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Abstract

We discuss the lepton flavor mixing and present some phenomenological approaches for
this. The standard model of particle theory must be improved since we have confirmed
finite mass of neutrinos by the neutrino oscillation experiments. The improved theory
should explain the results of the neutrino oscillation parameters as well as the neutrino
masses. We present the typical three approaches, flavor symmetry, texture zeros and
modular symmetry by use of our models. We also perform numerical simulations in order
to show their testability in the neutrino oscillation experiments.
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Chapter 1

Introduction

1.1 Motivation

The standard model (SM) of particle physics gives many predictions and they are con-
firmed to be consistent with various experiments precisely. All the particles given from
the SM have been discovered including Higgs particle. However, the SM is not perfect
and must be improved in order to address the unsolved problems, for examples:

• The SM does not include gravity

• The SM predicts vanishing neutrino mass

• The SM has no dark matter candidate

• etc.

Our discussion is closely related to the second: the neutrino mass. The neutrino mass
was found to be nonzero by the observations of neutrino oscillation which is induced
by a mixing of three classes (flavors) of leptons. The lepton mixing of three flavors is
described by the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix, a 3 × 3 unitary
matrix [1, 2]. A theoretical approach to the finite neutrino mass must be consistent to
the neutrino oscillation experiments. The current neutrino oscillation experiments have
shown two large mixing alngles θ12 ≃ 33.8◦, θ23 ≃ 48.3◦ and one small mixing angle
θ13 ≃ 8.61◦ [3] which parametrize the PMNS matrix. It is also important that T2K [4,5]
and NOνA [6,7] experiments strongly indicate the CP violation in the flavor mixing. The
precision of neutrino oscillation experiments is expected to be improved in the future.
We shall present three approaches to the lepton flavor mixing and show their predictions
which will be expected to be testable in the future experiments.

An interesting approach is to assume the flavor symmetry as the origin of flavors by use
of non-Abelian discrete groups (see [8–16] for useful review articles.) One can find models
of flavor symmetry with S3 in Refs. [17,18] for quark mixing and [19,20] for lepton mixing.
The A4 models appear in Refs. [21–27]. One can also find S4 [28], A5 [29], ∆(27) [30]
models and larger groups. They introduce several SU(2) gauge singlet scalar fields called
as flavons. The Yukawa coupling constants are determined by the vacuum expectation
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8 CHAPTER 1. INTRODUCTION

values (VEVs) of flavons at the flavor symmetry breaking, which can explain the results
of neutrino oscillation experiments. We will discuss a model of the flavor symmetry of A4

based on [27].
There are so many candidates of flavor symmetry that it is difficult to specify the

correct model even if the experimental data determine the whole mixing parameters. We
should make a minimal model in order to obtain a testable prediction since we have
only five observables which constrain our model: the three lepton mixing angles and two
mass squared differences. A top-down approach based on the experimental results are
important to find a minimal model [31–48], which does not specify a flavor symmetry.
We impose zeros in the mass matrix of the charged leptons and/or neutrino mass matrix,
and such approach is often called as the texture zeros. We study a minimal model [47]
where two light-handed neutrinos are introduced. We will see the sharp predictions for
the Dirac CP violating phase up to its sign.

There is an attractive method to obtain S3, A4, S4 and A5 groups as quotient groups of
the modular group [49]. The modular symmetry is realized in the torus compactification as
well as the orbifold compactification of extra dimensions. Superstring theory predicts six-
dimensional compact space in addition to four-dimensional space-time. We consider the
modular symmetry obtained from the six-dimensional compact space and make a flavor
symmetric model. An interesting ansatz was proposed for Γ3 ≃ A4 modular symmetry in
Ref. [50] where Yukawa couplings behave as holomorphic functions of the modulus τ (a
complex parameter) and transform as A4 triplet representations, and they are called the
modular forms. The value of τ is determined at the modular symmetry breaking: at the
Planck scale or slightly above. Such a model can be built with smaller number of free
parameters than an ordinary flavor symmetric model since the modular forms can play
the same role as flavons by given τ . A numerical discussion for two specific models with
Γ3 ≃ A4 can be seen in [51]. Among them, our paper based on Ref. [52] performs further
numerical discussions in order to show a clear testability for the relevant experiments.

One can find modular forms of weight 2 which transforms as representations of S3 [53],
S4 [54], A5 [55], ∆(96), and ∆(384) [56]. It will be useful to refer a textbook of the modular
forms [58]. The modular forms of the weight 1 and higher odd weights are also shown
for a double covering group T ′ doublet [57]. The modular symmetric models have been
studied for the flavors by use of these modular forms [50–52,59–85].

We discuss the phenomenological aspects of the model:

• Dirac CP violating phases and flavor mixing

• The neutrino masses

• The effective neutrino mass of the neutrinoless double beta decay

• Majorana CP violating phases

1.2 Overview the phenomenological targets

We overview the phenomenological aspects featured in our present model. We show the
flavor mixing of the fermions and some mechanism to obtain finite neutrino masses. We
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also show a phenomenological indication of Majorana neutrinos, which may give strong
candidates to explain the small neutrino masses.

1.2.1 Flavor mixing in the SM

We briefly review the flavor mixing in the SM. The SM has three flavors for the fermions.
The flavor mixing is described by a 3 × 3 unitary matrix which connects the two differ-
ent basis of the fermions. The flavor eigenstates appear in the Lagrangian. The mass
eigenstates are another basis written in terms of their mass eigenvalues.

Let us define the flavor eigenstates of the SM fermions. The left- and right-handed
fermions are described separately as SU(2) doublets and singlets respectively:

qL =

(
uL

dL

)
, lL =

(
νL

eL

)
, uR, dR, eR, (1.2.1)

where the left-handed quark doublet qL is composed by up- and down-type quarks: uL

and dL; and the left-handed lepton doublet lL includes neutrinos and charged leptons:
νL and eL. The right-handed up-type quarks, down-type quarks and the charged leptons
are denoted by uR, dR and eR respectively. Those fermion fields includes three flavors
named as:

uL = (uL, cL, tL)
T , dL = (dL, sL, bL)

T ,

eL = (eL, µL, τL)
T , νL = (νe, νµ, ντ )

T

uR = (uR, cR, tR)
T , dR = (dR, sR, bR)

T , eR = (eR, µR, τR)
T .

(1.2.2)

Those left- and right-handed fields are massless. We can write the Yukawa interaction
with these left- and right-handed fermion fields and the Higgs scalar field Φ:

Lyuk = yiju ū
i
RΦ̃q

j
L + yijd d̄

i
RΦq

j
L + yije ē

i
RΦl

j
L + h.c., (1.2.3)

where the Higgs fields is a SU(2) doublet:

Φ =

(
φ+

φ0

)
, (1.2.4)

and Φ̃ = iτ2Φ
∗. The coupling constants yiju , y

ij
d and yije are complex 3×3 matrices of flavor

space in general. The spontaneous symmetry breaking of the Higgs field ⟨Φ⟩ = (0, v/
√
2)T

induces finite masses for the ferminons:

M ij
u =

v√
2
yiju , M ij

d =
v√
2
yijd , M ij

e =
v√
2
yije , (1.2.5)

where v = 246 [GeV]. We can always change the basis into the mass basis where the
fermion mass matrices are diagonal:

Mdiag
u = diag[mu,mc,mt],

Mdiag
d = diag[md,ms,mb],

Mdiag
e = diag[me,mµ,mτ ],

(1.2.6)
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by unitary transformations. The mass matrices are diagonalized by the following unitary
transformation:

Mdiag
u = Uu

RMuU
u†
L , Mdiag

d = Ud
RMdU

d†
L , Mdiag

e = U e†
R MeU

e
L. (1.2.7)

We redefine the fermion fields except the neutrinos as

u′
L ≡ Uu

LuL, d′
L ≡ Ud

LdL, e′
L ≡ U e†

L eL,

u′
R ≡ Uu

RuR, d′
R ≡ Ud

RdR, e′
R ≡ U e†

R eR.
(1.2.8)

We call these redefined fields as the mass eigenstates.
Let’s consider the charged weak current of the quark sector and the interchange of the

flavor/mass basis.

Jµ
q = ūLγ

µdL = ū′
Lγ

µ(Uu
LU

d†
L )d′

L. (1.2.9)

The quark flavor mixing, Cabibbo–Kobayashi–Maskawa (CKM) matrix [86,87], is defined
as:

VCKM ≡ Uu
LU

d†
L . (1.2.10)

We can also define the lepton mixing in the charged weak current:

Jµ
e = ν̄Lγ

µeL = ν̄ ′
L(U

e†
L U ν

L)
†γµe′

L, (1.2.11)

where we have introduced a unitary matrix U ν
L and a new basis of the neutrino fields ν ′

L.
Although we cannot obtain the finite neutrino masses due to the absence of right-handed
neutrinos in the SM, we call the new basis ν ′

L the mass basis of neutrino fields and it is
defined as

ν ′
L ≡ U ν†

L νL. (1.2.12)

The unitary matrix U ν†
L should be determined by diagonalization of the neutrino mass

matrix obtained from some mechanism beyond the SM. We emphasize that the evidence
of finite neutrino masses were discovered in the neutrino oscillation experiment at Super-
Kamiokande (1998) [88]. The lepton mixing matrix is defined as

UPMNS = U e†
L U ν

L, (1.2.13)

which is called Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix [1, 2].
We have some degrees of freedom to parametrize the CKM and PMNS matrices. We

employ the Particle Data Group (PDG) convention [89] in this thesis. The CKM matrix
is parametrized by 2-3, 1-3 and 1-2 plane rotation matrices:

VCKM =

1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13e
−iδqCP

0 1 0

−s13e
iδqCP 0 c13

 c12 s12 0
−s12 c12 0
0 0 1


=

 c12c13 s12c13 s13e
−iδqCP

−s12c23 − c12s23s13e
iδqCP c12c23 − s12s23s13e

iδqCP s23c13
s12s23 − c12c23s13e

iδqCP −c12s23 − s12c23s13e
iδqCP c23c13

 , (1.2.14)
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where cij and sij denote cos θij and sin θij, respectively. The Dirac CP violating phase δqCP

cannot be absorbed in redefinition of the fermion fields. The PMNS matrix is parametrized
as

UPMNS =

 c12c13 s12c13 s13e
−iδlCP

−s12c23 − c12s23s13e
iδlCP c12c23 − s12s23s13e

iδlCP s23c13
s12s23 − c12c23s13e

iδlCP −c12s23 − s12c23s13e
iδlCP c23c13

P, (1.2.15)

with P = diag[1, eiα21/2, eiα31/2]. The Dirac CP violating phase is denoted as δlCP . The
Majorana CP violating phases are α21 and α31, which are defined if the neutrinos are
Majorana particles.

We obtain the three lepton mixing angles in terms of the PMNS matrix elements of
the PDG parametrization as

sin2 θ12 =
|Ue2|2

1− |Ue3|2
, sin2 θ23 =

|Uµ3|2

1− |Ue3|2
, sin2 θ13 = |Ue3|2, (1.2.16)

where Uαi is the PMNS matrix elements. We also have the Dirac CP violating phase δCP :

sin δCP =
JCP

s23c23s12c12s13c213
, (1.2.17)

where JCP is a measure of the CP violation called as the Jarlskog invariant [92]:

JCP = Im
[
Ue1Uµ2U

∗
µ1U

∗
e2

]
. (1.2.18)

The current global fit of the two mass squared differences and three mixing angles given
by NuFIT 4.2 (2019) [3] is shown in Tab. 1.2.1.

observable 3 σ C.L. for NH 3 σ C.L. for IH

∆m2
atm (2.436 – 2.618)× 10−3eV2 −(2.419–2.601)× 10−3eV2

∆m2
sol (6.79 – 8.01)× 10−5eV2 (6.79 – 8.01)× 10−5eV2

sin2 θ12 0.275 – 0.350 0.275 – 0.350

sin2 θ23 0.433 – 0.609 0.436 – 0.610

sin2 θ13 0.02044 – 0.02435 0.02064 – 0.02457

Table 1.2.1: The global fit of the neutrino oscillation experiments from NuFIT
4.1 in 3σ C.L. [3]. We use ∆m2

sol ≡ m2
2 −m2

1; and we use ∆m2
atm ≡ m2

3 −m2
1 or

m2
3 −m2

2 for NH or IH respectively.

1.2.2 Neutrino mass

The neutrino experiments indicates finite neutrino masses. We can access only the mass
squared differences from the neutrino oscillation denoted as ∆m2

21 ≡ m2
2−m2

1 and ∆m2
31 ≡

m2
3 −m2

1 with the notation of

diag [m1,m2,m3] ≡ U ν†
R MνU

ν
L, (1.2.19)
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where m1, m2 and m3 are real eigenvalues of the neutrino mass matrix. We have two
possibilities of the neutrino mass hierarchy since the sign of ∆m2

31 is still unknown and
∆m2

21 is found to be positive:{
m1 < m2 ≪ m3 Normal Hierarchy (NH)

m3 ≪ m1 < m2 Inverted Hierarchy (IH)
, (1.2.20)

In the theory, there are two ways to obtain mass terms for the fermions: The first is
the couplings between left- and right-handed particles as seen in Eq.(1.2.3). If we have
the right-handed neutrinos in addition to the SM, we obtain the Dirac mass term

yνijν̄
i
RΦ̃ν

j
L + h.c.. (1.2.21)

However, it seems difficult to give a natural explanation why the mass of neutrino is much
smaller than that of the other charged particles. We need some mechanism to induce small
masses for the neutrinos even if we introduce the right-handed neutrinos. The second is
the Majorana mass term:

Mν(ν̄
c
LνL + h.c.), (1.2.22)

where ν̄c
L denotes the charge conjugation of ν̄L and has the right-handed chirality. In

the following, we assume the neutrinos are Majorana particles to explain small neutrino
masses.

