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A B S T R A C T  
The thermal deformation of a machine tool, typically caused by environmental temperature variations or the heat 
generated by a rotating spindle, often changes the position and orientation errors of the rotary axis average lines. By 
applying kinematic modeling of a five-axis machine tool, this paper shows that they can be estimated from the finished 
geometry of any test piece, provided that the test piece contains the features that are sufficiently sensitive to them. Based 
on the kinematic analysis of their influence, a new machining test is proposed to evaluate the thermal influence on the 
position and orientation errors of the rotary axis average lines. By inversely solving the five-axis kinematic model, this 
paper shows that the position and orientation errors of the rotary axis average lines can be analytically identified by the 
finished test piece geometry. An experimental case study demonstrates that the position and orientation errors of the 
rotary axis average lines, which change due to the thermal influence, can be observed from the finished test piece 
geometry. 
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1. Introduction	

The thermal deformation of machine tools, which is typically caused by a variation in the environmental 

temperature, the heat generated by a rotating spindle, or moving the linear or rotary axes, is often one of the critical 

machining error contributors. As described in [1]-[4], numerous efforts have been focused on reporting the 

measurement, modeling, and compensation of thermal errors. For machine tool builders or users that evaluate the 

thermal influence on a machine's positioning accuracy for a variety of thermal conditions, ISO 230-3 [5] and its 

machine-specific counterparts, such as ISO 10791-10 [6] for machining centers, describe the standardized thermal 

tests. They describe several tests to evaluate the thermal influence on the 3D position and orientation of a tool that is 

positioned at a single point (or at most, three points) in the workspace.  

Although a non-cutting geometric test is indispensable, many machine tool users wish to evaluate a machine’s 

performance with a machining test. ISO 10791-7 [7] describes the machining tests for machining centers. The 

influence of the machine geometric errors on the cone frustum test piece [8][9] and the S-curve test piece [10][11], 

which are included in ISO 10791-7 [7], have been studied by many researchers. Recent studies have proposed 

machining tests that enable a user to numerically identify all the position and orientation errors of the rotary axis 

average lines, which are typical error sources with five-axis kinematics. Ibaraki et al. [12][13] presented a pyramid-

shaped machining test, and the test proposed by Velenosi et al. [14] was analogous. Ibaraki et al. [15] and Jiang et al. 

[16] presented a simpler set of machining tests based on the same principle. Morimoto et al. [17] presented a 

machining test based on a non-rotating tool. Ibaraki et al. [18] presented a machining test for turning operations with 

the angular indexing of a test piece. Arizmendi et al. [19] analyzed the influence of the machine’s geometric errors on 

five-axis machined elliptical dimples. 

All of the machining tests reviewed above evaluate the geometric accuracy of a single finished test piece, assuming 
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that a machine is in a thermally stable condition after sufficient warm-up. The evaluation of thermal influence on the 

machine’s accuracy is beyond their scope. When a machine is in the initial thermal state, by repeatedly performing the 

same machining operation, one may observe a change in the geometric accuracy of the finished test pieces, which is 

typically caused by the thermal influence. This machining test is sometimes performed by a machine tool builder for 

machine performance inspection. However, no ISO standard describes such a machining test. In the literature, a few 

proposals can be found; Wiessner et al. [20] proposed a five-axis machining test, which, unlike the test presented in 

this study, targets a single rotary axis, e.g., a rotary table, and cannot be applied to two rotary axes on a single test piece. 

It can include a turning operation, where the rotary axis becomes a heat source. Ibaraki et al. [12] applied a pyramid-

shaped machining test to evaluate the thermal error. The test presented in this investigation builds upon it so it has 

better applicability to thermal tests. The test in [12] requires a cubic test piece. To apply it to the thermal test, when 

one test piece is finished, it should be replaced with a new unmachined one for the next round. The test presented in 

this study consists of three steps for each round, and one test piece can have four sets. Höfer et al. [21] and Ibaraki et 

al. [22] presented a thermal machining test for the positioning of a linear axis. Thermal influence on linear axis 

geometric errors can be observed by a simpler machining test. ISO 26303 [23] describes a short-term capability test 

for machine tools in which a sample batch of test pieces is repeatedly machined. Its objective is to conduct a statistical 

process control analysis for a large batch production; the evaluation of the thermal distortion is beyond its scope. 

The kinematic modeling theory, which is well-developed for the error compensation or the indirect error 

identification for five-axis machine tools [24], can analytically formulate the relationship between the finished 

geometry of any test piece and the position and orientation errors of the rotary axis average lines. Therefore, any test 

piece can be used to estimate the position and orientation errors of the rotary axis average lines, provided that the test 

piece contains the features that are machined at different angular positions of the rotary axes and are sufficiently 

sensitive to the position and orientation errors of the rotary axis average lines. Although many researchers have 

proposed different machining tests, this viewpoint is missing in many studies. Numerous studies, e.g., [14][16][17][20], 

have analytically formulated the geometric errors of their test pieces, and all can be derived from the machine’s 

kinematic model presented in this paper. 

Herein, this paper presents a machining test to evaluate the thermal influence on the position and orientation errors 

of the rotary axis average lines. Heat is generated mainly by a spindle rotation and the environmental thermal change. 

The original contributions of this investigation are as follows: 1) The application of the machine kinematic modelling 

to the analytical formulation of the workpiece geometric errors under the position and orientation errors of the rotary 

axis average lines is presented. It can be applied to any five-axis machined workpieces. This paper proposes a thermal 

five-axis machining test. By applying the machine kinematic model, an algorithm is presented to identify position and 

orientation errors of rotary axis average lines from the measured geometry of the finished test piece. 2) Similar to 

many other indirect calibration schemes, e.g., the R-test, the linear axis error motions can significantly influence the 

uncertainty in the estimated rotary axis geometric errors. The uncertainty analysis is presented to study their 

influence.  

This study clarifies that the geometric errors of the finished test pieces can be analytically formulated as a function 

of the rotary axis location errors by applying the five-axis kinematic model, which provides an algorithm to identify 

the rotary axis location errors from the finished test piece geometry. The present machining test is designed such that 
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each face is machined at every combination of B’=-90, 0, and +90 and C’= 0, 90, 180, and 270. Thus, the 

sensitivity of the finished test piece’s geometry to the rotary axis location errors can be maximized within these 

angular ranges.  

 

2. Formulation	of	workpiece	geometric	errors	under	rotary	axis	geometric	errors	

This study considers a five-axis machine configuration with a rotary table C’-axis mounted on a swivel B’-axis (see 

Fig. 3); however, an analogous formulation applies to all the five-axis machine configurations.  

