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“O company of jinn and mankind, if you are able to pass beyond the regions of
the heavens and the earth, then pass. You will not pass except by authority
(from Allah). ”

Q.S. Ar-Rahman [55] verse 33

“ .. And when you are told, “Arise,”then arise; Allah will raise those who have

believed among you and those who were given knowledge, by degrees. ”

Q.S. Al-Mujadila [58] verse 11
“For indeed, with hardship (will be) ease. Indeed, with hardship (will be) ease.
So when you have finished (your duties), then stand up (for worship). And to your Lord

direct (your) longing.”

Q.S. Ash-Sharh [94] verses 5-8
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Abstract

The origin of the asymmetry of the universe is the one of unresolved problem
of the fundamental physics in both cosmology and particle physics. From the standard
model point of view, it is insufficient to accommodate such a problem. Therefore, this

indicates a need to extend the standard model.

In this thesis, we develop a mechanism to generate particle number asymmetry
(PNA) which is realized with a Lagrangian including a complex scalar field and a neutral
scalar field. The complex scalar carries U(1) charge which is associated with the PNA.
It is written in terms of the condensation and Green’s function, which is obtained with
two-particle irreducible (2PI) closed time path (CTP) effective action (EA). In the spa-
tially flat universe with a time-dependent scale factor, the time evolution of the PNA is
computed. We start with an initial condition where only the condensation of the neutral
scalar is non-zero. The initial condition for the fields is specified by a density operator
parameterized by the temperature of the universe. With the above initial conditions,
the PNA vanishes at the initial time and later it is generated through the interaction
between the complex scalar and the condensation of the neutral scalar. We investigate
the case that both the interaction and the expansion rate of the universe are small and
include their effects up to the first order of the perturbation. The expanding universe
causes the effects of the dilution of the PNA, freezing interaction and the redshift of the
particle energy. As for the time dependence of the PNA, we found that PNA oscillates
at the early time and it begins to dump at the later time. The period and the amplitude
of the oscillation depend on the mass spectrum of the model, the temperature and the
expansion rate of the universe. In addition to the discussion on BAU, we also estimate

the numerical value of the PNA over entropy density.
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Chapter 1

Introduction

1.1 Research background

The standard model (SM) of particle physics is the most successful model to explain
strong, weak and electromagnetic interactions, with a wide range of predictions in the
experiments. However, the SM has failed to explain several fundamental problems such
as neutrino oscillation, mass hierarchies for both neutrino and quark, the baryon asym-
metry of the universe (BAU), dark matter and dark energy. This indicates a need for

the physics beyond the SM.

The origin of BAU has long been a question of great interest in explaining why
there is more baryon than anti-baryon in nature. Big bang nucleosynthesis (BBN) [1]
and cosmic microwave background [2] measurements give the BAU as n = np/s =
10~1°, where np is the baryon number density and s is the entropy density. In order to
address this issue, many different models and mechanisms have been proposed [3-7]. The
mechanisms discussed in the literature satisfy the three Sakharov conditions [3], namely,
(i) baryon number (B) violation, (ii) charge (C') and charge-parity (C'P) violations, and
(iii) a departure from the thermal equilibrium. To some extend new physics models
which deal with BAU can be divided into three types. (1) The extension of the SM by
including extra scalar particles in the Higgs sector can alter the electroweak transition
to the first order phase transition, which later provides the non-equilibrium conditions.
In this type of extension, there can be also an extra C'P violation. Two-Higgs-doublet
models and many variants of supersymmetric models are the most studied examples
of this type. (2) The extension of the SM with heavy particles which decay out of
equilibrium to the SM particles. Examples include leptogenesis models with a heavy
right-handed neutrino. (3) A particle asymmetry can be first produced in a dark sector

and then transfered to the SM sector. However, in these types of models, there have
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Introduction 2

been little discussion about the origin of the asymmetry due to a lack of understanding
of the dark sector. For reviews of different types of models and mechanisms, see, for
example, [8-10]. Recently, the variety of the method for the calculation of BAU has
been also developed [11-14].

In this research, we further extend the model of scalar fields presented in [15]
and develop a new mechanism to generate PNA through interactions [16, 17]. The new
feature of our approach will be briefly explained as follows. The model which we have
proposed [18] consists of a complex scalar field and a neutral scalar field. The PNA
is related to the U(1) current of the complex field. In our model, the neutral scalar
field has a time-dependent expectation value which is called condensation. In the new
mechanism, the oscillating condensation of the neutral scalar interacts with the complex
scalar field. Since the complex scalar field carries U(1) charge, the interactions with the
condensation of the neutral scalar generate PNA. The interactions break U(1) symmetry
as well as charge conjugation symmetry. At the initial time, the condensation of the

neutral scalar is non-zero. We propose a way which realizes such initial condition.

As for the computation of the PNA, we use 2PI formalism combined with density
operator formulation of quantum field theory [19]. The initial conditions of the quantum
fields are specified with the density operator. The density operator is parameterized by
the temperature of the universe at the initial time. We also include the effect of the
expansion of the universe. It is treated perturbatively and the leading order term which
is proportional to the Hubble parameter at the initial time is considered. With this
method, the time dependence of the PNA is computed and the numerical analysis is
carried out. Especially, the dependence on the various parameters of the model such as
masses and strength of interactions is investigated. We also study the dependence on
the temperature and the Hubble parameter at the initial time. We first carry out the
numerical simulation without specifying the unit of parameter sets. Later, in a radiation
dominated era, we specify the unit of the parameters and estimate the numerical value

of the PNA over entropy density.

1.2 Research methods

The methods for doing this research will be primarily literature study. We also use
Mathematica Wolfram (version 11) software for helping simulations and numerical cal-

culations.
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1.3 The Systematic writing of the thesis

This thesis has been organized in the following ways. In chapter 2, we introduce our
model with C'P and particle number violating interactions. We also specify the density
operator as the initial state. In chapter 3, we derive the equation of motion for Green’s
function and field by using 2PI CTP EA formalism. We also provide the initial condition
for Green’s function and field. Chapter 4 deals with the computation of the expecta-
tion value of the PNA by using the solution of Green’s function and field. Chapter 5
provides the numerical study of the time dependence of the PNA. We will also discuss
the dependence on the parameters of the model. Chapter 6 gives a summary and dis-
cussion of the findings. In Appendix A, we introduce theory of 2PI CTP EA formalism
and later we derive the expectation value of field and Green’s function. Appendix B
introduces a differential equation which is a prototype for Green’s function and field
equations. Applying the solutions of the prototype, we obtain the solutions for both
Green’s function and field equations. In Appendices C-E, the useful formulas to obtain

the PNA for non-vanishing Hubble parameter case are derived.



Chapter 2
A Model of Interacting Scalars

The aim of this chapter is to present a model discussed in [18]. The model consists of
scalar fields and it has both C'P and particle number violating features. As an initial
statistical state for scalar fields, we employ the density operator for thermal equilibrium.
In addition, we also compute the matrix element of the normalized density operator at

the initial time.

Let us start by introducing a model which consists of a neutral scalar, N, and a

complex scalar, ¢. The action is given by,

S = / d*z/—g (Liree + Lint) »
2

1 M B?
Liee =9" V61V, 6 = m3Jo] + SV NN — ZNN? 4 2 (67 + 07

(2.1)
a2 9 2
+ ( 5 ¢ +h.c.) R+ a3|¢|°R,
Ling =AP2N + A* 12N + Ag|o|2N,

where g, is the metric and R is the Riemann curvature. With this Lagrangian, we study
the PNA produced through the soft-breaking terms of U(1) symmetry whose coefficients
are denoted by A and B?. One may add the quartic terms to the Lagrangian which are
invariant under the U(1) symmetry. Though those terms stabilize the potential for large
field configuration and are also important for the renormalizability, they do not lead to
the leading contribution for the generation of the PNA. We also set the coefficients of the
odd power terms for N™(n = 1,3) zero in order to obtain a simple oscillating behavior
for the time dependence of the condensation of N. We assume that our universe is

homogeneous for space and employ the Friedmann-Lemaitre-Robertson-Walker metric,

Guv = (17 —a2(x0), _QQ(‘TO)? —aQ(xO)), (2'2)
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where a(z”) is the scale factor at time x°. Correspondingly the Riemann curvature is

given by,

. . 2
a(a®) | (a(a)
R(z%) =6 : 2.3
) [a(aﬂ) + (o 2
In Eq.(2.1), the terms proportional to A, B and «ay are the particle number violating
interactions. In general, only one of the phases of those parameters can be rotated away.
Throughout this paper, we study the special case that B and ag are real numbers and

A is a complex number. Since only A is a complex number, it is a unique source of the

C'P violation.

Note that, from the Lagrangian in Eq.(2.1), one can also derive the Einstein

equations for the scale factor coupled with scalar particles. They are given as [17],

1 1 1
TMI/ = u¢iau¢i — Guv (290‘5&1@35@ - §m3¢3 + 3Az‘jk¢i¢j¢k> ) (2.4)

Ny
—87GToo = — 3(1 — 87GB;¢7?) (Z) , (00 component) (2.5)
—87GTy; =(1 — 87GBi¢?)(2ai + a?), (ii component) (2.6)
—87G T (2 =0, (off diagonal component), (2.7)

where T, is the energy-momentum tensor and G is the Newton’s constant. However, a
full discussion for solving them lies beyond the scope of this study. At present, we work
for the case that the time dependence of the scale factor is given, independently from

Einstein’s equations.

Next we rewrite all the fields in terms of real scalar fields, ¢; (i = 1,2,3), defined

as,

_ D1 + i
\/i )

With these definitions, the free part of the Lagrangian is rewritten as,

¢ N = ¢. (2.8)

1
Liree = 5v/=916" Vu0iV, 61 — i (") 6], (29)

where the kinetic term is given by,

0¢; 09; 1 0¢; 0¢;

g . . — — a4
g Vugbzqubz = 929 920 a(l’0)2 Oxi Oxi’

(2.10)
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TABLE 2.1: The cubic interactions and their properties

’ Cubic interaction coupling ‘ Property
A113 = % + RG(A) —
A223 = % — RG(A) -
A113 — A223 = 2R6(A) U(l) violation
Aoz = —Im.(A) U(1), CP violation

and their effective masses are given as follows,

mi(z") =mj — B* — (o2 + az)R(z°), (2.11)
3 () :mé + B? 4 (ag — ) R(aY), (2.12)
ma(x%) =m%;. (2.13)

Non-zero B? or as leads to the non-degenerate mass spectrum for ¢; and ¢o. The

interaction Lagrangian is rewritten with a totally symmetric coefficient Ay,

3
1
Liw = Y 3Aijkdidi ok (2.14)
ijk=1
with 4,7,k = 1,2,3. The non-zero components of A;;;, are written with the couplings
for cubic interaction, A and Ag, as shown in Table 2.1. We also summarize the qubic

interactions and their properties according to U(1) symmetry and C' P symmetry.

Noether current related to the U(1) transformation is written as,

Jule) = (qﬁ%—qﬁw)- (2.15)

N | =

In terms of real scalar fields, the Noether current alters into,
] 1 “ “
Jw = 3 <¢23u¢1 - ¢1au¢2> : (2.16)

The ordering of the operators in Eq.(2.15) is arranged so that the current is Hermite

and the particle number operator,

Q) = / Px/g jo(@), (2.17)

has a normal ordered expression. Then, in the vanishing limit of interaction terms and
particle number violating terms, the vacuum expectation value of the particle number

vanishes. With the above definition, jo(x) is the PNA per unit comoving volume. The
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expectation value of the PNA is written with a density operator,

(Jo(z)) = Tr(jo(x)p(to))- (2.18)

Note that, the PNA is a Heisenberg operator and p(tg) is a density operator which
specifies the state at the initial time z° = . In this work, we use the density operator

with zero chemical potential. It is specifically given by,

e_ﬁH

T (2.19)

p(to) =
where 3 denotes inverse temperature, 1/7", and H is a Hamiltonian which includes linear

term of fields,

Vo, -V,
Z/d X a to |:7T¢Z7T¢Z + ¢(t0) Oi +m ((ﬁz —Ui)2 R (2.20)

where v; is a constant. The linear term of fields in Eq.(2.20) is prepared for the non-zero
expectation value of fields. Note that the density operator in Eq.(2.19) is not exactly the
same as the thermal equilibrium one since in the Hamiltonian, the interaction part are
not included. Since we assume three dimensional space is translational invariant, then
the expectation value of the PNA depends on time z° and the initial time tg. As we will
show later, the non-zero expectation value for the field ¢3 leads to the time dependent

condensation which is the origin of the non-equilibrium time evolution of the system.

Below we consider the matrix element of the density operator given in Eq.(2.19).

We start with the following density operator for one component real scalar field as an

example,
e_BHexample
p(to) = ~Tr(e PHorampic)’ (2.21)
1 \Y
Hexample 25 /d3X a(to) |:7T¢7T¢ + qzto);b +m (925 — U)2 . (2.22)

The above Hamiltonian is obtained from that of Eq.(2.20) by keeping only one of the real
scalar fields. The matrix element of the initial density operator in Eq.(2.21) is written

in terms of the path integral form of the imaginary time formalism and is given as,

%xamplc [(ﬂ

f 2 4 dqbe_s
(6'p(to)|%) = ——CE=EHO= et (2.23)

Jdo" [50)=g1 o) dbe ™"
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example

where S is an Euclidean action which corresponds to the Hamiltonian in Eq.(2.22)

and it is given by,

B 2 .
SEAmPep(x, u)] = ;/0 du/d3x { <gi) + Va?to)vf + (¢ — U)Q} - (224)

After carring out the path integral, the density matrix is written with SS*™P[gy (x, u)]
which is the action for the classical orbit ¢ satisfying the boundary conditions, ¢¢(u =
0) = ¢2, pa(u = B) = ¢'. Tt is given as the functional of the boundary fields ¢(i = 1,2)

and vacuum expectation value v as,

exp [~ S o, ¢7)

1 2
<¢ Ip(t )"b ) = fd¢l exp[—S examplewl ¢1H

(2.25)

where Sexample [Pt ¢?] ~ example [pe1(x,u)] is given by,

2

a 6 3
E}é?mple[qs (]5 ] (tO) / d’k {Z ¢z zz z( )
—¢' (k)r'?(—k)p*(—k) — ¢* (k)™ (~k)¢' (k) |

2
)° {Z ¢'(0)K"(0) — ¢ (0)x"(0) — ¢2<0>n21<0>} v, (2:26)
i=1

In the above expression, we drop the terms which are proportional to v? because they

do not contribute to the normalized density matrix. x"¥(k) is defined as [15],

1 w(k)coshfuw(k)
a(tp)® sinhfw(k)

1 w(k
k2(k) = k2H(k) == — al(to)? simh (Ba?(k)’ (2.27)
k2 -
w(k) = a(to)? + m2.