Weinberg operator

We explain small masses of the neutrinos without introducing right-handed neutrinos. The
Majorana mass term Eq.(1.2.22) is derived from the following 5 dimensional operator:

yν l̄cLlLΦΦ
1

Λ
, (1.2.23)

which is called the Weinberg operator [90]. The constant Λ is the cut off scale which
corresponds to some physical energy scale. We have a symmetric mass matrix of the
neutrinos by the electro-weak symmetry breaking:

Mν =
v2

2Λ
yν . (1.2.24)

If the Yukawa coupling matrix is O(1), Mν ∼ 3 meV for the GUT scale (Λ ∼ 1016 GeV).

Type I seesaw mechanism

We have another way to obtain the mass term Eq.(1.2.23) effectively by introducing right-
handed Majorana neutrinos νR which are SU(2) gauge singlet fermions [91]. The neutrino
mass terms can be described as

L = (yDν̄RΦ̃νL + h.c.)− 1

2
MN ν̄

c
RνR, (1.2.25)
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where the Majorana neutrino mass matrix MN is a symmetric matrix. If the right-handed
neutrinos have heavy mass (MN ≫ ⟨Φ⟩), the masses of the left-handed neutrinos are
relatively very small in this Lagrangian. The effective left-handed neutrino mass term can
be written by integrating out the heavy right-handed neutrino fields, which corresponds
to the Weinberg operator Eq. (1.2.23). The effective mass matrix of left-handed neutrinos
are obtained as a mixing of the left- and right-handed sectors:

Mν = −MT
D(MN)

−1MD, (1.2.26)

where MD is the Dirac mass term MD = yD⟨Φ⟩. The small neutrino mass is explained
through the above mixing with heavy right-handed neutrinos, which is called the seesaw
mechanism.

The neutrino mass matrix is symmetric for both Weinberg operator case and type
I seesaw case. We note that a general symmetric matrix S can be diagonalized with a
unitary matrix U as UTSU . A Hermitian matrix H can be diagonalized by V †HV with
a unitary matrix V .

1.2.3 Neutrinoless double beta decay

If the neutrinos are Majorana particles, we can find a signal of the neutrinoless double
beta decay (0νββ). The well known beta decay of neutron is written as

n −→ p+ e− + ν̄e (1.2.27)

If the neutrinos are Majorana particles the following 0νββ process is expected in a nucleus:

2n −→ 2p+ 2e+ (1.2.28)

with annihilation of a ν̄e pair since a neutrino and anti-neutrino are identical. Its am-
plitudes can be obtained from the interaction between two electro-weak charged currents
e− → W−ν̄L. It is proportional to the effective mass of νe as

A ∝ ⟨mee⟩, ⟨mee⟩ ≡
3∑
i

miU
2
ei (1.2.29)

where mi denotes the mass eigenvalue of the neutrinos and Uei denotes a element of the
PMNS matrix. The KamLAND-Zen collaboration [95] provides the upper bound for ⟨mee⟩
reported as

⟨mee⟩ < [0.061, 0.165] eV. (1.2.30)





Chapter 2

Flavor symmetry

We discuss the origin of the flavor structure. The neutrino oscillation experiments revealed
that the lepton mixing is quite different from the quark mixing:

VCKM ∼

0.97446 0.22452 0.00365
0.22438 0.97359 0.04214
0.00896 0.04133 0.99911

 , UPMNS ∼

0.82 0.55 0.15
0.30 0.70 0.74
0.50 0.58 0.65

 , (2.0.1)

which are obtained from the best fit value of PDG (2018) [89] for CKM mixing and NuFIT
4.1 (2019) [3] for PMNS mixing. One can find that the two mixing matrices are quite
different: VCKM is almost a unit matrix and UPMNS is a large mixing. Before 2012, when
a non-vanishing value of θ13 in the lepton mixing was discovered, the experimental results
of the neutrino oscillation seemed to be consistent with an interesting structure:

UTBM =


√

2/3
√

1/3 0

−
√

1/6
√

1/3 −
√
1/2

−
√

1/6
√

1/3
√
1/2

 , (2.0.2)

which is called the tri-bimaximal mixing (TBM) [93,94]. A lot of models were presented
to obtain the origin of flavor structure with new symmetry G in addition to SM inspired
by the TBM. The new symmetry G is set in the three flavors and called as the flavor
symmetry. The TBM structure was theoretically obtained by a non-Abelian discrete
group G = A4 [23, 24]. It is remarked that non-zero value of θ13 was predicted by a
flavor symmetric model before 2012 [25]. The flavor symmetry is therefore still a powerful
tool to investigate the origin of flavor and we can find many flavor models by means of
S3, A4, S4, A5 and other groups with larger orders [17–30].

The recent neutrino oscillation experiments have been developed and strongly indicates
the CP violation δlCP ̸= 0,±π as well as the non-zero θ13. The future experimental
development will require models with sharper and more detailed predictions.

2.1 Model with flavor symmetry

The flavor symmetry is a powerful tool to obtain a sharp prediction for the neutrino
experiments. We show a model of flavor symmetry with a non-Abelian discrete group A4

15
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L eR, µR, τR hu hd ϕT η η̃ ϕS ξ ξ̃ Θ

SU(2) 2 1 2 2 1 1 1 1 1 1 1
A4 3 1, 1′′, 1′ 1 1 3 1′′ 1′′ 3 a a a
Z3 ω ω2 1 1 1 1 1 ω ω ω 1

U(1)FN 0 4, 2, 0 0 0 0 0 0 0 0 0 -1
U(1)R 1 1 0 0 0 0 0 0 0 0 0

Table 2.1.1: The charge assignment for the fermions, Higgs fields and
flavons where ω = exp[2πi/3].

and Z3 [27]. The theory is described in supersymmetric theory in order to achieve the
potential analysis of the flavons.

2.1.1 Set up

We have to introduce two Higgs doublets, hu and hd, in order to prevent the triangle
anomaly in supersymmetry and they are supposed to be trivial singlets of A4. There
are several SU(2) gauge singlet scalar fields denoted as ϕT , η, η̃, ϕS, ξ and ξ̃. We have
the required neutrino and charged lepton masses by the specific VEVs in the Yukawa
coupling. The additional symmetries A4, Z3 and U(1)FN control the Yukawa couplings
involved by the flavons. A specific charge assignment can also prohibit unwanted couplings
in the Lagrangian. In particular, the Froggatt–Nielsen (FN) mechanism [96] realizes the
hierarchical masses of the charged leptons me, mµ and mτ with the FN flavon Θ and
appropriate FN charge U(1)FN . The U(1)R symmetry is necessary to prevent dangerous
proton decay channels.

The charge assignment of the fermions and flavons are summarized in Tab. 2.1.1 It is
noted that the theory does not contain a right-handed neutrinos.

The global transformations of A4 are given by the generators S and T which are sum-
marized in Eq. (A.0.1) for the A4 representations of 1, 1

′, 1′′ and 3. The Z3 transformation
gives rise to ω = exp[2πi/3] or ω2 factor. The global U(1)FN and U(1)R transformation
yields exp[iθFN ] and exp[iθR] up to the order of its charge. The invariant theory is realized
when each coupling gives trivial transformation in the superpotential except for U(1)R.
We must impose the U(1)R charge 2 to the superpotential for invariance.

2.1.2 Yukawa couplings

We have a superpotential of the Yukawa couplings:

w = wl + wν (2.1.1)

where wl and wν denotes the charged lepton sector and neutrino sector respectively. The
A4 ⊗ Z3 ⊗ U(1)FN ⊗ U(1)R symmetry is realized by the following charged lepton mass



2.1. MODEL WITH FLAVOR SYMMETRY 17

ϕT
0 η0 ϕS

0 ξ0

SU(2) 1 1 1 1
A4 3 1 3 1
Z3 1 ω2 ω ω

U(1)FN 0 0 0 0
U(1)R 2 2 2 2

Table 2.1.2: The charge assignment for the driving fields.

term:

wl = ye (ϕT l)1 e
chd

Θ4

Λ5
+ yµ (ϕT l)1′ µ

chd
Θ2

Λ3
+ yτ (ϕT l)1′′ τ

chd
1

Λ

+ y′e (ϕT l)1′ e
chd

ηΘ4

Λ6
+ y′µ (ϕT l)1′′ µ

chd
ηΘ2

Λ4
+ y′τ (ϕT l)1 τ

chd
η

Λ2
,

(2.1.2)

and the neutrino mass term obtained by the Weinberg operator:

wν = yS(ll)3huhu
ϕS

Λ2
+ yξ(ll)1huhu

ξ

Λ2

+ y′1(ll)1huhu
(ϕSϕT )1

Λ3
+ y′2(ll)1′huhu

(ϕSϕT )1′′

Λ3

+ y′3(ll)1′′huhu
(ϕSϕT )1′

Λ3
+ y′4(ll)3huhu

(ϕSϕT )3
Λ3

+ y′5(ll)3huhu
ϕSη

Λ3
+ y′6(ll)3huhu

ξϕT

Λ3
+ y′7(ll)1′huhu

ξη

Λ3
,

(2.1.3)

up to the next-to-leading order where Λ is the cut-off scale. The Yukawa coupling con-
stants ys are assumed to be order one. The charged leptons and neutrinos obtain their
masses by finite VEVs of the flavons as well as Higgs scale fields.

2.1.3 Potential analysis

We also introduce additional SU(2) gauge singlet fields called as the driving fields: ϕT
0 ,

η0, ϕ
S
0 and ξ0. They are separated from the Yukawa couplings due to their U(1)R charge.

The charge assignment of the driving fields is summarized in Tab. 2.1.3. We can obtain
the mass terms of the flavons coupled with the driving fields:

wd = wT
d + wS

d , (2.1.4)

where

wT
d = −MϕT

0 ϕT + gϕT
0 ϕTϕT + λϕT

0 ϕT η̃

− λ1η0ϕTϕS + λ2η0ηξ + λ3η0ηξ̃ + λ4η0η̃ξ + λ5η0η̃ξ̃
(2.1.5)

and

wS
d = g1ϕ

S
0ϕSϕS + g2ϕ

S
0ϕS ξ̃ − g3ξ0ϕSϕS + g4ξ0ξξ + g5ξ0ξξ̃ + g6ξ0ξ̃ξ̃, (2.1.6)
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where M is a complex mass parameter. The trilinear couplings gs and λs are also complex
parameters of order one. It is noted that wS

d is the same superpotential given in Ref. [24].
The multiplication rule of A4 group in Appendix A gives the following decompositions:

wT
d = −M

(
ϕT
01ϕT1 + ϕT

02ϕT3 + ϕT
03ϕT2

)
+ λ

(
ϕT
01ϕT2 + ϕT

02ϕT1 + ϕT
03ϕT3

)
η̃

+
2g

3

[
ϕT
01

(
ϕ2
T1 − ϕT2ϕT3

)
+ ϕT

02

(
ϕ2
T2 − ϕT1ϕT3

)
+ ϕT

03

(
ϕ2
T3 − ϕT1ϕT2

)]
− λ1η0 (ϕT2ϕS2 + ϕT1ϕS3 + ϕT3ϕS1) + λ2η0ηξ + λ3η0ηξ̃ + λ4η0η̃ξ + λ5η0η̃ξ̃,

wS
d =

2g1
3

[
ϕS
01

(
ϕ2
S1 − ϕS2ϕS3

)
+ ϕS

02

(
ϕ2
S2 − ϕS1ϕS3

)
+ ϕS

03

(
ϕ2
S3 − ϕS1ϕS2

)]
+ g2

(
ϕS
01ϕS1 + ϕS

02ϕS3 + ϕS
03ϕS2

)
ξ̃

− g3ξ0
(
ϕ2
S1 + 2ϕS2ϕS3

)
+ g4ξ0ξ

2 + g5ξ0ξξ̃ + g6ξ0ξ̃
2, (2.1.7)

Note that we have new terms relevant to η and η̃ in addition to wT
d appeared in Ref. [24].

In N = 1 global SUSY, the scalar potential of the F-term is given by the superpotential
as

V =
∑
i

∣∣∣∣ ∂w∂ϕi

∣∣∣∣2 + h.c., (2.1.8)

where ϕi is a chiral superfield in the superpotential w. The relevant scalar potential
V = VT + VS is given by

VT =
∑
i

∣∣∣∣∂wT
d

∂ϕT
0i

∣∣∣∣2 + h.c.

= 2

∣∣∣∣−MϕT1 + λϕT2η̃ +
2g

3

(
ϕ2
T1 − ϕT2ϕT3

)∣∣∣∣2
+ 2

∣∣∣∣−MϕT3 + λϕT1η̃ +
2g

3

(
ϕ2
T2 − ϕT1ϕT3

)∣∣∣∣2
+ 2

∣∣∣∣−MϕT2 + λϕT3η̃ +
2g

3

(
ϕ2
T3 − ϕT1ϕT2

)∣∣∣∣2
+ 2

∣∣∣−λ1 (ϕT2ϕS2 + ϕT1ϕS3 + ϕT3ϕS1) + λ2ηξ + λ3ηξ̃ + λ4η̃ξ + λ5η̃ξ̃
∣∣∣2 ,

VS =
∑∣∣∣∣∂wS

d

∂X

∣∣∣∣2 + h.c.