A local coordinate system (CS) rotates with the B’- and C’-axes, and its Z-axis is aligned with the actual C’-axis of 

rotation; this is referred to as the workpiece CS (WCS). Since the test piece is fixed on the WCS, its geometry is 

determined via the tool center point (TCP) trajectory in the WCS. Negligibly small error motions of the linear axes are 

assumed in this study (Section 6 will discuss the contribution of the linear axis error motions to the uncertainty), 

which means that the TCP trajectory is given and there is no error in the machine coordinate system (MCS). In this 

paper, the MCS is the fixed coordinate system with its origin at the nominal intersection of the B’- and C’-axes. Therefore, 

the geometry of the finished test piece can be formulated by converting the TCP trajectory from the MCS to the WCS. 

In other words, the finished test piece geometry shows the position and orientation of the WCS, which are equivalent 

to the position and orientation of the B’- and C’-axis average lines.  

Based on this principle, any test piece geometry enables a user to identify the position/orientation of the B’- and 

C’-axis average lines, provided that it contains the features that are machined at the B’- and C’-axis angular positions 

in which the position/orientation of the B’- and C’-axis average lines are observable. 

This paper considers the position and orientation errors of the rotary axis average lines, shown in Table 1 (“error 

sources”), as sources for the geometric errors of the finished test piece. See ISO 230-1 [25] for the definition of the 

position and orientation errors of the rotary axis average lines. The axis average line of a rotary axis represents the 

“mean” position and orientation of the axis of rotation over its the full rotation. The variation in the position and 

orientation of the axis of rotation from the axis average line is called	error	motions of a rotary axis in ISO 230-1 [25]. 

The formulation presented in this section can be extended to error motions in a straightforward manner.  

The relationship of the position and orientation errors of the rotary axis average lines to the geometric errors of 

the finished workpiece can be formulated using the five-axis kinematic model. It is a well-developed theory and is 

adopted in many previous works (a review can be found in [24]), and its detailed derivation is not presented in this 

paper. This study shows that the position/orientation of the machined feature can be analytically formulated by 

applying the following simplified representation that was presented by Ibaraki et al. [26] in a straightforward manner. 

This is a major contribution of this study. 

When the nominal TCP position is given by wp*3 in the WCS, its actual position in the WCS, wp3, under the 

error sources in Table 1, is formulated as follows.  

൤ 𝒑𝒘

𝟏
൨ ൎ 𝑫𝒙ሺ∆𝒙ሻ𝑫𝒚ሺ∆𝒚ሻ𝑫𝒛ሺ∆𝒛ሻ𝑫𝒂ሺ∆𝒂ሻ𝑫𝒃ሺ∆𝒃ሻ𝑫𝒄ሺ∆𝒄ሻ ൤ 𝒑∗𝒘

𝟏
൨  (1) 

where 

∆𝑥 ൌ െሺ𝛿𝑥஻ோ
଴ cos 𝑏 ൅ 𝛿𝑧஻ோ

଴ sin 𝑏 ൅ 𝛿𝑥஼஻
଴ ሻ cos 𝑐 ൅ 𝛿𝑦஻ோ

଴ sin 𝑐 (2) 

∆𝑦 ൌ െሺ𝛿𝑥஻ோ
଴ cos 𝑏 ൅ 𝛿𝑧஻ோ

଴ sin 𝑏 ൅ 𝛿𝑥஼஻
଴ ሻ sin 𝑐 െ 𝛿𝑦஻ோ

଴ cos 𝑐 (3) 
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∆𝑧 ൌ 𝛿𝑥஻ோ
଴ sin 𝑏 െ 𝛿𝑧஻ோ

଴ cos 𝑏  (4) 

∆𝑎 ൌ െሺ𝛼஻ோ
଴ cos 𝑏 ൅ 𝛾஻ோ

଴ sin 𝑏 ൅ 𝛼஼஻
଴ ሻ cos 𝑐 ൅ 𝛽஻ோ

଴ sin 𝑐  (5) 

∆𝑏 ൌ െሺ𝛼஻ோ
଴ cos 𝑏 ൅ 𝛾஻ோ

଴ sin 𝑏 ൅ 𝛼஼஻
଴ ሻ sin 𝑐 െ 𝛽஻ோ

଴ cos 𝑐  (6) 

∆𝑐 ൌ 𝛼஻ோ
଴ sin 𝑏 െ 𝛾஻ோ

଴ cos 𝑏  (7) 

In Eq. (1), D*(⟊)44 represents the homogeneous transformation matrix, which represents the translation in the 

X, Y, or Z directions (*=x, y, z) or the rotation around the X-, Y-, or Z-axis (*=a,b,c), and it is described in [26]. 

D୶ሺxሻ ൌ ൦

1 0 0 𝑥
0 1 0 0
0 0 1 0
0 0 0 1

൪, D୷ሺxሻ ൌ ൦

1 0 0 0
0 1 0 𝑦
0 0 1 0
0 0 0 1

൪, D୸ሺzሻ ൌ ൦

1 0 0 0
0 1 0 0
0 0 1 𝑧
0 0 0 1

൪ (8) 

Dୟሺaሻ ൌ ൦

1 0 0 0
0 cos 𝑎 െ sin 𝑎 0
0 sin 𝑎 cos 𝑎 0
0 0 0 1

൪, Dୠሺbሻ ൌ ൦

cos 𝑏 0 sin 𝑏 0
0 1 0 0

െsin 𝑏 0 cos 𝑎 0
0 0 0 1

൪, Dୡሺcሻ ൌ ൦

cos 𝑐 െsin 𝑐 0 0
sin 𝑐 cos 𝑐 0 0

0 0 1 0
0 0 0 1

൪ 

The left-hand-side superscript, w, in wp, indicates that the vector is in the WCS. In addition, b and c denote the angular 

positions of the B’ and C’ axes, respectively. 

This formulation is particularly useful for formulating the test piece’s geometric errors. Equation (1) shows that 

the actual TCP position in the WCS, wp, is given by rotating its nominal position, wp*,	around Z, Y, and X-axis of the WCS, 

respectively by c, b, and a, and then by linearly moving it to Z, Y, and X directions by z, y, and x. When a feature 

(e.g. a face) on the finished test piece is machined at the angular position of B’- and C’-axes, b and c, its position and 

orientation errors is given by (x, y, z, a, b, c).	 	

The application of this formulation to the machining test proposed in this paper will be presented in Section 3.3. 

It will illustrate the usefulness of Eq. (1) for the error source diagnosis from the workpiece geometric errors.  

 

Table	1. Position and orientation errors of the rotary axis average lines and the assessed uncertainties under the 

uncertain contributors in Table 7. 