Using the above definitions, one can write the density matrix in Eq.(2.25) as the following

form,

(@' 10(t0)|¢?) =N exp [ [ V@t @)t
/ dhwdty/—g@) (@) KMz, y) ot (y) Vg (p) | . (2.28)

with ¢! (tg) = ¢' and ¢?(to) = #. The upper indices @ and b are 1 or 2. ¢ is the metric
of CTP formalism [19] and c'! = —¢?? = 1 and ¢!'? = ¢! = 0. In the above expression,

the source terms J and K do not vanish only at the initial time ¢y and they are given
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by,

J(x) = =i (2" — t9)5°, jP = —af’o,«;bd(k = 0)c%°, (2.29)

3 .
KP(z,y) = = (2~ 10)0(s° — to) - y), nh) = [ O Ewge e,

(2.30)

where k%(k) is given in Eq.(2.27). In Eq.(2.28), N is a normalization constant which is

given as,
y = [0 [aese ~ e | [ Vgt @t @
4y [ dtad'y /=gl @)K @ ) o )V gl (230



Chapter 3

Two Particle Irreducible Closed
Time Path Effective Action

From general properties of 2PT CTP EA, one can derive the equations of motion for
both mean (background) fields and Green’s functions (propagators). 2PI EA is not
only the functional of background fields but also the functional of Green’s functions.
In this chapter, we firstly introduce the concept of 2PI formalism. Secondly, we derive
the equations of motion, i.e., the Schwinger-Dyson equations (SDEs) for both Green’s
function and field. SDEs are obtained by taking the variation of 2P EA with respect to
fields and Green’s functions, respectively. Finally, we also provide the initial condition

for Green'’s function and field to solve SDEs.

3.1 2PI Effective Action

This section deals with a short review of the CTP EA theory in the flat space-time. The
advantage to work with the CTP EA rather than with the CTP generating functional
is that the treatment of the perturbative expansion is simpler. Namely, all connected
diagrams contribute to the latter, while one-particle irreducible (1PI) diagrams only
contribute to the former. In practice, one can simplify the perturbative expansion by
writing Feynman diagrams where the internal lines represent the full propagators G,
rather than the free propagators A% or some intermediate objects. This means that the
diagrams which contain some internal line of the simpler diagram must be disregarded
because all possible corrections are already taken into account in the full propagator
G%. Therefore, the remaining diagrams are those where no non-trivial subdiagram can
be isolated by cutting two internal lines, so-called the two-particle irreducible (2PI)

diagrams [20].

10



Two Particle Irreducible Closed Time Path Effective Action 11

Now let us discuss the 2PI formalism. For simplicity, we will work for the case
of one real scalar field. Typically, the generating functional has only the local source
term J. In addition to J, one can add another non-local (two-point) source K. The 2PI

generating functional written with a path integral over original field ¢ is defined as !,

WIIK]

= [ domsp { [SW] + [data@et@ 4 [ d4xd4y¢A<x>KAB<x,y)asB(y)} }

(3.1)

where S[@] is the classical action.The mean field ¢ and Green’s function are defined by

taking the functional derivative with respect to the source terms J and K, respectively

#0) = (32)
3 643" 0) + 64 )] =5 (33

The 2PI EA, T'y, is related to the generating functional WJ, K] by Legendre transfor-
mation as [20, 21],

Iy[p, G] =W[J, K] — / dixJa(z)o? (x)
1 4 4 TA o B AB
~5 [t [ K (@ 0) + 6P @)]. )

From the above equation, the dynamic equations for the mean field and Green’s function,
namely SDEs, are derived. By taking variation with respect to the mean field and

Green’s function, we obtain
) )

% =—Ja(x) - /d4yKAB($7y)¢B(y)a (3.5)
625&25;) =— %KAB(%Q)- (3.6)

The Green’s function and the expectation value of the mean field are obtained as solu-
tions of SDEs.

'Tn Ref.[20], their notations ®, ¢ and ¢ correspond to our notations ¢, ¢ and ®, respectively.
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3.2 2PI Formalism in Curved Space-Time

2PI CTP EA in curved space-time has been investigated in [22] and their formulations
can be applied to the model discussed in the previous chapter. In curved space-time,

the 2PI generating functional written with the source terms J and K are given by,

WK = / de exp (z [5[¢,g] + / V=g(@)d'wJf (@) ¢} (x)
/ d*zd'y/—g(x) o} (x) K (2, y) ™o (1) —g(y)D, (3.7)

where 7,7 = 1 or 2 and S[¢, g] is the action in our model which is given by,

S[ d4 \/7 |: MVVM(Z)'L u¢z - mm¢z d%) + 3Dabc Z]k¢a¢J¢k:| (38)

where D117 = —D9go = 1 and the other components are zero. The upper indices of
the field and the source terms distinguish two different time paths in closed time path
formalism [19]. One can define the mean fields ¢¢ and Green’s function by taking the

functional derivative with respect to the source terms J and K, respectively,

oy 5W[J, K] .
Cab Cde
()55 (y) + G (2 ) (”W K] (3.10)

\/ ) 6K (2, y) \/—g(y)

If one sets the source terms to be the ones given in Egs.(2.29) and (2.30), one
can show that the expectation value of the product of the field operators with the initial
density operator is related to the Green function and mean fields. Definitely, we can

prove the following relations,

J o' [ do?(¢?|¢i(x)]9") exp(—Spalg’, ¢?))

O =T g T d425(6" — 6) exp(—Sgalo’, 071 (8.11)
—Tr[p(2)p(to)], (3.12)

[ dotde? (92| (y)®;(x)| ¢! e Seald’ o)
) = T gtages g2 — ohye-Sealo ) (349)
=Tr[o;(y)ds(x)p(t0)] — &5 (1)} (x), (3.14)

with ¢%(z) = ¢(x) and ®(x) is a Heisenberg operator which has form as ®(2°,x) =
#(2°,x) — ¢(2%). The equality of Eqs.(3.11) and (3.12) will be derived in Appendix A.2,
while the equality of Eqgs.(3.13) and (3.14) will be derived in Appendix A.3 in details,

respectively.
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Next, let us temporarily go back to Eq.(2.18). With Eq.(3.14), one can write the
expectation value of the current in Eq.(2.18) as the sum of the contribution from Green

function and the current of the mean fields. Then it alters into,

i) = Re | (50 = 50 ) CBGl, 4 BRG] G5

where we have used Eq.(2.16) and the following relations,

G () = TG, )T, (3.16)
o7 (z) = 7%} (), (3.17)
where 7 is the Pauli matrix.

As has been stated early, the Green functions and expectation value of fields are
derived as solutions of the SDEs which are obtained with 2PI EA. Following Eq.(3.4)

and considering in the curved space-time case, we can write the following relation,

FQ[GaQ_Sag]
_W[J K d4 \/7Ja ab¢1
/d4 /d4y\/7 abed IL‘ y de{¢a( ) e( )+G%¢($7y)}\/T(y)‘ (3.18)

Now let us write the 2PI EA T'y of the model discussed in the preceeding chapter.

It is written as,

PG, 6,9] = /d4 / 5¢“ ]( )G“b(w,y)Jr;Tan G+ Tq,
(3.19)
o= D“”C U’f/d4 /d4y\ﬁ\/79y0 G, y)Gik (2,y)
X Daryrer Airjrgr (3.20)

where S[¢, g] is the action written in terms of mean fields as,

S[ d4 Ty — |: ¢z *c mf@)&f + éDabcAiijEga}?&z
d'2\/=g(@)[0(2" — T) = 5(2" — to)]§t ). (3.21)

In Eq.(3.19), the interactions are included in the first term as well as in the second term.
In the action above, we have also taken into account the surface term at the boundary

which corresponds to the last term of Eq.(3.21). T and ¢y in Eq.(3.21) are the upper
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Gz’z”

Ai’j’k:’

Gri

FIGURE 3.1: The lowest order of 2PI diagram [18].

bound and the lower bound of the time integration, respectively. Meanwhile, Eq.(3.20)
is obtained from the lowest order of 2PI diagram as shown in Fig.3.1. In practice, when
we compute the expectation value of PNA, we will consider the case that the interaction
term is keeped up to the first order of cubic interaction, A;j;. Therefore, the I'g term

can be dropped because it is the second order of A;j.

3.3 Schwinger Dyson Equations

Now let us derive SDEs for both Green’s function and field. These equations can be
obtained by taking the variation of the 2PI EA, T'y, with respect to the scalar field ¢

and Green’s function G.

In the following, we first derive SDEs for the field. The variation of the 2PI EA
in Eq.(3.18) with respect to the scalar field ¢ leads to,

! ESFQ = —cob b d*z cabec (z,2) cd/— 3.22
/—g(x) 062 (x) J(@) = / ()65 .

Using Egs.(2.29) and (2.30), one computes the right hand side of the above equation as,
cainb( ) /d4ZCabeC z, Z Cd\/i(,b]
= —i6(z" — to) <vzmz tanh 52 + Rl (k = O)CCda(t(])SUg)

=0, (3.23)
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where we have used £% (k) given in Eq.(2.27). The left hand side of Eq.(3.22) is computed

using Eq.(3.19) and one obtains the following equation of motion of the scalar field ¢,
(650 +72)6H(2) = “Dapedig {S@)d5 () + Gz )}, (3.24)

where m;; = 0;;m;; and the Laplacian of Friedman-Lemaitre-Robertson-Walker metric
is given by,
0? 1 a o0

0=V,V"= 515 - EIEAAAREr (3.25)

Next, the equation of motion for Green’s function is derived in the following way.

The variation of the 2PI EA in Eq.(3.18) with respect to Green’s function G leads to,

ol
—_— wy/—g(x) K (x b, 3.26
The left hand side of the above equation is obtained by taking variation of Eq.(3.19)
with respect to Green’s function as,
6Ty i 1 0%25[9,4]

S (AR

Gy 2 2 552 (2)001(s)’ (3.27)

where the second term of above expression is computed using action in Eq.(3.21). Taking
all together Eqgs.(3.26) and (3.27), one obtains the following two differential equations

for Green’s function,

Cab

— —
(Oa +mf) G (2, y) = — by T(x)é (z = y) + 2¢" Dace Aini 05 2 G55 1y

/d4z w(x,2)\/— (z)ceng(z,y), (3.28)

= ~ 2\ vab . Cab ac f eb
Oy +m;)GY (v, y) = —id,;6(z — y)m + 2Gif 2y Deef Arjidy , ¢

/d4 (, 2)c /=g (2) K[ (= (3.29)

where [, = VﬁVﬁ and O, = V’;V‘Z.
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Next, we rescale Green’s function, field and coupling constant of interaction as

follows,
20,0 ar, \** 0
_. 0 5
o) = () e, (3.30)
0,0 Ao 2 0,0 Aty i
k)= k 31
60 = () Gt (%) (331
- ap \ 2
A = ; A .32
@)= (1) A (3.32)
where ay, := a(tp) stands for the initial value for the scale factor and we have used

Fourier transformation for Green’s function as,
G2,y k) = /dng(ajo,r, 30, 0)ekT, (3.33)

By using these new definitions, SDEs in Eqs.(3.24) is written as,

82 _ ~ a 1 ~ acC Abe
[ . m?<x°>] (1) =¢" Do A (2°) {020 85, (2°) + Gl 2)}. (3.34)

Next SDEs for the rescaled Green’s function in Eqgs.(3.28) and (3.29) are written

as,
0 2 0\ Frab d . b cab
|:31E02 + Qi,k(x ) G?j7;v0y0 (k) =2c" DdceAikl,xOSmeoszJoyo (k) - ZéijdmoyoaT
_ A
1 Afb
— i8yq0nf (K)ag TGP (K), (3.35)
02 2 . 0o T Agh pe . NI b
[81102 +Qk(Y7) | Gijaoyo (&) =2Gi g0y0 (6) Deey Apji 087 o™ — 10305040 —5-
_ 3
e b
- ’Lnge,atOto (k)cefa?o Ki] (k)5t0y07 (336)

where we have defined,

Qg’k(xo) = + m?(z0), (3.37)

at) ety - 3 () 3 (2 (3.39

Note that the first derivative with respect to time which is originally presented in the

expression of Laplacian, Eq.(3.25), is now absent in the expression of SDEs for the

rescaled fields and Green’s functions.
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3.4 The initial condition for Green’s function and field

In this section, the initial conditions for Green’s function and field are determined.
For simplicity, let us look back to the example model for one real scalar field. We
first compute the initial condensation of the field ¢(ty) = $(to) (see Eq.(3.30)). Using

Eq.(3.11) and setting 2° = to, we compute it as follows,

(to) = (#(t0, %))
[ 6 olto.x) exp |~Sgi ™ (6,4
[ ddexp [—Sgim™ (6, 0]

:qub o(x) exp [—5 [ dP*xd®yp(x)D(x — y)o(y) + 243, [ d*xp(x);']
[do exp [—5 [ BxdPyp(x)D(x — y)p(y) + 243, [ dxp(x)j']

(3.39)

where we have computed the last term of Eq.(2.26) using Eq.(2.29) and D(r) is defined
as [15],

3 w COS w - ;
D) =2d, [ o 5 e (3.40)

