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Chapter 1

Introduction

This chapter explains the problems associated with the mobility of the robot in a

human environment. Firstly, the discussion mainly consists of related works on some

robots designed to work with human and the method on how the robots can deal with

some features that commonly exists in a human environment such as narrow passages,

desks, and uneven terrains. Secondly, this chapter discusses some recent developments

of inverted pendulum robots, both two-wheeled and single-wheeled, and their potential to

be employed in a human environment.

1.1 Background
Recently, there is a growing interest in the development of robots that can operate

alongside people. This is because most of the robots cannot appropriately work in a hu-

man environment. Responding to the human environment is an essential ability for a robot

to operate alongside people. This includes climbing stairs unassisted, moving through a

congested area, and reaching the top of the desk, as shown in Figure 1.1. Numerous stud-

ies have investigated robot mobility to address stairs and narrow passage issues. Multiped

walking robots [1, 2, 3, 4], wheel-leg robots [5]-[8], crawler-type rescue robots [9], trans-

formable tracked robots [10, 11], hopping robots [12, 13, 14], and others [15, 16, 17] can

traverse narrow passages and stairs. However, most robots have a short structure and thus

they cannot reach objects that are typically located on desks.

Humanoid robots are considered ideal for operating in a human environment [18,

1
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Figure 1.1: Essential abilities for the robot to move in human environment.

19, 20]. Humanoid robots can effectively traverse stairs, just like humans, by utilizing

biped legs [21, 22] and can also move through narrow passages because they are built to

resemble the human physiology. Their legs can provide stability on pitch and roll axes,

and therefore, they can move stably across inclined terrain and side slope [23]. The tall

body of a humanoid robot aid it to conveniently interact with humans and other objects

such as desks or tables. Despite the many advantages offered by humanoid robots, their

design is complex and expensive because it requires many actuators and other electronic

components. Additionally, it is not necessary for a robot to locomote like humans, to

operate in a human environment.

Wheeled mobile robots, compared with legged robots, have a simple design and

relatively easy to control. They also have several advantages, such as reduced energy con-

sumption and increased velocity of motion [24]. Traditional four-wheeled mobile robots

can easily climb stairs that have deep step treads if they use wheels with diameters that are

relatively large compared to the riser of the step. However, these robots should have short

body structures because if they have tall body structures, they can roll backward when

climbing. There are some examples of four-wheeled mobile robots with tall body struc-
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Figure 1.2: Advantages and disadvantages of a self-balancing inverted pendulum
robot.
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Figure 1.3: The behavior of a conventional inverted pendulum robot.

tures but are capable of climbing stairs [25, 26]. These robots use a special mechanism

to maintain the center of gravity (COG), and therefore it can prevent them from rolling

backward when climbing stairs. However, this mechanism increases the complexity of

mobile robots and it requires additional actuators.

1.2 Related Works

1.2.1 Self-balancing inverted pendulum robot
A mobile robot based on a self-balancing inverted pendulum [27, 28, 29, 30] is a

type of robot that is suitable for operation in human environments because it has a long

vertical dimension and can travel through narrow passages, as shown in Figure 1.2. As

most of them require only one or two contact points to touch the ground, the robots can

have a slim build to move through congested human environments. The basic concept
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Figure 1.4: Single-wheeled robot advantage over two-wheeled when moving on a
side slope.

of the inverted pendulum robot to achieve the balance when moving on a flat surface is

by controlling the COG above the contact point, as shown in Figure 1.3(1) The inverted

pendulum mobile robots fall into three categories: two-wheeled [31], single-wheeled [32,

33], and ballbot [34]. Although considered suitable for operating in a human environment,

inverted pendulum mobile robots still need a dedicated mechanism for traversing stairs.

This is because, the robot may have a high inclination when attempting to ascend the stair,

and thus it is difficult to recover its stability after climbing, as illustrated in Figures 1.3(2),

(3), and (4).

1.2.2 Single-wheeled inverted pendulum robot
A single-wheeled inverted pendulum robot (hereinafter, single-wheeled robot) is

an inverted pendulum robot with a single contact point. This robot is statically unsta-

ble because a single wheel only gives one contact point, and thus requires two balanc-

ing mechanisms to achieve pitch and roll stability. While the wheel driving mechanism

can provide pitch stability, the robot must include a dedicated mechanism to provide

roll stability. Generally, there are two methods for providing roll stability. The inertia-
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wheel-based single-wheeled robot generates torque on the lateral axis by accelerating

or decelerating the inertia wheel [35, 36, 37, 38]. The spinning-flywheel-based single-

wheeled robot utilizes a constantly spinning flywheel to maintain stability on the lateral

axis [39, 40, 41, 42, 43]. This mechanism also offers an advantage in terms of producing

a high balancing torque, compared with that of the inertia-wheel-based single-wheeled

robot, but without using a high torque motor [41]. However, this mechanism requires two

motors for controlling the flywheel spinning rate and its precession rate. Because lateral

balance is actively controlled, it has the advantage of controlling lateral balance when

moving on a side slope or turning on slanted terrain [40], as shown in Figure 1.4(b).

1.2.3 Inverted pendulum robot capable of climbing stairs
Many studies have investigated the capability of an inverted pendulum robot to

climb stairs. Step-ascension modeling for a two-wheeled inverted pendulum robot by

considering the center of gravity (COG) was introduced in extent studies [44]. The robot

requires movement of the COG beyond the step corner to accomplish a climb. This results

in steep inclination during climbing, creating imbalance if there is another step immedi-

ately after climbing because the robot requires a wide space to stabilize the longitudinal

attitude. Stair-climbing by moving at a high speed was introduced [27]. Nevertheless, the

imbalance can occur when a wheel strongly bumps against the step rise. Step traversing

of an inverted pendulum robot using a special mechanism was developed in some studies.

Recently, there is a growing interest in the development of stair-climbing inverted

pendulum robots using a special mechanism. Strah and Rinderknecht [45] developed a

stair-climbing mechanism by using a double inverted pendulum. Although the robot they

used had four wheels, it can yaw its body using a set of two wheels installed in the front or

rear, and thus the motion is similar to a two-wheeled inverted pendulum robot. The robot

employs a state transition between self-balancing using front and rear wheels, and all

wheels come in contact with the ground to climb stairs. Ren and Luo [46, 47] developed

a stair-climbing mechanism for an inverted pendulum robot using a triangular module of

multiple wheels. The robot can rotate a pair of triangular modules on either side to climb
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upstairs and maintain balance at the same time. Yang and Bewley [48] developed a two-

wheeled robot with a rod-like leg mechanism in which the wheel axle can slide up the rod.

The robot can achieve self-balancing by using its wheel as reaction wheels when its rod-

like leg comes in contact with the ground. The robot employs a state transition between

leg-balancing, wheel-balancing, and self-uprighting to climb up a step. Matsumoto et

al., [49] developed the stair-climbing mechanism of inverted pendulum robot by using

a biped type leg-wheeled robot. To climb the stairs, the robot uses biped leg-wheeled

to climb the stair similar to human behavior traversing stairs. However, the robot has

complex structures. Bannwarth et al., [50] developed the inverted pendulum robot with

a reaction wheel. The reaction wheel is used to decrease the inclination when the robot

climbing stairs. Nevertheless, the experiment results showed that the robot can only climb

a low step. Some studies have developed inverted pendulum robots using a wheeled-

leg mechanism [49, 51, 52]. This mechanism has the potential to maintain the lateral

stability of the robot when it moves on a side slope by controlling the legs of the robot.

However, the robot requires a high-torque motor or a high-reduction-ratio gear system to

provide enough torque for the leg to support the weight of the robot. Additionally, some

of the robots that have been developed [49, 52] have complex structures because they

have several joints, and therefore require many actuators.

Takaki et al., [53] developed a stair-climbing inverted pendulum was developed

using a planetary mechanism. The mechanism comprises an actuator, an arm, a belt, and

a pulley and thus it is extremely simple. The function of the arms corresponds to moving

the COG while ascending stairs and thus it can move the COG without showing a steep

inclination. Figure 1.5 shows the proposed inverted pendulum robot prototype equipped

with a laser-displacement sensor.

Figure 1.6 shows the method used by the author’s stair-climbing inverted pendulum

robot [53] to climb a step. An arm is provided between a wheel and the body to enable

movement of the body. Figure 1.6(1) shows the self-balancing mode via active control

wherein the robot shows a contact point (point a) between the wheel and flat ground. The

stability is ensured by maintaining the COG above point a. Figure 1.6(2) shows the case

when the robot contacts a step corner. The rotation of the wheel is restrained because of
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Figure 1.5: Proposed Inverted Pendulum Robot Prototype Equipped with Laser-
Displacement Sensor.

the contact between the wheel and a step (point b). The robot is stable because the COG

remains in between the two contact points (a and b) although the arm is moving. Under

this condition, the arm lifts the body while the wheel remains intact with the step, and

thus the COG shifts while approaching the step corner. Figure 1.6(3) shows the robot

climbing the step when a contact point (point b) exists between the wheel and step corner

by rolling the wheel on the step corner. Stability is accomplished by maintaining the

COG above point b. Figure 1.6(4) shows the robot completely climbs the step. Balance is

maintained in the same manner as described in Figure 1.6(1). The concept facilitates the

step-climbing process because it is not necessary for the body to incline while shifting the

COG.

1.3 Outline of thesis
This thesis is organized into four chapters as follows. In chapter 1, the problems

associated with the mobility of the robot in a human environment is discussed, includ-
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Figure 1.6: Step-climbing behavior of the proposed stair-climbing inverted pendu-
lum.

ing the discussion about related works on some robots designed to operate in a human

environment and the method on how those robots address some obstacles and objects

that commonly exist in a human environment. This chapter also discusses recent de-

velopments of inverted pendulum robot and their potential to be employed in a human

environment.

In chapter 2, the control method of the proposed stair-climbing robot using a two-

wheeled inverted pendulum robot and the method to adjust the control parameters are

discussed. The control method and its control parameters are both considered to ensure

that the robot can traverse the stair and properly move in normal operation on a flat surface

without losing its stability. The control parameters play a vital role to achieve stability

both on normal operation and a climbing operation because a simple control method,

which is a state-feedback control, is employed in the robot.

In chapter 3, the concept of a single-wheeled robot capable of climbing stairs is pro-

posed. The robot is proposed to address the lateral stability problem on the two-wheeled

stair-climbing robot prototype. The new design and arm configuration are proposed to

provide a higher ground clearance to address the clearance problem when the robot mov-

ing on a lateral slope. The new driving mechanism is also proposed to ensure that a single

motor can drive a wheel and the new arm design without any additional actuator. Chapter

4, the final chapter, summarizes the contribution of this study and discusses future works.



Chapter 2

Motion analysis of a two-wheeled stair-climbing

inverted pendulum robot

In this chapter, the control method of the proposed stair-climbing robot using two-

wheeled inverted pendulum robot [53] and the method to adjust the parameter of the

controller are explained in detail. The robot uses the control method based on the state-

feedback controller with feed-forward constant. Although the control method is simple,

it can be used for stabilizing the body while moving on a flat surface and achieving stair-

climbing motion. The method to adjust the parameter of the controller is composed by

two consideration: the motion on a flat surface and motion on a step. However, the

performance of the control method is dependent on the control parameter. As the initial

step, the control parameter is determined based on the linearized dynamic model of the

robot on a flat surface. On the latter, the compatibility of the control parameter is verified

to ensures that it satisfies the condition for climbing. It is observed from the experiment

that the robot requires sufficient space for recovering stability after climbing a step. This

can cause the robot to fall down when the robot is climbing a stair given a narrow step

tread. To address this problem, I apply a constant torque while the robot is climbing.

The experiment and simulation results show that this method can reduce the distance for

recovering stability after climbing a step.

This study also shows the stability of the stair-climbing motion by analyzing the

orbital stability of its limit cycle [55]. The method can be used because stair-climbing

motion is considered as a periodic motion. The stability analysis is numerically performed

9
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Figure 2.1: Proposed planetary wheel mechanism

by simulating the stair-climbing motion. The stability analysis indicates that the limit

cycle of the stair-climbing motion is stable.

2.1 Two-wheeled stair-climbing inverted pendulum robot

prototype

2.1.1 Planetary wheel mechanism using differential mechanism
The stair-climbing inverted pendulum robot adopts a differential mechanism prin-

ciple to transmit power from single actuator into two outputs (i.e. the arm and wheel)

and thus the robot is extremely simple because the actuator is decreased. The differential

mechanism maintains a balance between the respective applied torques of the three inputs

or outputs.

The proposed mechanism is shown in Figure 2.1. As shown in Figure 1.6, the

concept is realized by the mechanism that consists of an arm, a belt, pulley 1, pulley 2,

shaft 1, shaft 2, and a wheel. Pulley 1 is fixed on shaft 1 and pulley 2 and the wheel are

fixed on shaft 2. Shaft 1 and shaft 2 are freely rotated with respect to the arm. Power is

generated by a motor that is installed on shaft 1. Power from shaft 1 is transferred to pulley

1 and transmitted to pulley 2 via a belt and thus it rotates the wheel. Let the torques of the

motor, arm, and wheel correspond to τm, τa, and τw, respectively. Specifically, R denotes

the reduction ratio between pulley 1 and pulley 2. The relationship between τm, τa,and τw,
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Figure 2.2: Proposed planetary wheel mechanism

is as follows [53]:

τm =
τa

R − 1 = −
τw
R
. (2.1)

The motion on the flat surface is shown in Figure 2.2(a). In this case, the self-

balancing of the inverted pendulum robot is achieved via a low motor torque τm. This is

possible because the slight inclination of the body is controlled by the small movement of

the wheel. Based on Equation (2.1), the low motor torque τm generates low torque on the

arm τa and thus it is unable to lift the body because the body is heavy.

The climbing motion is shown in Figure 2.2(b). In this case, the motor torque τm

is allowed to become extremely high without inducing a movement on the wheel. This

condition is possible because the wheel is restrained by contact with a step corner. When

τm increases, τa is also increases until it sufficient to lift the body. The use of this concept

enables control of the wheel and the arm via a single actuator by considering the existence

of the step. Therefore, the realization of a climbing and traveling motion is extremely

simple.