Error sources Symbol Uncertainty 
(k=2) [24] [25]

Position error in X of B-axis [m] xBR0 EX0B 6.0 

Position error in Y of C-axis [m] yBR0 EY0C 8.4 

Position error in Z of B-axis [m] zBR0 EZ0B 2.6 

Intersection error of C- to B-axis [m] xCB0 EX(0B)C 29.4 

Parallelism error around X of B- to Y-
axis [m/m] 

BR0 EA0B 6 

Squareness error of C- to X-axis at B0 
[m/m] 

BR0 EB0C 124 

Parallelism error around Z of B- to Y-
axis [m/m] 

BR0 EC0B 168 

Squareness error of C- to B-axis 
[m/m] 

CB0 EA(0B)C 36 
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3. Proposed	test	procedure	and	error	source	identification	

3.1.  Proposed test procedure 

Figure 1 shows the nominal geometry of the finished test piece, where the finished faces are represented by the 

symbol Sn,m,*. The faces are named by the following three parameters: 

1) step number, n=1, … , 12 (top-most: 1); 

2) its location; m=1, … , 4 is 1 for the –Y side face, 2 is for the +X side face, 3 is for the +Y side face, and 4 is for the –

X side face;  

3) side or bottom face where * is “s” for the side face and “b” is for the bottom face.  

 

To cover the entire rotation stroke of B’ and C’ axes, and to easily measure the finished test piece, the faces in the 

proposed test piece are machined by every combination of C’=0, 90, 180, and 270 and B’ = -90, 0, and 90. Figure 

2 shows a set of three steps, each of which is finished by the B’- and C’-axis angular positions that are presented in 

Table 2. The test design principle can be summarized as follows: 

 The first square, whose faces are all machined at B’=C’=0, is the reference for the measurement (see Fig. 3 a).  

 In the second square, two of its faces are machined at B’=0 and C’=0, and the other two are machined at B’=0 

and C’=180 (see Fig. 3 b), to identify the position and orientation errors of the C’-axis average line.  

 On the third square, each face is machined at either B’=-90 or 90 (see Fig. 3 c) to identify the position and 

orientation errors of the B’-axis average line.  

This set of three steps is called the first set. When the first set is finished, at the retracted Z position, the spindle is 

rotated at a constant speed or a variable speed spectrum for 15 min to warm up the machine. This is repeated until a 

total of four sets (12 steps) are machined. 

The detailed test procedure is shown in the flow chart in Fig. 4.  
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Figure	1.	Finished test piece geometry. A, B, and C represent the datum planes (see Section 3.2). 

	  

50
5

12
x5
=
60

C

B

112.7

A

94.7
76.7

135

58.7



7 
 

 

Figure	2.	Finished test piece geometry of one set, which consists of three-square steps. Each face is machined at B’- 

and C’-axis angular positions. Sn,m,* represents the finished face, where n is the step number, m represents its 

location, and * is the side or bottom face (s or b) (see Section 3.1).  

 

Table	2. Correspondence of the faces of the finished test piece to the B’- and C’-axis angular positions (see Figure 2). 

Step Faces B’- and C’-angles 

1st S1,1,s/b, S1,2,s/b, S1,1,s/b, S1,1,s/b B’=0, C’=0 

2nd  S2,1,s/b, S2,2,s/b B’=0, C’=0 

S2,1,s/b, S2,2,s/b B’=0, C’=180 

3rd  S3,4,s/b B’=-90, C’=0 

S3,2,s/b B’=-90, C’=180 

S3,1,s/b B’=+90, C’=270

S3,3,s/b B’=+90, C’=90 
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a) b)  

c-1) c-2)  

Figure	3. Machining procedure [27]. a) First step: four faces, S1,1,s/b to S1,4,s/b, are machined at B’=C’=0. a) Second step: 

two faces, S2,1,s/b and S2,2,s/b, are machined at B’=C’=0, and then the opposite faces, S2,3,s/b and S2,4,s/b, are machined at 

C’=180. c-1) Third step: one face, S3,4,s/b, is machined at B’=-90 and C’=0 and then the opposite face, S3,2,s/b, is 

machined at B’=-90 and C’=180. c-2) Third step: at B’=+90 and C’=270, S3,1,s/b is machined, and then the opposite 

face, S3,3,s/b, is machined at B’=+90 and C’=90.  

  

X

Y
Z

C’

X

Y
Z

B’
C’

Y
Z

X

B’

Z
XY

C’



9 
 

 

 
Figure	4. Machining test procedure. 

Machining of one
set (three steps)

Warm‐up the machine 
by rotating the spindle 
for 15 min

Start

Machining a total 
of 4 sets

Four faces, S1,m,* (m=1, …, 4 and *=s/b), are 
machined at B’=C’=0 by feeding an end mill 
to either the X‐ and Y‐direction (see Fig. 3 a). 

1st square step

At B’=C’=0, two faces, S2,1,s/b and S2,2,s/b, are
finished by feeding toward the X‐ then the Y‐
directions (see Fig. 3 b).

Rotate C‘‐axis by 180. Then two faces, S2,3,s/b
and S2,4,s/b, are finished similarly by feeding 
toward the X‐ and then the Y‐direction.

2nd square step

The faces, S3,4,s/b, are finished at B’=‐90 and 
C’=0 by feeding toward the Y‐direction (see 
Fig. 3 c‐1).

3rd square step

The faces, S3,2,s/b, are finished at B’=‐90 and 
C’=180.

The faces, S3,1,s/b, are finished at B’=+90 and 
C’=270 (see Fig. 3 c‐2).

The faces, S3,3,s/b, are finished at B’=+90 and 
C’=90.

< Machining of one set (three steps) >

Return
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3.2.	Measurement	

The finished test piece geometric errors that are shown in Table 3 are measured. The error symbols in Table 3 

represent the following. When considering y(Sn,1,s, S1,1,s), y represents the error direction, which is the position error 

in the X-, Y-, or Z-direction (x, y, z) or the orientation error around the X, Y, or Z-axis (, , ). The first symbol in 

the parenthesis, Sn,1,s, represents the surface of the error, and the second symbol, S1,1,s, represents the reference surface. 

This section describes the measurement procedure. The measurement is performed using either a coordinate 

measuring machine (CMM) or an on-machine measurement that uses a touch-trigger probe. When the finished test 

piece is unclamped for the CMM measurement, one should be careful with unclamping’s influence on the deformation 

of the test piece [14]. For the on-machine measurement, the finished test piece should not be unclamped, and all the 

points should be measured at B’=C’=0.  

First, the measurement CS is defined as follows: 

 Define the datum plane C in Fig. 1 by probing multiple points on it, and take the best-fit plane. 

 Probe multiple points on the machined surfaces S1,2,s and S1,4,s in their longitudinal direction to calculate their 

projected lines on the datum plane C. Define the datum plane B in Fig. 1 such that it contains their symmetry line 

and is perpendicular to the datum surface C. Define the X-axis to measure the CS by the intersection of the 

datum planes B and C. 

 Y-axis of the measurement CS is on the datum plane C, and it is perpendicular to the X-axis. 

