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CLOSED-FORM EXPRESSION FOR FINITE PREDICTOR COEFFICIENTS OF
MULTIVARIATE ARMA PROCESSES

AKIHIKO INOUE

ABSTRACT. We derive a closed-form expression for the finite predictor coefficients of multivariate ARMA
(autoregressive moving-average) processes. The expression is given in terms of several explicit matrices
that are of fixed sizes independent of the number of observations. The significance of the expression
is that it provides us with a linear-time algorithm to compute the finite predictor coefficients. In the
proof of the expression, a correspondence result between two relevant matrix-valued outer functions plays
a key role. We apply the expression to determine the asymptotic behavior of a sum that appears in
the autoregressive model fitting and the autoregressive sieve bootstrap. The results are new even for
univariate ARMA processes.

1. INTRODUCTION

Let T:={z € C: |zl =1} and D := {z € C : |2] < 1} be the unit circle and the closed unit disk, in
C, respectively. For d € N, a d-variate ARMA (autoregressive moving-average) process {Xy : k € Z} is a
C?-valued, centered, weakly stationary process with spectral density w of the form

w(e?) = h(e®)n(e?)*, 0 e[—m, ), (1)
where h : T — C%¥4 satisfies the following condition:

the entries of h(z) are rational functions in z that have no poles in D, and det h(z) has no zeros in D.

(2)

The finite predictor coefficients ¢, ; € C**4, j € {1,...,n}, of {X}} are defined by
P[—n,—l]XO = an,lX—l +o ¢n,nX—na (3)

where, for n € N, P_,, _1)Xo stands for the best linear predictor of the future value Xy based on the finite
past {X_,,...,X_1} (see Section 2 for the precise definition). The finite predictor coefficients ¢,, ; are
among the most basic quantities in the prediction theory for {Xx}.

The main aim of this paper is to derive a closed-form expression for the finite predictor coefficients
¢n,; of a multivariate ARMA process. More precisely, in the main result of this paper, i.e., Theorem
6 below, we show that the finite predictor coefficients ¢, ; can be expressed in terms of several explicit
matrices to be introduced in Section 4, which are of fixed sizes independent of n, unlike, e.g., the matrices
that appear in the Yule-Walker equations for ¢, ;. See Example 5 below that illustrates this point. The
significance of the closed-form expression for ¢, ; is that it provides us with a linear-time algorithm to
compute @p.1,-..,Pn.n (see Remark 6 below).

The closed-form expression for ¢,, ; also provides us with a powerful tool to study problems concerning
the asymptotic behavior of ¢, ;. Among such problems, we show a result on the asymptotic behavior
of the sum 2?21 |on.; — &;]| as n — oo, where ¢; are the infinite predictor coefficients; see (18) below.
This sum appears, for example, in proving the consistency of the autoregressive model fitting process and
the corresponding autoregressive spectral density estimator (see Berk [3]), and in proving the validity of
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autoregressive sieve bootstrap (see, e.g., Bithlmann [6] and Kreiss et al. [13]). Because of difficulties in
finding the asymptotic behavior of Z?zl |pn,; — @; itself, Baxter’s inequality

Dolbng =l <K Y Nyl K €(0,00),
j=1

j=n+1
in [2] has been used instead. Under a mild condition on the multivariate ARMA process, the closed-form
expression for ¢, ; now enables us to determine the precise asymptotic behavior of Z;L=1 |on.; — &4 as

n — oo (see Theorem 8 below). It turns out that Baxter’s inequality gives an asymptotically optimal
bound of 37, [|¢n,; — ¢;| in the sense that

i i1 n.s — &5l

noo 30 195l

€ (0,00)

holds (see Corollary 9 below).

The proof of the closed-form expression for ¢, ; is long. One important ingredient of the proof is the
explicit representation of ¢, ; (see the proof of Theorem 6 in D below), which was obtained recently in
Inoue et al. [11], extending the earlier univariate result in Inoue and Kasahara [8]; see also Inoue et al.
[10] and Inoue and Kasahara [9] for related work. To explain another important ingredient of the proof
of the closed-form expression for ¢, ;, we recall that, for h: T — C%*? satisfying (1) and (2), there exists
hy : T — C4*? that satisfies (2) and

w(e) = h(e®)n(e?)* = hy(e) hy(e”), 0 € [=m,7), (4)
and that hy is unique up to a constant unitary factor (see, e.g., [11]). We may take hy = h for the univariate
case d = 1 but not so for d > 2. We show, in Theorem 2 below, that hﬁ_1 has the same poles with the same
multiplicities as h~!. This is a key finding in deriving the closed-form expression for ¢, ; when d > 2.
We remark, however, that the closed-form expression for ¢, ; itself, i.e., Theorem 6 below, is new even for
univariate (d = 1) ARMA processes.

We explain the difference between the explicit representation of ¢, ; in [11], i.e., Theorem 5.4 in [11],
and the closed-form expression of ¢, ; in this paper. The representation in [11] holds both for long
and short memory processes, and has several applications such as the proof of Baxter’s inequality for
multivariate long-memory processes in [11]. The representation of ¢, ; in [11] is, however, not a closed-
form expression since it involves infinite series. In this paper, for multivariate ARMA processes, we
transform the representation in [11] to a closed-form expression for ¢, ;. The advantage of the latter is
clear from the fact that it can be viewed as a linear-time algorithm to compute ¢ 1,...,¢n n, as stated
above.

This paper is organized as follows. In Section 2, we give preliminary definitions and basic facts. In
Section 3, we prove the correspondence between the poles of h~! and h;!. In Section 4, we introduce
several matrices which are to become building blocks for the closed-form expression of ¢, ;. In Section 5,
we present the main result, i.e., the closed-form expression for ¢, ;. In Section 6, we apply the closed-form
expression for ¢,, ; to derive the asymptotic behavior of Z?Zl ||pn,j — ;| as n — oco. Finally, the Appendix
contains the omitted proofs.

