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Abstract

Time-reversal symmetry (T-symmetry) in a reversible cellular automaton (CA) is the property in which forward and back-
ward evolutions of configurations are governed by the same local transition function. We show that the framework of
partitioned cellular automata (PCAs) is useful to study T-symmetries of reversible CAs. Here, we investigate reversible
elementary square PCAs (ESPCAs) and reversible elementary triangular PCAs (ETPCAs), and prove that a large number
of reversible ESPCAs and all reversible ETPCAs are T-symmetric under some kinds of simple transformations on con-
figurations. As applications, these results are used to find and analyse backward evolution processes in reversible PCAs.
For example, for a given functional module implemented in a reversible PCA, such as a reversible logic element, we can
obtain its inverse functional module very easily using its T-symmetry.

1 Introduction

The notion of time-reversal symmetry (T-symmetry, for short) comes from physics. It is the symmetry of an evolution
law of a dynamical system under the transformation of reversal of time (see, e.g., a survey paper [5]). For example, in the
classical mechanics, its law for the negative time direction is exactly the same as the one for the positive time direction.
Assume a classical mechanical system starts to evolve from a given initial state. At some time, if we transform the
momentum vector p of every particle to —p simultaneously, the whole evolving process is exactly traced back. Namely,
it goes back to the initial state by the same evolution law.

There are various kinds of dynamical systems having such a property. A cellular automaton (CA) is a discrete dy-
namical system, in which configurations (i.e., whole states of the cellular space) evolve by applying a local transition
function to all the cells in parallel. A reversible CA is one whose evolution process can be traced back uniquely (but not
necessarily by the same local function). In [2, 4, 6, 17], it is argued that some kinds of reversible CAs have T-symmetry,
i.e., the backward transition is performed by the same local function. For example, the ‘block CA’ of Margolus is known
to be T-symmetric [2, 6]. In fact, by applying a simple transformation to a configuration, the block CA evolves to the
reverse direction by the same local function. On the other hand, it is also known that there are reversible CAs that are not
T-symmetric [2].

Here, we pose the question: Which reversible CAs are T-symmetric? We study this problem using the framework of
two-dimensional reversible partitioned cellular automata (PCAs). A PCA was introduced as a special subclass of CAs
for making it easy to design a reversible CA [15]. Each cell of a PCA is divided into several parts, whose number is
equal to the neighbourhood size. The next state of a cell is determined by the present states of the corresponding parts
of the neighbour cells, not by the states of the whole neighbour cells. It has been shown that in a PCA injectivity of a
local function is equivalent to injectivity of the global function that determines evolutions of configurations [15, 8] (see
Lemmas 2.4 and 5.4). By this property, we can obtain a reversible PCA very easily by designing a PCA so that its local
function is injective.

The framework of reversible PCAs also has an advantage for studying T-symmetry. Each part of a cell can be regarded
as an output port to the corresponding neighbour cell, and thus its state is interpreted as a signal moving to the neighbour
cell. Therefore, reversing the moving directions of signals, which corresponds to changing the momentum vector of each
particle from p to —p in the classical mechanics, is easily performed by a simple transformation on configurations (defined
by H™ in Sections 3.1 and 5.3). By this, T-symmetries for reversible PCAs are naturally defined.

In this paper, we investigate T-symmetries of reversible four-neighbour elementary square partitioned CAs (ESPCAs),
which are rotation-symmetric and each part of a cell has only two states. We also extend the results on T-symmetries
of reversible three-neighbour elementary triangular partitioned CAs (ETPCAs) given in [13]. Here, we define two sorts
of T-symmetries for these reversible PCAs. The first one is strict T-symmetry. If a PCA is strictly T-symmetric, then
its backward evolution of configurations is governed by exactly the same local function for the forward evolution. The
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second one is a weaker version of T-symmetry, where the backward evolution of configuration is governed by a local
function that is ‘similar’ to the forward local function. As ‘similar’ ones, the local functions obtained by taking a mirror
image, taking 0-1 complementation, and taking both of these operations to the forward local function are used. Hence,
we consider three kinds of weaker T-symmetries here.

In the following, we show that a large number of reversible ESPCAs and all reversible ETPCAs are strictly or weakly
T-symmetric in the above sense. These results are useful for finding or analysing their backward evolution processes. In
particular, it makes it easy to design an ‘inverse functional module’ that undoes the forward function of a given module.
We give several examples of applications of T-symmetries.

In Section 2, definitions on ESPCAs are given. In Section 3, T-symmetries in reversible ESPCAs are defined and their
properties are studied. In Section 4, several applications of T-symmetries in ESPCAs are shown. In Section 5, ETPCAs
are defined, and their T-symmetries are clarified. In Section 6, applications of T-symmetries of ETPCAs are shown.
Section 7 gives concluding remarks and open problems. In Appendix, all 1536 reversible ESPCAs are listed, and the data
on their T-symmetries are given.

2 Elementary Square Partitioned Cellular Automata (ESPCAs)

In this section, we give basic definitions on a four-neighbour square partitioned cellular automaton (SPCA). Figure 1 (a)
is the cellular space of SPCA. Its square cell is divided into four parts. In SPCA, a cell changes its state depending on
the top part of the south-neighbour cell, the right part of the west cell, the bottom part of the north cell, and the left part
of the east cell as shown in Figure 1 (b). Each part of a cell can be interpreted as an ‘output port’ to the corresponding
neighbour cell, and thus the state in the part is regarded as a signal moving to the cell. In this section, we investigate the
simplest subclass of SPCAs called an elementary SPCA (ESPCA). It is a rotation-symmetric SPCA, and each part a cell
has only two states.

(a) (b)

Figure 1: (a) Cellular space of a four-neighbour SPCA, and (b) a local transition rule that represents f(¢,r,b,l) =
(¢, r b 1)

2.1 Definitions on ESPCAs

Definition 2.1 A four-neighbour square partitioned cellular automaton (SPCA) is a system defined by
P= (sz (T,R,B,L)7 ((07 _1)7 (—1,0), (Oa 1)3 (130))3f)

Here, 77 is the set of all points with integer coordinates where cells are placed. The items T,R,B, and L are non-empty
finite sets of states of the top, right, bottom, and left parts of a cell. The set of states of a cell is thus Q =T X Rx B x L. The
quadruple ((0,—1),(—1,0),(0,1),(1,0)) is a neighbourhood of each cell, and f : Q — Q is a local (transition) function.

If f(t,r,b,1) = (¢',¥,b',I") holds for (¢,r,b,1),(t',r,b',l') € Q, this relation is called a local transition rule of P. It is
also indicated as in Figure 1 (b). The local function f is thus defined by a set of local transition rules.

Definition 2.2 Let P = (Z*,(T,R,B,L),((0,—1),(—1,0),(0,1),(1,0)), f) be a four-neighbour SPCA. A configuration of
P is a function o : 7> — Q. The set of all configurations of P is denoted by Conf(P), i.e., Conf(P) = {at| ot : Z> — Q}.
Let pry : Q — T be the projection function that satisfies pry(t,r,b,1) =t for all (t,r,b,1) € Q. The projection functions
prg: Q — R, pry: Q — B and pr; : Q — L are defined similarly. The global function F : Conf(P) — Conf(P) of P is
defined as the one that satisfies the following.

Va € Conf(P),Vx € Z2 :
Fla)(x) = flprr(a(x+(0,—1))),prr(et(x+(=1,0))), prp(a(x+(0,1))), pr (et(x +(1,0))))



In this paper, reversibility of an SPCA is defined as follows. Note that a detailed discussion on the definition of a
reversible CA is found in Section 10.3 of [8].

Definition 2.3 An SPCA P is called reversible if its global function is injective.

The next Lemma shows that, in a PCA, injectivity of the global function is equivalent to injectivity of the local function
[8, 15]. By this, we can easily obtain a reversible CA by giving a PCA whose local function is injective.

Lemma 2.4 Let P be an SPCA. Its global function F is injective if and only if its local function f is injective.

Next, we define a subclass of SPCAs such that its local function is rotation-symmetric, and each of four parts has only
two states. It is called an elementary SPCA (ESPCA) as in the case of a one-dimensional elementary cellular automaton
(ECA) [20]. WEe first define the notion of rotation-symmetry.

Definition 2.5 Let P = (Z?,(T,R,B,L),((0,—1),(—1,0),(0,1),(1,0)), f) be an SPCA. The SPCA P is called rotation-
symmetric (or isotropic) if the following conditions (1) and (2) hold.

() T=R=B=L

(2) Y(t,r,b,1),(t',r' b, I"YET xRXxBXL:
f,nbl)y=(@,rbl")= f(rblt)= (b1

Definition 2.6 Let P = (Z*,(T,R,B,L),((0,—1),(—1,0),(0,1),(1,0)), f) be an SPCA. We say P is an elementary trian-
gular partitioned cellular automaton (ESPCA), if T = R = B =L =0, 1}, and it is rotation-symmetric.

Since an ESPCA is rotation-symmetric, its local function f : {0,1}* — {0,1}* is defined by only six local transition
rules that are described by the following six values.

f(0705070)7 f(07071’0)’ f(0707171)7 f(170’]‘70)7 f(O’]‘?]‘?]‘)? f(1717171)

Here, £(0,0,1,0),£(0,0,1,1),£(0,1,1,1) € {0,1}*. Onthe other hand, f(1,0,1,0) € {(0,0,0,0),(0,1,0,1),(1,0,1,0),(1,1,1,1)}
and £(0,0,0,0), f(1,1,1,1) € {(0,0,0,0), (1,1,1,1)}, since it is rotation-symmetric. Hence, there are 16 x 4 x 2% =
65,536 ESPCAs in total.

Reading the 4-bit values of f(0,0,0,0), £(0,0,1,0), £(0,0,1,1), f(1,0,1,0), £(0,1,1,1), f(1,1,1,1) as six binary
numbers, we express an ESPCA by a 6-digit hexadecimal identification (ID) number uvwxyz as in Figure 2. An ESPCA
with the ID number uvwxyz is denoted by ESPCA-uvwxyz. Its local and global functions are denoted by f,w.y, and
Fuwxyz» respectively. For example, Figure 3 shows the six local transition rules of ESPCA-01c57f, which define fo1cs7f.
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Figure 2: Expressing an ESPCA by a 6-digit hexadecimal ID number uvwxyz. States 0 and 1 are represented by a blank
and e. Vertical bars indicate alternatives of the right-hand side of each local transition rule
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Figure 3: Local function fy;c57¢ of ESPCA-01c57f defined by the six local transition rules
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Definition 2.7 An ESPCA P is called conservative if the number of state 1’s (i.e., particles) is conserved in each of its
local transition rules.

Conservativeness of an ESPCA is an analog of various conservation laws in physics such as conservation of mass,
energy, and so on. From Definitions 2.3 and 2.7, it is easy to see the following proposition.

Proposition 2.8 Let P be an ESPCA with an ID number uvwxyz.

(1) P is reversible if and only if the following condition holds.
(u,z) €{(0,1),(f,0)} A x €{5,a} A (v,w,y) € (AXBXC U AXCxBUBXAXC U BXCxA U CxAXB U CxBxA),
where A ={1,2,4,8},B=1{3,6,9,c},C ={7,b,d,e}

(2) P is conservative if and only if the following condition holds.
u=0Ave{l,2,4,8} Awe{3,5,6,9,a,c} Axe{5,a} Aye{7,b,de} Az=f1

(3) P is reversible and conservative if and only if the following condition holds.
u=0Ave{l,2,4,8 Awe{3,6,9,c}Axe{S,a} Aye{7,b,de} Az=Ff

From the above proposition, we can see the total numbers of reversible, conservative, and reversible and conservative
ESPCAs are 1536, 192, and 128, respectively.

2.2 Dualities in ESPCA

We consider two kinds of dualities among ESPCAs, which are the ones under reflection and complementation. These
notions are given in [19] for one-dimensional elementary cellular automata (ECAs). The dual ESPCAs are essentially
the same as the original one in the sense that any evolution process is simulated in the dual ESPCA after taking a simple
transformation to the initial configuration.

Definition 2.9 Let P be an ESPCA and f : {0,1}* — {0,1}* be its local function. Define f:{0,1}* — {0,1}* as follows.

Y(t,r,d,0), (7 d ') € {0,1}*:
f(t7r7d7l) = (t/7r/7d/7l/) <:>f(t7l7d7 r) = (t/7l/7d/7r/)

Then, the ESPCA P having the local function f" is called the dual ESPCA of P under reflection.

From this definition, we can see that the local transition rules of P" are the mirror images of those of P. It means
that any evolution process in P is simulated in P' in a straightforward manner by taking the mirror image of the initial
configuration (see Lemma 3.5). Note that, in the above definition, the mirror images are taken with respect to the vertical
axis (i.e., r and [, and 7' and [’ are exchanged). However, since ESPCA P is rotation-symmetric (Definition 2.5), it is
equivalent to the case where the mirror images are taken with respect to the horizontal axis.

Definition 2.10 Let P be an ESPCA and f : {0,1}* — {0, 1}* be its local function. For x € {0,1}, letX=1—x, i.e., X is
the complement of x. Define f€: {0,1}* — {0,1}* as follows.

Y(t,nd,0),(t',r,d'I') € {0,1}*:
f(t7r7d7l) = (t/?r/7d/7l/) <:>fc(2777g7z) = (?777E77)

Then, the ESPCA P® having the local function f° is called the dual ESPCA of P under complementation.

From this definition, we can see that the local transition rules of P¢ are obtained from those of P by exchanging 0 and
1. Therefore, any evolution process in P is simulated in P in a straightforward manner by taking the complement of the
initial configuration (see Lemma 3.7).

For an ESPCA P with a local function f, there is an ESPCA P™ whose local function is (f*)¢ = (f€)". It can also be
regarded as a kind of a dual ESPCA. We write the local function of P by f™ shortly.

Let Puwxy; be a reversible ESPCA. We denote the ID numbers of [,z fivwryzs Sivwryz> @nd fu’wll,xyz by r(uvwxyz),
C(uvwxyz), rc(uvwxyz), and iIlV(MVW)CyZ), respectively. Namely, fzivwxyz = fr(uvwxyz)’ f;vwxyz = fc(uvwxyz)7 f;wayz =
frc(uvwxyz) , and f, z,rvvlvx}'z = finv(uvwxyz) .

Table 1 shows the list of ID numbers of local functions (f) of 128 reversible and conservative ESPCAs, their dual
ones (f*, f° and f™), and their inverses (f~'). We included inverse local functions besides dual ones in the table,
since they will be used in Section 3. For example, if we consider ESPCA-01357f, then f§,357¢ = fi(01357t) = So43576

FS13578 = fe(o13570) = fooaswt: 53576 = Fre(o13578) = fozaset and fohsze = fiav(o13570) = foassze (Figure 4). Note that, since
the total number of all reversible ESPCAs is 1536, their complete list is given in Appendix A.



Table 1: Identification numbers of 128 reversible and conservative ESPCAs, their dual ones (under reflection, comple-
mentation, and both) and inverses. In each ESPCA, the IDs of local functions among f, 7, f¢ and f™ that are equal to
! are marked by *. It means that the ESPCA is T-symmetric under the corresponding involutions (see Section 3)

