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We study the improvement of an effective potential by a renormalization group (RG) equationina
two real scalar system. We clarify the logarithmic structure of the effective potential in this model.
Based on the analysis of the logarithmic structure of it, we find that the RG improved effective
potential up to Lth-to-leading log order can be calculated by the L-loop effective potential and
(L + 1)-loop B and y functions. To obtain the RG improved effective potential, we choose
the mass eigenvalue as a renormalization scale. If another logarithm at the renormalization
scale is large, we decouple the heavy particle from the RG equation and we must modify the
RG improved effective potential. In this paper we treat such a situation and evaluate the RG
improved effective potential. Although this method was previously developed in a single scalar
case, we implement the method in a two real scalar system. The feature of this method is that
the choice of renormalization scale does not change even in a calculation of higher leading log
order. Following our method one can derive the RG improved effective potential in a multiple
scalar model.

Subject Index B32, B36

1. Introduction

Effective potentials improved by a renormalization group (RG) equation are widely applied in particle
physics. In Refs. [1-6], the stability of an electroweak vacuum is studied through the evaluation of
the RG improved effective potential on the high-energy scale. In addition, using the RG improved
effective potential, the authors of Refs. [7—18] investigate the possibility that spontaneous symmetry
breaking is realized by quantum correction to the effective potential. In this way, the RG improved
effective potential is frequently utilized.

There has been a great deal of research into the RG improvement of the effective potential since a
study by Coleman and Weinberg [7]. In Refs. [19-21], the RG improved effective potential in a single
field is derived. If utilizing the RG invariance of the effective potential, the renormalization scale u is
set as a field-dependent mass M (¢, 0); the logarithm log(M (¢, i)?/14%) becomes zero. In that case,
the logarithmic perturbative expansion of the effective potential including (log(M (¢, u)z / [LZ))L
at the L-loop level is stable because of log(M (¢, M)Z / ,uz) = 0. This is an essential point for the
construction of the RG improved effective potential. If the theory includes multiple fields, the sit-
uation is not so simple. Taking M (¢, 1) as a renormalization scale, one cannot guarantee that the
logarithm log(M’ (¢, )?/u?) coming from another field is always small. If the logarithm is large,
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it leads to the breakdown of the perturbative expansion for the effective potential. In Refs. [22—
26], the methods of solving such a problem are studied. The methods are classified into two
types. In Refs. [22-24], multiple renormalization scales are introduced and each logarithm is sup-
pressed by the multiple renormalization scales. On the other hand, the decoupling theorem [27]
is applied in Refs. [25,26]. If a large logarithm appears in the calculation of the effective poten-
tial, the heavy particle is decoupled. Since the remaining logarithm is only one of a light field,
the calculation of the RG improved effective potential is the same as the method explained in
the single field case. Note that these methods are applied to theory including only a single scalar
field.

If multiple scalar fields are introduced, the analysis of the RG improved effective potential is
complicated because the masses appearing in the logarithms depend on multiple classical back-
ground fields such as M (¢1, ¢2). The problem is addressed in Refs. [28-30]. In Ref. [28], the RG
improved effective potential is calculated with the introduction of the multiple renormalization scale.
In Ref. [29], which extends the method of Ref. [26], a step function for the automatic decoupling
of a heavy particle is introduced in the effective potential. Moreover, effective action is analyzed to
take wavefunction renormalization into account. In Ref. [30], a new method is suggested. The guid-
ing principle for the method is to choose the renormalization scale so that the total loop correction
vanishes. In Ref. [31] the RG improved effective potential in classical conformal theory is analyzed
based on the method of Ref. [30]. In the present paper, we also approach the problem for the RG
improvement of the effective potential.

In this paper, extending the method of Ref. [25], we construct the RG improved effective potential
in a two real scalar theory. Since the method of Ref. [25] is based on the analysis of the logarithmic
structure of the effective potential, we derive the expression of the effective potential expanded with
respect to all the logarithms appearing in a two real scalar system. Based on the analysis of the
logarithmic structure of the effective potential, we choose the field-dependent mass eigenvalue as a
renormalization scale so that one of the logarithms vanishes. If another logarithm at the renormal-
ization scale is small enough to be perturbative, the RG improved effective potential is calculated
with the choice of the renormalization scale. If the logarithm is large, we absorb the logarithm into
the new parameters defined in the low-energy scale and decouple the heavy particle from the theory.
Since the logarithm to be considered is only one of a light particle, we can easily evaluate the RG
improved effective potential. The advantages of this method are as follows. First, since this method
is based on the logarithmic structure of the effective potential at any loop order, the choice of the
renormalization scale does not need to be changed even at higher loop order. Second, we can derive
the RG improved effective potential without introducing multiple renormalization scales or a step
function for the decoupling. Finally, we can easily implement the decoupling theorem by expanding
the effective potential coming from quantum correction with respect to ¢2/m? (¢> = ¢f + ¢§, m:
decoupling scale).

This paper is organized as follows: In Sect. 2, we clarify the logarithmic structure of the effective
potential and investigate the choice of the renormalization scale. In Sect. 3, the massless theory is
treated and the RG improved effective potential is calculated based on the analysis of Sect. 2. In
Sect. 4, we consider the massive model. In this section, we face a situation in which a large logarithm
occurs. We decouple the heavy particle and construct the RG improved effective potential on the
low-energy scale. In Sect. 5, we summarize the procedure of RG improvement in a multiple scalar
model and discuss applications to other models. In Appendix A, the 8 and y functions at the 1-loop
level are given.
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2. Logarithmic structure of effective potential and RG improvement

In this section, we clarify the logarithmic structure of the effective potential based on Ref. [25]. We
then consider the choice of renormalization scale for the RG improvement of the effective potential.
For a more specific explanation, we consider a two real scalar system as an example. The Lagrangian
is given as follows:

2
m Al ) A3
M2 _Moa_ M4 A3 oo

2
— A. 1
T X T X (1)

1 1 m?
L=-00)+=0x)?* - -Lo? -
2(cr)+2(x) 5 ¢ >

We suppose that this model has Z, x Z; symmetry: 0 — —o and x — —x. Following Ref. [25],
we factor out a coupling constant 1/ from the Lagrangian'

1 /1 1 2 2
L= k—1<5{a</ﬂo)}2 +5{00ano) = SHme? - Z2(/a’?