= 2

∣∣∣∣2g13 (
ϕ2
S1 − ϕS2ϕS3

)
+ g2ϕS1ξ̃

∣∣∣∣2 + 2

∣∣∣∣2g13 (
ϕ2
S2 − ϕS1ϕS3

)
+ g2ϕS3ξ̃

∣∣∣∣2
+ 2

∣∣∣∣2g13 (
ϕ2
S3 − ϕS1ϕS2

)
+ g2ϕS2ξ̃

∣∣∣∣2
+ 2

∣∣∣−g3
(
ϕ2
S1 + 2ϕS2ϕS3

)
+ g4ξ

2 + g5ξξ̃ + g6ξ̃
2
∣∣∣2 . (2.1.9)
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We find the potential minimum VT = 0 and VS = 0 at the following VEVs

⟨ϕT ⟩ =vT

1
0
0

 , ⟨ϕS⟩ = vS

1
1
1

 , ⟨η⟩ = q, ⟨η̃⟩ = 0, ⟨ξ⟩ = u, ⟨ξ̃⟩ = 0,

vT =
3M

2g
, v2S =

g4
3g3

u2, q =
λ1vTvS
λ2u

=
λ1

λ2

√
g4
3g3

vT ,

(2.1.10)

where we take the VEVs of ξ̃ and η̃ to be zero in the linear transformation between ξ and
ξ̃ as well as η and η̃. We can obtain the nonzero VEV of Θ from the scalar potential of
D-term if we assume a gauged U(1)FN. The Fayet-Iliopolos term gives the finite VEV of
Θ [97]. Thus, The VEVs of vT , vS, u and q are the independent free parameters of the
model.

2.1.4 Mass matrix

We write the mass matrices of the charged leptons and neutrinos with the VEVs of
Eq.(2.1.10) as well as the Higgs fields: ⟨Hu⟩ = vu and ⟨Hd⟩ = vd. The lepton mass
matrices are constructed from the superpotentials wl in Eq. (2.1.2) and wν in Eq. (2.1.3).
These superpotentials are decomposed according to the multiplication rule of A4 given in
Appendix A.

Charged lepton mass matrix

The charged lepton mass matrix is written as:

Mℓ = vdαℓ

 yeλ
4 0 y′ταη

y′eαηλ
4 yµλ

2 0
0 y′µαηλ

2 yτ

 (2.1.11)

where the parameters αℓ, αη and λ are written in terms of the VEVs of ϕT , η and Θ,
respectively:

αℓ ≡
⟨ϕT ⟩
Λ

=
vT
Λ

, αη ≡
⟨η⟩
Λ

=
q

Λ
, λ ≡ ⟨Θ⟩

Λ
. (2.1.12)

It is noted that the off-diagonal elements are given from the next-leading operators.
We show an approximate form of the unitary matrix which diagonalizes the charged

lepton mass matrix as UℓMℓM
†
ℓU

†
ℓ :

U †
ℓ ≃ 1√

1 + ατ2
η

 1 −O(α2
η) ατ

ηe
iφ

O(α2
η)

√
1 + ατ2

η O(αηλ
4)

−ατ
ηe

−iφ O(α3
η) 1

 (2.1.13)

where

ατ
ηe

iφ ≡ y′τ
yτ

αη. (2.1.14)
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The mass eigenvalues m2
e, m

2
µ and m2

τ are obtained in a good approximation as

me = |ye|αℓλ
4vd , mµ = |yµ|αℓλ

2vd , mτ = |yτ |αℓvd , (2.1.15)

where Yukawa coupling constants are O(1).
We find that the diagonalizing matrix Uℓ depends on a real parameter ατ

η and a phase
factor φ in the leading order. We will show that the parameter αη is much less than

1 in the numerical discussion, and the off-diagonal elements (1,3) and (3,1) in U †
ℓ have

dominant contributions to the lepton mixing.

Neutrino mass matrix

It is useful to discuss an appropriated form of the neutrino mass matrix. The neutrino
mass matrix is given from the superpotential wν in Eq. (2.1.3) and the VEV alignment in
Eq.(2.1.10). The next-to-leading operators llhuhuϕSϕT and llhuhuϕT ξ can be suppressed
and negligibly small since the factor ⟨ϕT ⟩/Λ is small, which is confirmed in our numerical
simulation. On the other hand, the operator y′7llhuhuξη cannot be neglected because
⟨η⟩/Λ can be larger than ⟨ϕT ⟩/Λ. Then we have the following approximation by use of
the multiplication rule of Appendix A:

wν ∼ ySv
2
u

vS
Λ2

(νν)3

1
1
1


3

+ yξv
2
u(νν)1

u

Λ2
+ y′7v

2
uαη(νν)1′

u

Λ2

=
a

3

2ν1ν1 − ν2ν3 − ν3ν2
2ν3ν3 − ν1ν2 − ν2ν1
2ν2ν2 − ν3ν1 − ν1ν3

1
1
1

+ c(ν1ν1 + ν2ν3 + ν3ν2) + d(ν3ν3 + ν1ν2 + ν2ν1)

(2.1.16)

where yS is redefined as yS ≡ yS + y′5⟨η⟩/Λ. The coefficients a, c and d are defined as:

a =
ySαν

Λ
v2u , c =

yξαξ

Λ
v2u , d =

y′7αξαη

Λ
v2u , (2.1.17)

with
αν ≡ vS

Λ
, αξ ≡

u

Λ
. (2.1.18)

The factor 1/3 of the first term is a convention. We can write the approximated neutrino
mass matrix from Eq. (2.1.16) in a well-known form by introducing b ≡ −a/3:

Mν = a

1 0 0
0 1 0
0 0 1

+ b

1 1 1
1 1 1
1 1 1

+ c

1 0 0
0 0 1
0 1 0

+ d

0 1 0
1 0 0
0 0 1

 , (2.1.19)

The magnitude of d is expected to be much smaller than a, b and c since the parameter d
is induced from the next-to-leading operator llhuhuξη. We redefine a, c and d as follows:

a → a , c → c eiϕc , d → d eiϕd , (2.1.20)
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where a, c and d are real; and the phase factors ϕc and ϕd can contribute to CP violation
in the lepton flavor mixing. We have taken a to be real without loss of generality. We
introduce a new basis of the neutrino mass matrix M̂ν defined with VTBM as:

M̂ν = V T
TBMMνVTBM =

a+ ceiϕc − d
2
eiϕd 0 −

√
3
2
deiϕd

0 ceiϕc + deiϕd 0

−p
√
3
2
deiϕd 0 a− ceiϕc + d

2
eiϕd

 . (2.1.21)

It is noted that Mν is diagonalized by TBM matrix for d = 0. We further consider
a Hermitian matrix given by the neutrino mass matrix to discuss the neutrino mass
eigenvalues and mixing:

M̂νM̂
†
ν =

 (1, 1) 0 (1, 3)
0 |ceiϕc + deiϕd |2 0

(1, 3)∗ 0 (3, 3)

 , (2.1.22)

where

(1, 1) = a2 + c2 + d2 + 2ac cosϕc − cd cos(ϕc − ϕd)− ad cosϕd ,

(3, 3) = a2 + c2 + d2 − 2ac cosϕc − cd cos(ϕc − ϕd) + ad cosϕd ,

(1, 3) = −
√
3 [ad cosϕd + icd sin(ϕc − ϕd)] . (2.1.23)

The neutrino mixing matrix Uν diagonalizes M̂νM̂
†
ν as

Uν (M̂νM̂
†
ν) U

†
ν =

m2
1 0 0
0 m2

2 0
0 0 m2

3

 , (2.1.24)

where the mass eigenvalues of neutrinos are written as follows:

m2
1 = a2 + c2 + d2 − cd cos(ϕc − ϕd)

−
√

3c2d2 sin2(ϕc − ϕd) + 4a2(c2 cos2 ϕc + d2 cos2 ϕd − cd cosϕc cosϕd) ,

m2
2 = c2 + d2 + 2cd cos(ϕc − ϕd) , (2.1.25)

m2
3 = a2 + c2 + d2 − cd cos(ϕc − ϕd)

+
√
3c2d2 sin2(ϕc − ϕd) + 4a2(c2 cos2 ϕc + d2 cos2 ϕd − cd cosϕc cosϕd) ,

for NH (m1 < m2 < m3). The neutrino mixing matrix Uν is a 3 × 3 rotation matrix of
1-3 plane given as

U †
ν =

 cos θ 0 sin θe−iσ

0 1 0
− sin θeiσ 0 cos θ

 , (2.1.26)

where θ and σ are written in terms of the model parameters as

tan 2θ =
√
3
d
√
a2 cos2 ϕd + c2 sin2(ϕc − ϕd)

a(d cosϕd − 2c cosϕc)
, σ = −c sin(ϕc − ϕd)

a cosϕd

. (2.1.27)
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* * *

In the case of IH of neutrino masses, the neutrino mass eigenvalues cannot satisfy
∆m2

sol > 0 for our calculation. The neutrino mass eigenvalues for IH case are given as

m2
3 = a2 + c2 + d2 − cd cos(ϕc − ϕd)

−
√

3c2d2 sin2(ϕc − ϕd) + 4a2(c2 cos2 ϕc + d2 cos2 ϕd − cd cosϕc cosϕd) ,

m2
1 = a2 + c2 + d2 − cd cos(ϕc − ϕd)

+
√
3c2d2 sin2(ϕc − ϕd) + 4a2(c2 cos2 ϕc + d2 cos2 ϕd − cd cosϕc cosϕd) ,

m2
2 = c2 + d2 + 2cd cos(ϕc − ϕd) . (2.1.28)

One finds ∆m2
sol = m2

2 −m2
1 as

∆m2
sol = c2

[
3
d

c
cos(ϕc − ϕd)−

a2

c2

−
√
3
d2

c2
sin2(ϕc − ϕd) + 4

a2

c2
(cos2 ϕc +

d2

c2
cos2 ϕd −

d

c
cosϕc cosϕd)

] (2.1.29)

It is impossible to obtain the observed value of ∆m2
sol since a ∼ c and c ≫ d in our model

as seen in Eq.(2.1.17). Indeed, d/c ∝ αη is expected to be 0.07–0.3 in our numerical
analysis.

2.1.5 PMNS matrix

We obtain the PMNS matrix as

UPMNS = Uℓ VTBM U †
ν P , (2.1.30)

where P is a diagonal matrix defined as

PUνM̂νU
T
ν P = diag{m1,m2,m3}, (2.1.31)

so that m1, m2 and m3 are real and positive neutrino masses. The three neutrino mixing
angles can be written in terms of the model parameters in the leading order:

sin θ12 ≃
1√

1 + ατ2
η

1√
3
(1− ατ

ηe
iφ) ,

sin θ23 ≃ − 1√
2
cos θ − 1√

6
sin θe−iσ (2.1.32)

sin θ13 ≃
1√

1 + ατ2
η

[
2√
6
sin θe−iσ − 1√

2
ατ
η cos θe

iφ

]
.
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2.2 Numerical discussion

We perform the numerical simulation of the model by use of the approximated results
obtained from the previous section. We use the lepton mixing matrix appropriated as

U †
ℓ ≃ 1√

1 + ατ2
η

 1 0 ατ
ηe

iφ

0
√

1 + ατ2
η 0

−ατ
ηe

−iφ 0 1

 , (2.2.1)

and the neutrino mass matrix of Eq. (2.1.19), which enables us to discuss correlations
among the model parameters and numerical results. The tau lepton mass determines αℓ.
The real parameters a and c are fixed by the observed value of ∆m2

sol and ∆m2
atom. We

note that the magnitude of d is related to αη as

αν
η ≡ d

c
=

∣∣∣∣y′7yξ
∣∣∣∣αη (2.2.2)

Thus, we have the following model parameters:

m1, αη, φ, ϕc, ϕd, (2.2.3)

under the assumption: αη = ατ
η = αν

η i.e. |y′7/yξ| = |y′τ/yτ | = 1, which is reasonable since
the Yukawa couplings are taken to be order one. The lightest neutrino mass eigenvalue
m1 is limited by the cosmological observation

∑
mi < 160 [meV] [98–100]. We scan the

phase factors φ, ϕc and ϕd in [−π, π]. We explain how to scan αη in the next subsection.

2.2.1 Gamma distribution

Our numerical discussion is robust if

λ ≪ 1, αℓ ≪ 1, αη ≪ 1. (2.2.4)

The small λ is obtained from the charged lepton mass hierarchy as seen Eq. (2.1.15) for
the Yukawa couplings of order one. The value of αℓ is fixed by mτ from Eq. (2.1.15),
which leads to

αℓ = 0.0316 (0.010), (2.2.5)

where we assume two cases: tan β = vu/vd = 3 (0) (
√

v2u + v2d = v/
√
2 where v = 246

[GeV]) in |yτ | = 1 unit. The VEV alignment Eq.(2.1.10) leads to the following relation:

αη =
λ1

λ2

√
g4
3g3

αℓ . (2.2.6)

In order to remove αη > 0.3 for a good approximation, we scan the coefficient before αℓ

in Eq.(2.2.6) in the following method.
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Figure 2.2.1: The distribution of αη for
αℓ = 0.0316 (blue) and αℓ = 0.010 (red)
in Eq.(2.2.8) (α = 3/2, β = 2, γ = 1, µ =
0). This figure is taken from [27].
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Figure 2.2.2: The distribution of αη for
αℓ = 0.0316 (blue) and αℓ = 0.010 (red)
in Eq.(2.2.9) (α = 1, β =

√
2, γ = 2, µ =

0). This figure is taken from [27].