2.1.2 Hardware configuration
The robot is driven by two 120 W brushless motors (Maxon, EC 40). The motor is

controlled by motor drivers (DES 70/10, manufactured by Maxon) via a controller area
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network (CAN) bus from an external laptop computer (CF-T8, manufactured by Pana-

sonic). The robot is equipped with a three-axis attitude sensor (AMU-3002, manufac-

tured by Sumitomo Precision Products Co., Ltd.) and encoders to measure the rotation of

each wheel and arm. Two laser sensors are used to measure the stair’s riser surface angle

relative to the robot. In this system, a SICK DT-10 laser sensor is utilized. The sensor

can measures the distances ranging from 50 mm to 500 mm with an accuracy of ±1 mm.

The distance between the two sensors is 190 mm. The configuration of these sensors in

the robot is shown in Figure 1.5.

2.2 Motion on flat surface
This section focuses on the control method and the control parameter adjustment for

stabilizing the body while moving on a flat surface and achieving the step-climbing mo-

tion. First, I describe the control method and the control parameter adjustment using the

linearized dynamic model of the robot on a flat surface. Second, I describe the compati-

ble control parameter condition for achieving a step-climbing motion based on the static

balance of the robot on a step. Third, I describe the supplementary torque algorithm for

applying constant torque to reduce the stability recovery distance after climbing. Fourth,

I describe the control method for controlling the orientation of the robot towards the the

stairs. Fifth, I explain the method to implement stabilization control, orientation control,

and the supplementary torque for climbing in the robot. The stability of the step-climbing

motion realized by the proposed control method is discussed in section 2.2.3.

2.2.1 Dynamic model of the robot
The robot consists of three rigid bodies, namely the arm, body, and wheel, as shown

in Figure 2.3. To fully describe the motion, I select the generalized coordinates with

respect to the global fixed frame {N} that consists of the position coordinate P and angle

coordinate θ of each rigid body. Specifically, Pi = [Pxi Pzi]T denotes the COG position of

each rigid body in the x and z axes where index i, (i = 1, 2, 3) represents the index of the

rigid bodies, namely the body, arm, and wheel, respectively. Furthermore, θ = [θ1 θ2 θ3]T
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Figure 2.3: Robot coordinates on flat surface

consists of the body pitch θ1, arm angle θ2, and wheel angle θ3.

Let T , U, and F denote the kinetic, potential, and damping energy of the three rigid

bodies, respectively, andωi denotes the torque applied to each rigid body. The Lagrangian

equation of motion is as follows:

d
dt

(
∂T
∂θ̇i

)
− ∂T
∂θi
+
∂F
∂θ̇i
+
∂U
∂θi
= ωi. (2.2)

where T , U, and F are as follows:

T =
1
2

3∑
i=1

(
mi

(
Ṗxi

2
+ Ṗzi

2)
+ Iiθ̇i

2)
, (2.3)

U =
3∑
i=1

migpzi, (2.4)

F =
1
2
µ1(θ̇2 − θ̇1)2 +

1
2
µ2(θ̇3 − θ̇2)2. (2.5)

where mi and Ii denote the mass and inertia moment of the rigid bodies, respectively; g

denotes the gravity acceleration; and µ1 and µ2 denote the damping friction in shafts 1
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and 2, respectively. P1, P2, and P3 are governed by the holonomic constraints as follows:

P1 = P3 + L2[− sin θ2 − cos θ2]T + l1[sin θ1 cos θ1]T , (2.6)

P2 = P3 + l2[− sin θ2 − cos θ2]T , (2.7)

P3 = L3[θ3 1]T , (2.8)

where, L1, L2, and L3 denote the lengths of the body, arm, and radius of the wheel, respec-

tively. Additionally, l1 denotes the COG of the body with respect to shaft 2, and l2 denotes

the COG of the arm with respect to P3. The dynamic model of the robot is obtained via

expanding Equation (2.2) using Equations (2.3)-(2.8), arranged as follows:

M(θ)θ̈ + C(θ, θ̇)θ̇ + Dθ̇ + G(θ) = ω, (2.9)

where M(θ) ∈ R3×3, D ∈ R3×3, and C(θ, θ̇) ∈ R3×3 denote the symmetric inertia, viscosity,

and coriolis matrices, respectively, and G(θ) ∈ R3×1 and ω ∈ R3×1 denote the gravitational

force, and torque vectors in generalized coordinates, respectively. The component of each

matrix is given as follows:

M(θ) =


M11 M12 M13

M21 M22 M23

M31 M32 M33

 , (2.10)

D =


µ1 −µ1 0

−µ1 µ1 + µ2 −µ2
0 −µ2 µ2

 , (2.11)
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C(θ, θ̇) =


0 −m1l1L2c12̄θ̇2 0

−m1l1L2c12̄θ̇1 0 0

−m1l1L3s1θ̇1 (m1L2L3 + m2l2L3)s2θ̇2 0

 , (2.12)

G(θ) =


−m1gl1s1

m1gL2s2 + m2gl2s2

0

 , (2.13)

ω =


ω1

ω2

ω3

 . (2.14)

The components of the matrix M are expressed as follows:

M11 = m1l21 + I1, (2.15)

M22 = m1L2
2 + m1l22 + I2, (2.16)

M33 = m1L2
3 + m2L2

3 + m3L2
3 + I3, (2.17)

M12 = M21 = −m1l1L2c12̄, (2.18)

M13 = M31 = m1l1L3c1, (2.19)

M23 = M32 = −m1L2L3c2 − m2l2L3c2, (2.20)

where, si = sin θi, ci = cos θi, ci j̄ = cos(θi − θ j).

2.2.2 Relationship between torques in global coordinates and local

coordinates
The generalized torque ω expressed in section 2.2.1 represents the torque acting on

each element of the robot with respect to the global fixed frame {N}. However, the robot

only uses one motor torque τm. To obtain the relationship between ω and τm, I need to
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consider the angle vector with respect to the body frame {B}.

Let ϕ = [ϕ1 ϕ2 ϕ3]T denote the angle vector with respect to the body frame {B},

where ϕ1, ϕ2, and ϕ3 denote the angle of the body, angle of pulley 1 relative to the body,

and angle of the arm relative to the body, respectively. As shown in Figure 2.3, I obtain the

expression of body pitch angle θ1 and arm angle θ2 in local coordinate vectors as follows:

θ1 = ϕ1, (2.21)

θ2 = ϕ1 + ϕ3. (2.22)

The relationship between θ2, θ3, ϕ2, and ϕ3 by considering pulley 1 and wheel rotation

with the arm as a reference is as follows:

ϕ2 − ϕ3 = R(θ3 − θ2). (2.23)

Additionally, θ3 is obtained by substituting Equation (2.22) into Equation (2.23) and ex-

pressed as follows:

θ3 = ϕ1 +
1
R
ϕ2 +

R − 1
R

ϕ3. (2.24)

The relationship of θ and ϕ is arranged in a matrix E ∈ R3×3 form as follows:

θ = Eϕ, (2.25)

where, the component of the matrix E is obtained by considering Equations (2.21)-(2.24)

as follows:

E =


1 0 0

1 0 1

1 1
R

R−1
R

 . (2.26)

Let the actual applied torque that acted on the body frame {B} be τ = [τ1 τ2 τ3]T .
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The relationship between τ and ω is obtained through the principle of the virtual work as

follows:

[δθ1 δθ2 δθ3]ω = [δϕ1 δϕ2 δϕ3]τ. (2.27)

From Equation (2.26), the virtual differential displacements δθ1, δθ2, and δθ3 are ex-

pressed by δϕ1, δϕ2, and δϕ3 as follows:

[δθ1 δθ2 δθ3]T = E[δϕ1 δϕ2 δϕ3]T . (2.28)

Based on the configuration of the robot, the motor torque τm is applied on the ϕ2 co-

ordinate. Additionally, no torque is applied on the ϕ1 and ϕ3 coordinates. Therefore

τ = [010]Tτm. Subsequently, the relationship between ω and motor torque τm is obtained

from Equations (2.27) and (2.28) as follows:

ω = (ET )−1[0 1 0]Tτm. (2.29)

2.2.3 Control method for body stabilization
In this section, we discuss the state-feedback controller with a feed-forward con-

stant to stabilize the body on a flat surface. I desire stability around its equilibrium point

by linearizing Equation (2.9). By substituting Equation (2.29) into Equation (2.9), the

linearized dynamic model is obtained as follows:

M̃θ̈ + Dθ̇ + G̃θ = (ET )−1[0 1 0]Tτm, (2.30)

where M̃∈R3×3 and G̃∈R3×3 denote the symmetric inertia matrix and gravitational matrix,

respectively, wherein

M̃ =


M̃11 M̃12 M̃13

M̃21 M̃22 M̃23

M̃31 M̃32 M̃33

 , (2.31)
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G̃ =


−m1gl1 0 0

m1gL2 m2gl2 0

0 0 0

 , (2.32)

where,

M̃11 = m1l21 + I1, (2.33)

M̃22 = m1L2
2 + m1l22 + I2, (2.34)

M̃33 = m1L2
3 + m2L2

3 + m3L2
3 + I3, (2.35)

M̃12 = M̃21 = −m1l1L2, (2.36)

M̃13 = M̃31 = m1l1L3, (2.37)

M̃23 = M̃32 = −m1L2L3 − m2l2L3. (2.38)

It is difficult to determine the position of the robot from the wheel angle θ3 when

the shape of the ground is complicated because of the steps or when the wheel slips.

Furthermore, as shown in the dynamic model Equation (2.30), the components of M̃, D

and G̃ are independent from θ3. This implies that θ3 does not contribute to the stability of

the robot. Therefore, I select x = [θ1 θ2 θ̇1 θ̇2 θ̇3]T as the control variables. The control law

is designed as follows:

τm = −Kx + Kv, (2.39)

where K = [K1 K2 K3 K4 K5] denotes the feedback control gain and Kv denotes the feed-

forward constant for providing the reference input speed of the robot. The linearized

dynamic model is expressed in a state-space form as follows:

ẋ = Ax + Bτm. (2.40)
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A and B are described as follows:

A =

 O2×2 A12

A21 A22

 , (2.41)

B =

 O1×2

b

 . (2.42)

The matrices A12 ∈ R3×2, A21 ∈ R2×3, A22 ∈ R3×3, and b ∈ R1×3 represent the system. The

elements of the system matrices are described as follows:

A12 =

 1 0 0

0 1 0

 , (2.43)

A21 = −(M̃)−1G̃


1 0

0 1

0 0

 , (2.44)

A22 = −(M̃)−1D, (2.45)

b = M̃−1(ET )−1[0 1 0]T . (2.46)

The linearized closed-loop dynamic is as follows:

ẋ = (A − BK)x + BKv. (2.47)

To stabilize the robot, I use the pole-placement method to obtain K by ensuring all real

parts of the eigenvalues of A − BK are negative. From the system parameters that are

listed in Table 2.1, I use the heuristic method to select the pole as follows:

ι = [−2.53 ± 12.93i − 3.85 ± 5.62i − 5.71]. (2.48)
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Subsequently, I obtain K as follows:

K = [60.833 − 2.500 20.584 − 2.916 3.999]. (2.49)

The next issue is Kv. The addition of Kv will affect the steady state solution of

the closed-loop dynamics of Equation (2.47). It can be used to control the velocity of

the robot which is represented by the velocity of the wheel θ̇3. To use Kv as a velocity

controller, let Kv beGdθ̇3, whereG and dθ̇3 denote the feed-forward gain for compensating

the steady state of the wheel velocity and the desired wheel velocity, respectively. The

steady state of the closed loop system x(∞) is given by the following:

x(∞) = (A − BK)−1BGdθ̇3. (2.50)

The relationship between the steady state of the wheel velocity θ̇3(∞) and x(∞) is as

follows:

θ̇3(∞) = Cx(∞). (2.51)

where C = [0 0 0 0 1] denotes the output matrix to obtain the state of θ̇3. To satisfy

θ̇3(∞) = dθ̇3, G must be chosen as follows [54]:

G = −1/(C(A − BK)−1B), (2.52)

It must be noted that the result of (C(A − BK)−1B) is scalar. Using Equations (2.41),

(2.42), and (2.49) in Equation (2.52), I obtain G as 0.31.

2.2.4 Control method for controlling the orientation towards the step
In this subsection, I describe the control design for the xy-plane, which is utilized

for controlling the orientation of the robot. I consider two areas at which the robot at-

tempts to climb the stair. Area I is the area before climbing the stair and Area II is the

area after climbing the stair. Figure 2.5 illustrates the desired trajectory for climbing the
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Table 2.1: System Parameters
Mass m1 13.20 kg

m2 0.87 kg
m3 3.56 kg

Inertia I1 2.44 kgm2

I2 0.01 kgm2

I3 0.12 kgm2

Length L1 1.12 m
L2 0.19 m
L3 0.25 m
l1 0.56 m
l2 0.08 m
l3 0.25 m

Reduction Ratio R 3

stair with the different angles for the different steps by considering the target area.

Before ascending step: The robot encounters difficulties if it climbs the step with-

out adjusting its orientation towards the step. Moreover, The robot encounters difficulties

with respect to changing its orientation when the wheels make contact with the corners of

the steps. In contrast, if the wheels contact only the ground, it is easy to change the ori-

entation. Therefore, the robot needs to adjust the orientation before making contact with

the step. This requirement can be achieved by controlling its orientation by using a laser-

distance sensor that detects the angle of the step that is in the desired range. The defined

ranged of detection extends from 200 mm to 500 mm. Area I, which is shown in Figure

2.5, illustrates the operating area needed for adjusting the robot’s orientation towards the

step. The equation employed to obtain the stair’s riser surface angle is derived as follows.

To do so, I must consider a robot platform in the xy-plane, which is shown in Figure 2.4.

Let δψ denotes the angle of the robot relative to the normal vector of stair’s riser surface.

The distances between the robot and the stair’s riser surfaces, which are acquired from

the right and left sensors, are denoted by dr and dl, respectively. The distance between the

two sensors is denoted by l. Then, the angle of the robot relative to the stair’s riser surface

can be determined as follows:

δψ = tan−1(
dl − dr

l
). (2.53)
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Figure 2.4: Orientation Control Schematic.

After ascending step: After climbing the step, The robot’s orientation varies be-

cause of the climbing maneuvers. Nevertheless, the robot encounters difficulty while

adjust its orientation towards the next step if widths of the step are narrow. In addition,

there are several possibilities where the laser sensor cannot detect the angle of the next

step. To deal with this problem, the robot’s orientation must be controlled to be the same

as in a previous step angle after successful ascension. This condition can be achieved

by minimizing the orientation error between the robot’s orientation and the angle of the

climbed step. The angle of the climbed step is defined as the desired orientation ψd, which

is illustrated in Figure 2.5. The desired orientation can be obtained from the last recording

of the robot orientation while adjust the robot orientation towards the step.