1 A2/A A3/A
- (o)t = i{,1(Jﬂx)4—%(¢x_la)2</x—1x>2—m). @)

Next, we shift the fields (o, x) by classical background fields (¢1, ¢2), respectively:
o — ¢+ o0,
X —>d+x

and then redefine the quantum fields \/A10 and /A1 as o and yx, respectively. After the shift and
the redefinition, the Lagrangian becomes

1/1 1 M? M?
L=—(=00)2+=0yx)* - ZLo? - 22— M?
)»1(2(0) +2( x) 5 C 5 X 30X
— )%03 — x_23)!/1 3 )%(xzo +x1x)ox
L 4w vioa » 20 (0)
—a® TaX Lo« — M), 3)

where mass parameters (M. 2 M22, M32), cubic coupling constants (x1, x3), and quartic coupling
constants (v, y2) are introduced as follows:

Al A3
M} =mi + 2 61 + =93,

23 A
M22 = M% + ?¢% + 7¢%:

Mf = A301¢2,

X1 =M1, X2 =~/ A1,
) !

yl - )\‘17 J’Z - )\‘19

!'In this paper, we assume that all the quartic coupling constants are comparable to each other (O(1;) ~
O(Xy) ~ O(A3)) and perturbative. Under this assumption, the choice of 1 does not affect the final expression
(28). That is to say, factoring out A, (or A;) replaced by X, one obtains the same result (28).
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and V'O is a tree-level effective potential:
2 2
O Mo M0 Mo M2 e M
Vo=t 5o+ i+ e+ poid A “4)

From the rewritten Lagrangian (3) and the tree potential (4), we can find that the theory is described
by the following parameters:

mass parameters : Mlz, M22, M32, (5)

cubic coupling constants : X1, X2, (6)
quartic coupling constants : A, Y1, V2, (7)
constant term : A. (8)

Moreover, since it is inconvenient for the mass matrix not to be diagonal, we rotate the mass matrix
by introducing new states (o4 and x,;) and mixing angle (0):

o) _ 0959 —siné od, (an(20) — 2M32 ’
X sinf  cos6 Xd MIZ—MZ2

and then the mass matrix is diagonalized:

e () ()=o) () ()

where the mass eigenvalues are

!
M2 = E( 12+M22i\/(M12—M22)2+4M;‘).

For later discussion, the coordinate (¢, ¢) is translated to the polar coordinate (¢, 8):

F=gi+el  tnp= %. 9)

From now on, the mass eigenvalues and the effective potential are written with the polar coordinate

(@, B).

Atthis stage, we can replace the three mass parameters (M?2, M22, M32) in Eq. (5) by mass eigenvalues
(Mi) and mixing angle (¢). Namely, the model is described in terms of the following parameters:

mass eigenvalues : Mi, (10)

mixing angle : 0, (11)

cubic coupling constants : X1, X2, (12)
quartic coupling constants : A, V1, V2, (13)
constant term : A. (14)

This information is so important that using these parameters we can write down the effective potential
at the L-loop level as

M? M?
v = 3 L=1ar* | function of log [ — ), log [ —= ), P |, (15)
1 2 2
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where P is the generic term of (p1,...,p7):
M? x? x2
—_ _+ _ _ _ "2
p1= E’pz_e’m_M_E’m_M_E’ (16)
D5 = Y1, P6 = Y2, p1 =M1 (17)

M*
Let us explain why the L-loop effective potential can be written as Eq. (15). Since 1] can be treated

like an / in front of the action, the L-loop effective potential is proportional to )\f_l. The part in
the square brackets [- - - ] in Eq. (15) is dimensionless because M? is extracted as a dimensionful

part of ¥ So since we introduce dimensionless parameters (p1, . . ., p7) based on Eqgs. (10)—(14),
the part in the square brackets [- - - ] can be written in terms of two logarithms (log(M?/u?) and
log(M_% /1?)) and dimensionless parameters (p1, . . .,p7).

As is well known, since the L-loop effective potential %) contains the Lth power of the logarithm
at most, one can express V1) with respect to log(M?2 /4?) and log(MJzr /)

M4 L L-I
L - 1, (L) L—(I+k) k
y — i DY M ik Ps) 555 (18)
=0 k=0

where, multiplying each logarithm by A1, we define 51 and s5:

M? M?
s1 = A1 log (—;), sy = A1 log (—;)
j 0

Finally, by summing up ¥® from L = 0 to L = oo, we obtain the total effective potential expressed
in terms of s and s;:

00 M4 00
y=>r®= /\—‘Zx{f,(P,sl,sz), (19)
L=0 Ui=o
oo L—I
SiPosts) =3 Y v @syT O (20)
L=I k=0

In this expression the power of A1 gives the order of the leading log-series expansion. In this sense,
/1 means the /th-to-leading log function of the effective potential.

Next, we consider the choice of renormalization scale. As is well known, the effective potential
satisfies the RG equation

d
DV =pu—7V =0, (21)
du

where the RG differential operator is given as

d 0 0 0
D=pu—-=pu— — X— —, 22
il ;VX 8X+2Y:ﬂY8Y (22)
where
_ pdX By = dy
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X = m%,mg,l\,@,d)z, Y = A1, A2, A3. (23)

These specific 8 and y functions are given in Appendix A. We can then obtain the solution of the
RG equation as

Vi, B,0; 1) = V (G, B)o, B, O(1); uge™), (24)

where we use a shorthand notation Q(= m%,m%,kl,kz,k3,A) and introduce ¢ to express the
renormalization scale Mz as ,u2 (1) = ,u%ezt . Also, G(,B, t) 1s defined as

t t
q_il(t)2 + az(t)2 = (exp [—2/ dsyg, (s)] cos? B+ exp [—2/ dsyge, (s)] sin® ,8>¢2
0 0
= G(B.0*¢". 25)

However, because of yy, = vy, = 0, from now on, we set C_?(ﬂ, 1) =1. Q(t) is the solution of 8 or
y function and satisfies an initial value O at an initial renormalization scale [L(z) or t = 0. The RG
solution of Eq. (24) for the effective potential means that it is independent of the renormalization
scale ¢. Since we can freely choose the renormalization scale, we look for the best choice of it. Let
us take the renormalization scale as follows:

u? = M_(r)%. (26)

Since this choice leads to 51(¢) = 0, the RG improved effective potential expressed with Eq. (19)
becomes

V=M MO iP5 =0,5),
=0

where from Eq. (20)

o
SiP.5 =050 =Y v (P35
L=l
Here, if we assume 5, < O(il), one gets the /th-to-leading log function:
SiP,51 = 0,5) = v y(P) + O (A1) 27)
Ifs; < O()_q) and we would like to evaluate the effective potential up to Lth-to-leading log order,

the expression is written as

L
V=M_-0*Y 0" iP5 =0,5)

=0 525(9(?_»1)
L
=M_(0* > L@ ?)|  +0 (k)
1=0 wr=m2
L
=Y VD@, 8,00;u5e™)|  +0O(). (28)
1=0 nr=m2
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We notice that the term of O (X 1) in Eq. (27) contributes to the effective potential beyond the Lth-to-
leading log order. Note that the RG improved effective potential is exactly correct up to Lth-to-leading
log order only if the RG equations for the parameters are solved up to the (L + 1) loop level. In
summary, if one prepares the L-loop effective potential and (L + 1)-loop B and y functions, one
can construct the RG improved effective potential (28) up to Lth-to-leading log order for the case of
5250 (M).

