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SINGULARITIES OF THE DUAL CURVE OF A CERTAIN
PLANE CURVE IN POSITIVE CHARACTERISTIC

KOSUKE KOMEDA

ABSTRACT. It is well known that the Gauss map for a complex plane curve
is birational, whereas the Gauss map in positive characteristic is not always
birational. Let g be a power of a prime integer. We study a certain plane curve
of degree ¢® + ¢ + 1 for which the Gauss map is inseparable with inseparable
degree q. As a special case, we show a relation between the dual curve of the
Fermat curve of degree ¢ 4+ q + 1 and the Ballico-Hefez curve.

1. INTRODUCTION

Let p be a prime integer, and ¢ a power of p. We work over an algebraically
closed field k of charcteristic p. We consider a plane curve C of degree ¢ 4+ q + 1
defined by a homogeneous polynomial of the form

2

(1) F =Y ajrwialz]
i3,k
where a;;;, are coeflicients in k, and [xo : @1 : x9] is a homogeneous coordinate
system in P2. If ai; are general, then the plane curve C' is smooth. The condition
that the defining polynomial of C is of the form (1) is independent of the choice of
homogeneous coordinates of P? (see Proposition 2.1).
Let CV be the dual curve of the plane curve C. The Gauss map

oF OF OF
6])0 ' (9331 ' 8332
is an inseparable morphism. For every i, the partial derivative of F' with respect to
x; i

(2) FZC—)CV;[.’E()Z$12$2]}—>|:

q
oF 2
— q9,.9 _ q
(3) = E aijkxjxk = E Oél‘jkl‘jl‘k 5
gk Jik

where g, = azj/,? . Thus, if a;j, are general, then the inseparable degree of the

Gauss map is q. The purpose of this paper is to study singularities of the dual
curve CV of a plane curve C defined by a polynomial of the form (1).

We define & to be the set of all the projective plane curves defined by homoge-
nious polynomials of the form (1). Note that ¢ is identified with P26.

Note that all tangent lines of the curve C' € € intersect C' with multiplicity at
least ¢ at the tangent point. In our case, a double tangent and a flex are defined
as following;:

2010 Mathematics Subject Classification. Primary 14H50, Secondary 14H20.
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2 KOSUKE KOMEDA

Definition 1.1. Let m be an integer at least 2. We define an m-ple tangent to be
a tangent line of C' which has distinct m tangent points with multiplicity ¢, and a
flex to be a point at which the tangent line intersects C' with multiplicity ¢ + 1. A
2-ple tangent is called a double tangent.

Theorem 1. Suppose that C' is a general member of €. Then

(i) the degree of the dual curve CV is (¢*> + g+ 1)(q + 1),
(ii) the dual curve CV has only ordinary nodes as its singularities,
(iii) the number of ordinary nodes of CV i.e. double tangent lines of C, is

¢ +q+1)(¢*+3¢>+3¢—1)
2 b

and
(iv) the number of flexes of C is

(@®+2¢° — g+ 1)(* +q+1).

We compare our theorem with the classical situation. Let C be a general complex
plane curve of degree d. Then the degree of the dual curve CVis d(d—1). Moreover,
each flex of C corresponds to a cusp of CV, whereas each flex of C' € € correponds
to a smooth point of C'V. The singularities of C'V consist of 1d(d—2)(d—3)(d+3)
ordinary nodes and 3d(d — 2) cusps.

As a special case, we consider the singularities of the dual curve of the Fermat
curve Cy € € of degree ¢* + g + 1. We will show that the dual curve Cy is related
to the Ballico-Hefez curve.

Let 74 : P2 — P2 be a morphism defined by vq([zo : 21 : z2]) = [zd : 2§ : 24],
and Iy be a line g + 21 + 25 = 0 in P2.