Control law: Figure 2.5 shows an example of desired trajectory for climbing the

stair with steps having different angles. The robot detects each step and adjust its ori-

entation towards it. This first condition area is shown in Area I in Figure 2.5. After

successfully climbing the step, the robot then adjust its orientation towards the desired

orientation ψd, which is obtained from the robot orientation after successfully adjusting
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Figure 2.5: Desired trajectory for climbing the stair with an orientation error be-
tween the robot and step.

its orientation towards the step. The second condition area is shown in Area II in the first

step aisle, which is shown in Figure 2.5. Then, the robot continues to adjust its orientation

towards the next step, as illustrated in Area I. After adjusting the orientation towards the

step, the robot again adjust its orientation towards the desired orientation, as illustrated

in Area II in the second step aisle. In order to satisfy the desired trajectory, I design the

control law as follows. The torque τxy that is needed to minimize the orientation error e

is calculated as follows.

τxy = Kψe + Kψ̇ė, (2.54)

where Kψ and Kψ̇ are the proportional and derivative control parameter, respectively. e is

designed as follows.

e =


δψ, if 200mm < dr, dl < 500mm.

ψr − ψd, otherwise,
(2.55)

The states of the body pitch (ϕ1, ϕ̇1) can be obtained directly from the three-axis
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attitude sensor. However, the pulley rotation angle and the arm angle cannot be obtained

directly because the robot has two arms and two wheels, on the left and right sides.

For this robot, the angle and rotational velocity of each arm and motor are measured

separately by each encoder. These data are denoted by ϕ2r, ϕ2l, ϕ3r, and ϕ3l. The subscripts

of 2 and 3 indicate the arm and wheel, respectively, while the subscripts of l and r indicate

the left side and right sides, respectively: e.g., ϕ2r is the angle of the right arm. In order

to implement the control law described in section 2.2.3, ϕ2 and ϕ3 are defined as follows.

ϕ2 =
1
2
(ϕ2l + ϕ2r), (2.56)

ϕ3 =
1
2
(ϕ3l + ϕ3r), (2.57)

I assume that the motion of the robot is composed of two motions. The first is the robot

motion in the xz-plane, which affects its body attitude. The second is the robot motion

in the xy-plane, which moves the robot to the desired position and orientation in the xy-

plane. The following equations (2.58) and (2.59) are assumed to implement the control

laws in the xz-plane and xy-plane, respectively.

τr =
1
2
τxz +

L
2R
τxy, (2.58)

τl =
1
2
τxz −

L
2R
τxy, (2.59)

where τr and τl are the torques that are applied for the right and left wheels, respectively,

R is the radius of the wheel and L is the distance between the two wheels.

2.3 Motion on a step
Considering that the system has been stabilized when moving on a flat surface by

the controller discussed in section 2.2.3, the step-climbing motion can be realized by

making the robot move forward towards the step if the control parameter is correctly

adjusted. However, if I determine the control parameter merely based on the motion on a

flat surface, often the motor torque τm is not sufficient to force the wheel to climb over the
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Figure 2.6: Requirement torque to climb a step

step and/or lift the body before the wheel climbs over the step. Therefore, in this section

I discuss a compatible control parameter condition for realizing step-climbing motion.

2.3.1 Required Torque for Climbing a Step
This section discusses a required torque rτ to climb a step. Under this condition, the

wheel has two contact points; the contact point between the wheel and step corner Oc and

the contact point between the wheel and the base of the step, as shown in Figure 2.6(a).

I assume that the axis rotation of the wheel while climbing over a step is located at Oc.

This assumption holds if no slippage occurs in the contact point Oc.

Before I derive rτ, I need to consider the normal force Fc and angle mθ3 between

the wheel and base of the step, as shown in Figures 2.6(a) and (b). From the free body

diagram of the wheel shown in Figure 2.6(a), there are two forces acting on the wheel:

the gravitational force (m1 +m2 +m3)g that acts on the axle of the wheel and Fc. Under a

static condition, the torque equilibrium of the wheel with respect to the corner of the step

Oc is expressed as follows:

(Fc − (m1 + m2 + m3)g)L3 sin mθ3 = τw, (2.60)

where τw denotes the torque of the wheel. It must be noted that if the wheel is in contact

with the base of the step (Fc , 0), τw is equal to zero. Additionally, τw is considered as
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Figure 2.7: Relationship between h and rτm

the torque to rotate the wheel with respect to Oc. From Figure 2.6(b), mθ3 is obtained as

follows:

mθ3 = cos−1
L3 − h
L3

(2.61)

where h denotes the height of the step.

Here, rτ is considered as τw immediately before the wheel lift-off from the base of

the step, in which Fc approaches zero. By considering Equations (2.60) and (2.61), rτ is

obtained as follows:

rτ = (m1 + m2 + m3)g
√
2L3h − h2, (2.62)

Notably, rτ exists if h is less than L3. In the case where h > L3, the wheel cannot climb

over the step.

Equation (2.62) means that if τw exceeds rτ, the wheel starts to climb a step. For

simplicity, I define rτm as the motor torque τm required to climb a step. Given the reduction

ratio R, rτm is obtained by considering Equations (2.1) and (2.62) as follows:

rτm =
(m1 + m2 + m3)g

√
2L3h − h2

R
. (2.63)

Figure 2.7 shows the relationship between h and rτm.
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2.3.2 Required Torque for Lifting The Body by The Arm
To analyze the required motor torque τm to lift the body, I analyze the torque equi-

librium of the arm and body. In this analysis, I assume that the wheel is restricted by

a step and thus τm is distributed to the arm and body. Figure 2.8 shows the free body

diagram of the arm and the body. I define τm and τa at the torque equilibrium as eqτm and
eqτa, respectively. Let equilibrium angle θ1 and θ2 be eqθ1 and eqθ2, respectively. Under the

static condition, by considering the eqτm and eqτa in Figure 2.8, the following equations

are obtained.

l1m1g sin eqθ1 − eqτm = 0, (2.64)

(l2m2 + L2m1)g sin eqθ2 +
eqτa = 0. (2.65)

Therefore, as given in Equations (2.1), (2.64) and (2.65), the relationship among eqτm,
eqτa, eqθ1, and eqθ2 can be obtained as follows:

eqθ1 = sin−1
eqτm
l1m1g

, (2.66)

eqθ2 = sin−1
−eqτm(R − 1)
(L2m1 + l2m2)g

. (2.67)

To simplify the representation of eqθ1 and eqθ2, I represent them as the equilibrium angle

of eqϕ3, which is illustrated in Figure 2.8. eqϕ3 is given as follows:

eqϕ3 =
eqθ2 − eqθ1. (2.68)

Figure 2.9 shows the relationship between eqτm, eqθ1, eqθ2, and eqϕ3.

To assess the compatibility of the control parameter to lift the body, I compare the

motor torque τm generated by the controller to the motor torque equilibrium eqτm for lifting

the body. To simplify, I perform the analysis under a static condition which means all

acceleration and velocity terms are neglected. Additionally, I use the state of equilibrium

angles eqθ1 and eqθ2 to determine the motor torque τm. Therefore, the magnitude of the
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motor torque τm used in this analysis obtained from Equation (2.39) is as follows.

τm = −Keq
1 θ1 − Keq

2 θ2 + Kv, (2.69)

Here, I consider the case where the robot climbs a step with a height of h = 120

mm. As shown in Figure 2.7, the required torque rτm to climb the step corresponds to

12.4 Nm. Figure 2.10 shows the relationship between eqϕ3, τm and eqτm. In Figure 2.10, I

use eqϕ3 to simplify the representation of eqθ1 and eqθ2.
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When the controller uses the control parameter described in Equation (2.49) and Kv

is set to 1.25 Nm, τm is illustrated in the dashed line in Figure 2.10. It is observed that the

arm lifts up the body because τm always exceeds eqτm. This means, the τm generated by the

controller using this control parameter is sufficient to lift the body. For reference, because

the arm continues to rotate, as shown in Figure 2.10, τm will exceed rτm at eqϕ3 = 1.1 rad.

Thus, when the arm reaches this condition, the wheel also will start to lift-off from the

base of the step.

For comparison, as shown in Figure 2.10, the dash-dotted line is observed when

the robot uses 2/3 of the control parameter described in Equation (2.49). From the sta-

bility analysis using the dynamic model described in section 2.2.1, by using this control

parameter, the robot can achieve the stable body attitude when moving on a flat surface.

However, as shown in Figure 2.10, by using this control parameter, τm is lower than eqτm

when ϕ3 is greater than 0.37 rad. This means that the arm will stop to rotate after ϕ3

reaches the equilibrium point when eqϕ3 is 0.37 rad. As shown in Figure 2.10, in this

condition, τm cannot exceeds rτm, and thus the step-climbing motion cannot be realized.

This example shows that although I already select the stable control parameters for the

motion on the flat surface, these control parameters cannot satisfy the parameter condition

to realize the climbing motion.
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2.3.3 Supplementary Torque for Climbing Stairs
By using the control method described in section 2.2.3, the robot can climb a step

and return to the stable attitude if there is a sufficiently wide space after the robot climbs

a step, as shown in Figure 2.11(a), because the body is slightly inclined when the robot

climbs a step. In a human environment, a stair typically has a step with a narrow tread. In

this case, the robot has difficulty recovering to the stable attitude after climbing.

To address this problem, I consider applying a constant torque while climbing the

stair [53]. By adding the constant torque, the stability recovery distance l is expected

to decrease because, as described in free body diagram shown in Figure 2.8, the motor

torque τm generates a counter torque to force the body to incline backward.

I consider applying the constant torque to the robot immediately after the wheel

contacts the step. In this case, as shown in Figure 2.11(c), the body is inclining backward

and thus the robot is unable to climb the step. Therefore, the timing for applying the

constant torque is very important.

I consider applying the constant torque between the timing shown in Figures 2.11(a)

and (c), as illustrated in Figure 2.11(b). Thus, when the arm reaches an appropriate angle,

constant torque is applied to the motor. In this case, it is expected that the body inclination

while climbing decreases, and thus the robot can reach the stable attitude within a shorter

distance. I define the supplementary torque τs algorithm as the addition of the constant

torque in this timing. To include τs in the control method, Equation (2.39) is modified as

follows:

τm = −Kx + Kv + τs ∧ |τm + Ks| > |rτm|. (2.70)

Notably, after the addition of constant torque, τm must be higher than rτm.

I introduce three variables to apply the supplementary torque τs algorithm, namely

the magnitude of the supplementary torque Ks, top threshold ϕt, and bottom threshold ϕb

[53]. The sequences of the supplementary torque algorithm τs are described as follows.

τs is set to Ks when the arm angle ϕ3 reaches ϕt. Under this condition, motor torque τm

abruptly increases after Ks is included and it is expected that the robot climbs a step. After
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the robot successfully climbs a step, ϕ3 is expected to decrease. As ϕ3 reaches ϕb, τs is

set to zero. Therefore, τs has the following update rule:

if τs = 0 ∧ |ϕ3| ≥ |ϕt| then update τs to Ks.

if τs = Ks ∧ |ϕ3| ≤ |ϕb| then update τs to 0.

else do not update τs. (2.71)

It is difficult to analytically determine Ks, ϕt, and ϕb because I did not derive the

dynamic model of the robot while climbing the step in this study. Therefore, we use a

heuristic method to determine compatible Ks, ϕt, and ϕb values for climbing a stair. I will

show the effectiveness of τs by describing the relationship of Ks with the stability recov-

ery distance l using the simulation. Additionally, I will show the effectiveness of τs via

the experiment described in section 2.5. To show the effectiveness of the supplementary

torque τs algorithm, I compare the relationship between the magnitude of the supplemen-

tary torque Ks with the stability recovery distance l. The stability recovery distance l is

defined as the distance required for the robot to achieve a stable attitude after climbing

with respect to a step corner. To obtain l, I simulate the robot climbing a single step with

a height of 12 cm. The simulation of stair-climbing of inverted pendulum robot is built

in an Open Dynamics Engine environment, as shown in Figure 2.12. The relationship of

l with the magnitude of the supplementary torque Ks is plotted in Figure 2.13. From

Figure 2.13, it can be understood that the τs algorithm can minimize the stability recov-

ery distance l. The trend of Figure 2.13 shows that as Ks increase, l tends to decrease.

However, at some Ks, the value of l contradicts the trend of Figure 2.13.

To show the effectiveness of the τs algorithm on climbing the stair, I compare the

stair-climbing simulation with and without the τs algorithm. In the simulation with the

τs algorithm, I select the magnitude Ks as 7.2 Nm. The comparison is completed by

simulating the robot to climb stairs consisting of 10 steps with the height of the step as

12 cm and various lengths of step tread. I qualitatively compare the data by indicating

whether the robot can climb the stair or not as shown in Figure 2.14. Figure 2.14 shows

the result that with the τs algorithm the robot can climb the narrower step tread compared
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Figure 2.11: Motion of climbing a step with the supplementary torque

Figure 2.12: Simulation of the robot in Open Dynamics Engine (ODE) environment.

to the result without the τs algorithm.

2.4 Stability analysis of climbing stairs
Goswami et al. showed the method to analyze the stability of the cyclic motion

of a nonlinear system by studying the fixed point stability in the Poincaré map [55]. The

method is suitable for analyzing the stability of stair-climbing motion because it is consid-
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ered a cyclic motion. The climbing motion is stable if the robot can return to the original

cycle trajectory even if the perturbation is included in the motion. This implies that the

solution of y(t) and the next periodic solution y(t+δ) on the same maneuver are near each

other.

In this analysis, I define the Poincaré section Σ as the state of the recurrence motion

when the axle of the wheel is in line with the step corner as shown in Figure 2.15(a).

Let yk and yk+1 define the state vector of the robot in the Poincaré section Σ at k-th and

k+1-th step corner, respectively. By defining the function L(x) as the mapping function

of the recurrence motion on the Poincaré section Σ, I can define the state vector of yk+1 as
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Figure 2.15: (a) Considered state in limit cycle analysis and (b) Poincaré mapping.

follows:

yk+1 = L(yk), (2.72)

where y = {ϕ1, ϕ3, ϕ̇1, ϕ̇2, ϕ̇3} denotes the state vector of the robot.