We comment on the variables of the effective potential. Originally, the effective potential has three
variables (¢, B, t). However, now that j.(¢)? is taken to be equal to M_ (¢, B, )2, these variables are
related. In our paper, we show that we can solve u(£)> = M_(¢, B,1)? analytically with respect to
¢ and construct the RG improved effective potential by using the solution of ¢.

Since the above prescription is correct only in the case of 5 < O ()_\1), we must consider the
method of the RG improvement for the case of s > O (): 1 ) In that case, as seen from the logarithm
log (]\71+ ()2 /M_ (t)z) of 57, the relative magnitude of the mass eigenvalues is large. In such a case,
we make use of the decoupling theorem [25]. The decoupling of the heavy particle means that the
logarithm of the particle is absorbed into the parameters defined in the effective theory. The remaining
logarithm is only one of a light particle. If the theory includes only a single logarithm, by setting the
renormalization scale as the light mass, the RG improved effective potential can be calculated. We
discuss this situation more specifically in Sect. 4.

3. RG improved effective potential in a two real scalar system (massless case)

We specifically calculate the RG improved effective potential by the method constructed in Sect. 2.
In this section we treat the two real scalar model without mass parameters. The procedure for the
construction of the RG effective potential is as follows. Because of taking the renormalization scale
as ,u%ezt = M_(1)?, we solve it with respect to ¢. Substituting the ¢ into the mass eigenvalue M er
and the effective potential, we can evaluate 10g(M+ ()% /M_ (1)%) and the effective potential. If the
logarithm is small enough for 5, to be of the order of X1, we can use the expression of Eq. (28) as
the effective potential up to Lth-to-leading log order.

In order to obtain ¢ with ,u%ezr = M_(t)? satisfied, we solve it in terms of ¢. In the present model,
the mass eigenvalues M2 are written as

> _

M2 4(a1+kgm§ﬁ+«m+wgmﬁﬂ

+ \/((M — 23) cos? B + (A3 — Ap) sin? ,3)2 + 162 sin® B cos? ,8)

= 1+(B)9".
So we can easily obtain ¢ from ,u%ezt = M_(t)%:

2 2t
2 Hoe
¢ J—

== 29
A—(B,0) @

2 Moreover, note that although the dimensionless parameters P are introduced for the derivation of the
logarithmic structure of the effective potential, the final expression is written in terms of the parameters Q.
Namely, we do not use the dimensionless parameters P but the parameters Q for the calculation of the RG
improved effective potential (28) .
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_log[M.(0)/M_(t)’]

o " —TT S P I', ™
}I |
L/ \ 4
2 il
1.25
I — 120
-4 4
L e 1.15
= 1.10
1.05
-8 il
1.00
0.95
-8} 4
i L i e rr— P P N T Uy PO o G Loy oo g Vgl
0.0 0.5 1.0 15 20 25 3.0

B

Fig. 1. A contour plot of log(M?/M?) in the regions of B € (0,7) and ¢ € (—10,0). We take A; = 0.7,
A =051 =02,and ¢ = 10 at /1% = M? as an initial condition.

As mentioned above, now ¢ is not the variable of the effective potential and is determined by 8 and
t. The ¢ appearing in the mass eigenvalue M _% and the effective potential is calculated with Eq. (29).
The logarithm of 5, is written as

o <M+(t)2>
S\ 2

where ¢ is canceled out because of the massless model. At this stage we assign initial values of (A1,
A2, A3) for performing the numerical calculation. Taking A1 = 0.7, = 0.5,A3 = 0.2,and ¢ = 10at
M% = M?, we calculate log(M (£)?/M_(t)?) for the range of 8 € (0,7) and ¢ € (—10,0) by 1-loop
B functions in Fig. 1. In Fig. 1 we see that log(M,.(£)2/M_(#)*) ~ 1 in the regions of (8, #). Thus,
since we can conclude that 5, & A1, Eq. (28) can be used as the RG improved effective potential.
Using the tree-level effective potential and the 1-loop g function, the RG improved effective potential
at the leading log order is given as

o (B0
= log (i_os,r))’ (30

w(H2=M_(t)2

(RO g P20 Gag RO o0\ i g2 o 0
V_( ar oS B+ 77 Sin B+ 7 Sin B cos ﬁ>¢ with ¢ =) (1)

where the condition for ¢? originates from the choice of the renormalization scale u? = M_(¢)?, as
seen in Eq. (29). Clearly the RG improved effective potential is determined by 8 and ¢. In Fig. 2, the
RG improved effective potential is plotted as axes of (¢1/ o, P2/ 1t0) for the regions of 8 € (0,7)
and r € (—10,0).
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Fig.2. A 3D plot of the RG improved effective potential at the leading log order divided by the initial renor-
malization scale p as axes of (¢1/ 140, $2/140). This is plotted in the regions of B € (0,7) and ¢ € (—10,0).
The initial condition is the same as in Fig. 1.

4. RG improved effective potential in a two real scalar system (massive case)

In this section we consider the massive theory in a two real scalar model. In particular, we treat the
effective potential causing spontaneous symmetry breaking. The procedure for the construction of
the RG improved effective potential is the same as the previous method. We solve Eq. (26) for ¢ in
the massive case. In this case, because of the mass parameters, the equation is a little complicated
but it can be analytically solved. Equation (26) is written as follows:

A=+B, (32)

where
1 .
A=m?4+ms—2u* + 5((A1 + A3) cos? B + (A2 + A3) sin? ﬁ)¢2,
1 2
B = {m% — m% + 5((k1 —A3) cos’ B+ (A3 — Ap) sin’ ,8>¢2} + 4A§ sin’ B cos’ ﬂ¢4.
Squaring both sides of 4 = +/B, a quadratic equation for ¢? is given as
ag* +2b¢*> + ¢ =0, (33)

where

a= MA3 cos* B+ A3 sin* B+ (AAy — 3)»%) sin? B cos? B,
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b = (A3 cos? B+ A sin’ ﬂ)(m% - /Lz) + (A cos? B+ A3 sin? ﬂ)(m% - ,uz),
¢ = 4(m; — 1) (m3 — p?).
We can obtain the solution ¢? as
e

b+ Vb2 —
_ b b ac' (34)
a

Since we solve the quadratic equation, there are two solutions for ¢2. However, because the original
equation is 4 = /B, the solution satisfies the following conditions:
A>0 and B> 0. (35)

Although it is difficult to analytically prove whether either solution satisfies the condition or not, by
using the initial values as inputs in the following subsections we confirm numerically the following

results:
_ JhH2 —
¢2:M — A>0 and B >0,
a
_h—_JH2 —
gl LoV a0 and B <o
a

Therefore we adopt the solution ¢ as

. —b+ Vb2 —ac
p .