2. PRELIMINARIES

Let D := {z € C: |z| < 1} denote the open unit disk in C. Let C™*™ be the set of all complex m x n
matrices; we write C* for C4*1. We write I,, for the n x n unit matrix. For a € C"™*", ¢ denotes the
transpose of a, and @ and a* the complex and Hermitian conjugates of a, respectively; thus, in particular,
a*:=a'. For a € C™? we write ||a| for the norm ||a|| := SUPyecd,juj<1 laul, where |u] := (Z?:l |u?|?)1/?
denotes the Euclidean norm of u = (u,...,u?)T € C% We denote by £45:% the space of C?*?valued
sequences {a}72, such that > 77 |lax||? < co. For r € [1,00), we write L,(T) for the Lebesgue space
of measurable functions f : T — C such that ||f||, < oo, where ||f[|, := {7 _|f(e®)|"d0/(2m)}'/". Let

L™*™(T) be the space of C™*"-valued functions on T whose entries belong to L, (T).
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For d € N, let {X;} = {X}. : k € Z} be a C%valued, centered, weakly stationary process, defined on
a probability space (Q, F, P), which we shall simply call a d-variate stationary process. If there exists
a positive d x d Hermitian matrix-valued function w on T, satisfying w € L{*%(T) and E[X,,X}] =
ST e m=m0y(e?)df/(2m), n,m € Z, then we call w the spectral density of {X}}. Here and throughout
this paper, we assume that { X} is a d-variate ARMA process in the sense that { X} satisfies the following
condition:

{X}} is a d-variate stationary process that has spectral density w satisfying (1) with (2). (5)

Remark 1. Suppose that {X;} is a d-variate, causal and invertible ARMA process in the sense of [5],
that is, a C%valued, centered, weakly stationary process described by the ARMA equation

®(B)X, = V(B)Z,, nel,
where, for 7,5 € NU {0} and ®;,¥; € C™*? i e {1,...,r},j € {1,...,s},
O(z)=I;— 201 — - — 27D, U(z)=1I4— 20— — 2°Uy

are C%*%valued polynomials satisfying det ®(z) # 0 and det U(z) # 0 on D, B is the backward shift
operator defined by BX,, = X,,—1, and {Zy : k € Z} is a d-variate white noise, that is, a d-variate,
centered process such that E[Z,Z"] = d,m% for some positive-definite ¥ € C4*?¢. Then, {X;} is a
d-variate ARMA process satisfying (1) with (2) for h(z) = ®(2)"'¥(2)2'/2. Conversely, we can show
that any d-variate ARMA process {X}} satisfying (1) with (2) is described by the above type of ARMA
equation.

Write X; = (X},..., X) ", and let V be the complex Hilbert space spanned by all the entries {X,i ke
Z, j€{l,...,d}} in L?(Q, F, P), which has inner product (z,y)y := E[z¥y] and norm ||z|y := (a:,m)%,/z.
For J C Z such as {n}, (—oo,n] :={n,n—1,...}, [n,00) :=={n,n+1,...}, and [m,n| := {m,...,n} with
m < n, we write V;* for the closed linear span of {X,]g cje{l,....d}, k€ J}in V. Let (V;¥)* be the
orthogonal complement of VJX in V, and let Py and Pj- be the orthogonal projection operators of V' onto
VX and (V;%)4, respectively.

Let V¢ be the space of C%valued random variables on (£, F, P) whose entries belong to V. The
norm ||z]ya of z = (z1,...,2)7T € V4 is given by |jz|lya = (0, [#'|2)/2. For J C Z and 2 =
(zt,...,24) " € V4 we write Pyz for (Pyz!,...,Pja?)T. We define Py« in a similar way. For n € N
and j € {1,...,n}, the finite predictor coefficients ¢, ; € C?*?¢ of {X;} are defined by (3). For z =
(zt,...,2) T and y = (y,...,yH) " in V4, (2,9) := Elzy*] = (2%, y)v)1<ij<a € C*? stands for the

Gram matrix of z and y.
For K € N, let p1,...,px be distinct points in D\ {0}. For p € {1,...,K} and i € N, we define
Pui - NU{0} — C by

(k) = <Z ! 1>pﬁi+17 ke NU{0}. (6)

Notice that p, ;(0) = (igl)p;i+1 =0;1. Take m, € Nfor p € {1,..., K} and let

K
M = Zmu. (7)

The next proposition will be used in Section 3 and B.
Proposition 1. For N € NU {0}, the M wvectors p,; € C*>M e {1,...,K}, i€ {1,...,m,}, defined
by
Pui = (Ppi(N)s i (N + 1), ppi(N + M — 1))

are linearly independent.



3. CORRESPONDENCE BETWEEN THE POLES OF h~! AND hﬁ_l

In this section, we assume that {X}} satisfies (5). Let h and hy be as in (1) and (4), respectively, both
satisfying (2).
Since h~! also satisfies (2), we can write h=1(z) in the form

K my
h(z_ :_pO_ZZ pu] ZZ 00,55 (8)
p=1j=1
where
K e NU{0},
pMED\{O}’ [LE{I,...,K}, pu#pl/a M;éy,
my, €N, pe{l,..., K}, mo € NU {0}, (9)

pﬂ,jGCdXda /LG{O,...,K}, je{l,"'amu}a pOECdXda

Pum, 70, pe{0,...,K}.
In fact, we can obtain the expression (8) from the partial fraction decompositions of the entries of h(z)™!;
see Example 2 below. We remark that the convention 22:1 = 0 is adopted in the sums on the right-hand
side of (8).
The next theorem shows that hﬁ_ ! of a multivariate ARMA process has the same mg and the same poles
with the same multiplicities as h~!.

Theorem 2. For mg, K and (p1,m1),...,(prx, mk) in (8) with (9), h_1 has the form

K my
() ==pb =Y D T i—p ZZ Po,5> (10)
p=1j=1
where . e | u »
{p%je(c ;o we{0,... K}, je{l,...,m,}, pp € C 1)
Py, 70, pnef0,... K}
Moreover, we have
p#’muhﬁ(pu)* = h(pu)*Pﬂ,mw pwe{0,...,K}. (12)

The first half of Theorem 2 is a key ingredient of the proof of Theorem 6 below, while the relations (12)
play an important role in the proof of Theorem 8 below.

Example 2. For p € D, let

1 0
hz) = (1/(1 —p2) 1) '
Then h satisfies (2). For this h, we can take
1- Ipl2 1

hﬁ(Z) =7r ‘p|2 _| |2+ 1 s

—1+

where r :=1/4/1 — |p|? + |p|* (see Example 3 in [11]). We have

“pP+ = -1
717 ]. 0 717 ]_— z
W7 = Ly 1) = y
1—pz

so that K =1, mg =0, m; =1, p; = p, and

_ (10 {00 i 1 ¢ . 1.0
Po = 0o 1) P11 = 1 0)° Po = -1 _1+‘p|2 ) pl,l_ 1_|p|2 0/



4. BUILDING BLOCK MATRICES

In this section, we introduce and study some matrices that serve as building blocks for the closed-form
expression of ¢,, ;. We assume that {X}} satisfies (5). Let h and hy be as in (1) and (4), respectively, both
satisfying (2). We also assume that K > 1 for K in (8). This assumption implies that {X}} is a d-variate
ARMA process that is not an AR process; see Remark 3 below. For mq,...,mg in (8), we define M by
(7).
Forped{l,...,K},ie{l,...,m,}, and n € NU{0}, we define