The value of αη is given by the Gamma distribution which is useful to distribute order
one parameters:

f = (x− µ)(αγ−1)e(−
x−µ
β )

γ

. (2.2.7)

When we take γ = 1 with α = 3/2, µ = 0 and β = 2, we have

f =
√
x e−

1
2
x , (2.2.8)

which is identical to the χ2 distribution. We also consider alternative distribution given
by γ = 2 with α = 1, µ = 0 and β =

√
2:

f = x e−
1
2
x2

, (2.2.9)

which behaves like the Gaussian distribution.
We obtain αη = fαℓ. We show the distribution of αη in Figs. 2.2.1 and 2.2.2 for

αℓ = 0.0316 and αℓ = 0.010 based on the two cases Eqs.(2.2.8) and (2.2.9).
In advance, we comment on the results from different distributions of αη presented in

Eq. (2.2.8) and (2.2.9). We have found that our results from the two Gamma distributions
do not make a significant change for both the different values αℓ = 0.0316 nor 0.010.
Moreover, we have scanned αη in the flat-distribution for 0 ≤ αη ≤ 0.3 and the results do
not change. Therefore, we use Eq. (2.2.8) for αℓ = 0.0316 in the following discussion.

2.2.2 Results

We present the prediction for the mixing angles θ12, θ23 and the CP violating phases δCP ,
α21, α31 as well as the effective mass for the 0νββ decay ⟨mee⟩. We have used the global
fit given from NuFIT 3.2 [3] shown in in Tab. 2.2.1. We show the results which satisfy
the observation in 1σ C.L. by green points and 3σ C.L. by blue points.

The predicted δCP and sin2 θ23 are shown in Fig. 2.2.2. The red curve represents TM2

prediction which is obtained when we turn off the charged lepton mixing artificially. It
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observable best fit and 1 σ 3σ range
∆m2

atm (2.494+0.033
−0.031)× 10−3eV2 (2.399 ∼ 2.593)× 10−3eV2

∆m2
sol (7.40+0.21

−0.20)× 10−5eV2 (6.80 ∼ 8.02)× 10−5eV2

sin2 θ23 0.538+0.033
−0.069 0.418 ∼ 0.613

sin2 θ12 0.307+0.013
−0.012 0.272 ∼ 0.346

sin2 θ13 0.02206+0.00075
−0.00075 0.01981 ∼ 0.02436

Table 2.2.1: The neutrino oscillation parameters from NuFIT 3.2 for NH [3].
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Figure 2.2.3: The predicted sin θ23
and δCP . The red curve denotes the
prediction from TM2. This figure is
taken from [27]
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Figure 2.2.4: The predicted sin θ12
and δCP . The red curve are given by
TBM neutrino mixing. This figure is
taken from [27].

may be helpful to see the effect from the charged lepton sector. The Dirac CP violating
phase δCP is allowed in [−π, π] for 3σ C.L.. One finds a typical prediction of TM2:
δCP is expected to be |60◦–90◦| for θ23 = π/4. At the best fit sin2 θ23 = 0.538, we find
90◦ ≲ |δCP | ≲ 110◦. One also finds |δCP | is predicted to be 50◦–120◦ with the constraint
of 1σ C.L. data ,which may be favored for the current observation.

We also show the prediction of δCP and sin2 θ12 in Fig. 2.2.2. The red curve denotes
only TBM neutrino mixing with the charged lepton mixing, which is obtained by d = 0
and best best fit data in Tab. 2.2.1. It may be useful to see the effect of 1-3 rotation in
the neutrino mixing. One can find that |δCP | is predicted as [60◦, 120◦] at the best fit of
sin2 θ12 = 0.307, which may be also favored in the future observation.

The prediction of the Majorana phases α21 and α31 is shown in Fig. 2.2.2. One finds
a clear correlation between both phases. Both α21 and α31 are allowed in [−π, π].

In Fig. 2.2.2, we show the predicted |mee| in terms of the lightest neutrino mass
eigenvalue m1. the predicted |mee| is [10, 45]meV. The lightest neutrino mass m1 is
predicted for m1 > 12meV, which is required by the observed mass squared differences.
The upper bound m1 < 46meV is derived from the cosmological constraint [98].
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2.3 Chapter summary

The flavor symmetry is a powerful approach to study the flavor mixing theoretically. The
Yukawa couplings can take order one values. The VEVs of the additional scalar fields
realizes not only the charged lepton mass hierarchy but also the observed lepton mixing
angles.

We have reviewed a model of flavor symmetry with A4 and Z3 [27]. The model requires
several flavons in order to obtain the consistent mass hierarchy of the charged leptons and
the neutrino mixing parameters. A potential analysis of the flavons is also available. The
light neutrino mass is induced by the Weinberg operator. It is remarkable that the flavon
η couples to the charged lepton sector as well as the neutrino sector, and it provides us a
widely acceptable predictions for the lepton mixing angles. In our approximated discus-
sions, we have found many relations among the observable and the model parameters. We
have also performed numerical studies within a good approximation; and found that the
predicted Dirac CP violating phase and the mixing angle θ23 are expected to be favored
for the future observations of the neutrino oscillation experiments. It is also remarkable
that the model can predict the Majorana phases and ⟨mee⟩ which can be detected if the
neutrinos are Majorana particles. It may be a test for the model in the future.

We have confirmed that an approach by use of flavor symmetry can afford to predict
the three mixing angle and the Dirac CP violating phase which are consistent to the
global fit in 1σ C.L.. In the next chapter, we show an alternative method which does not
assume a specific flavor symmetry.



Chapter 3

Texture zeros

We show another approach to the lepton flavor mixing. We discuss the flavor structure
based on the experimental results without flavor symmetry, which is often called as a
top-down approach. We have seen that we construct the charged lepton mass matrix and
neutrino mass matrix from a flavor symmetric theory, a bottom-up approach. It is also
important to determine what kind of texture of the mass matrix is available in order to
make a minimal model of flavor symmetry. In other words, it will be a guide for the
minimal theory of flavor symmetry. We will show the two textures so as to induce the
following PMNS matrices:

TM1 : UPMNS = VTBMO23,

TM2 : UPMNS = VTBMO13.

The rotation matrix of i-j plane Oij gives rise to a deviation from the TBM mixing, which
is expected to be realized by non-Abelian discrete group. The model in the previous
chapter gives approximately TM2. We note that TM3 is not available since it predicts
θ13 = 0.

3.1 Minimal texture

We introduce only two right-handed Majorana neutrinos N1 and N2, which is possible
though the lightest neutrino mass vanishes m1 = 0 for NH (m3 = 0 for IH). Then, we
have 3 × 2 the Dirac neutrino mass matrix and 2 × 2 right-handed Majorana neutrino
mass matrix. We also set the charged lepton mass matrix to be diagonal without loss of
generality.

Let us study the type I seesaw model of the minimal texture. We can take a diagonal
basis of the 2× 2 right-handed Majorana neutrino mass matrix MR:

MR =

(
M1 0
0 M2

)
= M0

(
p−1 0
0 1

)
, (3.1.1)

where we define M0 and p = M2/M1. The generic form of 3 × 2 Dirac neutrino mass

27
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matrix MD can be paramterize

MD = vYν = v

a d
b e
c f

 , (3.1.2)

where v = 174.1 GeV and the elements a, b, c, d, e, f are complex. The effective left-handed
Majorana neutrino mass matrix Mν is obtained by the type I seesaw mechanism:

Mν = −MDM
−1
R MT

D = − v2

M0

a2p+ d2 abp+ de acp+ df
abp+ de b2p+ e2 bcp+ ef
acp+ df bcp+ ef c2p+ f 2

 . (3.1.3)

It is useful to discuss the TBM mixing basis of the neutrino mass matrix:

M̂ν ≡ V T
TBMMνVTBM = − v2

M0


A2

νp+D2
ν

6
AνBνp+DνEν

3
√
2

AνCνp+DνFν

2
√
3

AνBνp+DνEν

3
√
2

B2
νp+E2

ν

3
BνCνp+EνFν√

6
AνCνp+DνFν

2
√
3

BνCνp+EνFν√
6

C2
νp+F 2

ν

2

 , (3.1.4)

where

Aν ≡ 2a− b− c, Bν ≡ a+ b+ c, Cν ≡ c− b,

Dν ≡ 2d− e− f, Eν ≡ d+ e+ f, Fν ≡ f − e. (3.1.5)

We find the minimal texture by imposing zero in the Dirac mass matrix elements and
comparing its predictions and the observations. TM1 and TM2 are expected to be consis-
tent and minimal. In this thesis, we discuss only for TM1 for the case with NH of neutrino
masses.

We present the neutrino mass matrix for TM1 in NH case. One can find that it is
realized if M̂ν satisfies

Aν = 0 and Dν = 0. (3.1.6)

Then we have

M̂ν = − v2

M0


0 0 0

0 3
4
((b+ c)2p+ (e+ f)2) 1

2

√
3
2
((c2 − b2)p− e2 + f 2)

0 1
2

√
3
2
((c2 − b2)p− e2 + f 2) 1

2
((b− c)2p+ (e− f)2)

 , (3.1.7)

where p = M1/M2. The efective neutrino mass matrix derives from the following Dirac
neutrino mass matrix:

MD = vYν = v

 b+c
2

e+f
2

b e
c f

 . (3.1.8)
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It is noted that a redefinitions of the left-handed lepton fields allows to take e and f to be
real. We set only b and c to be complex without loss of generality. The minimal texture
is obtained by an additional condition on Eq. (3.1.8). There are three as follows [42]:

(I) b+ c = 0, (II) c = 0, (III) b = 0. (3.1.9)

These conditions lead to the following Dirac neutrino mass matrices:

MD =



v

 0 e+f
2

b e
−b f

 for (I)

v

 b
2

e+f
2

b e
0 f

 for (II)

v

 c
2

e+f
2

0 e
c f

 for (III)

. (3.1.10)

We obtain the effective neutrino mass matrix in the TBM basis M̂ν for I case as:

M̂ I
ν = −f 2v2

M0


0 0 0

0 3
4
(k + 1)2 −1

2

√
3
2
(k2 − 1)

0 −1
2

√
3
2
(k2 − 1) 2B2pe2iϕB + 1

2
(k − 1)2

 , (3.1.11)

where we redefine the new real parameters k, B and ϕB as

k ≡ e

f
, ϕB ≡ arg[b], B ≡ |b|

f
. (3.1.12)

We also obtain M̂ν for II as

M̂ II
ν = −f 2v2

M0


0 0 0

0 3
4
[B̂2pe2iϕB + (k + 1)2] −1

2

√
3
2
[B̂2pe2iϕB + k2 − 1]

0 −1
2

√
3
2
[B̂2pe2iϕB + k2 − 1] 1

2
[B̂2pe2iϕB + (k − 1)2]

 , (3.1.13)

where the real parameters are defined as

k ≡ e

f
, ϕB ≡ arg[b], B̂ ≡ |b|

f
. (3.1.14)

We also obtain M̂ν for III as

M̂ III
ν = −f 2v2

M0


0 0 0

0 3
4
[B2pe2iϕB + (k + 1)2] −1

2

√
3
2
[−B2pe2iϕB + k2 − 1]

0 −1
2

√
3
2
[−B2pe2iϕB + k2 − 1] 1

2
[B2pe2iϕB + (k − 1)2]

 .

(3.1.15)
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It is noted that real parameters are defined differently from case I as

k ≡ e

f
, ϕB ≡ arg[c], B ≡ |c|

f
. (3.1.16)

The formulations and numerical simulations for the minimal textures TM1 as well as
TM2 are presented for both NH and IH cases in Ref. [47]:

3.2 Neutrino mass and mixing matrix

We represent the neutrino mass eigenvalues and neutrino mixing parameters including
the CP violating phase in terms of the model parameters. Note that the definition of k,
B and ϕB differs in each case.

The neutrino masses are given follows:

m1 = 0, m2
2m

2
3 =

9v8

4M4
0

(j − k)4f 8B4p2,

m2
2 +m2

3 =
v4f 4

16M2
0

[
B4p2(5j2 + 2j + 5)2

+2B2p(5jk + j + k + 5)2 cos 2ϕB + (5k2 + 2k + 5)2
]
, (3.2.1)

where we have introduced j ≡ b/c. The cases I, II and III correspond j = −1, j = ∞ and
j = 0 respectively. For case II, we further set B = c/f → 0 and B̂ = Bj is finite. We fix
the model parameters B

√
p and f 2/M0 by two mass squared differences, and the other

mixing parameters and observables are predicted from two parameters: k and ϕB.

The PMNS matrix is obtained by a 2-3 plane rotation matrix O23 for TM1 texture.
We parametrize O23 as

O23 =
1

A

A 0 0
0 1 V
0 −V∗ 1

 , A =
√
1 + |V|2 , (3.2.2)

For case I:

V = −f 2v4

M2
0

√
6(k2 − 1)[(5k2 + 2k + 5) + 8B2p e2iϕB ]

16m2
3 + 3f4v4

M2
0
(k + 1)2(5k2 + 2k + 5)

. (3.2.3)

For case II:

V =

− f 2v4

M2
0

√
6 [(k2 − 1)(5k2 + 2k + 5) + 5B4p2 + 2B2p(5k + 1)(k cos 2ϕB + i sin 2ϕB)]

16m2
3 − 3f4v4

M2
0
[(k + 1)2(5k2 + 2k + 5) + 5B4p2 + 2B2p(k + 1)(5k + 1) cos 2ϕB]

.