¢* (36)

Since we get the solution ¢ for Eq. (26), we can construct the RG improved effective potential.
The expression is provided at leading log order as

V:%@mﬁuﬁﬁ+ﬁxﬁﬂ¥ﬁw2

1 - 4 T . 4 Y .2 2 4, 3
+E(A1(t)cos B+ Ao (t) sin™ B 4+ 6A3(¢) sin“ B cos” B¢ + A(?)

—B(B,1) +\/B(B.1)? — a(B.DE(W)
a(B,t) '

In the following subsections, we consider two situations for inputting the initial value of the renor-

with ¢ =

(37

malization scale. First, taking (m% < 0, m% < 0, —m% ~ —m%) as the mass parameters, we set the
initial renormalization scale on the vacuum, which is determined by the stationary condition of the
effective potential. Increasing the renormalization scale from the low-energy scale at the vacuum, we
analyze the behavior of the RG improved effective potential in the high-energy region. Second, we
input the initial values of the parameters on the high-energy scale and decrease the renormalization
scale to the low-energy scale. Assuming (m% <0, m% > 0, —m% < m%) for the mass parameters,
we investigate the RG improved effective potential in the low-energy region. As the renormalization
scale decreases, the mass eigenvalue M2 also declines and reaches m% ata scale. Since M? continues
to decline below the scale, we find the logarithm of 5, large. In order to avoid the breakdown of
the logarithmic perturbation, we utilize the decoupling theorem. Applying the decoupling theorem,
we derive the RG improved effective potential in the low-energy scale and visualize the behavior
including the minimum value of the RG improved effective potential.
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4.1. —m;~ —m?

Since we set the initial condition on the vacuum in this subsection, we derive the stationary condition
for the effective potential. Introducing a convenient notation for the mass parameter and quartic
coupling constant:

m(B)? = m% cos’ B + m% sin’ B,

AB) = Ay cos” B+ A\ sin* B+ 6)3 sin’ B cos? B,
we can write the effective potential at a tree level:

A(B)

. ot + A.

¢* +

o) _ M)’
2

We calculate the stationary conditions for the effective potential:

v v
=0, =0. (38)
d¢ ap
From %;) = 0, we derive the following condition:
2
$ = 6" (39)
A(B)
Combining this condition and %};O) = 0, we get the stationary condition for 8:
Aam? — 3h3m3
B = arccos |: 2m12 37 2i|. (40)
(A2 = 3A3)m7 + (A1 — 3A3)m;
Substituting this 8 for Eq. (39), we can obtain ¢ on the stationary point:
A2 = 3A3)m? + (A — 3A3)m3
¢2:—6( 2 3)m1+( 1 3)m2. (41)

Az — 923

Using Egs. (41)—(40), we can calculate the vacuum expectation value and also estimate the initial
renormalization scale ,u(z) = M_(t = 0)> = M2. For simplicity, in this section we impose A = 0 at
the initial point.

Taking [A1 = 0.7, 22 = 0.5, A3 = 0.1, ;3 = —(160 GeV)?, and m3 = —(170 GeV)?] as
an initial condition, we get the vacuum expectation value (¢, 8) = (591 GeV,0.94), the initial
renormalization scale g = M_ = 135 GeV, and the mass eigenvalue M, = 236 GeV. We regard
the vacuum expectation value and the initial renormalization scale as a starting point for the RG
improved effective potential and the running parameters. Then, we run log(M ()% /M_(t)?) by the
RG equations in the regions of # € (0, 5) and B € (0, ). Figure 3 shows the result of the logarithm.
On B = 0and B = 7 in Fig. 3, the logarithm takes 2-3 in the range of # = (0,2) and less than 2
fort > 2.In B = 7, the logarithm is less than 1 for the whole scale of ¢. If the magnitude of the
logarithm as log(M?2 /M. i) < 3 is accepted in the context of a logarithmic perturbative expansion,
the RG improved effective potential is calculated with Eq. (37). The result is shown in Fig. 4. In the
left panel of Fig. 4, the dot-dashed green, dotted orange, and solid blue lines correspond to the RG
improved effective potential in 8 = 0, 8 = 7, and B = 7, respectively. In the right panel of Fig. 4,
the dot-dashed green, dotted orange, and solid blue lines correspond to ¢ in § = 0, 8 = %, and
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log[M . ()*/M_(t)’]

— 275
— 250
= 225
2.00
1.75
1.50
125
1.00
0.75

P

1.5

Fig. 3. The logarithm of the ratio of M, (f)*> to M_(t)? is plotted in the ranges of 8 € (0, Z)and t € (0,5).
The result is produced by taking A; = 0.7, 1, = 0.5, 43 = 0.1, m? = —(160 GeV)?, and m3 = —(170 GeV)?
as an initial condition for the RG equation.

—
-
S —_
= =
S =
S o
I~ S
1) -
)
)
20 B
. 6 J
s ‘ . . . . . s . .
1 2 3 4 5 1 2 3 4 5
t t

Fig.4. Left: The dot-dashed green, dotted orange, and solid blue lines correspond to the RG improved effective
potential in 8 = 0, 8 = 7, and B = 7, respectively. Right: The dot-dashed green, dotted orange, and solid
blue lines correspond to ¢ in B = 0, B = %, and B = 7, respectively. The initial condition for the RG equation
is the same as in Fig. 3.

B = 7, respectively (¢ in f = 0 and 7 are ¢ and ¢, respectively). In both panels of Fig. 4, the
lines at 8 = 0 and 7 overlap with each other.

We give a more complete discussion for the logarithmic perturbative expansion. As explained
above, there are regions in which the logarithm is beyond 1. If the logarithm is considered to be
large, the heavy field with mass A/, should be decoupled from the theory. Due to this decoupling,
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log[M , (t)2/M (1]

w9
o 8
o 7

-2+

- N W &

-8}
0.0 05 1.0 1.5

B

Fig. 5. The logarithm of the ratio of M, (¢) to M_(¢)? is plotted in the regions of 8 € (0, Z)and 1 € (—6,0).
The initial condition is given as A; = 0.7,1, = 0.6,1; = 0.4, m} = —(200 GeV)?, m3 = (3000 GeV)*, A =
0 at (¢, B) = (40000 GeV, % .

the remaining logarithm is only log (M2 /i?). Since the single logarithm can be suppressed by using
the degree of freedom of the renormalization scale p, the logarithmic perturbation is stable. Such a
procedure is explained in the next subsection.