Pp,i(n) :=ppi(n)lg € C¢ (13)
using p,,;(n) in (6). For n € NU {0}, we also define p,, € C**? by the following block representation:

Pn = (P1.1(n), -, PLm, (0) [ P21(R), - P2ms (1) | -+ [ PEA(M), -, PEmg ()" (14)
Notice that
po=(14,0,...,0 | I5,0,...,0 | --- | I,0,...,0)" € C¥M*d, (15)
We define A € CIM*dM hy
A= pp;. (16)
(=0
For pu,v € {1,2,..., K}, we define A»¥ € C9™u>dmv by the block representation
ASV(LL) AY(L,2) e NY(1my)
1 (9 1 1Y (9 9 BV (9
AH,V = /\ ( ? ) )‘ ( ? ) A (.aml’) 7
AV (my, 1) MY (my, 2) o MY (my,my)

where, for i € {1,...,m,}, j € {1,...,m},

-l . ; : j—r—1zi—r—1
o i—1\[(i+j—r—2\ pl Dy dxd
/\#’V(Z,j)iig ( >< i ) B2 I; e C™,
=\ i—1 (1 —pup,)iti—r-t
Here is a closed-form expression of A.

Lemma 3. The matriz A has the following block representation:

AL A1,2 - AI,K
A2,1 A2,2 - A2,K
A=
AI'(,l AI'(,Q AI%,K
We define 5
h(z) = {hy(2)}" (17)
Then h satisfies (2). We define, respectively, the forward MA and AR coefficients ¢ and ay of {Xi} by
h(z) = Z 2Fep, —h(z)"t = Z ay, zeD,
k=0 k=0
and the backward MA and AR coefficients ¢, and ay of {Xj} by
h(z) = Z ke, —h(z)"' = szdk, z € D.
k=0 k=0

All of {c}, {ar}, {é} and {a;} are C?¥*%-valued sequences that decay exponentially fast to zero, and
we have copag = ¢égag = —I5. We have the AR representation 22:700 ap—p Xk + &, = 0 and the infinite
prediction formula P_, 1 Xo = Zzozl ¢r X _1, where

br := coar, € C*Y ke N (18)
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We call ¢, the infinite predictor coefficients of {Xy}.

Remark 3. If K in (9) satisfies K = 0, then ag = po, ar = po.x (1 <k <myp) and ar =0 (k> mo + 1).

In particular, we have ZZ;OO axXp_k + e, =0 for n € Z. This implies that P Xo=¢p1 X 1+

+

GmoX—m, for n > max(mo,1) and ¢, in (18). Therefore, the finite predictor coefficients ¢, ; in (3) are
trivially obtained. By this reason, we assume K > 1 in Sections 4-6.

For h in (17), we see from Theorem 2 that
K mu
I D) e
p=1j=1
where
o= (o), puj=(pl;) pmedo,...,

Proposition 4. We have

an = Z Z <n+‘7 N 1)pﬂpm,

p=1j=1 ‘7_1
K my, .
- n+j—1 -
an:ZZ( -1 )pzpu,j’
p=1j=1

Moreover, if mg > 1, then we have

_ 5 n+j—1 =n )
an = pon+ 3 i1 )PP

p=1j=1

Proof. Since

a5 ()
(19) gives
: (

pu] Zz 00,55

K}, je{l,...,mu}.

n>mgy+ 1,
n > mo—+ 1.
ne{l,...,mo},

nE{l,...7m0}.

q,2€D, jEN,

)pﬂpﬂj ZZ Po,j-

Thus, (21) and (23) follow. Similarly, we obtain (20) and (22) from (8) and (24).

For n € N, we define v,,, 9, € CIM*d by

%)
Up = § Peln+e,
£=0
o
Up 1= E Pelnqe.
£=0

To give closed expressions for v, and 0y, we introduce some matrices. For n € N and p,v € {1,2,...

we define = € C¥muxdmv by the block representation

(1) ger(1,2)
| ey @
== : )

Y (my, 1) &Y (my, 2)

wr(1,my)

§h(2,my)

&:W(muamu)

(20)

(21)

7K}a



where, forn € N, i € {1,...,m,}, j € {1,...,my}, " (i,j) € C¥*? is defined by

j—1 o o i
(i )_]z: n+i+j—2\(i+j—r—2\p, gyt 2[
R AN i1 ) U=pp) T

For n € N, we define =,, € C4MxdM hy

—=1,1 —=1,2 —=1,K

—n —n —n

=2,1 =2,2 =2,K
S =

—-K,1 =K2 . . =KK

—n —n —n

We also define p € C¥M*4 and p € C¥M*4 by the block representations

pi= (pilv'-wp;r,ml |p;r,17"-ap;r,m2 | |p},1a"'7p£,m;{)—r
and T T T T T T T
p = (pl,la"'apl,ml | P2.15+ 5 P2,my | | pK,lw--apK,mK)
S - I N S
= (P | s P |+ | Pl Pl )
respectively.

Here are closed-form expressions for v,, and v,.

Lemma 5. We have

Up = Enp, n > mg+ 1,
f)n:Enp, n>mgo+1
Moreover, if mg > 1, then we have
mo—n
Un :Enp+ Z Pepo,n+¢, n < {1a"'7m0}a
£=0
mo—n

f}n :Enﬁ"" Z ﬁlﬁo,nﬁ%v n e {L"'va}‘
£=0

We define
hT(z) = h(1/z)*

For pe {0,1,...,K}, je{l,...,m,}, we put

1 dme—7
Wdzme—3 {(Z —Pu)

0, :=— lim m“hﬁ(z)hT(z)_l} IS (CdXd,

2P (mu -7

where po := 0. We define the block-diagonal matrix © € CMxdM y

® 0 --- 0
0 Oy - 0
@ = . . . . )
0o 0 - O
where, for p € {1,...,K}, ©, € CIm«*dmu ig defined by
ou,l 9#2 e 0u,mu—1 Hu,mu
9#2 9#3 e 0##%



8

using 6, ; in (30) with (29).
For n € NU {0}, we define the block-diagonal matrix II,, € C*M*dM hy

M, 0 - 0
0 Iy --- 0
II, := . . ) . , (33)
0 0 - Tg.n,
where, for p € {1,...,K} and n € NU {0}, II,, ,, € C¥™>*dmu i5 defined by
p,u,l(n) pu,Q(n) pu,S(n) T Pum, (n)
Pu1(n) Pu2(n) - Pum,-1(n)
I, 1= ' ' : (34)
Pu,2(n)

O pp,l(n)

using p,;(n) in (13).

