQzPNsZ1IJFHAsRUM72d+a4RSsVjU9ThBPyJ9wUJGiTaS79UHqMntlZewi0q3WHLKzhz2KnEzUoIMtW7xy+vFNI1QaMqJUh3XSbQ/IVIzynFa8FKFCaFD0seOoYJEqPzJ/OipfWaUnh3G0pTQ9lz9PTEhkVLjKDCdEdEDtezNxP+8TqrDG3/CRJJqFHSxKEy5rWN7loDdYxKp5mNDCJXM3GrTAZGEapNTwYTgLr+8SpqXZdcpu4+VUvUuiyMPJ3AK5+DCNVThAWrQAApP8Ayv8GaNrBfr3fpYtOasbOYY/sD6/AGga5FW</latexit>

⇥ = ⇡
<latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TLSQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOIpwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit><latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TLSQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOIpwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit><latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TLSQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOIpwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit><latexit sha1_base64="zXDZbSGzWNq5MfApHYXQchWNzk4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+wCWWznbRLN5uwuxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxbDJEpGoTkg1Ci6xabgR2EkV0jgU2A5HdzO//YRK80Q2zDjFIKYDySPOqLHSo98YoqE3fsp75Ypbdecgq8TLSQVy1HvlL7+fsCxGaZigWnc9NzXBhCrDmcBpyc80ppSN6AC7lkoaow4m84un5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eNzPRdTDhMs0MSrZYFGWCmITM3id9rpAZMbaEMsXtrYQNqaLM2JBKNgRv+eVV0rqoem7Ve7is1G7zOIpwAqdwDh5cQQ3uoQ5NYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AELXkKI=</latexit>

z0
<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>

z0
<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>
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Figure 6.4: Similar to Fig. 6.3 but for the parameter m′ = 5. The behaviors for each
panel have similar properties to those of Fig. 6.3.

We next discuss the properties of the probability density as a function of the box’s size.

As has been shown by Refs. [26, 27], the box’s size determines whether the system approach

ultrarelativistic or nonrelativistic limits. In the nonrelativistic limit, the probability density

for a Dirac particle in a box (6.49) approximately reduces to

ρNR
k′NR
3n s(z

′) ' 2|C|2
(

1 + Fe−2ik′NR
3n z′ + F∗e2ik′NR

3n z′
)
, (6.52)

where we the coefficient F is approximately given by

F ' −m
′ cos Θ− ik′NR

3n + ik′NR
3n sin Θ(|αL,s|2 − |βL,s|2)

2m′ cos Θ
, (6.53)

For the significantly nonrelativistic limit in the non-chiral case, we obtain the approximate

probability density of a Dirac particle in a 1D box as 4|C|2 sin2(k′NR
3n z′). In this limit, we can

see that the probability density reduces to the familiar probability density for the Schödinger

equation in an infinite potential well or in a box. Furthermore, we can also see that the

probability density does not depend on the spin orientation. In the ultrarelativistic limit,
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Figure 6.5: The probability density of the ground state Dirac particle confined in a
1D box with the values of the parameter m′ = 0.5, 2, 5, and 10 in the non-chiral case in
comparison with the nonrelativistic (NR) and ultrarelativistic (UR) limits. The probability
density in the nonrelativistic limit vanishes at both the boundaries z′ = 0 and z′ = 1. In
the ultrarelativistic limit, the probability density gives the constant value along z′ inside

the box. This figure is reproduced from Ref. [70].

the probability density for a Dirac particle in a box (6.49) approximately reduces to

ρUR
k′UR
3n s(z

′) ' 2|C|2
k′UR

3n

(
2k′UR

3n − 2m′ + Ge−2ik′UR
3n z′ + G∗e2ik′UR

3n z′
)
, (6.54)

where the coefficient G is approximately given by

G ' im′ cos Θ +m′ sin Θ(|αL,s|2 − |βL,s|2). (6.55)

For the significantly ultrarelativistic limit in the non-chiral case, we obtain the approximate

probability density of a Dirac particle in a 1D box as 4|C|2, which generates a constant

distribution along z′ inside the box. In addition, the probability density does not depend

on the spin orientation, similar to the results obtained using the BC-MIT.