The limit cycle Γ is defined as the whole step-climbing motion sequence where the

trajectory of yk+1 will return near the vicinity of yk. For simplicity, I define the recurrence

of the state vector yk in the limit cycle Γ at the Poincaré section Σ as fixed point y∗, which

is shown in Figure 2.15(b). Thus, Equation (2.72) is expressed as follows:

y∗ = L(y∗). (2.73)

The stability analysis of a limit cycle Γ can be completed by perturbing ∆y∗ on a

fixed point y∗. The mapping function L with a perturbation ∆y∗ can be expressed using

Taylor expansion series as follows:

L(y∗ + ∆y∗) = L(y∗) + ∇L∆y∗

≈ y∗ + ∇L∆y∗, (2.74)

where ∇L denotes the first-order partial derivatives of the mapping function L. The cyclic

mapping of L is considered as stable if the return map of the perturbed state converges
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to the fixed point y∗. This condition is mathematically satisfied by ensuring that the

eigenvalues of ∇L at fixed point y∗ are strictly less than one. It is difficult to analytically

obtain ∇L and thus it is numerically obtained. To do so, we use a simulation of the

robot climbing stairs composed of 25 steps with a width of 40 cm and a height of 12

cm. I use the same control parameter described in section 2.2.3 with the magnitude of the

supplementary torque Ks being 7.2 Nm.

The first step of the stability analysis is to determine the fixed point y∗ of the stair-

climbing motion in the simulation. From the simulation, I found that each value of the

state vector of y3 and y4 are similar. Thus, I select the state vector of y3 as the fixed point

y∗. From the simulation, the y∗ is obtained as follows:

y∗ = [0.118 − 0.947 1.160 − 15.635 − 2.554]T . (2.75)

The second step of the stability analysis is to perturb y∗ to observe the mapping

of the perturbed state L(y∗ + ∆y∗). Because I select the state vector of y3 as the fixed

point, I add a small perturbation to the state of the robot when the axle of the wheel is in

line with the third step corner. In one simulation, I add a small perturbation to a single

state of y3. Because y
∗ consists of five states, I repeat this procedure five times to perturb

each state. The perturbed state L(y∗ + ∆y∗) is obtained from the state vector of y4. Let

∆y∗ = [∆ϕ1∆ϕ3∆ϕ̇1∆ϕ̇2∆ϕ̇3] where ∆ϕ1,∆ϕ3,∆ϕ̇1,∆ϕ̇2, and ∆ϕ̇3 are the perturbation state

variable ϕ1, ϕ3, ϕ̇1, ϕ̇2, and ϕ̇3, respectively. I selected ∆y∗ that added in the simulation as

∆y∗ = [−0.5 − 0.5 − 0.5 − 0.5 − 0.5]. To find ∇L using this method, Equation (2.74) can

be modified as follows:

∇LΩ = Ψ, (2.76)

where

Ω = ∆y∗I, (2.77)

I ∈ R5×5 and Ω ∈ R5×5 denote the identity matrix and perturbed matrix, respectively, in



36 CHAPTER 2. MOTION ANALYSIS OF A TWO-WHEELED STAIR-CLIMBING INVERTED PENDULUM ROBOT

which diagonal entries represent the perturbation of the state variables ∆y∗. The entry

data of the i-th column of Ψ ∈ R5×5 represent the differences between the state vector y3

and y4 at the i-th simulation. For example, in the first simulation, I only perturb one

state by adding the perturbation ∆ϕ1 to state ϕ1. The entry data of the first column of Ψ

represent the subtraction of y4 by y3 (y4−y3) obtained from the first simulation. Assuming

that Ω is non-singular, ∇L is obtained as ∇L = ΨΩ−1. From the simulation, I obtain ∇L

as follows:

∇L =

0.002 0.006 0.008 0.006 0.002

−0.068 −0.466 −0.256 −0.437 −0.439

0.106 0.199 0.168 0.175 0.239

−0.746 −2.337 −1.132 −0.832 −3.367

0.146 0.537 0.124 0.279 0.670


, (2.78)

with eigenvalues ϵ = [−0.6830.3960.009−0.09+0.059i−0.09−0.059i]T . The eigenvalues

are plotted in Figure 2.16. Their absolute values correspond to 0.683, 0.396, 0.009, 0.597,

and 0.597, which are less than 1. From these eigenvalues, I can conclude that the step-

climbing motion cycle is stable because the finite perturbation along the state reduces to

a zero perturbation in the first return map.

Using the same procedure, I performed stability analysis in the simulation with-

out using the supplementary torque algorithm. The absolute eigenvalues correspond to

5.524, 1.151, 0.800, 0.047, and 0.009. Two of the absolute eigenvalues are greater than

1 and thus I can conclude that the simulation without the using of supplementary torque

algorithm is unstable.
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2.5 Experiment

2.5.1 Climbing Stairs with and without Supplementary Torque
This section presents the experimental results of the robot climbing the stairs. I

conducted two experiments, with and without the supplementary torque τs algorithm, to

verify the robot’s performance in climbing the stairs. During the experiment, I used the

same robot as that in [53], and it was made to climb a stair replica that consisted of four

steps. The tread width and riser height of each step was 40 cm and 12 cm, respectively.

Snapshots from the footage of the robot climbing the stair replica with and without τs are

shown in Figures 2.17(a) and (b), respectively.

First, I discuss the experiment result of the robot climbing the stair with τs as shown

in Figure 2.18(a). Figure 2.18(a1), (a2), (a3), and (a4) shows the motor torque τm, body

pitch angle ϕ1, pulley 1 velocity ϕ̇2, and arm angle ϕ3, respectively, for the robot during

the experiment.

Highlight I: It shows the states of the robot while attempting to climb the stairs. As

shown in Figure 2.18(a1), the motor torque τm increased. Additionally, as shown in Figure
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(a)

(b)

Figure 2.17: Snapshots of the stair-climbing inverted pendulum robot ascending the
stair

2.18(a4), the arm lifts the body because the arm angle ϕ3 increases. Furthermore, notably,

the body pitch angle ϕ1 is maintained at less than 0.15 rad as shown in Figure 2.18(a2).

Therefore, it is possible to move the position of the COG without the occurrence of high

tilting of the body.

Highlight II: It shows the application of the supplementary torque τs algorithm. During

this period, τs is set to Ks when the arm angle ϕ3 reaches the top threshold ϕt. As shown

in Figure 2.18(a1), an abrupt change is observed in the motor torque τm. When the robot

successfully climbs the step, ϕ3 returns to the initial condition until it reaches the bottom

threshold ϕb. At this point, τs was set to zero.

Highlight III: It shows the period of the robot when the body pitch angle ϕ1 and the arm

angle ϕ3 return to the state prior to climbing the step. Fig 2.18(a) shows that the proposed

control method enables the robot to climb the stair replica. The time required for climbing

a single step is approximately 1.8 s.

Next, I discuss Figure 2.18(b) where (b1), (b2), (b3), and (b4) show comparisons

of τm, ϕ1, ϕ̇2, and ϕ3, respectively, between the experiments with and without τs. The

dotted line denotes the experimental data without τs. The results indicate that the robot

successfully climbed two steps before it failed to climb the third step.
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Figure 2.18: Experimental results when the robot ascended the stair.

From (b1), it is observed that the maximum torques τm during climbing are similar.

Therefore, the arm lifts up the body as shown in (b4). However, as shown in (b2), the

maximum body pitch ϕ1 without τs is 0.17 rad while it is 0.13 rad when τs is used.

In (b3) without τs, the velocity ϕ̇2 is higher than that during the experiment with τs

because of the high inclination of the body pitch ϕ1 that remained after climbing, which

caused the robot to move forward at a high speed. This condition caused the robot to

bump toward the next step and this occasionally caused it to fall as shown when the robot

climbed the second step.

As a reference, readers are invited to view the video of the experiment. This com-

parison indicates the effectiveness of the proposed supplementary torque τs approach for

climbing narrow steps. The supplementary torque τs reduces the body pitch inclination

while climbing and this reduces the needed space for stabilizing after climbing.
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Figure 2.19: The snapshots of the robot climbing a curved staircase.

2.5.2 Climbing Curved Stairs
The inverted pendulum robot is required to ascend four steps with a curved staircase

at the first two steps. The height of step riser is 12 cm. The snapshots of the robot climbing

configuration of the staircase is shown in Figure 2.19.

The yellow and red highlights in Figures 2.20(a), (b), and (c) show the robot’s

condition when controlling its orientation angle and ascending the steps, respectively. As

shown by the red highlights in Figures 2.20(a) and (b), the inclination and arm angle of

the robot increased when the robot ascending the stair and return to its stable attitude

after ascending it. This implies that the robot can manage to climb the curved staircase

without losing its stability. As shown by the yellow highlights in Figure 2.20(c), the robot

controlled its orientation, indicated by red line, to the desired orientation that is indicated

by blue line. The desired orientation was obtained from the laser sensor installed in the

robot. From this experiment, I can conclude that the robot can ascend the curved staircase

with the proposed control method.

2.6 Concluding Remarks
This study presented the control of a two-wheeled stair-climbing motion for stabi-

lizing the body while moving on a flat surface and achieving step-climbing motion. The

control method is designed based on a state-feedback controller with a feed-forward con-

stant. Although the control method is simple, it can stabilize the body and also achieve

step-climbing motion. The effectiveness of control method is dependent on the control

parameter. I used the dynamic model of the robot on a flat surface as an initial step
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to determine the control parameter. The control parameter determined from the initial

step must satisfy the compatible condition for climbing which is obtained from the static

balance of the robot on a step. The supplementary torque algorithm is used to reduce

the stability recovery distance. Numerical limit cycle analysis is performed to analyze

the stability of the robot performing a step-climbing motion using the proposed control

method. The result indicated that the step-climbing motion completed by the robot using

the proposed control method is stable. Two experiments, with and without supplementary

torque, were performed to verify the performance of the robot climbing the stairs. Dur-

ing the experiment without supplementary torque, the robot fell down after climbing two

steps. In the experiment with supplementary torque, the robot successfully climbed four

steps with the climbing rate of single step is approximately 1.8 s.
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Figure 2.20: Experimental results of (a) pitch angle, (b) arm angle, and (c) orienta-
tion angle of the robot climbing a curved staircase.



Chapter 3

Development of a single-wheeled robot capable

of climbing stairs

In this chapter, I explain the concept of the proposed stair-climbing robot using a

single-wheeled inverted pendulum robot platform. The climbing mechanism is inspired

by the mechanism used on a two-wheeled stair-climbing robot [53], which employed a

wheel and an intermediate arm that enable the robot to climb stairs while maintaining a

stable attitude. However, this climbing mechanism provides a lower ground clearance,

which can influence the movement of the robot on a side slope. Therefore, I design the

new configuration of a climbing mechanism for a single-wheeled inverted pendulum robot

that provides a higher ground clearance.

Most of the stair-climbing robots require additional actuators to drive a dedicated

mechanism for climbing stairs. So, I propose the use of a differential mechanism to

drive the dedicated mechanism for climbing, using only a single actuator that drives the

wheel of the robot. With this mechanism, the robot can self-distribute the torque, both

on the wheel and intermediate arm, depends on the topography of the ground. Thus, the

robot can automatically move the intermediate arm when climbing the step without using

additional actuator and control method. The mechanism is simple, comprised of a belt-

pulley mechanism and a harmonic drive. The mechanism offers advantages in reducing

the cost of manufacturing, and also reducing the complexity of the structure and control

method.

43
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Figure 3.1: The step-climbing behavior of a conventional inverted pendulum robot.

3.1 Step-climbing motion of inverted pendulum robot
Takaki et al. [53] described the step-climbing behavior of an inverted pendulum

robot. It consists of four stages, as described in Figure 3.1. The first stage is the behavior

of moving on flat ground while maintaining stability. The method to achieve this behavior

has been well-developed in recent years. The second stage is the condition where the

wheel rotation is restricted at the base of the step. The third stage is the climbing condition

where the wheel is lifting off from the base of the step. At this stage, the robot is required

to incline in a specific configuration [44] for shifting its COG above the step corner to

maintain a stable attitude while climbing. The fourth stage is the condition where the

robot has to recover its stability after climbing. At this stage, in most of the cases, the

robot fails to recover its stability because it inclines at a high angle during the third stage.

Takaki et al. [53] proposed a mechanism for shifting the COG of the robot using an

intermediate arm. The proposed robot uses the arm to lift the main body towards a step

corner. By lifting the main body using the arm, the robot can reduce the inclination angle

before climbing, as shown in Figure 3.2(a). Thus, the robot can easily recover its stability

after climbing a step, unlike the conventional inverted pendulum robot, which requires a

high inclination angle for climbing, as shown in Figure 3.1. However, this configuration

is not suitable for a single-wheeled robot because it has low ground clearance, as shown
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Figure 3.2: The stair-climbing inverted pendulum robot proposed by Takaki et al.
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Figure 3.3: Design of arm and body with a single arm.

in Figure 3.2(b). Therefore, I design a new configuration of a robot with an intermediate

arm that provides high ground clearance that is suitable for a single-wheeled robot. The

configuration is discussed in detail in the next section.

3.2 The configuration of the robot with an intermediate

arm
To provide high ground clearance, I consider the configuration of the robot shown

in Figure 3.3(a), which consists of two bodies, a wheel, and a single intermediate arm.
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This configuration provides high ground clearance because, unlike the previous robot

[53], the arm joint (joint #1) is located higher than the wheel axle (joint #2). With this

configuration, the robot requires at least two actuators to drive the wheel and the arm to

realize the step-climbing motion. However, if the robot uses two actuators, the attitude of

body #2 must be actively controlled by the motion of the arm because body #2 can rotate

freely rotate on joint #3. This problem is similar to the pendubot control problem, which

can be resolved by using a linear state-feedback controller [56].