Definition 1.2. The Ballico-Hefez curve is the image of the line [y of the morphism
Yg+1-

In [5], Hoang and Shimada define the Ballico-Hefez curve to be the image of the
morphism P! — P? defined by

[5: 8] > [s7H o t2HL L 519 4 594].

Note, however, that the image of this morphism is projectively isomorphic to the
image of the line /y of the morphism 4.

Theorem 2. Let B be the Ballico-Hefez curve. Let vg2qq41 @ P2 — P? be a
morphism defined by the above. If Cy € € is the Fermat curve of the degree ¢>+q+1,
then

(1) the dual curve Cy is ’Yq_Zl+q+1(B)7 and
(ii) the singularities of Cy consist of (¢*> + q + 1)?(¢*> — q)/2 ordinary nodes, and
3(¢*> + q + 1) singular points with the Milnor number ¢*(q+ 1) .

The author is grateful to Professor Ichiro Shimada for helpful comments. Part
of this work was done during the author’s stay in Vietnam. He is also grateful to
Professor Pho Duc Tai in Vietnam National University of Science for many helpful
suggestions. Moreover, the author is grateful to the referee for pointing out the
author’s mistakes and helpful comments.
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2. PRELIMINARIES
From now, let k be an algebraically closed field of characteristic p > 0.

Proposition 2.1. Let C be a plane curve. The defining polynomial of C' being of
the form (1) is a property independent of the choice of homogeneous coordinates.

Proof. Under the coordinates change

2
v =Y tuy (ta € k),
1=0

a homogeneous polynomial F' of the form (1) is transformed into

2 2 q 2 q2
FoY (z ty) (z tjmym) (ztknyn)
=0 m=0 n=0

1,5,k =
a 49>, q.,4¢
E E g @igklitt j U V1Y Yn
ijk L m n
2
E blmnylygnyz,

l,m,n

2
— E q 14
where blmn = aijktiltjmtkn' [l

l,m,n

Lemma 2.1. If a;j, are general, then the plane curve C is smooth.

Proof. The Fermat curve of degree ¢> + ¢ + 1 is smooth. Being smooth is an open
condition. 0

3. PROOF OF THE FIRST HALF OF THEOREM 1

We define the reduced Gauss map Tieq : C — (P2)Y of C € € by

Fred([xo o l‘g])

or 1/q oF 1/q OF 1/q
(M<x07m1’$2)> : ((%1(300,9617962)) : (ah(woaxhxz)) .

Claim 0. The reduced Gauss map C — CV is the morphism of separable degree 1.

Proof. We will prove that the degree of the dual curve of the Fermat curve of degree
¢®+q+1is d(d—1)/q, (see Section 5), and hence the reduced Gauss map of the
Fermat curve is the morphism of separable degree 1. Thus the reduced Gauss map
C — CV is also the morphism of separable degree 1. O

We denote the degree of a curve C € € by d = ¢> + q+ 1. If C € € is general,
then the Gauss map T is an inseparable morphism of inseparable degree ¢ by (3).
Thus the degree of CV is

d(d—1 P +q+ 1) +q
M) et DD (g g nyg+ ),
In order to prove (ii) of Theorem 1, first we prove the following:

Claim 1. If C' € ¥ is general, then the curve C has no m-ple tangent line for
m > 3.
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Proof. We define a variety 27 by

%:{(Qo,Ql,QgJ)EPQXPQXPQX(Pg)\/ QOEZ, QlEl, QQGZ }

and Q; # Q; for i # j

Then the action of PGL3(k) on 27 is transitive. Let (Py, Py, P2,ly) be a point of
Z1 and let [xg : 21 : 22] be a homogeneous coordinate system such that

Py=[0:0:1], P,=[0:1:0], P,=[0:1:1] and Iy = {zo = 0}.
Let C be a plane curve in . We define an algebraic subset 2; of ¢ by

Py, P; and P, are smooth points of Y,
and TPOYZTPIYZTPQYZZO ’

Then C € € is in 2 if and only if

@12{}/6(5

a2 =0, a122 =0, ay11 =0, ag11 =0, a212 +a221 =0, ay12 + a121 =0,
ao2z # 0, ao1n # 0 and ag11 + ap12 + ag21 + g2z # 0.
Therefore & is of codimension 6 in %. Since dim .27 = 5, we have
dim 27 + dim 2; < dim %
Thus if the curve C is general in ¢, then C' does not have any m-ple tangent line
for m > 3. [l
Second we prove the following:

Claim 2. If C € € is general, then I'.eq is an immersion at every point of C.