! Ir fe fre ! ! Ir fe I !
01357f 04357f% 0235bf 0235ef 04357f 04357f 01357f% 0235ef 0235bf 01357f
0135bf 0435ef* 0135bf 0435ef* 0435ef 0435bf 0135ef* 0135ef* 0435bf 0135ef
0135df 0435df* 0835bf 0835ef 0435df 0435df 0135df* 0835ef 0835bf 0135df
0135ef  0435bf* 0435bf* 0135ef 0435bf 0435ef 0135bf* 0435ef 0135bf* 0135bf
013a7f 043a7f* 023abf 023aef 043a7f 043a7f 013a7f* 023aef 023abf 013a7f
013abf 043aef* 013abf 043aef* 043aef 043abf 013aef* 013aef* 043abf 013aef
013adf 043adf* 083abf 083aef 043adf 043adf 013adf* 083aef 083abf 013adf
013aef 043abf* 043abf* 013aef 043abf 043aef 013abf* 043aef 013abf* 013abf
01657f 04957f* 0265bf 0295ef  04957f 04657f 01957f% 0265ef 0295bf 01957f
0165bf  0495ef* 0165bf 0495ef* 0495ef 0465bf 0195ef* 0165ef 0495bf 0195ef
0165df 0495df* 0865bf 0895ef  0495df 0465df 0195df* 0865ef 0895bf 0195df
0165ef  0495bf* 0465bf 0195ef  0495bf 0465ef  0195bf* 0465ef  0195bf* 0195bf
016a7f 049a7f* 026abf 029aef 049a7f 046a7f 019a7f* 026aef 029abf 019a7f
016abf 049aef* 016abf 049aef* 049aef 046abf 019aef* 016aef 049abf 019aef
016adf 049adf* 086abf 08%aef 049adf 046adf 019adf* 086aef 089abf 019adf
016aef 049abf* 046abf 019aef 049abf 046aef 019abf* 046aef 019abf* 019abf
01957f 04657f* 0295bf 0265ef 04657f 04957f 01657f%* 0295ef 0265bf 01657f
0195bf 0465ef* 0195bf 0465ef* 0465ef 0495bf 0165ef* 0195ef 0465bf 0165ef
0195df 0465df* 0895bf 0865ef 0465df 0495df 0165df* 0895ef 0865bf 0165df
0195ef  0465bf* 0495bf 0165ef  0465bf 0495ef 0165bf* 0495ef 0165bf* 0165bf
019a7f 046a7f* 029abf 026aef 046a7f 049a7f 016a7f* 029aef 026abf 016a7f
019abf 046aef* 019abf 046aef* 046aef 049abf 0l16aef* 019aef 046abf 016aef
019adf 046adf* 089abf 086aef 046adf 049adf 016adf* 089aef 086abf 016adf
019aef 046abf* 049abf 016aef 046abf 049aef 016abf* 049aef 016abf* 016abf
01c57f  04c57f* 02cbbf  02cbef  04c57f 04c57f  01c57f% 02cbef  02cbbf  01c57f
01cbbf  04cbef* 01cbbf  04cbef* 04cbef 04cbbf  Olcbef* Olcbef* 04cbbf Olcbef
01cbdf  04cbdf* 08cbbf 08cbef  04chdf 04cbdf 01cbdf* 08cbef 08cbbf 01chdf
Olcbef  04cbbf* 04cbbf* 0lcbef  04c5bf 04cbef Olcbbf* 04cbef 01cbbf* 01c5bf
Olca7f 0O4ca7f* 02cabf 02caef  04ca7f 04ca7f Olca7f* O02caef 02cabf Olca7f
Olcabf O4caef* Olcabf O4dcaef* O4dcaef O4cabf Olcaef* Olcaef* O4dcabf Olcaef
Olcadf O4cadf* O08cabf 08caef 04cadf O4cadf Olcadf* O08caef 08cabf Olcadf
Olcaef O4cabf* O4cabf* Olcaef O4cabf O4caef Olcabf* Odcaef Olcabf* Olcabf
02357f% 02357f% 02357f% 02357f% 02357f 08357f% 08357f%* 0235df 0235df 08357f
0235bf  0235ef* 01357f 04357f 0235ef 0835bf 0835ef* 0135df 0435df 0835ef
0235df* 0235df* 08357f 08357f 0235df 0835df* 0835df* 0835df* 0835df* 0835df
0235ef  0235bf* 04357f 01357f 0235bf 0835ef  0835bf* 0435df 0135df 0835bf
023a7f* 023a7f* 023a7f* 023a7f* 023a7f 083a7f* 083a7f* 023adf 023adf 083a7f
023abf 023aef* 013a7f 043a7f 023aef 083abf 083aef* 013adf 043adf 083aef
023adf* 023adf* 083a7f 083a7f 023adf 083adf* 083adf* 083adf* 083adf* 083adf
023aef 023abf* 043a7f 013a7f 023abf 083aef 083abf* 043adf 013adf 083abf
02657f 02957f%* 02657f 02957f% 02957f 08657f 08957f* 0265df 0295df 08957f
0265bf  0295ef* 01657f 04957f 0295ef 0865bf 0895ef* 0165df 0495df 0895ef
0265df 0295df* 08657f 08957f 0295df 0865df 0895df* 0865df 0895df* 0895df
0265ef  0295bf* 04657f 01957f 0295bf 0865ef  0895bf* 0465df 0195df 0895bf
026a7f 029a7f* 026a7f 029a7f* 029a7f 086a7f 089a7f* 026adf 029adf 089a7f
026abf 029aef* 016a7f 049a7f 029aef 086abf 089aef* 016adf 049adf 089aef
026adf 029adf* 086a7f 089a7f 029adf 086adf 089adf* 086adf 089adf* 089adf
026aef 029abf* 046a7f 019a7f 029abf 086aef 089abf* 046adf 019adf 089abf
02957f  02657f% 02957f 02657f%* 02657f 08957f 08657f* 0295df 0265df 08657f
0295bf  0265ef* 01957f 04657f 0265ef 0895bf 0865ef* 0195df 0465df 0865ef
0295df 0265df* 08957f 08657f 0265df 0895df 0865df* 0895df 0865df* 0865df
0295ef  0265bf* 04957f 01657f 0265bf 0895ef  0865bf* 0495df 0165df 0865bf
029a7f 026a7f* 029a7f 026a7f* 026a7f 089a7f 086a7f* 029adf 026adf 086a7f
029abf 026aef* 019a7f 046a7f 026aef 089abf 086aef* 019adf 046adf 086aef
029adf 026adf* 089a7f 086a7f 026adf 089adf 086adf* 089adf 086adf* 086adf
029aef 026abf* 049a7f 016a7f 026abf 089aef 086abf* 049adf 016adf 086abf
02cB57f% 02c57f% 02cb7f* 02c57f* 02c57f 08cb7f* 08cb7f* 02cbdf 02cbdf  08ch7f
02cbbf  02cbef* 01cb7f 04cb7f 02cbef 08cbbf  08cbef* 01cbdf 04cbdf 08cbef
02chbdf* 02cbdf* 08cb57f 08c57f  02chdf 08chdf* 08cbdf* 08cbdf* 08cbdf* 08c5df
02cbef  02cbbf* 04c57f 01c57f  02c5bf 08cbef  08cbbf* 04cbdf O01cbdf 08c5bf
02ca7f* 02ca7f* 02ca7f* 02ca7f* 02ca7f 08ca7f* 08ca7f* 02cadf 02cadf 08ca7f
02cabf 02caef* Olca7f O4ca7f 02caef 08cabf 08caef* Olcadf O4cadf 08caef
02cadf* 02cadf* 08ca7f 08ca7f 02cadf 08cadf* 08cadf* 08cadf* O08cadf* 08cadf
02caef 02cabf* 04ca7f O0Olca7f 02cabf 08caef 08cabf* 0O4cadf Olcadf 08cabf
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Figure 4: Local function fy1357¢, and its duals and inverse

3 Time-Reversal Symmetries in Reversible ESPCAs

In this section we define two sorts of time-reversal symmetries (T-symmetries) in reversible ESPCAs. The first one is a
stronger version of T-symmetry where the backward evolution is governed by exactly the same law as the forward one.
The second is a weaker version of T-symmetry where the backward evolution is governed by a ‘similar’ law. As we shall
see in Section 4, the both versions of T-symmetries are useful for finding or anlysing the backward evolution process for
a given evolution process.

3.1 Basic property of reversible ESPCAs

Before defining T-symmetries on ESPCAs, we first show a basic property on their backward evolution. Let Confg =
{or | o : Z? — {0,1}*} denote the set of all configurations of ESPCA. A function H is called an involution if H o H is an
identity function. We define an involution H™®" : Confg — Confg by the reversible and conservative ESPCA-08cadf:

Tev
H™" = Fogcadf

As it is seen from Figure 5, H™ can be interpreted as the one that reverses the moving directions of all the particles in the
cellular space. In the classical mechanics, the operation H™" corresponds to the transformation of the momentum vector
p of each particle to —p. It is easy to verify that H™" is an involution.

e R R S

Figure 5: Local function of ESPCA-08cadf by which H™" is defined. The involution H™ reverses the moving directions
of all the particles in a configuration

The following lemma shows that a backward evolution of reversible ESPCA-uvwxyz is performed by Finy(ummwayz)
applying H™" just before and after Fiyy(uyz). However, it does not mean T-symmetry of the ESPCA, since Finy (uxyz)
may be very different from Fj.xy.. In the special case where Fuy(uynyz) = Fuvwsyz holds, we can say that the backward
evolution is carried out by exactly the same global function as the forward one, which we call strict T-symmetry given in
Section 3.2. This lemma is also used for defining weaker T-symmetries as discussed in Section 3.3. Note that this lemma
is proved in a similar manner as in the case of reversible elementary triangular PCAs (ETPCA) [13].

Lemma 3.1 Let P be a reversible ESPCA-uvwxyz with the local function fixy, and the global function Fyyyy,. Let P be
a reversible ESPCA with the ID number inv(uvwxyz). The local and global functions of P’ are thus Sinv(wowryz) = f;,}mz
and Fiuy (uwxyz), respectively. Then the following holds.

F71 _ HreVOFinv( o H'™

uvwxyz uvwxyz)

Proof. Let o € Confg be any configuration, and (xo,yo) € Z? be any point. Let (t;,r1,b1,11) € {0,1}* be as follows:
o (xo,y0) = (t1,r1,b1,11). See Figure 6 that shows the process of state-changes by the operations given below. First, we
can see the following relations.

pry(H™ (o) (x0,y0— 1)) = b1
prg(H™ (a1)(xo—1,50)) = 16
prg(H™ (01)(x0,y0+1)) = 1
prp(H™ (ou)(xo+1,50)) = ri



Assume ﬁ;vlvxyz(tl,rl,bl,ll) = (to,r0,b0,10) (.e., fuwwxy:(to,70,b0,10) = (t1,r1,b1,11)). Then, the following holds, since
Juvwayz (and thus fL;vlvxyZ) is rotation-symmetric.

(Finv(uvwxyz) OHrev(a1>) (XOJ’O) = (b07 lOaIOa rO)

Let o = Finv(uvwxyz)oHre"(al ). Then, the following relations hold.

pry(H™ (0o)(x0,y0—1)) = 1o
prgr(H™ (a0)(xo —1,50)) = 719
prg(H™ (o) (x0,y0+1)) = bo
pr(H™ (o) (xo + 1,50)) = o

Hence,
(FuvwxyzOHrev(aO))(xO’yo) = (tl7r1)bl7ll) = al (xO,yO)-

By above, the following holds for all (xg,yo) € Z>.
(FMVWXyZO H™o Finv(uvwxyz) oH™(ou))(x0,y0) = au(x0,Y0)
Thus, Fuvwryz© H™ 0 Fy (uwxyz) © H (01) = oy for all oy € Confg. Therefore,

—1 __ pgrev rev
F, =H oFinv(uvwxyz)OH :

uwxyz
This completes the proof. U
o H™ (1) o H™ (o) o
1 H* - Foviwey) o] H™ o Fuvwaye 7
llblrl — ny ————» rotolo — o Iy ——> llblrl

by fo

Figure 6: Process of the state-changes around the cell (xg,yp) in Lemma 3.1

3.2 Strict T-symmetry

We now define the notion of strict T-symmetry for reversible ESPCAs. It basically follows the definition given in [2].

Definition 3.2 Let P be a reversible ESPCA whose global functionis F. If F~' = HVo F o H'®, then P is called strictly
time-reversal symmetric (or strictly T-symmetric for short).

The above definition means that in a strictly T-symmetric reversible ESPCA its backward transition is carried out
by exactly the same global function as the one for the forward evolution provided that the moving directions of all the
particles are reversed before and after the global function is applied.

By Lemma 3.1, we have the following theorem.

Theorem 3.3 A reversible ESPCA with the ID number uvwxyz is strictly T-symmetric, if inv(uvwxyz) = uvwxyz. In this
case, the following holds.
F—l — H™6 Fuvwxyz o H™Y

UVWXyz

From Theorem 3.3 and Table 1, we can see that 16 reversible and conservative ESPCAs are strictly T-symmetric.

Example 1 We consider ESPCA-02c5df (Figure 7). It is reversible and conservative. Since inv(02c5df) = 02c¢5df as
shown in Table 1, it is strictly T-symmetric by Theorem 3.3. Thus the following holds.

1
Fopesar = H' 0 Fipesaro H

The diagram given in Figure 8 illustrates this relation. It shows that the backward transition from a configuration o/(t) to
o(t — 1) is performed by the global function Fyycsqar for the forward transition. Only the additional operation H*, which
reverses the moving direction of all particles, is needed before and after applying Fopcsds-
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Figure 7: Local function fyscsq4¢ of ESPCA-02c5df

~[sse

Hrev(a(t)) % .. .: ® F02C5d£ 0 ... :.: HreV(OC(l‘ _ 1))
Hrch lHrev
(X(t) 5 .:. FOE;SdI - .. S % (X([ _ 1)

Figure 8: Diagram that illustrates strict T-symmetry of ESPCA-02c5df

3.3 T-symmetry under a general involution H

Next, we define a weaker version of T-symmetry by replacing the particular involution H™" in Definition 3.2 by an
arbitrary involution H. Note that the notion of ‘weak’ T-symmetry in this definition is expressed by the phrase ‘under the
involution H’.

Definition 3.4 Let P be a reversible ESPCA whose global function is F. If there is an involution H : Confg — Confg that
satisfies F~' = Ho F o H, then P is called time-reversal symmetric under the involution H (or T-symmetric under H for
short).

We do not restrict the involution H in this definition. However, in the following, we consider the case where H is
expressed by H = H™ o H' = H' o H™ for some involution H’. In this case, the backward evolution is performed by
H'oF o H' applying H™ just before and after H o F o H'. If H' is a simple involution, we can say that the backward
evolution is carried out by a ‘similar’ law as the forward one.

We show that ESPCA-uvwxyz satisfying inv(uvwxyz) = r(uvwxyz) is T-symmetric under a certain simple involution.
First, define a function refl; : {0,1}* — {0,1}* as follows: refl4(z,,b,1) = (¢,1,b,r) for any (t,r,b,1) € {0,1}*. Next
define an involution H™f : Confy — Confg as follows. For all o € Confg and (x0,¥0) € VS

H™"(ar)(x0,y0) = refly(t(—x0,0))
It gives the mirror image of a configuration with respect to the y-axis.
Lemma 3.5 The next relation holds for any ESPCA-uvwxyz.

refl refl
Fr(uvwxyz) =H"0o Fuvwxyzo H

Proof.  First, we Show Fy, = H*flo E<uvwxyz)oHreﬂ. Let o € Confg be any configuration, and (xo,yo) € Z> be any
point. Let (to,70,b0,10) € {0,1}* be as follows.

prr(a(xo,yo—1)) = 1o
prr(a(xo—1,y0)) = ro
prg(o(xo,yo+1)) = bo
pr(a(xo+1,5)) = lo

See Figure 9 that shows the process of state-changes by the operations given below. In the next step, we apply H™f, and
have the following.

prp (H™ (@) (—x0,y0— 1)) = 1o
prr(H™(00)(—x0 — 1,0)) = o
prg(H™(a)(—x0,y0+ 1)) = bo
pr (H™(a)(—xo+1,50)) = 1o



Here we assume fuvwxyz(t()»rOabO»lO) = (l‘],f‘] 7blall)' Since fr(uvwxyz) (thZOab()er) = (t],l] ,bl ;rl),
(Fr(uvwxyz)OHreﬂ(a))(_XanO) = (tlall7b17rl)~

Finally, we have the following relation for all & € Confg and (xo,yo).
(Hreﬁ o Fr(uvwxyz) oH™" ((X))()C(),yo) = (tl ri,bi ) = EWWX}'Z((X) (x07y0)
Therefore, Fyyxy, = H refl Fr(uwxyz) 0 H refl holds, and thus

Hreflg Fuvwxyzo Hrefl — prrefl g pyrefl F, ( o Hreflg grefl — F, (

uvwxyz) uvwxyz)
This completes the proof. g
bo bo
Hreﬂ Fr(uvwxyz) 7 Hreﬂ 7
7 loy — <y roy —— |1yl ——  |IXn
] ]
fo )
(x0>)’0) (*XOJO) (*XOJO) (x07)’0)

Figure 9: Process of the state-changes around the cells (xp,yo) and (—xp,yo) in Lemma 3.5

By Lemmas 3.1 and 3.5, we have the following theorem, since it is easy to see HVo grefl — greflg pyrev,

Theorem 3.6 A reversible ESPCA with the ID number uvwxyz is T-symmetric under the involution H™ o H™% ifinv(uvwxyz) =
r(uvwxyz). In this case, the following holds.

F*l

uvwxyz

HI'CV o E‘(uﬁwxyz) o HI'GV .
— HI‘CVOHI‘C oFuVWXyZOHre OHI‘CV

From Theorem 3.6 and Table 1, we can see that all the 128 reversible and conservative ESPCAs are T-symmetric
under the involution H™ o H'f,

Example 2 We consider ESPCA-02¢5bf (Figure 10). It is reversible and conservative. Since inv(02c5bf) = r(02c¢5bf) as
shown in Table 1, it is T-symmetric under the involution H'® o H'"' (Theorem 3.6). Thus the following holds.

-1 rev rev rev refl refl rev
Fopespr = H 7 0 Fyoaespry o H - = H " o H ™ o Fypespr o H ™ 0 H

The diagram given in Figure 11 illustrates this relation. Namely, the backward transition from a configuration o(t) to
a(t — 1) is performed by the global function Fyspt for the forward transition, provided that the operation H' o H™ is
applied before and after Fyycsns. The diagram can also be interpreted that the backward transition is performed by the
‘similar’ global function Fyycspf), provided that H™ is applied before and after Fyoycspr)- Here, ‘similar’ means that
each local transition rule for Fygycspr) is a mirror image of the corresponding rule for Ficsbs.

0D 03 GE 08095

Figure 10: Local function fycspt of ESPCA-02cSbf

Next, we show Lemma 3.7 stating that ESPCA-uvwxyz satisfying inv(uvwxyz) = c(uvwxyz) is T-symmetric under a
certain simple involution. First, define a function comp, : {0,1}* — {0,1}* as follows: comp,(t,r,b,l) = (7,7,b,1) for
any (t,r,b,1) € {0,1}*. Next define an involution H°®™ : Confg, — Conff, as follows. For all o € Confg and (xo,yo) € Z*:

H*™ () (x0,y0) = compy (0(x0,y0))
The involution H*®™P gives the complement image of a configuration.
Lemma 3.7 The next relation holds for any ESPCA-uvwxyz.

__ zycom) com
Fc(uvwxyz) =H"*"o Fuowxy:0 H P



() ()
O
o o F 5
Hreﬁ OHreV((X(t)) () : 02¢5bf () . () Hreﬂ OHrev((X(l _ 1))
(J L) L) @ <@
() ()
) )
L) (J
HreﬂT l Hreﬂ
() ()
o |® Fi(02c5bf) oo
Hrev(a(t)) : () > () s () Hrev(a(t_l))
(J L) @ <@ J
() ()
() )
(J ()
HrevT l Hrev
()
o Y| F 02e5be a2
at) ) o —fert a(t—1)
@ <@ J () ()
() ()
) )
L) J

Figure 11: Diagram that illustrates T-symmetry of ESPCA-02¢5bf under the involution H™" o H™f!

Proof. First, we Show Fiyxy; = H™P0 Fi 0,7y 0 H™P. Let a € Conf be any configuration, and (xo,yo) € 77 be any
point. Let (to,79,bo,1o) € {0,1}* be as follows.

prr(o(xo,yo—1)) = 1o
prr(a(xo—1,y0)) = ro
prg(a(xo,yo+1)) = bo
prp(o(xo+1,y0)) = Io

See Figure 12 that shows the process of state-changes by the operations given below. In the next step, we apply H™P,
and have the following.
pry (H*"™ (et) )
prr(H™ (o) (x0 — 1 ) = 7o
prg(H™ () (x0.y0+1)) = by
pry (H™ () (x0 + 1,y0))

= 1o

= ZO

Here we assume fuvwxyz(tm rO? b()) l()) = (tl ) r ab] ) ll ) Since fC(uVnyz) (57%3%7%) = (E,ﬂaE)E)’
(Fc(uvwxyz) o H™(at))(x0,y0) = (71,71, Fl» E) .

Finally, we have the following relation for all o € Confg and (xg, o).
(HcompoFc(uvwxyz)OHcomp(a))(x()ayO) (l],rl,bl,ll) uvwxyz( )(x07y0)

Therefore, Fuywxy: = H ™ 0 F(xyz) 0 H™P holds, and thus

HMPo Fyyyypxy,0 HEOMP = F c(uvwxyz)*
This completes the proof. U
by o
Heemp Fc(uvwxyz) 1 Heemp 1
o lop —> <70 Iy — |, Xr| —  |[lXn
by by
fo fo,

Figure 12: Process of the state-changes around the cell (xo,yo) in Lemma 3.7
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By Lemmas 3.1 and 3.7, we have the following theorem, since it is easy to see H™® o H®™ = H™Po H™V.

Theorem 3.8 A reversible ESPCA with the ID number uvwxyz is T-symmetric under the involution H™ o H®™P, if
inv(uvwxyz) = c(uvwxyz). In this case, the following holds.