Here, I consider the motion of the robot while lifting body #2, as shown in Figure

3.3(b). According to Sponge et al. [56], as the arm angle θa approaches (1/2)π, control-

ling body #2’s attitude becomes more difficult because the balancing range of body #2 is

reduced. Therefore, the possibility of body #2 rotating at joint #3 is increasing while the

arm is lifting it. The simple method to cope with this problem is by installing the actuator

to control the attitude of body #2, as shown in Figure 3.3(c). However, this increases the

complexity of the robot’s structure and its manufacturing cost

To solve the previous problem I consider the use of two arms, with an identical

length of La, to form a single-parallelogram linkage between bodies #1 and #2, as shown

in Figure 3.4(a). Arm #1 is driven by the actuator to lift body #2, as shown in Figure

3.4(b). Arm #2 is a passive arm which connects two revolute joints, joint #2 and joint #4,

on bodies #1 and #2, respectively. The lengths between arm joints, Lp, in bodies #1 and #2

are identical. With this configuration, the robot does not require the additional regulatory

control or actuator to control body #2’s attitude because it is not possible to rotate freely

on joint #3. However, this arm configuration has singularity when arm #1 and arm #2 are

aligned. Here, I consider a problem where the robot with a singularity configuration is

inclining as shown in Figure 3.4(c). Because the robot has a tall dimension, the COG of

body #2 is considered high. Thus, when the robot is slightly inclining, gravitational force

can cause body #2 to rotate at joint #4. To understand this problem, I consider the torque

equilibrium of body #2 with joint #4 as a pivot point, as shown in Figure 3.4(d). The

torque acted on body #2 τb, with joint #4 as a pivot point, is obtained from static torque
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Figure 3.4: Design of arm and body with two arms.

analysis as follows:

τb = mbgx − fa2L f , (3.1)

where, mb, g, and x denote the mass of body #2, the gravity acceleration, and the moment

arm of the gravitational force applied on body #2, respectively, and fa2 and L f denote

the internal force on joint #3 and the moment arm of fa2, respectively. The moment arm

L f is defined as L f = −Lp sin(θa + θb), where angle θa and θb denote the arm angle and

inclination angle of the robot, respectively. From the definition, in the case where the
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robot is inclining, as shown in Figure 3.4(c), the moment arm L f becomes zero because

θa is equal to −θb. In this case, body #2 can rotate on joint #4 because fa cannot provide

the support to counter the torque induced by the gravitational force on body #2. If this

problem emerges, the configuration of the parallelogram linkage can change into an anti-

parallelogram, as shown in Figure 3.4(e).

To address this problem I consider modifying the arm configuration into a double-

parallel-linkage configuration. Here, I modify the shape of arm #1 and arm #2 into an L-

shaped arm, which provides two moment arms perpendicular to each other. The form of

a double-parallel-linkage configuration can be constructed by connecting the secondary

moment arm, in both arms, with the auxiliary link, as shown in Figure 3.5(a). Figure
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Figure 3.6: Climbing motion using proposed arm configuration.

3.5(b) shows the robot configuration with a double parallel linkage arm. With this con-

figuration, the rotations of arm #1 and arm #2 are always synchronous though they are

not aligned. This is because the auxiliary link can provide a torque distribution on both

arms when the primary moment arms on both arms are aligned, as shown in Figure 3.5(c).

Therefore, the arm and body configuration can be maintained in a parallel configuration.

The arm configuration with an auxiliary link has a limited rotation range because,

as shown in Figure 3.5(d), the auxiliary link intersects with joint #1 or joint #2. This

problem may cause the auxiliary link to hit the shaft on joint #1 and joint #2. To increase

the rotation range of the arm configuration, I modified the shape of the auxiliary link into

an L-shaped support link, as shown in Figure 3.5(e).

The motion of the robot climbing a step using the proposed parallel arm linkage

configuration is shown in Figure 3.6. With this configuration, the robot is required to drive

the wheel and the parallel arm to achieve a step-climbing motion. If the robot utilizes two

actuators for driving the wheel and the parallel arm, the robot becomes more complex and

expensive. To overcome this problem, I propose a driving mechanism in which a single

actuator can drive both the wheel and the parallel arm to achieve a step-climbing motion.

The structure of the proposed driving mechanism applied to the robot will be discussed

in section 3.3.
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Figure 3.7: The three operation modes of a harmonic drive.

3.3 Differential driving mechanism
The differential mechanism can resolve one input into two outputs by maintaining

the balance of applied force or torque, depending on the external constraints and loads

[57]. Based on this terminology, I design the proposed driving mechanism using the dif-

ferential mechanism for driving the wheel and parallel arm with a single actuator. Next, I

describe the structure and design of the proposed driving mechanism using the differential

mechanism.

3.3.1 Structure of driving mechanism
The proposed driving mechanism uses the harmonic drive as the primary compo-

nent of the differential mechanism in a gear-based form. The harmonic drive consists of

three input/output ports: the wave generator, the flex spline, and the circular spline as

shown in Figure 3.7. In the proposed driving mechanism, the differential mechanism is

constructed by configuring the harmonic drive as a floating differential gearing with the

wave generator as the input port, and the flex spline and circular spline as the output ports.

With this configuration, the harmonic drive has three operation modes [58] as shown in

Figure 3.7.

Figure 3.8 shows the composition diagram of the proposed driving mechanism.
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Arms #1 and #2 are attached on shafts #1 and #2, respectively. Pulley #1 is attached to

the wheel, and they are both mounted on the wheel shaft. The belt is used to transmit the

power from pulley #1 to pulley #2. All shafts are mounted on the frame of body #1.

Figure 3.8(b) shows the power transmission configuration using harmonic drive as

a floating differential gearing. In the proposed driving mechanism, I define the input shaft

as the input, and the parallel arm and wheel as the outputs. The input shaft is installed on

the wave generator port to provide the power input. Shaft #1 and pulley #1 are attached

to the flex spline and circular spline ports, respectively. This configuration enables the

harmonic drive to transmit the power from the input shaft to the two outputs, which are

the parallel arm and wheel.

The actual motion of the proposed driving mechanism is explained as follows:

Driving the wheel on a flat surface: Figure 3.9(a) shows the motion of the robot moving

on a flat surface. I assume that body #2, which is mounted on the parallel arm, is heavy.

Thus, the robot requires a high input torque, τin, to lift body #2. However, when the body

has a low inclination, the input torque, τin, required for maintaining a stable attitude is

lower compared to the input torque required for lifting body #2. Under this condition,

with the low input torque τin, the robot can maintain a stable attitude by driving its wheel

without moving the parallel arm to lift body #2. This condition corresponds to the op-

eration mode of the harmonic drive with the fixed flex spline, as shown in Figure 3.7(b).

Therefore, in this driving mode, the input torque τin from the input shaft is transmitted to
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Figure 3.9: Motion of the proposed mechanism.

the circular spline for driving the wheel.

Driving the parallel arm at the base of the step: Figure 3.9(b) shows the motion

of the robot when the wheel contacts the step riser. Under this condition the wheel rotation

is constrained by the step. I assume that the τin for rotating the wheel to climb the step

is higher than the τin for lifting body #2. Because the wheel rotation is constrained, it

is possible for τin to increase without rotating the wheel. As τin increases, the parallel

arm can rotate to lift body #2. This condition corresponds to the operation mode of the

harmonic drive with the fixed circular spline, as shown in Figure 3.7(c). Therefore, in this

driving mode, the input torque τin from the input shaft is transmitted to the flex spline for

driving the arm.

Climbing a step and recovering stability: Figure 3.9(c) shows the motion of the

robot when it climbs a step and recovers stability after climbing. Under this condition,

τin tends to drive the wheel to climb over the step than driving the parallel arm to lift

the body. This tendency is because τin is already sufficient to rotate the wheel over the

step, and the required torque for lifting body #2 to a higher angle is higher compared with

the required torque for rotating the wheel over the step. This condition corresponds to

the operation mode of the harmonic drive with the fixed flex spline, as shown in Figure

3.7(b). Because the parallel arm has already lifted the body before climbing the step, the

gravitational force on body #2 pulls the parallel arm, reducing its angle, which returns to
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its original position as driving on a flat surface.

By considering these three behaviors, the proposed mechanism can realize the step-

climbing motion illustrated in Figure 3.6 by using a single actuator. This also introduces

terrain adaptability because the robot can drive either the parallel arm or wheel according

to the topography of the ground. In conclusion, the proposed driving mechanism reduces

not only the manufacturing cost and complexity of the structure but also the complexity

of the controller.

3.3.2 Design concept for determining the motor and reduction ratio

of the harmonic drive and wheel pulley
The input torque τin and the torque transmission between the input shaft, wheel, and

parallel arm are essential factors in designing the proposed driving mechanism to achieve

step-climbing. They must be designed by determining a compatible motor torque and

reduction ratio of the harmonic drive and wheel pulley. In order to do this, I consider

the torque balance among the input shaft, wheel, and parallel arm. As shown in Figure

3.8(c), τa, τin, τp and τw denote the torque of the parallel arm, input shaft, pulley #1, and

wheel, respectively. Because the torque from pulley #1 is transmitted to the wheel via

the belt-pulley system, τw is defined as τw = Rwτp, where Rw denotes the reduction ratio

of wheel pulley. With the harmonic drive as a floating differential gearing, according to

the manufacturer’s literature [58], the relationships between τin, τa, and τw is given as

follows:

τin = −
τa
Rh
=

τp

Rh + 1
=

τw
Rw(Rh + 1)

, (3.2)

where Rh denotes the reduction ratio of harmonic drive.

I consider two necessary parameters for determining the motor, harmonic drive,

and reduction ratio of the wheel pulley, the minimum motor torque required for lifting

the body using the parallel arm τmina and for rotating the wheel over the step τminw . The

descriptions of these two parameters are as follows:

Minimum required torque for lifting the body using the parallel arm: Figure
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3.10(a) shows the free body diagram of the robot when lifting the body. From the static

torque equilibrium analysis, the relationship between the torque of the parallel arm τa and

the arm angle θa for lifting the body is as follows:

τa = mbgLa sin(θa), (3.3)

where mb, g, and La denote the mass of body #2, gravity acceleration, and length of the

arm, respectively.

I define the parameter τmina as the minimum required torque of motor τin to rotate

the parallel arm at (1/2)π. This is because the horizontal displacement of body #2 is at

maximum when θa equals (1/2)π. I can also consider τw and τp as zero because the step

restrains the rotation of the wheel. Therefore by considering Equation (3.2) and Equation

(3.3), I obtain τmina as follows:

τmina =
mbgLa

Rh
. (3.4)

Minimum required torque for the wheel to climb a step: Figure 3.10(b) shows
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a free body diagram of the wheel when encountering a step. It has two contact points,

Oc and Ot, at the corner and at the tread of the step, respectively. According to the free

body diagram of the wheel shown in Figure 3.10(b), there are five forces acting on the

wheel: the gravitational force that acts on the axle of the wheel, two normal forces Fc1

and Ft1 on contact points Oc and Ot, respectively, and two tangential forces Fc2 and Ft2

resulting from the traction forces on contact points Oc and Ot, respectively. Under a static

condition, the force equilibrium of the wheel with projections of fc1 and fc2 are expressed

as follows:

Ft1 cos β − Ft2 sin β + Fc1 − mtg cos β = 0, (3.5)

Ft1 sin β + Ft2 cos β + Fc2 − mtg sin β = 0, (3.6)

where mt and g are the total mass of the robot and the gravity acceleration, respectively.

The relationship of the wheel torque τw, Fc2, and Ft2 under a static condition is

obtained as follows:

τw = (Ft2 + Fc2)Lw. (3.7)

According to Figure 3.10(b), angle β has a relationship with the height of the step

riser h and the radius of a wheel Lw as follows:

sin β =
1
Lw

√
2Lwh − h2. (3.8)

Here, τminw is considered to be the minimum motor torque τin to rotate the wheel just

before the wheel lifts off from the tread of a step. In this case, I consider the condition

when the contact point Ot becomes unavailable, where Ft1 and Ft2 can be considered as

equal to zero [59]. Therefore, from Equations (3.5)-(3.7), Fc1, Fc2, and τw when the wheel

starts to lift off from the tread of the step are obtained as follows:
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Fc1 = mtg cos β, (3.9)

Fc2 = mtg sin β, (3.10)

τw = LwFc2 = Lwmtg sin β. (3.11)

To obtain τminw , I assume that the axis of rotation of the wheel while climbing over

a step is located at Oc. This assumption holds if no slippage occurs at the contact point

Oc. The condition to ensure that the wheel is climbing over a step without slip is given as

follows:

Fc2 < µsFc1, (3.12)

where µs is the static friction coefficient between the wheel and corner of the step. I

assume that µs is high enough to satisfy the condition where the wheel is able to climb

over a step without slip. If the no-slip condition can be satisfied, I can obtain τminw by

considering Equations (3.2), (3.8), and (3.11), as follows:

τminw =
mtg

√
2Lwh − h2

Rw(Rh + 1)
. (3.13)

The concept for designing the proposed driving mechanism consists of two steps.

The first step is determining the torque of the motor and reduction ratio of the harmonic

drive. This is because the options of the motor torque and harmonic drive reduction ratio

are limited. They can be determined by considering the minimum required torque for

lifting the body τmina .
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Figure 3.11: Robot prototype.

The second step is adjusting the reduction ratio of the wheel pulley based on the

selection of the motor torque and the reduction ratio of the harmonic drive. A ratio which

ensures that the motor torque satisfies the minimum required torque for rotating the wheel

lift-off from the step, τminw , must be determined.

3.4 Single-wheeled stair-climbing robot prototype
This section describes the prototype robot developed by the authors. The robot

is equipped with control moment gyroscope and differential driving mechanism. The

following is the description of a control moment gyroscope and the differential driving

mechanism equipped in the robot, including the integration of both mechanism in the

robot.

3.4.1 Control moment gyroscope
The developed robot is equipped with a control moment gyroscope as the roll bal-

ance mechanism to produce the lateral balancing torque. Because I are considering the

robot to be heavy, I prefer to use this mechanism over an inertial-wheel-based mechanism.
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This is because the required torque for spinning the gyroscope and tilting the gimbal to

produce balancing torque is lower compared with the inertial-wheel-based balance mech-

anism [41]. The balancing torque within the inertial-wheel-based balance mechanism

depends on the rotational acceleration of the inertial wheel. Thus, if the robot is heavy,

the motor torque to drive the inertial wheel must be high.

The control moment gyroscope consists of gimbal frame and spinning flywheel that

can be used for generating gyroscopic torque. The gyroscopic torque is generated by the

gyroscope precession. The gyroscope precession is a change in the orientation of the
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spinning flywheel axis. The relationship between gyroscopic torque τg with the rate of

precession angle α̇ is governed by the equation as follows.

τg = Iω × α̇, (3.14)

where, I is the moment inertia of spinning flywheel with respect of the spin axis and ω is

the flywheel spinning rate.