(3.2.4)
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For case III:

V =

− f 2v4

M2
0

√
6 [(k2 − 1)(5k2 + 2k + 5)− 5B4p2 − 2B2p(k + 5)(cos 2ϕB + ik sin 2ϕB)]

16m2
3 − 3f4v4

M2
0
[(k + 1)2(5k2 + 2k + 5) + 5B4p2 + 2B2p(k + 1)(k + 5) cos 2ϕB]

.

(3.2.5)

The CP violating measure JCP [92] is written in terms of V as

JCP ≡ Im
[
Ue1Uµ2U

∗
e2U

∗
µ1

]
= − 1

3
√
6A2

Im[V∗] , (3.2.6)

3.3 Dirac CP violating phase

The only source of the CP violation is ϕB for these minimal texture models. It will be
interesting to discuss the Dirac CP violating phase in detail. The Jarlskog invariant JCP

can be related to the mass matrices of the charged leptons Mℓ and neutrinos Mν . We have
used a basis where the charged lepton mass matrix is diagonal: Mℓ = diag[me,mµ,mτ ].
We use another CP violating measure JCP [101,102]:

JCP = Tr
[
(MνM

†
ν)

∗, (MℓM
†
ℓ )
]3

= −6i∆m6
ℓ∆m6

νJCP , (3.3.1)

where ∆m6
ℓ and ∆m6

ν are mass parameters given as

∆m6
ℓ ≡ (m2

µ −m2
e)(m

2
τ −m2

µ)(m
2
τ −m2

e),

∆m6
ν ≡ (m2

2 −m2
1)(m

2
3 −m2

2)(m
2
3 −m2

1),
(3.3.2)

respectively. We can rewrite ∆m6
ν as

∆m6
ν = (m2

2 −m2
1)(m

2
3 −m2

2)(m
2
3 −m2

1)

= ∆m2
21(∆m2

31 −∆m2
21)∆m2

31,
(3.3.3)

where ∆m2
ij ≡ m2

i − m2
j . Since the neutrino oscillation experiments have revealed that

∆m2
31 is much larger than ∆m2

21 for NH, the neutrino mass parameter ∆m6
ν is always

positive for NH.
We can calculate JCP for each case and find

case I : JCP = −3

8

f 12

M6
0

(B
√
p)6(k − 1)(k + 1)5 sin 2ϕB

v12

∆m6
ν

, (3.3.4)

case II : JCP = − 3

32

f 12

M6
0

(B
√
p)6(5k + 1) sin 2ϕB

v12

∆m6
ν

, (3.3.5)

case III : JCP =
3

32

f 12

M6
0

(B
√
p)6k5(k + 5) sin 2ϕB

v12

∆m6
ν

. (3.3.6)
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Figure 3.3.1: The prediction of ϕB with
δCP . The blue and green dots are con-
sistent to the given results at 3σ and 1σ
C.L. respectively. This figure is taken
from [47].

Figure 3.3.2: The predicted sin2 θ23
and δCP for sin 2ϕB > 0. The blue and
orange dots represent the predictions
for k < −1 and −1 < k < 0 respec-
tively. This figure is taken from [104].

We obtain clear a relation between the sign of JCP and k for each case:

JCP ∝


sin 2ϕB for − 1 ≤ k ≤ 1 ;− sin 2ϕB for k ≤ −1, k ≥ 1 : case I

sin 2ϕB for k ≤ −1/5 ;− sin 2ϕB for k ≥ −1/5 : case II

sin 2ϕB for k ≤ −5, k ≥ 0 ;− sin 2ϕB for − 5 ≤ k ≥ 0 : case III

(3.3.7)

It is noted that the sign of sin 2ϕB must be positive in order to obtain the observed
baryon–entropy ratio ηB [103]

ηB ≡ nB

s
= [5.8, 6.6]× 10−10, (3.3.8)

as discussed in Ref. [104], where nB = nb − nb̄ is the baryon number density and s is the
entropy density. In Ref. [104], we confirmed that TM1 for IH case and TM2 for both NH
and IH cases have no contribution to the baryon asymmetry.

We show predictions of the Dirac CP violating phase from the above minimal texture.
We scan k in a range [−20, 20] and ϕB in [−π, π] for our numerical simulation. The
minimal texture gives us clear predictions and correlations. In Fig. 3.3.1, one finds a clear
correlation between δCP and sin 2ϕB. The blue and green dots satisfy the experimental
bounds with 3σ and 1σ C.L. respectively. The predicted magnitude |δCP | is allowed
in [110◦, 115◦] for 1σ C.L. and [45◦, 125◦] for 3σ C.L.. The four separated regions are
distinguished by the value of k. It is remarkable that we can predict δCP up to its sign.
The sign of δCP is determined in accordance with Eq. (3.3.7).

We also show the predicted sin2 θ23 in terms of δCP in Fig. 3.3.2. The red lines denotes
upper and lower bound obtained from the data of 3σ C.L.. The prediction is limited
for sin 2ϕB > 0 as mentioned above. Blue and orange dots represent the prediction for
k < −1 and −1 < k < 0 respectively. It is noted that the maximal mixing θ23 = π/4 and
CP violation δCP = ±90◦ can be realized.

One can finds other discussions and figures in Refs. [47,104]
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3.4 Chapter summary

We have discussed a top-down approach which does not specify a flavor symmetry. It
is useful to discuss the minimal texture consistent to the experimental results in a phe-
nomenological point of view. A model with a large number of model parameters cannot
provide a testable prediction. To discuss both top-down approach and bottom-up ap-
proach will lead to a minimal theory of flavor. Our model has 3× 2 Dirac neutrino mass
matrix, which is realized S4 flavor symmetry. To consider a specific VEV alignment which
gives our minimal texture will be interesting.

We have reviewed a texture zeros approach where two right-handed neutrinos are
introduced [47]. The light neutrino mass is obtained by the type I seesaw mechanism.
We have discussed only for NH case in TM1 texture. The number of model parameters
is only four: k, ϕB, B

√
p and f 2/M0. It is remarked that the mixing parameters, effective

mass ⟨mee⟩ and Majorana CP violating phases are determined only by k and ϕB after we
fix B

√
p and f 2/M0 by the neutrino mass squared differences.

The most important result is the predicted Dirac CP violating phase. The minimal
texture enables us to distinguish the sign of δCP by specific sets of k and ϕB. Moreover,
the cosmological observation of BAU requires sinϕB > 0 as discussed in Ref [104]. In
other words, the key parameter k determines the sign of Dirac CP violating phase.

In the next chapter, we discuss a new approach for flavor symmetry which does not
require a additional gauge singlet scalar field such as flavon. It also can be a minimal
model because of the small number of parameters.





Chapter 4

Modular invariant theory

We consider a six-dimensional compact space X6 in superstring theory. Suppose that
the six-dimensional compact space has a two-dimensional compact space X2. The lepton
mixing can be determined by a flavor symmetry originated from the modular symmetry
defined in X2. The other extra four-dimensional space contributes to an overall factor of
Yukawa couplings. We discuss a modular invariant model that is symmetric under the A4

transformations in a supersymmetric model [52]

4.1 Flavor symmetry from modular group

The recent achievement in the flavor symmetry supposes the theory has modular invari-
ance and the non-Abelian discrete groups such as S3, A4, S4, A5 are obtained as quotient
groups of the modular group. The Yukawa couplings are written as modular modular
forms and transform non-trivially under the modular transformation. We briefly review
a method of the modular invariant flavor theory [50].

4.1.1 Modular group

The modular group Γ is generated by the following transformation for a complex param-
eter called the modulus τ :

τ −→ aτ + b

cτ + d
, {a, b, c, d ∈ Z : ad− bc = 0, Im[τ ] > 0} , (4.1.1)

This is called the modular transformation. We can understand it geometrically by con-
sidering a change of the two basis vectors into another basis generated from two different
lattice points in a 2-dimensional complex plane of Fig. 4.1.1:(

α′
2

α′
1

)
= γ

(
α2

α1

)
, γ =

(
a b
c d

)
, τ ≡ α2

α1

. (4.1.2)

The infinite modular group Γ is generated by the two generators, γ = S and T :

S =

(
0 1
−1 0

)
, T =

(
1 1
0 1

)
. (4.1.3)

35
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Figure 4.1.1: A lattice spaned by basis vectors α1 = 2πR and α2 = 2πRτ in a 2D complex
plane. These are parametrized by R ∈ R and τ ∈ C.

It is equivalent with

S : τ → −1

τ
, T : τ → τ + 1. (4.1.4)

We can obtain the quotient subgroup ΓN = Γ/Γ(N) isomorphic to S3, A4, S4 and A5 with
N = 2, 3, 4 and 5 respectively, where Γ(N) is a finite subgroup of Γ obtained by the
congruence condition:

TN = 1. (4.1.5)

It is noted that T transformation matrix of Eq.(4.1.5) is no longer the T of Eq.(4.1.3).

4.1.2 Modular invariance

The new type of flavor symmetry model is invariant under ΓN in addition to the continuous
gauge groups of SM. We have a natural derivation of the modular transformation for the
chiral superfields in N = 1 global supersymmetry. It will be provided in an extension to
the N = 1 supergravity theory from supersymmetry.

Let us consider the modular invariance of the N = 1 supergravity Lagrangian

G(τ, τ̄) = m−2
p K(τ, τ̄) + lnW (τ) + ln W̄ (τ̄), (4.1.6)

where K(τ, τ̄) and W (τ) denotes the Kähler potential and superpotential respectively.
The Kähler potential is a real function and the coefficient mp is the reduced Planck mass
scale:

mp ≡
Mp√
8π

=

√
ℏc
8πG

. (4.1.7)
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The supergravity Lagrangian G is required to be invariant under the transformation of
ΓN . The modular invariance of G is realized by the Kähler invariance:{

K(τ, τ̄) −→ K(τ, τ̄) + F (τ) + F̄ (τ̄)

W (τ) −→ e−m−2
p F (τ)W (τ)

, (4.1.8)

where F (τ) is a function of τ . We use a unit mp = 1 for hereafter. One can find
that the following Kähler potential realizes the Kähler invariance under the modular
transformation:

K(τ, τ̄) = −n ln(−iτ + iτ̄), (4.1.9)

with positive integer n. The function F (τ) is determined to be F = ln(cτ + d)n. Then,
the modular transformation of W is

W (τ) −→ (cτ + d)−nW (τ). (4.1.10)

The modular transformation for the chiral supermultiplet φI is found to be

φI(τ) −→ (cτ + d)−kIρI(γ)φI(τ), (4.1.11)

where ρI(γ) is a representation matrix of γ ∈ ΓN and kI a real parameter called as the
weight. The supergravity Lagrangian G is invariant if the following condition is satisfied:

ρm(γ)
Im∏
I=1

ρIm(γ) ∋ 1, and
Im∑
I=1

kI = km − n, (4.1.12)

for all couplings in the superpotential

W (τ) = f1(τ)φ
1
1(τ)φ

2
1(τ) . . . φ

I1
1 (τ) + f2(τ)φ

1
2(τ)φ

2
2(τ) . . . φ

I2
2 (τ) + · · · , (4.1.13)

where km is the weight and ρm(γ) is a representation along with the modular transforma-
tion for the coupling fm(τ).

In N = 1 global supersymmetry, the Kähler potential and superpotential ane discon-
nected in the action. The superpotential should be invariant under the modular transfor-
mation, which changes the modular invariant condition Eq. (4.1.12) into

ρm(γ)
Im∏
I=1

ρIm(γ) ∋ 1, and
Im∑
I=1

kI = km. (4.1.14)

We have assumed the coupling fm to be a function of τ so that transforms as

fm(τ) −→ (cτ + d)kmρ(γ)fm(τ). (4.1.15)

Some holomorphic functions which transforms as Eq. (4.1.15) under the ΓN with weight
2 have been obtained for Γ2 ≃ S3, Γ3 ≃ A4, Γ4 ≃ S4, Γ5 ≃ A5 and for larger groups,
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∆(96) and ∆(384). They are called as the modular forms with weight 2. In Appendix A,
we review a derivation of the modular forms for Γ3 ≃ A4.

The modular transformation of the chiral supermultiplet Eq. (4.1.11) allows additional
modular invariant terms to the Kähler potenial as:

K(τ, τ̄) = −n ln(−iτ + iτ̄) +
∑
I

|φI(τ)|2

(−iτ + iτ̄)kI
. (4.1.16)

The VEV of τ induces the kinetic terms of the chiral supermultiplets:

Lkin =
∑
I

|∂µφI(τ)|2

⟨−iτ + iτ̄⟩kI
, (4.1.17)

which is modular invariant. A proper rescaling of the chiral supermultiplets, or alterna-
tively redefinition of superpotential parameters in a given model, realizes a canonical form
of the kinetic term under the modular transformation, which will be discussed later.

Supersymmetry should be broken and its breaking energy scale is expected to be
between O(1) TeV and the compactification scale. The modular symmetry is broken by
the VEV of τ at the compactification scale, the Planck scale or slightly lower scale.