Fypn = HreVoFc(uvwxyz)oHrev

UVWXYZ
—  H'™o |compg Fuvwxyz o HEOMPp 5 fFrev

From Theorem 3.8 and Table 1, we can see that 16 reversible and conservative ESPCAs are T-symmetric under the
involution H™ o H°™P,

Combining Lemmas 3.5 and 3.7, we also obtain the next lemma.
Lemma 3.9 The next relation holds for any ESPCA-uvwxyz.

refl com com refl
Frc(uvwxyz) =H"™"o H®"o Fuvwxyzo H"P o H

Proof. By Lemma 3.7, we have
Fc(uvwxyz) =H“"o Fuvwxyz o HMP,

Therefore, by Lemma 3.5, we have
Fr (clurwayz)) = Hreﬂ ° chvwxyz) o Hreﬂ _ Hreﬂ o HOmP 5 Fuvwxyzo HComp Hreﬂ.

Since Fie(umwryz) = Fr(c(uvwaxyz))» the lemma holds. g
By Lemmas 3.1 and 3.9, we have the following theorem, since it is easy to see H™"o H™flo feomp — pyeompe grefl prev,

Theorem 3.10 A reversible ESPCA with the ID number uvwxyz is T-symmetric under the involution H™" o H™o Heo™P,
if inv(uvwxyz) = rc(uvwxyz). In this case, the following holds.

F71 — HreVOF'rC(

rev
uvwxyz uvwxyz) oH

H™ o Hreﬂ o HCOmp 5 Fuvwxvz o HComp 5 Hreﬂ o HreY

From Theorem 3.10 and Table 1, we can see that 32 reversible and conservative ESPCAs are T-symmetric under the
involution H™ o H™eflo fyeomp,

Table 1 shows all reversible and conservative ESPCAs. We can see every reversible and conservative ESPCA is
T-symmetric under the corresponding involution. On the other hand, there are many reversible but non-conservative
ESPCAs. A complete list of all reversible ESPCAs is given in Appendix A. Since the number of such ESPCAs is
large, we give here the total numbers of T-symmetric reversible (but may not be conservative) ESPCAs under H™,
H™ o Hefl grevo geomp and Hrevo Hreflo geomp i Table 2. The number of non-T-symmetric reversible ESPCAs under
these involutions is also given in this table. It is not known whether each of these 640 ESPCAs becomes T-symmetric
under some other involution H.

Table 2: Total numbers of reversible ESPCAs, four types of T-symmetric ones, and non-T-symmetric ones

Types of ESPCAs Numbers
Reversible ESPCAs 1536
T-symmetric reversible ESPCAs under H™' (i.e., strictly T-symmetric) 128
T-symmetric reversible ESPCAs under H™ o H™fl 448
T-symmetric reversible ESPCAs under H™¥ o H*°™P 128
T-symmetric reversible ESPCAs under H™ o H™flo feomp 448
Non-T-symmetric reversible ESPCAs under the above involutions 640
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4 Applications of T-Symmetries in Reversible ESPCAs

A reversible ESPCA was first proposed in [16]. There, computational universality of ESPCA-02c5df and ESPCA-02c5bf
was studied. It was shown that both in these ESPCAS, a switch gate and an inverse switch gate, which are reversible logic
gates, are realisable in their cellular spaces [16, 8]. Since a Fredkin gate, a universal reversible logic gate, can be composed
of these gates [1], these ESPCAs and their dual ones are computationally universal. It means that any reversible Turing
machine can be realised in these reversible ESPCAs [8]. Although T-symmetry is not mentioned in [16, 8], construction
of an inverse switch gate has been, in fact, done in a symmetric way as that of a switch gate. In Sections 4.1 and 4.2, we
show that such construction of the inverse functional module is explained using T-symmetries of these ESPCAs.

In [14], ESPCA-O1caef was investigated, and its computational universality was shown by implementing a reversible
logic element with 1-bit memory (RLEM). In ESPCA-01caef, various kinds of space-moving patterns exist. In Section 4.3
we show that a backward evolution process for a given process on space-moving patterns is easily obtained by using T-
symmetry of the ESPCA.

We now give the following lemma to make it easy to show application examples of T-symmetries.

Lemma 4.1 Let P be a reversible ESPCA with the global function F,y,.y,. Assume P is T-symmetric under an involution
H, i.e., F,,\... = HoFy.0H. Then the following holds for any n € {1,2,...}.

UVWXyz

(Fu;vlvxyz)n =Ho (Fuvwxyz)n oH
Proof. It is easily proved by a mathematical induction. The case n = 1 is obvious. Assume it holds for n = k. Then,
(F_l )k+1 =Ho (Fuvwxyz)k oHoH OFuvwxyon =Ho (Fuvwxyz)k o FuvwxyzOH =Ho (Fuvwx)'z)k+1 oH. g

UVWXyz

4.1 ESPCA-02c5df: strictly T-symmetric

Consider ESPCA-02c5df given in Example. 1. Its local function is shown in Figure 7. It is reversible and conservative.
Note that it is isomorphic to the block-update function of Margolus’ CA [6]. Here, we explain how an inverse switch gate
is obtained from a switch gate by using strict T-symmetry of ESPCA-02c5df.

A switch gate is a 2-input 3-output reversible gate having the logical function fs(c,x) = (¢, cx,¢x). We can interpret it
as the operation where the input ¢ switches the output port of the input x. It is reversible in the sense that fs : {0,1}> —
{0,1}? is an injection.

An inverse switch gate is a 3-input 2-output reversible gate having the partial logical function fg Yy1,y2,53) = (¢,%),
where ¢ = yi, and x = y, + y3 under the assumption of (y» = y;) A (y3 = ¥1). Namely, it is defined only on the set
{(0,0,0),(0,0,1),(1,0,0),(1,1,0)}.

In [16, 8], a switch gate is implemented in ESPCA-02c5df in the following way. First, a signal, which represents the
logical value 1, is given by a space-moving pattern consisting of two particles shown in Figure 13.

Colliding two signals as in Figure 14 their trajectories are changed. By this, a kind of logical operation is performed.

A left-turn of a signal is realised by a reflector composed of two blocks as shown in Figure 15, where a block is a stable
pattern consisting of eight particles. Note that a right-turn of a signal is possible by mirror images of the configurations in
Figure 15.

t=0 t=1 t=2

Figure 13: Signal in ESPCA-02c5df. It consists of two particles

t=0 t=1 t=2 t=3 T
0
[}
—> @ [J ° \d
[ ] [ ]
[] [
o @ o o>

Figure 14: Collision of two signals in ESPCA-02c5df [16, 8]. A small circle shows the virtual collision point
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Figure 15: Left-turn of a signal by a reflector composed of two blocks in ESPCA-02c5df [16, 8]

Using these phenomena, we can compose a switch gate. The configuration o/(0) in Figure 16 is a switch gate pattern
[16, 8]. In this figure, input signals are given to both ¢ and x at # = 0. In this case, the signals come out from the output
ports ¢ and cx as in ¢(28) at ¢ = 28. If only one signal is given to the input port ¢ (or x, respectively), it comes out from ¢
(or ¢x). Thus, the pattern correctly simulates a switch gate.

From Lemma 4.1 we can easily obtain an inverse switch gate. Since ESPCA-02c5df is strictly T-symmetric, the
following relation holds by Lemma 4.1.

(Fonesar) ™ (a(28)) = H™ o (Fipesar) o H™ (t(28))

As shown in Figure 16, this relation means that a 28-step backward evolution starting from ¢(28) is simulated by a 28-
step forward evolution starting from H™ (a(28)). Its resulting configuration is (Fopesar)>o H™ (a(28)) = H™ ((0)).
Since blocks do not change the patterns by H™", the configurations H™"(¢(28)) and H™" (0,(0)) are obtained from o(28)
and o/(0) by reversing the move directions of signals. Thus, the switch gate pattern itself works as an inverse switch gate
by simply swapping the roles of input and output ports.

t=0 cx OC(O) c t =28 cx 06(28) c
K o:o 54 %ele® ‘ o° o:o ® %o’ ‘
®ole® J o*% cx %ele® J *% cxX
(Fozesar)
P — £
T oo:: :: 1 28 T oo::::
:o .E. e (F02C5df) :o cfo W
c | %’ C | %o’
o*% H o*% o*l% - o*%
X X
Hrev Hrev
t=0 3 V1 t=—28 Y3 Y1
K o:- o %o’ ‘ K o:o 5 %oe® ‘
%o’ ‘ % Y2 %o’ ‘ *% Y2
e (Fooesar)*® el
:o o: :o -: 3
¢ ¢ ‘ R
"% o®l% - o*%
X X
H™'(a(0)) H™(a(28))

Figure 16: We can make an inverse switch gate (H™(¢¢(28))) from a switch gate (a(0)) in ESPCA-02c5df based on its
strict T-symmetry
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4.2 ESPCA-02c5bf: T-symmetric under H™o H™'

Next, consider ESPCA-02¢5bf given in Example. 2. Its local function is in Figure 10. It is reversible and conservative. A
signal (Figure 13), and collision of two signals (Figure 14) are exactly the same as in ESPCA-02c5df (Section 4.1). But,
a left-turn of a signal is different. As shown in Figure 17, it is performed by a single block. However, a right-turn is not
possible by a single block. If we start from a mirror image of the configuration of ¢t = 0 in Figure 17, then the signal and
the block will be broken (Figure 18). Hence, a right-turn should be implemented by three left-turns.

Using the above phenomena, we obtain a switch gate in ESPCA-02c5bf as in the configuration (0) [16, 8] in Fig-
ure 19. This configuration shows that input signals are given to both ¢ and x at = 0. Then, they will come out from the
output ports ¢ and cx at t = 25. It is also easy to verify other cases, and thus the pattern correctly simulates a switch gate.

t=0 =1 =2 t=3 T
.
[]
[) [J
—1> @ [ ] U0 J [ ] L) [ ] CJ0 ) CJL)
[ ) [ ] [ ] [ ) [ ] [ ] [ ] [ ]
[ ] L] [ ] (] [ ] [ ] [ ] [ ]
(0] o0 o0 o0

1=0 t=1 1=2 1=3
[J
(] [J [J
[J [J [J [J
e _ O ® < — o 0 (] (] @
[ N ) [ M ) [ N ) [ ]
e O e _ 0 L ] @
o0 o0 o0 o (@ °

r=0 B(0) ¢ { =25 B(25) ¢
.. '. 7.. .. .. .777. ..
o o
®ole® *% | o*% I cxX Sole® *% | «*% ® cx
ol e s | lgn
®ojo? | || Sole® %o/e® (F 02C5bf) Colo? ||| Tofe® %oe®
B
e A ol
c }F jln. (FOZCSbf) c } j.‘u.
777.. .. .. .l* .. .:. .. 7*1’ .. .. ..\*7.. .:. ..
o*% cx % cx

x X
Ho Hreﬂ lHrev o Hreﬂ
t = 0 Vi t=— 2 5 Y1
.. ..7—T. .. .. .L—.}. ..
2 | *% | «*% :o 0: » 1 %% | *% :o .:
| Sole? 7". 54 | % .‘77". o
e A AR (Foneswe) e Sl
o0 e L) o0
e o.r———" oo’ e .T————T oo®
EosEE ¢ oo c
.. .:. .. J.. .. .. .. 1 .. .:. .7J.. .. .. ..7*7
y3 +*% y3 %%
X X
HrevOHreﬂ(B (0)) HrevOHreﬁ(ﬁ (25))

Figure 19: We can make an inverse switch gate (H™ o H™((25))) from a switch gate (8(0)) in ESPCA-02c5bf based
on its T-symmetry under H™ o H"fl

From Lemma 4.1 we have the following relation, since ESPCA-02c5bf is T-symmetric under H™ o H™f,

(Fonespr)” (B(25)) = H o H'*"o (Fyespr) ™ o H™ o H™ (B (25))
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As shown in Figure 19, it means that a 25-step backward evolution starting from §(25) is simulated by a 25-step for-
ward evolution starting from H™ o H™((25)). Its resulting configuration is (Fopespr)>> 0 H™ o H*1(B(25)) = H™® o
H™(B(0)). Note that H™ o H™f1((25)) and H™ o H™(3(0)) are obtained from (25) and f3(0) by taking mirror im-
ages of them, and reversing the move directions of signals. Therefore, the mirror image of the switch gate pattern works
as an inverse switch gate by swapping the roles of input and output ports.

Note that ESPCA-02¢5df (Section 4.1) is T-symmetric under H™ o H™ as well as T-symmetric under H™" (see
Table 1 and Theorems 3.3 and 3.6). Therefore, H™ o H™f(¢(28)) also works as an inverse switch gate in ESPCA-02c5df.

4.3 ESPCA-0lcaef: T-symmetric under H™'o H™" and H™ o H%™P

We consider ESPCA-Olcaef, whose local function is shown in Figure 20. It is a reversible and conservative ESPCA
studied in [11, 14]. It was shown that any reversible logic element with memory (RLEM), which is a kind of a reversible
finite automaton, is implemented in its cellular space. Since reversible Turing machines (RTMs) can be composed of
RLEMs, we can see ESPCA-Olcaef is computationally universal. Construction of RTMs becomes much simpler by using
RLEMs than by using reversible logic gates [11, 14].

Note that, despite the simplicity of its local function, evolution processes of ESPCA-0O1caef are generally very com-
plex, and thus it is difficult to follow them by paper and pencil. We created an emulator for ESPCA-01caef on the general
purpose CA simulator Golly [18] for viewing evolution processes. The emulator file and pattern files are available in [10].

A A
O-80-8CG-80-00-8B 08
0 1 c a e N f

Figure 20: Local function fyjcaer of ESPCA-Olcaef

First, we give a simple example of using its T-symmetry. In ESPCA-O1caef, there exist many kinds of space-moving
patterns [11]. Figure 21 is one such example having period 12, which we call here a glider-12. It flies in the cellular space
in a diagonal direction. Figure 22 is another example of a space-moving pattern called a glider-44, which is of period 44.
It moves horizontally or vertically. Here we consider a process that transforms the former glider to the latter. From it, we
can obtain two kinds of inverse transformation processes by two kinds of T-symmetries of ESPCA-O1caef.

t=0 t=1 t=2 t=3 t=4 t=35
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Figure 21: Glider-12, a space-moving pattern of period 12 in ESPCA-Olcaef [11, 14]

t=0 t=22 t=43 t =44

Figure 22: Glider-44, a space-moving pattern of period 44 in ESPCA-0O1caef

Consider the configuration ¥(0) in Figure 23. There are a glider-12 moving to the north-east and a particle. They
interact, and produce a glider-44 moving to the east and a particle as shown in y(145). Thus, a glider-12 is converted into
a glider-44 by colliding it with a particle.

Applying H™ o H™ to y(145), we obtain a configuration that gives the inverse process of the above. In H™ o
H™1(y(145)) there are a glider-44 moving to the east and a particle. Note that the pattern of the glider-44 is the same
as the one at ¢ = 43 in Figure 22. Namely, the phase of the glider-44 is shifted by the application of H™"o H™fl. These
two objects interact in ESPCA-O1caef, and finally produce a glider-12 moving to the south-east direction and a particle
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as shown in H™ o H™(7(0)) of Figure 23. Thus, a glider-44 is converted into a glider-12. Note that the pattern of the
glider-12 is the one obtained by rotating the one at # = 11 in Figure 21 by 90 degrees clockwise. Namely, the phase and
the direction of the glider-12 are changed by the application of H™ o H™fl,

Since ESPCA-01caef is T-symmetric under H™¥o H®°™ as well as H"Yo H refl (see Table 1), we can obtain a backward
evolution process also by this involution, where the glider-12 and glider-44 are represented by ‘holes’, as shown in
Figure 24. In this case, however, the resulting configuration is infinite (i.e., it contains an infinite number of non-blank
cells). If we want to have a finite configuration that undoes the evolution process of a given finite configuration, this
method is not usable.

0 145
=0 70) t =145 v(143)
(FOICaef)MS O o
L R
N ° o
o 1 \145
o® (FOlcaef)
H™ o Hreﬁ H™ o Hreﬂ
t=0 t=—145
(FOICaef) 145 o *
-
® N ° o
o O
.
°
H™o Hreﬂ (')/(O)) H™o Hreﬂ (}’(145))

Figure 23: Using the process of converting a glider-12 (y(0)) to a glider-44 (y(145)), we can convert a glider-44 (H™ o
H™(y(145))) to a glider-12 (H™ o H™(y(0))) in ESPCA-Olcaef. It is based on its T-symmetry under H™ o H™

0 145
t=0 Y( ) t =145 Y( )
(F01cacf) 145 . o
e —_—>
° Cl)
o —1 \145
o (F Olcaef )
H™™V o [eomp H™V o feomp
t=0 t=—145
CRFCRFCRFCOR RO ROR RO ORI RO FOR ORI
90%%°%%%° %" %" %" 90°%°%°%° %" %" %"
CRFCRAFCRFCR RO ROR IO CRFORFCR RO FOR ORI
90%%°%°%%° %" %" %" 145 90°%°%% % °° %" %"
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HrevOHcomp(y(O)) HrevoHcomp(,y(145))

Figure 24: Using the process of converting a glider-12 (y(0)) to a glider-44 (y(145)), we can convert a complemented
glider-44 (shown in H™ o H°™P(y(145)) as ‘holes’) to a complemented glider-12 (H™¥o H®™P(y(0))) in ESPCA-01caef.
It is based on its T-symmetry under H™¥o H*°™. Note that, in H™" o H*™P(y(0)) and H™"o H*™P(y(145)), the state O is
represented by a small circle
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Next, we give another example. We show that for a given patten that simulates an RLEM, a pattern that simulates its
inverse RLEM is easily obtained by using T-symmetry of ESPCA-O1caef.

Here, we make some preparations (see [8, 14] for the details). A sequential machine is a kind of a finite automaton
having output symbols as well as input symbols. It is defined by M = (Q,X,T",8), where Q is a finite set of states, £ and
I" are finite sets of input and output symbols, and 6 : Q@ x ¥ — Q x I is a move function. If J is injective, it is calld a
reversible sequential machine (RSM). A reversible logic element with memory (RLEM) is an RSM that satisfies |X| = |T].
If n = |Q| and k = |£| = |['], it is called an n-state k-symbol RLEM. 2-state RLEMs are particularly important, since it is
known that any 2-state k-symbol RLEM is universal if k > 3, i.e., any RSM can be composed only of it [8].

We consider a 2-state RLEM No. 2-3, where ‘2’ stands for 2-symbol and ‘3’ is the serial number in the class of 2-state
2-symbol RLEMs. It is defined by M»-3 = ({0,1},{a,b},{x,y}, 02-3), where 8.3 is as follows.