To proceed the calculation, we denote J(x) as J(x) = 2a} j'. Then the initial conden-

sation of field (¢(to,x)) is given by,

(p(to,x))
_Jdd'(x) {¢'(x) + fdgzD’l(X —z)J(z)} exp [~ 3 [ P®xd®y¢'(x)D(x — y)¢/(y)]
[d¢/(x)exp % [ d3xd3yci>’( )D(x — y)¢'(y)]
=, (3.41)

where we have defined ¢'(x) = ¢(x) — [ d*zD~!(z — x).J(z) and D~!(z — x) satisfies,

/dng_l(z —x)D(x—y)=46(z—Yy). (3.42)

Next we will compute the initial condition for Green’s function G(to,to,k) =

G(to, to, k) (see Eq.(3.31)). By using Eq.(3.13) and setting 2° = ¢y and 3° = ¢, one
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computes it as follows,

ffd¢1d¢2<¢2‘q)(t07 ) (th )|¢ >exp [ Sg;?mple[¢17¢2]}
J ddexp |-SpamP (6, 9]
_Jdd ¢ ()¢ (x) exp [5 [ d*xd’y ¢/ (x)D(x — y)¢'(v)]
[d¢ exp [~} [ dPxdPyd/ (x)D(x —y)d'(y)] ’
=D}y —x). (3.43)

Gab(t07 X, tOv y) =

Using Eqgs.(3.33) and (3.40), Eq.(3.43) becomes,

G%(to, to, k) =D~ (k)

:2w(i)a§0 Lﬁ?ﬁf{iﬁkﬂ 1] '

(3.44)

The above results with the example model can be extended to our model and we

summarize them as,

Glj toto (k) =

51 [ sinh fuw; (k) J’ (3.45)

Y 2wi(k)a} | cosh fw;(k) —
@i (to) =v;. (3.46)

Next we derive the time derivative of the field and Green’s function at the initial
time to. First we integrate the field equation in Eq.(3.34) with respect to time. By
setting 2° = t(, we obtain,

8(101',10
0xY la0=t,

=0. (3.47)

0

Similarly, we integrate Eq.(3.35) with respect to time zV. By setting both 2° and 3°

equal to tg, we obtain the following initial condition,

o Cab
s _soae ef fb
x})lg}to 50 GU 201, (K) = 2(5”—&?0 il (k)aj ¢ Ghjtoto (K)- (3.48)

Finally, we integrate Eq.(3.36) with respect to time y°. By setting both 2% and y° equal

to tg, we obtain another initial condition,

0 b . C fb
(1)1_)1110 50 G?],toy (k) = —idij— & —iG% toto (K)C° atoﬁkj(k) (3.49)



Chapter 4

The Expectation Value of PNA

The SDEs obtained in the previous chapter allow us to write the solutions for both
Green’s functions and fields in the form of integral equations. In this chapter, we present
the correction to the expectation value of the PNA up to the first order contribution
with respect to the cubic interaction. For this purpose, in section 4.1, we show how
one analytically obtains the solutions of SDEs. We write down the solutions up to the
first order of the cubic interaction. In section 4.2, we also write the expectation value of
the PNA up to the first order of the cubic interaction and investigate it by taking into

account of the time dependence of the scale factor.

4.1 The solution of Green’s function and fields including

o(A) corrections

The SDEs in present work are inhomogeneous differential equations of the second order.
To solve the differential equation, the variation of constants method is used. With the
method, the solutions of SDEs are written in the form of integral equations. We solve
the integral equation pertubatively and the solutions up to the first order of the cubic

interaction are obtained. We first write the solutions of fields as,

~d ~d,free ~d,0(A)

Piad Pizo T Pigz0 (4.1)
~d,free /! ~d

ix0 T 1,20t Pito> (42)

20 3
~d,0(A % a N ~b,free ~c,free d°k Abe,free
prat = / K, o DabcAw){soj (D@ () + / i <k>}dt, (43)
0

where ¢ denotes the free part contribution while ¢°4) is the contribution due to

the first order of the cubic interaction. In Appendix B.2, Egs.(4.1)-(4.3) are derived in

19
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details. K; xoyo = Ki,xOyO,kzo and f_(i,xoyo,k is defined by,

_ 1
K 20,0 x izm{fi,k(wo)gi,k(yo) — gix(@) fix (")}, (4.4)
where W i is defined as,
k= fi(#0)gix(2°) — fie(2%)gixc(2°). (4.5)

In the above equations, f; and g; x are the solutions which satisfy the following homo-

geneous differential equations,

2

{8?502 T sz,k(l’o)] fix(z°) =0, (4.6)
2

[aioz + sz,k($0):| gix(z") =0, (4.7)

where Q%k(:no) is given in Eq.(3.37). In Appendix C, f; x and g; x are derived in details.

K’ K i 200 k=0 and K ' 2040 K 18 also defined as follows,

§,20y0 1=
- 0K, 0,0 k
K, 0y0 ) = T&‘ (4.8)
Next we write down the solution of Green’s function as follows,
G k Gab free k Gab ,0(A) k 4.9
17,2070 ()_ i§,2010 ()+ i§,2090 ()7 ()

15,2090

ab
Aab free dij Pwix (1 1 = = 2 o
G. . (k) = 3 coth —— Ki,xoto,kKi,yOto,k + wi,kKi,xoto,kKyoto,k

2w; kay, 2 11
+ 26150 K; 040 1 {e® + ¢ (0()° — 2°) — 0(2° — "))}, (4.10)
00 = [ R st
0
/to K 01 ka]ctioi)( EDPR piosc — KL oy, 100, (4.11)
where € is an anti-symmetric tensor and its non-zero components are given as 2 =1

while 6(t) denotes a unit step function. In Eq.(4.11), Q°), R°(4) and Ej are given as,

b,o(A A ef b,

ij,;o(yo{k =26 Diee At 208 5o - G (k), (4.12)
b,o(A Aac,f £

R =26 030 (0) Deey Ay @ o, (4.13)

k= — m;’,j(k)afoc“, (4.14)
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where f@?}’(k) is given in Eq.(2.27). In Appendices B.4 and B.5, we derive Egs.(4.10) and

(4.11) in details, respectively.

4.2 The expectation value of PNA including o(A) correc-
tions and the first order of the Hubble parameter

Next we compute the PNA in Eq.(3.15) including the first order correction with respect
to A (0o(A)) and the effect of expansion up to the first order of the Hubble parameter.
By using rescaled fields, Green’s function and coupling constant in Egs.(3.30)-(3.32),
one can write down total contribution to the expectation value of PNA with order o(A)

corrections as,

a(x(]) ’ . 0\ ~1,free;, 0\ Alx.free, 0 ~1,free, 0y Alx,free, 0
(Jo(z")) = Re @y (27)py (7)) — @1 () Py (z7)

ato
ck (0 0 512,0(4) 0 0
*/mwQW‘@QR4@2<“y”LMw

~1,1r x1%,0(A ~1,1r Z1x,0(A
+ Re @™ (@)d17" W (@) - o1 (a0) 5" (2|

~1,0(A A1x,free ~1,0(A A1x,free
+ Re 25" @)E1 ™ @") - g6 (415)

The first line of the above equation is the zeroth order of the cubic interaction while the

next three terms are the first order.

As was indicated previously, we will further investigate the expectation value of
the PNA for the case of time-dependent scale factor. For that purpose, one can expand

scale factor around tq for 0 < tg < 2° as follows,

a(a®) =alto) + (2° — to)a(to) + 5(=° t0)%ilto) + .-

:a(o) + a(l) (:CO) + a(2) (xo) —+ ..., (416)

We first assume that a1 (2°) < o™ (29) when 2° is near tg. Then one can keep only

the following terms,
a(a®) ~ a® + oV (2?), (4.17)

and a(™ (%) for (n > 2) are set to be zero. a(%) corresponds to the constant scale factor

and a()(2°) corresponds to linear Hubble parameter H(ty). Thus it can be written as,

=1+ (2% — to)H(to), (4.18)
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where H (ty) is given by,

H(to) = |

(4.19)

and top > 0. Throughout this study, we only keep first order of H(ty) as the first non-
trivial approximation. For the case that Hubble parameter is positive, it corresponds
to the case for the expanding universe. Under this situation, a(x°) = a(tg)H (tg) and
a(x%) = 0.

Now let us briefly go back to Eq.(3.38). With these approximations, the second
term of Eq.(3.38) is apparently vanished. Since a(z°) is proportional to linear H(t),
the third term of Eq.(3.38) involves second order of H(ty). Hence, one can neglect it

and the Riemann curvature R(z") in Eq.(2.3) is also vanished. Therefore, m?(z°) are
simply written as rhf and they are given as,
mi =mj — B, (4.20)
3 =mj + B, (4.21)
m3 =mi. (4.22)
Next we define w; i as,
K2
Wik = | = + M. (4.23)
ato

We consider €2; 1(2°) defined in Eq.(3.37). One can expand it around time ¢, as,

Qi,k(ﬂﬂo) ~Mwik T+ (2" — o) 7820 Qi,k(xo) .
k2
_w J— xo _— ———————————————— . .
Wik {1 H(tO)( tO) [a(tO)wi,k(tO)]z } (4 24)

Now let us investigate the expectation value of PNA under these approximations.
For the case that @14 = P24, = 0 and ¢34, # 0, the non-zero contribution to the

expectation value of PNA comes only from o(A) corrections to Green’s function. From
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Eq.(4.15), we can obtain,

0

] 2 . dk o 7al 1
(30(x0)> :a(o)gsoz,to/w/to A123,t(—K3,tt0,0) [{QCUQk(tO)
ﬁ 2k( 0)

Y [(K1 x0t kKé a0to,k Kl,zot,kké,xoto,k)Ké,tto,k
+ wz,k(to)(Kl,th,sz,tho,k - f(l,z0t,kf(2,gc0t0,k)f(ztto,k]}
— {1 < 2for lower indices}]dt, (4.25)

where we have used Eqgs.(4.2) and (4.11). Following the expression of the scale factor in
Eq.(4.18), K is also divided into the part of the constant scale factor and the part which
is proportional to H(tg). In Appendix D, K and its derivative are derived in details. In
the above expression, H (to) is also included in A(t). Since we are interested in the PNA

up to the first order of H(ty), we expand it as follows,

Alt) ~ A {1 - ;(t — to)H(to)} : (4.26)

Furthermore, substituting Eqs.(4.18), (4.26) and K and its derivative in Eqs.(D.9),
(D.10), (D.13)-(D.18) into Eq.(4.25), one can divide the PNA into two parts,

Go(@®) = (jo(2°))1st + (o (")) 2na, (4.27)

, 2340 A123 [ PPk [ 3
(Go(2%))1s = ;% / 2y / 1—3(x® —to)H (to) — i(t —to)H (to)
to to
(_K?(,?t)t/ 0) Bwa x(to) Oy £.-(0) _ (o)
% [{ 29 k(;O) coth 2 |:< 2,290,k 8 Kl 20t k) KQ Jtto.k
+w%7k(to) <I_(§020t0 e, Kiogzot k) _éot)to k} } — {1 < 2 for lower indices}} dt

(4.28)




The Expectation Value of PNA 24

2 A 3k xo 7K(0)/ t
<jO(9UO)>2nd _ ¥3, t% 123 / (d 3/ [{( 3,tto,o) coth /3w2,k( 0)
to

ato 27T) 2w2,k(t0) 2
(0 5.=(0) (1)
X [(Kz 20tg,k 6 Kl 20t k Kz,tto,k

+<K® SR, + KO, §EWY >K@/

20t0,k l,acot,k 2,20t0,k 1,29,k 2,tto,k
<>
2 i (0) -7(0) (1)
+ wy(to) [<K2 zotg,ka Ky ot ) Ko ito k

(1) (0) BO 5 ~(0)
+ <K2,as0t0 k‘9 Kl 20, k 2 200,k 8 Kl ,20t k) K2,tto,k” }

—{1 « 2 for lower indices}| dt, (4.29)

nd _
and the derivative 0 "acts on the first argument of K and defined as follows,

_ o _ 0 _ 0 _ _
K2,x0t,ka Kl,:rot,k = K2,x0t,k <ax0K1,x0t,k> - <8.%.()K2,x0t,k> Kl,wot,k' (430)

Each term of the PNA shown in Eqs.(4.28) and (4.29) can be understood as follows. The
first term is the PNA with the constant scale factor. The second term with a prefactor
—3H (to)(z° — to)é ~ a(Tlo)g) — % is called the dilution effect. The third term with a
prefactor —3 A1a3(t — to) H (to) ~ Aqg3(t) — Ajgs is called the freezing interaction effect.
The fourth term which corresponds to (jo(2°))ang is called the redshift effect. Below we
explain their physical origins. The dilution of the PNA is caused by the increase of the
volume of the universe. The origin of the freezing interaction effect can be understood
with Eq.(4.26). It implies that the strength of the cubic interaction A(t) controlling
the size of PNA, decreases as the scale factor grows. The origin of the redshift can
be explained as follows. As shown in Eq.(3.37), as the scale factor grows, the physical
wavelength becomes large. Therefore, the momentum and the energy of the particles
becomes small. Note that this effect does not apply to the zero-mode such as condensate

which is homogeneous and is a constant in the space.

Before closing this section, we compute the production rate of the PNA per unit
time which is a useful expression when we understand the numerical results of the PNA.
We compute the time derivative of the PNA for the case of the constant scale factor

H;, = 0. By setting H;, = 0, one obtains it at the initial time at=2%—ty=0,

03A123 /oo kzdk‘ 1
0

Do+ to))]
X 1=
8 J0 0)7121=0 ag’o 27T2 W1,kW2 k

X [(ng — nl)(ka + w27k) + (ng +n1 + 1)(&11’1{ — w27k)], (4.31)
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where n; is the distribution functions for the Bose particles,

e~ Bwik

ni (i=1,2). (4.32)

- 1 — e Bwik’
In Appendix E, we derive Eq.(4.31) in details. Because we assume m; < mg, one obtains
inequality no < my. From the expression above, the production rate of PNA at the initial
time is negative for vgAj23 > 0. One also finds the rate is logarithmically divergent for

the momentum (k) integration,

2 ~2
divergent v3A123 mi — My kmax
o log ;

0
—(J t o~ 4.
Uil + o™ = 55 (133

ox!
where © = O(m;) (i = 1,2) and kmax is an ultraviolet cut off for the momentum integra-
tion. With the expression, one expects that for the positive vgAj23, the PNA becomes
negative from zero just after the initial time and the behavior will be confirmed in the

numerical simulation.