4.2 Modular invariant model of flavor symmetry

We show some concrete models invariant under Γ3 ≃ A4 modular transformation in
order to discuss the mechanism of flavor mixing in the lepton sector. These models are
supersymmetric because we consider the modular symmetry in superstring theory. For
simplicity, we discuss N = 1 global supersymmetric theory:

S =

∫
d4xs2θd2θ̄K(τ, τ̄) +

∫
d4xd2θW (τ) + h.c. (4.2.1)

We show 4 different models and their phenomenological implications. They are classsfied
as follows:

I(a) : Type I seesaw model

I(b) : Type I seesaw model of an alternative theory

II : Weinberg operator model without right-handed neutrinos

III : Dirac neutrino model

4.2.1 Basic setup

At first, we show our setup based on I(a) model as well as I(b). We assume the neutrinos
to be Majorana particles and introduce three right-handed Majorana neutrinos of SU(2)
singlet. The three right-handed neutrinos are combined in a triplet representation of A4
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composed by three chiral superfields as (νR)
T = (νR1, νR2, νR3). We suppose the weight

of νR to be one, which leads to the following modular transformation:

νR −→ (cτ + d)−1ρ(γ)νR, (4.2.2)

in accordance with Eq. (4.1.11). The representation matrix ρ(γ) for a A4 triplet given in
Appendix A is

ρ(S) =
1

3

−1 2 2
2 −1 2
2 2 −1

 , ρ(T ) =

1 0 0
0 ω 0
0 0 ω2

 . (4.2.3)

We also suppose that the left-handed lepton doublets, (lα)
T = (να, α), are described as

a triplet of A4: LT = (le, lµ, lτ ). The weight of L is 1 or −1 for I(a) or I(b) model
respectively. Then we have

L −→ (cτ + d)∓1ρ(γ)L, (4.2.4)

where the upper sign denotes I(a) and the lower does I(b). The right-handed charged
leptons (e, µ, τ) are three different singlet representations of A4 ordered as (1, 1′′, 1′) with
weight 1 or 3. {

αR −→ (cτ + d)−1ρ(γ)αR :I(a)

αR −→ (cτ + d)−3ρ(γ)αR :I(b)
(4.2.5)

In the basis defined in Appendix A, the representations ρ(γ) for the three singlets of A4

are

ρ(S)1 = 1, ρ(S)1′ = 1, ρ(S)1′′ = 1

ρ(T )1 = 1, ρ(T )1′ = ω, ρ(T )1′′ = ω2 (4.2.6)

One may find that there are six possible assignments for the three right-handed charged
leptons by interchanges of three different A4 singlets. It is noted that such interchanges
do not affect the results for lepton mixing angles since we investigate six different basis
of the charged lepton mass matrix in the above assignment.

The Higgs doublets, Hu and Hd, are supposed to be trivial singlets of A4 with zero
weights. The Dirac and Majorana mass terms are obtained by these matter fields and the
Higgs fields with the coupling Y .

The coupling Y = (Y1, Y2, Y3)
T is a A4 triplet which transforms as in Eq. (4.1.15) with

weight 2. It is approximately obtained by use of q-expansion of Yi(τ) as

Y =

Y1(τ)
Y2(τ)
Y3(τ)

 =

1 + 12q + 36q2 + 12q3 + . . .
−6q1/3(1 + 7q + 8q2 + . . . )
−18q2/3(1 + 2q + 5q2 + . . . )

 , q = e2πiτ . (4.2.7)

An exact definition of Y and its derivation are given in Appendix A. The component
modular forms Yi(τ) satisfy Y 2

2 + 2Y1Y3 = 0 [50].
The representations and modular weights for the present model particles are summa-

rized in Tab. 1. It is remarked that we have not introduced any gauge singlet scalar
fields such as flavons. It may be helpful to comment about a case where the right-handed
charged leptons are compiled as a A4 triplet. It leads to a wrong mass hierarchy of charged
lepton masses.
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L eR, µR, τR νR Hu Hd Y

SU(2) 2 1 1 2 2 1
A4 3 1, 1′′, 1′ 3 1 1 3
−kI −1 (1) −1 (−3) −1 0 0 k = 2

Table 4.2.1: The charge assignment of SU(2), A4, and the modular
weight for I(a) model. The assignment of I(b) model is realized by the
alternative weight in parentheses.

Type I seesaw model: I(a) and I(b)

The modular invariant mass terms of the charged lepton we and the neutrino wν in the
superpotential W are

we = α[eRHd(LY )]1 + β[µRHd(LY )]1 + γ[τRHd(LY )]1, (4.2.8)

wI(a)
ν = g(νRHuLY )1 + Λ(νRνRY )1, (4.2.9)

respectively. You will find the modular weight for each coupling vanishes. The sub-
scription 1 denotes a A4 trivial component of the tensor multiplication of A4 shown in
Appendix B. The parameters α, β and γ are complex in general but their complex phases
are non-physical since the phases can be absorbed in the right-handed charged lepton
fields with a proper redefinition. We can set these parameters to be real and they have
hierarchical values determined by the observed charged lepton masses. The coupling g
and Λ are constant coefficients.

We also consider an alternative assignment of the modular weight for the left-handed
lepton doublet and the right-handed charged leptons, which corresponds to I(b) model.
The left-handed lepton A4 triplet has weight 1 and the three A4 singlets of right-handed
charged leptons have −3 [51]. It leads to another modular invariant Dirac neutrino mass
term without the modular form Y :

wI(b)
ν = g(νRHuL)1 + Λ(νRνRY )1. (4.2.10)

The neutrino masses are given by the type I seesaw mechanism.

Other models: II and III

We refer the charge assignment where both modular weights of L and right-handed
charged leptons are −1 again. We discuss the II model where neutrino masses originate
from the Weinberg operator. We have the superpotential

wII
ν = − 1

Λ
(HuHuLLY )1 . (4.2.11)

In III model, the neutrinos are assumed to be Dirac particles. The neutrino mass is derived
only from Dirac mass term:

wIII
ν = g(νRHuLY )1 (4.2.12)
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4.2.2 Charged lepton mass matrix

We show a result of expansion of we by use of the decomposition rule of a A4 tensor
product in Appendix B.

we = α[eRHd(LY )]1 + β[µRHd(LY )]1 + γ[τRHd(LY )]1

= αeRHd(LY )1 + βµRHd(LY )1′ + γτRHd(LY )1′′

= αeRHd(LeY1 + LµY3 + LτY2)

+ βµRHd(LτY3 + LeY2 + LµY1)

+ γτRHd(LµY2 + LτY1 + LeY3),

(4.2.13)

where the A4 charge assignment for the right-handed charged leptons are (eR, µR, τR) =
(1, 1′′, 1′) in this case1. We can obtain a mass matrix from the charged lepton Dirac mass
term as

ME = vddiag[α, β, γ]

Y1 Y3 Y2

Y2 Y1 Y3

Y3 Y2 Y1


RL

, (4.2.14)

where vd is the VEV of Hd.

4.2.3 Neutrino mass matrix

We discuss the neutrino mass matices for our present models.

Dirac neutrino mass matrix

The Dirac neutrino mass for I(a) and III is decomposed as:

g(νRHuLY )1

= vu

νR1

νR2

νR3


3

⊗

g1
2νeY1 − νµY3 − ντY2

2ντY3 − νeY2 − µY1

2νµY2 − ντY1 − νeY3


3

⊕ g2

νµY3 − ντY2

νeY2 − νµY1

ντY1 − νeY3


3


1

= vug1[νR1(2νeY1 − νµY3 − ντY2)

+ νR2(2νµY2 − ντY1 − νeY3)

+ νR3(2ντY3 − νeY2 − νµY1)]

+ vug2 [νR1(νµY3 − ντY2) + νR2(ντY1 − νeY3) + νR3(νeY2 − νµY1)] ,

(4.2.15)

1 There are six possible assignment of A4 singlets for the right-handed charged leptons such as
(eR, µR, τR) = (1, 1′′, 1′), (1, 1′, 1′′), (1′, 1, 1′′), (1′, 1′′, 1), (1′′, 1′, 1), (1′′, 1, 1′). These permutations leads

to permutations of rows in the mass matrix. A Hermitian matrix M†
EME is unchanged by such permuta-

tions up to re-labeling of parameters α, β and γ. It is therefore sufficient to discuss one case to investigate
all the possible A4 assignments for the right-handed charged lepton.
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where the additional constant parameters g1 and g2 are derived from the ambiguity of
the relative coefficients 3syn and 3asy in the decomposition rule of a A4 tensor product. It
leads to the following Dirac neutrino mass matrix

MD = vu

 2g1Y1 (−g1 + g2)Y3 (−g1 − g2)Y2

(−g1 − g2)Y3 2g1Y2 (−g1 + g2)Y1

(−g1 + g2)Y2 (−g1 − g2)Y1 2g1Y3


RL

. (4.2.16)

For the alternative case I(b), the Dirac neutrino mass term is decomposed as:

g(νRHuL)1 = vug

νR1

νR2

νR3

⊗

νe
νµ
ντ

 = vug (νR1νe + νR2ντ + νR3νµ) . (4.2.17)

We have the Dirac neutrino mass matrix as:

M ′
D = vug

1 0 0
0 0 1
0 1 0


RL

. (4.2.18)

For III case, where the neutrinos are Dirac particles, we have the neutrino mass matrix

M III
ν = MD (4.2.19)

Majorana neutrino mass matrix

The mass term of the right-handed Majorana neutinos is written as

Λ(νRνRY )1 = Λ

2νR1νR1 − νR2νR3 − νR3νR2

2νR3νR3 − νR1νR2 − νR2νR1

2νR2νR2 − νR3νR1 − νR1νR3

⊗

Y1

Y2

Y3


1

= Λ [(2νR1νR1 − νR2νR3 − νR3νR2)Y1+

(2νR3νR3 − νR1νR2 − νR2νR1)Y3

+(2νR2νR2 − νR3νR1 − νR1νR3)Y2] .

(4.2.20)

It leads to the mass matrix as

MN = Λ

2Y1 −Y3 −Y2

−Y3 2Y2 −Y1

−Y2 −Y1 2Y3


RR

. (4.2.21)

For I(a) and I(b), we have the effective neutrino mass matrices by the type I seesaw
mechanism:

M I(a)
ν = −MT

DM
−1
N MD, (4.2.22)

M I(b)
ν = −(M ′

D)
TM−1

N M ′
D, (4.2.23)
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Model Neutrino mass matrix

I (a) MD ∝

 2g1Y1 (−g1 + g2)Y3 (−g1 − g2)Y2

(−g1 − g2)Y3 2g1Y2 (−g1 + g2)Y1

(−g1 + g2)Y2 (−g1 − g2)Y1 2g1Y3

, MN ∝

2Y1 −Y3 −Y2

−Y3 2Y2 −Y1

−Y2 −Y1 2Y3



I (b) M ′
D ∝

1 0 0
0 0 1
0 1 0

, MN ∝

2Y1 −Y3 −Y2

−Y3 2Y2 −Y1

−Y2 −Y1 2Y3



II MII
ν ∝

2Y1 −Y3 −Y2

−Y3 2Y2 −Y1

−Y2 −Y1 2Y3



III MIII
ν ∝

 2g1Y1 (−g1 + g2)Y3 (−g1 − g2)Y2

(−g1 − g2)Y3 2g1Y2 (−g1 + g2)Y1

(−g1 + g2)Y2 (−g1 − g2)Y1 2g1Y3



Table 4.2.2: The classification of the modular invariant mass matrices for neu-
trino models.

The Majorana masses originate from the Weinberg operator in Eq.(4.2.11) is decom-
posed as:

wν =− v2u
Λ

2νeνe − νµντ − ντνµ
2ντντ − νeνµ − νµντ
2νµνµ − ντνe − νeντ

⊗

Y1

Y2

Y3


=− v2u

Λ
[(2νeνe − νµντ − ντνµ)Y1 + (2ντντ − νeνµ − νµνe)Y3+

(2νµνµ − ντνe − νeντ )Y2].

(4.2.24)

The Majorana neutrino mass matrix is given as follows:

M II
ν = −v2u

Λ

2Y1 −Y3 −Y2

−Y3 2Y2 −Y1

−Y2 −Y1 2Y3


LL

. (4.2.25)

This matrix is the same one as in Eq.(4.2.21) apart from the normalization because both
left-handed neutrinos and the right-handed neutrinos are the triplet of A4. Finally, we
summarize the classification of mass matrices for neutrino models in Tab. 2.

The kinetic terms of the chiral supermultiplets Eq. (4.1.17) should be canonical for the
modular transformation. We can make it canonical by a proper rescaling of the matter
fields, which can be reflected to a rescaling of the model parameters in the mass matrices.
The canonical form is realized by the following redefinitions:

α → α′ =
α√

KLKeR

, β → β′ =
β√

KLKµR

, γ → γ′ =
γ√

KLKτR

,

gi → g′i =
gi√

KLKνR

(i = 1, 2), Λ → Λ′ =
Λ

KνR

,

(4.2.26)
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where Kϕ denotes a coefficient of the kinetic term of Eq. (4.1.17) in front of |∂µϕ|2. In
the following, we use rescaled parameters α′, β′, γ′ g′i, and Λ′ without primes instead of
the original superpotential parameters.

4.3 Phenomenological implications

Let us discuss the numerical predictions for the neutrino oscillation experiments from the
present four models: I(a), I(b), II and III. These models predict three lepton mixing
angles θ12, θ23, and θ13; and two mass squared differences ∆m2

21 and ∆m2
31, which will

be a crucial test whether the models are realistic or not. We have further predictions for
the Dirac CP violating phase δCP which is expected to be observed precisely in the near
future. We also discuss implications of Majorana neutrinos by giving predictions for the
effective neutrino mass ⟨mee⟩ of the 0νββ decay; and the Majorana CP violating phases
α21 and α31.

4.3.1 Simulation method

Figure 4.3.1: The fundamental domain of Γ3 modular forms.