Proof. Let Py be the point [0 : 0 : 1], and let Iy be the line {zo = 0}. By linear
change of coordinates, we can assume that Py € C and Tp,C = lp. Let (x,y)
be affine coordinates such that [zg : @1 : @3] = [z : y : 1]. Then up to multiple
constant, the polynomial F' can be written as
F(z,y,1) = f(z,y) = & 4 a20227 + a21297 + a0022"" + a1022%y + ap1owy?
+ a112y9! 4 (terms of degree > ¢?).

Then we have a local parametrization @ = ¢(t), y = t of C at Py such that the
power series ¢(t) is written as

B(t) = —asnat? — ar1ot?™ + agr2a1at® + - -
We consider the Gauss map given by (2). Let (n,() be the affine coordinates of

(P2)V with the origin Iy € (P?)V such that the point (1, ) corresponds to the line
x +ny + ¢ = 0. Then the tangent line of C' at P, = [¢(¢) : t : 1] is

of of of
P, Py — P, — Pt =
8:5( )T+ 8y( +)Y 8x( ) o(t) ay( )t =0
Therefore the Gauss map locally around Py is written as

_ fy(Pt) _fy(Pt) .
L(#) = (fzuz)’ Ak W))

Ao d
& i URCOE

Since
a¢é
dt

(t) = a112t? + (terms of degree > q)
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and i
ti

dt

the reduced Gauss map I'yeq locally around P is

(t) — ¢(t) = ag2t? + (terms of degree > q),

(4) t — (oq12t + (terms of degree > 1), aa12t + (terms of degree > 1)),

where o, = ailj/,g . The reduced Gauss map I'y¢q is not smooth at the point Py if

and only if arj12 = a1 = 0. Since the codimension of the subset
{C e¥ | a112 = az2 =0}

is 2 in €, the reduced Gauss map I'.oq is locally immersion at every point of a
general member C' of €. O

Suppose that C' € € is general. We prove that the singular points of the dual
curve CV are only ordinaly nodes. Let Py and P; be the points in the proof of
claim 1, and let ly be the line {z¢o = 0}. Suppose that Py and P; are smooth
points of C' and Tp,C = Tp,C = ly. Let (2',y’) be affine coordinates such that
[xo : @1 s 22 = [ : 1 : ¢/]. Similar to the proof of the claim 2, up to multiple
constant, the polynomial F' can be written as
F(' 1,y) = g2, y) = 2’ + a1012’" + a1219'? + apo12’"™" + az013"%’ + aga12’y"?

+ a901y'7! 4 (terms of degree > ¢?).

Then we have a local parametrization 2’ = ¢(¢), ¢y =t, of C' at Py such that the
power series t(t) is written as

Y(t) = —ar21t? — a1t + aggragt?? + - .

Let (n,¢) be the affine coordinates of (P?)¥ with the origin Iy € (P?) such that
the point (n,() corresponds to the line ' + ny’ + ¢ = 0. The tangent line of C' at
Pl =(t):1:t]is

99 99 99 99
E (P + aTJ,(Pt/)y' - @(P{W(t) - aTJ,(Pt/)t =0.

Therefore the Gauss map I' locally around P; is written as

n_ (9y(P) gy (P),
et = (S oo~ v)

& d
— (S0 50 - ).