Figure 6.5 depicts the probability density for a Dirac particle confined in a box for the

parameter m′ = 0.5, 2, 5, and 10 in the non-chiral case, in comparison with the significantly

nonrelativistic and ultrarelativistic cases. This figure shows that a smaller m′ brings the

probability density close to the ultrarelativistic limit. In contrast, a larger parameter m′

brings the probability density close to the nonrelativistic one. From this figure, we can

see that the different limits give different curves. For the nonrelativistic limit, the curve

is proportional to sin2 k′NR
3n z′). While in the ultrarelativistic limit, the probability density

is given by a constant along z′, as we previously mentioned. Note that the value of |C|2
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is determined by the condition in Eq. (6.51). The authors of Ref. [26] have previously

demonstrated the behavior of the probability density as a function of the box’s size (see Fig. 5

of Ref. [26]); they showed that a larger box size pushes the probability density towards the

nonrelativistic limit. From this figure, we can also see that the distribution for all parameters

m′ gives the symmetrical distribution. This is because we use the non-chiral case.

The different nature between the probability densities in the nonrelativistic and ul-

trarelativistic limits may be associated with the boundary conditions’ roles at both limits.

The BC-chiral MIT for the significantly nonrelativistic limit of the Dirac wave function ap-

proximately reduces to the Dirichlet boundary condition of a vanishing Dirac wave function

at the boundary surface; this coincides with the Schrödinger equation in a box. In contrast,

the BC-chiral MIT for the significantly ultrarelativistic limit does not reduce to the Dirichlet

boundary condition. In this limit, the boundary condition remains to depend on the chiral

angle. This kind of property does not appear for the nonrelativistic one. Later, we will

show that the different properties at both limits also appear for the scalar density as well

as rotation angle.

6.4.2 Normal Probability Current Density of a Dirac Particle in

a Box

The normal component of the probability current density of a Dirac particle confined in a

1D box is expressed as

JN,k′3ns(z
′) = J3

k′3ns
(z′) = ψ̄k′3ns(z

′)γ3ψk′3ns(z
′), (6.56)

which vanishes everywhere. This is similar to the case of a Dirac particle in Rindler coor-

dinates [23, 31]. Note that to obtain complete results for the normal probability current,

we use the same strategy as for probability density; that is, we use |αL|2 + |βL|2 = 1,

|αR|2 + |βR|2 = |C|2/|B|2(= 1), and the relation between B and C given in Eqs. (6.11) and

(6.12).

The detailed contributions of each term are as follows: The contribution of the left-

moving wave component to the normal probability current density is canceled by that of

the right-moving one. The interference term between the left- and right-moving wave com-

ponents vanishes everywhere. Finally, we find that the total normal probability density

vanishes trivially everywhere as well. This indicates that we cannot directly use the vanish-

ing normal probability current density at the boundary surface as a boundary condition for
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our system. Furthermore, when we use this condition as the direct boundary condition, we

lose the role of the chiral angle.

6.4.3 Scalar Density of a Dirac Particle in a Box

The scalar density of a Dirac particle in a 1D box as a function of z′ is given by

qk′3ns(z
′) = ψ̄k′3ns(z

′)ψk′3ns(z
′)

=
2|C|2

(E ′n +m′)

[
2m′ + (Dne−2ik′3nz

′
+D∗ne2ik′3nz

′
)E ′n

]
, (6.57)

where Dn is given by Eq. (6.50) and shared with the probability density. Similar to the

probability and normal probability current densities, to obtain the scalar density, we used

|αL,s|2 + |βL,s|2 = 1, |αR,s|2 + |βR,s|2 = |C|2/|B|2(= 1), and the relation between B and C in