4.2. m3> —m;
In this subsection we impose the initial condition at a high-energy scale and gradually decrease the

renormalization scale to a scale around —m%. Also we suppose that m% > —m% > (. Setting the
following initial condition:

M =07, 2 =06, A3 =04,
m? = —(200 GeV)?, m3 = (3000 GeV)?, A =0,

at (¢, 8) = (40000 GeV, %), we evaluate the logarithm of the ratio of M ()% to M_(#)* in Fig. 5.
Clearly, the logarithm becomes large as the renormalization scale decreases to the low-energy scale.
This indicates the breakdown of the logarithmic perturbative expansion in the low-energy region.
For more detail, we evaluate the ratio of M_(¢)? to 2 (¢)? in the left panel of Fig. 6. As seen from the
left panel in Fig. 6, M_ (¢) steadily falls with decreasing renormalization scale ¢. The ratio of M (¢)?
to m% is calculated in the right panel of Fig. 6. In contrast to the figure on the left, the figure shows
that the value of M (¢) is comparable to m;(f) below ¢ = —1. Therefore in Fig. 6 we find out that
the ratio of 1\7I+ ()% to M_(£)? increases with lower renormalization scale because M_ (¢) is smaller
than 7 (¢) while M (¢) is comparable to m; (7).

In order to avoid a large logarithm, we should modify the RG improved effective potential for
the low-energy scale. The way to modify the RG improvement is to utilize the decoupling theorem.
In the present case, since M+(t) is heavier than M_(¢), the field with the mass M+ (t) should be
decoupled. Moreover, as seen in the right panel of Fig. 6, since M (¢) is comparable to m;(z), we
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log[M_(t)/m(t)?] ~ ) log[ M. (t)/m(t)?]

-1}

200
175
150

B 125
= 100

0.75
0.50
025

B

Fig. 6. Left: The logarithm of the ratio of M_(¢)? to m,(¢)* is evaluated in the regions of 8 € (0, ) and
t € (—6,0). Right: The logarithm of the ratio of M. (1)? to m,(1)? is calculated in the regions of B € (0,5
and ¢ € (—6,0).

factor out iy (f)%> from the expression of M. (¢)%. Hereafter we omit the bar of the parameters to

2
reduce the bother. To implement it, we expand M2 with respect to ¢—2:
+ m2

M3 =mi(1+ A),

A A 2 4
A= <—3 cos? B+ 22 §in? ﬁ)¢—2 + k% sin® ﬁcos2ﬁ<¢—4).
2 m m

2 2 2

Additionally, we expand the 1-loop effective potential with M er in terms of Z—i:
2

()
= %(k’g (%) - %) + %()@ cos? B + Ay sin? ﬂ)(log (’Z_g) _ 1>¢2
+ #{2%% sin® B cos® ﬁ(log (Z—g) — 1) + %()¥3 cos? B + Ay sin ﬁ)z log (Zé) }¢4
e <¢_Z> ' (42)
m;

In this expression we see that log(m% /u?) leads to a large logarithm, which is not suppressed with
the choice of 42> = M?. The concept of the decoupling theorem is to absorb the large logarithm
into new parameters by the redefinition of the parameters. Hence we combine the 1-loop effective
potential with the tree effective potential and redefine the new parameters to renormalize the large
logarithm:

¢2

yo 4 VJ(FI) = 7(1%% cos® B + 3 sin® B)

14/19

6102 Iudy 0g uo Jasn | HO|3Y4 NIHSNVYH OOVSN Ad £1G6975/€09€10/+/6 L 0ZA0elsqe-a)oiue/deid/wod dno-olwspese//:sdjy woij papeojumoq



PTEP 2019, 043B03

H. Okane

4
+ %(M cos* B + A, sin* B + 643 sin” B cos® B) + A,

where

A =i+ 22 log (m—g),
"

Ay =Ay+ 3 log (m—%),
3272 u?
m

(43)

(44)

(45)

(46)

(47)

(48)

(49)

Note that because there is no contribution to the wavefunction renormalization in this model, the

classical background fields do not change:

b1 = o1, b2 = ¢

(50)

Since we use the parameters in the low-energy effective theory below u? = m%, we derive the 8 and
y functions for the redefined parameters. To derive them, the RG differential operator in Eq. (22) is

rewritten in terms of the new parameters:

d el - 0 -~ 0
D=pu—=0Du—+ DX)— + DY)—,
Har = Pmgs ; )% %j( )5

where

~2 =2 & T %
X=m15m2>A3¢19¢25

Y = A1, k2,43,

Hence we can get the 8 and y functions defined by the tilde parameters:

332 322 s
=i P16 T e
A Az i
T T Ten? VBT Tlenzm AT T 3p2i

(1)

(52)

(53)

(54)

(55)

We notice that the effect of the heavy field disappears from the RG equation in Egs. (53)—(55). In
this sense the heavy field is decoupled from theory in the low-energy scale. We can construct the RG
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Fig. 7. Left: The running of the quartic coupling constants is solved. The solid blue, dotted orange, and dot-
dashed green lines denote the running of A1, A,, and A3, respectively. The vertical line is the decoupling scale
with = —1.2. Right: The dependence of the mass eigenvalues (M2, M i) on the renormalization scale ¢ is
plotted.
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Fig. 8. Left: The 3D plot of the RG improved effective potential is evaluated as a function of (¢, ¢,). Right:
The RG improved effective potential is plotted as a function of ¢; with ¢, equal to zero (¢, = 0). From
the minimum point of the RG improved effective potential, the vacuum expectation value is estimated as
(B=0,t=-3.25).

improved effective potential by replacing the parameters with the tilde parameters for the effective
potential in Eq. (37).

Let us consider a decoupling point at which the theory is separated into the full theory and the
low-energy effective theory. From the left panel of Fig. 6, we see that M_(¢) coincides with 715 (¢)
around t = —1. Actually, as we can identify the scale as t = —1.2 and M_(¢) do not vary in the
range of B € (0, %), we use (B8,1) = (%, —1.2) as a decoupling point. The choice of the decoupling
point is valid because the logarithm in Egs. (44)—(50) is suppressed at the scale when M_ (¢) becomes
equal to m» (t). Now we can solve the RG equations for all the parameters from the initial scale to the
low-energy scale. In the left panel of Fig. 7, the quartic coupling constants are solved from # = 0 to
t = —4. We can confirm the slight threshold correction for A3. The difference between A3(f = —1.2)
and 5»3 (t = —1.2) normalized by s (t = —1.2) is 0.02. In the right panel of Fig. 7, we run the
mass eigenvalues in the same range. The M2 continues to decrease as the renormalization scale is

lowered, while the M. er converges to about 3000 GeV. In the left panel of Fig. 8, the RG improved
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effective potential is plotted as a function of (¢1, ¢2). We can find the minimum value of the RG
improved effective potential. This point corresponds to the vacuum in the present model. The right
panel of Fig. 8 shows the behavior of the RG improved effective potential as a function of ¢; with
¢» equal to zero (¢ = 0). From the evaluation of the RG improved effective potential, the vacuum
expectation value corresponds to (8,7) = (0, —3.25). Substituting them into the mass eigenvalues,
we obtain the values of the masses:

M- =396GeV, M, = 3007 GeV. (56)

=—325 =—325

5. Summary and discussion

In this paper we have studied the RG improvement of the effective potential in a two real scalar system.
In Sect. 2 we clarify the logarithmic structure of the effective potential. If we choose ,u%ezt = M2(1)
as a renormalization scale and the logarithm of 57 is less than O(1), we find that the RG improved
effective potential up to Lth-to-leading log order can be calculated by an L-loop effective potential
and (L + 1)-loop B and y functions. In Sects. 3 and 4, we solve M(Z)ezt = M?(t) with respect to
¢. This means that ¢ is not a variable of the effective potential but becomes a function of 8 and
t. By using ¢ we can evaluate the mass eigenvalue M er and the RG improved effective potential.
< O). Ifit is

~

Then, we examine if the logarithm of the ratio of M. ()% to M_(¢)? satisfies 5,
satisfied, the RG improved effective potential can be obtained as mentioned above. On the other
hand, if 5, > O(X)), the heavy particle should be decoupled. In Sect. 4, we study such a situation.
We absorb the large logarithm into the new parameters defined in the low-energy scale and derive the
RG equations described in terms of the redefined parameters. The RG improved effective potential
can then be constructed in the low-energy region.

There are three features in this method. First, we do not need to change the choice of the renormal-
ization scale beyond the leading log order. This is because, since we analyze the logarithmic structure
of the effective potential at any loop order, the choice M(Z)em = M_(t)? is valid for the RG improve-
ment up to arbitrary /th-to-leading log order. Due to this, the ¢ that satisfies M%ez’ = M2(¢) is the
same as the one in the leading log order. So we do not need to resolve u(z)ezl = M_(t)* with respect
to ¢. Note that the RG equations must be solved in a loop level corresponding to the desired leading
log order. Second, we can derive the RG improved effective potential without introducing multiple
renormalization scales or a step function by which the heavy particle is automatically decoupled.
Third, we can decouple the heavy particle from the theory by expanding the quantum correction
to the effective potential with respect to ¢2/m?. If the logarithm log (¢2 / m2) is absorbed into the
parameters in the low-energy scale, we can derive the RG improved effective potential.

Our method can be applied to other multiple scalar models. If multiple scalar fields are introduced
in a model, one represents the classical background fields in terms of polar coordinates such as
(1, 92) = (¢ cos B, ¢sin B). With u%e” = Mlightest(t)z chosen as a renormalization scale, the ¢
corresponding to a radius of the polar coordinate becomes a function of the renormalization scale ¢
and angles in the polar coordinate apart from whether it can be solved analytically. If one reaches
this stage, one can implement the calculation of the RG improved effective potential in the same way
as in this paper. Finally, since the stability issue and the origin of spontaneous symmetry breaking
are investigated through the RG improved effective potential, our work contributes to such studies
in a multiple scalar theory.
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Appendix A. B and y functions in a two real scalar model

In this appendix, we provide the 8 and y functions in a two real single scalar model:

3 2, 42
B, = W(M + A3),

3
ﬂ)»z = 16 2()"2—}_)“ )5

A3
By = (A1 + A2 +443),

1672
1
ym% = 16 2 2()\.1”’11 +k3m2),
1
YA = —#(m4 +m3)
3272 ! 2
Yo = 0,
Yo, = 0.
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ABSTRACT: BaBar collaboration announced that they observed time reversal (T) asym-
metry through B meson system. In the experiment, time dependencies of two distinctive
processes, B_ — B% and BO — B_ (— expresses CP value) are compared with each other.
In our study, we examine event number difference of these two processes. In contrast to
the BaBar asymmetry, the asymmetry of events number includes the overall normalization
difference for rates. Time dependence of the asymmetry is more general and it includes
terms absent in one used by BaBar collaboration. Both of the BaBar asymmetry and ours
are naively thought to be T-odd since two processes compared are related with flipping
time direction. We investigate the time reversal transformation property of our asymme-
try. Using our notation, one can see that the asymmetry is not precisely a T-odd quantity,
taking into account indirect CP and CPT violation of K meson systems. The effect of
e is extracted and gives rise to O(1073) contribution. The introduced parameters are
invariant under rephasing of quarks so that the coefficients of our asymmetry are expressed
as phase convention independent quantities. Some combinations of the asymmetry enable
us to extract parameters for wrong sign decays of By meson, CPT violation, etc. We also
study the reason why the T-even terms are allowed to contribute to the asymmetry, and
find that several conditions are needed for the asymmetry to be a T-odd quantity.
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1 Introduction

T-symmetry is fundamental symmetry in particle physics. T-transformation exchanges an
initial state and final state, flipping the momentum and spin of particles. If some rate of a
process deviates from the rate of time reversed one, it implies T-violation. T-violation is
worth pursuit since it reflects the characterized feature of theory.

In EPR correlating B meson system, if one of a pair of B meson is tagged, another
side of B meson is determined as orthogonal state with tagged side B meson. In refs. [1]-
[3], a method to observe T-violation using B meson system is suggested. Their idea is
based on the difference of the time dependencies for two distinctive processes, B_ — B0
and B® — B_. In refs. [1]-[3], it is considered to be T-asymmetry since two distinctive
processes are related with flipping time direction. Then, BaBar collaboration announced [4]



that they measured non-zero asymmetry and this observation is direct demonstration of
T-violation. A review for the BaBar asymmetry and the other T and CPT asymmetries is
given in ref. [5].

However, their statement includes ambiguity since we cannot exactly identify B meson
such as BY or B_. In the BaBar experiment, two methods to identify B® and B_ are
implemented. The first one is referred as flavor tagging which enables one to identify B,
using the semi-leptonic decay mode of B meson. Another one is referred as CP tagging
which allows us to identify B_ with final state ¥ Kg.

In ref. [6], it is pointed out that there exist subtleties in BaBar measurement. The
main point in ref. [6] is that they consider a process and its authentically time reversed
process. Note that the authentic time reversed process includes inverse decay such like
I"X — BY and ¢ K — B°. Since an authentic time reversed process is experimentally
hard to observe, they substitute another process which does not include inverse decays.
Therefore, they derive the conditions that BaBar asymmetry is identical with a T-odd
quantity, taking into account inverse decays. The derived conditions are (1) the absence
of the wrong sign semi-leptonic B meson decays, (2) the absence of the wrong strangeness
decays, (3) the absence of CPT violation of the strangeness changing decays. All the
conditions are derived by assuming that ¥ Kg and ¢ K, are exact CP eigenstates.