5. CLOSED-FORM EXPRESSION FOR FINITE PREDICTOR COEFFICIENTS

In this section, we assume that {Xj}, h and hy are as in Section 4. Thus {X;} is a d-variate ARMA
process satisfying (5) and K > 1 for K in (8). Recall the finite predictor coefficients ¢, € C4*? of the
d-variate ARMA process {X}} from (3). For n € NU {0}, we define G,,,G,, € CIM*xdM hy

G, :==11,0A, (35)
G = (II,0)*AT. (36)
Here is the main theorem of this paper, which gives a closed-form expression for ¢, ;.
Theorem 6. Forn > max(mg,1) and j € {1,...,n}, we have
bn.; = coa; + copg (Lanr — GnGp) H(I1,0) {ATI1L,00; + ¥ j11}. (37)

Recall the assumption for Theorem 6 from the beginning of this section; { X} in Theorem 6 is a general
d-variate ARMA process that is not an AR process (see Remark 3 above). We remark that, from Lemma
19 below, Iy — G, G, is invertible for n > my.

Corollary 7. If mo =0, then, forn>1 and j € {1,...,n}, we have
bn,j; = coa; + copg (Tans — GnGr) M (I1,0) {ATI,OZp + E,_j 115} (38)
Proof. The corollary follows immediately from Theorem 6 and Lemma 5. (]
The matrices aj, po, II,,, and © in (37) are given by the closed-form expressions (20) and (22), (15),
(33) with (34), and (31) with (32), respectively. The closed-form expression of A, v, and ¥, are given by
Lemmas 3 and 5, and those of G,, and G,, by (35) and (36), respectively. Moreover, the matrix ¢ is given

by ¢o = h(0) = —{po + Zle Z;nz“l pu;t *. Therefore, (37) gives a complete closed-form expression for
¢n,;. Notice that the sizes of all the matrices are fixed and independent of n.

Remark 4. Notice that coa; = ¢; in (37) is the infinite predictor coefficient.

Example 5. Suppose that m, =1, p € {1,..., K} and mo = 0, that is,

K K

_ 1 _ 1
W)t =—po =Y et M) ==Y ——pl

1-p,2
pn=1 Py pn=1




Then, Corollary 7 holds with a; = 25:1 ﬁsz“,l for j > 1, pg = (Iy,...,1q) € CXIK
plhﬁ(Pl)Pf,l 0 0
0 p2hy(p2)ps 4 0
0= : : c (CdKXdK7
0 0 prhi(PK)Pi 1
1 1 1
ol Ty, 1 =7 Ld
1—;251 Ia 1—;252 La 1—191 B L AKX xdK
A= : : ) € CHxan,
1 1 1
1-pkD, la 1-pkDs la 1-prPk la
prId 0 0
0 p3la 0
I, = . . . € CIExdK n >0,
0 0 p?{Id
e Y e
Tyl Tl =iy
P1 Po Pr
= - 1—p2.51 1y 1—p2.52 14 l—pz.ﬁx € CKxdK n>1,
ﬁn. ﬁ'll. ﬁn
T=prp, la g la 1—p:<(px Ia
p= (pilap;r,la"'vp};,l)—r e(chXd7 ﬁ: (pg)ppg,p apK,l) E(CdKXd
and G, = I1,0A, G,, = (I1,0)*AT e CKxdK,
Remark 6. We define the block-diagonal matrix J € CM*dM Ly
Jp 0 0
0 Jo 0
J=1. . ,
0 0 JK
where, for v € {1,..., K}, J, € CIv>dmv ig defined by
pla Ia 0
ﬁyld Id
Jy = , My 2> 2, = ﬁy[da m, = 1.
Iy
0 Pula

Then it is easy to see that =,,41 = Z,J for n € N. By this recursion, we can compute Z1,...,=, in O(n)
arithmetic operations. The other matrices in (37) and (38) can also be computed in O(n) operations.
Therefore, we see that the complexity of the algorithm to compute ¢, 1,..., ¢, that is provided by
Theorem 6 or Corollary 7 is only O(n), which is the best possible. Notice that (¢n n; Gnn-1---,Pn1) IS
the solution to the Yule-Walker equation

(¢n,n7 ¢n,n71; ceey (bn,l)Tn(w) = (7(_n)7 ’Y(_n + 1)) R 77(_1»

Tn(w)(¢n,n7 Orn—1,--+» an,l)* = (’7(_n)a '7(_77’ + 1)7 s 77(_1))*7



10

where T, (w) is the truncated block Toeplitz matrix defined by

10)  A=1) o A(—nt1)
1 s y(=n 2

) 7(:) 7(:0) : A :+> i
Yn—1) An-2) - 0

Also notice that the multivariate Durbin—Levinson recursion solves the Yule-Walker equation in O(n?)
time (see, e.g., Brockwell and Davis [5]). Algorithms for Toeplitz linear systems that run faster than
O(n?) are called superfast; see Xi et al. [19] and the references therein.

Remark 7. From the discussions in Remark 6, we are naturally led to the problem of finding linear-
time algorithms to compute the solution z € C9*¢ of the general block Toeplitz system T}, (w)x = b for
b € Ci*d and w satisfying (1) with (2). This problem will be solved in [7].

Remark 8. One possible application of Theorem 6 is model fitting. More precisely, suppose that we
are given a dataset z1,...,xn as a realization of the underlying process {Xy}. Then, for suitable n,
we search for the parameters of the ARMA model that minimize the least squares error 3~ _ 1 1Tm —
> h_i PnkTm—k|?, using Theorem 6. In this way, we simultaneously fit the ARMA model to the data and
estimate the predictor coefficients ¢y, 1, ..., ¢pn n, without estimating the autocovariance function . The
validity of this method will be discussed in future work.

6. APPLICATION

We continue to assume that {X} is a d-variate ARMA process satisfying (5) and K > 1 for K in (8).
In this section, we further assume

p1| > max{[p,| : p€{2,..., K}}, (39)
and apply Theorem 6 above to determine the asymptotic behavior of 37_, [|¢n,; — ¢ as n — co. We
write s, ~ t, as n — 0o to mean that lim, . s, /t, = 1.

Theorem 8. We assume (39). Then

- & M-l n

Z”%Jﬂﬁj” ~ mn Hp ™ as n— oo, (40)
where Cy is a positive constant giwen by Cy = Y ;- ||coh(p1)*p'i)mle)k|| with H := (I4,0,...,0) €
(CdXdM.