Subsequently, all the machined faces are probed. Figure 5 shows examples of the probed points. The pitch of the 

probed points, p, should be chosen to measure the position and orientation of each machined face while minimizing 

the influence of the surface roughness or waviness. 

The geometric errors in Table 3 are defined in compliance with ISO 1101 [26]. Among them, the position error of 

one surface to the other surface is defined as follows. The position error for Y from Sn,3,s to Sn,1,s (n=2, 5, 8, 11), y(Sn,3,s, 

Sn,1,s), is taken as an example (see Fig. 6 a): 

 Calculate the line of best-fit for the probed points on Sn,3,s. Subsequently, calculate the intersection point of this 
line to the YZ-plane of the measurement CS.  

 Similarly, calculate the intersection point of the line of best-fit to the probed points on Sn,1,s and the YZ-plane. 

 The position error in Y of Sn,3,s to Sn,1,s, y(Sn,3,s, Sn,1,s) is an error in the distance between these two points, which is 
projected onto the XY plane, from its nominal value. 

Similarly, as an example of the angular errors, the parallelism error around Y of Sn,1,b to S1,1,b (n=1, 4, 7, 10), (Sn,1,b, 

S1,1,b), is calculated as follows (see Fig. 6 b): 

 Calculate the lines of best-fit for the probed points on Sn,1,b, and those on S1,1,b.  

 The angle between them, when projected onto the ZX plane, is (Sn,1,b, S1,1,b).  

Remark: In Table 3, six geometric errors associated with the first step of each set are influenced by the linear axis 

error motions only. For example, the perpendicularity of Sn,4,s to Sn,1,s, (Sn,4,s, Sn,1,s) is dominated by the squareness 

error of the Y- to X-axis. The perpendicularity of Sn,2,s to Sn,1,s, (Sn,2,s, Sn,1,s), that of Sn,4,s to Sn,3,s, (Sn,4,s, Sn,3,s), and that 

of Sn,2,s to Sn,3,s, (Sn,2,s, Sn,3,s) are all caused by the squareness error of the Y- to X-axis. However, other error motions, 
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e.g., the angular error motions of the X- or Y-axis, may cause minor differences. Table 4 summarizes this geometric 

error, which has the same error sources, and it can be evaluated as an alternative.  

 

 

Table	3. Geometric errors of the finished test piece.	Sn,m,* represents the finished face, where n is the step number, m 

represents its location, and * represents the side or bottom face (s or b) (see Section 3.1). 

 Symbol Description

First step 

of each set 

(n=1, 4, 7, 

10) 

y(Sn,1,s, S1,1,s) Position error in Y of Sn,1,s to S1,1,s

x(Sn,4,s, S1,4,s) Position error in X of Sn,4,s to S1,4,s

(Sn,4,s, Sn,1,s) Perpendicularity of Sn,4,s to Sn,1,s

z(Sn,1,b, S1,1,b) Position error in Z of Sn,1,b to S1,1,b

(Sn,1,b, S1,1,b) Parallelism around Y of Sn,1,b to S1,1,b 

(Sn,2,b, S1,2,b) Parallelism around X of Sn,2,b to S1,2,b 

Second 

step of 

each set 

(n=2, 5, 8, 

11) 

y(Sn,3,s, Sn,1,s) Position error in Y of Sn,3,s to Sn,1,s

x(Sn,4,s, Sn,2,s) Position error in X of Sn,4,s to Sn,2,s

(Sn,3,b, Sn,1,b) Parallelism around Y of Sn,3,b to Sn,1,b 

(Sn,4,b, Sn,2,b) Parallelism around X of Sn,4,b to Sn,2,b 

Third step 

of each set 

(n=3, 6, 9, 

12) 

y(Sn,3,s, Sn,1,s) Position error in Y of Sn,3,s to Sn,1,s

x(Sn,4,s, Sn,2,s) Position error in X of Sn,4,s to Sn,2,s

(Sn,4,s, Sn,3,s) Perpendicularity of Sn,4,s to Sn,3,s

z(Sn,4,b, Sn,1,b) Position error in Z of Sn,4,b to Sn,1,b

(Sn,4,b, Sn,2,b) Parallelism around X of Sn,4,b to Sn,2,b 

 

 

Figure	5.	Example of the probed points (for the surfaces S1,2,s and S1,2,b). p represents the pitch of the probed 

positions. 
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Table	4. Alternative geometric errors for the first step that have the same error sources; thus, it can be evaluated as 

an alternative. 

 Errors in Table 3 Alternative errors that can be evaluated 

First step 

of each set 

(n=1, 4, 7, 

10) 

y(Sn,1,s, S1,1,s) y(Sn,3,s, S1,3,s) 

x(Sn,4,s, S1,4,s) x(Sn,2,s, S1,2,s) 

(Sn,4,s, Sn,1,s) (Sn,2,s, Sn,1,s), (Sn,4,s, Sn,3,s), (Sn,2,s, Sn,3,s) 

z(Sn,1,b, S1,1,b) z(Sn,2,b, S1,2,b), z(Sn,3,b, S1,3,b), z(Sn,4,b, S1,4,b) 

(Sn,1,b, S1,1,b) (Sn,3,b, S1,3,b) 

(Sn,2,b, S1,2,b) (Sn,4,b, S1,4,b) 

 

a)  

b)  
Figure	6.	Definition of the examples for the geometric errors of the finished test piece. a) The position error in Y of 

Sn,3,s to Sn,1,s, y(Sn,3,s, Sn,1,s) is defined by the position of the line of best-fit to the probed points on the machined side 

faces, Sn,3,s with respect to the line of best-fit to Sn,1,s. b) The parallelism error around Y of Sn,1,b to S1,1,b, (Sn,1,b, S1,1,b) 

is defined by the angle of the line of best-fit to the probed points on the machined bottom faces, Sn,1,b, to the line of 

best-fit to Sn,1,1 

  

Machined
surface Sn,3,s

Sn,1,s

Probed point
Y

Best‐fit line

Best‐fit line

Position error in Y of Sn,3,s
to Sn,1,s, y(Sn,3,s, Sn,1,s)

X

X

Z

Best‐fit line

Best‐fit line
Probed point

Machined
surface S1,1,b

Machined
surface Sn,1,b

Parallelism error around Y 
of Sn,1,b, (Sn,1,b, S1,1,b), 
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3.3.	 	 Identification	of	the	position/orientation	errors	of	the	rotary	axis	average	lines	

The machine kinematic model, given in Eq. (1), can be applied to derive the kinematic relationship of the geometric 

errors of the finished test piece, shown in Table 3, and the rotary axis location errors in Table 1.  