Eq. (6.11). Here, the coefficient |C|2 is determined by the condition given in Eq. (6.51).
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z0
<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>

z0
<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>

⇥ = 0
<latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit>

⇥ = ⇡/4
<latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit>

⇥ = ⇡/2
<latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit><latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit><latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit><latexit sha1_base64="QbWjVDVlyM2ObYOzThNsnm19SQU=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81aQIehGKXjxW6Bc0oWy2k3bpZrPsboRS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8SHKmjed9O2vrG5tb24Wd4u7e/sFh6ei4pdNMUWzSlKeqExGNnAlsGmY4dqRCkkQc29Hofua3n1BploqGGUsMEzIQLGaUGCsFQWOIhtwGkl1We6WyV/HmcFeJn5My5Kj3Sl9BP6VZgsJQTrTu+p404YQowyjHaTHINEpCR2SAXUsFSVCHk/nNU/fcKn03TpUtYdy5+ntiQhKtx0lkOxNihnrZm4n/ed3MxDfhhAmZGRR0sSjOuGtSdxaA22cKqeFjSwhVzN7q0iFRhBobU9GG4C+/vEpa1YrvVfzHq3LtLo+jAKdwBhfgwzXU4AHq0AQKEp7hFd6czHlx3p2PReuak8+cwB84nz8nj5EX</latexit>
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|αL,s|2 − |βL,s|2 = −1|αL,s|2 − |βL,s|2 = 1

|αL,s|2 − |βL,s|2 = 0

Figure 6.6: Scalar density for the ground state Dirac particle in a 1D box. Here, we used
the same parameters for the chiral angle and spin orientation as those given in Fig. 6.3 for
each panel. The scalar density for the case of the chiral angle Θ = 0, π vanishes at both
the boundaries, as a consequence of the boundary condition. These figures are reproduced

from Ref. [70].
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<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>

z0
<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>

z0
<latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit><latexit sha1_base64="59RZrEsIWRbdRN7hxjyn7Zffw0A=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0s4m7G6GG/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0PfVbj6g0j+WdGSfoR3QgecgZNVZqP913E8Uj7JUrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n83unZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTJ8nfa6QGTG2hDLF7a2EDamizNiISjYEb/HlZdI8q3pu1bs9r9Su8jiKcATHcAoeXEANbqAODWAg4Ble4c15cF6cd+dj3lpw8plD+APn8wdFiJAb</latexit>

⇥ = 0
<latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit><latexit sha1_base64="/UBhomNqnU3THJK/P0rSiT03on4=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxQr+gDWWznbRLN5u4OxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1J2AGpFDQRIESOokGFgUS2sH4bua3n0AbEasGThLwIzZUIhScoZU6vcYIkN24/XLFrbpz0FXi5aRCctT75a/eIOZpBAq5ZMZ0PTdBP2MaBZcwLfVSAwnjYzaErqWKRWD8bH7vlJ5ZZUDDWNtSSOfq74mMRcZMosB2RgxHZtmbif953RTDaz8TKkkRFF8sClNJMaaz5+lAaOAoJ5YwroW9lfIR04yjjahkQ/CWX14lrYuq51a9h8tK7TaPo0hOyCk5Jx65IjVyT+qkSTiR5Jm8kjfn0Xlx3p2PRWvByWeOyR84nz9m+Y+J</latexit>

⇥ = ⇡/4
<latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit><latexit sha1_base64="HZbkWtH+LswJQBLf2WJGk8RxgTU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSZS0ItQ9OKxQmsLTSib7aRdutksuxuhlP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL5KcaeN5305hbX1jc6u4XdrZ3ds/KB8ePeo0UxRbNOWp6kREI2cCW4YZjh2pkCQRx3Y0upv57SdUmqWiacYSw4QMBIsZJcZKQdAcoiE3gWQXtV654lW9OdxV4uekAjkavfJX0E9plqAwlBOtu74nTTghyjDKcVoKMo2S0BEZYNdSQRLU4WR+89Q9s0rfjVNlSxh3rv6emJBE63ES2c6EmKFe9mbif143M/F1OGFCZgYFXSyKM+6a1J0F4PaZQmr42BJCFbO3unRIFKHGxlSyIfjLL6+Sx8uq71X9h1qlfpvHUYQTOIVz8OEK6nAPDWgBBQnP8ApvTua8OO/Ox6K14OQzx/AHzucPKpeRGQ==</latexit>

⇥ = ⇡/2
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Figure 6.7: Similar to Fig. 6.6, but for the parameter m′ = 5. The behaviors for each
panel have similar properties to those of Fig. 6.6.