Proof. First we show that the constant C is in (0, c0). We define Cy j, := ||coh(p1)*p§’mlHﬁk|| for k e N,
so that Cy := chzl (1, holds. Then, the sum converges since C} ;, decays exponentially fast as k — oo.
Therefore, it is enough to show that C; ; > 0 for k£ large enough. By Lemma 5, we have, for £ > my + 1,

my 71y
o)k, (S0, S0 & 1)) )|
Hz S Lo 1) (2,
v=1 1,mq1 \FPy,j

Chri = Hcoh(m*pﬁ,mlﬂémn =

> k™ py[M(Ar — Br),

where

)

— 1Ll * *
A= || ) E (Lo (p1) L, (6 1)

my— —1gLw . * *
e R G e S e |

The main term in

my—1 mi—r_ k+mi—1—r
11 k4+my—1\py" "pi T
§e (1,my) = ( ) Iy
k ( ) ; r (1 _ |p1| )mlfr



11
is (kjnTiIl)plf(l — |p1)?) ", for r = my — 1 and we have
. e =11 _
Jim (K7 py )7 (1ma) = {(ma = DI = [paf*)}

so that limy_, e Ax = Ao, where Ao := {(m1 — 1)1(1 — |p1|2)}’1|\coh(p1)*p§,ml(pg’ml)*H. Since coh(p1)*
is invertible and Pti,ml (pﬁ’ml)* # 0, we have Ay, > 0. On the other hand, (39) implies

Jim (k™ pa| ) 7 2(1,5) =0

for (v,7) # (1,mq). Hence limy_,o By = 0. Combining, we see that C7 > 0 for k large enough, as
desired.

Next we prove (40). Recall p, ;(n) and p,;(n) from (6) and (13), respectively. Since (39) implies

: 1 Id7 o= ]., = mi,
lim ———p,.i(n) = )
n=00 P1m, (1) 0, otherwise,

we have lim,, o0 (1/p1,m, (n))IL,, = A, where A € CM*4M g defined by

Ay 0 -+ 0 0 - 0 Iy
0 0 --- 0 0 --- 0 0

A= A= - | ecmiam,
0O 0 --- 0 0 --- 0 0

Hence, by Theorem 6 and the dominated convergence theorem, we get

[P ()] n) ZH% 4l = ()chwo (Lias = G G) ™ (I1,0) (AT T, O0; + iy}
mi — 1,my =1

n

1 *
—1I, AL, 0,41 v
PLomy (TL) @> { Ov +1—k + Uk}

copg (Ians — GpGr)™? <

k=1

(oo}
— Z [copg (A®)* Ty, n — oo.
k=1
By simple calculations, we have

(p1)™ hy(p1)p3 1y O -+ 0
A© = . N

so that pg (AO)* = (p1)™ p1.m, hy(p1)* H. However, (12) implies that p1 ,, hy(p1)* = h(p1)*p§’m1- Hence,
we see that "7 [[copg (AO)* || = C1. Thus (40) follows. O

Corollary 9. We assume (39). Then
oy 2= llPng =43l (1 [pa)Cy
im = = .
n=oo 3y 9kl [pa] - [lcoprma |l
Proof. By (18), Proposition 4 and (39), we have

K my (k+7—1\_, k+mq—1 &
Zﬂzl Z]‘:l ( ] —-1 )pucop%j ~ ||Cop1,m1|| my — 1 |p1| ’ kE — oo.
k; —
Hence, Y07 1 10kl ~ llcoprm | S nersy (571 Ipa]* as n — oo. From

o) _1 1 mi—1 n+m1
Z k + mq il'k _ i x 7 |x| < 17
my — 1 (mq — 1)! \dx 1—x

k=n+1

[orll = llcoar|l =
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and Leibniz’s rule, we have, as k — oo,

i (k+m1 - 1) il ~ <n+m1) " ey
k—rt1 my — 1 my — 1 1-— |p1| (m1 — 1)'(1 — |p1|)
Thus
CoP1,m 1=
Z ||¢k|| ~ || O 11” nm 1|p1|n-|-17 n — oo, (42)
R (i — D1 — [pa])
The assertion (41) follows from (42) and Theorem 8. O

Remark 9. To explain the assumption (39), we consider two parameters p; = x1 + iy; and ps = o + iy
belonging to the space A := {(p1,p2) € (D \ {0})? : |p1| > |p2|}. Then, the arrangement |p1| > |po] is
generic in the sense that the complement

{(p1,p2) € At |p1] = |p2|} = {(p1,p2) € A: 2] + 4} =25 +y3}

forms a hypersurface, hence its 4-dimensional Lebesgue measure is zero. In the same sense, the arrangement
of (p1,...,pK) given by (39) is generic. For, without loss of generality, we may assume

p1| = max{|p|: p=2,..., K}.

Then, if (p1,...,pr) does not satisfy (39), then we have |pi| = |p,| for some p € {2,...,K}. Here, it
should be noticed that the special choice of p; in (39) is just for the sake of simplicity; an analogue of
Theorem 8, hence Corollary 9, still holds even if we replace (39) by, e.g.,

Ipr| > max{|p,|:pe{l,..., K —1}}.

Still, it will be interesting to pursue analogues of Theorem 8 and Corollary 9 when (39) fails to hold, hence
oscillations of the type k1p} + k2(e?py)™ occur as n — oo.

APPENDIX A. PROOF OF PROPOSITION 1

For f:NU{0} - Cand € {1,2,...,K}, we define D, f : NU {0} — C by
D, f(k) = f(k+1) —p.f(k), keNU{0}

Proposition 10. For u,v € {1,2,...,K},i € N and k € NU {0},

Dupu,i(k) = (pu _pu)pu,i(k) ""‘pu,ifl(k% (43)
where py0 = 0.

Proof. Since
Dupu,l(k) = p;k[i_l - pl/pﬁ = (pu - pu)pu71(k)a
(43) holds for ¢ = 1. If ¢ > 2, then, Pascal’s rule (kH) =( k )+ (if2) implies that

i—1 i—1

E4+1\ ., k _i

Dypp.i(k) = (z ~ 1)??,’3 2 (z B 1>pup,'i = (pu = 2Py (k) + ppi-1 (k).

Thus (43) follows. O
Proof of Proposition 1. Let v,;, € C, p € {1,...,K}, i € {1,...,m,} and suppose that

K my,

SN Aippik) =0, ke{N,...,N+M-1}.

p=11i=1

By Proposition 10, we have

K my,

K
0= (D;”HD;”? DRy Z’m,mﬂ,i> (N) =12 ] (01 = pu)™
p=2

p=1i=1
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Hence v1,m, = 0. Repeating this procedure, we find that v,; =0, p € {1,..., K}, i € {1,...,m,}. Thus
Pu,i’s are linearly independent. (I

APPENDIX B. PROOF OF THEOREM 2

As in Section 3, we assume that { X} satisfies (5). Let h and hy be as in (1) and (4), respectively, both
satisfying (2).