The gyroscopic torque yields by control moment gyroscope can be used for balanc-

ing mechanism in one direction by using single gimbal to rotate the spinning flywheel

[39, 41]. In order to easily understand the concept of balancing, for example, the gyro-

scope platform with supported rod is mounted on hinge joint that is fixed on plane-z as

shown in Figure 3.13. By using this configuration, the gyroscope platform cannot move

on longitudinal axis (pitch motion). Additionally, the spinning flywheel rotates on z-axis

at a rate of ω and it is mounted on a gimbal that allows the rotation α on y-axis. The gy-

roscope platform can achieve the lateral balance (roll balance) by maintaining the COG

of gyroscope platform at above its pivot point. (axis-A). When the platform is slightly

inclined, the COG will be displaced from above axis-A, and thus the gravitational torque

will act on the platform that inducing the rolling motion. To address the rolling motion on

the platform, the gyroscopic torque acting on opposite direction of rolling motion must

be generated as below. If the platform lean to the right, the opposing gyroscopic torque is

generated by rotating the gimbal clockwise, and if the platform lean to the left, the oppos-

ing gyroscope torque is generated by rotating the gimbal counter clockwise. By rotating

the spinning flywheel at a sufficient precession rate α̇ on y-axis, the opposing torque will

be sufficient to counter the gravitational torque, and thus the COG of the platform can be

returned back to above its pivot point.

The aforementioned concept is adopted in the robot to realize the lateral balance.

By assuming that the longitudinal balance is achieved by the wheel driving mechanism,

the control moment gyroscope is employed to achieve the lateral balance of the robot.

Figure 3.12 shows the configuration of the control moment gyroscope (CMG) used

in the robot. The CMG uses a single degree of freedom (DOF) gimbal that can rotate on
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the y-axis to provide a precession angle and precession rate of the spinning flywheel. The

specification of the CMG is as follows: It uses a flywheel with a mass of 1.78 kg. The

diameter and thickness of the flywheel are 199 mm and 16 mm, respectively. The moment

of inertia of the spinning flywheel at the spinning axis (z-axis) calculated by Computer

Aided Design (CAD) is 1.07 × 10−2m2kg. The flywheel is driven by a 70 W brushless

motor (Maxon, EC-45 flat). The 180 W brushless motor (Maxon, EC-i52), with a torque

constant K of 70.6 mNm/A, is used as a gimbal motor. The torque from the gimbal motor

is transmitted to drive the gimbal through a belt-pulley system with a reduction ratio of

6:1.

3.4.2 Implementation of differential driving mechanism
The structure of the robot consists of two bodies (body #1 and body #2), a pair of

parallel arms, and a wheel. A pair of the parallel arms on the left and right side is used

to lift the body to provide the structural support on both the left and right sides of body

#2. This design is preferable because it can prevent the rotational twisting of body #2. To

reduce the swinging motion of both arms when the robot drives on a flat surface (i.e., both

arms at low point), a highly viscous grease (Shin-Etsu, G-330) is applied on two shafts,

as shown in Figure 3.12. The grease is applied on both shafts to increase the damping

coefficient for moving both arms. From the experiment, the grease is determined to have

a damping coefficient of 0.002 Nms/rad.

Figure 3.12 shows the configuration of a pair of differential driving mechanisms

installed in the robot. A pair of differential driving mechanisms with serially connected

inputs is used to drive the wheel and a pair of the parallel arms. A single input shaft is

used to connect the wave generators on both differential driving mechanisms serially. This

design provides a synchronous movement of the parallel arms on both the left and right

sides to prevent rotational twist of body #2. A motor is used to provide the power to the

drive mechanism. A pair of driving mechanisms obtain the power from the motor through

the belt-pulley system with a reduction ratio of 1. The outputs for driving the wheel from

both mechanisms are serially connected by attaching a pair of pulleys (pulleys #2) on the



3.4 SINGLE-WHEELED STAIR-CLIMBING ROBOT PROTOTYPE 61

left and right sides of the wheel.

3.4.3 Mechanism integration and system structure
The prototype of the developed single-wheeled robot is shown in Figure 3.11. The

control moment gyroscope is mounted on body #2, as shown in Figure 3.12. The dimen-

sions of the robot are 1.22 m in height and 0.45 m in width. The lengths of the arms La

and the length between the joint in body #1 and #2 Lp are 200 mm and 250 mm, respec-

tively. The size of the wheel (Creepy Crawler, Maxis) is 20x2.0 inches (508x50.8 mm).

Table 3.1 describes the masses of each component obtained from CAD software. The

coordinate system of the robot is shown in Figure 3.12. The origin of the local coordinate

system is located at the center of the wheel shaft. The local coordinates of the COGs of

respective parts obtained from CAD software are listed in table 3.2.

A 180 W brushless motor (Maxon, EC-i52) is used as the power source of the

differential driving mechanism. All motors (gimbal, flywheel, and differential driving

mechanism motors) are controlled by a servo controller (Maxon, ESCON 70/10) that can

provide current up to 30 A. Two harmonic drives (Harmonic Drive, CSG-14-50-2UH) are

used as the transmission system that enable differential driving mechanism. The reduction

ratio of the harmonic drive Rh is 50. The reduction ratio of the wheel (between pulley #1

and pulley #2) Rw is 3. The configuration of the motor, servo controller, and reduction

ratios (Rh and Rw) in the prototype robot is sufficient to satisfy the minimum required

torque τmina and τminw , described in section 3.3, for climbing a step with a height up to 20

cm.

The robot is equipped with 2 lithium polymer batteries (Kypom, 35 C) to supply

the electrical power for the electronic system. The 9-axis inertial measurement unit (Lp

Research, LPMS-CU2) is mounted in the robot to measure the pitch and roll attitude.

The robot uses encoders to measure the angle of the arm, gimbal, and wheel. The mea-

surement signals from all encoders is processed by two microcontrollers (Renesas, SH2-

7047F). The measurement data from the microcontrollers and Inertial Measurement Unit

(IMU) are transmitted to an external laptop computer, by Controller Area Network (CAN)
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Table 3.1: Mass Properties.

Parts Mass [kg]

Body 1 8.0
Body 2 + CMG 14.6
Arm 1 Left, Right 0.2

Arm 2 Arm Left, Right 0.2
Support Link Left, Right 0.1

Wheel 1.7

Total Mass 25.3

Table 3.2: Local coordinates of COGs of each part (when pitch angle of main body
θ = 0 and arm angle θa = 0).

Parts (x,y,z) [mm]

Wheel (0,0,0)
Body 1 (16, -6, 250)
Body 2 (-4, 7, 488)

Arm 1 Right (18, -123, 250)
Arm 2 Right (18, -123, 1)

Support Link Right (105, -94, 157)
Arm 1 Left (18, 123, 250)
Arm 2 Left (18, 123, 1)

Support Link Left (105, 94, 157)

bus transmission, for computations for controlling the robot. The output from the result

of computational processing is also transmitted by CAN bus transmission to microcon-

trollers, which further transmit the signal to the servo controller (Maxon, ESCON 70/10)

for controlling all motors. All hardware other than the external computer is installed in

the robot.

3.5 Dynamic model

3.5.1 Longitudinal dynamics
The robot consists of five rigid bodies, namely arm 1, arm 2, body 1, body 2, and

wheel, as shown in Figure 3.14. To fully describe the motion, I use the same method as I

describe the dynamics of two-wheeled robot in chapter 2. First, the dynamics of the robot
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Figure 3.14: Coordinate of the robot on longitudinal plane.

is derived by using the generalized coordinates with respect to the global fixed frame that

consist of the position coordinate and angle coordinate of each rigid body. The position

and angle coordinate of each rigid body in the x and y axes are denoted by Pi = [Pxi Pyi],

where index i, (i = 1, 2, 3, 4, 5), represents the index of body 2, arm 1, arm 2, body 1, and

wheel, respectively. Furthermore, θ = [θ1 θ2 θ3]T consists of the body pitch θ1, arm angle

θ2, and wheel angle θ3, represent the generalized coordinate of the robot.

The position coordinate of each rigid body is governed as follows:

P1 = P5 + b[− sin θ1 cos θ1]T + L2[sin θ2 − cos θ2]T + l1[− sin θ1 cos θ1]T , (3.15)

P2 = P5 + b[− sin θ1 cos θ1]T + l2[sin θ2 − cos θ2]T , (3.16)

P3 = P5 + a[− sin θ1 cos θ1]T + l2[sin θ2 − cos θ2]T , (3.17)

P4 = P5 + l3[− sin θ1 cos θ1]T , (3.18)
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P5 = L4[−θ3 1]T , (3.19)

Let T , U, and F denote the kinetic, potential, and damping energy of the three rigid

bodies, respectively, andωi denotes the torque applied to each rigid body. The Lagrangian

equation of motion is as follows:

d
dt

(
∂T
∂θ̇i

)
− ∂T
∂θi
+
∂F
∂θ̇i
+
∂U
∂θi
= ωi. (3.20)

where T , U, and F are as follows:

T =
1
2

5∑
i=1

(
mi

(
Ṗxi

2
+ Ṗzi

2)
+ Iiθ̇i

2)
, (3.21)

U =
5∑
i=1

migpzi, (3.22)

F =
1
2
c1θ̇21 +

1
2
c2θ̇22 +

1
2
c3θ̇23. (3.23)

where mi and Ii denote the mass and inertia moment of the rigid bodies, respectively; g

denotes the gravity acceleration; and c1, c2 and c3 denote the damping friction in each

global coordinate.

By using the same method in chapter 2, the dynamic model of the robot is obtained

via expanding Equation (3.20) using Equations (3.21)–(3.23) and Equations (3.15)–(3.19).

The dynamic model of the robot is arranged as follows:

M(θ)θ̈ + C(θ, θ̇)θ̇ + Dθ̇ + G(θ) = τ, (3.24)

where M(θ) ∈ R3×3, D ∈ R3×3, and C(θ, θ̇) ∈ R3×3 denote the symmetric inertia, viscosity,

and coriolis matrices, respectively, and G(θ) ∈ R3×1 and τ ∈ R3×1 denote the gravitational

force, and torque vectors in generalized coordinates, respectively. The component of each
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matrix is given as follows:

M(θ) =


M11 M12 M13

M21 M22 M23

M31 M32 M33

 , (3.25)

D =


d1 0 0

0 d2 0

0 0 d3

 , (3.26)

C(θ, θ̇) =


0 C1θ̇2 0

C2θ̇1 0 0

C3θ̇1 C4θ̇2 0

 , (3.27)

G(θ) =


(−m2b − m1b − m2a − m3l3 − m1l1)gs1

(2m2l2 + m1L2)gs2

0

 , (3.28)

τ =


τ1

τ2

τ3

 . (3.29)
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The components of the matrix M are expressed as follows:

M11 = m2b2 + m1b2 + 2m1l1b + m2a2 + m3l23 + m1l21 + I1 + I2, (3.30)

M22 = 2m2l22 + m1L2
2 + 2I2 (3.31)

M33 = m4L2
4 + m3L2

4 + 2m2L2
4 + m1L2

4 + I4 (3.32)

M12 = M21 = (−m2l2b − m1L2b − m2l2a − m1l1L2)c21̄, (3.33)

M13 = M31 = (m2L4b + m1L4b + m2L4a + m3l3L4m1l1L4)c1, (3.34)

M23 = M32 = (−2m2l2L4 − m1L2L4)c2, (3.35)

The components of the matrix C are expressed as follows:

C1 = (m2l2b + m1L2b + m2l2a + m1l1L2)s21̄ (3.36)

C2 = (m2l2b − m1L2b − m2l2a − m1l1L2)s21̄ (3.37)

C3 = (−m2L4b − m1L4b − m2L4a − m3l3L4 − m1l1L4)s1 (3.38)

C4 = (2m2l2L4 + m1L2L4)s2, (3.39)

where, si = sin θi, si j̄ = sin(θi − θ j), ci = cos θi, and ci j̄ = cos(θi − θ j).

The generalized torque τ expressed in Equation 3.29 represents the torque if I as-

sume that each coordinates is driven by a motor. However, the robot only uses a single

motor torque τm. Therefore, I must obtain the relationship between a single motor torque

τm and the generalized torque τ.

Let ϕ = [ϕ1 ϕ2 ϕ3]T denote the angle vector with respect to the body frame {B},

where ϕ1, ϕ2, and ϕ3 denote the angle of the body, angle of pulley 1 relative to the body,

and angle of the arm relative to the body, respectively. As shown in Figure 3.14, I obtain

the expression of body pitch angle θ1 and arm angle θ2 in local coordinate vectors as

follows:

θ1 = ϕ1, (3.40)
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θ2 = ϕ1 + ϕ2. (3.41)

The relationship between θ1, θ2, θ3, and ϕ3 by considering body 1 as a reference is

as follows:

ϕ3 + Rhθ2
Rh + 1

− θ1 = Rw(θ3 − θ1). (3.42)

Additionally, θ3 is obtained by substituting Equation (3.41) into Equation (3.42) as fol-

lows:

θ3 =
RhRw + Rw − 1
(Rh + 1)Rw

ϕ1 +
Rh

(Rh + 1)Rw
ϕ2 +

1
(Rh + 1)Rw

ϕ3. (3.43)

The relationship of θ and ϕ is arranged in a matrix E ∈ R3×3 form as follows:

θ = Eϕ, (3.44)

where, the component of the matrix E is obtained by considering Equations (3.40)-(3.43)

as follows:

E =


1 0 0

1 1 0
RhRw+Rw−1
(Rh+1)Rw

Rh
(Rh+1)Rw

1
(Rh+1)Rw

 . (3.45)

Let the actual applied torque that acted on the robot be γ = [γ1 γ2 γ3]T . The

relationship between τ and γ is obtained through the principle of the virtual work as

follows:

[δθ1 δθ2 δθ3]τ = [δϕ1 δϕ2 δϕ3]γ. (3.46)

From Equation (3.45), the virtual differential displacements δθ1, δθ2, and δθ3 are ex-



68 CHAPTER 3. DEVELOPMENT OF A SINGLE-WHEELED ROBOT CAPABLE OF CLIMBING STAIRS

ω α

z’

y’

x’{G}

z

y

xφ

Ψ
θ

{R}

fP

rP

z

y{R}

z’

y’{G}

Pivot Point
of the Robot

Pivot Point
of the Flywheel

rl

fl

(a) (b)

Figure 3.15: Coordinate of the robot on lateral plane.

pressed by δϕ1, δϕ2, and δϕ3 as follows:

[δθ1 δθ2 δθ3]T = E[δϕ1 δϕ2 δϕ3]T . (3.47)

Based on the configuration of the robot, the motor torque τm is applied on the ϕ2 co-

ordinate. Additionally, no torque is applied on the ϕ1 and ϕ2 coordinates. Therefore

γ = [001]Tτm. Subsequently, the relationship between ω and motor torque τm is obtained

from Equations (3.46) and (3.47) as follows:

γ = (ET )−1[0 0 1]Tτm. (3.48)

3.5.2 Lateral dynamics
The coordinate of the robot to derive the lateral dynamics is shown in Figure 3.15.

In this model, the robot consist of two rigid body, namely the robot and the flywheel. To

derive the lateral dynamics, first, I consider the rotational behavior of robot and flywheel

with respect of global frame O− xyz. Let Rp and Rg denote the rotation matrix of robot in

reference frame R − x′y′z′ and G − x”y”z”, respectively. The rotational speed of the robot
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under reference frame R − x′y′z′ and G − x”y”z” is governed as follows:

Ωr = RT
r ωr (3.49)

where,

Rr =


1 0 0

0 cos ϕ sin ϕ

0 − sin ϕ cos ϕ

 , (3.50)

ωr = [ϕ̇ 0 0]T . (3.51)

where, ωr denotes the rotational speed of the robot in reference frame O− xyz. The

rotational speed of the flywheel under reference frameG− x”y”z” is governed as follows:

Ωg = RT
fωr + ωg (3.52)

where,

Ωg =


cosα 0 sinα

− sinα sin ϕ cos ϕ cosα sin ϕ

− sinα cos ϕ − sin ϕ cosα cos ϕ

 , (3.53)

ωg = [0 α̇ ω]T , (3.54)

where, ωg denotes the rotational speed of the flywheel in reference frame O − xyz.