Chapter 5

Numerical Results

In this chapter, we numerically study the time dependence of the PNA. The PNA
depends on the parameters of the model such as masses and coupling constants. It also
depends on the initial conditions and the expansion rates of the universe. Since the
PNA is linearly proportional to the coupling constant Ajo3 and the initial value of the
field ¢34,, we can set these parameters as unity in the unit of energy and later on one
can multiply their values. As for the initial scale factor ay,, without loss of generality,
one can set this dimensionless factor is as unity. For the other parameters of the model,
we choose Mg, B and w3 g = m3 as independent parameters since the mass my is written

as,
mi = m3 — 2B% (5.1)

The temperature 7" and the expansion rate H(ty) determine the environment for the
universe. The former determines the thermal distribution of the scalar fields. Within
the approximation for the time dependence of the scale factor in Eq.(4.18), H(ty) is the
only parameter which controls the expansion rate of the universe. The approximation
is good for the time range which satisfies the following inequality,

¥ —ty < L (5.2)

3H((to)

The time dependence of PNA is plotted as a function of the dimensionless time defined

as,

t=who(® — to), (5.3)

26
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where w3 ¢ is a reference frequency. In terms of the dimensionless time, the condition of

Eq.(5.2) is written as,

w
< by =~ (5.4)

How the PNA behaves with respect to time is discussed in the following section
(5.1-5.3). The results, as will be shown later, revealed that the PNA has an oscillatory
behavior. We also investigate the parameter dependence for two typical cases, one of
which corresponds to the longer period and the other corresponds to the shorter period.
In the numerical simulation, we do not specify the unit of parameters. Note that the
numerical values for the dimensionless quantities such as ratio of masses do not depend
on the choice of the unit as far as the quantities in the ratio are given in the same unit.
In section 5.4, we assign the unit for the parameters and estimate the ratio of the PNA

over entropy density.

5.1 The PNA with the longer period

10} - (o(D)) (T=50) 1
— (jo(®)) (T=100)

5 -=-(jo(t)) (T=200) ]
— (jo(t)) (T=400)

(o(1))

0 20 40 60 80 100

FIGURE 5.1: Dependence on temperature 1" of the time evolution of PNA. In horizontal

axis, we use the dimensionless time ¢ = w} (z° — to) where we choose w} o = 0.35.

We fix a set of parameters as (mq,ma, B, Hy,,ws0) = (0.04,0.05,0.021,1073,0.0035)

for all of the lines. The dotted red, black, dashed red and red lines show the cases
T = 50,100,200 and 400, respectively.

Let us now consider the PNA which has the longer period. While we investigate
the dependence of several parameters, we fix two parameters as (g, Hy,) = (0.05,1073).
In Fig. 5.1, the temperature (7') dependence of PNA is shown. It depends on the
temperature only through hyperbolic function as shown in Eq.(4.25). In this figure, tmax
in Eq.(5.4) is around 110. What stands out of this figure is the change of the amplitude
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(o(t))

o 20 40 60 80 100

FicURE 5.2: Dependence on parameter B of the time evolution of PNA. The

horizontal axis is the dimensionless time defined as t = wjo(z® — tg). As a ref-

erence angular frequency, we choose wjo = 0.35. We fix a set of parameters as

(a2, T, Hy,, w3,0)=(0.05,100,1073,0.0035) for all of the lines. The purple, thin pur-

ple, dotted purple, black, dashed purple and dot-dashed purple lines show the cases
B =0.027,0.025,0.024,0.021, 0.018 and 0.012, respectively.

L — (Jo(1)) (w3=0.0035)
2t — {Jo(V) (w3=0.0045)

L === (jo(t)) (w3=0.008)
== o)) (w3=0.012)
== (o) (w3=0.015)

(o(t))
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FIGURE 5.3: The w3 ¢ dependence of the time evolution of PNA. In horizontal axis, we

use the dimensionless time t = w} o(2” — o) where we choose wj o = 0.35. For all the

lines, we use a set of parameters as (i, me, B, T, Hy,) = (0.04,0.05,0.021,100,103).

The black, blue, dot-dashed blue, dashed blue and dotted blue lines show the cases
ws o = 0.0035,0.0045, 0.008,0.012 and 0.015, respectively.

for PNA among the three curves. As the temperature increases, the amplitude of the
oscillation becomes larger. In Fig. 5.2, we show the B dependence. Interestingly, both
of the amplitude and the period of the oscillation change when we alter the parameter B.
As it increases, the amplitude becomes larger and its period becomes shorter. Fig. 5.3
shows the dependence of the PNA on w3 . As shown in the black, blue and dot-dashed
blue lines, the position of the first node does not change when w3 takes its value

within the difference of m; and msy. However, the amplitude of oscillation gradually
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FIGURE 5.4: Dependence on the expansion rate H;, of the time evolution of
PNA. In the horizontal axis, we use the dimensionless time ¢t = wjo(2” — to)

where we choose w3 o = 0.35. We fix a set of parameters as (M, ma, B,T,w30) =
(0.04,0.05,0.021, 100,0.0035) for all of the lines. The gray, dashed gray, dotted gray
and black lines show the cases Hy, = 0,107%,5 x 10~% and 1073, respectively.

decreases as w3 g increases up to the mass difference. The more interesting findings were
observed when w3 becomes larger than the mass difference. As w3 becomes larger,
the amplitude decreases and the new node is formed at once. The dashed and dotted
blue lines show this behavior. The dependence on the expansion rate (Hy,) is shown
in Fig. 5.4. There is an interesting aspect of this figure at the fixed time ¢. As the

expansion rate becomes larger, the size of PNA becomes smaller.

5.2 The PNA with the shorter period

Now we investigate the PNA with the shorter period. In Fig. 5.5, we show the temper-
ature (T') dependence for the time evolution of PNA. In this regard, the temperature
dependence is similar to the one with the longer period. Namely, the amplitude of
oscillation becomes larger as the temperature increases. The Fig. 5.6 shows the B de-
pendence. As B parameter decreases, the period of oscillation becomes longer. However,
there were different effects on the amplitude of oscillation. In the left plot, we show the
cases that the mass difference mo — 11 is larger than the frequency wszgo. Since B?,
proportional to mass squared difference m3% — m?, of the magenta line is smaller than
that of the black line, the mass difference mgy —m; of the magenta line is closer to ws g.
At the beginning (0 < ¢t < 22), the black line of large B has the larger amplitude than
that of the magenta line of small B. At time ¢t ~ 22, the amplitude of the magenta
line becomes larger than that of the black line. We also observed that when the mass

difference is near to the w3 g, that is for the case of magenta line, the amplitude grows
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FIGURE 5.5: Dependence on temperature T' of the time evolution of PNA. As for

horizontal axis, we use the dimensionless time ¢ = w} o(2° — o) where we choose

wi o = 0.35. We fix a set of parameters as (11, m2, B,ws, Hy,) = (2,3,1.58,0.35, 1073)

for all the lines. The black, light red and red lines show the cases T = 100,200 and
400, respectively.
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FIGURE 5.6: B dependence for the time evolution of PNA. The horizontal axis is

the dimensionless time defined as ¢t = wjo(2” — to). As a reference angular fre-

quency, we choose w3 g = 0.35. We use a set of parameters as (12, T, Hy,,w30) =

(3,100,1073,0.35) for all the lines. In the left plot, the black and magenta lines display

the cases B = 1.58 and 1.01, respectively. For the right plot, the black and blue lines
display the cases B = 1.58 and 0.76, respectively.

slowly compared with that of the black line and reaches its maximal value between one
and a half period and twice of the period. After taking its maximal value, it slowly de-
creases. In the right plot, the blue line shows the case that the mass difference my — My
is smaller than the frequency w3 . In comparison with the black line, the phase shift of
5 was observed in the blue line. The dependence on the parameter B is similar to that
of the magenta line. Namely, as B becomes smaller, the amplitude gradually grows at

the beginning and slowly decreases at the later time.

In Fig. 5.7, we show the dependence on w3 . In the left plot, we show the cases

that wso’s are smaller than the mass difference as, whak < w20 < g — my. As
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FIGURE 5.7: Dependence on frequency ws o of the time evolution of the PNA. We

use the dimensionless time ¢ = wj o(2” — to) for horizontal axis and as a reference

angular frequency, we choose wj o = 0.35. We fix parameters (i, ma, B, T, Hy,) =

(2,3,1.58,100,1073) for all the lines. The black and orange lines show the cases w30 =

0.35 and 0.9, respectively (left plot). The black and green lines show the cases w3 o =
0.35 and 1.5, respectively (right plot).
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FIGURE 5.8: The expansion rate H(ty) dependence of the time evolution PNA. In

horizontal axes, we use the dimensionless time ¢ = wj o(2® — to) where we choose

wio = 0.35. We fix parameters as (1, M2, B, w3 0,T) = (2,3,1.58,0.35,100) for all

the lines. The light gray, brown and black lines display the cases H(ty) = 0,5 x 10~*
and 1073, respectively.

w3 o increases, the period of the oscillation becomes shorter. There is also a different
behavior of the amplitudes as follows. At the beginning, the amplitudes of both black
and orange lines increase. After that, in comparison with the black lines, the amplitude
of the orange line slowly decreases. In the right plot, the green line shows the case that
ws3,p is larger than the mass difference. We observe that the amplitude of the green line
is smaller than that of the black line and the period of the green one is shorter than
that of the black one. Figure 5.8 shows the dependence of expansion rate (Hy,). In this

plot, the PNA gradually decreases as the expansion rate increases.
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FIGURE 5.9: Comparison two different periods of the time evolution of the PNA.

We use the dimensionless time ¢ = wg)o(xo — tp) for horizontal axis and as a reference

we choose w} o = 0.35. We fix parameters (T, Hy,) = (100,1073) for all the lines.

The black (shorter period) and black dotted (longer period) lines show the set param-

eters (my, Mg, B,ws o) as (2,3,1.58,0.35) and (0.04,0.05,0.021,0.0035) , respectively.
Noticed that, our approximation will break down after ¢ = 80.

5.3 The comparison of two different periods

In this section, we present a comparison of two different periods of the time evolution of
the PNA. In Fig. 5.9, the black line shows the case of the shorter period and the dotted
black line shows the case of the longer one. As can be seen in this figure, the PNA with
the shorter period frequently changes the sign and the magnitude also strongly depends
on the time. In contrast to the shorter period case, both the sign and magnitude of the

longer period case are stable if we restrict to the time range ¢t = 30 ~ 60 in Fig. 5.9.

5.4 The evolution of the PNA with the scale factor of a

specific time dependence

In this section, we interpret the numerical simulation in a specific situation. We assume
that the time dependence of the scale factor is given by the one in radiation dominated
era. We also specify the unit of the parameters, time and temperature. By doing so, we

can clarify implication of the numerical simulation in a more concrete situation.

Specifically, the time dependence of the scale factor is given as follows,

a(z®) = 1+ 2H; (20 — to). (5.5)
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The above equation is derived as follows. The Einstein’s equations without cosmological

constant lead to the following equation,

<Z>2 _ %”Gp, (5.6)

where p is the energy density for radiation and it is given by,
p(a®) = poa~"(a"), (5.7)

where pg is the initial energy density and we set a;, = 1. By setting 2° = to in Eq.(5.6),

the initial Hubble parameter is given by,
8T
HE = = Gro. (5.8)
Then using Eq.(5.8), Eq.(5.6) becomes,
d 02

Solving the equation above, one can obtain Eq.(5.5).

From the expression in Eq.(5.5), one needs to specify the unit of the Hubble pa-
rameter at tg. Through Eq.(5.8), it is related to the initial energy density pg. Assuming
po is given by radiation with an effective degree of freedom g. and a temperature 7'(tp),

one can write pg as follows,

2

T
po = gezs T (t0). (5.10)

Hereafter, we assume that the temperature of the radiation T'(tg) is equal to the tem-
perature 71" in the density operator for the scalar fields. Then one can write the ratio of

the initial Hubble parameter and temperature 1" as follows,

Hy, ™ drg, T

T 3 5 Mp’

(5.11)

where Mpy is the Planck mass, Mp; = 1.2 x 10! (GeV). Then one can write the tem-

perature T in GeV unit as follows,

T(GeV) = i\/g (I“;’f) Mpy(GeV). (5.12)

In the numerical simulation, the ratio Hy,/T is given. Therefore, for the given ratio and

g«, the temperature 7" in terms of GeV unit is determined. Then Hy, in GeV unit also
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TABLE 5.1: The mass paremeters in GeV unit for both longer and shorter period cases
in Fig.5.9

Mass parameter (GeV) ‘ The shorter period | The longer period

mi 2 x 1011 4 % 109
mo 3 x 10! 5 x 107
w30 3.5 x 1010 3.5 x 108
becomes,
Hy,

The masses of the scalar fields m; (i = 1,2,3) can be also expressed in GeV unit as,

is(GeV) = Hy, (GeV) x ( i ) , (5.14)

to

where we use the ratios I’Z’ given in the numerical simulation.
0

As an example, we study the implication of the numerical simulation shown in
Fig.5.9 by specifying the mass parameter in GeV unit. We also determine the unit of
time scale. We first determine the temperature in GeV unit using Eq.(5.12). As for
the degree of freedom, we can take g, ~ 100 which corresponds to the case that all
the standard model particles are regarded as radiation. Then, substituting the ratio
Hy;,/T = 107° adapted in Fig.5.9 to Eq.(5.12) and (5.13), one obtains T ~ 1013 (GeV)
and H(ty) ~ 10% (GeV), respectively. The mass parameters are different between the
longer period case (the dotted line) and the shorter period case (the solid line). They
are also given in GeV unit shown in Table 5.1. The time scale At = 100 corresponds to
3 x 107 (GeV)~! which is about 2 x 10733 (sec).