82_3(070) = (O,X), 52-3(07b) = (l’x)v 32_3(1,61) = (1,)7)7 62—3(1ab) = (Ovy)

A 2-state RLEM No. 2-4 is defined by M>-4 = ({0,1},{a,b}, {x,y}, 02-4), where 8,4 is as follows.

52_4(0,61) = (O,X), 52-4(0719) = (lay)’ 62-4(1»‘1) = (O’y)v 62-4(1ab) = (17)6)

It is easy to see that 84 is isomorphic to J,_ % In this sense, RLEM 2-4 is the inverse of RLEM 2-3. It has been shown
that the set {RLEM 2-3, RLEM 2-4} is universal, though each of RLEMs 2-3 and 2-4 is non-universal [8]. Namely, any
RSM can be constructed out of RLEMs 2-3 and 2-4.

These RLEMs are implemented in ESPCA-O1caef using a glider-12 (Figure 21) and a periodic patten called a blinker
(Figure 25 (a)) [14]. Here, a glider-12 is used as a signal. Note that a stable pattern called a block (Figure 25 (b)) is
also used for writing comments and indicating a border of a logic element in the cellular space. Hence, a block has no
functional role for composing the RLEMs.

t=0 t=1 t=2 t=0
(a) (b)

Figure 25: (a) Blinker, a peridic pattern of period 2, and (b) block, a stable pattern, in ESPCA-O1caef

By colliding a glider-12 with a blinker appropriately, a right-turn and a U-turn of a glider-12, and shifting a blinker is
possible. First, colliding a glider-12 with a blinker as in Figure 26, a right-turn of a glider-12 is realised.

t=0 t=164 t =327

Figure 26: Right-turn of a glider-12 in ESPCA-Olcaef [11, 14]

A U-turn of a glider-12 is performed as in Figure 27. It is used to test if a blinker exists or not at a specified position.
It is also used to reversibly merge two signal paths into one (it is explained later).

t=0 t=170 t =140

Figure 27: U-turn of a glider-12 in ESPCA-Olcaef [11, 14]
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Finally, colliding a glider-12 with a blinker as in Figure 28, the position of the blinker is shifted by 6 cells, and the
glider-12 makes a right-turn. Using this phenomenon, a kind of memory device is realized, where the memory states are
kept by the positions of the blinker. At the same time, it can test if a blinker exists at a specified position, and can merge
two signal paths into one.

t=0 t =1062 t=2121

Figure 28: Shifting a blinker by a glider-12 in ESPCA-Olcaef [11, 14]

The pattern shown in Figure 29 simulates RLEM 2-3. There are many blinkers in this pattern. One is used as a position
marker for keeping the memory state O or 1, while others are used for turning a signal. Two small circles near the center
of the pattern show possible positions of the position marker. If the marker is at the left (right, respectively) position, we
regard that the RLEM is in the state 0 (1).

First, consider the case where the state is O and an input signal is given to the port a The signal makes a U-turn at the
U-turn gadget U; since the state is 0. Then it goes to the gadget U, and again makes a U-turn passing through Q. Note
that Uj is used to reversibly merge the path with that of the second case. Finally the signal goes out from the port x.

Second, consider the case where the state is 0 and an input signal is given to the port b. At P the signal shifts the
position marker to the right, and makes a right-turn. Thus, the state changes to 1. Then, the signal goes out from the
output port x via the point Q. This signal path is merged with that of the first case at Q.

Third, consider the case where the state is 1 and an input signal is given to the port a. In this case, the signal goes out
from the output port y via S and R without interacting the position marker.

Fourth, consider the case where the state is 1 and an input signal is given to the port b. The signal goes straight ahead
at the point P. Then, it shifts the position marker to the left and makes a right-turn at R. Thus, the state changes to 0.
Finally it goes out from y. This signal path is merged with that of the third case at R.

Note that, in an RLEM, an incoming signal interacts with the state of the RLEM, not with other signals. Therefore,
there is no need of synchronizing two or more signals as in the case of logic gates. Therefore, it greatly simplifies
implementation of RLEMs and connecting them in ESPCA-0O1caef.

The pattern shown in Figure 30 simulates RLEM 2-4. It is obtained by applying the involution H™¥o H™ to the
pattern of RLEM 2-4 given in Figure 29. By the T-symmetry of ESPCA-0Ol1caef, the pattern for RLEM 2-4 undoes the
operations of the pattern for RLEM 2-3. As in the case of RLEM 2-3, one blinker near the center of the pattern is used
as a position marker for keeping the memory state 0 or 1. If the marker is in the right (left, respectively) small circle, we
regard that the RLEM is in the state O (1).

First, consider the case where the state is 0 and an input signal is given to the port a. The signal makes a U-turn at U,.
Then it goes to Uy, and again makes a U-turn passing through T. Finally the signal goes out from the port x.

Second, consider the case where the state is 1 and an input signal is given to the port . At R the signal goes straight
ahead. Then it passes through the points S and T. Finally it goes out from the port x. This signal path is merged with that
of the first case at T.

Third, consider the case where the state is 1 and an input signal is given to the port a. The signal goes straight ahead
at Q. Then, at P it shifts the position marker to the right, and makes a right-turn. By this, the state changes to 0. Finally it
goes out from the port y.

Fourth, consider the case where the state is O and an input signal is given to the port . At R the signal shifts the
position marker to the left, and makes a right-turn. By this, state changes to 1. Then, it passes through P, and finally goes
out from y. In this case, the signal path is merged with that of the third case at P.

In [14], reversible Turing machines are constructed using the above patterns that simulate RLEMs 2-3 and 2-4. Their

whole computing processes in the ESPCA space can be seen on the CA simulator Golly [18] using the emulator file and
the pattern files given in [10].
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Figure 29: RLEM 2-3 implemented in ESPCA-Olcaef [14]
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Figure 30: RLEM 2-4 implemented in ESPCA-Olcaef [14]. It is obtained by applying the involution H™" o H™ to the
pattern given in Figure 29 (except the comment part written by blocks)
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5 Elementary Triangular Partitioned Cellular Automata (ETPCAs) and Their
T-symmetries

A three-neighbour triangular partitioned cellular automaton (TPCA) proposed in [3] is a PCA whose cell is triangular
and is divided into three parts. Since its cell has only three neighbour cells, its ‘elementary’ version, which is rotation-
symmetric and each part of whose cell has only two states, is simpler than ESPCA. Despite their simplicity, several
kinds of reversible ETPCAs have been known to be computationally universal, i.e., any reversible Turing machine can be
constructed in their cellular spaces [3, 8, 13].

T-symmetries in reversible ETPCAs were first investigated in [13]. In this section, we describe the previous results,
and add some results that have not been given before. We compare T-symmetries in reversible ETPCAs with those in
reversible ESPCAs, and show examples of their applications.

5.1 Definitions on ETPCAs

The cellular space of a TPCA is shown in Fig 31. All the cells are identical in their logical functions. However, there are
two kinds of directions, i.e., upward and downward (Figure 32). Therefore, the neighbour cells of an up-triangle cell are
different from those of a down-triangle cell. A local transition rule for an up-triangle cell is depicted in Figure 33. For a
down-triangle cell, the rule obtained by rotating both sides of the rule given in Figure 33 by 180 degrees is used. In the
following, we assume up-triangle (down-triangle, respectively) cells are placed at a coordinates (x,y) € Z? such that x +y
is even (odd).

Figure 31: Cellular space of a triangular partitioned cellular automaton (TPCA)

/N N

(@ (b)
Figure 32: (a) An up-triangle cell, and (b) a down-triangle cell of TPCA

7N~ A

Figure 33: Local transition rule of TPCA. It depicts the relation f(I,d,r) = (I',d’,r)

Definition 5.1 A three-neighbour triangular partitioned cellular automaton (TPCA) is a system defined by

P= (ZZ,(L,D,R),((—1,0),(0,—1),(1,0)),((1,0),(0, 1)7(_1’0))’f)'

Here, 77 is the set of all two-dimensional points with integer coordinates at which cells are placed, and L, D and R
are non-empty finite sets of states of the left, downward and right parts of a cell. The state set Q of a cell is thus
Q =LxDXR. The triplet ((—1,0),(0,—1),(1,0)) is a neighbourhood for up-triangle cells, and ((1,0),(0,1),(—1,0))
is a neighbourhood for down-triangle cells. The item f : Q — Q is a local (transition) function.

If f(I,d,r)=(I',d',r') holds for (I,d,r),(I',d’,r) € Q, then this relation is called a local transition rule of the TPCA
P. It is written pictorially as in Figure 33. The local function f is thus defined by a set of local transition rules.

Configurations of a TPCA, and the global function are defined as below.
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Definition 5.2 Let P = (Z2,(L,D,R), ((—1,0),(0,—1),(1,0)),((1,0),(0,1),(~1,0)), f) be a TPCA. A configuration of
P is a function o : Z* — Q. The set of all configurations of P is denoted by Conf(P), i.e., Conf(P) = {a| & : Z? — Q}. Let
pry : Q — L be the projection function such that pr; (1,d,r) =1 for all (1,d,r) € Q. The projection functions prp : Q — D
and pry : Q — R are defined similarly. The global function F : Conf(P) — Conf(P) of P is defined as the one that satisfies
the following.

Yo € Conf(T),V(x,y) € Z*:
F((X)(x y): { f(prL(a(x_lay))vprD(a(x7y_]))7er<a(x+1’y))> ifx+yis even
’ flprp(e(x+1,y)),prp(a(x,y+1)),pre(e(x—1,y)))  if x+yis odd

Reversibility of TPCA is defined similarly to the case of SPCA (Definition 2.3).
Definition 5.3 A TPCA P is called reversible if its global function F is injective.

As in the case of SPCA (Lemma 2.4), injectivity of the global function is equivalent to injectivity of the local function
in a TPCA [8].

Lemma 5.4 Let P be a TPCA. Its global function F is injective if and only if its local function f is injective.

An elementary triangular partitioned cellular automaton (ETPCA) is also defined similarly as in the case of ESPCA
(Definition 2.6).

Definition 5.5 Let P = (Z?,(L,D,R),((—1,0),(0,—1),(1,0)),((1,0),(0,1),(—1,0)), f) be a TPCA. The TPCA P is
called rotation-symmetric (or isotropic) if the following conditions (1) and (2) holds.

() L=D=R
(2) Y(l,d,r),(I'd,FyeLxDxR: f(l,d,r)=,d,r)= fld,r])=(drl)

Definition 5.6 Ler P = (Z?,(L,D,R),((—1,0),(0,—1),(1,0)),((1,0),(0,1),(=1,0)), f) be a TPCA. The TPCA P is
called an elementary triangular partitioned cellular automaton (ETPCA), if L = D = R = {0,1}, and it is rotation-
symmetric.

Since an ETPCA is rotation-symmetric, its local function £ : {0,1}® — {0, 1} is described by only four local transition
rules, which are obtained by giving the following four values.

£(0,0,0), £(0,1,0), f(1,0,1), £(1,1,1)

Here, £(0,1,0), £(1,0,1) € {0,1}?, but £(0,0,0), £(1,1,1) € {(0,0,0),(1,1,1)} since it is rotation-symmetric.
Reading the values of (0,0,0), f(0,1,0),f(1,0,1) and f(1,1,1) as four binary numbers, we can express an ETPCA
by a 4-digit octal identification (ID) number wxyz as shown in Figure 34. Thus there are 256 ETPCAs in total.

ARV
ARV VNV AENENE N
- DN AIAIAIAIAIAIA] A
AR N

Figure 34: Expressing an ETPCA by a 4-digit octal ID number wxyz. Vertical bars indicate alternatives of the right-hand
side of each local transition rule

An ETPCA with the ID number wxyz is denoted by ETPCA-wxyz. Its local function and global function are repre-
sented by fixy; and F,,,., respectively. Figure 35 shows the set of local transition rules of ETPCA-0137.

B0 03-5 -4 {3-4

Figure 35: Local transition rules of ETPCA-0137, which define the local function fy137
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Definition 5.7 An ETPCA P is called conservative if the number of state 1’s is conserved in each local transition rule.
It is easy to see the following proposition as in the case of ESPCAs (Proposition 2.8).

Proposition 5.8 Let P be an ETPCA with an ID number wxyz.

(1) P is reversible if and only if the following condition holds.
(w,z) € {(0,7),(7,0)} A (x,y) €{1,2,4}x{3,5,6} U {3,5,6}x{1,2,4}

(2) P is conservative if and only if the following condition holds.
w=0Axe{l,2,4} ANye{3,5,6} Az=7

From the above proposition, we can see that in the case of ETPCAs, conservative ETPCAs are all reversible. Note
that it is not the case in ESPCA (Proposition 2.8). The total numbers of reversible, conservative, and reversible and
conservative ETPCAs are 36, 9, and 9, respectively.

5.2 Dualities in ETPCA
As in the case of ESPCA, we consider two kinds of dualities in ETPCA.

Definition 5.9 Let P be an ETPCA and f : {0,1}3 — {0,1}3 be its local function. Define f*:{0,1}3 — {0,1}3 as follows.
Then, the ETPCA P having the local function f* is called the dual ETPCA of P under reflection.

Definition 5.10 Let P be an ETPCA and f : {0,1}3 — {0, 1} be its local function. Let X = 1 — x be the complement of x.
Define f¢:{0,1}3 — {0,1}3 as follows.

V(l,d,r),(I',d',F)e {01 : f(l.d,r)=(,d /)= r<1,dr)=T,d,7)
Then, the ETPCA P having the local function f€ is called the dual ETPCA of P under complementation.

As in the case of ESPCA, for an ESTCA P with a local function f, there is an ETPCA P™ whose local function is
()¢ = (f°)". We write the local function of P* by f™ shortly.

We denote the ID numbers of .. fe.y. focy.» and f,0. by r(wxyz), c(wxyz), re(wxyz), and inv(wxyz), respectively.

Namely, fvTvxyz = fr(wxyz)’ g v?}xyz =/ c(wxyz)» f;rvgcyz = frc(wxyz)’ and f, y;)(lyz = finv(wxyz)'
Table 3 shows the list of ID numbers of local functions (f) of 36 reversible ETPCAs, their dual ones (f*, € and f*°),
and their inverses (f~!).

Table 3: Identification numbers of 36 reversible ETPCAs, their dual ones (under reflection, complementation, and both),
and their inverses. In each ETPCA, the IDs of local functions among f, f*, f¢ and f™ that are equal to f~! are marked
by *. It means that the ETPCA is T-symmetric under the corresponding involutions

! fr fe freo ! f fr fe fre !
0137 0467x 0467 0137 0467 7130 7460* 7460* 7130 7460
0157 0457 0267 0237 0457 7150 7450% 7260 7230 7450
0167 0437 0167 0437* 0437 7160 7430% 7160 7430% 7430
0237 0267x 0457 0157 0267 7230 7260* 7450 7150 7260
0257+ 0257 0257 0257 0257 7250% 7260% 7250% 7250% 7250
0267 0237 0157 0457 0237 7260 7230% 7150 7450 7230
0317 0647 0647 0317x 0317 7310 7640 7640 7310% 7310
0327 0627 0547 0517 0517 7320 7620 7540 7510% 7510
0347 0617x 0347 0617 0617 7340 7610% 7340 7610% 7610
0437 0167x 0437 0167 0167 7430 7160* 7430 7160% 7160
0457 0157 0237 0267 0157 7450 7150% 7230 7260 7150
0467 0137 0137 0467 0137 7460 7130% 7130% 7460 7130
0517 0547 0627 0327 0327 7510 7540 7620 7320*% 7320
0527x 0527 0527 0527 0527 7520%  7520% 7520% T7520% 7520
0547 0517 0327 0627 0627 7540 7510 7320 7620% 7620
0617 0347x 0617 0347 0347 7610 7340% 7610 7340% 7340
0627 0327 0517 0647+ 0547 7620 7320 7510 7540% 7540
0647+ 0317 0317 0647+ 0647 7640 7310 7310 7640 7640
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5.3 T-symmetries in reversible ETPCAs

Let Confgs = {a|o : Z* — {0,1}3} denote the set of all configurations of ETPCA. We define the involution H5 :
Confgz — Confgs by the reversible ETPCA-0257:

HY® = Fipsy

As shown in Figure 36, the involution H3*" is interpreted as the one that reverses the moving directions of all the particles
in the cellular space. Though H3*" is different from H™" for ESPCAs defined in Section 3, it has a similar meaning with
the latter. Therefore, in the following, we use the notation H™" in place of H5Y, since no confusion occurs.

ARYANASY/ NS A EY- ALY

Figure 36: Local function of ETPCA-0257 by which H3®" for ETPCAs is defined. The involution H3* makes every
particle turn backward. Hereafter, we use the notation H*" in place of H3*

Lemma 5.11 [13] Let P be a reversible ETPCA-wxyz with the local function f,.y, and the global function F,y,. Let P’
be a reversible ETPCA having the ID number inv(wxyz). Hence, the local and global functions of P’ are Sinv(wayz) = fv;xlyz
and Fyyy(yyz), respectively. Then, the following holds.

F- I _ — gV oEnv

wxyz

(Wx)z) o HTCV

Proof. Let o € Confg; be any configuration. Let (xo,yo) € Z? be any point, and (I1,d,r1) € {0,1}3 be as follows:
o (x0,y0) = (I1,d1,71). See Figure 37 that shows the process of state-changes by the operations given below. We consider
only the case where x( + yg is even, since the other case is similar. First, we can see the following relations.

pr (H® (a1)(xo— L,y0)) = 6
prp(H™ (a1)(x0,y0— 1)) = di
prr(H™ (o) (xo+ 1,y0)) = 11

ASSume fmjxlyz(lhdl)rl) = (IOadO) rO) (thus, fwxyz(IOadO; 7’0) = (lladl 9 rl))' Then’
(Fmv(wxyz) OHrev(al))(x()v))O) = (107d0a70)~

Let 0t = Finy(xyz) © H™ (Q1). Then, the following relations hold.

prp(H™ (o0)(xo — 1,y0)) = lo
prp(H™ () (x0,y0— 1)) = do
prr(H™ (0o)(xo+1,50)) = 1o

Hence,
(Fxyz oH™ (a0)) (x0,y0) = (l1,d1,r1) = ot (x0,¥0).

By above, the following holds for all (xg,yo) € Z>.