Figures 6.6 and 6.7 demonstrate the curves for the scalar density of the ground state

Dirac particle in a 1D box for the parameters m′ = 10 and m′ = 5 with various chiral

angles and spin orientation, respectively. The curves show that the scalar density vanishes

at the boundary surface when the chiral angle takes the following two values as Θ = 0, π.

This behavior is consistent with the default properties of the boundary condition that we

adopt (i.e., the BC-chiral MIT), which ensures a vanishing scalar density around the mirror

for the chiral angle Θ = 0, π. In these chiral angles, the scalar density does not depend

on the spin orientation because the second term of the numerator in Eq. (6.50) becomes

zero. The distributions inside a box in these chiral angles are symmetrical. Similar to

the probability density, the scalar density for the Dirac particle in a box also depends on

the chiral angle and spin orientation in general. For example, when the left-moving wave

component has a spin orientation in the ±x- or ±y-directions (see the upper panel), the

distribution of scalar density is symmetrical; however, when the left-moving wave component

has a spin orientation in the +z- or −z-directions (see the lower panels), the distribution

of the scalar density is asymmetrical. Similar to the probability density, this difference of

behavior depends on the chiral angle and spin orientation.
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m′ = 10

Figure 6.8: The scalar density of the ground state Dirac particle confined in a 1D box
with the variational values of the parameter m′ in the non-chiral case in comparison with
the nonrelativistic and ultrarelativistic limits. The scalar density in the non-chiral case
for all states n vanishes at both the boundary surfaces. This behavior is a consequence or

requirement the boundary conditions. This figure is reproduced from Ref. [70].

In the ultrarelativistic limit, we have the approximation form for the scalar density

of a Dirac particle in a 1D box as follows

qUR
k′UR
3n s(z

′) ' 2|C|2
k′UR

3n

(
2m′ + Pe−2ik′UR

3n z′ + P∗e2ik′UR
3n z′

)
, (6.58)

where the coefficient P is given by

P ' (im′ cos Θ + k′UR
3n −m′)(i cos Θ + sin Θ(|αL,s|2 − |βL,s|2). (6.59)

For the significantly ultrarelativistic limit in the non-chiral case, the scalar density approxi-

mately reduces to 4|C|2 sin(2k′UR
3 ). In this condition, we can see that the scalar density does

not depend on spin orientation. We can also see that its form differs from the probability

density in the same limit. In the nonrelativistic limit, we obtain the approximate form for

the scalar density as

qNR
k′NR
3n s(z

′) ' 2|C|2
(

1 + Fe−2ik′NR
3n z′ + F∗e2ik′NR

3n z′
)
, (6.60)

where F is given by (6.53), which is shared with the probability density of the nonrelativistic

limit. For the significantly nonrelativistic limit in the non-chiral case, the scalar density of

a Dirac particle in a 1D box is approximately given by 4|C|2 sin2(k′NR
3n z′), which is shared

with the probability density of a Dirac particle in the same limit and case.

Figure 6.8 shows the curves of scalar density for the ground state Dirac particle
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Figure 6.9: The difference between the curves of the probability density (Fig. 6.5) and
scalar density (6.8), as defined by ∆q,ρ(z

′) ≡ ρk′3n,s(z
′) − qk′3n,s(z

′) for certain values of
the parameter m′ in the non-chiral case. The difference becomes larger as the decreases
of the parameter m′. In contrast, the differences becomes smaller as the increases of the

parameter m′.

in a 1D box with m′ = 0.5, 2, 5, and 10 in the non-chiral case, in comparison with the

significantly nonrelativistic and ultrarelativistic limits. This figure shows that the scalar

density for all states n vanishes at the boundary surfaces. This behavior can be understood

as a consequence of the non-chiral case of the chiral MIT boundary condition. Similar to

the behavior of probability density, the scalar density approaches the nonrelativistic limit

at larger m′ and approaches the ultrarelativistic limit at smaller m′. From this figure, we

can also see that the distribution of the scalar density inside a box is symmetrical, which is

generated by the non-chiral case.