One can also estimate the size of PNA. Here, we consider the maximum value of
the PNA for the longer period case in Fig.5.9. We evaluate the ratio of the PNA over
entropy density s,

<j0(t ~ 50)> _5 X 1011(G6V) A123(G6V) ’U3(G€V) 45

s T(GeV) T(GeV) = T(GeV) ~ 2r2g,

(5.15)

where s is given by,
2 2
s = g*%T3(GeV3). (5.16)
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In Eq.(5.15), the first numerical factor, —5 x 10*(GeV), is obtained in the following

way,
A3 (GeV)  Ajas
T(GeV) T (5.17)
v3(GeV) w3
T(GeV) T (5.18)
—5 x 101 (GeV) -5
T (GeV) T (5-19)

In the right hand side of the above equations, T denotes the temperature in the universal
unit of the simulation in Fig.5.9 where 7' = 100 is used. In the left hand side, T' denotes
the corresponding temperature in GeV unit and it is 7 = 10*® (GeV). Substituting the
temperature 7' = 103 (GeV) into Eq.(5.15), one obtains,

jo(t ~ 50 _ Aq03(GeV v3(GeV
OO(S» =110 ( 18283((GeV))> 8 <10§(()(Ge\)/)) - (620

From the equation above, we can achieve the ratio as 1071 by taking Aj23 = 108 (GeV)
and v3 = 101 (GeV).



Chapter 6

Summary

In this research, we developed a new mechanism for generating the PNA. This mechanism
is realized with the specific model Lagrangian which we have proposed. The model
includes a complex scalar. The PNA is associated with U(1) charge of the complex
scalar. In addition, we introduce a neutral scalar which interacts with the complex
scalar. The U(1) charge is not conserved due to particle number violating interaction.
As an another source of particle number violation, the U(1) symmetry breaking mass
term for the complex scalar is introduced. The initial value for the condensation of
the neutral scalar is non-zero. Using 2PI formalism and specifying the initial condition
with density operator, the time-dependent PNA is obtained. To include the effect of the
time dependence of the scale factor, we approximate it up to the first order of Hubble

parameter.

The results show that the PNA depends on the interaction coupling Ajo3 and the
initial value of the condensation of the neutral scalar ¢3¢,. It also depends on the mass
squared difference of two real scalars which originally form a complex scalar. We found
that the interaction coupling A123 and the mass squared difference play a key role to give
rise to non-vanishing PNA. Even if the initial value of the neutral scalar is non-zero, in
the vanishing limit of interaction terms and the mass squared difference, the PNA will
vanish. Another important finding is that the contribution to the PNA is divided into
four types. The constant scale factor which is the zeroth order of Hubble parameter is
the leading contribution. The rests which are the first order terms contribute according

to their origins. Those are summarized in Table 6.1.

We have numerically calculated time evolution of the PNA and have investigated
its dependence on the temperature, parameter B, the angular frequency w3z o and the
expansion rate of the universe. Starting with the null PNA at the initial time, it is

generated by particle number violating interaction. Once the non-zero PNA is generated,

36



Summary 37

TABLE 6.1: The classification of o(Hy,) contributions to the PNA

The effect ‘ The origin ‘

Dilution The increase of volume of the universe due to expansion,

Freezing interaction | The decrease of the strength of the cubic interaction A as
Ajag — A1z,

Redshift The effective energy of particle as indicated in Eq.(3.37),

2 _
(1(1;70)2 +m2(z).

it starts to oscillate. The amplitude decreases as the time gets larger. The dumping
rate of the amplitude increases as the Hubble parameter becomes larger. The period of
the oscillation depends on the angular frequency ws ¢ and the parameter B. The former
determines the oscillation period for the condensation of the neutral scalar. The latter
determines the mass difference of ¢ and ¢s. In the simulation, we focus on the two
cases for the oscillation period, one of which corresponds to the longer period case and
the other is the shorter period case. The longer period is about half of the Hubble time
(1/Hy,) and the shorter period is one percent of the Hubble time. The set of parameters
(ws3,0, B) which corresponds to the longer period is typically one percent of the values for
the shorter period. In both cases, the amplitude gets larger as the temperature increases.
For the longer period, as parameter B becomes larger, the amplitude increases. For the
shorter period, in order to have large amplitude, the parameter B is taken so that the
mass difference g — 11 is near to w3 . In other words, when the resonance condition
w30 = g — my is satisfied, the amplitude becomes large. For the longer period case, as

the angular frequency w3 ¢ decreases, the amplitude becomes large.

To show how the mechanism can be applied to a realistic situation, we study
the simulated results for radiation dominated era when the degree of freedom of light
particles is assumed to be g, ~ O(100). Then when the initial temperature of the
scalar fields is the same as that of the light particles, the simulation with % =10"°
corresponds to the case that the temperature of the universe is 10'3 (GeV) which is
slightly lower than GUT scale ~ 10'6 (GeV) [23, 24]. The masses of the scalar fields
in Fig.5.9 are different between the shorter period case and the longer period case as
shown in Table 5.1. In the shorter period case, the mass spectrum of the scalar ranges
from 101° (GeV) to 10! (GeV) while for the longer period case, it is lower than that
of the shorter period case by two orders of magnitude. For the longer period case,
the maximum asymmetry is achieved at 10733 (sec) after the initial time. For shorter
period, it is achieved at about 10734 (sec). We have estimated the ratio of the PNA over
entropy density by substituting the numerical values of the coupling constant (Aj93) and

the initial expectation value (v3).
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Compared with the previous works [13, 15, 25, 26], instead of assuming the non-
zero PNA at the initial time, the PNA is created through interactions. These interactions
have the following unique feature; namely, the interaction between the complex scalars
and oscillating condensation of a neutral scalar leads to the PNA. In our work, by
assuming the initial condensation of the neutral scalar is away from the equilibrium
point, the condensation starts to oscillate. In the expression of the amplitude of PNA,
one finds that it is proportional to the CP violating coupling between the scalars and
the condensation, the initial condensation of the neutral scalars, and mass difference
between mass eigenstates of the two neutral scalars which are originally introduced as
a complex scalar with the particle number violating mass and curvature terms. One of
the distinctive feature of the present mechanism from the one which utilizes the PNA
created through the heavy particle decays is as follows. In the mechanism which utilizes
the heavy particle decays, the temperature must be high enough so that it once brings
the heavy particle to the state of the thermal equilibrium. Therefore the temperature
of the universe at reheating era must be as high as the mass of the heavy particle. In
contrast to this class of the models, the present model is not restricted by such condition.
In place of the condition, the initial condensation must be large enough to explain the

asymmetry.

In our model, even for the longer period case, the oscillation period is shorter
than the Hubble time (1/Hy,). It implies that one of Sakharov conditions for BAU,
namely non-equilibrium condition is not satisfied. In this respect, we expect that due to
the finite life time of the condensation of the neutral scalar, the interaction between the
condensation and complex scalars will vanish and eventually the oscillation of the PNA
may terminate. The detailed study will be given in the future research. The relation
between the PNA and the observed BAU should be also studied. In particular, we need

to consider the mechanism how the created PNA is transferred to the observed BAU.
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Appendix A

Expectation value of field and

Green’s function

In this Appendix, as an introduction, we provide a short note about the transition
amplitude written with path integral formulation. Later, in the next two sections, we
will derive expectation value of the field and Green’s function from 2PI CTP generating

functional.

A.1 A short introduction to the path integral

At first, we write the transition amplitude from the state |z1) which is prepared at

20 = tg to |z2) at 20 = T after time development. It is given as,
(wale™ M=) ay) = (@(T)|1(t0)), (A1)

where the left hand side of the above equation is an expression with Schrodinger rep-
resentation. The states |z;) (i = 1,2) are eigenstates of position operator & and they
satisfy Z|x;) = x;|x;). In the right hand side of Eq.(A.1), we introduce the following

states,

|z1(t0)) =€ |z1), (A.2)
|2a(T)) =€ |zy), (A.3)
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where |z1(t9)) (Jz2(T))) is an eigenstate of Heisenberg operator &z (2 = to) (2p (2" =

T)) with eigenvalues x1(x2). For instance, one can compute the position operator,
Ep(a0) = e’ gt (A.4)
act to state |z1(tp)) in Eq.(A.2) as,

Zr(to)|1(to)) =(eM0ge o)ty

:ethOi“iL‘ﬁ = 1‘1’$1(t0)>. (A5)

Now let us consider the following quantity,

(@2(T) |11 (2”21 (t0)) Z/dﬂf@z(T)fﬁH(xO)lx(l“O»<x(x°)|x1(to)>
—/dx(m(T)ﬂf(xo))x(w(ﬂfO) |z1(to)) (A.6)

where we have used the state which consititues the completeness relation as,

/ dz|z(2°))(z(z)| = / dze™° | ) (g|e= " = 1, (A.7)
i‘H(.%'O)|.%'(SUO>> — (einO:f:e_inO)eino\@

= xeinO]:E) = z|z(z0)), (A.8)

where |z(z°)) is eigenstate which satisfies Eq.(A.8). Next, let us express the transition

amplitude in Eq.(A.1) in terms of path integral expression. It is written as,

t<T,x(T)=x2

(
@Tartto) = [ T axt)explisi,a) (A9)

t>to ,x(to):ml

=T
i = /t T L), i), (A.10)

=to
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Next task is to express operator inserted matrix element as (z2(T)|%x(2°)|z1(t0)) in

Eq.(A.6) in terms of path integral. It can be written as,

(w2(T) 21 (2°)]a1 (t0)) Z/dﬂf(ﬂcz(T)\ﬂf(ﬂco))%(x(ﬂfo)$1(to)>
t<T,z(T)=x2
/dm/ dx(t) exp[iSyo_r|x
t>20z(z0)=x
t<z¥,z(z%)=zx
X H dx(t) exp[iSy, 0]
t>tyx(to) =1
t<Tz(T)=x2 t<z0
_ / da(z / [1  ax®a() explisi 1]
t>x0 t>tyx(to)=21
t<T,x(T)=x2
= [T de@®x(2°) expliSi,rl, (A.11)

t}tow(t0)=x1

where z(2°) = z and S;,_,7 is given by,

Stust =Sy a0 + S0 (A12)
T

S0y = / L(x(t), #())dt, (A.13)
20
xo

Sy 0 = / L(x (), (1)) dt. (A.14)
to

A.2 The expectation value of the field

In the following, we will derive the expectation value of the field. For simplicity, we start

with Eq.(3.7) for one real scalar field. It can be rewritten as follows,

iW[J, K] =In [/dasexp( {S—F/\/id“ Jocabgh
+;/d4$/d4ym¢“(:v)0“bffbc(x,y)cc%d(y)m}ﬂ . (A15)

The expectation value of field can be obtained from generating functional W[J, K] by

taking functional derivative with respect to the source term J as shown in Eq.(3.9).
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Using Eq.(A.15), Eq.(3.9) alters into

g Eq.(A.15), Eq.(3.9) ,

—a APigW

5(2) = -
Vv —g(x)diJo(
f d¢¢(l( [S+f \/7d4x‘]a ab¢b+ fd4xd4 \/7(1)11 abec x y) cdd)d( ) g(y)]

- f dqﬁez [S+f v —9(z) d4xJ“cab¢b+§ J d*zdry/—g(x) 9 (x)crb Kbe(z,y) chqﬁd(y)\/—g(y)}
(A.16)

Next substituting source terms J and K in Egs.(2.29) and (2.30) in the equation above,

one can write it in terms of path integral as follows,

()| 7= —i5(20—t0)j, K =—i6 (29 —t0)8 (50 —to)r

JTIZ0=T g (a0) g ()eiS+V/—a000) | it (o) +5 | dPxd’y y/=glE)6" (o)t nte(x=y e (t0) /=)
= lim —

T—00 f dqs eiS+\/Tto)f(i3xjacab¢b(t0)+% fd3Xd3y\/Tto)¢a(tO)Cabﬂbc(x—y)CCdd)d(tO)\/Tto)
e

(A.17)

Now let us compute the numerator of Eq.(A.17) as

Num. of ¢*(x)

O=T,¢(T)=¢*(T)=¢(T)
~Jim_[ 11 49°(x%)  6"(2) exp(iS[6! (2)]) exp(~iS[6*(@)]")

T—o0
z0=t0,p?=¢%(to)

X exp [\/ —g(to)/dng @ (to) + /d3Xd3 9(t)0" (to) k" (x — y) o (to) v/ —g(to)

2O=T ¢! (T)=¢*(T)=¢(T

~Jim_[ II H 46°(e%) 6" () exp(iS[6! (¢) exp(~iS[#(@)]")
x0=tgpr=¢“(to)
x exp (—Sgale', ¢%]) (A.18)

with ¢! = ¢l (tg), ¢? = ¢%(tg), ¢*(T) = ¢*(T) = ¢(T) and we have used the following

relation in the intermediate step,

5 = 56" - S¢7]" (A.19)
SEC] [¢17 ¢2] is given as,

— Spale!, ¢?]

/(@) / X (o) + / PxPy [ —g(tg) 6™ (to) K (x — y)e ¥ (to) /=g (o).

(A.20)
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which is inverse Fourier transformation of Eq.(2.26). Now let us compute ¢!(x). Setting

a =1 in Eq.(A.18), the numerator of ¢!(x) is written as,

Num. of ¢!(x)

— [as" [ ae? [ aor)
20<T

x exp(—=Sgale’, ¢%)) { I1 d¢? (2°) exp(iS[¢” ()] )]
20>t {626 (10),6(T)=¢2(T)}

[ ...