(wayz oH™ OFinv(wxyz) OHrev(al ))(x()vyo) = O (Xovyo)

Thus, Fxy; © H™ 0 Fy () © H™ (01) = oy for all oy € Confg;. Therefore,

1
F,, wxyz H™ o Finv(wxyz) oH™.
This completes the proof. g
HTCV a HTCV

Hrev (\ inv wag) Hrev (\ wx)z ‘

Figure 37: Process of the state-changes around the cell at (xp,yp) in Lemma 5.11
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Definition 5.12 Let P be a reversible ETPCA-wxyz whose global function is F,y,. If waiz =H"oF,,,, 0 H™, then P is
called strictly T-symmetric.

From Lemma 5.11 we have the following theorem.

Theorem 5.13 [13] A reversible ETPCA with the ID number wxyz is strictly T-symmetric, if inv(wxyz) = wxyz. In this
case, the following holds.
F.l =H® oFWXyZoHreV

wxyz

From Table 3 we can see the following.

Corollary 5.14 [13] The 8 reversible ETPCAs w25z, w31z, w52z and w64z are strictly T-symmetric, where (w,z) €

{(07 7)7 (77 0) }'
We now define a weaker version of T-symmetry for reversible ETPCAs.

Definition 5.15 Let P be a reversible ETPCA-wxyz whose global function is Fyyy,. If there is an involution H : Confgz —
Confgs that satisfies F, nyz = HoF,,y,0H, then P is called T-symmetric under the involution H.

Define a function refls : {0,1}> — {0,1}3 as follows: refl;({,d,r) = (r,d,l) for any (I,d,r) € {0,1}3. Next define an
involution H* : Confgs — Confgs as follows: Hi(ar)(xo,y0) = refl3(0t(—x0,y0)) for all & € Confgs and (xo,y0) € Z>.
The involution H§eﬂ gives the mirror image of a configuration with respect to the y-axis. As in the case of H;%, we
hereafter use the notation H™! in place of H°".

Lemma 5.16 [13] The next relation holds for any ETPCA-wxyz.

Fr( =H""o Flxyz 0 H"

wxyz)

Proof. First, we show F,, = H refl © Fi(ynyz) ©H refl T et o € Confgz be any configuration, and (xo, o) € Z? be any point.
We consider only the case where xq + yo is even. Let (ly,do,r0) € {0,1}> be as follows.

prz(a(xo—1,5)) = 1Io
prp(et(xo,yo—1)) = do
prg(o(xo+1,y0)) ro

See Figure 38 that shows the process of state-changes by the operations given below. In the next step, we have the
following.

pr (H™" (@) (—x0 — 1,50)) = 70
prp(H™ (@) (—x0,0— 1)) = do
prr(H™*" (@) (—x0+1,50)) = lo
Assume fiuy; (lo,do,70) = (l1,d1,71). Since fi(ymyz) (ro,do, lo) = (r1,d1, 1),
(Funyz) o H™ () (=x0,0) = (r1,d1,ln).

Finally, we have the following relation for all o and (xo,yo).
(Hreﬂ OFr(wxyz) OHreﬂ(a))(x()vyO) = (l] di, rl) = vayz(a)(x07y0)

Therefore, Fyuy. = H™ 0 Fy(y,1y,) 0 H™ holds, and thus

wxyz)
fl fl _ pyrefl fl fl f_
Hrefl o wayz oH™ = grefio grefl o (wxyz) © Hef o grefl — F (wy2) -

This completes the proof. ]

Hreﬂ WX} 2) Hreﬂ
4>
d

(XOJO) ono (—=x0,Y0) (x0,¥0)

Figure 38: Process of the state-changes around the cells at (xo,yo) and (—xo,y0) in Lemma 5.16

From Lemmas 5.16 and 5.16 we have the following.
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Theorem 5.17 [13] A reversible ETPCA with the ID number wxyz is T-symmetric under the involution H™% o H™®, if
inv(wxyz) = r(wxyz). In this case, the following holds.

1 _ rev rev
Fode = H0F,)oH
_ HrevoHreﬂO E OHreﬂoHrcv
= wxyz

From Table 3 we can see the following.

Corollary 5.18 [13] The 24 reversible ETPCAs w13z, w15z, w16z, w23z, w25z, w26z, w34z, w43z, w45z, wdbz, w52z
and w61z are T-symmetric under the involution H'® o H™, where (w,z) € {(0,7),(7,0)}.

Next, define a function comps : {0,1}* — {0, 1}? as follows: comp;(I,d,r) = (I,d,7) for any (I,d,r) € {0,1}>. Define
an involution Hgomp : Confgz — Confgs as follows. For all o € Confgs and (xo,y0) € VAR

H3*™ (o) (x0,y0) = comps (t(x0,0))

The involution H, comp

comp
H 3

gives the complement image of a configuration. Hereafter, we use the notation H°°™P in place of

Lemma 5.19 The next relation holds for any ETPCA-wxyz.
Fc(wxyz) — [HCOmp wayz o HComp

Proof.  First, we show Fyy; = H®" o Fy () o H™P. Let o0 € Confgs be any configuration, and (x0,y0) € Z? be any
point. We consider only the case where xq + yo is even. Let (lo,do,r0) € {0,1}> be as follows.

prp(o(xo—1L,y0)) = lo
prp(et(xo,yo—1)) = do
prr(a(xo+1,y0)) = ro

See Figure 38 that shows the process of state-changes by the operations given below. In the next step, we have the
following.

@ tow) = B

rp(H™ (o) (x0,y0 — 1)) = do

(Hcomp( J(xo+1,3%)) = 7o
Assume fwxyz(lo,d(),r()) = (lladlarl)' Since fC(nyZ) (%a%,%) = (KaE,ﬂ)’

(Fc(wxyz) ° Hcomp(a)) (x0,50) = (valyﬁ)
Finally, we have the following relation for all & and (xo, o).
(H™P 0 Fy(yz) 0 H™P (@) (X0, 0) = (I1,d1,71) = Fuxy(0) (X0, 0)
Therefore, Fyxy, = H ™ 0 Fy () © H™P holds, and thus
HMP 0 Fyy o HOMP = Fi(y0)-

This completes the proof. ]

Figure 39: Process of the state-changes around the cell (xp,yo) in Lemma 5.19

From Lemmas 5.11 and 5.19 we have the following.

Theorem 5.20 A reversible ETPCA with the ID number wxyz is T-symmetric under the involution H* o H™, jfinv(wxyz) =
c(wxyz). In this case, the following holds.

1 _ rev rev
FW)QZ = H™oF c(wxyz) oH
—  HTVo gcomp, meyz o HOmp o frev
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From Table 3 we can see the following.

Corollary 5.21 The 8 reversible ETPCAs w13z, w25z, wd6z and w52z are T-symmetric under H™ o H*™P where (w,z) €

{(0,7),(7,0)}.
Combining Lemmas 5.16 and 5.19, we also obtain the next lemma.
Lemma 5.22 The next relation holds for any ETPCA-wxyz.
Fre(uaye) = H™Mo H™P 0 Fyyy o0 H™ o ™l

Proof. By Lemma 5.19, we have
FC(nyZ) — Hcompo wayZOHcomp-

Therefore, by Lemma 5.16, we have
Fr (clvye)) = Hreﬂ o Fc(wxyz) o Hreﬂ _ Hreﬂ o HEOMP wayz o HEOMP o Hreﬂ'

Since Fie(wayz) = Fi(c(wryz))» the lemma holds. ]
From Lemmas 5.11 and 5.22 we have the following.

Theorem 5.23 A reversible ETPCA with the ID number wxyz is T-symmetric under the involution H'" o H' o H®™P  if
inv(wxyz) = rc(wxyz). In this case, the following holds.

-1 _ rev rev
F, wxyz H™o Frc(wxyz) oH
= Hrevo greflg greomp wayz o Heomp o pyrefl o prrev

From Table 3 we can see the following.

Corollary 5.24 The 24 reversible ETPCAs w16z, w25z, w31z, w32z, w34z, w43z, w51z, w52z, w54z, wblz, w62z and
w64z are T-symmetric under the involution H' o H"*o H™ where (w,z) € {(0,7),(7,0)}.

From Corollaries 5.14, 5.18, 5.21 and 5.24, we can see that ‘every’ reversible ETPCA is T-symmetric under either of
the the involutions H™ (i.e., strictly T-symmetric), H" o H refl | prreve geomp o Vo [refl o preomp,

6 Applications of T-Symmetries in Reversible ETPCAs

It has been shown that in reversible ETPCAs 0137, 0157 and 0347 a switch gate and an inverse switch gate are realised,
and then a Fredkin gate is composed of them [3, 8, 12]. Hence, these ETPCAs and their dual ones are computationally
universal. An inverse switch gate is obtained from a switch gate by using T-symmetry of these ETPCAs. But, since the
method is similar to the one given in Section 4.2, we do not describe it here. Instead, we give some other examples for
finding a backward evolution process for a given process.

The following lemma is the ETPCA version of Lemma 4.1. It is also easily proved.

Lemma 6.1 Let P be a reversible ETPCA with the global function F,y,. Assume P is T-symmetric under an involution
H, i.e., F,l. = HoF,.oH. Then the following holds for any n € {1,2,...}.

WXyZ

(F_1 )' =Ho (Fyy)"oH

wXyzZ

6.1 ETPCA-0527: strictly T-symmetric

Consider ETPCA-0527, whose local function is shown in Figure 40. It is reversible, but not conservative. By Corol-
lary 5.14, it is strictly T-symmetric.

DD -5 B34 £3-4

Figure 40: Local function of reversible and non-conservative ETPCA-0527

If we start from only one particle in ETPCA-0527, an expanding hexagonal pattern is created as shown in Figure 41.
At t = 6 an isolated particle appears again inside the hexagon, and hence a new hexagon is created every 6 steps to form
concentric hexagons as shown in 8(18) in Figure 42.
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The process of generating indefinite number of concentric hexagons can be reversed by simply applying H™ to a
configuration. As in Figure 42, the configuration H™¥(§(18)) will become a single particle by applying (Fys»7)'®. From
this, we can see that a one-particle pattern §(0) generates concentric hexagons both in the positive and the negative
time directions. Note that, since H™"(8(0)) is the rotated configuration of 6(0) by 180 degrees, at t = —18 the rotated
configuration of H™"(5(18)) by 180 degrees appears.

t=0 t=1 t=2

t=3 t=4 t=5 t=6

K, KERIRK BEXRRK SXGRRK
@@%% INENININININ LSININININEN, - A ;
A\VAVAVAV.VAVARVAVAVAVAN AVY W

Figure 41: From a one-particle pattern an expanding hexagonal pattern appears in ETPCA-0527. This process is repeated
indefinitely, and a large number of concentric hexagons are generated as in d(18) of Figure 42

PR o
t=0 HrevT o lHrev B
B

Figure 42: Using the generating process of concentric hexagons (6(18)) from a one-particle pattern (8(0)), we can
shrink the concentric hexagons (H™"(8(18))) to a one-particle pattern (H™"(5(0))) in ETPCA-0527. It is based on its
strict T-symmetry

6.2 ETPCA-0347: T-symmetric under H™o H™fl

Consider ETPCA-0347, whose local function is shown in Figure 43. It is reversible, but not conservative. By Corol-
lary 5.18, it is T-symmetric under H™o H™". It was investigated in [9, 13]. In this cellular space, there is a space-moving
pattern called a glider of period 6 (Figure 44). In ETPCA-0347, interactions of gliders and other patterns show fascinating
phenomena. It has also been shown that any reversible Turing machine can be realised in its cellular space. Its emulator
that works on Golly [18] is available in [7].
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Figure 43: Local function of reversible and non-conservative ETPCA-0347

Here, we first consider an evolution process of colliding gliders and its inverse. If we collide two gliders as in §(0)
of Figure 45, three gliders are generated after 30 steps ({(30)). By this, the number of gliders is increased by one. Its
inverse process is obtained by T-symmetry under H™"o H™fl. Namely, colliding three gliders as in H™o H™1({(30)), we
get two gliders (H™ o H™1(£(0))). By this, the number of gliders is decreased by one.

Using these symmetric phenomena, a glider gun, which generates gliders periodically, and a glider absorber, which
reversibly erases gliders periodically, can be constructed [13]. Furthermore, the glider gun and the glider absorber them-
selves are symmetrically composed by using T-symmetry of ETPCA-0347.

t=0 t=1 t=2
1=3 1=4 (=5 1=6

Figure 44: Glider of period 6 in ETPCA-0347

t=0 ¢(0) t=30 ¢(30)

.oo ) AN *7 oo. (F0347)30 ..' ° ) §
(Foaur)™ A
J/
HeV o grefl H™ o grefl
(=0 t=-30
DAY % \e ' ° ° o.‘> (F0347)30 y \V 3 N \ \ \
H'™ o HM(£(0)) H™ o H™M(£(30))

Figure 45: Using the process of generating three gliders (£(30)) from two (£(0)), we can generate two gliders (H™ o
H™1(£(0))) from three (H™ o H™(£(30))) in ETPCA-0347. Thus, both increasing and decreasing the number of gliders
are possible. It is based on its T-symmetry under H"" o {1l

28



Next, we consider an evolution process starting from a one-particle pattern in ETPCA-0347. Figure 46 shows that,
if we start from a configuration containing only one particle (t = 0), then a disordered pattern appears (¢ = 63), and it
expands bigger and bigger (r = 320) as if an explosion occurs.

However, if we apply H™"o H™ to any configuration in the explosion process, it immediately starts to shrink. As seen
in Figure 47, the configuration H™ o H™(1)(64)) goes to the one-particle configuration H™' o H"*(1(0)) after 64 steps.
Therefore, in ETPCA-0347, both the explosion process and the implosion process from/to a one-particle pattern exist.

We can also observe that a one-particle pattern 717(0) generates random-like patterns both in the positive and the
negative time directions. In fact, if we go to the negative time direction from 1(0), then at 1 = —64 the configuration
obtained by rotating H™ o H™(1(64)) clockwise by 60 degrees will appear.

t=0 t =63

t =320

Figure 46: Evolution process like an explosion starting from a one-particle pattern in ETPCA-0347

=0 7(0) R =64 77(64) .
(Fosar)® X ."..’, X .
71 / / O.V.O.f.l.., k:..~.. \ \ / / 0., \ . / k:..k
(F0347)64 NVAVAAVAYAVAYAVAVAVAVAVATAY
Ho Hreﬂ H™o Hreﬂ
t=0 t; —64 )
| 5 (Fosar)® AAAARSAAABEAAA
H™ o H*(1(0)) H™o H™'(1(64))

Figure 47: Using the expanding process from a one-particle pattern (1(0)) to a disordered pattern (1(64)), we can shrink
the disordered pattern (H™" o H™(1)(64))) to a one-particle pattern (H™'o H™"(1(0))) in ETPCA-0347. It is based on its
T-symmetry under H™ o H"fl
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7 Concluding Remarks

In this paper, we investigated T-symmetries in reversible ESPCAs and reversible ETPCAs. The framework of PCAs is use-
ful for formalising T-symmetries in reversible CAs. This is because the operation corresponding to the transformation of
a momentum vector from p to —p in classical mechanics is simply expressed in reversible PCAs (see H™ in Sections 3.1
and 5.3). We have shown that a large number of reversible ESPCAs (except 640 ESPCAs) and all reversible ETPCAs are
T-symmetric under simple involutions. As applications, the results are used for finding and analysing backward evolution
processes of them. It is open whether the remaining 640 ESPCAs are T-symmetric under some involutions.

In this paper, we investigated only reversible PCAs such that they have specific neighbourhoods, and each part of a
cell has two states. To investigate the cases where the neighbourhood is different, or each part has more than two states is
left for the future study.
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Appendix

A List of All Reversible ESPCAs, Their Dual Ones, and Inverses

In this appendix, we give identification numbers of all 1536 reversible ESPCAs, their dual ones (under reflection, comple-
mentation, and both), and their inverses. In each ESPCA, the IDs of local functions among f, f*, f and f™ that are equal
to f~! are marked by *. As shown in Theorems 3.3, 3.6, 3.8, and 3.10,if f~! = f (f' =/, f 1 =/rc f1=/rc
respectively), then the ESPCA is T-symmetric under the involution H™" (H"Vo H refl - pyrevq pyeomp - prrev o, prefl py compy
If there is no such function, then the ID of f ~1 is marked by #. The mark c means that it is a conservative ESPCA. See
also Table 2.
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f fr fc frc f 1 c f fr fc frc f 1 c
01357f 04357f% 0235bf 0235ef 04357f ¢ 02357f% 02357f% 02357f% 02357f% 02357f ¢
0135bf 0435ef* 0135bf 0435ef* 0435ef ¢ 0235bf 0235ef* 01357f 04357f 0235ef ¢
0135df 0435df* 0835bf 0835ef 0435df c¢ 0235df* 0235df* 08357f 08357f 0235df ¢
0135ef 0435bf* 0435bf*k 0135ef 0435bf ¢ 0235ef 0235bfk 04357f 01357f 0235bf ¢
013a7f 043a7f% 023abf 023aef 043a7f c 023a7f% 023a7f% 023a7f% 023a7f% 023a7f ¢
013abf 043aef* 013abf 043aef* 043aef c 023abf 023aef* 013a7f 043a7f 023aef c
013adf 043adf* 083abf 083aef 043adf ¢ 023adf* 023adf* 083a7f 083a7f 023adf ¢
0l3aef 043abf* 043abf* 013aef 043abf c 023aef 023abf* 043a7f 013a7f 023abf c
01657f 04957f% 0265bf 0295ef 04957f c¢ 02657f 02957f% 02657f 02957f% 02957f ¢
0165bf 0495ef* 0165bf 0495ef* 0495ef ¢ 0265bf 0295ef* 01657f 04957f 0295ef ¢
0165df 0495df* 0865bf 0895ef 0495df c¢ 0265df 0295df* 08657f 08957f 0295df ¢
0165ef 0495bf* 0465bf 0195ef 0495bf c 0265ef 0295bf* 04657f 01957f 0295bf c
016a7f 049a7f* 026abf 029%aef 049a7f ¢ 026a7f 029a7f% 026a7f 029a7f% 029a7f ¢
0l6abf 049%aef* 0l6abf 049%aef* 04%aef c 026abf 029aef* 016a7f 049a7f 029%aef c
0l6adf 049adf* 086abf 089%aef 049%adf c 026adf 029adf* 086a7f 089a7f 029%adf c
0l6aef 049abf* 046abf 019%aef 049abf ¢ 026aef 029abf* 046a7f 01%9a7f 029abf ¢
01753f 04b56f 0325bf 0615ef 04753f# 02753f% 02b56f 03257f 06157f 02753f
01756f 04b53f%* 0625bf 0315ef 04b53f 02756f 02b53f%* 06257f 03157f 02b53f
01759f 04bb5cf 0925bf Oclbef 04e53f# 02759f 02b5cft 09257f O0cl57f 02e53f#
0175cf 04b59f 0c25bf 0915ef 04d53f# 0275cft 02b59f 0c257f 09157f 02d53f#
017a3f 04ba6f 032abf 06laef 047a3f# 027a3f* 02ba6f 032a7f 061la7f 027a3f
017a6f 04ba3f* 062abf 03laef 04ba3f 027a6f 02bal3f*k 062a7f 031la7f 02ba3f
017a9f Odbacf 092abf Oclaef O0deal3f# 027a9f 02bacf 092a7f Ocla7f O02eal3f#
017acf 04ba9f Oc2abf 091laef 04da3f# 027acf 02ba9f O0c2a7f 091a7f 02da3f#
01957f 04657f% 0295bf 0265ef 04657f ¢ 02957f 02657f% 02957f 02657f% 02657f ¢
0195bf 0465ef* 0195bf 0465ef* 0465ef ¢ 0295bf 0265ef* 01957f 04657f 0265ef ¢
0195df 0465df* 0895bf 0865ef 0465df c 0295df 0265df* 08957f 08657f 0265df c
0195ef 0465bf* 0495bf 0l65ef 0465bf ¢ 0295ef 0265bfk 04957f 01657f 0265bf ¢
019a7f 046a7f%* 029abf 026aef 046a7f c 029a7f 026a7f%* 029a7f 026a7f% 026a7f ¢
019abf 046aef* 019abf 046aef* 046aef c 029abf 026aef* 019a7f 046a7f 026aef c
019adf 046adf* 089%abf 086aef 046adf c 029%adf 026adf* 089a7f 086a7f 026adf ¢
019%9aef O046abfX 049abf O0l6aef 046abf c 02%9aef 026abf* 049a7f 016a7f 026abf c
01b53f 04756f%* 0315bf 0625ef 04756f 02b53f 02756f% 03157f 06257f 02756f
0lb56f 04753f 0615bf 0325ef 04b56f# 02b56f%k 02753f 06157f 03257f 02b56f
01b59f 0475cft 0915bf Oc25ef OdebS6f# 02b59f 0275cft 09157f 0c257f 02e56f#
01b5cf 04759f O0clS5bf 0925ef 04d56f# 02b5cf 02759f O0cl57f 09257f 02d56f#
0lba3f 047a6f* 03labf 062aef 047a6f 02ba3f 027a6f%* 031a7f 062a7f 027a6f
Olba6f 047a3f 06labf 032aef Odba6f# 02ba6f* 027a3f 06la7f 032a7f 02ba6f
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0lea9f 04dacf 094abf 0cB8aef 04eadf# 02ea9f* 02dacf 094a7f 0c8a7f 02eadf
Oleacf 04da9f* Ocdabf 098aef 04dadf 02eacf 02da9f* 0cd4a7f 098a7f 02daof