We consider the unitary matrix valued function h*h, 1 h’lhgk on T, called the phase function of { X}
(see p. 428 in Peller [15]). We define a sequence {3;}7° __ as the (minus of the) Fourier coefficients of

— 00
xp—1 _ p—1p%*.
Whyt = h'hy:
L A , do . , v dO
_ —ik6 16\ % 127 —ik6 i0\—1 A e
By = /ﬁa W) hy(e ) o /,f M) (e 2, ke (44)
From (44), we have
ﬁ* _ " eike{h 16\ % _1h 0 die _ " ik@h 6 h 16\ % —ldie LeZ 45
k= ()"} h(e) 5 = e hy(e){h(e”)"} o € Z. (45)

The proof of Theorem 2 below is based on the calculations of 8 in two different ways.
Recall At from (29). From (8), we have

K my mo
hT(z = _pO ZZ Z_ pu,] Zzijpaj' (46)
pn=1j=1 j=1
Since h(e?)* = hf(e?), we see from (45) that
L , o dB
Br = —/ elkghﬁ(ew)hT(e“g)_lf, keZ. (47)
- ™

Notice that the entries of hy(2)h'(2)~! are rational functions of z € C.
Recall 6, ; from (30).

Proposition 11. The matriz function lzu(,z)lﬂ(,z)_1 has the form

K m, mo
R S Scs IR SR WAL E!
p=1j =1

where R(z) is a dxd matriz function whose entries are rational functions of z with no poles inD. Moreover,
we have

Muhy - 1,.. K
L — {(p#) ﬁ(p#)pp‘,m,u 7£ Oa 14 € { ) ’ }7 (48)

h4(0) 05 me 7 0 w=0.
Proof. From (46), we have

K my
1
-1 — « _
—hy(2)h'(2) hu(z)po—l—;; Gy 2 hy(z 2)p;, Zz Thy(z 2)Po.;
= 7_6“)]‘ + Z_je[)d‘ +R<Z)7
p=1j=1 (2 = pu)? j=1

where R(z) is a d x d matrix valued function whose entries are rational functions of z with no poles in
D. In particular, we have 0o,m, = h4(0)p5 m, and Opm, = (Pu)™*hs(Pp)p)im,» 1+ € {1,..., K}. Since
po,mo 7 0 and hy(0) is invertible, we see that 6, # 0. Similarly, 0, ,,, # 0, p € {1,..., K}. O
Proposition 12. We have 3 | = Z“ 1 ZJ 1 (] DpnTIte, 5+ 3052 Ongr,500,5 for n € NU{0}. In
particular, B, = 25:1 o (J PRI, 5 for n > mg.
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Proof. By (47), Proposition 11 and Cauchy’s formula, we have, for n € NU {0},

K my mo
dC dC
B == [ e =325 e pamitn + 2 [ € g+ [ CROGE

p=1j=1

K my n

zz(-— )pu 10,43 e
pn=1j=1 J j=1
Thus, the proposition follows. O

Proof of Theorem 2. As in (8) with (9), we can write hy(z) ! in the form

hu(z - :_UO_ZZ J Opu,j Zz 00,5,

ul]l

where
L e NU {0},

r, € D\ {0}, ped{l,...,L}, Ty FE T, WFEY,
n, €N, pe{l,...,L}, ng € NU {0},

0u; €CA e {0,... L}, je{1,...,n,}, o € C¥*d,
Oumn, 70, pwe{0,...,L}.
We put rp := 0 and h; (2) := {hy(1/2)}*. We follow the argument in the proof of Proposition 12 above

by using B = — ["_e*{hy(e?)*} " h(c")df/(2m) instead of B = — [T _e*Ohy(e){n(e)*}~1db/(2T)
to calculate 3, ;. Then,

P11 = ZZ( > PTG Y Ong1hes,  n e NU{O}, (49)

pu=1j=1 j=1
where
A _ 1 1 dnﬂ_j n“hT —1h (Cd)(d L ; 1
v == M g (e T €€ e {0 L) G € (L,

‘We also obtain

)‘Mmu _ {(Tu)”uaun (Tu) #0, pef{l,...,L}, (50)

UO,no ( ) 7& Ov u= 0.

From Proposition 12 and (49), we have

K my mo ny o
Z Z ( ) n— j+19uaj+25n+l,j00,j = Z Z ( ) n— ]+1)‘HJ +Zén+1’j)\0’j7 n e NU{O}

p=1j5=1 j=1 p=1j5=1 Jj=1

In particular, ZM L G )PE 0, = Eu L2ty ()T A, for n > max(mo, no). This and
Proposition 1 yield K = L, p, = 7., mu = ny(u) and GM,J =Ny, for pe{l,..., K}, je{l,...,m,}
and some bijection f : {1,...,K} — {1,...,K}. We now have >>7" d,41,00; = ;2 0ns1,500, for
n € NU {0}, and this gives my = ng (as well as 6y ; = Ao, 7 € {1,...,mo}). Thus, (10) and (11)
hold with pg = o9 and pfm- = 0puyg 4 €10,...,K}, j € {1,...,m,}. Finally, we obtain (12) from
(‘)u’m“ = Af(u),mw (48) and (50) ]
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APPENDIX C. PROOFS OF LEMMAS 3 AND 5

To prove Lemma 3, we use the next proposition.

Proposition 13. For i,j,n € NU{0} and z,y € D, we have

S () (£ gty 3 (A () e
{ J r i (1 — zy)ititi—r’

£=0 r=0

Proof. Let i,j,n € NU{0} and 2,y € D. Since y"/(1 — zy) = Y0, z'y" ", we have

L (N (0N 4" N[O\ (O i e
w ) (32) -2 00 )x e

On the other hand, since (1/r!)(d/dy)"y"** = ("")y" "~ and

1 o\ " 1 i+j—r I i+j—r I .
Y T = —_— = -_ r
(j—r)! 8y (1 —zy)it! j—r ) (1—xzy)titi-r i (1 — xy)ititi-r’ 7=

we have
(O (o w10 gyt
iy \ Oy ox) 1-— gcy ' \oy/) (1—azy)tt
J 8 r , 1 6 j—r 1
— Z yn+z —
r=o \" dy G —n)! \oy (1 —zy)t
LN (i) (i Ty
= i (1 — gy)ititi=—r"
Comparing, we obtain the proposition. O

Remark 10. Notice that Proposition 13 with n = 0 implies
i i\ [(t+j—7 i Vit 7i IN[(i+5—7r i Vil
AU A N B A i A A v AN B N (e C e

Also, notice that ( )(lﬂz T) = (7{) (i+§7r).