In this paper, we conduct model-independent analysis of an event number asymmetry.
Our analysis is extension of the work [6], incorporating the difference of overall constants for
the rates that form the asymmetry into calculation. We also include the effect of indirect
CP and CPT violation of K meson system. Furthermore, the asymmetry is written in
terms of the phase convention independent parameters and one can find contribution of ex
explicitly. Some combinations of the coefficients enable one to constrain model-independent
parameters. We also discuss the T-even parts of the asymmetry. One can find that the
asymmetry is a T-odd quantity when several conditions are satisfied.

In section 2, we introduce the asymmetry of entangled B meson system. In section 3,
we define parameters which are definitively T-odd or T-even and describe the relation
between notation in [6] and ours. It is also shown that the parameters are phase convention
independent quantities. The method to extract the effect of indirect CP violation in Kaon
system is also considered in section 3. In section 4, we write the event number asymmetry
in terms of the parameters defined in section 3 and show that the asymmetry consists of not
only the T-odd part but also T-even part, using our notation. In sections 4.1-4.3, rather
than discussing T-transformation property of the asymmetry, some methods to extract the
parameters from the asymmetry are investigated. In section 5, we derive the conditions
that T-even parts of the asymmetry vanish and examine the intuitive reason why these
conditions are required. The conditions are categorized as two types. The first condition is
in regards to B meson states that appear in the processes. Including the effect of indirect
CP violation, we evaluate how the first condition is violated, in comparison with the result
in [6]. The second condition is in regards to overall constant which forms the asymmetry.
We find that the second condition is needed when one takes account of the difference of
overall constant of the two rates. Section 6 is devoted to summary of our study.



2 Formula for asymmetry of entangled systems

In ref. [6], a formula for the time-dependent decay rate of the entangled BB system is
derived. When f; and fo denote the final states of a tagging side and a signal side,
respectively, it is written as,

F(f1)J-,f2 = C_F(t1+t2)N(1)J_72 [H(l)J-J COSh(yFt) + 0'(1)1_2 smh(yFt)
+C(1)L,2 COS(J/‘Ft) + S(l)i,Q SID(ZCFt)]

= ¢ "TING) ok s [COSh(yFt) + 222 inh (1)
Kyl,2
C S
+M COS(IL'Pt) —+ M sm(:vf‘t)} s (21)
K(1)L,2 R)L2
where
_PH+FL _mpg —my, _FH—FL
r— L = - T (2.2)

The expressions for Ny 2, /(1)1,2,0(1)L,2:C1)L,2 and Sy o are given in ref. [6]. For
the sake of completeness, we record their expressions in eqs. (A.1)—(A.5). Hereafter, we
evaluate an asymmetry including overall factor N(j) o (1)1 2 in eq. (2.1). One obtains a
generic formula for the event number asymmetry of the two distinctive sets for final states;

(f1, fo) versus (fs, fa) as,

4= Lot ~ T
LipyLre + 0p) L

(ﬁ — \/NR> cosh(yT't) + Ao sinh(yI't) + AS sin(zT't) + AC cos(aT't)

= ~ - , (2.3)
(ﬁ + \/NR> cosh(yI't) 4+ 6 sinh(yI't) + Ssin(xl't) + C cos(zI't)
where
N3y ak@3) 1,4
Ny = —OLA7E L4 2.4
f NayL2k@)L2 24
1 XayL2 X3)14
AX = ——_ 22 B x —5.0,8), 2.5
VNR K(1)12 f K(3)L,4 ( ) (25)
A 1 X@wipe X@)L4
X = =+ Np———— (for X =0,C,S). (2.6)

VNR K(1)L2 K(3)L,4

In egs. (2.3)-(2.6), contribution from different overall factors in eq. (2.1) for two processes
are taken into account. Taking the limit Np — 1 and y — 0 in eq. (2.3), one finds an
asymmetry whose overall normalization is eliminated, used in [4]. In eq. (2.5)-(2.6), AS
(AC) is equal to AS} (ACY) defined in [6] when one takes the limit Ng — 1. In practice,
we only need to consider the time difference ¢ within the interval [0, 75] where 75 is the
life time of B meson. Therefore, the approximation sinh(yI't) ~ yI't, cosh(yI't) ~ 1 is valid



since y < 1 for neutral B meson system. Thus, we expand A with respect to yI't,

\/ﬁ — V/Nr + Acyl't + AS sin(zI't) + AC cos(zI't)

A ~ = =
711\/3 + v/ Ng + 6yl't + Ssin(xT't) + C cos(xTt)
ANp A A A
_E2R 29 as sin(xT't) + ac cos(zI't)

_ 2 2 2 2 (2.7)

oS ¢ ’

1+ —yT't + — sin(zT't) + = cos(2T't)
2 2 2
where we denote

NR=1+ANR. (28)

3 Parameter definitions in terms of flavor based state

In this section, we introduce parameters that reveal in the event number asymmetry in
eq. (2.7) which we consider. In the processes which form the asymmetry, final states of
B-decay are given as the same ones used for the BaBar experiment [4]. Mixing-parameters,
D, 4, 2, Pk, g and zg are defined in appendix B. Egs. (B.3)—(B.4) lead the transformation

CPorT

property of mixing parameter as, p S ¢, p SN P, q CPT, q. Similarly, we obtain

the transformation property of z as, z cP, —2,2 LN +2z,2 CPT, . The transformation
properties of px, gk and zx are the same as p, ¢ and z, respectively.
Following [6], we introduce B meson decay amplitudes and inverse decay amplitudes,

A= (fIT|B%), Ap=(f|T|BY, AP =(BT|f"), AP =(BYT|f"), (3.1)

where fT is the time reversed state of f, i.e., the state with flipped momenta and spins.
Note that A; (Af) and A}D (A?D ) are exchanged under T-transformation. Throughout this
paper, we introduce the notation G, Sy and Cy which are written in terms of amplitude

ratio )\f.
2Re)\f 2Im)\f 1— ‘)\f‘Q
G — , = —, = —75, 32
A A T v A e (3.2)
G}+Si+Cf=1. (3.3)

Using notation (3.1), we can denote following parameters,

1 1D
Moo, = Avkss [1+0vka, g Avksy |10y, (3.4)
o p AlZJKS,L 1 - ewKs,L p AqI/;DKS’L 1+ 0’¢'KS,L ’

1D A AID
AdJKs,LAwKS,L - A"L’KS,LAlLVKs,L

(3.5)

Oprsr = D 1 iD -
7 AwKS,LA'l[}KS"L + AwKS,LA’L/)KS,L

Note that K, and ¢ Kg are not exact CP eigenstates. Gy, Sk, and Cykg, are
parameters written in terms of Ay ;- Oy s Gyrgp, Syks, and Cykg . explicitly appear



in coefficients of the master formula (A.1)-(A.5) for the processes. In eq. (3.4), Ayprg, is
written in terms of the decay amplitude that the final state is the mass eigenstate ¥ Kg r,.