32




f fr fC frc f7 1 f fr fc frc f7 1 c
03157f 06257f% 02b53f 02756f 06257f 04357f 01357f% 0235ef 0235bf 01357f ¢
0315bf 0625ef* 01b53f 04756f 0625ef 0435bf 0135ef* 0135ef* 0435bf 0135ef «c
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0325bf 0615ef 01753f 04b56f 0325ef# 0465bf 0195ef* 0165ef 0495bf 0195ef ¢
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032abf 06laef 017a3f O04ba6f 032aef# 046abf 019%aef* 0l6aef 049abf 01%aef c
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038a7f 064a7f 02da3f O02ea6f O0cla7f# 04ba3f 017a6f* 03laef 062abf 017a6f
038abf 064aef 01da3f O04ea6f Oclaef# 04ba6f 017a3f O06laef 032abf Olbao6f#
038adf 064adf 08da3f 08ea6f O0Ocladf# 04ba9f 017acf 09laef O0Oc2abf O0Olea6bf#
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0615bf 0325ef 01lb56f 04753f 06l5ef# 07156f 07253f 06b52f* 03752f 06b52f
0615df* 0325df 08b56f 08753f 0615df 07159f 0725cf 09b52f 0c752f O06eb2f#
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06751f 03b54f 0b256f 0el53f* 0el53f 07453f 07856f 03e52f 06d52f 09752f#
06752f 03b52f 07256f 07153f% 07153f 07456f 07853f 06e52f 03d52f 09b52f#
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068abf 034aef 01da6f 04ea3f Oclaef# 076a2f 079a2f* 076a2f 079%a2f* 079a2f
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06b51f 03754f O0bl56f 0e253f OQelS56f# 07853f 07456f 03d52f 06e52f 0c752f#
06b52f 03752f 07156f% 07253f 07156f 07856f 07453f 06d52f 03e52f Ocb52f#
06b54f 03751f Oel56f 0b253f Obl56f# 07859f 0745cf 09d52f 0ceb52f* Qceb52f
06b58f 03758f 0d156f%* 0d253f 0dl156f 0785cf 07459f 0cdb2f* 09e52f 0cdb52f
0O6balf 037a4f O0bla6f 0e2a3f Oelabf# 078a3f 074a6f 03da2f O06ea2f O0Oc7a2f#
06ba2f 037a2f 071a6f* 072a3f 07la6f 078a6f 074a3f 06da2f 03ea2f Ocba2f#
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06ba8f 037a8f 0dla6f* 0d2a3f 0dlaé6f 078acf 074a9f Ocda2f* 09ea2f 0Ocda2f
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083abf 083aef* 013adf 043adf 083aef c 091labf 0Oc2aef 01ba9f 047acf O06daef#
083adf* 083adf* 083adf* 083adf* 083adf c 091ladf 0Oc2adf 08ba9f 087acf 064adf#
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08657f 08957f% 0265df 0295df 08957f ¢ 09257f 0cl57f 02759f 02b5cf 03457f#
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£135b0 f£f435e0%* £135b0 f435e0% f435e0 £235b0 £235e0% £13570 £43570 £235e0
£135d0 f£435d0* £835b0 £835e0 £435d0 £235d0% £235d0% £83570 £83570 £235d0
£135e0 f435b0%k £435b0% £135e0 £435b0 £235e0 £235b0%k £43570 £13570 £235b0
£13a70 £43a70% £f23ab0 f23ae0 £f43a70 £23a70% £23a70% £23a70% £23a70% £23a70
f13ab0 f43ae0% f13ab0 f43ae0* f43ael £23ab0 f23ae0% f13a70 f43a70 f23ae0
f13ad0 f43ad0* £83ab0 £83ael £43ad0 £23ad0%* f23ad0* £83a70 £83a70 £23ad0
fl13ae0 f43ab0* f43ab0* fl13ae0 f£f43ab0 f23ae0 f23ab0* f43a70 f13a70 £23ab0
£16570 £49570% £265b0 £295e0 £49570 £26570 £29570% £26570 £29570% £29570
£f165b0 f£f495e0% £165b0 £495e0% £495e0 £265b0 £295e0% £16570 £49570 £295e0
£f165d0 f£495d0* £865b0 £895e0 £495d0 £265d0 £295d0% £86570 £89570 £295d0
f165e0 f495b0%* f465b0 £195e0 £495b0 £265e0 £295b0% £46570 £19570 £295b0
f16a70 f£f49a70% £26ab0 £29ae0l £49a70 £26a70 £29a70% £26a70 £29a70% £29a70
fl16ab0 f49ae0* fl6ab0 f49ae0* f49ael f26ab0 f29ae0* f16a70 £49a70 £29ae0
f16ad0 f49ad0* f86ab0 £89%ael £49ad0 f26ad0 £29ad0* £86a70 £89a70 £29ad0
fl6ae0 f49ab0* f46ab0 £19ae0l £49ab0 f26ael £29ab0%k f46a70 £19a70 £29ab0
£17530 f4b560 £325b0 f615e0 £475304# £27530% £2b560 £32570 £61570 £27530
£17560 £f4b530% £625b0 £315e0 £4b530 £27560 f2b530% £62570 £31570 £2b530
£17590 £4b5c0 £925b0 fcl5e0 f4e5304# £27590 f2b5c0 £92570 fcl570 £2e530#
£f175c0 f£4b590 fc25b0 £915e0 £4d530# £275c0 f2b590 fc2570 £91570 £2d5304#
£f17a30 f4bao60 £32ab0 f6lael f47a30%# £27a30% f2ba60 £32a70 £61a70 £27a30
f17a60 f4ba30%* f62ab0 f31lael f4ba30 £27a60 f2ba30% £62a70 £31a70 f2ba30
£17a90 f4bacO f£92ab0 fclae0 fd4eal30# £27a90 f2bacO0 £92a70 fcla70 f2eal30#
fl17ac0 f£4ba9%0 fc2ab0 £f91ael f4da30# f27ac0 f2bad0 fc2a70 £91a70 f2da30#
£19570 f£f46570% £295b0 £265e0 £46570 £29570 £26570% £29570 £26570% £26570
£f195b0 f465e0%* £195b0 f465e0% f465e0 £295b0 f265e0% £19570 £46570 £265e0
£195d0 £465d0%* £895b0 £865e0 £465d0 £295d0 £265d0% £89570 £86570 £265d0
£195e0 f£f465b0* £495b0 £165e0 £465b0 £295e0 £265b0% £49570 £16570 £265b0
£19a70 f46a70% £29%ab0 f26ael f46a70 £29a70 £f26a70% £29a70 f26a70% f26a70
£19ab0 f46ae0* f19ab0 fd6ae0* f46ael £29ab0 f26ae0* £f19a70 f46a70 f26ae0
f19ad0 f46ad0* £89%ab0 £f86ael f46ad0 £29ad0 f26ad0k £89a70 £86a70 £26ad0
f19ae0 f46ab0* f49ab0 fl16ael f46ab0 £29ae0 f26ab0%* £49a70 f16a70 £26ab0
f1b530 £f47560% f£315b0 £625e0 £47560 £2b530 £27560% £31570 £62570 £27560
flb560 £47530 f615b0 £325e0 f4b5604# f2b560% £27530 £f61570 £32570 f2b560
f1b590 f£475c0 £915b0 fc25e0 f4e5604# 20590 £275c0 £91570 fc2570 f2e5604#
f1b5c0 £47590 fcl5b0 £925e0 £4d560%# £2b5c0 £27590 fcl1l570 £92570 £2d560#
flba30 f47a60% f£31lab0 f62ael £f47a60 f2ba30 £f27a60% £31a70 £62a70 £27a60
flba60 f£47a30 f6lab0 £32ae0 fd4ba60# f2ba60% £27a30 f61a70 £32a70 £2ba60
f1lba90 f47acO £91ab0 fc2ael fdeab0# £f2ba90 f27ac0 £91a70 fc2a70 f2ea60#
flbacO0 £47a90 fclabO £92ae0l f4da60# f2bacO £27a90 fcla70 £92a70 f2da6c0#
£1c570 f4c570% £2c5b0 f2c5e0 £4c570 £2c570% £2¢570% £2c570% £2¢570% £2¢570
f1c5b0 f4c5e0% f1lc5b0 f4c5e0% f4c5e0 £2c5b0 f2c5e0% £1c570 £4c570 f2c5e0
flc5d0 f£f4c5d0* £8c5b0 £8c5e0 £4c5d0 £f2c5d0% £2¢5d0% £8c570 £8c570 £2c¢5d0
flc5e0 f4c5b0* f4c5b0* flc5e0 £4c5b0 f2c5e0 f2c5b0% f4c570 f1c570 £2c¢5b0
flca70 f4ca70% f2cab0 f2cae0 fd4ca70 f2ca70% f2ca70% f2ca70% f2ca70% f2ca70
flcab0 fd4cae0* flcab0 fdcae0X* fdcael f2cab0 f2cae0* flca70 f4ca70 f2cae0
flcad0 f4cad0* f8cab0 f8cael0 fdcad0 f2cad0* f2cad0* f8ca70 f8ca70 f2cad0l
flcae0 f4cab0* fd4cab0* flcae0 f4cabl f2cae0 f2cab0* f4ca70 flca70 f2cab0
£1d530 f4e560 £385b0 f645e0 £475c0# £2d530 £2e560 £38570 £64570 £275c04#
£f1d560 f4e530 £685b0 £345e0 f4b5c0# £2d560 £2e530 £68570 £34570 f2b5c0#
£1d590 f4e5c0%* £985b0 fcd5e0 f4e5c0 £2d590 f2e5c0% £98570 £fcd4570 £2e5c0
£f1d5c0 f4e590 fc85b0 £945e0 £4d5c0# £2d5c0%k f2e590 fc8570 £94570 £2d5c0
fl1da30 fd4ea60 f£38ab0 f64ae0d fd47acO# f2da30 f2ea60 f£38a70 f64a70 f27acO#
flda60 f4ea30 f68ab0 £f34ae0 fdbacO# f2da60 f2ea30 £68a70 £34a70 f2bacO#
£f1da90 fdeacO0* f98ab0 fcd4ael0 fdeacO £2da90 f2eac0* £98a70 fcd4a70 f2eacOd
fldacO f4ea90 fc8ab0 £94ae0 fd4dacO# f2dac0* f2ead0 fc8a70 £94a70 f2dacO
£f1e530 £4d560 £345b0 £685e0 £475904# £2e530 £2d560 £34570 £68570 £275904#
fle560 f£4d530 £645b0 £385e0 f4b5904# f2e560 £2d530 £64570 £38570 £2b590#
£f1e590 f£4d5c0 £945b0 fc85e0 f4e5904# f2e590% f2d5c0 £94570 fc8570 £2e590
fle5c0 £f4d590% fc45b0 £985e0 £4d590 £f2e5c0 £2d590% fc4570 £98570 £2d590
flea30 f4da60 f34ab0 f68ae0d f47a90# f2ea30 f2da60 f34a70 f68a70 f27a90#
flea60 f4da30 f64ab0 £38ael f4ba90+# f2ea60 £2da30 f64a70 £38a70 f2ba’%0#
flea90 f4dacO £94ab0 fc8ael fdead0# f2ea90%* f2dacO £94a70 fc8a70 f2ea90
fleacO £f4da90% fc4ab0 £f98ae0 f£f4da90 f2eacO0 £2da90% fcd4a70 £98a70 £2da90
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f f f© 1 ! f f f© f !
£31570 £62570% f2b530 £27560 £62570 £43570 £13570% £235e0 £235b0 £13570
£315b0 £625e0% f1b530 £f47560 £625e0 £435b0 f£f135e0%* f135e0%* £435b0 f£135e0
£315d0 £625d0% f8b530 £87560 £625d0 £435d40 £135d0% £835e0 £835b0 £135d0
£315e0 £625b0% f4b530 £f17560 £625b0 f435e0 f135b0% f435e0 £135b0%* f£135b0
£31a70 £f62a70% f£2ba30 £27a60 £62a70 £43a70 £13a70% £23ael £23ab0 £13a70
f3lab0 f62ae0% flba30 f47a60 f62ae0 f43ab0 fl3ae0% fl3ae0* f43ab0 fl3ael
f31ad0 f62ad0* f8ba30 £f87a60 f62ad0 f43ad0 f13ad0* f83ae0 £83ab0 f13ad0
£f31ael f62ab0* f4ba30 £17a60 £62ab0 f43ae0 £13ab0* f43ae0 f13ab0%k f13ab0
£32570% £61570 £27530 £2b560 £32570 £46570 £19570% £f265e0 £295b0 £19570
£325b0 f615e0 f£17530 f4b560 £325e0# f465p0 £195e0% f165e0 £f495b0 £195e0
£325d0% £615d0 £87530 £8b560 £325d0 £465d0 £195d0* f865e0 £895b0 £195d0
£325e0 £615b0 £47530 f1b560 £325b0# £465e0 f195b0% f465e0 £195b0* £195b0
£32a70% £61a70 £27a30 f2ba60 £32a70 f46a70 £19a70% f26ae0 £29ab0 £19a70
£32ab0 f6lael £17a30 f4ba60 £32ael# f46ab0 f19ae0* flé6ael £49ab0 £f19ael
£32ad0* f6lad0 £87a30 f8ba60 £32ad0 f46ad0 fl19ad0* f86ae0 £89ab0 f£f19ad0
f32ae0 f6lab0 f47a30 flba60 f£32ab0# f46ae0 f19ab0* f46ae0 £f19ab0%* £19ab0
£34570 £68570 f2e530 f2d560 f92570# £47530 f1b560 £325e0 f615b0 f17530+#
£345b0 £685e0 f1e530 £4d560 £925e0# £47560 f1b530% £625e0 £315b0 f£1b530
£345d0 £685d0 f8e530 £8d560 £925d0# £47590 flb5c0 f£925e0 fcl5b0 fl1leb530#
£345e0 f685b0 f4e530 f1d560 f925b0# £475c0 f1b590 fc25e0 £f915b0 f1d530+#
£34a70 £68a70 f2ea30 f2da60 £92a70# £f47a30 flba60 £32ae0 f6lab0 fl17a30#
f34ab0 f68ae0 flea30 f4da60 f£f92ael# f47a60 flba30% f62ae0 f3lab0 flba30
f34ad0 f68ad0 f8ea30 f8da60 f92adl# £47a90 flbacO f92ae0 fclab0 fleal30#
f34ae0 f68ab0 f4ea30 flda60 £92ab0# f47ac0 £f1ba90 fc2ael0 £91ab0 flda30#
£37510 f6b540 fb2530 fel560 fe25304# £49570 £16570% £f295e0 £265b0 £16570
£37520 £6b520 f72530% f£71560 £72530 £495b0 f£f165e0%* f195e0 f£f465b0 f£f165e0
£37540 £6b510 fe2530 fbl560 £fb2530# £495d0 £165d0% £895e0 £865b0 £165d0
£37580 £6b580 £d2530% £d1560 £d2530 f495e0 £165b0% f495e0 £f165b0%* f165b0
£37a10 fobadl fb2a30 felab60 fe2a30# £49a70 f16a70% f29ae0 £26ab0 f16a70
£37a20 f6ba20 £72a30% £71a60 £72a30 £49ab0 fl6ae0* fl9ae0 fd46ab0 fl6ael
£37a40 fe6balld fe2a30 fbla60 fb2a30# f49ad0 f16ad0* f89%ae0 f86ab0 fl16ad0
£37a80 f6ba80 fd2a30% fdla60 f£fd2a30 f49ae0 fl6ab0* f49ae0 fl6ab0X fl6ab0
£38570 £64570 £2d530 f2e560 £c2570# £4b530 £17560% £315e0 £625b0 £17560
£385b0 f645e0 f1d530 f4e560 fc25e0# f4b560 £17530 f615e0 £325b0 flb560+#
£385d0 f645d0 f8d530 f8e560 fc25d0# f4p590 £175c0 £915e0 fc25b0 fle560+#
£385e0 £645b0 £4d530 fle560 £fc25b0# f4b5c0 £17590 fcl5e0 £925b0 f1d560#
£38a70 f64a70 f2da30 f2ea60 fc2a70# f4ba30 f17a60% f3lae0 f£f62ab0 f£f17a60
£38ab0 f64ael £1da30 f4eab0 fc2ael# f4ba60 £17a30 f6lael £32ab0 flba60#
£38ad0 f64ad0 f£8da30 f8eab0 fc2adOl# f4ba90 f17ac0 £91lae0 fc2ab0 fleao60#
f38ae0 f64ab0 f4da30 flea60 fc2ab0# fdbacO0 f17a90 fclae0 £f92ab0 flda60#
£3b510 £67540 fbl530 fe2560% fe2560 £4c570 £1c570% f2c5e0  £2c5b0  £1c¢570
£3b520 £67520 £71530 £72560% £72560 f4c5b0 flc5e0% flc5e0% f4c5b0  flc5e0
f3b540 £67510 fel530 fb2560% fb2560 f4c5d0  f1lc5d0* f8c5e0 £8c5b0  f1lc5d0
£3b580 £67580 £d1530 £d2560% £d2560 f4c5e0 flc5b0X f4c5e0 f£1lc5b0X £1c5b0
f3ball £67a40 fbla30 fe2a60% fe2a60 f4ca’70 flca70% f2cael f2cab0 flca70