When one tries to compare the probability density in Fig. 6.3 with the scalar densities

in Fig. 6.6, the two densities look to give the same distributions inside the box. This is

because we used the parameter m′ = 10, which is relatively close to the nonrelativistic

limit [26, 27]. In addition, in Figs. 6.5 and 6.8, we can see that the probability and scalar

densities in the case of the nonrelativistic limit produce the same approximation. However,

for certain values of the chiral angle, their behaviors around the boundary surface differ. The

probability density for the relativistic particle under the BC-chiral MIT does not vanish at

the boundary surface. Instead, its scalar density vanishes when the chiral angle takes the

values of the parameter Θ = 0, π. In the case of the parameter m′ = 10, the order of

the difference between the probability and scalar densities is relatively small. If we choose

smaller values of parameter m′, the difference becomes significant (see Fig. 6.9). In the

nonrelativistic limit, both the probability and scalar densities exhibit a similar curve (see

Fig. 6.9 and Eqs. (6.52) and (6.60)). However, the curve of probability density in the

ultrarelativistic limit differs from its scalar density in the same limit. The behavior of the
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ultrarelativistic limit of probability density in the non-chiral case resembles the relativistic

probability density in the case Θ = π
2
, which becomes constant along the z′ axis. Meanwhile,

this property does not arise for the scalar density in the ultrarelativistic limit of the case

Θ = 0. Its behavior inside the box for m′ = 0 and Θ = 0 is described by the sine function,

sin(2k
′UR
3n z′), rather than a constant along the z′ axis.



Chapter 7

Summary and Conclusion

We studied quantum states in an external gravitational field. Quantum systems under the

influence of a gravitational field are interesting to discuss because quantum mechanics and

relativity operate simultaneously within them. One phenomenon that can be observed in

the laboratory is the existence of gravitationally quantum bound states of the UCN [14–20],

which are consistent with the theoretical predictions for the quantum bouncer problem of the

Schrödinger equation in a linear gravitational potential under a perfectly reflecting mirror

(see e.g., Refs. [3–12]). In such situations, the quantum bouncer exhibits discrete energy

levels associated with the normalizable wave function.

In this thesis, we revisited the quantum bouncer problem, focusing on the relativistic

effects in gravitational quantum states. Using the equivalence principle [22], the system

can be seen as a free particle repeatedly bounced off by a uniformly accelerated mirror in

Minkowski space. Alongside the scenario, we discussed the properties of the Klein–Gordon

and Dirac equations in Rindler coordinates under the mirror boundary conditions. As shown

in Refs. [23], in the nonrelativistic limit, the energy levels of relativistic bouncing particles

reduce to familiar eigen-energies for the Schrödinger equation in a linear gravitational field

under a perfectly reflecting mirror.

For the Schrödinger equation, we adopted the Dirichlet boundary conditions to repre-

sent the barrier step Fermi-pseudo potential, where a bouncing particle is assumed to see an

infinite potential around the mirror. The main feature of this boundary condition is that it

requires a vanishing wave function around the mirror. The same boundary condition is ap-

plied for the Klein–Gordon equation, where a free massive scalar field in Rindler coordinates

was imposed to vanish at the floor [24]. However, if one imposes the Dirichlet boundary

conditions upon the Dirac equation, the solution will vanish trivially everywhere [23] (see
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also Ref. [26]). As an alternative, in the present study, we adopted the BC-MIT [28–30] to

represent the finite fermi pseudo potential barrier while avoiding the Klein paradox problem.

This boundary condition guarantees a vanishing normal probability current and scalar den-

sities at the boundary surfaces. In this discussion, it was unnecessary to discuss the Dirac

equation using the boundary condition from the chiral bag model [33–42], despite its being

more general than the MIT one.

Using the above analysis, we compared the energy levels of all bouncing particles.

We found that the energy level of a Klein–Gordon bouncer always exceeds its nonrelativistic

limit for all states, while the energy levels of Dirac and Majorana bouncers are lower than

their nonrelativistic limits for the lowest few states and are shifted to exceed that limit

for sufficiently large states. The differences in values from the relativistic to the nonrela-

tivistic can be understood as relativistic corrections associated with the specific boundary

conditions.