Since
a
dt

(t) = ago1t? + (terms of degree > q)
and
dip
ta(t) —P(t) = a101t? + (terms of degree > q),
we describe the reduced Gauss map
(5) t — (ag21t + (terms of degree > 1), 21t + (terms of degree > 1))
locally around P;. We define a variety 22 by

3?//'2 = {(Qo,Ql,l) S PQ X PZ X (PQ)V | Qo S l,Ql €| and Qo 7é Ql}
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Then the action of PGL3(k) on 25 is transitive and dim 25 = 4. Let (P, P1,lo)
be the point of 25 such that Py =[0:0:1], P, =[0:1:0] and Iy = {xg = 0}. We
define a subset %, of € by

D5 ={Y € € | Py and P, are smooth points of Y, and Tp,Y =Tp,Y =1lp}
Then C € %, if and only if
azoz = 0, a2 =0, a111 =0, a211 =0, agaz2 # 0, ap11 # 0.

Thus the codimension of % is 4. For C' € %, by (4) and (5), the singularities of
CV at the point [y is not a ordinary node if and only if

Q112 Q212 0
Q11 Q121 '
We define a subset 75 of € by
g -lyece Py and P; are smooth points of Y,
2 Tp,Y =Tp,Y =1y, and YV does not have ordinary node at Iy

Since the codimension of 2 is 5,
dim 25 + dim 25 < dim %

Therefore, since a;;, are general, the dual curve C' has only ordinary nodes as its
singularities.

4. PROOF OF THE SECOND HALF OF THEOREM 1

4.1. Number of the ordinary nodes of CV. Let g and ¢g¥ be the genera of a
general curve C' € € and its dual curve CV, respectively. Let § be the number of
the ordinary nodes of C'V. Then

d-1)d-2) {(¢®+q+1)—1H(P+q+1)—2}

2 2
and
g :(dV—I)Q(dV—2) s
{(@P+g+D(g+1) —1H{(" +g+ (g +1) -2}

0,

2

where d and dV are the degree of C' and CV, respectively, because, by the previous
section, CV has only ordinary nodes. By claim 2 of section 3, the reduced Gauss
map I',eq is birational onto its image. Thus g = gV and hence we have

{(@+q+1)g+1) -1 +q+1)(g+1) -2}
2
{(@+q+1)—1H{(*+q¢+1) -2}
2
_al?+a+1)(¢° +3¢ +3¢ - 1)
2

5:
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4.2. Number of the flexes. We denote by multp (D1, D2) the intersection mul-
tiplicity of projective plane curves Dy and D5 at a point P € Dy N Ds.

Lemma 4.1. We suppose that C' € € is a general plane curve in €. If the multi-
plicity mult,, (T,,C, C') is more than q at uw € C, then the multiplicity mult,, (T,,C, C)
is g+ 1 at u € C and all other intersection points of T,,C and C are not tangent
point.

Proof. We use the same notation as in Section 3. We define a variety 2y by
Zo={(@Q. 1) eP* x (P*)" | Q e l}.

Then the action of PGL3(k) on 2y is transitive and dim.2y = 3. We recall that

[xo : @1 : x2] are homogeneous coordinates, Pp = [0:0: 1], P, = [0:1: 0] and

lo = {zo = 0}. We define two subsets %y and % of € by

Py is the smooth point of Y, T Y = }

Zo = {Y < Cg‘ and multp, (Tp,Y,Y) = ¢+ 1

T G {red] R Ty =)
Then the curve C' € 2 if and only if

aze2 =0, a122 =0, az12 =0, a112 # 0 and a2z # 0,
and C € 9, if and only if

aze2 =0, a122 =0, az12 =0, a112 =0 and ag22 # 0.

Therefore the codimension of % is 3 and that of éo is more than 3 in 4. Thus we
have B
dimZy + dim% < dim%.