The position coordinate of the robot and the flywheel are governed as follows:

Pr = [0 lr sin ϕ lr cos ϕ]T , (3.55)

P f = [0 l f sin ϕ l f cos ϕ]T , (3.56)

where, Pr and Pg denote the coordinate vector of the COG of the robot and the flywheel



70 CHAPTER 3. DEVELOPMENT OF A SINGLE-WHEELED ROBOT CAPABLE OF CLIMBING STAIRS

with respect of global frame.

Let T , U, F, τp and τr denote the the kinetic, potential, damping energy, the torque

applied on the flywheel on axis-y” and the robot on axis-y′, respectively. T , U, and F are

as follows:

T =
1
2
ΩT

r JrΩr +
1
2
ΩT

f J fΩ f +
1
2
mr Ṗ

T
r Ṗr +

1
2
mg Ṗ

T
f Ṗ f , (3.57)

U = mrglr cos ϕ + mggl f cos ϕ, (3.58)

F =
1
2
d1θ̇21 +

1
2
d2θ̇22. (3.59)

wheremr, mg denote the mass of the robot and the flywheel, respectively; Jr and Jg denote

the inertia moment of the robot and the flywheel, respectively; g denotes the gravity ac-

celeration; and d1 and d2 denote the damping friction in coordinate ϕ and α, respectively.

The inertia moment of the robot and the flywheel is given as follows:

Jr =


Jrx 0 0

0 0 0

0 0 0

 , (3.60)

Jg =


Jgx 0 0

0 Jgy 0

0 0 Jgz

 , (3.61)

By using Lagrange equation, the lateral dynamics of the robot is expressed as follows:

(mph2p + mgh2g + Jgz sin2 α + Jgx cos2 α + Jrx)α̈ + 2(Jgz − Jgxα̇ϕ̇ sinα cosα

+c1ϕ̇ + Jgz cosαα̇ − (mghg + mrhr) sin ϕ = τr, (3.62)
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Jgxα̈ − Jgzω cosαϕ̇ + (Jgx − Jgz) sinα cosαϕ̇2 + c2α̇ = τp (3.63)

3.6 Control method
The lateral and longitudinal motion of the robot is controlled by using two sep-

arate control methods. The lateral control method is employed to control the moment

gyroscope for achieving lateral stability. The longitudinal control method is employed to

control the proposed differential driving mechanism, described in section 3.3, for achiev-

ing longitudinal stability and realizing climbing motion.

Lateral control method : The objectives of the lateral control method are to con-

trol the roll balance of the robot and to maintain the precession angle so as not to reach

the singularity configuration. To achieve these objectives, the conventional method is

used: controlling the high-speed spinning flywheel precession angle and its rate using

proportional-derivative (PD) control [41, 42, 43]. The feedback inputs for controlling the

lateral attitude of the robot are the roll angle of the robot with its rate (ϕ and ϕ̇) and the

gyro precession angle with its rate (α and α̇). The control law for computing the gimbal

motor current, ig, is given as follows:

ig =
f1α + f2α̇ + f3ϕ + f4ϕ̇

cosα
+ K fgsgn(α̇), (3.64)

where f1, f2, f3, f4 denote the gain for controlling the lateral attitude of the robot. Specif-

ically, K fg denotes the gain for compensating the static friction on the gimbal motor and

belt-pulley system.

Longitudinal control method : The objectives of the lateral control method are to

control the pitch balance of the robot and to achieve step-climbing motion. To achieve

these objectives the same control method is used as in the previous study [53]. The

feedback inputs for controlling the longitudinal attitude of the robot are the pitch angle

and its rate (θ and θ̇), arm angle and its rate (θa and θ̇a), and wheel angle and its rate (θw

and θ̇w).
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Figure 3.16: The algorithm of supplemental torque τ+.

The control law for computing the current of the driving motor, id, is given as fol-

lows:

id = f4θ + f5θ̇ + f6θ̇in + f7θa + f8θ̇a

+ f9 + K f dsgn(θ̇in) + τ+ + τ−, (3.65)

where f4, f5, f6, f7, f8, and f9 denote the feedback gains for controlling the longitudinal

attitude of the robot and feed-forward gains for controlling the speed of the robot. Addi-

tionally, K f d denotes the gain for compensating the total static friction included in driving

the motor. The function of sgn(x) is defined as follows:

sgn(x) =


−1, x < 0

1, x ≥ 0
(3.66)

τ+ and +τ− denote the supplemental torque for ascending and descending a step, respec-

tively. The algorithm of supplemental torque for ascending a step, τ+, is described as

follows: The robot rotates the parallel arm when encountering the step, as shown in Fig-

ure 3.16(1). When θa exceeds the top threshold θta, τ+ is set to the magnitude of the

supplemental torque K+, as shown in Figure 3.16(2). After the robot climbs a step, θa is

expected to decrease, as shown in Figures 3.16(3) and (4). Subsequently, until the arm

angle reaches the bottom threshold θba, the supplemental torque, τ+, is set to 0, as shown



3.6 CONTROL METHOD 73

Body

Inclining

Backward

(a)

(b)

Without Supplemental

Torque

With Supplemental

Torque

Body

Inclining

Forward

-τ

l

-τ

aθ

aθ

-τ = 0

f l = false

-
b
θ

-
b
θ

-
t
θ

-
t
θ

Reduced

Space
K-τ =

= truef l

-

aθ -
m
θ -

m
θ

K-τ =

= falsef l
-

-τ = 0

= falsef l
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in Figure 3.16(5). The update rule of supplemental torque is as follows:

if (τ+ = 0) ∧ (|θa| ≥ |θta|) then update τ+ to K+.

if (τ+ = K+) ∧ (|θa| ≤ |θba|) then update τ+ to 0.

else do not update τ+. (3.67)

The details of the supplemental torque for ascending a step is explained in [53]. The

application of the supplemental torque is important for the robot to climb a stair. This is

because it can reduce the distance of the robot to recover its stability after climbing the

step [60]. Thus, the robot will not lose the stability if the next step exists immediately

after the robot climbing the step.

The algorithm of supplemental torque for descending a step, τ− is described as

follows. When descending a step, the robot is expected to incline backwards, and its arms

is also expected to swing backward at a high rate. In this case, the regulatory control of

the robot will produce a high motor torque for the wheel to rotate backward, as shown
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in Figure 3.17(a), and therefore, the backward inclination will be reduced. However, if

the inclination angle and the arm angle are high, the control method will compute an

extremely high motor torque. Consequently, the wheel will rotate backward very quickly;

hence, the robot will incline forwards. This condition increases the distances required for

the robot to regain its stability. However, steps in the flight of a staircase typically have

narrow treads. If the robot cannot regain its stability before descending the next step, it

will fall down.

To address this problem, I considered applying a supplemental torque, τ−, for re-

ducing the acceleration when the robot attempts to regain its stability. The timing of the

application of τ− when the robot descends a stair is shown in Figure 3.17(b).

The update rule of the supplemental torque is as follows:

if (τ− = 0) ∧ ( fl = false) ∧ (θa ≥ θb−)

then update τ− to K−.

if (τ− = K−) ∧ ( fl = false) ∧ (θa ≤ θt−)

then update fl to true.

if (τ− = K−) ∧ ( fl = true) ∧ (θa ≥ θm− )

then update τ− to 0 and update fl to false.

else do not update τ−and fl, (3.68)

where, θb−, θ
m
− , and θ

t
− denote the bottom, middle, and top thresholds of the arm an-

gle, respectively, which denote the timing flag for updating τ−. The relationship between

the three thresholds is θb− > θm− > θm− . In addition, θa,K−, and fl denote the arm angle, the

magnitude of the supplemental torque, and the flag signal to indicate that the supplemen-

tal torque is still necessary to be applied when θa reaches θt. The detail of the update rule

described in Equation 3.68 is explained below. When the robot descends, the arms are

expected to swing backward, and therefore, when θa reaches θb−, τ− is set as K−. Under

this condition, the τin required to rotate the wheel backward is reduced, and thus, the robot

will gradually move backward. Subsequent to θa reaching θb−, the arms are expected to
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Figure 3.18: Experimental results of robot stability under longitudinal disturbance.
(a) longitudinal motion and (b) lateral motion.

swing forward. When the robot reaches θt−, fl is set as true, and τ− is not updated. Under

this condition, τin is increased, and therefore, the robot will rapidly move forward to re-

duce the inclination angle. After θa reaches θt−, the arms are expected to swing backward

again. When the robot reaches θm− , fl is set as false and τ− is set as zero.

3.7 Experiment

3.7.1 Stability of the robot under the longitudinal disturbance
In this subsection, the experiment to evaluate the stability of the robot under the

longitudinal disturbance is presented. The stability was evaluated by adding impulse

force on the wheel. Figures 3.18(a1), (a2), and (a3) show the pitch angle θ, arm angle

θa, and driving motor current id, respectively, of the robot during experiment. As shown

in Figures 3.18(a1) and (a2), the robot could maintain the pitch angle between −20◦ to

20◦ and the arm angle between −1◦ to 1◦. Figures 3.18(b1), (b2), and (b3) show the
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Figure 3.19: Experimental results of robot stability under lateral disturbance (a)
longitudinal motion and (b) lateral motion.

roll angle θ, precession angle θa, and gimbal motor current id, respectively, of the robot

during experiment. As shown in Figures 3.18(b1) and (b2), the robot could maintain the

roll angle between −5◦ to 5◦ and the precession angle between −60◦ to 60◦. Although

the precession angle was abruptly changed to ±60o when the disturbance was given to the

robot, the precession angle was maintained at less than ±90◦. Thus the CMGwas still able

to provide the torque in the lateral direction to stabilize the robot on the lateral direction

which is shown by the stability of the roll angle in Figure 3.18(b1). This implies that the

robot could maintain the pitch stability even though the robot was given the disturbance

on the wheel.

3.7.2 Stability of the robot under the lateral disturbance
In this subsection, the experiment to evaluate the stability of the robot under the

lateral disturbance is presented. The stability was evaluated by adding impulse force on
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Figure 3.20: Snapshot of the robot stabilizing on a lateral slope with an angle of 16◦.

side of the body. Figures 3.18(a1), (a2), and (a3) show the pitch angle θ, arm angle θa,

and driving motor current id, respectively, of the robot during experiment. As shown

in Figures 3.18(a1) and (a2), the robot could maintain the pitch angle between −20◦ to

20◦ and the arm angle between −1◦ to 1◦. Figures 3.18(b1), (b2), and (b3) show the

roll angle θ, precession angle θa, and gimbal motor current id, respectively, of the robot

during experiment. As shown in Figures 3.18(b1) and (b2), the robot could maintain the

roll angle between −2◦ to 2◦ and the precession angle between −30◦ to 30◦. Although

the precession angle was abruptly changed to ±60◦ when the disturbance was given to the

robot, the precession angle was maintained at less than ±90◦. Thus the CMGwas still able

to provide the torque in the lateral direction to stabilize the robot on the lateral direction

which is shown by the stability of the roll angle in Figure 3.18(b1). This implies that the

robot could maintain the pitch stability even though the robot was given the disturbance

on the lateral direction.

3.7.3 Stability of the robot on a lateral slope
In this subsection, the experiment of the robot stabilizing on a lateral slope with an

angle of 16◦ is presented. Figure 3.20 shows the snapshot of the robot stabilizing on a
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Figure 3.21: Experimental results of the robot stabilizing on a lateral slope with an
angle of 16◦ (a) pitch angle and (b) roll angle.
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Figure 3.22: Experimental results of the robot ascending and descending a 6-cm
high step.

lateral slope. Figures 3.21(a) and (b) show the pitch and roll angles of the robot stabilizing

on a lateral slope, respectively. From Figures 3.20(a) and (b), the robot could maintain its

pitch and roll angles between ±5◦. Thus, it can be concluded that the robot can maintain

its balance while operating on a lateral slope.
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3.7.4 Ascending and descending 6 cm step
In this subsection, the experiment of the robot climbing a 6 cm step is presented.

Figures 3.22(a1), (a2), and (a3) show the pitch angle θ, arm angle θa, and driving motor

current id, respectively, of the robot while climbing the step. The light gray highlights in

Figure 3.25 show the condition of the robot when attempting to climb a step. As shown

in Figure 3.22(a2) the arm lifts body #2 to shift the COG as indicated by the increment of

arm angle θa. The maximum arm angle θa required for climbing the step is approximately

−30◦. As shown in Figure 3.22(a1), although the pitch angle of the robot θ was inclined

approximately to 12◦ when climbing each step, the pitch angle returned to a stable attitude

after the robot climbed the step. This implies that the stability of the robot is guaranteed,

although the robot was inclining when climbing the stairs. As shown in Figure 3.22(a3)

the driving motor torque increased and thus provided the torque for the arm to lift the main

body. From Figures. 3.22(a2) and (a3), the driving current changes drastically when the

arm angle θa reaches the threshold values θta and θ
b
a. The maximum current of the driving

motor torque for the step is approximately 18 A.

Figures 3.22(b1), (b2), and (b3) show the spinning flywheel precession angle α,

roll angle of the robot ϕ, and gimbal motor current ig, respectively. Figure 3.22(b1) shows

that the precession angle α varied between −20◦ to 5◦. The precession angle α abruptly

changed from when the robot was attempting to climb a step and after successfully climb-

ing the step, as shown in gray highlights in Figure 3.25(b1). Although the precession an-

gle varied during the experiment, the precession angle was maintained at less than ±90◦.