The parameter of the shift of the energy spectrum is not detectable in the labora-

tory. However, one can measure the parameter of the transition frequencies between two

energy eigenstates of the bouncing particles, for example, by using gravitational resonance

spectroscopy [118–122]. From our analysis of the quantum bouncers, we found that the tran-

sition frequencies between the two energy eigenstates of all relativistic bouncers exceeded

their nonrelativistic limits for all states, where the transition frequencies for Dirac and Ma-

jorana particles exceeded those of the Klein–Gordon ones. We applied the obtained analytic

solutions to both the UCN and Ps atoms. The energy levels of the quantum bouncer for the

Ps atom were smaller than those of the UCN. In contrast, the relativistic corrections to the

transition frequency of the Ps atom exceeded those of the UCN. However, the relativistic

corrections of the transition frequencies for both UCN and Ps atoms were too small to be

detectable with present technology.

The different behaviors of the energy levels for bouncing particles may be associ-

ated with the behavior of their wave functions, in particular around the boundary surface.

Therefore, in the present study, we also discussed the density functions for the bouncing

particles: the probability, normal probability current, and scalar densities. The distribution

shows that the probability densities of nonrelativistic and Klein–Gordon bouncers exhibit

the same behavior: that of vanishing at the mirror surface. This behavior is a consequence

of the Dirichlet boundary condition. We also found that the probability densities of both

nonrelativistic and Klein–Gordon bouncers are time-independent. The probability density

of a Dirac bouncer does not vanish at the mirror surface, in contrast to those of nonrela-

tivistic and Klein–Gordon bouncers. In addition, the probability density of a Dirac bouncer
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is also time-independent. The probability density of a Majorana bouncer includes a factor

that rapidly oscillates as a function of time. This factor corresponds to the Zitterbewegung

and depends on the spin orientation. For example, when the spin orientation is in the

±z-directions, the Zitterbewegung vanishes for all states. In the condition of vanishing Zit-

terbewegung, the probability density of a Majorana bouncer coincides with that of a Dirac

bouncer. The Zitterbewegung also appears in the normal probability current density of a

Majorana bouncer. When the Zitterbewegung in the normal probability current density of

a Majorana bouncer vanishes for all states, its distributions coincide with that of a Dirac

bouncer, which vanishes everywhere. The presence of the Zitterbewegung does not come

from the BC-MIT, rather from the interference between the positive- and negative-energy

components of the Majorana wave function. The scalar density of a Dirac bouncer does not

vanish in general; however, it vanishes at the floor as a consequence of the BC-MIT (see

Fig. 5.2). In contrast, the scalar density of a Majorana bouncer vanishes everywhere because

the charge conjugation of the Majorana wave function is completely identical to itself. The

normal probability current density of a Dirac bouncer vanishes everywhere while that of the

Majorana particle does not. The normal probability current density of a Majorana bouncer

vanishes at the mirror surface, as required by the BC-MIT.

Note that one can also introduce more general boundary conditions that retain the

vanishing normal current density around the boundary surface [42]. A general form of the

BC-MIT, which includes the chiral angle, is the BC-chiral MIT [42, 64, 65]. In the non-

chiral case, the BC-chiral MIT reduces to the BC-MIT. For the reflection system of the

wave function comprising incident and reflected components, one can discuss the interaction

between the particle and boundary surface, e.g., the changes of spin orientations under the

boundary conditions [25].

To investigate the roles of boundary conditions in more detail, we revisited the system

of a Dirac particle confined to a 1D box, using the BC-chiral MIT in describing the properties

of the boundary surfaces of the box. A similar confinement system has been previously

discussed in Ref. [26] (cf. Ref. [27]), though they used the BC-MIT. The results show that

the Dirac particle has discrete momentum and energy levels; generally, these depend on the

chiral angle but not on the spin orientation. In the non-chiral case, the results reduce to

the results in Refs. [26, 27]. In the significantly nonrelativistic limit, the energy levels of a

Dirac particle reduce to the results for the problem of the Schrödinger equation in a box.

For this confinement system, we also discussed the change of spin orientation produced

by reflections between the particle and mirrors for the confinement system under the BC-

chiral MIT (cf. Ref. [25]). We found that the changes of spin orientation depend on the
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chiral angle. For the non-chiral case, we found that the spin orientation does not change.