<T
20>to,{¢! =0 (t0),¢(T)=0" (T)}

d¢' ()¢ (x) exp(iS [cbl(fv)])]

*

— / dg' / a6’ / d6(T) < G(T)|bsr ()6 (to) > exp(—Spald', ¢2]) < ST (to) >*
— / dg! / a6’ / d8(T) < B|$(T) >< §(T)|ou(2)|6" > exp(—Srald', %)
:/d¢1/d¢2 < $?|pr(x)]|o" > exp(—Sgalot, #7]). (A.21)

In the above expression, we have used the path integral forms shown in Eqs.(A.9) and

(A.11). Meanwhile, the denominator of Eq.(A.17) is computed as,

Denom. of ¢%(z) = / do* / do? < %! > exp(—Sgalot, ¢%])
- / ag! / 4625(6" — 6%) exp(—Spaldl, ¢?)). (A.22)

Inputting Eqgs.(A.21) and (A.22) in Eq.(A.21), then we obtain,

GM ()] 7= —i5(0 1), K =—i8 (20 —t0)6 (40— t0)
Jdo' [ de* < ¢°|¢n(x)|¢" > exp(—Spale', ¢*))
[ dot [ dp26(pt — ¢2) exp(—Sgelot, ¢?])

- / a6 / A6t < ¢?|or(x)|61 >< &Y p(to) |6 >
- / d6? < 62\bm (2)p(to)|6? >
= Telpu () p(to)], (A.23)

where < ¢!|p(tg)|¢? > is given in Eq.(2.25).
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Below we compute the expectation value of ¢?(z). The numerator of ¢?(z) is

calculated as,

Num. of ¢*(x)

z0<T

_ / / 6 de? / do(T) / 11 de' (2°) exp(iS[¢' (2)))

z9>tg,{¢*=¢ (to),0(T)=¢*(T)}
20<T
x exp(—Spale’, ¢%)) 11 ¢*(2°)dg? (2°) exp(iS[¢* (z)])
x9>t0,{¢?=¢%(t0),¢(T)=¢*(T)}

— / / A1 / d6(T) < ()" > exp(—Spaléh, &) < ¢(T)|r(a®)|da >*
- / / dérds / 46(T) < bolon (20)6(T) >< H(T)|6! > exp(—Spald?, 6%])
://d¢1d¢2 < Bolom (20)|¢r > exp(—Spalét, $?]) = Num. of ¢'(z). (A.24)

Note that, in the above derivation, we have used the fact of the neutral scalar field,
b1 (2°)F = ¢ (20). For the case that the field is complex scalar one, the above equation

is no longer valid. Therefore, one can show that,

¢*(2°,x) = Tr[om (2°)p(to)], (A.25)

with ¢ = 1,2. From the derivation above, we have completed the proof of the equality
between Egs.(3.11) and (3.12).

A.3 The expectation value of Green’s function

Following the preceding section, below we will also consider the case of one real scalar
particle for simplicity. The expectation value of Green’s function is defined from gener-
ating funtional W[J, K| by taking funtional derivative with respect to K as described in
Eq.(3.10). Using Eq.(A.15), it is computed as,

67 ()9 (y) + G*(x,y)
cab YW lJ, K] c?
9@ S, ) v/ —g(y)
[ do(@)gb(y)e! [ Vo nIetot ey [ ate [ dtyy/=g(@)or @t K@ p)ets? )y o))
= fd¢ [S—&—f /—9@) dizJacebgb L [ dta [ diy\/—g(@)g (z)ct Kbe (z,y)codgd (y)y/— }
(A.26)
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One can rewrite the above equation as follows,

G*Y(z,y)
_fd¢¢a(x)¢d( ) [S+f md‘l%]a abd’b'f‘ fd4$fd4 \/79#1 abeL (x y)CCd¢d(y)\/T(y)]
f quel [S—i—f md4xJacab¢b+§ fd4xfd4ym¢“ x)cabeC(x,y)Cquﬁd(y)\/?(y)]
— ¢"(x)¢"(y)
_f dq)q)a(x)q)d(y)e’ [S+f V *9(1)d4xjacab¢b+% fd41fd4y\/ *g(x)¢a(x)cabec(xvy)CCdd’d(y)\/ 7g(y)]
[ dde’ [S+J V/=a@)dizacbgb 1 [ dle [ diyy/=ga)ee (@)em Kb (e.y)e ot )/ ~av) |
(A.27)

where ®(x) is a Heisenberg operator discussed in Section 3.2 and it has form as ®%(x) =
#*(x) — ¢%(z). Next step is to substitute the source terms J and K given in Eqs.(2.29)
and (2.30) into the above equation. Then, G%(x,) alters into,

G2, Y)| = —i6(20—t0)j, K =—i5 (20 —10)5(50—to )
quﬁ‘I’a ( ) iS+ [ d3x /= g(t0)j%cb b (x0) +; [ d3x [ d3y WWWO b be(x—y) Ccd¢d(y0)m
T—>oo quﬁeZS*fdd /—g(t)j@cobpb (0)++ fd5xfd3 /—g(t0)d? (z0)cab kb (x—y)ccddd(y0)/—g(to)
(A.28)

Y

where we have used short hand notation for the integral over field ¢ which is given by,
z0<T

/ dp = / ) [] do' (z°)de?(2°). (A.29)

20>tg
Here after, we will use the above short hand notation.

Next we compute the numerator of Eq.(A.28). It is given as,

Num. of G“d(x,y)‘
J=—1i8(z—t0)j, K=—1i6(20—t0)d(y"—to)~K

= lim / H dp®® (2)D(y)
z0=tg
i5+fd3x\/%] Cab¢b "r fdgxfd?’ \/sz(x cab g bc ) Cd¢d(y0) —g(to)
hm /dgbrb“ (I)d( Je iS[e" (2°)] ,—1S[¢? (2°)]*
o /g1 (2O)+ 4 [ ¥ J dby/~glEa)6 (10)ett st (x—y) e (4) /g o)

T—oo
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Using the above expression, we specify ¢ = 1 and d = 2 and obtain,

Num. of Gw(% y)|J:—id(a:o—to)j,K:—i(S(acO—to)d(yo—to)n

20<T

= / / dotdg?de(T) [ / 11 d¢1(x0)q)1(x)€i5[¢1]] o~ Spale!,¢?]
20=to {¢1=0" (t0),6(T)=¢(T)}

*

yo<T
x { 11 do?(y°) 2% (y)e™ W]]

yO=to{$?=¢2(t0),p(T)=¢*(T)}
:/ / dg'dg?dp(T) < ¢(T)|® (x)|¢ (to) > e 5Pal? P < G(T) (D ()| 62 (o) >
- / / 46 dS2A(T) < 62 (t0)|B()|B(T) >< G(T)|B ()] (to) > ¢~ Srald' 5"
:/ / dptde? < ¢2(to)| @ (y)®(x)|¢ (ty) > e SEald’d%], (A.31)

As for the denominator of Eq.(A.28), it is the same as appeared in Eq.(A.22). Therefore,
substituting Eqs.(A.31) and (A.22) into Eq.(A.28), we obtain G'?(z,y) as,

G (2, Y)| 7= i5(20—t0) j, K =—id (20— t0)5 (40 —to )

_ffd¢1d¢2 < ¢2(to)|<I>H(y)<I>H(x)|¢1(t0) > e—Spale!¢?]
- [ [ dprdp25(p? — pt)e—Spaldl,é?]

- / / 41 d0? < 62 (10)|D gy (1)@ 1 (2)|' (t0) >< &1]p(to)|6? >

=Tr[®p (y) @ (x)p(to)]- (A.32)

From the above derivation, we have completed the proof of equality between Eqgs.(3.13)
and (3.14).



Appendix B

The solution of SDEs for both

Green’s function and field

B.1 The general solutions of SDEs

In this section, we provide the general solution of SDEs. Let us introduce the following

differential equation for a field ¢,

82

[(‘902 + mz(xo)] o(x°) = S(2%) + E(tg) 6(z" — to) + F(T) 6(z° — 1), (B.1)
x

where S is an arbitrary function of time 2% and we will find the solution within the time

range from 2% =ty to 2 = T. At the boundaries 2° = ¢y and z° = T, we introduce the

source terms of the form of delta function. The strength of the delta function is denoted

as E(to) and F(T), respectively. One may assume that field vanishes at 20 < ¢,

()
0x0

0

oz <to) =0, = 0. (B.2)

20<tg

One integrates Eq.(B.1) with respect to time z° from ¢y — € to tg + € and obtains initial

condition for the first derivative of the field as,

dp(z)
Ox0

= E(to), (B.3)

+
tO

where we have used the above assumption and taken limit € — 0. tar denotes ty + 0.

48
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The method of variation of constants has been employed to determine the solution

of Eq.(B.1) and it is written as,
p(2%) = Ci(2%) f(2°) + Ca(a?) g(2), (B.-4)

where f(z%) and g(2°) are two linear independent solutions of the following homogeneous

equation,

82

W + m?(2°) | Phomo(z?) = 0. (B.5)

Firstly, the following condition is imposed,
C1(a) f(2°) + Co(a)g(a”) = 0. (B.6)

Eq.(B.4) becomes the solution of the differential equation Eq.(B.1) when C;(2") satisfies

another condition,
Cr(2) f (%) + Ca(2)§(a) = S(2°) + F(T)5(z" — T). (B.7)

The remaining task is to find C;(2") which satisfy the conditions in Eqs.(B.6) and (B.7).

It is convenient to write these conditions in matrix form as,

(01@:0) ) 1 < g(z%)  —g(z°) ) ( S<x°>+F<T>6<x0—T>>
. = — ) . (B.g)
Co@®) ) W\ —f(°)  f(°) 0

where we have defined,
W = f(a%)g(«") — f(°)(a). (B.9)

and it is a constant with respect to time. Integrating Eq.(B.8) with respect to time from

tar to 2Y, one obtains,

0

C1(a?) = = (90 {S(0) + F(0) 5(¢ — T)}) dt + Ca(s) (B.10)
Ca(a®) = — = (FO18() + F(@) 6~ T de + Colrg)  (B1)

Therefore Eq.(B.4) becomes,

1

(2") =57 " [£(2%)g(t) — g(@®) FO)] {S(t) + F(t) 6(t — T)} dt

+C1(tg) (") + Ca(tg)g(a") (B.12)
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In this regard, it enables us to define,

K[2%y") == % [£(2)9(y°) = 9(”) ()] - (B.13)
Then Eq.(B.12) alters into

0

p(a?) = i K[z ] {S(t) + F(t) 6(t = T)} dt + C1(tg) f(2°) + Ca(tg)g(a?). (B.14)

+
tO

To determine C;(t]), it is required the first derivative of field,
o . [ OK [0, 1]
— = el A F -T
7070 = | (P ) 150+ F(0) ot~ 1)

+ C1(tg) f(2°) + Ca(tg)3(a?). (B.15)

Consequently, using definition Eq.(B.13), the term which includes S(tg) vanishes after

dp(0)
oz0

integration. From now on, we will denote ¢ (2°) as

Let us now write C;(tJ) in terms of ¢(ty) and ¢(tg). We consider the following

equations,

pty) = Cilty) f(tg) + Ca(ty) a(ty), (B.16)
pltg) = Culty) f(tg) + Ca(td) 9(t5) (B.17)

Next, one can write C;(tJ) in matrix form as,

(q(t&))z_l( a(ts) —g<t3>>(w<to+>>_ (B.18)
Caltg) WA —fe) 1) )\ e)

Thus one substitutes these C;(t{) into Eq.(B.14) and obtains,

20

o(x%) = K[2°,1]S(t)dt + K[2°, T|F(T)0(a® — T) — K'[2°, to](to)

+
tO

+ K[l’o,to]E(to), (B.lg)

where we have used the initial condition in Eq.(B.3) and K'[2°, 3] is defined as,

- 8K[1‘07 yO]

0 ,071._
K'x",y°] == oo (B.20)

In the next section, we will use the obtained solution to provide the solution of SDEs.
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B.2 The SDEs for the field

Next we move to consider the SDEs for the field in Eqs.(3.34). It is rewritten as,

0? .
8.7302 + Q?,xo,kzo gDimg = SZ:EO’ (B21)
where we have defined S’deo as,
S0 i= " Dape Aji(a°){ 35 (%) 35, (2°) + Gl (, )} (B.22)

To solve Eq.(B.21), one first sets E(tp) = 0 and F'(T') = 0 in Eq.(B.1). Then, the general
differential equation is similar to the SDEs for the field. The SDEs of the field in the

form of integral equation are given by,

20
S‘B?,wo - _Kz{,moto‘ﬁ;‘j,to + /+ K@-,zwsf,t dt, (B.23)
Lo
~d,free _[—{/ ~d B.24
(pi,xo - i,xotocp’i,tw ( . )
20
~d,i =,
‘Pi,xgt = /+ Ki,zﬂtséft dt. (B.25)
to

By using the above equations and keeping the solutions up to the first order of the cubic

interaction, one obtains Eqs.(4.1)-(4.3).

B.3 The SDEs for the Green’s function

In this section, we consider the SDEs for Green’s function in Eqs.(3.35) and (3.36). They

are simply rewritten as,

32 A
6.’1)02 + Q’leO k G;‘ljl‘j:coyo,k = szb:co 0 k + ka] toyQ, k5t0I0 + F 5350?! ’ (B26)
. 82
b 2 ab T'ch b
G?j7xoy07k ay + Q - 1%7/‘7 1,0 0 k + sz xoto kEkjfk(;toyO + FZ(; 5z0y0, (B27)

where we have defined,

b ‘ cab
F;} = ZéijaT’ (B28)
to
Q” J:O (k) :ZQCadDdCGAZ’kZ,IO @?@0 GAZI‘;»’xoyO (k), (B29)

R$ 0,0(K) :=2G% Lo, (k)DcefAkﬂ,yo@{yoceb, (B.30)
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2,0

yl Gto o) G(2% y")
(.0 .0
20 G2, 29)
G(to, to) G2ty 2°

FIGURE B.1: Two paths to obtain G(2°,4°). We show the paths for the case z° < 0.

and E{¢, is given in Eq.(4.14).