f3ba20 £f67a20 £71a30 £72a60% £72a60 f4cab0 flcae0X flcae0X fd4cab0 flcael
f3ba40 f£f67al0 fela30 fb2a60* fb2a60 f4cad0 flcad0* f8cae0 f8cab0 flcad0
f3ba80 £67a80 fdla30 fd2a60* f£d2a60 f4cae0 flcab0* fd4cael0 flcab0* flcab0
£3d510 f6e540 fb8530 fed560 fe25c0# £4d530 fle560 £385e0 £f645b0 f175cO+#
£3d520 f6e520 £78530 £74560 £725c0# f4d560 f1e530 f685e0 £345b0 flb5cO#
£3d540 £6e510 fe8530 fb4560 £fb25c0# £4d590 fle5c0% £985e0 fc45b0 fle5cO
£3d580 f6e580 fd8530 fd4560 £d25cO0# f4d5c0 f1e590 fc85e0 £945b0 f1d5cO+#
£3dal0 f6eadl fb8a30 feda60 fe2acO# £4da30 fleab60 £38ael f64ab0 fl7acO#
£3da20 f6ea20 £78a30 £74a60 f72acO# f4da60 flea30 £f68ael0 £34ab0 flbacO#
f3dad0 f6ealld fe8a30 fbd4a60 fblacO# £4da90 fleacOX f98ae0 fc4ab0 fleacO
£3das80 f6ea80 £d8a30 fd4a60 fd2acO# f4dacO flea90 fc8ael £94ab0 fldacO#
£3e510 £6d540 fb4530 fe8560 £fe2590# f4e530 £1d560 £345e0 £685b0 £17590#
£f3e520 f6d520 £74530 £78560 £72590# f4e560 £1d530 f645e0 £385b0 flb590+#
£f3e540 f6d510 fed530 fb8560 fb2590# f4e590 £1d5c0 £945e0 fc85b0 fle590+#
£3e580 £6d580 £d4530 £d8560 £d2590# f4e5c0 £1d590% fc45e0 £985b0 £1d590
f3ealld f6dad40 fb4a30 fe8ab0 fe2a90# f4ea30 flda60 f34ae0 f68ab0 f17a90+#
f3ea20 f6da20 £74a30 £78a60 £72a90+# f4eab0 £f1da30 f64ael £38ab0 flba90#
f3ead0 fo6dal0 feda30 fb8ac0 fb2a90# f4ea90 fldacO £f94ae0 fc8ab0 flea90#
f3ea80 f6dasg0 fd4a30 £d8a60 £d2a90+# fdeacO £1da90% fc4dael £98ab0 £1da90
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f f i f ! f f i f !
£61570% £32570 £2b560 £27530 £61570 £71530 £72560 £3b520 £67520% £67520
f615pb0 f325e0 flb560 f47530 f615e0# £71560 £72530 f£f6b520% £37520 £6b520
£615d0% £325d0 f£8b560 £87530 £615d0 £71590 £725c0 £9b520 f£c7520 f6e520#
£f615e0 £325b0 f4b560 f£17530 f615b0# £715c0 £72590 fcb520 £97520 f£6d520#
f61a70% £32a70 f2ba60 £27a30 £61a70 £71a30 £72a60 f3baz20 f67a20% £67a20
f6lab0 £32ae0 flba60 £47a30 felael# £71a60 £72a30 f6ba20% £37a20 f6baz20
f6lad0* f£32ad0 f8ba60 £87a30 f61ado £71a90 f72ac0 f9ba20 fc7a20 f6eal20#
f6lae0 f32ab0 fdbac0 f17a30 fo6lab0# f7lac0 £72a90 fcba20 f97a20 fo6da20#
£62570 £31570% £27560 f2b530 £31570 £72530 £71560 £37520% f6b520 £37520
£625p0 £315e0% £f17560 £f4b530 £315e0 £72560 £71530 £67520 £3b520% f3b520
£625d0 £315d0% £87560 £8b530 £315d0 £72590 £715c0 £97520 fcb520 f3e520#
£625e0 £315b0% f47560 f1b530 £315b0 £725c0 £71590 £c7520 £9b520 £3d520#
£f62a70 £31a70% £f27a60 f2ba30 £31a70 £72a30 £71a60 £37a20% f6ba20 £37a20
f62ab0 f3lae0* £f17a60 f4ba30 £f31ael £72a60 £71a30 f67a20 f3ba20% £f3ba20
£62ad0 f£3lad0* £87a60 f8ba30 £31ad0 £72a90 f7lac0 £97a20 fcba20 f3eal20#
f62ae0 £31lab0* f47a60 flba30 £31ab0 £f72ac0 £71a90 fc7a20 f9ba20 f£3da20#
f64570 £38570 f2e560 f2d530 f91570# £73510 £73540 fb3520 fe3520% fe3520
f645b0 £385e0 fle560 £4d530 £915e0# £73520% £73520% £73520% £73520% £73520
£645d0 £385d0 f8e560 £8d530 f£915d0# £73540 £73510 fe3520 fb3520% fb3520
f645e0 f£385b0 fd4e560 f1d530 f915b0# £73580 £73580 fd3520% f£fd3520% f£d3520
f64a70 £38a70 f2ea60 f2da30 £91a70# £73al0 £73a40 fb3a20 fe3a20% fe3a20
f64ab0 f38ae0 flea60 f4da30 f9lael# £73a20% £73a20% £73a20% £73a20% £73a20
f64ad0 f38ad0 f8eab0 f8da30 f9ladO# £73a40 £73al0 fe3a20 fb3a20% fb3a20
f64ae0 £38ab0 fdea60 f1da30 £91abO# £73a80 £73a80 fd3a20% fd3a20% fd3a20
£f67510 £3b540 fb2560 fel530% fel530 £74530 £78560 f£3e520 f6d520 £97520#
£67520 £3b520 £72560 £71530% £71530 £f74560 £78530 f6e520 f£3d520 f9b520#
£67540 £3b510 fe2560 fb1l530% fbl530 £74590 £785c0 £9e520% fcd520 £9e520
£67580 £3b580 £d2560 £d1530% £d1530 £745c0 £78590 fce520 £9d520% £9d520
f67al10 f3badl fb2a60 fela30% fela30 £74a30 £78a60 f3ea20 f6da20 £97a20#
£67a20 f£3ba20 £72a60 £71a30% £71a30 f74a60 £78a30 f6ea20 f£3da20 f9ba20#
f67a40 £3bal0 fe2a60 fbla30% fbla30 £74a90 £78ac0 f9ea20% fcda20 f9ea20
£67a80 £3bas80 fd2a60 fdla30% fdla30 f74ac0 £78a90 fcea20 £9da20% £9da20
£68570 £34570 £2d560 f£2e530 £fcl570# £76510 £79540 fb6520 fe9520% fe9520
£f685b0 f345e0 f1d560 f4e530 fcl5e0# £76520 £79520% £76520 £79520% £79520
f685d0 £345d0 f8d560 f8e530 fcl5d0# £76540 £79510 fe6520 fb9520% fb9520
£f685e0 £345b0 £4d560 f1e530 fcl5b0# £76580 £79580 £d6520 £d9520% £d9520
f68a70 f34a70 f2da6e0 f2ea30 fcla70# £f76al0 £79a40 fb6a20 fe9%a20% fe9%a20
£68ab0 £34ae0 f1da60 fd4ea30 fclaeO# £76a20 £79a20% £76a20 £79a20% £79a20
f68ad0 f34ad0 £f8da60 f8ea30 fcladO# £76a40 £79al0 fe6a20 fb9%a20% fb%a20
f68ae0 f34ab0 f4da60 flea30 fclabO# £f76a80 £79a80 fd6a20 £d9%a20% £d9%9a20
foeb510 £37540 fbl560 fe2530 fel560# £78530 £74560 £3d520 f6e520 fc7520#
f6p520 £37520 £71560% £72530 £71560 £78560 £74530 £6d520 £3e520 fcb520#
feb540 £37510 fel560 fb2530 fbl560# £78590 £745c0 £9d520 fce520% fce520
f6b580 £37580 fd1560% fd2530 fd1560 £785c0 £74590 fcd520% £f9e520 £fcd520
foebal0 £37a40 £fbla60 fe2a30 felabO# £78a30 f74a60 £3da20 f6ea20 fc7a20#
feba20 £37a20 £71a60% £72a30 £71a60 £78a60 £74a30 f6daz20 f3ea20 fcba20+#
f6badl £37a10 fela60 fb2a30 fbla60# £78a90 £74ac0 £9daz20 fcea20% fceal0
féba80 £37a80 fdla60%* fd2a30 £dla60 f78ac0 £74a90 fcda20% f9ea20 fcda20
f6d510 f3e540 fb8560 fe4d4530 fel5cO# £79510 £76540 fb9520 fe6520% fe6520
f6d520 f3e520 £78560 £74530 £715cO0# £79520 £76520% £79520 £76520% f£76520
£f6d540 £3e510 fe8560 fb4530 fbl5cO# £79540 £76510 fe9520 fb6520% fb6520
f6d580 f3e580 fd8560 fd4530 fd15cO# £79580 £76580 £d9520 £d6520% £d6520
f6dalo f3eadl fb8ab0 fed4a30 felacO# £79a10 £76a40 fb9%a20 fe6a20% fe6a20
f6da20 f3ea20 £78a60 f£74a30 f7lacO# £79a20 £76a20% £79a20 £76a20% £76a20
f6da4d0 f3eall fe8a60 fb4a30 fblacO# £79a40 £76al10 fe9az20 fb6a20% fb6a20
f6dag80 f3ea80 £d8a60 £d4a30 fdlacO# £79a80 £76a80 £d9%a20 fd6a20% fd6a20
f6e510 £3d540 £fb4560 £fe8530 fel590# £f7¢510 £7c540 fbc520 fec520% fec520
f6e520 £3d520 f£74560 £78530 £71590# £7c520% £7c520% £7c520% £7c520% £7c¢c520
f6e540 £3d510 fed4560 fb8530 fb1590# £f7¢540 £7¢510 fec520 fbc520% fbe520
f6e580 £3d580 £d4560 £d8530 £d1590# £7¢580 £7c¢580 fdc520% fdc520% f£dc520
feeall £3dado0 fb4a60 fe8a30 fela90+# f7call £7cadl fbcaz20 feca20* feca20
f6ea20 f£3da20 f74a60 £78a30 f£71a90# f7ca20% f7ca20% f7ca20% f7ca20% f7ca20
f6eadl £3dalo fedat60 fb8a30 fbla90# f7cadl f7cal0l feca20 fbca20% fbca20
f6ea80 f3da80 fd4a60 fd8a30 fdla90# f7ca80 f7ca80 fdca20% fdca20% fdca20
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£83570% £83570% £235d0 £235d0 £83570 £91570 £fc2570 £2b590 £275c0 £64570#
£835b0 £835e0% £135d0 £435d0 £835e0 £f915b0 fc25e0 f1b590 f475c0 f645e0#
£835d0% £835d0* £835d0%* £835d0% £835d0 £915d0 fc25d0 £8b590 £875c0 £645d0#
£835e0 £835b0% £f435d0 £135d0 £835b0 £915e0 fc25b0 f£4b590 f£175c0 £645b0#
£83a70% £83a70% f£23ad0 £23ad0 £83a70 £91a70 fc2a70 £2bag0 £f27ac0 f6d4a70+
£83ab0 £83ae0* f13ado £43ad0 £83ael £91ab0 fc2ael f1ba90 f47ac0 fedael#
£83ad0* £83ad0* f£83ad0* f£f83ad0* f£f83ado0 £f91ad0 fc2ad0 f8ba%90 f87ac0 f64adl#
£83ael £83ab0* f43ad0 £13ado £83ab0 £f91ael fc2ab0 £4ba90 f17ac0 fedab0#
£86570 £89570% f£265d0 £295d0 £89570 £92570 f£cl1570 £27590 f2b5c0 £34570#
£865b0 £895e0% £f165d0 £495d0 £895e0 £925b0 fcl5e0 f£17590 f4b5c0 £345e0#
£865d0 £895d0* £865d0 £895d0* £895d0 £925d0 fcl5d0 £87590 f8b5c0 £345d0#
£865e0 £895b0* £465d0 £195d0 £895b0 £925e0 fcl5b0 £47590 f1b5c0 £345b0#
£86a70 £89a70% f26ad0 f29ad0 £89a70 £92a70 fcla70 £f27a90 f2bac0 f£34a70#
£86ab0 £89ae0* f16ad0 £49ad0 £89ael £92ab0 fclael £17a90 fd4bacO f34ael#
£86ad0 £89ad0* f£f86ad0 f£89ad0* £89ad0 £92ad0 fclad0 £87a90 f8bac0O0 f£34ad0#
f86ae0 £89ab0* f46ad0 f19ad0 £89ab0 £f92ae0 fclab0 f47a90 flbac0 f£34ab0#
£87530% £8b560 £325d0 £615d0 £87530 £94570% fc8570 £2e590 £2d5c0 £94570
£87560 £8b530% £625d0 £315d0 £8b530 £945b0 fc85e0 f1e590 f£4d5c0 £945e0#
£87590 f8b5c0 £925d0 fcl5d0 f£8e530# £945d0% fc85d0 £8e590 £8d5c0 £945d0
£f875c0 f8b590 fc25d0 f£915d0 £8d530# £f945e0 fc85b0 f4e590 f1d5c0 f945b0#
£87a30% £8ba60 f£32ad0 f6ladd £87a30 £94a70% fc8a70 f2ea90 f2dacO £94a70
£87a60 £f8ba30* f62ad0 f31lad0 £f8ba30 f94ab0 fcB8ael flea90 f4dac0 f94ael#
£87a90 f8bacO £92ad0 fcladO f8eal30# £94ad0* fc8ad0 £8eadl f8dacO £94ad0
f87ac0 £f8ba9%0 fc2ad0 f91ad0 £8da30# f94ae0 fcB8ab0 f4ea90 fldacO0 £94ab0#
£89570 £86570% £295d0 £265d0 £86570 £97510 fcb540 fb2590 fel5c0 fed530#
£895b0 £865e0% £195d0 £465d0 £865e0 £97520 fcb520 £72590 £715c0 £74530#
£895d0 £865d0* £895d0 £865d0% £865d0 £97540 fcb510 £fe2590 fbl5c0 fb4530#
£895e0 £865b0* £f495d0 £165d0 £865b0 £97580 fcb580 £d2590 f£d15c0 £d4530#
£89a70 £86a70% £29ado0 f26ad0 £86a70 £97a10 fcbadl fb2a90 felacO fedal30#
£89ab0 f86ae0* f19ad0 f46ad0 f86ae0 £97a20 fcba20 £72a90 f£7lac0 £74a30#
£89ad0 £86ad0* £f89ad0 £86ad0* f£86ad0 £97a40 fcball fe2a90 fblac0 fb4a30#
£89ael £f86ab0* £49ado0 f16ad0 £86ab0 £97a80 fcbas80 £d2a90 fdlacO fd4a30#
f8b530 £87560% £315d0 £625d0 £87560 £98570 £c4570% £2d590 f2e5c0 £c4570
f8b560% £87530 £615d0 £325d0 £8b560 £985b0 fcd45e0% £1d590 f4e5c0 fcd5e0
f8b590 £875c0 f915d0 fc25d0 f8e560# £985d0 fc45d0* £8d590 f8e5c0 fc45d0
f8b5c0 £87590 fcl5d0 £925d0 £8d560# £985e0 fc45b0* £4d590 fle5c0 fc45b0
f8ba30 £87a60% f31lad0 f62ad0 £87a60 £98a70 fcd4a70% £f2da90 f2eacO0 fcd4a70
f8ba60%* f87a30 f6ladd f32ad0 f8babo £98ab0 fcdae0* £f1da90 f4eacO0 fcdael
f8ba90 f87ac0 f91ad0 fc2ad0 f8eabl# £98ad0 fc4ad0* £8da90 f8eacO fc4ad0
f8bacO £87a90 fcladO £92ad0 £8daoc0# £98ael fcd4ab0* f4da90 fleacO fcdab0
£8c570% £8c570% f2c5d0 f2c5d0 £8c¢570 f9p510 fc7540 fb1590 fe25c0 fed560#
£8c5b0  £8c5e0* f1c5d0 f4c5d0  £8c5e0 f9p520 £c7520 £71590 £725c0 £74560#
£8c5d0* £8c5d0* £8c5d0%* £8c5d0%* £8c5d0 f9p540 fc7510 fel590 fb25c0 fb4560#
f8c5e0 £8c5b0* f4c5d0 £f1c5d0  £8c5b0 f9p580 fc7580 £d1590 f£d25c0 £d4560#
f8ca70% f8ca70% f2cad0 f2cadO £8ca’70 f9ball fc7a40 fbla90 fe2acO feda60#
£8cab0 f8cae0* flcad0 fd4cad0 f8cael f9ba20 fc7a20 £71a90 £72ac0 f74a604
f8cad0* f8cad0* f8cad0* f8cad0* f8cadl f9bad40 fc7al0 fela90 fb2ac0 fb4a60#
f8cael f8cab0* f4cad0 flcadO £8cabl £9ba80 fc7a80 £d1la90 fd2acO fd4a60#
£8d530 f8e560 £385d0 f645d0 f£875cO0# £9d510 fce540 fb8590 fed5c0* fed5c0O
£f8d560 f8e530 f685d0 f£345d0 f8b5cO# £9d520 fceb520 £78590 £745c0% £745c0
£8d590 f8e5c0* £985d0 fc45d0 £8e5c0 £9d540 fce510 f£fe8590 fb45c0* fb45c0
£8d5c0* £f8e590 fc85d0 £945d0 £8d5c0 £9d580 fce580 £d8590 £d45c0% £d45c0
£8da30 f8eabl £38ad0 f64ado £87acO# £9dalo fceadl fb8a90 fedacO0* fedacO
£f8da60 f8ea30 f68ad0 f34ad0 f8bacO# £9da20 fcea20 £78a90 f74ac0* f74ac0
£8da90 f8eacO0* f£f98ad0 fcd4ad0 f8eacO £9da40 fceall fe8a90 fbdac0* fbdacO