This may explain the reflection for the above Dirac and Majorana bouncing particles under

the BC-MIT. The obtained results show that in the confinement system, the reflected wave

component at the second mirror exactly matches the incident wave component at the first

one, which means that the spin state is in a consistent state to repeat the reflections at both

mirrors.

We further discussed the behavior of the density functions for a Dirac particle confined

in a 1D box. The results show that the distribution of the probability and scalar densities can

be asymmetric, depending on the chiral angle and initial spin orientations. In contrast, the

normal probability current density of the Dirac particle vanishes everywhere. As shown in

Refs. [26, 27], the box’s size determines whether the system approaches the ultrarelativistic

or nonrelativistic limits. A study into the boundary conditions for the confinement system

might also be helpful in related topics such as the finite volume effect (cf. Refs. [66, 69]).
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Appendix A

Dirac Equation in Minkowski

Coordinates

The Dirac equation for a particle with mass m in Minkowski coordinates is given by

(iγµ∂µ −m)Ψks(t,x) = 0, (A.1)

where s denotes the spin orientation and γµ are gamma matrices in the Dirac representation

given in Eq. (4.4). To proceed, we introduce the general solution to the Dirac equation as

Ψks(t,x) = ukse
−iEteik·x, (A.2)

where E =
√
m2 + |k|2 is the energy of the Dirac particle and uks is a four-component Dirac

spinor. Then, the Dirac spinor uks can be decomposed into the upper two-component spinor

ξs and lower two-component spinor χs as

uks =

(
ξs

χs

)
. (A.3)

Substituting back the Dirac spinor (A.3) to the Dirac equation (A.1), we obtain the following

two coupled equations

(E −m)ξs − σ · kχs = 0, (A.4)

(E +m)χs − σ · kξs = 0, (A.5)
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where Eqs. (A.4) and (A.5) are associated with the negative- and positive-energy solutions,

respectively. Herein, we focus on the solution for positive-energy, which implies that the

Dirac solution can be written explicitly as

Ψks(t,x) = Nks
(

ξs
σ·k

(m+E)
ξs

)
e−iEteik·x, (A.6)

where ξs is the normalized two-components spinor ξ†sξs = 1, and Nks is the normalization

constant obtained by

(Ψks,Ψk′s′) =

∫
d3xΨ†ksΨk′s′ = δ(k − k′)δss′ . (A.7)



Appendix B

Alternatives Boundary Conditions for

Dirac Equation from MIT Bag Model

In this chapter, we briefly review the alternative boundary conditions for the Dirac equation

that we use in this study, namely, the BC-MIT [28–30] and BC-chiral MIT [34, 64, 65]. The

BC-chiral MIT is a generalization of the BC-MIT, which includes the contribution of the

chiral angle. Therefore, we start with a discussion on the BC-chiral MIT for the wavefunction

of a relativistic spin-1/2 particle ψ at the boundary surface [64], expressed as

iNµγ
µψ = e−iγ

5Θψ, (B.1)

where Θ ∈ [0, 2π) denotes the continuous chiral angle. Here, Nµ is an inward normal unit

vector perpendicular to the boundary surface. At the boundary surface, the BC-chiral MIT

ensures a vanishing probability density as

iJN = iNµψ̄γ
µψ = ψ̄e−iγ

5Θψ

= −ψ̄e−iγ5Θψ

= 0, (B.2)

where the first line comes from the multiplication of both the left- and right-hand sides of

BC-chiral MIT (B.1) with ψ̄(≡ ψ†γ0) from the left, and the second line comes from the

Hermition conjugate of BC-chiral MIT (B.1) multiplyed by γ0ψ from the right [65]. The

relations in Eq. (B.2) also indicates that the scalar density ψ̄ψ vanishes when then chiral

angle takes values of Θ = 0, π, where Θ = 0 represents the non-chiral case. For the non-chiral
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case, the boundary conditions (B.1) reduces to BC-MIT [28–30]:

iNµγ
µψ = ψ. (B.3)

Here, the normal probability current and scalar densities vanish at the boundary surfaces

(see Eq. (B.2)), as stated above.
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