In the following, we will obtain SDEs for Green’s functions at (z%,°) in the form
of integral equation. Starting with the initial condition for Green’s function at (to, tp),
we obtain two expressions for the Green’s function at (2°,4°). The two expressions
correspond to two paths shown in Figure B.1 which are used to integrate the differential

equation in Eqs.(B.26) and (B.27). They are given by!,

G = {Kxoto : (E Groto + F) Klop, - Gtoto} : (ET - Kyop — K;0t0>
0

_ Y _
+9(y0 - ~T0)F - Kyoz0 + / Ryop - Kyoy di
=+

0

1‘0
+/+ K,o0; - Qup dt - (ET - Ko, —K;Oto) , (B.31)
tO
G = (Bang B = Kloy) - { (Guoty - BT+ F) - Koy — Gty Koy}

0 0y 72 = 7%
+0(z” —y°) Kyoy0 - F' + /+ Kyop - Qo di
+ (K01, - E = KLoy,) / Ryt - Koy dt, (B.32)

where the upper indices “br”and “go”denote the blue red path and the green orange

path, respectively.

Now let us explain how one can derive Eq.(B.31). The steps are summarized

below.

Dot multiplication describes matrix product corresponding their indices.
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e We first consider the differential equation in Eq.(B.26) which Green’s function
G(t,tg) on the blue line (fo < ¢ < 2°) satisfies. Using the solution of the general

differential equation in Eq.(B.19), we obtain the expression,
:EO
oty = / . Koo Quy dt+ Kyogy - (B Grotg + F ) = Kloy, - Grotay - (B.33)
tO

where étoto denotes the initial condition.

e Next we consider the differential equation in Eq.(B.27) which Green’s function
G(2°,t) on the red line (ty < t < y°) satisfies. Using the solution of the general

differential equation in Eq.(B.19), we obtain the expression,
,yO
Gaop = / Ryop - Kyop dt + Goy, - (E Ry, — K;%) +0(y° — 2°)F - Kyop0,

+
to

(B.34)

where G’xoto denotes the initial condition.

e Substituting Eq.(B.33) to Eq.(B.34), we obtain Eq.(B.31).

The Eq.(B.32) is obtained through the steps similar to the above. The difference is
as follows. We first integrate the differential equation on the green line with the initial
condition at (¢, tp) and obtain the expression for Gtoyo' Using it as the initial condition,

we integrate the differential equation on the orange line and obtain the expression in
Eq.(B.32).

B.4 The derivation of free part for Green’s function and

its path independence

In the following section, we derive the free parts of Green’s function which are the zeroth
order of cubic interaction. From Eqs.(B.31) and (B.32), we can write them respectively

as,

Gt ={ Kooy - (B Gty + F) = Koy, - G} - (™ Koy — Koy, )
+ 0(y0 - $O)F . Kyozo, (B.35)
Gggggee — (Kxoto B — Kalvoto) . {(Gtoto ET + F) YOty — Gtoto yoto}

+ 9(1’0 — yo)f_{xoyo - F. (B.36)
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Both of the above expressions satisfy the differential equations in which we turn off the

interaction part, namely,

82
2 ~ab,free ~cb,free
3:502 + QZ‘@O’k G%J 20y0 Kk zk ka] toy0, k(stoxo + F (5moy , (B.37)
%
2
~ab,free 0 2 __ Aac,free ch ab
Ok| = Gik,zoto kB kOtoy0 + 155 050,90, (B.38)

i7,2990 k @y@? + Y

Below we show both expressions in Egs.(B.35) and (B.36) lead to a single expression.

Using Eqs.(3.46),(4.14) and (B.28), we can rewrite them as follows,

~ab,br,free 61‘]‘ sinh ,Bwi (k) 1 1
Giiaoyo (K) = 3 3
’ wi(k)ag, | cosh fwi(k) —1 1 1

X |: zxotoK/ yOto +w12(k)Ki,x0t0Ki»y0t0:|

ab
i (=) - o 11
+2&?0 (Kl{vwotoK%yOto - Ki,xotoKz{,yott)) ( -1 1 )

' 0(y° — xo)f(l-’yoxocab. (B.39)

ab
iga0y" B 2wi(k)ai, |cosh fw;(k) — 1 1 1

X [ zacotoK/ yOto +wi2(k)Ri,$0t0Ki,yoto}

ab
0 (= _ _ — 1 1
+ 13? ( z{,thOKi,yOto - Ki,motoKz{,yOto) ( 1 )

2a;, -1 -
Z(S”LJ _ ) ab
H(m K, 2040C" (B.40)
2%) ’
By using the following relation,
Kz{,xotoki,yoto - Ki’xotof_{£7y0t0 == [_{onyo, (B41)

we can show that two expressions are identical to each other. Therefore, they can be

summarized into a single expression which is Eq.(4.10).
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B.5 The interaction part of Green’s function and its path

independence

Now we move to consider the interaction parts of Green’s function. From Egs.(B.31)

and (B.32), we can temporary define them respectively as,

0 0
G /j Ryo - Koy dt + / @ Ryop - Qu, dt - (ET. Ryop, — K;Oto), (B.42)
tO .
Gg" ot / Kyop - Quo dt + (K04, - E— Kl ) - /t N Ryt - Koy d, (B.43)
0
where Q and R are written in terms of the same G and ¢ in Egs.(B.29) and (B.30).
Below, we will show the two expressions are the same to each other. Remind us that Q
and R in Egs.(B.42) and (B.43) are written in terms of C;’woyo’int in Eq.(4.9) through the

following differential equation,

R
82
Q20,0 am02+93200 Glnt - F- G;gtyocstoxo, (B.44)
52
0 as
Ryop = GWpo Wﬁzio — G, ET 60, (B.45)

Substituting these expressions to Eqgs.(B.42) and (B.43), we obtain,

) . - 8G1nt
Giﬁ;gt = Gmt ot K 20tg (E -G — lim ty0>

Ko, B.46
0

= ngt 0, (B.47)

2090 x

ébr,int o éint éint ET li aGlx%tt K
= 0y0+ 20to — 11m EEAST

aGmt B B
R gogy - Jim 0 (R — BT Ry (B.48)

= Gl;ot 0, (B.49)
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respectively. To show the equalities of Eqgs.(B.47) and (B.49), we have used the following

relations,

G, = 0, (B.50)

Jim gté;gg = 0, (B.51)
E-Gy = Jim 823%, (B.53)

G, -ET = Jim %;?t. (B.54)

We complete the proof of equality of two expressions given in Egs.(B.42) and (B.43).

Since they are identical each other, from now on, we will use G75™™ in Eq.(B.42).
0y

To summarize this section, let us write the SDEs of Green’s functions in the form
of integral equations. Omitting the upper and lower indices i, j, @ and b, the interaction

part of Green’s function is written as,

. v° _ 2 _ _
G o = /t+ Ryo; - Kyop dt — /t+ Ko, - [QttO-K;oto — Quo - ET - Koy, | dt, (B.55)
0 0
where @ and R are given in Egs.(B.29) and (B.30). Using the above equations and
keeping the solutions up to the first order of the cubic interaction, one can obtain
Eq.(4.11).



Appendix C

Derivation for f(z') and g(z") up
to first order of H (t)

f(2%) and g(«°) are the solutions of a homogeneous differential equation given in Eqs.(4.6)
and (4.7). In this appendix, we derive those solutions for the case that the scale factor is

given in Eq.(4.18). We present them within linear approximation with respect to H(tp).

One first considers a couple of general homogeneous differential equations given
in Eqs.(4.6) and (4.7). As for Q; x(2%), we substitute the expression given in Eq.(4.24).
The solutions are expanded up to the first order with respect to H(tg),

fida®) = SR+ ]
0 1
o) = ") +g"), (C2)
where £(0(20) and ¢(©(2°) are the solutions which correspond to the zeroth order of

H(to) while fM(29) and g™ (29) are the solutions which correspond to the first order

correction with respect to H (o).

We first compute solution for f(z"). The differential equations of f(z°) in Eq.(4.6)

can be rewritten as,

2 02, (2
[1 O+ )]fi,kw) -0 ©3

Using Eq.(4.24), the second term in parentheses of above expression is rewritten as,

0y (2) B 0 Kk?
e 1 —2H (to)(x _tO)i[a(to)wi,k]Q' (C.4)

o7
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Then using Eq.(C.4), Eq.(C.3) alters into,

) -t | fae®) = 0. (©9)
R — o)l — 7o ; k(T = . .
Wiy Oa0? la(to)wia® | °
One can define several dimensionless parameters as,
H(t k
s = kaZL'O, S0 = wi7kt0, ho = (70), li=——F— (CG)
wj k a(to)wi x

Then using the above dimensionless parameters, Eq.(C.5) is rewritten as (for simplicity,

we omit the lower indices, i and k),

82
[632+1—2h0(5—80)12 fs) = o (C.7)

The above equation leads to the following leading equations,

[;; +1] O = o, (C.8)
82
[832 + 1] F(s) = 2ho(s — so)fO(s). (C.9)

As for the solution of Eq.(C.8), we choose,
FO®s) = sin(s). (C.10)

Next one needs to solve f()(s). The solution is written in terms of linear combination

of sine and cosine functions,
FU(s) = Ci(s)sin(s) + Ca(s) cos(s), (C.11)
where their coeflicients C; depend on time. Since we can impose the following condition,
C1(s)sin(s) + Ch(s) cos(s) = 0, (C.12)
one can show that C;(s) satisty,
C'(s) cos(s) — Ch(s)sin(s) = 2hg(s — s0)1%sin(s), (C.13)
where C/(s) are defined as,

Ci(s) = . (C.14)
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From Eqgs.(C.12) and (C.13), one can write C!(s) as,

Ci(s) = ho(s— so)1%sin(2s), (C.15)
Ch(s) = ho(s —s9)1?{cos(2s) — 1}. (C.16)

With the initial conditions C;(sg) = 0, C;(s) are written as,

2
Ci(s) =— % {(3 — sp) cos(2s) — %{sin@s) — sin(230)}} , (C.17)
hol? ) 1 2 2
= [(8 — 80){sin(2s) — 2s} + 5{008(28) —cos(2s0)} + (s° — 80)] . (C.18)

Now using Eqs.(C.17) and (C.18), the solution of f(1)(s) is written as,

2
FI0(e) = "5 = ) fainte) -

sin(s — sp)

(5 — 50) sin(sp) — (s — So)cos(s)} . (C.19)

To summarize this part, let us write f(©(s) and f(!)(s) in terms of original dimensional

parameters. They are given by,

FOEY = sinfw; iz, (C.20)
2(20 — sinfw; k(20 — .
f(l) (.’L’O) H(Qt?()l(lzo)(Wi7k}2tO) {Sin[inkxO] B CLEin,E(l('O - tot)())] Sln[wi,ktO]
—w; i (1% — to) cos[w; k2] } . (C.21)

Now we move to compute for g(x°). In this regard, g(s) satisfies the same equation

in Eq.(C.7) which f(s) satisfies. The difference is that g°(s) is a cosine function,
g9 (s) = cos(s). (C.22)

Applying the same procedure which we have used for the derivation of f1(s), we obtain,

2
g0(s) = M9 (s —s0) |cos(s) -

sin(s — sp)

— cos(sp) + (s — sg) sin(s)| . (C.23)
(s = s0)

Finally, one rewrites ¢(°)(s) and g(!)(s) in terms of original variables. They are given
by,

g0 = cos[w; k2’ (C.24)
H(to) k2(z" — to) {cos[w- 20— sinfw; k(2% — to)]
2{alto)wix)? bk Wi (a0 — to)
+wi (2 — to) sin[wi,kxo]} . (C.25)

g ()

cos|w; kto]



Appendix D

Derivation of K;[z",y"] up to first
order of H(t)

In this appendix, we present I_(mquk given in Eq.(4.4) within the linear approximation
with respect to H(tg). For simplicity, momentum index k is suppressed. f(z-’mquk is also

expanded up to the first order with respect to H(tp), namely,

Kil2® 4% = K%+ KM%y, (D.1)
where we have defined,
RO = o (100”6 - 10606 @), (D-2)
_ 1
KO = 700060 = 17606 00 + 1006l )
~17 W09 (2%} (D.3)
One can show that W is written in terms of the zeroth order solutions fi , gz(o) nd
their derivatives,
Wi = £ ()9 (to) = 17 (t0)g” (to) = wi, (D-4)

because f1)(to), fM(tg), gV (to)and ¢ (to) vanish. Substituting the zeroth order func-
tion and the first order function of f and g in Eqs.(C.10), (C.19), (C.22) and (C.23),
Egs.(D.2) and (D.3) alters into,

ROR 0 — Sinf; u) (D.5)
2
K(l)[ 0] ;OZIk{u + s —2sp}[sin(s — u) + (u — s) cos(s — u)], (D.6)
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where we have defined the following dimensionless parameters as,

u = wixy’, (D.7)

Sy = ’U/(]:wl"kt(). (D.S)

and s, s, hg and 1 are defined in Eq.(C.6), respectively. Therefore, K;[2°,4°] in Eq.(D.1)
is written in terms of original parameters as,

- (0 (1

Rila, %) =K ) + KOl

0 4] :Sin[wz‘,k(xo )

0)
K D.9
) [‘TJ ’ wi,k ? ( )
_ H(ty) k2
KW 0 01 — 04 0 _ 9
AT 5 kaa(tO)Q(z +y 0)
sinfw; k(2% — ¢°
x < [ ’kcgk 0] — 1) cosfwi k(2 yO)]> . (D.10)
We define I_(Z and I_({ as follows,
= OK;[z°, ']
0 0 ._ 1 9
Ki[z",y"] = T g0 (D.11)
. 92K [2°, "]
K29 4 = /222 D.12
Then K’l’ in Eq.(B.20), I_(Z and I_(Z’ are given in terms of original parameters as,
Kj[2°, %) =K' 2%, %) + K[, 4°),
f(i(o)/[xﬂ, yo] =—cos(s—u)=— cos[wi,k(xo — yo)], (D.13)
1)Yr.0 .0 h012 .
K;7'[z°,y"] :T[(u —s)cos(s —u) + {1+ (u+s—2sp)(u—s)}sin(s — u)],
2
_ 0 0 0 0
+ {1+ Wi (y° + 2% = 2t0) (10 — 2°)} sinfwi k(2 — y0)]], (D.14)
Kifa®, ) =K 2%, 4°) + KV a0, ),
I?fo) [ZL'O, yo] =cos(s —u) = cos[wi,k(:no — yo)], (D.15)

' 2
Kiu)[xo’yo] :%[(u —s)cos(s —u) + {1 — (u+ s — 2s0)(u — s)}sin(s — u)]