Thus the CMGwas still able to provide the torque in the lateral direction because it did not

reach a singularity configuration. The roll angle of the robot is shown in Figure 3.22(b2).

As shown in Figure 3.22(b2) the roll angle ϕ varied between −3◦ to −0.7◦. This implies

that the lateral balance is guaranteed even though perturbation from the climbing motion

was involved. Although the roll angle has a slight offset, the robot could maintain lateral

stability by using the control moment gyroscope. The gimbal motor current ig to control

the lateral balance of the robot varied between -2 to 2 A, as shown in Figure 3.22(b3).

The dark gray highlights in Figures. 3.22(a1), (a2), and (a3) display the pitch an-
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Figure 3.23: Experimental results of the robot ascending and descending a 12-cm
high step.

gle, θ, arm angle, θa, and driving motor current, id, respectively, while descending the

stairs. After the robot descends the stairs, it inclines backward to approximately −10◦,

and the arm angle swings backward to approximately 15◦, as shown in Figs. 3.22(a) and

(b), respectively. Because the robot inclines backward, the driving motor current changes

drastically from approximately 10 A to approximately −10 A to compensate for the in-

clination of the robot, as shown in 3.22(c). The change in the driving motor current is

reduced because the supplemental torque is active, and therefore, the acceleration of the

robot for moving backward is reduced.

3.7.5 Ascending and descending 12 cm step
In this subsection, the experiment of the robot climbing a 12 cm step is presented.

Figures 3.23(a1), (a2), and (a3) show the pitch angle θ, arm angle θa, and driving motor

current id, respectively, of the robot while climbing the step. The light gray highlights in
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Figure 3.23 show the condition of the robot when attempting to climb a step. As shown

in Figure 3.23(a2) the arm lifts body #2 to shift the COG as indicated by the increment of

arm angle θa. The maximum arm angle θa required for climbing the step is approximately

−45◦. As shown in Figure 3.23(a1), although the pitch angle of the robot θ was inclined

approximately to 15◦ when climbing each step, the pitch angle returned to a stable attitude

after the robot climbed the step. This implies that the stability of the robot is guaranteed,

although the robot was inclining when climbing the stairs. As shown in Figure 3.23(a3)

the driving motor torque increased and thus provided the torque for the arm to lift the main

body. From Figures. 3.23(a2) and (a3), the driving current changes drastically when the

arm angle θa reaches the threshold values θta and θ
b
a. The maximum current of the driving

motor torque for the step is approximately 18 A.

Figures 3.23(b1), (b2), and (b3) show the spinning flywheel precession angle α,

roll angle of the robot ϕ, and gimbal motor current ig, respectively. Figure 3.23(b1) shows

that the precession angle α varied between −10◦ to 25◦. The precession angle α abruptly

changed from when the robot was attempting to climb a step and after successfully climb-

ing the step, as shown in gray highlights in Figure 3.23(b1). Although the precession an-

gle varied during the experiment, the precession angle was maintained at less than ±90◦.

Thus the CMGwas still able to provide the torque in the lateral direction because it did not

reach a singularity configuration. The roll angle of the robot is shown in Figure 3.23(b2).

As shown in Figure 3.23(b2) the roll angle ϕ varied between −1◦ to 0.4◦. This implies

that the lateral balance is guaranteed even though perturbation from the climbing motion

was involved. Although the roll angle has a slight offset, the robot could maintain lateral

stability by using the control moment gyroscope. The gimbal motor current ig to control

the lateral balance of the robot varied between -2 to 2 A, as shown in Figure 3.23(b3).

The dark gray highlights in Figures. 3.23(a1), (a2), and (a3) display the pitch an-

gle, θ, arm angle, θa, and driving motor current, id, respectively, while descending the

stairs. After the robot descends the stairs, it inclines backward to approximately −10◦,

and the arm angle swings backward to approximately 30◦, as shown in Figs. 3.23(a) and

(b), respectively. Because the robot inclines backward, the driving motor current changes

drastically from approximately 18 A to approximately −18 A to compensate for the in-
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Figure 3.24: Snapshots of a single-wheeled robot ascending stairs.

clination of the robot, as shown in 3.23(c). The change in the driving motor current is

reduced because the supplemental torque is active, and therefore, the acceleration of the

robot for moving backward is reduced.

3.7.6 Ascending and descending 12 cm stairs
Here, the experimental result of the robot climbing stairs is presented. The exper-

iment evaluates the performance of the proposed robot while climbing a staircase with

four steps. The tread depth and riser height of each step are 39 cm and 12–13 cm, respec-

tively. In the experiment, the rotational speed of the flywheel is set at a constant rate of

7000 rpm. All controller gains used in the experiment were determined by trial and error.

Figure 3.24 shows snapshots of the robot climbing the stairs.

Figures 3.25(a1), (a2), and (a3) show the pitch angle θ, arm angle θa, and driving

motor current id, respectively, of the robot while climbing stairs. The gray highlights in

Figure 3.25 show the condition of the robot when attempting to climb a step. As shown in

Figure 3.25(a2) the arm lifts body #2 to shift the COG as indicated by the increment of arm

angle θa. The maximum arm angle θa required for climbing each step is approximately

46◦. As shown in Figure 3.25(a1), although the pitch angle of the robot θ was inclined

approximately to 12◦ when climbing each step, the pitch angle returned to a stable attitude

after the robot climbed the step. This implies that the stability of the robot is guaranteed,

although the robot was inclining when climbing the stairs. As shown in Figure 3.25(a3)
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Figure 3.25: Experimental results of the robot ascending stairs.

the driving motor torque increased and thus provided the torque for the arm to lift the main

body. The parameters of supplemental torque used in this experiment were θta = −37◦,

θba = −10◦, and K+ = 27 mNm. From Figures. 3.25(a2) and (a3), the driving current

changes drastically when the arm angle θa reaches the threshold values θta and θ
b
a. The

maximum current of the driving motor torque for climbing each step is approximately 11

A.

Figures 3.25(b1), (b2), and (b3) show the spinning flywheel precession angle α,

roll angle of the robot ϕ, and gimbal motor current ig, respectively. Figure 3.25(b1) shows

that the precession angle α varied between −33◦ to 29◦. The precession angle α abruptly

changed from when the robot was attempting to climb a step and after successfully climb-

ing the step, as shown in gray highlights in Figure 3.25(b1). Although the precession an-

gle varied during the experiment, the precession angle was maintained at less than ±90◦.

Thus the CMGwas still able to provide the torque in the lateral direction because it did not

reach a singularity configuration. The roll angle of the robot is shown in Figure 3.25(b2).

As shown in Figure 3.25(b2) the roll angle ϕ varied between −3◦ to 0.7◦. The roll angle
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Figure 3.26: Snapshots of a single-wheeled robot descending stairs.

of the robot drastically changed when the robot climbed the second step, yet the control

method was still able to gradually reduce the roll angle into a stable state. This implies

that the lateral balance is guaranteed even though perturbation from the climbing motion

was involved. Although the roll angle has a slight offset, the robot could maintain lateral

stability by using the control moment gyroscope. The gimbal motor current ig to control

the lateral balance of the robot varied between −2 to 2 A, as shown in Figure 3.25(b3).

In the experiment, the robot successfully climbed four steps without losing its bal-

ance, both in the pitch and roll directions. The climbing rate of each step was approx-

imately 2 to 3 s. For the reference, the reader is invited to view the video recording of

this experiment. I also performed an experiment with the robot descending the stairs,

which can also be viewed in the video recording. When the robot descended the stair,

the robot used the same control method that was described in section 3.6. However, the

supplemental torque was applied every time the robot descended a single step to reduce

the inclination of the robot. By using this method, the robot can complete descending

four steps without losing its stability.

To evaluate the effectiveness of the method, I performed an experiment in which the

robot descended a staircase consisting of four steps. The tread depth and the riser height

of each step were 39 cm and 12–13 cm, respectively. Figure 3.26 shows the snapshots of



3.7 EXPERIMENT 85

-15

 0

 15

 30

 0  2  4  6  8

A
rm

 A
n

g
le

 [
d

e
g

]

Time [s]

-10

 0

 10

 20

 0  2  4  6  8

D
ri
v
in

g
 M

o
to

r

C
u

rr
e

n
t 

[A
]

Time [s]

-15

-10

-5

 0

 5

 0  2  4  6  8

P
it
c
h

 A
n

g
le

 [
N

m
]

Time [s]

-10

-5

 0

 5

 10

 0  2  4  6  8

G
im

b
a

l 
M

o
to

r

C
u

rr
e

n
t 

[A
]

Time [s]

-20

-10

 0

 10

 20

 0  2  4  6  8

P
re

c
e

s
s
io

n
 A

n
g

le
 [

d
e

g
]

Time [s]

-3

-2

-1

 0

 1

 0  2  4  6  8

R
o

ll 
A

n
g

le
 [

d
e

g
]

Time [s]

(a) (b)

Figure 3.27: Experimental results of the robot descending stairs.

the robot descending the stairs.

Figs. 3.27(a), (b), and (c) display the pitch angle, θ, arm angle, θa, and driving

motor current, id, respectively, while descending the stairs. The gray highlights in Figs.

3.27(a), (b), and (c) indicate the timing when the supplemental torque is active while

descending the stairs. After the robot descends the stairs, it inclines backward to approx-

imately −10◦–−14◦, and the arm angle swings backward to approximately 30◦, as shown

in Figs. 3.27(a) and (b), respectively. Because the robot inclines backward, the driving

motor current changes drastically from approximately 15 A to approximately −8 A to

compensate for the inclination of the robot, as shown in 3.27(c). The change in the driv-

ing motor current is reduced because the supplemental torque is active, and therefore, the

acceleration of the robot for moving backward is reduced. Using this method, the robot

could descend four steps consecutively without losing stability, because the pitch angle

could be returned to a stable attitude before descending the next step. For the reference,

the reader is recommended to view the video recording of this experiment.
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(a)

Collision point
between Body #2 and a step

(b)

New Body #2 Design

Figure 3.28: The single-wheeled robot problem when climbing stairs with a high
step’s rise and the future body #2 design to overcome the problem.

3.8 Concluding Remarks
In this chapter, a single-wheeled inverted pendulum robot capable of climbing stairs

was developed. The design and control method of the robot is described in this paper. The

experimental results demonstrate that the robot is capable of climbing stairs with a riser

height of 12–13 cm and the climbing rate of each step varied from approximately 2 to 3

s. Although two controllers separately control the pitch and roll motion, the experimen-

tal results indicate that the robot could climb the stairs without losing its balance. The

prototype robot currently cannot climb a staircase with a riser height of more than 13 cm.

This problem occurs because the shape of body #2 is wide, and thus body #2 can collide

with the corner of a step, as illustrated in Figure 3.28(a). To cope with this problem, I will

redesign the shape of body #2 to ensure that it is appropriate for climbing stairs with high

step-risers, such as in the example, as shown in Figure 3.28(b). Therefore, currently, the

robot is applicable to traversing stairs with low step-riser heights (maximum 13 cm) and

a deep step treads (39 cm). In the future, I will also consider develop a coupled control

method to control pitch and roll motion to increase the performance and robustness of the

robot. I have also planned to analytically determine the controller gains to increase the

performance and robustness of the robot.



Chapter 4

Conclusion

With the vast development of robotics technology, many researchers have developed

robots that can work alongside people. However, most of the developed robots cannot

appropriately operate in a human environment because of their limitation in responding

to objects and obstacles that commonly exist in the human environment. The robot, which

is suitable to operate in a human environment, must have the following essential abilities:

climbing stairs unassisted, moving through narrow passages, and reaching top of the desk

or tables. There are some developed robots that are built to address the stairs and narrow

passages problem such as multiped walking robots, wheel-leg robots, crawler robots, and

tracked robots. However, they mostly have a short structure, and thus they cannot reach

the top of the desk. To address the vertical structure, some researchers also developed

humanoid robots that are built resembling the human body. They are considered ideal for

working in a human environment because they can effectively traverse stairs, can move

through narrow passages, and can reach the top of the desk. Despite these reasons, their

design is complex and excessively expensive.

In this study, to address the problem with most of the robot in a human environ-

ment, I focused on two inverted pendulum type stair-climbing robots. These two robots

have the capability to climb stairs, which is an essential ability to move in a human en-

vironment. Due to these two robots has slim and tall structures, they can move through

narrow passages and can reach the top of the desk.

In the first part of this study, I concentrated on the two-wheeled stair-climbing in-

verted pendulum robot. The robot uses the control method based on the state-feedback
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controller with a feed-forward constant. Although the control method is simple, it can be

used for stabilizing the body while moving on a flat surface and achieving stair-climbing

motion. The method to adjust the parameter of the controller is composed of two con-

siderations: the motion on a flat surface and motion on a step. As the initial step, the

control parameter is determined based on the linearized dynamic model of the robot on a

flat surface. On the latter, the compatibility of the control parameter is verified to ensures

that it satisfies the condition for climbing. By using the proposed method, the robot can

achieve to climb a step. The result from the experiment indicated that the step-climbing

motion completed by the robot using the proposed control method is stable. In the exper-

iment, the robot successfully climbed four steps with the climbing rate of a single step is

approximately 1.8 s.

In the second part of this study, I proposed the design of a single-wheeled inverted

pendulum robot that capable of climbing stairs. The robot employed a wheel and an inter-

mediate arm that enable the robot to climb stairs while maintaining a stable attitude. The

robot uses a differential mechanism to drive the dedicated mechanism for climbing, using

only a single actuator to drive the wheel and the intermediate arm. With this mechanism,

the robot can self-distribute the torque, both on the wheel and intermediate arm depends

on the topography of the ground. Thus, the robot can automatically move the intermedi-

ate arm when climbing the step without using an additional actuator and control method.

The robot is equipped with the control moment gyroscope is used to control the lateral

attitude of the robot. The experimental results demonstrate that the robot is capable of

climbing stairs with a riser height of 12–13 cm and the climbing rate of each step varied

from approximately 2 to 3 s. Although two controllers separately control the pitch and

roll motion, the experimental results indicate that the robot could climb the stairs without

losing its balance. In this robot, the control method for controlling the lateral and longitu-

dinal motion is still based on trial and error, and thus the performance of the robot is still

not robust. To increase the robustness of the robot, in the future, we will consider the use

of different control methods.
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