In order to make a realistic discussion, we constrain our models with the global fit
of the neutrino oscillation experiments given from NuFIT 4.1 [3] in 3 σ confidence level
(C.L.) for the three mixing angles and two mass squared differences as summarized in
Tab. 3. The models are also constrained by the observed charged lepton masses:

me = 0.5110 [MeV], mµ = 105.66 [MeV], mτ = 1776.86 [MeV], (4.3.1)

which determines the values of α, β and γ after τ is fixed as shown in Appendix X.
The cosmological observations also provide a constraint on the sum of neutrino masses
[98,99]. Planck 2018 implies m1 +m2 +m3 ≤ 120–160 meV [100] at the 95% C.L., where
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the ambiguity of the upper bound depends on selection of combined data from several
observatories. We use 160 meV for the constraint.

We survey our models for Re[τ ] ∈ [−1.5, 1.5] and Im[τ ] ∈ [0.1, 15]. It is known that the
modular forms describes a fundamental domain. We show the fundamental domain of Γ3

by olive-color in Fig. 4.3.1 [50]. Any point outside of the fundamental domain corresponds
to a point inside by a specific Γ3 transformation. Therefore, it is sufficient to survey our
model in the range Re[τ ] ∈ [−1.5, 1.5]. The least value of Im[τ ] is set artificially due to
computational accuracy in the numerical simulation. The maximum value is large enough
to obtain the realistic mixing angles.

4.3.2 Model I(a): Seesaw

We show the phenomenological aspects of model I(a) numerically. We calculate the
lepton mixing by use of the charged lepton mass matrix Eq. (4.2.14) and the neutrino
mass matrix Eq. (4.2.22). We have two free complex parameters, the modulus τ and g1/g2
for our predictions. We redefine the ratio as

geiϕg ≡ g2
g1
. (4.3.2)

The phase factor ϕg is scanned for [−π, π]. The magnitude g and Im[τ ] will be restricted
by the experimental constraint.

The experimental constraints in Tab. 3 and the cosmological upper bound for the
neutrino mass,

∑
mi < 0.16 eV, restrict the allowed value of τ as shown by cyan points

in Fig. 4.3.2. The result shows realistic predictions only for NH case, but the predicted
neutrino mass is too large for IH case. The allowed regions appear along the circles and
straight lines. In fact, we have made the circles and straight lines so that each point on the
line is related to a point on another line by the S and T transformations. You will see that
every point is related to each other by some combinations of S and T transformations. For
example, we show two pairs of white- and red-colored points to see the S transformation
(S2 = 1). Since the theory is Γ3 invariant, all the isolated regions predict the same
physical predictions.

We have found an interesting correlation between sin2 θ23 and δCP in Fig. 4.3.3. The
black lines denote the experimental bounds of sin2 θ23 at 3σ C.L.. The best fit value of
sin2 θ23 for NH: sin2 θ23 = 0.563, can predict δCP = −90◦, which may be favored in the
future experiments. It is also remarkable that the predicted sin2 θ23 is larger than 0.544
and the magnitude of Dirac CP violating phase is predicted for |δCP | > 45◦), which will
be a test of consistency for I(a) model.

We note that the predicted sin2 θ12 and sin2 θ13 are allowed in full range of the exper-
imental 3σ C.L..

We also show the prediction for the effective neutrino mass ⟨mee⟩ which will be mea-
sured in the 0νββ decay amplitude if the neutrinos are Majorana particles. One can find
the predicted value of ⟨mee⟩ is severely limited in 21.5–23.6 [meV] in Fig. 4.3.4. It is
expected that the future development of the 0νββ decay searches provide a crucial test
of the model. The absolute neutrino mass scale is also predicted in a narrow range as
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38.8 < m1 < 42.4 [meV], which will be tested by the cosmological observations2.
We obtain the predictions for the Majorana CP violating phases α21 and α31 in

Fig. 4.3.5, which will be also measured by the 0νββ decay amplitude as Eq. (1.2.29).
We will obtain a clear constraint for the Majorana CP violating phases if the absolute
neutrino mass and ⟨mee⟩ are determined precisely. However, we have a strong predictions
for these phases which require that α21 ∼ ±(118◦–137◦) and α31 ∼ ±(86◦–127◦). It also
may be a test of our model in the future.

The constraints for the model parameters g and ϕg are shown in Figs. 4.3.6 and 4.3.7.
The horizontal black lines show the experimental bounds of sin2 θ12 at 3σ C.L.. We show
the allowed region of ϕg only for ϕg > 0 in order to see a correlation clearly. It is noted
that the prediction is symmetric under ϕg → −ϕg. The parameters g and ϕg are restricted
by the experimental allowed range of sin2 θ12.

Figure 4.3.2: The allowed region of τ
in I(a) model. The experimental 3σ
C.L. is realized by NH case only.

Figure 4.3.3: The prediction of sin2 θ23
and δCP . The black lines represent the
experimental data at 3σ C.L.. This fig-
ure is taken from [52].

4.3.3 Model I(b): Seesaw

We discuss the other seesaw model I(b) obtained by the alternative charge assignment
[51]. The lepton mixing is obtained by diagonalization of the charged lepton mass matrix
Eq. (4.2.14) and the neutrino mass matrix Eq. (4.2.23). The Dirac neutrino mass matrix
Eq. (4.2.18) is a constant matrix. Thus, we have only one complex parameter τ to be
fixed by the experiments. The following predictions are constrained only by the observed
mass squared differences: ∆m2

atm and ∆m2
sol.

The consistent mass squared differences are reproduced by I(b) for both NH and IH
cases by some values of τ as shown in Fig. 4.3.8. The cyan and red points denote the
NH and IH cases respectively. However, these predicted regions are inconsistent to the
experimental data of the mixing angles.

2 The numerical simulation predicts the sum of neutrino masses 141–152 [meV], which is excluded if
we take the most stringent upper bound for the neutrino mass 120 [meV] given from the cosmological
observation.
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Figure 4.3.4: The prediction of mee

versus m1 for NH in model I(a). This
figure is taken from [52].

Figure 4.3.5: The prediction of Majo-
rana phases α21 and α31 for NH in I(a).
This figure is taken from [52].

Figure 4.3.6: A correlation between g
and sin2 θ12. The black lines represent
the experimental data at 3σ C.L..

Figure 4.3.7: A correlation between ϕg

and sin2 θ12. The black lines represent
the experimental data at 3σ C.L..

We show the prediction of sin2 θ13 and δCP in Fig. 4.3.9. The vertical black lines denote
the experimental bounds of sin2 θ13 at 3σ C.L.. The predicted value of sin2 θ13 is 0.18 and
it is too large for NH case. On the other hand, we have sin2 θ13 = 0 or 1 for IH case. Both
predictions are inconsistent with the experiments.

One also finds the CP violating phase in this model. For NH case, the predicted CP
violating phase is |δCP | < 90◦. For IH case, the maximal CP violation δCP = ±90◦ is
realized for θ13 = ±90◦. The Dirac CP violating phase cannot be determined if there is
no mixing in 1-3 plane: θ13 = 0.

4.3.4 Model II: Weinberg operator

We also show our numerical results for II where the right-handed neutrinos are not in-
troduced. The neutrino mass matrix is described by the Weinberg operator Eq. (4.2.25),
while the charged lepton mass matrix is again Eq. (4.2.14). Only the modulus parameter
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Figure 4.3.8: The allowed values of
τ for I(b) which satisfy the observed
neutrino mass squared differences at
3σ C.L..

Figure 4.3.9: The prediction sin2 θ13
and δCP . The black lines represent the
experimental data at 3σ C.L.. Both
NH and IH cases are excluded.

Figure 4.3.10: The allowed values of τ
for II which satisfy the obsrved neu-
trino mass squared differences at 3σ
C.L..

Figure 4.3.11: The prediction sin2 θ23
and δCP . The black lines represent the
experimental data at 3σ C.L..

τ is the free parameter which contributes to the flavor mixing. We show the prediction of
this model taking account of the constraint from the observed mass squared differences:
∆m2

atm and ∆m2
sol.

The modulus τ is constrained as in Fig. 4.3.10. The cyan and red points denote the NH
and IH cases respectively. The allowed regions of τ cannot reproduce the experimental
data of the mixing angles.

The prediction of sin2 θ23 and δCP are shown in Fig. 4.3.11. The vertical black lines
denote the experimental bounds of sin2 θ23 at 3σ C.L.. We have sin2 θ23 ∼ 0, 0.2, 0.8 or 1
for NH case. In IH case, the predicted θ23 implies sin2 θ23 ∼ 0 or 0.7. Then, the predicted
values of sin2 θ23 are all outside of the observed 3σ C.L. for both NH and IH case. The
Dirac CP violating phase cannot be determined: δCP ∈ [−180◦, 180◦].
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4.3.5 Model III: Dirac neutrino

Figure 4.3.12: The allowed region of
τ in III model. The IH case is only
allowed by the current experiments.

Figure 4.3.13: The prediction of
sin2 θ23 and δCP . The black lines rep-
resent the experimental data with 3σ
C.L.. This figure is taken from [52].

Figure 4.3.14: The prediction of the
lightest neutrino mass and δCP .

Figure 4.3.15: The prediction of sin2 θ13 in
terms of δCP for NH.

We discuss the model III where the neutrinos are assumed to be Dirac particles. The
neutrino mass matrix is obtained as the Dirac mass terms Eq. (4.2.19). We use the charged
lepton mass matrix of Eq. (4.2.14).

We have found that this model is consistent to the observed experimental results of the
three mixing angles and two mass squared differences for IH. We show the allowed regions
of τ in the complex plane in Fig. 4.3.12. Each isolated region moves to another allowed
region with the corresponding combination of Γ3 transformations. The same predictions
will be obtained from all the isolated regions.

The predictions of the three mixing angles are as wide as the corresponding observed
ranges with 3σ C.L. of the global fit. The predicted Dirac CP violating phase δCP is
not constrained by the current observation. However, we have an interesting correlation
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Figure 4.3.16: The allowed g in terms
of sin2 θ23.

Figure 4.3.17: The correlation between
ϕg and sin2 θ23.

between sin2 θ23 and δCP as shown in Fig. 4.3.13. The black lines represents the upper
and lower bound of the global fit at 3σ C.L.. One finds that the best fit sin2 θ23 = 0.563
and maximal CP violation |δCP | = 90◦ can be realized. It is also remarkable that the
model can be excluded if ,for example, the future development in the measurement of CP
violation observes δCP < −120◦ near the best fit of sin2 θ23.

This model also gives a strong prediction for the absolute mass of the neutrino. The
lightest neutrino mass eigenvalue is shown with the prediction of δCP in Fig. 4.3.14. The
prediction implies 5.73 < m3 < 9.33 [meV]. The sum of neutrino masses is predicted as
104 <

∑
mi < 112 [meV], which is expected to be tested by the cosmological observation

in the near future. The correlation between the mass and δCP implies that it will be
possible to exclude this model if, for example, the future precise measurement reveals
that the lightest neutrino mass is about 8 [meV] and the Dirac CP phase is less than
−120◦ for IH.

For NH case, we have a wrong prediction for θ13 obtained by the constraints of θ12,
θ23 and the two mass squared differences as shown in Fig. 4.3.15. The predicted sin2 θ13
is too large: sin2 θ13 ∼ 0.4 or 1.

The successful predictions for IH case is obtained by the model parameter g and ϕg in
addition to τ . The allowed value of g is constrained by the observed θ23 for 1.40 < g < 2.31
as in Fig. 4.3.16. We also have a constraint for ϕg from θ23: 74.8

◦ < |ϕg| < 115◦ as shown
in Fig. 4.3.17. The horizontal black lines in these figure denote the experimental bounds
of sin2 θ23 at 3σ C.L..

Comments on Figures in 4.3

The figures 4.3.3, 4.3.4, 4.3.5 and 4.3.13 are taken from [52] including some changes. We
note the changes in these figures.

• The experimental data are updated. We have used NuFIT 4.1 (2019) in the thesis
instead of NuFIT 3.2 (2018).
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• We have investigated wider values of Im[τ ]. The lowest value is reduced to 0.1 from
0.6.

• We scan the input value of ∆m2
atm within 3σ C.L. in the thesis. The bestfit value

is used as the input value in [52].

4.4 Chapter summary

We have discussed the phenomenological aspects of the modular invariant models with
A4 symmetry. Our numerical simulations have provided clear predictions in terms of the
given four models, and two of them are found to be realistic, which will encourage us to
explore other modular symmetric models.

We have investigated the two kinds of type I seesaw models (I(a) and I(b)), Weinberg
operator model (II) and Dirac neutrino model (III). These models have no additional
scalar fields such as flavons. The degrees of freedom in the lepton mixing are the modulus
parameter τ , and a complex parameter g for I(a) and III, apart from interchanges of the
hierarchical values of α, β and γ which are determined by the charged lepton masses.

We have investigated those four models with sufficiently wide τ and g for all inter-
changes of α, β and γ; and it is found that the normal hierarchy of neutrino masses is
realized in I(a) model and the inverted hierarchy is possible in III model. These models
are consistent to the current experimental data of NuFIT 4.1 [3] and the cosmological
upper bound on the neutrino masses [100]. The models I(b) and III must be extended.

We have obtained a strong prediction from I(a) model for NH case. The predicted
correlation of sin2 θ23 and δCP will be testable in the future experiments of the neutrino
oscillations. The predicted region of ⟨mee⟩ is also narrow, and it will be tested by the
future 0νββ searches. The sum of neutrino masses is also given in a narrow range, which
may be excluded by the further cosmological observation.

The Dirac neutrinos are possible in III model for IH case.
One may think that the effects from the supersymmetry breaking and the renormal-

ization corrections change our numerical results. In Ref. [51], one finds that the SUSY
breaking effect can be neglected if the SUSY breaking scale is much smaller than the
mass of the mediator connecting the visible sector and softly SUSY breaking sector. One
also finds a careful discussion in the same reference for the radiative corrections for both
the type I seesaw and Weinberg operator models; and such effects are negligible for small
tan β.