Proof of Lemma 3. The proof is immediate from (16) and Proposition 13 with n = 0, and ¢ and j
replaced by ¢ — 1 and j — 1, respectively. O

Proof of Lemma 5. If n > mq + 1, then Proposition 13 yields, for p € {1,..., K}, i€ {1,...,m,},
K m . K m
- 7’L+£+]*1 (4 7,+17n+6 -

DIRCTES 95 91 ) of (R | GRSt Vi YR 9) o RCN I
v=1j=1 v=1 j=1

and
00 K m . K m
— ~ - n“rf“r]— i n Vfu,u. N~

S 0mne =33 ) (M P s - S

£=0 v=1j=1 v=1j=1

Thus, (25) and (26) follow. If mg > 1 and 1 < n < my, then, similarly, we have (27) and (28). d
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APPENDIX D. PROOF OF THEOREM 6

To prove Theorem 6, we first prepare some propositions and lemmas. Recall p,, from (14).

c CdedM

Proposition 14. For N € NU {0}, the matrizc (PN, PN+1;---, PN+M—1) is invertible.

Proof. For k € NU {0}, we define p(k) € CM by
p(k) = (1,1 (K); -+ D1y (R) 2,1 (K), -+ p2,ma (R)] - [prc 1 (R)s - -y i (F)) T

Then, by the definition of determinant, we have

det(pvaN+17 cee 7PN+M71) = {det(p(N)7p(N + 1)7 s 7p(N +M — 1))}d :
Since Proposition 1 implies that det(p(N),p(N 4+ 1),...,p(N + M — 1)) # 0, the assertion follows. O

The next proposition will be used in the proof of Lemma 19 below.
Proposition 15. The matrix A is positive definite. In particular, A is invertible.

Proof. Clearly, A is a Hermitian matrix. Suppose that vAv* = 0 for v € C'*?M_ Since vpep vt =
vpe(vpe)* > 0, we see that vp, = 0 for any ¢ € NU {0}. This implies v(po,P1,--.,Pm—1) = 0. Since
(Po,P1s---,Pym_1) € CIM*AM g invertible by Proposition 14, we have v = 0. Thus, A is positive
definite. O

Let Xj, = ["_e~*%(d0), k € Z, be the spectral representation of { Xy}, where 1 is a C?-valued random

— T
spectral measure. We define a d-variate stationary process {ej : k € Z}, called the forward innovation
process of {X}}, by

€k ::/ e *0n ()" 1n(dh), ke Z.
Then, {e1} satisfies (€,,,&m) = Onm g and V()foo)n] = V(‘ioom] for n € Z, hence

(Vo)™ = Viproy  nEL (51)

—oo,n]

We also define the backward innovation process {&; : k € Z} of {X} by

s

Ex ::/ e*0Lhy ()"} 1n(d), kel

—T

Then, {&,} satisfies (£,,&,,) = 6nmly and V[)_(n,oo) = V(é_oom for n € Z, hence

—n,00

For n € NU {0}, we define H,, : (V[X ))l — (V()Eooﬁu)l by

—n,00

o)t =Visrmyy  EZ (52)

an = P({m,,l]xy LRSS (‘/[X )l7

—n,00)

and Hy, : (VX )" = (VY

[—n,00

Pt = P, 26 (V)™

))l by

We denote by ||H,|| (resp., ||[Hn||) the operator norm of H,, (resp., Hy).
Proposition 16. For n € NU {0}, we have |[Hy| = ||[Ha|l < 1.

Proof. Let {X}, : k € Z} be the dual process of {X}}, which is a d-variate stationary process characterized
by the biorthogonality relation (X, X}) = 0;xl4; see Masani [14] and Section 5 in [11]. The process
{X}} admits the two MA representations X, = —> 7 jafenqr and X' = —>"7° a; &4k for n € Z.
Moreover, for the spectral density w of {Xx}, {X}.} has the spectral density w='. For n > 0, let

pn = sup{|(z,y)v]:z € VEL 1, ¥ € Vido lzllv <1, [lyllv <1}
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be the cosine of angle between V()_( ;07_71_1] and V[éf;o) (see, e.g., Treil and Volberg [17, 18], Pourahmadi
[16], and Bingham [4]). Since both w and w~! are continuous, hence bounded, on T, w~! satisfies the

matrix Muckenhoupt condition

(s fom) ™ G o)

where m is the normalized (m(T) = 1) Lebesgue measure on T and the supremum is taken over all
subarcs I of T. Therefore, by Treil and Volberg [17] (see also Peller [15], Arov and Dym [1], and Bingham
[4]), we have p, < 1 for n > 0. Since both —> 72 2*a}; = {h(z)*}™" and — ;- 2*a; = hy(2)~!
are outer (see, e.g., Katsnelson and Kirstein [12] and Section 2 in [11]), we see from (51) and (52) that
Vé(;o) = V[g’oo) — (‘/()Eoo,fl])l and that V()E;o,fnq] = V[iﬂ,oo) = (V[)fmoo))L, Therefore,

[0,
pn=sup{|(z,y)v]:z € (VE, )" v € (VEw )b llzllv <1, Hlyllv < 13 = [Hall = [Hal

(see Remark 11 below for the second and third equalities), so that |[H,|| = ||[Ha|| < 1 for n > 0, as
desired. d

sup
I

< 00,

Remark 11. For two closed subspaces A and B of a Hilbert space L, let P4 : L — A be the orthogonal
projection operator and P4|p the restriction of P4 to B. Then we have sup{|(z,y)|: z € 4, y € B, ||z| <
L llyll <1} = [[Pals|-

The next lemma plays a key role in the arguments below.