f8dac0* f8ea90 fc8ad0 f94ad0 f8dacO £9da80 fcea80 £d8a90 fddac0* fdd4acO
£8e530 £8d560 £345d0 £685d0 £87590# £f9e510 fcd540 £fb4590 fe85c0 fed590#
f8e560 f£8d530 f645d0 f£385d0 f8b590# £9e520 fcd520 £74590% £785c0 £74590
£8e590% £8d5c0 £945d0 fc85d0 £8e590 £f9e540 fcd510 fed4590 fb85c0 fb4590#
f8e5c0 £8d590% fc45d0 £985d0 £8d590 £9e580 fcd580 £d4590% £d85c0 £d4590
f8ea30 f8da60 f34ad0 f68ad0 £f87a90# f9eall fcdad0 fbd4a90 feB8acO0 feda90#
f8eabl £8da30 f64ado £38ad0 £8ba90+# f9ea20 fcdaz20 £74a90% f78ac0 £74a90
f8ea90%* f8dacO £94ad0 fc8adO £8ead0 f9eadl fcdalO feda90 fb8acO fb4a9%0#
f8eacO0 £8da90* fcd4ad0d £98ad0 £8da90 f9ea80 fcda80 fd4a90% fd8acO0 £d4a90
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fb1530 fe2560 f3b510 £67540% £67540 fcl570 £92570 f2b5c0 £27590 £685704#
fbl1560 fe2530 fo6b510 £37540 fob540+# fcl5b0 f925e0 flb5c0 f47590 f685e0#
fb1590 fe25c0 f£9b510 £fc7540 f6e540+# fcl5d0 £925d0 f8b5c0 £87590 £685d0#
fbl5c0 fe2590 fcb510 £97540 f6d540+# fcl5e0 £925b0 f4b5c0 £17590 £685b0#
fbla30 fe2a60 f3ball f67a40% £67a40 fcla70 £92a70 f2bacO £27a90 f68a70+#
fbla60 fe2a30 féball £37a40 fobadO# fclab0 £92ael flbacO £47a90 f68ael#
fbla90 fe2ac0 f9%0alld fc7a40 fo6eadl# fclad0 f92ad0 f8bacO f£87a90 f68ad0l#
fblacO0 fe2a90 fcballd £f97a40 fodadlO# fclae0 f92ab0 f4bacO0 f17a90 f68ab0#
fb2530 fel560 £37510 f6b540 £37540# fc2570 £91570 £275c0 £f2b590 £38570#
fb2560 fel530 £67510 f£3b540% £3b540 fc25b0  £915e0 f£175c0 f£4b590 f£385e0#
fb2590 fel5c0 f£97510 fcb540 f3e540+# fc25d0  £915d0 £875c0 f8b590 £385d0#
fb25c0 fel590 f£c7510 £f9b540 £3d540# fc25e0 £915b0 £475c0 £1b590 £385b0#
fb2a30 fela60 f£37al0 f6bad0 £37a40# fc2a70 f£91a70 f27ac0 f2ba90 f£38a70#
fb2a60 fela30 f67al10 f3bad40* f3ba40 fc2ab0 £f91ael f17ac0 £4ba90 f38ael#
fb2a90 felacO £97al0 fcbad40 f3eadlO# fc2ad0 f91ad0 f87ac0 £f8ba90 £38adl#
fb2ac0 fela90 fc7al0 f9bad0 £3dadl# fc2ae0 f91ab0 f47ac0 fl1lba90 f£38ab0#
fb3510 fe3540% fb3510 fe3540% fe3540 fcd4570 £98570% f2e5c0 £2d590 £98570
fb3520 fe3520 £73510 £73540% £73540 fc45b0 £985e0% fle5c0 £4d590 £985e0
fb3540% fe3510 fe3510 fb3540% fb3540 fcd45d0 £985d0%* f8e5cO0 £8d590 £985d0
fb3580 fe3580 £d3510 f£d3540% £d3540 fc45e0 £985b0* f4e5cO £1d590 £985b0
fb3all fe3a40% fb3all fe3a40% fe3a4dl fcda70 £98a70% f2eacO £2da90 £98a70
fb3a20 fe3a20 £73al0 £73a40% £73a40 fcdab0 £98ae0* fleacO £f4da90 £98ae0
fb3a40%* fe3al0 fe3al0 fb3ad40* fb3a40 fcd4ad0 £98ad0* f8eacO £8da90 £98ad0
fb3a80 fe3a80 £fd3alo0 fd3a40% fd3a40 fcdael £98ab0%* f4eacO £1da90 £98ab0
fb4530 fe8560 f3e510 f6d540 £97540+# fc7510 f9b540 fb25c0 fel590 fe8530%#
fbd4560 fe8530 f6e510 £3d540 f9b540+# fc7520 f9b520 £725c0 £71590 £78530#
fb4590 fe85c0 £9e510 £fcd540 £9e540# fc7540 £9b510 fe25c0 £fb1590 £fb8530#
fb45c0 fe8590 fce510 £9d540% £9d540 fc7580 f9b580 £d25c0 £d1590 £d8530%#
fb4a30 fe8ab0 f3eall f6da4d0 £97a40+# fc7al0 f9ba4l fb2acO fela90 fe8a30#
fb4a60 feB8a30 f6ealld £3dad0 £f9badl# fc7a20 £9ba20 f£72ac0 £71a90 £78a30#
fb4a90 fe8acO f9eall fcda4dl f9eadO# fc7a40 f9ball fezacO fbla90 fb8a30+#
fbdaco fe8a90 fceall £9da40% £9da40 fc7a80 £9ba80 fd2acO £d1a90 fd8a30+#
fb6510 £fe9540% fb6510 fe9540% £fe9540 £c8570% £94570 £2d5c0 £2e590 £c8570
fb6520 fe9520 £76510 £79540% £79540 fc85b0  f945e0 f1d5c0 f4e590 fc85e0#
fb6540 fe9510 fe6510 fb9540% fb9540 fc85d0* £945d0 £8d5c0 £f8e590 £c85d0
fb6580 £fe9580 £d6510 £d9540% £d9540 fc85e0 £945b0 £4d5c0 £1e590 £c85b0#
fb6all fe9a40% fb6all fe9a40% fe9a40 fc8a70% £94a70 f2dacO £f2ea90 fc8a70
fb6a20 fe9%9a20 £76al0 £79a40% £79a40 fc8ab0 £94ae0 fldacO f4ea90 fcB8ael#
fb6ad0 fe9alol fe6all fb9a40%* fb9a40 fc8ad0* £94ado f8dacO £8ead0 fc8ado
fb6a80 fe%a80 fd6al0d f£fd9a40%* f£d9a40 fc8ael f94ab0 f4dacO0 flea90 fc8abl#
fb8530 fed560 £3d510 f6e540 fc7540+# fcb510 £97540 fbl5c0 fe2590 fe8560#
fb8560 fed530 £6d510 £3e540 fcb540# fcb520 £97520 £715c0 £72590 £78560#
fb8590 fed5c0 £9d510 fce540% fce540 fcb540 97510 fel5c0 fb2590 fb85604#
fb85c0 fed590 fcd510 £9e540 fcd540+# fcb580 £97580 f£d15c0 £d2590 £d8560#
fb8a30 feda60 f£3dalld fo6eadl0 fcT7adl0# fcbal0 £97a40 fblac0 fe2a90 fe8ab0#
fb8a60 fed4a30 f6dalld f3eadl0 fcbadl# fcba20 f£97a20 f7lac0 £72a90 f£78a60#
fb8a90 fedacO £9dalo fcead40* fceadl fcbadl £97a10 felacO fb2a90 fb8a60#
fb8acO0 fed4a90 fcdalld £f9ead40 fcdadlO# fcba80 £97a80 fdlac0 £d2a90 £d8a60#
fb9510 fe6540% fb9510 fe6540% fe6540 fcd510 f9e540 fb85c0 fed590 fe85cO#
fb9520 fe6520 £79510 £76540% £76540 fcd520 £9e520 £785c0% £74590 £785c0
fb9540 fe6510 f£fe9510 fb6540% fb6540 fcd540 £9e510 fe85c0 fb4590 £fb85cO#
fb9580 fe6580 £d9510 f£d6540% £d6540 fcd580 £9e580 fd85c0* £d4590 £d85c0
fb9al0 fe6ad0* fb9alld fe6ad0X fe6adl fcdal0 f9ead40 fb8acO fed4a90 fe8acO#
fb9%a20 fe6a20 £79a10 £76a40% £76a40 fcdaz20 f9ea20 f78ac0%* £74a90 £78ac0
fb9a40 fe6all fe%9all fb6ad0* fb6ad0 fcdado f9eall fe8acO fb4a90 fb8acO#
fb92a80 fe6a80 fd9alo0 fd6a40%* fd6ea4do fcdas80 £9ea80 fd8ac0* fd4a90 fd8acO
fbc510 fec540% fbc510 fec540% fec540 fce510 £9d540 fb45c0 fe8590% fe8590
fbc520 fec520 £7c510 £7c540% £7c¢540 fce520 £9d520 £745c0 £78590% £78590
fbc540% fec510 fec510 fbc540% fbc540 fce540 £9d510 fed5c0 £fb8590% fb8590
fbc580 fec580 £dc510 £dc540% £dc540 fce580 £9d580 £d45c0 £d8590% £d8590
fbcal0 fecad0* fbcal0 fecad0X fecadl fceal0 £9dad40 fbdacO fe8a90% fe8a90
fbca20 feca20 f7cal0 f7cad40* f7cad0 fcea20 f9da20 f74acO0 £78a90% f£78a90
fbca40%* fecall fecalO fbca40%* fbca4dl fceadl £9dalo0 fedacO fb8a90%* fb8a90
fbca80 feca80 fdcal0 fdca40X* fdca40 fcea80 £9da80 fdd4acO £d8a90%* £d8a90
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£d1530 £d2560 £3b580 £67580% £67580 fel530 fb2560 £3b540 £67510% £67510
£d1560 £d2530 f6b580% £37580 f60580 fel560 2530 f6eb540 £37510 fob510+#
£d1590 £d25c0 £90580 £c7580 f6e5804# fel590 fb25c0 £90540 £c7510 f6e5104#
£d15c0 £d2590 fcb580 £97580 f6d5804# fel5cO fb2590 fcb540 £97510 f6d5104
£d1a30 fd2a60 f3ba80 f67a80% f67a80 fela30 fb2a60 f3ba4l £f67a10% £67al0
fdla60 £d2a30 f6ba80%* £37a80 f6bas80 fela60 fb2a30 fe6bad0 f£37al0 f6eball#
£d1la90 fd2acO £9ba80 fc7a80 feea80# fela90 fb2ac0 f9badl fc7al0 feeall#
fdlacO £d2a90 fcbag80 £97a80 f6dag80# felacO fb2a90 fcba4dl £97a10 fodalO#
£d2530 £d1560 £37580% £6b580 £37580 fe2530 fb1560 £37540 f6b510 £375104#
£d2560 £d1530 £f67580 £3b580% £3b580 fe2560 fb1530 £f67540 £f3b510% £3b510
£d2590 £d15c0 £97580 fcb580 £3e5804# fe2590 fb15c0 £97540 fcb510 f3e5104#
£d25c0 £d1590 f£c7580 £f9b580 £3d580# fe25c0 fbl1590 fc7540 f£9b510 £3d510#
f£d2a30 fdla60 £37a80% f6ba80 £37a80 fe2a30 fbla60 £37a40 foball £37al104
£d2a60 fd1la30 £67a80 f3ba80* f3bas80 fe2a60 fbla30 £67a40 f3bal0*k f3ball
£d2a90 fdlacO f£97a80 fcba80 f3ea80# fe2a90 fblacO f£97a40 fcballd f3eall#
fd2ac0 £d1a90 fc7a80 £9bas80 £3dag80# fezacO fbla90 fc7a40 f9ball £3dalO#
£d3510 £d3540 fb3580 fe3580% fe3580 fe3510% fb3540 fb3540 fe3510% fe3510
£d3520 £d3520 £73580% £73580% f£73580 fe3520 fb3520 £73540 £73510% £73510
£d3540 £d3510 fe3580 fb3580% fb3580 fe3540 fb3510% fe3540 fb3510% £fb3510
£d3580% fd3580% fd3580% fd3580% f£d3580 fe3580 fb3580 £d3540 £d3510% £d3510
fd3al0 fd3a40 fb3a80 fe3a80% fe3as80 fe3al0* fb3ad40 fb3a40 fe3al0* fe3all
fd3a20 £d3a20 £73a80% £73a80% £73a80 fe3a20 fb3a20 £73a40 £73al10% £73al0
fd3a40 £d3al0 fe3a80 fb3a80% fb3a80 fe3a40 fb3al0* fe3a40 fb3alO0X fb3alld
£d3a80% fd3a80% f£d3a80% £d3a80%* f£fd3a80 fe3a80 fb3a80 fd3a40 f£fd3al0* £d3al0
£d4530 £d8560 £3e580 f6d580 £975804# fed530 fb8560 £3e540 fo6d510 £975104
£d4560 £d8530 f6e580 £3d580 905804 fed560 fb8530 f6e540 £3d510 95104
£d4590 £d85c0 f£9e580% fcd580 £9e580 fed590 fb85c0 £9e540 £fcd510 £f9e510#
£d45c0 £d8590 fceb580 £9d580% £9d580 fed5c0 fb8590 fceb540 £9d510% £9d510
£d4a30 £d8a60 f3ea80 £6da80 £97a80+# feda30 fb8ab0 f3ea4l f6dall £97al104#
fd4a60 £d8a30 f6ea80 £3da80 £f90a80# feda60 fb8a30 f6eadld f£3dalld f9ball#
£d4a90 fd8acO f9ea80% fcda80 £9ea80 fed4a90 fb8acO f9eadl fcdall f9eall#
fdd4acO0 £d8a90 fceaB80 £9da80%* f£9da80 fedacO fb8a90 fcead0d £f9dalOX £9dall
£fd6510 £d9540 fb6580 f£fe9580%* fe9580 fe6510 fb9540 fb6540 fe9510% £fe9510
£d6520 £d9520 £76580 £79580% £79580 fe6520 fb9520 £76540 £79510% £79510
£d6540 £d9510 fe6580 fb9580% fb9580 fe6540 fb9510% feb6540 fb9510% fb9510
£fd6580 £d9580% £d6580 £d9580% £d9580 fe6580 fb9580 £d6540 £d9510% £d9510
fd6all £d9%9a40 fb6ad0 fe9a80% fe9a80 fe6all fb9%a40 fb6adl fe9al0* fe9all
fdoea20 £d9az20 £76a80 £79a80% £79a80 fe6az20 fb9a20 £76a40 £79al0% £79al0
fd6ad40 £fd9al0 fe6a80 fb9a80%* fb9as80 fe6ad40 fb9al0* fe6a40 fb9al0* £fb9all
£d6a80 £d9a80% fdéas80 £d9a80% f£d9a80 fe6a80 fb9a80 fd6ado £d9al0%* f£d9alo
£d8530 £d4560 £3d580 £6e580 fc75804# fe8530 fb4560 £3d540 f6e510 fc75104
£d8560 £d4530 £6d580 £3e580 £fcb580# fe8560 fb4530 f6d540 f£3e510 fcb5104#
£d8590 £d45c0 £9d580 fce580% fce580 fe8590 fb45c0 £9d540 fce510% fce510
£d85c0 £d4590 fcd580% f9e580 fcd580 fe85c0 fb4590 fcd540 £9e510 fcd5104
fd8a30 fd4a60 £3da80 f6ea80 £fc7a80# fe8a30 fb4a60 f3dad0 f6ealld fc7all#
fd8a60 fd4a30 f6da80 f3ea80 fcba80# fe8a60 fb4a30 f6dad0 f3eall fcball#
£d8a90 fddacO0 £9da80 fcea80% fcea80 fe8a90 fbdacO0 £9dad40 fcealOX fceall
fd8acO £d4a90 fcda80%* f9ea80 fcda80 fe8acO fb4a90 fcdado f9eall fcdalO#
£d9510 £d6540 fb9580 fe6580% feb6580 fe9510 fb6540 fb9540 fe6510% fe6510
£d9520 £d6520 £79580 £76580% £76580 fe 9520 fb6520 £79540 £76510% £76510
£d9540 £d6510 fe9580 fb6580% fb6580 fe9540 fb6510% fe9540 fb6510% fb6510
£d9580 £d6580% £d9580 £d6580% £d6580 fe 9580 fb6580 £d9540 £d6510% £dé6510
£d9al0 fd6a40 fb9a80 fe6a80* fe6a80 fe9all fb6adl fb9a40 fe6al0*k fe6all
fd9a20 fd6a20 £79a80 £76a80% £76a80 fe9a20 fb6a20 f£79a40 f£f76al0%* £76al0
£fd9a40 £fd6al0d fe%a80 fb6a80* fb6a80 fe9a40 fb6al0* fe%9a40 fb6alldX fb6alld
£d92a80 fd6a80* f£d9a80 fd6a80* fd6as80 fe9%9a80 fb6a80 £d9%a40 fdealok fdéalo
fdec510 £fdc540 fbc580 fec580% fec580 fec510% fbc540 fbc540 fec510% fec510
fdc520 £dc520 £f7¢580% £7¢580% £7¢580 fec520 fbc520 £7c¢540 £7¢510% £7¢510
fdc540 fdc510 fec580 fbc580% fbc580 fec540 fbc510% fec540 fbc510% fbe510
fdc580% £dc580% £dc580% £dc580% £dc580 fec580 fbc580 £dc540 £dc510% £dc510
fdcal0 fdcad40 fbca80 feca80% feca80 fecalO* fbcad0 fbcad0 fecalOX fecall
fdca20 fdca20 £7ca80% f£7ca80% £7ca80 feca20 fbca20 f7cad40 f7cal0* f7call
fdcad0 fdcal0 feca80 fbca80* fbca80 fecad0 fbcalO* fecad0 fbcalOX fbcall
fdca80* fdca80% fdca80% fdca80* fdca80 feca80 fbca80 fdcad40 fdcalOX fdcall
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