=H (to)

2
2w2ka(t0)2

+ {1 - wzk(yo +29 — 2t0)(y0 — 930)} Sin[wi’k(xo — yo)]], (D.16)

[wl-’k(yo — xo) cos[wi’k(xo — yo)]
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Kia®, 9] =K% " + K[, ),
f(i(o)/[xo, yo] =w; ksin(s —u) = w; sin[wi7k(x0 — yo)], (D.17)
. 12
Z,(l)’[x07 0 ZOTwi,k(u + 5 —250)[(u — s) cos(s —u) —sin(s — u)]
§ 0, .0
=H(t — 2t
( 0)2wi,ka(t0)2(y e )
X {wivk(yo — wo) cos[wi,k(:ro — yo)] — sin[wi,k(mo — yo)]}. (D.18)



Appendix E

Calculation of the expectation
value of PNA

E.1 Time integration and momentum integration of (jy(2°)) s

In this section, we provide both time and momentum integrations in the expression of
the expectation value of the PNA. Let us first consider Eq.(4.28). We can rewrite it as

follows,

(o)) 1st = (Go(@))1st,4 + (Go(2))1st, B (E.1)

. 1 Pk [1/ 1 1
(Go(z°)) 15,4 = —a P340 A123 {1 — 3(z° — to) H (to }/ [2 ( + )

w2 k W1,k

.'130
< 5 Wak — coth ﬁu;“‘) / cos w3 ot cos(wy k — w27k)(:1:0 —t)dt
to
1 1 Pw2 x Pw1 k
“(— - —) (coth =2 p 2Lk
2 <w2 - w1’k> (co 9 + cot 5
/ cos w3 ot cos(wy  + wa i) (2 — t)dt] , (E.2)
, 3 ( 0) . dk [1/ 1 1 Buwa k Buwi k
0 ,
OIN0) G Ay [ S 1 (4 =) (coth — coth 2k
(Jo(@"))1st,B = ato P3,to 123/ CE {2 <w2,k + wlk) <co 5 co 5

(t —to) cosws o(t — top) cos(wy k — w2 k)(a:O —t)dt

1
< - > <coth Pz + coth Ba)lk)
Wok Wik 2 2
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( jo(x0)>1st7 A is the part which includes the PNA with constant scale factor and dilution
effect while (jo(2°))1st.5 is the part which includes the freezing interaction effect. One
can derive Egs.(E.2) and (E.3) by substituting Egs.(D.9), (D.13), (D.15) and (D.17) into
Eq.(4.28).

Below we first carry out time integration of (jo(z°))1st.4. One defines the new

variable of integration as,

s = a’—t, (E.4)
Then one obtains that,
. 1
T+t A —m2) {1 - 32! H{(tg) _—
<.70( + 0)>15t714 %2, 3 903 to 123 2 { 0 }/ 3wy kw2 k
sinws ox!] sm[(w ,k—wz,k)ml]
" 2 Pw2k B 2e ™AWk (Wl,k_f)Q,k) B 1‘*’3,0
1 — e Bwrk 1— e Purk UJ%,O - (Wl,k - W2,k)2
sinfws oz!]  sin[(wy ktwsk)T!]
1+ e P2k n 1+ e Purk w1,ki£2,k B 1‘*’3,02
1 - €_5w2’k 1 - B_BWLk w§70 - (wlvk + w2’k)2

(E.6)

By taking first time derivative of the above expression, setting 2! = 0, using the initial

expectation value of ¢34, = v3 and setting H(¢p) = 0, we can obtain Eq.(4.31).

We move now to compute <j0(x0)>1st,3. To perform time integration for (jo (x0)>1st73,

one introduces the new variable of integration,
s:=t—to, (E.7)

and obtains,

Bwa x Bwi,k
1 H(to)wso . 9 d*k 1 coth 22 — coth =3
x+t =—— A —m /
(Jo( 0))1st,B 1a ? ¥P3,to 123( 2) (27 Wi ok Dok

2 _
w3 0tWig 1

x!sin w;),,gxl N w50 {cosws gzt — cos[wﬁ}kxl]}

x 2 —- 2 2 — 2y2
(ws,o —Wiok ) (Ws,o —Wiok )

w w .
coth 2 > + coth p i ot sinwg gzt
+ w+ 2 + 2
12,k (wg,o Wi k )

2 + 2
w3 g T Wi i
w3,0

{cosws ozt — cos[w;a’kxl]}

+ 2
(%%,0 - WB,k )2
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where we have defined wliQ K aS,

wak = wik twok. (E.9)

The next task is to integrate Eqgs.(E.6) and (E.8) with respect to spatial momen-

tum. Using those equations, Eq.(E.1) leads to the following expression,

(o(x" 4 to))1st

_ PaagAizs (1f — m3)

[{1 = 32 H(to)} {J1 (", 1, 2, w3 0)

CL;?O W3,0
1~ = 3H 1~ = 1~ =
+Jo ('t M, Mg, ws ) } +1 (to) {J3(x", M1, Mo, w3 ) + Ja(z', 11, Mg, w3 ) }
(E.10)
where auxiliary functions J;(z!, My, ma,ws0) (1 =1,...,4) are defined as,
—Buw —Buw
. 1+te 2,k 1+e 1,k
1 ~ sin[ws oz!] d*k 1 (1,6*3‘*’2* TPk ) 1
Jl(x 7m17m27w3,0) = 2 (2 )3 (w+ )2 T
)T W2 kW1 k 1 — a2k W12k
w3 0
3 Le Pu2k | Lie fobk sinfw; , 2]
+ ]. / d k ]. 1,6*5W2,k 17676“)1’1‘ 12,k
2w30 ) (2m)3 wokwi k 1_ (Wi 10)? ’
W%,o

(E.11)

—Buwzx —Buwix
. + 1+e ko 14e ,
51n[w370x1] / d3k Wi k <1_e—ﬁw2,k 1_e P¥1k

Jé(x17¢h177h2)ukio) =

2(777,% — Th% 27‘(‘)3 w1 kW2 k 1_ (w;27k)2
‘*’g,o
—Bw —Bw
14e "¥2k 14 P¥LKY . - 1
1 / dk 1 <1_e—ﬁ“’2,k 1—o P1k Sm[wllkx ]
— )
2w30 ) (2m)3 wo kWi k 1 @)
‘%2',0

(E.12)



Calculation of the expectation value of PNA 66

Ja(zt, g, 0 = z n3 -
3( 7m17m27w3,0) /(271')50.)171(002’1( + 2 (mf—m%)z

+ 2 Bwak Bwi k .
PPk 1 Y2k (COth 5 —coth—; [$1 sin[ws ozt]
_ \my—m3)” [
W12k W2, 12,k

(2 —md)z!
+ 2 (Th%—ﬁl%ﬁ COS[LU3,0$1] COS|: “’E,k
Wigx T -

Wi k Wig k

)
+ 2 (Th277h2)2
w3,0 <w12,k -z

(E.13)
1+ 7ﬁw2,k 1+ 7ﬂwl,k
Ja(xt, M ) / T 1 <1—Z—ﬁwz,k+1_i—ﬁw1,k> o' sin[ws 0z’
4 1,M2,ws30) 1=
I (27)3 w1 xwa,k . W Wik
N w§,0 7
+ 2 1 + .1
Wig k {cos[ws 07| — cos[wiy , v}
1 : : (E.14)
( W0 >

+ 2
+ Wio k
waowWigx (1= =22

W30

We carry out the momentum integration of the above expressions numerically.

E.2 Time integration and momentum integration of (jo(2°))onq

Below we consider time and momentum integrations of the second part of PNA which is

Eq.(4.29). Substituting Egs.(D.9), (D.10), (D.13)-(D.18) into Eq.(4.29) and performing
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time integration, we obtain,

(Go(z" +t0))2nd
_ 28341 / Pk [ 1 cotn 292 VALAL 1 [ wiy coslwiha']
3 (27T)3 2(,02 2

2 2
o 2 2 Wy w3 — Wig

+2 — .1 -2 +2
- %[wff] — cos|wsz!] cos[2waz!] < 2w12 — — 2w12 +2> + w3 sin[wsz!] sin[2waz!]
w3 — Wyg w3 —Wip W3 — Wy
- + =2 =9 + —
% ( 2‘*’12 -+ 2“12 +2> } + (i — m3) {4w3:c1 sin[wga:l] < . W12+2 - W12_2 >
Wi =W Wi — Wy w1 (Wi —wi5)? (w3 —wpy)?
B 2w, {cos[wsx!] — cos[wihzt]} n 2w, {cos[wsx!] — cos[wipzt]} B <(x1)2 1 > wiy cos[wirz!]
2 ) 2
(Wi — wiy)? (w3 —wip )? wWiw2 Wi — wi
b 82 (wﬁ{cos[ngl] — cosjwi,z!]} B wip{cosjwszl] — cos[wl_Q:Ul]}>
2 )
(Wi —wiy)? (Wi —wip )
N <($1)2 N 1 ) Wiy cos[wirz!] B cos|wzr!] ( wiy N Wiy )}
wiws ) Wi —wiy wiws  \w?—wi Wl —w
1 -
‘%(m% —m3) wis Wiy ) L wipsinfwhr!]  wi sinfwyr!]
_ s 53 | wasinfwsa’] — T 4o 5 -
wiwz Wy — Wiy Wi — Wy w3 — Wiy w3 — Wyg

2 -2 +
{coswsz!] — cos[wiha']} + (w3 +wip Jwip

1 <w1 N wz) {(w}f + wiy )y

wi\wz @i/ | (0] —wiy)? (@f = wip)?

- +
x {cos[w3z!] — cosjwiyrt]} + ( 5 12 =+t 12 2) waz! sin[wgacl]H }
W3 —Wip W3 Wi

— {1 < 2 for lower indices}], (E.15)

where we have introduced A;,k defined by,

H(ty) K
ro= . E.16
bk 2 w? alt)? ( )

For notational simplicity, w; k is denoted as w; (i = 1,2) and Wf[z K is denoted as wﬁ in

Eq.(E.15).

The next task is to integrate Eq.(E.15) with respect to spacial momentum.

Eq.(E.15) leads to the following expression,

' P31 A123 H (¢
<J0(£B1 +10))2nd :903,to3 123 Elo)

o (3 — 1m3) [Jn(xl,ml, Mo, ws0) + Jiz(x!, M1, M2, w3 )
to

+J13(z!, 1, e, ws0) + Jia(zh, M, o, ws0) + Jis(a!, 1, g, ws0)]
(E.17)
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where we have defined auxiliary functions J;(z!, My, ma,ws ) (1 =11,...,15) as,
Pk K2 x! 5 Wy Bwr
J L ) 7 ) = th — oth ——
11(3} , 111,12 w3,0) /(27T)3 a(t0)2 (w1w2)3 |:< COo +c 2 >
" (wﬁwg sin[wsz!] wBQ sin w12x ) < Bw coth 5w1>
2 fatat’} 21
w3 — Wfrz w3 — W12 2
WioW3 Sln[w;gl‘l] Wiy sin[wiyz!]
% ( 12 = - 12 5 122 , (Elg)
W3 — W2 W3 — W2

S o P’k k2 1 w 1 w1
Tala i, i, o) (i =)~ [ (oot 5 2 — ot 525 )

27)3 a(ty)? wiws Wy 2 ws
(w122 coswipz!] w1+22 cos[w12az1]> < oth Bwsa cos|2waz]
coth =22 2leen |

—2 2 3

Wi — w; w3 — wi 2 Wy

wq cos[2wqxt Wil wit?
— coth ﬁ21 [ 31 ]) ( 12 = — — 12 — COS[Wg:L’l]
Wy Wi —wpy Wi —wi

wo sin|2wox w1 sin|2wix Wiows sinfwsx!
thﬁz [ 32 ]—l—cothﬁl [ 31 ] 12%3 [?2> }

oth ————=—— — coth
3 3 2 _ +2
W 2 wi w3 — Wiy

( ng sin[2wax!]

Bwi sin[2w1x1]> whws sm[w3x1q

(E.19)

P’k k? (W} +wd) Bwa Buw1
1~ - (2 =21 i tw;
Jiz(z', ma, ma, ws o) =(Mm] — m3) / @nP alio)? (wrwn)? [(coth -t coth 2)

" ((w% + WP wpp{cosjwsx!] — cos[whx!]} N wipwsz! sin[w3x1]>

2 2
(@F —wiy)? w§ — wi
49 < e Pw2 e —Aw > <(w§ + Wi )wih{coslwsx!] — cosfwipz!]}
L—ef 1 —efo (w§ —wiz)?
+ .
+°J12W32$1 Sm[cgﬂl})] ’ (E.20)
W3 Wiz
d*k  k? 1 Bw Buwo
Jia(zt, ma, ma, =— oth —— + coth ==
1l 1, g, o) / 27 alto)? (wran)? ( g oot
X [4W3l‘lsin[w31‘l] 2 WEJ,_Q wa;{cos[w;xl] :gOS[wB$1]}
(w3 —wiy)? (w3 — wiy )?
8wiwi, {cos[wsx!] — cos[wihaz!]} B e 1 wiy cos[wihz!]
> 12,3 (a 2 _ +2
(w3 —wiy) wiwz w3 — Wiy
_ cosfwsz!] : Wi +2] | (E.21)
Wiw2 Wi — Wiy
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kK2 1 < e Bw1 o—Bws )

Ji=(zt mg =—2 -
15(1’ 7m17m27w3,0) / (27‘(’)3 CL(t())Q (Wl(x)g)z 1— e—,@wl 1— e—ﬁwg

" |:4CU3331 sinfwsz!] wﬁ_ B 2w, {cos[wsr!] —_cos[wﬁxl]}
(w5 — wip)? (w5 — wi)?
8wiwiy{cos[wsx!] — cosjwzt]} B <($1 2 1 ) Wiy cos[wiz!]
(w5 — wip)? wiws ) Wi —wpy
| oslsa] 12 _2] . (E.22)
Wiw2 Wi — Wiy

We carry out the momentum integration of the above expressions numerically.
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