Lemma 17. For n > mg and k,£ € N U {0}, we have 3} ;. ., = p, I1,Ops, hence Buikier1 =
p;(11,©)"p,.
Proof. We have

i (n—|— k—l_g).’l,’j_l _ (1 +x)n+k+€ =(1 —|—I>k(1 —|—aj)é(1 +$)n

i{§<j—f—r);(i><ris>}le

j=1

j=1
e 7 7
L) EC)EE)
= = VT Y o ¢—1/\i—q
where we have used the substitutions i = r+1 and ¢ = s+1. Hence (”jf#) =37, (]EZ) 22:1 (qfl) (ifq)
for j € N. Since p, I1,0py, = p, II,, x Opy, this and Proposition 12 yield, for n > my,
I (N 1 n <A/ k
SERES 9 St S BN M R PR Sl R
; q—1 1 —q — \J — 1
p=11i=1 (g=1 Jj=t
K mu (] i
-y 3 k 3 l n prtirErl=ig
j—i g—-1)\i—q) ™" "
pn=1j=1 (i=1 q=1
K my
_Z ’I’L"‘k"’é n+[+k+lfj9 —ﬁ*
B j—1 DPu i = Prtk+e+1>
pn=1j=1
as desired. 0

For n € NU {0}, we define H, : {(V[)_(moo))J‘}d — {(1/()_(007_1])J‘}d by

Hyx = (Hpz',. . Hpzh) T, r=(z',.. ., 2H)T e (V[X )t
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and F, - (VX )M} = {5, )M} by
Hyx = (Huzt, ..., Hoz?)T, I L L= {(V()fooﬁl])J‘}d.

Then, by Lemma 4.2 in [11], we have, for {s;} € égfrd,

Hy, (Z S£5n+e+1> =- Z (Z Seﬁ;+j+z+1> s i, <Z 325@) == Z (Z 5£5n+j+£+1> Entjtl-
=0 £=0

=0 \¢=0 =0 \¢=0
(53)
Proposition 18. Forn > mg and v € C#Mx*d
H, (Z(UTPe)5n+z+1> =—> (v'ATIL,Op;)e;, (54)
=0 =0
H, (Z(vag)85> == (v AI1,0)"P,)én4jt1- (55)
=0 =0

Proof. First, we see from Lemma 17 that, for n > mg and j € NU {0},

Z UTﬁEﬂ:L+j+€+1 =v' (Z pzpz) I1,0p; = 'UTATHn@pJ*
£=0 £=0
This and the first equality in (53) yield (54). Next, we see from Lemma 17 that, for n > mg and j € NU{0},

S 0 el =" (Z pzpz> (IL,0)"P; = v A(IL,0)"P;.
=0

=0
This and the second equality in (53) give (55). O

Here is a key lemma.

Lemma 19. Forn > myg, both Iy — GnGr and Iy — Gn G are invertible and we have ZE‘;O(G”GH)’“ =
(IdM — GnGn)71 and ZZOZ()(GnGn)k = (IdM — GnGn)il, where (GnGn)O = (GnGn)O =T

Proof. We assume n > mg. It is enough for us to show that both > 32 ((G,G,)* and 3270 ((G,Gp)F
converge. We see from Proposition 18 that, for ¥ € N and v € C#M >4,

(Hnﬁ[n)k (Z(UTpf)ff@) = Z(UTA(énGn)k_léan@pj>5j7
£=0 =0

hence, for k € N and u, v € CMx4d,

<(anln)k (Z(vag)sg> ,Z(quj)sj> = v A(GnGn) G0 [ Y pip; | T =0T AGLGn)T,

=0 3=0 j=0

and similarly for & = 0. Since (H,H,)*z = (HoHn)*z", ..., (HoHp)rzh)T for z = (2!,...,29)7 €
{(I/()_(w_l])l}d, it follows from Proposition 16 that

> v MGG = <Z(Hnﬁn)’“ (Z@TW)E@) ,Z(quj)€j>

k=0 k=0 £=0 =0

converges as N — oo, for any u,v € C*? By choosing u;,v; € C*™*¢ (i = 1,...,d) so that
(u1,...,uq) = (v1,...,v4) = Iqn, we find that Z?;O A(G,,Gp)F converges. Since A is invertible by

Proposition 15, 3270 ((G,,G,)F also converges. Finally, from Zszl(Gnén)k =G, { kN:_Ol(énGn)k} G,
for N € N, 322 ((G,,Gy)F converges, too. O
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For n € N and k € NU{0}, the two sequences {bk ;15 € £45% and {bk ;}52, € £4%" are defined by the
recursions

oo

0 _ 2k+1 _ 2k 2k+2 2k+1

bn,j - 50»de7 bn,j - E bn,£6n+j+l+17 b E b Bn+]+£+1
=0

and

o0 o0

70 __ 72k+1 __ 12k % 72k+2 __ 72k+1

bn,j - 50’de7 bn,j = E bn,z5n+j+£+17 bn,j = E bn,z /Bn+j+€+1a
=0 £=0

respectively (see Section 4 in [11]).

Lemma 20. Forn > max(mg,1), k € N and j € NU {0}, we have

bi],cj "= pg (GnGy)F (I, 0)'p;, (56)
by = pg (G.G,)*1G,I1,,0p;, (57)
b fp0T<G G,)"'11,0p;, (58)
Bik _p(—l)—( e )k 1Gn(Hn@>*ﬁg (59)

Proof. We assume

n > max(mg, 1), and prove (56) and (57) by induction. First, from Lemma 17,
bn,j - Bn-&-]-&-l (H 6)*

.. Next, for k € N, we assume (56). Then, by Lemma 17,

by = Z ka B = ZPg(énGn)Ml(Hn@)*ﬁngﬂn@m
=0

= pg (GG, 1(11,0)* (me)H Op; = pg (G,G,)*H(11,0)*A 1L, Op;
=0

= poT (énGn)k71é7LHn®pj

or (57). From this as well as Lemma 17,

b2k+1 Z b2 gﬂn+g+l+1 pe (GG G110 (Z psz) (I1,0)"p,

=0
=Py (GnGp)" 'GLILOA(IL,0)*P; = py (GnGyr)"(11,0)"P,

or (56) with k replaced by k + 1. Thus (56) and (57) follow. We can prove (58) and (59) by induction
similarly; we omit the details. O

We are now ready to prove Theorem 6.

Proof of Theorem 6. By Theorem 5.4 in [11], we have ¢, ; = .2 {02, + ik;fljﬂ} for n € N,

je{l,...,n}, where ¢2F; := co 3,2 b2F,a;, 0 and (;52’”1 =0 pe Ob%+ ajteforn € Nand k, j € NU{0}.
2%k—1

Since bn_] = 00,514, we have ¢n] = ¢opay, ngn] =coaj+ > pe 1{¢2 + ¢rnjr1}- By Lemma 20, we have,
for n > max(mg,1), k € Nand j € {1,...,n},

o2 = copg (GnGn)"™ 1G I1,,0v; = copq (GnGn)*(11,0)*AT1L, 00,

(bikn lj+1 = CoPo (G G )k 1(Hn@) U’ﬂ—j-l‘l'

Therefore, thanks to Lemma 19, we obtain the theorem. ([l
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