It is also important to find a mechanism which determines the value of τ . This is a
problem called the modular stabilization. One can find an approach to the problem in
supergravity theory [105,106].





Chapter 5

Conclusion

We have presented some phenomenological discussions for the lepton flavor mixing. The
desired improvement to the SM for massive neutrinos must be consistent to the neutrino
oscillation experiments. The flavor symmetry may be a powerful candidate to explain
the flavor mixing. We have shown the typical three approaches, flavor symmetry, texture
zeros and modular symmetry by use of our models.

In chapter 2, We have reviewed A4 and Z3 flavor symmetry model [27]. The charged
lepton mass hierarchy and the neutrino mixing are explained by the VEVs of flavons
introduced in addition to the Higgs fields. A successful VEV alignment has been obtained
by the potential analysis. Our numerical simulation has provided clear correlations among
the observable and the model parameters. We have found that the predictions of the three
mixing angle and the Dirac CP violating phase are consistent to the global fit in 1σ C.L..
It is remarked that the results may be favored for the future development of the neutrino
oscillation experiments.

In chapter 3, we have discussed a minimal texture of the neutrino mass matrix [47].
The texture zeros approach is useful to search for the minimal flavor model. It is impor-
tant to discuss both top-down approach and bottom-up approach in a phenomenological
point of view. Our minimal texture introduces two right-handed Majorana neutrinos and
leads to 3 × 2 Dirac neutrino mass matrix, which is realized S4 flavor symmetry. We
have obtained a minimal texture where the mixing parameters, effective mass ⟨mee⟩ and
Majorana CP violating phases are determined only by k and ϕB after we fix the other two
parameters with the neutrino mass squared differences. The results are very limited espe-
cially for the Dirac CP violating phase. We can distinguish the sign of δCP by values of k
and ϕB. A further discussion in Ref [104] has shown sinϕB > 0 due to the cosmological
observation of BAU.

In chapter 4, We have presented a new approach where the Yukawa couplings are
described by the modular forms. The theory has a modular symmetry which can be
the origin of the flavor symmetry. This approach does not require a SU(2) gauge singlet
scalar field such as flavon. Since the values of modular forms are determined by the
modulus τ , a modular symmetric model can be minimal. We have reviewed a set up for
the modular invariant flavor theory and presented our recent work [52] where Γ3 ≃ A4

invariance is assumed. We have performed numerical simulations for four models obtained
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from different scenarios to induce finite neutrino masses. For the two realistic models, we
can freely fix two complex parameters to obtain the three mixing angles and two mass
squared differences. On the other hand, the other models have only a free parameter
τ and they are found to be unrealistic. In Refs. [105, 106], We have also discussed the
modular stabilization in order to find a mechanism to fix τ .
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Appendix A

Transformation and multiplication
rule

We show the multiplication rule of A4 group. We have several representations for A4

group of orders 1, 1′, 1′′ and 3. These A4 representations are transformed by S and T :

1 : S(1) = 1, T (1) = 1,

1′ : S(1′) = 1, T (1′) = ω,

1′′ : S(1′′) = 1, T (1′′) = ω2,

3 : S(3) =
1

3

−1 2 2
2 −1 2
2 2 −1

 , T (3) =

1 0 0
0 ω 0
0 0 ω2

 .

(A.0.1)

They satisfy the following condition:

S(r)2 = T (r)3 = (S(r)T (r))3 = 1, (A.0.2)

for each order r. Multiplications of two A4 representations obey the following rule:

1⊗ 1 = 1′ ⊗ 1′′ = 1′′ ⊗ 1′ = 1

1⊗ 1′ = 1′ ⊗ 1 = 1′′ ⊗ 1′′ = 1′

1⊗ 1′′ = 1′′ ⊗ 1 = 1′ ⊗ 1′ = 1′′

1⊗ 3 = 3⊗ 1 = 1′ ⊗ 3 = 3⊗ 1′ = 1′′ ⊗ 3 = 3⊗ 1′′ = 3

(A.0.3)

The multiplication between two representations of order 3 (triplets) is reducible:

3⊗ 3 = 1⊕ 1′ ⊕ 1′′ ⊕ 3S ⊕ 3A, (A.0.4)

where 3S and 3A components are symmetric (commutable) and anti-symmetric (ant-
commutable) in the multiplication respectively. The multiplication of triplets is written
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as: a1
a2
a3


3

⊗

b1
b2
b3


3

= (a1b1 + a2b3 + a3b2)1 ⊕ (a3b3 + a1b2 + a2b1)1′

⊕ (a2b2 + a1b3 + a3b1)1′′

⊕ 1

3

2a1b1 − a2b3 − a3b2
2a3b3 − a1b2 − a2b1
2a2b2 − a1b3 − a3b1


3

⊕ 1

2

a2b3 − a3b2
a1b2 − a2b1
a3b1 − a1b3


3 ,

(A.0.5)

where each coefficient is a convention and cannot be determined in general. The derivation
is shown in the review [9, 10].



Appendix B

The derivation of modular forms

We show a derivation of the modular form of weight 2 in a Γ3 ≃ A4 invariant theory. We
consider a general modular form:

fi(τ) −→ (cτ + d)kifi(τ), (B.0.1)

for the modular transformation, τ → (aτ + b)/(cτ +d). One can also obtain the following
modular transformation:

Y (τ) ≡ d

dτ

∑
i

log fpi
i (τ) −→ (cτ + d)2

d

dτ

∑
i

log fpi
i (τ) + c(cτ + d)

∑
i

piki, (B.0.2)

where pi is an arbitrary factor. The function Y (τ) is a modular form of weight 2 if∑
piki = 0. The Dedekind eta function is useful to obtain the modular form Eq. (4.1.15)

with k = 2:

η(τ) = q1/24
∞∏
n=1

(1− qn), q = e2πiτ , (Imτ > 0), (B.0.3)

since we have the following property:

η(−1/τ) =
√
−iτη(τ), η(τ + 1) = eiπ/12η(τ). (B.0.4)

It is noted that η24 is a modular form of weight 12. It is also an important fact that some
specific sets of the Dedekind eta functions are closed under the modular transformation.
We show a closure used for Γ3 ≃ A4 case:

η(3τ) → eiπ/4η(3τ)

η
(τ
3

)
→ η

(
τ + 1

3

)
, η

(
τ + 1

3

)
→ η

(
τ + 2

3

)
, η

(
τ + 2

3

)
→ eiπ/12η

(τ
3

)
,

(B.0.5)

under T transformation, τ → τ + 1. We also have a closure under S transformation,
τ → −1/τ :

η(3τ) → 1√
3

√
−iτη

(τ
3

)
, η

(τ
3

)
→

√
3
√
−iτη(3τ)

η

(
τ + 1

3

)
→ e−πi/12

√
−iτη

(
τ + 2

3

)
, η

(
τ + 2

3

)
→ eπi/12

√
−iτη

(
τ + 1

3

)
.

(B.0.6)
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The above interchanges of Dedekind eta functions realize the A4 transformation along
with the modular group. We can obtain a modular form of weight 2 by use of the closed
set of Dedekind eta functions:

Y (α, β, γ, δ|τ) = d

dτ

[
α log η

(τ
3

)
+ β log η

(
τ + 1

3

)
+ γ log η

(
τ + 2

3

)
+ δ log η (3τ)

]
,

(B.0.7)

where α + β + γ + δ = 0. We note that the
√
3 factors and phase factors appear by

the transformation within the logarithmics but they have been eliminated by derivative
in terms of τ . One can find interchanges of the coefficients α, β, γ and δ by S and T
transformation:

Y (α, β, γ, δ|τ) −→

{
τ 2Y (δ, γ, β, α|τ) : S

Y (γ, α, β, δ|τ) : T
(B.0.8)

We can obtain a triplet representation Y (3)(τ) = (Y1(τ), Y2(τ), Y3(τ))
T along with A4

by choosing a proper values for α, β, γ and δ. We use the following setup in this thesis:

Y1(τ) =
i

2π

(
η′(τ/3)

η(τ/3)
+

η′((τ + 1)/3)

η((τ + 1)/3)
+

η′((τ + 2)/3)

η((τ + 2)/3)
− 27η′(3τ)

η(3τ)

)
,

Y2(τ) =
−i

π

(
η′(τ/3)

η(τ/3)
+ ω2η

′((τ + 1)/3)

η((τ + 1)/3)
+ ω

η′((τ + 2)/3)

η((τ + 2)/3)

)
,

Y3(τ) =
−i

π

(
η′(τ/3)

η(τ/3)
+ ω

η′((τ + 1)/3)

η((τ + 1)/3)
+ ω2η

′((τ + 2)/3)

η((τ + 2)/3)

)
,

(B.0.9)

where ω = e2πi/3. The common overall coefficient of Y1, Y2 and Y3 cannot be determined.
The A4 transformation is realized along with the modular transformation as

Y (3)(τ) −→

{
τ 2ρ(S)Y (3)(τ) : S

ρ(T )Y (3)(τ) : T
(B.0.10)

with a specific basis of A4 group:

ρ(S) =
1

3

−1 2 2
2 −1 2
2 2 −1

 , ρ(T ) =

1 0 0
0 ω 0
0 0 ω2

 . (B.0.11)



Appendix C

Three flavor mixing of neutrinos

The flavor eigenstates of neutrinos να (α = e, µ, τ) are related to their mass eigenstates
νi (i = 1, 2, 3) by the following unitary transformation:

|να⟩ =
3∑

i=1

Uαi|νi⟩, |νi⟩ =
τ∑

α=e

(U †)iα|να⟩. (C.0.1)

The time evolution of neutrino flavor eigenstate after a time duration t is given as

|να⟩t =
3∑

i=1

Uαie
−iEit|νi⟩t=0

=
3∑

i=1

τ∑
γ=e

Uαie
−iEit(U †)iγ|νγ⟩t=0. (C.0.2)

The transition amplitude of two different flavor states is given by

A(t) = t=0⟨νβ|να⟩t

=
3∑

i=1

τ∑
γ=e

Uαie
−iEit(U †)iγδβγ

=
3∑

i=1

Uαie
−iEitU∗

βi. (C.0.3)

For light neutrinos, we can approximate Ei =
√

p2 +m2
i ∼ p+m2

i /2p ∼ p+m2
i /2E. We

use a new dimensionless factor ti ≡ m2
i t/2E in the following. The transition probability
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from |να⟩t to |νβ⟩t=0 after a time t is

P (να → νβ) =|A(t)|2

=|
3∑

i=1

Uαie
−itiU∗

βi|2

=
3∑

i=1

|Uαi|2|Uβi|2

+ 2Re[Uα1U
∗
α2U

∗
β1Uβ2] cos(t2 − t1)− 2Im[Uα1U

∗
α2U

∗
β1Uβ2] sin(t2 − t1)

+ 2Re[Uα1U
∗
α3U

∗
β1Uβ3] cos(t3 − t1)− 2Im[Uα1U

∗
α3U

∗
β1Uβ3] sin(t3 − t1)

+ 2Re[Uα2U
∗
α3U

∗
β2Uβ3] cos(t3 − t2)− 2Im[Uα2U

∗
α3U

∗
β2Uβ3] sin(t3 − t2).

(C.0.4)

Next, we use the following unitarity conditions of a mixing matrix:

|Uα1U
∗
β1 + Uα2U

∗
β2 + Uα3U

∗
β3|2 = δαβ, (C.0.5)

Uα1U
∗
β1 + Uα2U

∗
β2 + Uα3U

∗
β3 = 0 for α ̸= β. (C.0.6)

The first condition can be rewritten as

3∑
i=1

|Uαi|2|Uβi|2

+2Re[Uα1U
∗
α2U

∗
β1Uβ2] + 2Re[Uα1U

∗
α3U

∗
β1Uβ3] + 2Re[Uα2U

∗
α3U

∗
β2Uβ3] = δαβ,

(C.0.7)

and the second condition leads to

Im[Uα2U
∗
α3U

∗
β2Uβ3] = −Im[Uα1U

∗
α3U

∗
β1Uβ3] = Im[Uα1U

∗
α2U

∗
β1Uβ2] = JCP , (C.0.8)

where JCP is a CP violation measure called as the Jarlskog invariant. If CP is conserved
in neutrino oscillation, the Jarlskog invariant is zero. Therefore, P (να → νβ) is reduced
as

P (να → νβ) = δαβ + 2Re[Uα1U
∗
α2U

∗
β1Uβ2](cos(t2 − t1)− 1)

+ 2Re[Uα1U
∗
α3U

∗
β1Uβ3](cos(t3 − t1)− 1)

+ 2Re[Uα2U
∗
α3U

∗
β2Uβ3](cos(t3 − t2)− 1)

− 2JCP [sin(t2 − t1) + sin(t1 − t3) + sin(t3 − t2)] .

(C.0.9)
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Finally, we obtain the following form:

P (να → νβ) = δαβ − 4Re[Uα1U
∗
α2U

∗
β1Uβ2] sin

2

(
m2

2 −m2
1

4E
t

)
− 4Re[Uα1U

∗
α3U

∗
β1Uβ3] sin

2

(
m2

3 −m2
1

4E
t

)
− 4Re[Uα2U

∗
α3U

∗
β2Uβ3] sin

2

(
m2

3 −m2
2

4E
t

)
− 2JCP

[
sin

(
m2

2 −m2
1

2E
t

)
+ sin

(
m2

1 −m2
3

2E
t

)
+ sin

(
m2

3 −m2
2

2E
t

)]
.

(C.0.10)
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