First, the formulation below assumes that there is no error motion other than the rotary axis location errors in Table 

1. The influence of the linear axis error motions is analyzed in Section 6. This assumption is needed for any test scheme 

that measures the relative displacement of the TCP to the work table (see Remark 1 in Section 6). The angular 

positioning error motions of the B’ and C’ axes, EBB, and ECC can be identified for C’=0°, 90°, 180°, and 270 and B’=-

90°, 0°, and 90 from the geometry of the finished test piece; however, they are not targeted in the scheme below. The 

radial, axial, and tilt error motions of the B’ and C’ axes, which represent the angle-dependent variation in the position 

and orientation of the axis of rotation from its axis average line [25], are also assumed to be sufficiently small. 

Under these assumptions, the test piece’s geometric errors, shown in Table 3, can be formulated by applying Eq. (1). 

Example	1: (Sn,3,b, Sn,1,b) (n=2, 4, 7, 10) in Table 3, the parallelism error around Y of Sn,3,b to Sn,1,b, can be derived 

as follows. For the second step, the face, Sn,1,b, is machined at B’=C’=0. Its orientation in the WCS around the Y-

axis, which is denoted by bn,1,b, is given by b in Eq. (6) with b=c=0, i.e. b୬,ଵ,ୠ ൌ െ𝛽஻ோ
଴ .	By analogously 

formulating bn,3,b for the machining at C=180, Eq. (12) can be derived.  

Example	2: z(Sn,4,b, Sn,1,b) (n=3, 6, 9, 12) in Table 3, the position error in Z of Sn,4,b to Sn,1,b, can be derived as follows. 

For the third step, the bottom face, Sn,1,b, is machined at B’=+90 and C’=270. Its mean Z position in the WCS, which is 

denoted by zn,1,b, is described as follows.  

𝑧௡,ଵ,௕ ൌ Δz െ Δb ⋅ x୬,ଵ,ୠ ൅ Δa ⋅ y୬,ଵ,ୠ (9) 

ൌ 𝛿𝑥஻ோ
଴ െ 𝛽஻ோ

଴ ⋅ y୬,ଵ,ୠ 

where z, a, and b are given in Eqs. (4), (5), and (6) where b=90 and c=270. zn,m,* (xn,m,*, yn,m,*) represents the 

nominal Z (X, Y) position of the surface Sn,m,*. Note that the mean X position of the face Sn,1,b is zero, i.e., xn,1,b=0. By 

analogously formulating zn,4,b, the mean Z position of the face Sn,4,b, which is machined at b=-90 and c=0, results in 

Eq. (17). 

By performing an analogous derivation, the following equations are derived. 

δyሺS୬,ଷ,ୱ, S୬,ଵ,ୱሻ ൌ 2൛𝛿𝑦஻ோ
଴ െ ሺ𝛼஻ோ

଴ ൅ 𝛼஼஻
଴ ሻ ∗ z୬,ଵ,ୱ ൟ (n=2, 4, 7, 10) (10) 

δxሺS୬,ସ,ୱ, S୬,ଶ,ୱሻ ൌ െ2൛ሺ𝛿𝑥஻ோ
଴ ൅ 𝛿𝑥஼஻

଴ ሻ ൅ 𝛽஻ோ
଴ ∗ z୬,ଶ,ୱൟ (n=2, 4, 7, 10) (11) 

βሺS୬,ଷ,ୠ, S୬,ଵ,ୠሻ ൌ 2𝛽஻ோ
଴  (n=2, 4, 7, 10)  (12) 

αሺS୬,ସ,ୠ, S୬,ଶ,ୠሻ ൌ 2ሺ𝛼஻ோ
଴ ൅𝛼஼஻

଴ ሻ (n=2, 4, 7, 10)  (13) 

δyሺS୬,ଷ,ୱ, S୬,ଵ,ୱሻ ൌ െ2൛ሺ𝛿𝑧஻ோ
଴ ൅ 𝛿𝑥஼஻

଴ ሻ െ 2𝛽஻ோ
଴ ∗ z୬,ଵ,ୱൟ (n=3, 6, 9, 12) (14) 

δxሺS୬,ସ,ୱ, S୬,ଶ,ୱሻ ൌ 2൛ሺെ𝛿𝑧஻ோ
଴ ൅ 𝛿𝑥஼஻

଴ ሻ ൅ 𝛽஻ோ
଴ ∗ z୬,ଶ,ୱൟ   (n=3, 6, 9, 12) (15) 

γሺS୬,ସ,ୱ, S୬,ଷ,ୱሻ ൌ െ2𝛼஻ோ
଴   (n=3, 6, 9, 12)  (16) 

δzሺS୬,ସ,ୠ, S୬,ଵ,ୠሻ ൌ െ2𝛿𝑥஻ோ
଴ െ ሺ𝛾஻ோ

଴ െ 𝛼஼஻
଴ ሻx୬,ସ,ୠ ൅ 𝛽஻ோ

଴ ⋅ y୬,ଵ,ୠ  (n=3, 6, 9, 12) (17) 

αሺS୬,ସ,ୠ, S୬,ଶ,ୠሻ ൌ െ2ሺെ𝛾஻ோ
଴ ൅𝛼஼஻

଴ ሻ  (n=3, 6, 9, 12)  (18) 

The error sources in Table 1 can be identified by applying the least squares method to Eqs. (10) to (18) for each set 

(e.g., n=2 and 3 for the first set).  
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4. Case	study	

4.1	 Experimental	setup	

The present test was carried out on a vertical machining center, NMV3000DCG from DMG Mori Co., Ltd., which has 

the configuration as shown in Fig. 3. Figure 7 shows the finished test piece, and Fig. 8 shows the machining test setup. 

The tool is a solid carbide radius end mill with DLC (diamond-like carbon) coating, 10R1.0, and the tool extension 

is 80 mm. The workpiece consisted of aluminum alloy (JIS A5052), the spindle speed was 6,350 min-1, the feed rate 

was 1,700 mm/min, and the cutting fluid consisted of oil mist. Each face was finished with a radial cut depth of 0.1 mm, 

and it had an axial cut depth of 0.1 mm (see Fig. 9). The machining conditions should be properly chosen such that the 

influence of the chatter, burr, tool deflection, and the runout on the finished surfaces is minimized. The machining of 

each set required three steps, and the machining took approximately 8 min. After machining each set, the spindle was 

warmed up by performing rotations at 6,350 min-1 for 15 min. In other words, each set was machined for 

approximately 23 min. The entire test (four sets) took approximately 80 min. The machine controller’s thermal 

compensation was turned off throughout the test. Table 5 shows the temperatures measured with thermocouples that 

were attached to a) the Z-axis servo motor frame, b) the spindle unit frame near its front bearing, c) the machine table, 

and d) the air near the test piece. The spindle temperature increased by 1.4 C in 70 min. Only the temperature on the 

spindle unit frame, not its inside, was measured. This may not directly show the spindle’s thermal deformation. 