We proved the first half of the lemma. We define a subset .@2 of € by

Py and Py are the smooth points of Y, Th Y = I, }

7= {Y © Cg’ TpY =lp and multp, (Tp,Y,Y) = q+1

Then the curve C € ég if and only if
azez =0, a2 =0, a111 =0, a211 =0, ag12 =0, a2 #0, a2 # 0, ag11 # 0.
Therefore codimension of .@g is 5, and we recall dimZ5 = 4. Thus, since we have
dim 25 + dim@z < dim%,
the second half of the lemma is proved. O

Let g be the genus of a general curve C € 4. We use the notion and notation
about the correspondence of curves introduced in [3, Chap. 2, Section 5]. Let
T : C — C be correspondence defined by T'(u) = T,,C.C — qu, D C C x C'its curve
of correspondence, i.e. D = {(u,v) | u # v, v € T,,C'}. Then the degree of T is

degT = (¢*+q+1)—q=¢*+1.

Let o : C'x C' — C be the projection on second factor. In order to find the degree
of T=1, we have to caluculate the number of tangent lines to C, (counted with
the intersection multiplicities of D and 75 1(v)) other than T,C' passing throght a
general point v € C. We consider the projection 7, : C' — P! from the center v € C
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onto a line. Let Q¢ p1 be the sheaf of the relative differential of C' over P!. By
Hurwitz-formula [4, Chap. IV, Corollary 2.4],
29 —2=—2(¢> + q) + deg R,

where the divisor R is the ramification divisor of 7, i.e. R =73
Hence

weC length(Qc/Pl )uu.

deg R =q"+2¢° +2¢° + ¢ — 2.
Moreover, the length of (¢ /p1), is ¢ — 2. Hence, we have
degT™' = (" +2¢° +2¢° +¢—2) — (¢ - 2)
=g+ 2¢° + 24°

Lemma 4.2. Let w1, mo : C'xC — C be the projections on first and second factors,
respectively. The divisor D on C x C' is algebraically equivalent to

(¢* +2¢° +2¢* + Q) Bu + (¢ + ¢+ 1)F, — qA,
where By, = 77 (u), F, =75 (v) and A C C x C is the diagonal.

Proof. For some ug, vy € C, we write

T(UO) =+ qug = Z bi’Ui
and
T (vo) + quo = Zaiui.
Let L be the line bundle

L=D-> a;E, — Y bF, +qA.

For any x € C, the restriction of L to E, is trivial because the divisor T'(z) + g is
linearly equivalent to T'(ug) + quo. By [4, Chap. III, Exercise 12.4], there is a line
bundle M on C such that L = 7} (M). Since the restriction of L to F,, is trivial,
the line bundle L is also trivial. Thus D is linearly equivalent to

> aiBu, + > biF, —qA.

For any u, v € C, the divisors E,, (resp. F,,) are algebraically equivalent to E,,
(resp. F,). Note that the degrees of T'(ug) + quo and T~ (vg) + quo are
deg (T (uo) + quo) = ¢* + ¢ + 1
and
deg(T~*(vo) + quo) = ¢* +24° + 2¢° + g,

and hence the result is proved. O

Lemma 4.3. If C € € is a general plane curve in €, then D and A intersect
transversally at any point (u,v) € DN A.

Proof. We use the same notations as in Section 3 and Lemma 4.1. We recall that
[xo : 21 : @] is homogeneous coordinates, Py =[0:0: 1], lp = {z¢ = 0} and