The same test was conducted four times on the same machine tool under the same machining conditions (called 

test pieces #1 to #4). Test piece #1 was machined in October 2018, and test pieces #2 to #4 were machined on different 

days in October 2020.  

 

 

 

Figure	7. Finished test piece. 
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Figure	8. Machining test setup (at B=-90). 

  

Figure	9. Radial and axial cut depths during the finishing. 

 

Table	5.	Temperatures measured in the machining test. 

 Temperature in C when starting the machining of 

Set 1 Set 2 Set 3 Set 4 

Time 0 22 min 47 min 70 min 

On Z-axis servo motor frame 31.1 32.5 33.5 33.8 

On the spindle unit frame near 

the front bearing 

17.9 18.9 19.3 19.1 

On the machine table  18.9 19.1 19.3 19.5 

In the air (near the test piece) 19.7 19.6 19.8 20.0 

 

  

Finished step width:
3 mm

Finished step
height: 5 mm

End mill

Axial depth of cut
during finishing:
0.1 mm

Radial depth of cut
during finishing:
0.1 mm

Feed direction
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4.2	 Test	result	

Figure 10 shows the measured geometric errors for test piece 1 that was finished. In this experiment, they were 

measured with a touch-trigger probe (Renishaw OMP-400 with a 2 ruby ball stylus probe with a length of 70 mm) on 

the same machine without unclamping the finished test piece after the machine sufficiently cooled. The probed pitch, 

p in Fig. 5, was 3 mm for test piece #1, and 6 mm for test pieces #2 to #4. According to the manufacturer’s datasheet, 

the unidirectional repeatability of Renishaw OMP 400 is 0.35 m (for a stylus length of 100 mm). Its 3D lobing in the 

X, Y, and Z directions is 1.75 m (for a stylus length of 100 mm). However, its directional pre-travel difference was 

calibrated in advance using a precision sphere according to the standardized procedure and was compensated for by 

canceling its influence from the probed displacement. The “evaluation items” in Fig. 10 are shown in Table 3. Their 

changes with the sets, n=1 to 4, show the thermal influence. In test piece #1, the third step of Set 4 was not machined 

since it was out of the X-axis stroke at B = 90. This problem was solved for test pieces #2 to #4; thus, all 12 steps 

were machined.  

The position error in Y of Sn,3,s to Sn,1,s, y(Sn,3,s, Sn,1,s), and the position error in X of Sn,4,s to Sn,2,s, x(Sn,4,s, Sn,2,s), 

for the third step in each set (n=3, 6, 9, 12), were initially larger for the first set (-91 and -108 m, see Fig. 10 c) and 

showed larger changes in Sets 1 to 3 (changed by 20 and 22 m, see Fig. 10 c). As formulated in Eqs. (14) and (15), 

their major cause is the position error in Z of the B-axis, zBR0. Their larger initial values were likely caused by a 

calibration error of the tool length. Their change was caused mainly by the machine structure’s thermal deformation 

in the Z-direction. The thermal change in the tool length can also contribute to this.  

Figure 11 shows the identified position and orientation errors of the rotary axis average lines, which are identified 

by applying the algorithm that is proposed in Section 3.3, and their change to Sets 1 to 4 in the thermal machining test. 

All the identified values for test pieces #1 to #4 are shown. The proposed test enables a user to numerically observe 

how the rotary axis position and the orientation change from Sets 1 to 4 due to the thermal influence. From Fig. 11, 

the following can be observed: 

 Overall, on this machine, the thermal influence on the position and orientation errors of the rotary axis average 

lines was not significant. The change in the position errors (a to d in Fig. 11) from Sets 1 to 4 was smaller than 5 

m in most cases. The change in the orientation errors (e to h in Fig. 11) was 50 m/m in most cases. Their 

influence on the finished test piece’s geometries is proportional to the test piece size (e.g., 58.7 to 24.7 mm for 

its width). This indicates that the influence of the thermal change in the orientation errors is at a maximum of 5 

to 10 m. 

 In Fig. 11c, the Z position error of the B-axis average line, zBR0, is larger in test piece #1 than in test pieces 2 to 

4 by approximately 40 m. This error represents the difference between the nominal Z position of the B-axis, 

which is stored in the machine controller, and its actual position. Between test piece #1 (in 2018) and the other 

test pieces (in 2020), the nominal Z position of the B-axis in the machine controller was modified by 41 m, 

which clearly explains this difference. 

 In Fig. 11c, the Z position error of the B-axis average line, zBR0, increases by 5 to 10 m from Set 1 to 4 for all 

the test pieces. When a spindle generates heat, it typically displaces a tool in the Z-direction, which changes the 
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Z position of the B-axis relative to the tool. The change in zBR0 is the most typical thermal influence of the 

spindle heat.  

 The following three errors show a larger variation among test pieces #1 to #4: Fig. 11d (intersection error of 

the C- to B-axis, xCB0), Fig. 11f (squareness error of the C- to X-axis at B0, BR
), and Fig. 11g (parallelism error 

around Z of the B- to Y-axis, BR
They have a larger uncertainty, as discussed in Section 6 and Table 3. 

 The machine’s geometric errors are most likely not the same for test pieces #1 to #4 due to the change in the air 

temperature or the machine warming-up before the thermal machining test. The difference in the identified 

location errors in test pieces #1 to #4 is attributed to the uncertainty discussed in Section 6 and to the change 

in the machine’s geometric errors. 

The profile of one of the finished faces, S10,2,s, which is the side face machined at B’=C’=0, was measured over its full 

length. A laser interferometer, SI-F10 by Keyence, was installed on the spindle with the same machine tool, and the 

finished test piece was fixed on the machine table at B=90. A single line that was 2 mm below the step height was 

continuously measured (sampling time: 1 ms) by driving the machine’s Y-axis. The sensor’s major specifications are 

as follows: a measurable range of 11.8 mm 1.0 mm, a laser spot diameter with a reference working distance of 40 

m, and a resolution of 10 nm. Figure 12a shows the measured profile over its full length (112.7 mm). The magnified 

view in Fig. 12b shows the cutter marks with the period corresponding to the feed per rotation (0.28 mm/rev). Its 

amplitude, as well as the waviness of the lower frequency, observed in Fig. 12a, slightly influences the probed positions 

in comparison with the uncertainty that is shown in Table 1 (see Section 6). The profile shown in Fig. 12a may be 

affected by the straightness error motion of the Y-axis. In Fig. 12b, the surface roughness profile has a wavelength that 

corresponds to the feed per spindle revolution, which was 0.268 mm/rev. This is likely due to the tool runout to the 

axis of the spindle rotation. 
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a)  b)  

c) d)  

Figure	10. Measured geometric errors of the finished test piece. See Table 3 for the “evaluation items.” The changes 

for sets 1 to 4 (3 for c and d) show the thermal influence. In addition, a) and b) show the geometric errors of the second 

step for each set (n=2, 5, 8, 11), and c) and d) show the geometric errors of the third step for each set (n=3, 6, 9).
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a) b)  

c) 
d)  

e)  f)  

g)  h)  
Figure	11. Identified position and orientation errors of the rotary axes average lines and their change for the 
thermal machining test. Sets 1 to 4 were machined every 23 min under a continuous spindle rotation. The same test 
was conducted four times (test pieces #1 to #4). a) xBR, b) yBR, c) zBR, d) xCB, e) BR, f) BR, g) BR, h) CB (see Table 
4 for their definitions). 
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a) 	

b)  

Figure	12. Profile of the machined surface (S10,2,s) that was measured on the machine using a laser displacement 

sensor. a) Surface profile over the full length (112.7 mm) and b) the magnified view. 

 

4.3	 Comparison	with	the	R‐test	and	remarks	

For comparison, the position and orientation errors of the rotary axis average lines, as shown in Table 1, were 

identified by the R-test. The R-test [26][29][30][31] measures the 3D displacement of the sphere that is attached to 

the machine spindle by a set of three displacement sensors installed on the machine table. The R-test is well 

established and described in ISO 10791-6 [32]. It can be performed only when the spindle stops; thus, unlike the 

present machining test, it may not evaluate the rotary axis location errors under the thermal conditions with a rotating 

spindle. This issue is discussed in [33]. 

Figure 13 shows the R-test setup. The R-test was performed on a different day from the machining test. The R-test 

cycle was first performed, then the sphere was removed, and then an end mill was installed on the spindle. 

Subsequently, the spindle was rotated for 80 min, which is approximately the same as the machining test. Further, the 

sphere was installed again on the spindle, and the R-test cycle was performed (the R-test cycle started about 10 min 

after the spindle stopped). In Fig. 12 a to h, the black dots (“R-test before the thermal test” and “R-test after the thermal 

test”) represent the rotary axis location errors that are estimated by the R-test before and after the 80-min warm-up 

cycle. Table 6 shows the temperatures that were measured for each R-test cycle.  

Tables 5 and 6 show that the thermal conditions in the machining test and R-test have some differences. The 

difference in the estimates that are displayed in Fig. 12 in the initial test for both tests (“Set 1” in the machining test 

and the R-test before the thermal test) may be attributed to this. On the other hand, the change that was observed in 

the identified rotary axis location errors before and after the machine warming-up cycle had a good match (i.e., the 

difference between Sets 1 and 4 in the machining test, and before and after the thermal test in the R-test). The R-test 

can be performed only when the spindle stops, and the temperature may quickly decrease immediately when the 

spindle stops. Ibaraki et al. [33] reported an experimental result that shows the position error of a rotary axis average 
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line, which was changed by approximately 30% in 15 min after the spindle stopped.  

 

Remark	#1	(influence	of	the	tool	deflection): The finishing conditions were chosen such that the tool deflection 

due to the cutting force is minimized. Furthermore, even if the tool deflection causes a geometric error for the finished 

test piece, its influence on the location errors for the identified rotary axis is minimal, provided that the tool deflection 

is constant. A constant tool deflection does not influence the test results, which is similar to the error for the calibrated 

tool diameter.  

Remark	#2	(influence	of	the	test	piece	temperature): The thermal deformation of the test piece due to the cutting 

heat or the environment’s thermal change can be an uncertain contributor. If the test piece is uniformly expanded and 

its influence is constant, then it would not have an influence, similar to that in Remark #1. The test piece temperature 

can change; however, during the machining test, its distribution is likely varied. In this experiment, the test piece 

temperature was not measured. 

 

 

 

Figure	13. R-test setup. 

Table	6.	Temperatures in C measured with the R-test. 

Before 
warm-up 

After 
warm-up 

On Z-axis servo motor frame 28.4 31.8

On the spindle unit frame near 

the front bearing 

12.4 15.3

In the air (near the test piece) 17.6 19.4

 

5. Discussion:	potential	applications	of	the	proposed	test	

The present test is designed such that errors are caused in the machine’s kinematics, as described in Table 1. They 

can be separately analyzed from the geometric errors of the finished test piece in Table 3. For example, in the 
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experimental test piece, as shown in Fig. 6, a machine user may experience difficulty seeing why y(Sn,3,s, Sn,1,s), the 

position error in Y of Sn,3,s to Sn,1,s and x(Sn,4,s, Sn,2,s), and the position error in X of Sn,4,s to Sn,2,s are significantly larger. 

According to Eqs. (14)(15), zBR0, which is the position error in Z of the B-axis, is the major contributor, and it is most 

likely caused by the tool setup error (i.e., an error in the calibrated tool length). On the other hand, the change in zBR0 

that is observed in Table 1 shows the thermal displacement of the tool in the Z-direction in reference to the B-axis 

average line. From this information, a machine user may improve the tool length calibration procedure. A machine 

designer may use this information to improve the machine design. This study contributes to the formulation of the 

present test for analytical testing, which can benefit machine tool users and builders. 

Numerical compensation for the position and orientation errors of the rotary axis average lines, which are defined 

in Table 1, is possible for many commercial CNC (computer numerical control) systems [34][35]. When the machine 

can be assumed to be thermally stable when machining the last set (Set 3 in Table 1), it is reasonable to compensate 

for the identified errors from this set. A recent study [33] concluded that the position and orientation errors of the 

rotary axis average lines can be altered immediately after the machine spindle stops and the machine starts cooling, 

even when the warm-up sequence is performed for a sufficiently long time. This suggests that the non-cutting error 

calibration schemes (e.g., R-test [26][29][30]), may not capture the actual errors during the machining, even after a 

sufficient preliminary warm-up sequence. The machining test enables a user to identify the errors for the actual 

machining temperature; thus, the compensation can be more effective.  

Many modern machine tools in the market can numerically compensate for the thermal errors. Some thermal 

compensations are based on the temperature measurements of the machine structure, and others are based on the 

operating conditions, such as the spindle rotation speed. The proposed test can be applied to check the performance 

of thermal compensation. Some of the latest compensation schemes [35][36] compensate for the thermal influence on 

the volumetric errors over the entire workspace. Unlike the conventional thermal tests in [6], which investigates the 

thermal displacement only at a single point, the proposed test can check the performance of the compensation more 

effectively. 

 

6. Uncertainty	analysis	

Formulations (10)-(18) assume negligibly small linear axis error motions. As a result, it is crucial to evaluate the 

contribution of the linear axis error motions to the uncertainty of the identified rotary axis location errors.  