Py is the smooth point of Y, Tp,Y = Iy }

Zo = {Y < Cg‘ and multp, (Tp,Y,Y) = ¢ + 1
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By change of coordinates, we assume that C' € Z. Let (z,y) be affine coordinates
such that [xg : 21 : 22] = [x : y : 1]. Then up to multiple constant, the polynomial
F' can be written as
F(z,y,1) = x + a0 + ago2a?™" + a1022% + ap122y? + a12y®™
+ a220$q2 + a221yq2 + (terms of degree > ¢?).
Then we have a local parametrization x = ¢1(t), y = t of C' at Py such that the
power series ¢1(t) is written as
$1(t) = —apot T + apioaiiot?dtt 4. — a221tq2 + (terms of degree > qz).
Let (P, P:,) be a point of D in a small neighborhood of (P, Py) such that
Py =[g1(t1) 1 t1: 1] and Py, = [¢1(t2) 1 t2 1 1.
The tangent line of C' at P, is

z = %(h)y - tl%(tl) + ¢1(th),

and hence
x = (—apt] + a012(1112t§q + (terms of degree > 2q))y
+ (—agglt‘fz + (terms of degree > ¢?)).

Therefore t5 is the solution of the equation

(6) %(tl)y—tl%(tl)-&-qﬁl(h)—¢1(y):0

for y that is not ¢; and approaches to 0 when t; tends to 0. We can express the
left hand side of (6) as

(—a12t] + aouaugt?q + (terms of degree > 2¢ in t1))y
+ (—agglt(l]Z + (terms of degree > ¢* in t1))
+ a112yt" = ag12a112y” 7 4 - CL221yq2 + (terms of degree > ¢ in y)
= (y—t)"fu. (v),
where the power series fy, (y) is written as
fi. (¥) = a112y + o1t + asory? + -+ .
Since C € %, a2 # 0. Thus a solution of f;, (y) =0 is

y = 7@#{ + (terms of degree > q).
a2
Therefore we have
ty = —%t‘f + (terms of degree > q).
@112
If (P, Pt,) is a point in A, then ¢y = t5. Therefore, if (P, P;,) € DN A, then
o= 222 t9 + (terms of degree > q).
a112

Thus D and A intersect transversally at (P, Py) € D N A.
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By Lemma 4.3, the number of the flexes is equal to the intersection number
(D - A) for a general member C' of . Since the self-intersection number of A is
2 — 2g, the intersection number (D - A) is

(D-A) = ({(¢* +2¢° +2¢° + QBu + (® + ¢ + 1)F, — qA} - A)
=q*+2¢* +3¢° +2¢+1—q(2—29)
=" +3¢* +2¢° + 24> + 1
= (" +2¢* —q+1)(¢> +q+1).

5. FERMAT CURVE

For any formal power series f € k|[[x, y]], we define the Milnor number u(f) by

) = el (5.5

Calculation method of the Milnor number for a formal power series in characteristic
zero is well known. (For example, see [6].) However, in positive characteristic, the
calculation method and result of the Milnor number differ from the characteristic-
zero case in general. In the case of the following lemma, however, the Milnor
number is the same as the characteristic-zero case.

Lemma 5.1. Let a and b be elements in k \ {0}, and let f € k[[z,y]] be a formal
power series defined by

fay) =a® +hf+ Y ety
af<as+pr

where « and B satisfy p [ o, p | B and are relatively prime. Then the Milnor
number u(f) of [ is
u(f) =(@=1)(B-1).
Proof. We use notations of [2]. The (3, «)-order of f is
ord(g,q)(f) = ap.
The (8, a)-initial of f is
ing,q)(f) = ar® + byP.

Thus the formal power series f is the semi-quasihomogeneous with respect to (5, «).
By the Appendix of [2],

p(f) = (=1 = 1).

Proof of Theorem 2. The morphisms 7424441 and 441 satisfy
Y2 +q+1 © Va+1 = Vag+1 © Vg2 +q+1 = V(g2 +g+1)(g+1)-
By the definition of the Ballico-Hefez curve and the line [ = 424 441(Co), we have
B = ’Yqul(l) = 7q+1(7q2+q+1(00)) = '7q2+q+1('7q+1(00)) = ’Yq2+q+1(c(]v)7