The uncertainty contribution of each linear axis error motion is modeled in the same way as presented by 

Bringmann et al. in [37][38], presenting the uncertainty analysis for the R-test. The analogous uncertainty assessment 

is presented for the probing-based scheme [39] and the machining test [12]. The analogous polynomial models are 

employed to assess the linear axis error motions [40]. Each linear axis error motion is modeled as a Fourier series (up 

to the 3rd order in this evaluation). For example, the linear positioning deviation of the X-axis, EXX at position x, is 

modeled by 

Eଡ଼ଡ଼ሺ𝑥ሻ ൌ 𝐸ଡ଼ଡ଼,୪୧୬ ⋅ 𝑥 ൅ 𝐸ଡ଼ଡ଼,ୡ୷ୡ ⋅ ∑ cos ቀ 𝑗
௫

௑౩౪౨౥ౡ౛
𝜋 ൅ 𝜙௝ቁଷ

௝ ൅ 𝐸ଡ଼ଡ଼,୰ୟ୬ୢ (19) 

where Xstroke is the X-axis stroke. j is given as a uniformly distributed random number in [0, 2]. The linear term, EXX,lin, 

the amplitude of the periodic terms, EXX,cyc, and the non-periodic random term, EXX,rand, are given as a normally 

distributed random number with the standard deviation shown in Table 7. This is based on the accuracy-test results 
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from the machine manufacturer. The angular error motions were neglected, assuming a small-sized machine (the same 

as in [39]).  

When the command TCP position (x, y, z) is given, the error motions of all the linear axes are calculated as shown in 

Eq. (19), and then the TCP’s 3D positioning error is calculated by combining all the error motions with the machine’s 

kinematic model [24]. The influence of the linear axis error motions on the finished test piece geometry is calculated 

from this. In addition, the probing uncertainty, the influence of the surface finish, and the unrepeatable error motions 

of the rotary axes are modeled as a uniformly distributed random number in [-2.0, +2.0] m. The radial, axial, tilt, and 

angular positioning error motions of the rotary axes can influence the uncertainty; however, this uncertainty 

assessment focuses mainly on the influence of the linear axis error motions. Furthermore, the error motions of the 

rotary axes only contribute at C’=0, 90, 180, 270 and B’=-90, 0, 90; thus, harmonic modeling as demonstrated in 

Eq. (19) is not justified. Therefore, their influence is included in the assessment as a uniformly distributed random 

error.  

In Table 1, the “uncertainty” shows the uncertainty (coverage factor, k=2) that is evaluated by applying the Monte 

Carlo simulation [41] applied to the formulations in Section 3.  

A relatively large uncertainty can be observed with angular errors BR0 and BR0 in Table 1. It can be reduced by 

increasing the size of the test piece. For example, in Eq. (17), a larger test piece increases xn,4,b, which proportionally 

increases the influence of BR0 on z(Sn,4,b, Sn,1,b), i.e., the position error in Z of Sn,4,b to Sn,1,b. Furthermore, Eq. (18) 

indicates that BR0 is directly related to (Sn,4,b, Sn,2,b), i.e., the parallelism around X of Sn,4,b to Sn,2,b. The influence of the 

linear axis error motions on the parallelism error of the finished faces may be reduced when the test piece is larger. 

This observation suggests that the uncertainty in the estimation of BR0 may be reduced by increasing the test piece’s 

nominal size. 

	

Remark	1	(similarity	to	the	R‐test):	Many indirect calibration schemes of the rotary axis location errors, such as the 

R-Test, ball bar tests, and probing-based schemes (see [24]), require linear axes to be driven synchronously with a 

rotary axis (axes). They are essentially the same as the present machining test since the relative displacement of the 

tool to the worktable can be measured; none of them can measure the rotary axes alone. Therefore, the linear axis 

error motions can also significantly influence the uncertainty (e.g., the R-Test), as discussed in detail by Bringmann et 

al. [37]. The rotary axis error motions can be independently measured without driving the linear axes only when the 

measured target, such as a sphere in the R-test, is placed on the axis of rotation [42][43][44] or a tracking 

interferometer is employed [45]. 	

Remark	2	(difference	from	the	R‐test):	An essential difference between the present machining test and the R-test 

or the ball bar tests is that the present one identifies the orientation errors of the rotary axis average lines, namely 

BR0, BR0, BR0, and CB0 in Table 1, partly from the orientation of the machined surfaces. The R-test measures the 

position of a sphere, and its direction cannot be measured. Instead, the R-test measures the orientation of a nominally 

circular trajectory of the tool with respect to the worktable. It is often easier to increase the radius of the trajectory, 

which may reduce the influence of the linear axis error motions on the identified orientation errors of the rotary axis 

average lines. On the other hand, the present machining test can directly measure the orientation of the axis of rotation 

for the given angular positions. Direct measurement of the axis of rotation is possible when a square target is used as 
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the measured target [39] rather than a sphere. 

 

 

Table	7.	Contribution of the linear axis error motions (standard deviation for the normal distribution). 

Contributors Standard deviation 

Linear positioning deviation of X, Y, 

and Z axes 

Linear term, e.g. EXX,lin 0.002 mm for 100 mm 

Periodic term, e.g. EXX,cyc 0.4 10-3 mm 

Random term, e.g. EXX,rand 1.0 10-3 mm 

Straightness deviation of X, Y, and Z 

axes 

Periodic term, e.g. EYX,cyc 0.5 10-3 mm 

Random term, e.g. EYX,rand 1.0 10-3 mm 

Squareness error between the two 

axes 

Random term, e.g. EC(0X)Y 0.003/300 rad

 

 

7. Conclusion	

The position and orientation errors (location errors) of the rotary axis average lines are major errors in five-axis 

machining, often caused by the thermal deformation of the machine structure, typically due to environmental 

temperature variations or the heat generated by a rotating spindle. This study presents a machining test to evaluate 

the thermal influence on the position and orientation errors of the rotary axis average lines from the finished test piece 

geometry. The contributions of this study are summarized below: 

 The machine’s kinematic model indicates that the rotary axis location errors can be estimated from any test 

piece geometry, provided that it contains the features that are machined at different angular positions of the 

rotary axes. The present machining test is designed such that each face is machined at every combination of 

B’=-90, 0, and +90 and C’= 0, 90, 180, and 270. Therefore, the sensitivity of the finished test piece’s 

geometry to the rotary axis location errors can be maximized within these angular ranges. 

 By applying the five-axis kinematic model in the form of Eq. (1), the relationship between the geometric errors 

of the finished test piece and the rotary axis location errors can be analytically formulated. It provides an 

algorithm to identify the rotary axis location errors from the finished test piece geometry. 

 An experimental case study demonstrated that the geometric errors for the first set of the three steps displayed 

rotary axis location errors during the initial state, and the second to fourth sets showed changes due to the 

thermal influence. 

 For any identification scheme of the rotary axis location errors that are based on the measurement of the tool 

position relative to the work table, the linear axis error motions can serve as major uncertainty contributors. 

The uncertainty analysis reveals some orientation errors for the rotary axis average lines due to the limited size 

of the test piece. 
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