and hence (i) is proved.
We define X C P? by

X:{J?QZO}U{.I?l:O}U{J?Q:O}.
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The Ballico-Hefez curve B has ‘fz;q ordinary nodes on P? \ X (see [1, Theorem
2.2]), and no singular points on X. Let H and h be the defining polynomials of Cy
and B, respectively. Using Proposition 1.6 of [5], if p = 2, then
ho=adtt 4+ 20 22 4 alas + 2dny + zoxd + 212
(7) " i 2 i
+ Z a:g 22 (g + 21 + 2972 +17

i=0

whereas if p is odd, then

+1 +1 +1
h=al™ + a7 + 28" —alay — adae — woxf — 2fzy — xo2d — 2124
(8) g1

+ (28 4 23 + 23 — 2wowy — 23170 — 2w010) 2 .

By (i), the polynomial H satisfies H(xq,21,72) = h(a:g2+q+1,x‘fz+q+1,x32+q+1)
and two polynomials H and h are symmetric under the permutation of coordinates
%0, ¥1 and xe. First we consider the singularities of Cy on P2 \ X. The morphism
Yezrqr1 : PP\ X — P2\ X is étale of degree (¢ + ¢+ 1)?. Thus, the ordinary nodes
of CY on P?\ X are (¢* + ¢+ 1)%(¢*> — q)/2.

Next, we consider the singularities of Cf on X. h(0,z1,22) = 0 if and only if
x1 = o by (7) and (8). Moreover, the polynomial H and its partial derivatives

OH/0x; = chzﬂ(ah/axi) vanish at a point in {zo = 0}. Thus all the points on
Cy N{zo = 0} are singular points of Cy. The morphism 7424 41 |{z,—0} restricted
to {xg = 0} is degree ¢® + ¢ + 1. Thus the number of the singular points of Cy on
{x¢ = 0} are ¢*> + ¢+ 1. Therefore, by the polynomial H is symmetric, the number
of the singular points of C3 on X are 3(¢*> + ¢ + 1).

Finally, since all Milnor numbers at points in ’yq_glJrq +1([0: 11 1]) are equal, we

should caluculate the Milnor number at the point [0:1:1] € Cy. If p =2,

7

2 2 2 1 1 2 1
h(zd +q+1’xl +1,1) = af +q+1 Jrxzi‘(Jrl Jrch(q +q+ )+xéq+ )(a®+aq+1)

2 i i 2 i
@ @+ D) (@ T )T

whereas if p is odd,
21+l 2 g+l 1 *4q+1)(q+1
h(zd tatl g4, 1) = —247 +q+ +x(11+ +x(()q q+1)(g+1)
2 1 2 1 2
o xg(q +q+ )x1 - ng(q +q+1) xg +Q+1x(f

2(¢%+q+1 2 2 1 2 1y 9t
+(x0(q q )+x1_2x8 +aq+ x1_4xg+q+) o

By Lemma 3.1, the Milnor number of h(asg%rq“, x1+1,1) is

a(q® +q) = ¢* (¢ +1).
O

We confirm that the genus of the Fermat curve agree with the genus of its dual
curve. The genus g of the Fermat curve C of the degree d = ¢*> + ¢ + 1 is

_(@d=1)(d-2) (@+a@+q-1)
2 2 '
Let up be the Milnor number and let rp be the number of the branches at a singular

point of the dual curve Cy. If a point P € Cy is an ordinary node, then pp = 1
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and rp = 2, whereas if a point P is in Cy N X, then pup = ¢*>(¢+ 1) and rp = 1.
Thus the degree d¥ of Cy is (¢ + 1)(¢*> + ¢+ 1), and the genus g of Cy is

[1]

2]

3]
[4]
[5]

[6]

g’ = (dV—l)Q(dV—Q) —% Z (up+7rp—1)

PeSingCy

{(@+ag+1)(g+1) —1H{(¢" +q+1)(g+1) -2}
2

- %{(q2 +q+1)%(¢* —q) +3(* +q+1)*(¢ + 1)}

_(@+a(P+a-1)
5 :
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