ASIDQ and AEDIID() can be expanded with respect to amplitudes with a flavor eigenstate
as A(I?o, ASID%%), AS/; Kz) nd ASID(l The expressions of ASE)S,L and ASID()&L are exhibited in

egs. (B.12)-(B.19). Note that the wrong strangeness decay amplitudes given as,

Ao ALKO, Ayko,  Afko, (3.6)

are numerically smaller than the right strangeness decay amplitudes given as,

AI/)KO ) AIILZB(O ) Al/)KO ; Afp]:;(o 3 (37)
for the standard model. Thus, we ignore terms with higher power of AE/) sz nd ASID(%
Using egs. (B.12)-(B.19), we can calculate 0, , as,

Oprs = Ok — 2K, Oyr, ~ 0k + 2K, (3-8)

Ox = Aprodyio ~ Ayrody o (3.9)
A¢KOA KO + A K0A¢KO

where 0 expresses CP and CPT violation in right strangeness decays of B meson and it
corresponds to éwK of [6]. Note that in [6] indirect CPT violation zx is not taken into
account. When deriving eq. (3.8), we calculated at linear order approximation with respect
to 2k, 0k and wrong strangeness decay amplitudes. Then, we can write Aykg , as,

Morcs = A= Bhse), Moy, = =A(1 + Adyst), (3.10)
\ = 4PK Apgo [T+ 0k _ 4PK wKD 1 -0k

= - 4 , (3.11)
pax Ayxo V1 -0k pax AwKO 1+ 0k

where Ayt consists of wrong strangeness decays as,

At = A3, — N, (3.12)
) 11D
st — PK 1/;K0 1+ ewKO _ AwKO 1-— 91/,](0 (3'13)

d)KO a C]K AwKO 1 — 61[)K0 K AID—O 1 —|— 01})[{0’

0 ) ID )
swet _ @ Ay | 100 g Augo |10y (3.14)
wKO - A — n N _ .
PK AwKO 1-— 0"/’K0 PK AdeO 1+ 01,/)K0
AID A - 7AID
o = Ayseo Ay — Ay o A ) Ao A — Ao AT, s
= , o = , )
Ayro Ay + Ayo A0 UK = T A A 0 AT

where eq. (3.15) describes CPT violation in wrong strangeness decays. Similar to eq. (3.12),
we can define a parameter including wrong sign decay amplitudes as,

Awst = Ao + Ao (3.16)



Since wrong sign semi-leptonic decay amplitudes and CPT violation, 6,0 and §¢ 0, are
small, we can expand eqs. (3.13), (3.14) as,

) - _ D
et P Ao pAvke  f | ax Aure | ax Aoro (3.17)
VKD T g Agro  qi AP VRS T o '

BED Pr Aygo  PE Ao
Eq. (3.10) indicates that AypKgp is composed of the leading part A and the sub-leading
part suppressed by wrong strangeness decay amplitude. Taking the CPT conserving limit

in eq. (3.10), one can obtain the relation in ref. [7]. Note that A has the definitive trans-

formation property of T, CP and CPT, such as A N A7 A CP, A)~H A CPT, ). One

introduces G, S and C analogous to eq. (3.2) by replacing Ay with A\. They are transformed

under T as,
2ReX 1 2Re(1/)) 2ReA*
G 1+|)\‘2—>1+|1/)\|2 e +@G, (3.18)
2ImA  p_ 2Im(1/A)  2Im\*
SETAPE CIAAAE PR 1)
1—|\? 1L—|1/A2 M2-1
B el AV O Ul V2N S O\ e S (3.20)

TIEE IR PR+

The CP transformation property of G, S, C' is the same as (3.18)(3.20). Thus, the CPT
CPT CPT

transformation property is also determined as G CPT, +G, S — +5,C — +C. |}
is close to 1 since deviation of |q/p|, |px/qx| and ’AwKO/AwKO‘ from 1 is small. Hence,

we can find that C is a small parameter. One can also derive the transformation prop-

. W T Jw W CP. 1w W CPT. \w
erty of egs. (3.13)—(3.14) such like )\1;30 = )\wigo, )\d}%O RN )\wigo and A&%O Aw%'
Therefore, the parameters in egs. (3.12), (3.16) are transformed as,

T Q T <
A)\WSt — _A)\WSt7 /\wst — /\wst- (3.21)

The CP transformation property of the parameter (3.12), (3.16) is the same as eq. (3.21).
Note that parameters Gykg ; , Syrg, and Cykg, are related with the parameters G, S
and C as,

Gyrs ~ G+ SANL, Gyr, ~ — (G — SAXL), (3.22)
Syrs =S — GANL . Syr, ~— (S + GANL), (3.23)
O’/’KS ~C+ A)‘v}j;stv CT/JKL ~C— A)‘v}\zs‘m (3‘24)

where we use notation for an arbitrary complex number A, A% = ReA, A’ = ImA, through-
out this paper. When deriving egs. (3.22)—(3.24), we ignored higher order terms of C' and
Adyst- Egs. (3.8), (3.22)—(3.24) lead relations given as,

9¢K5 + kaL = 20k, (91“(5 — GTZ)KL = —2zk, (3.25)
GwKS — GdJKL = 2G, S1[)K5 — SwKL =25, CwKS + C1[)KL =2C, (3.26)
Gyrs + Gyry = 250N, Syics + Spk, = —2GAN, Cyrs — Cyr, = 200

(3.27)



Since we have included the effect of indirect CP violation of Kaon system, we show how
the correction due to ex arises. While the expression of G,C and S in egs. (3.18)—(3.20)
is invariant under the arbitrary large rephasing such as (K9 — e~"x (K9 and (K9] —
e’ (KO| | the parametrization with ex < 1 allows only the small rephasing ax < 1.

Pk _ l+ex

= ~ 14 2¢g. 3.28
gk =~ 1 —€x ( )

Keeping only the terms which are linear to ex, G, S and C' are expanded as follows,

G =G —25¢,
S =5 +2G'e,
C = C -2k, (3.29)

where G’, S" and O’ are obtained by taking the limit Z—i — 1in G, S and C. Namely, they
are defined by replacing A with )\ in the expression for G, S and C.

Aygo [1+06 1— NP2
N o= LIRE JRTOR o TR 3.30
pA’gZ}KO 1—0[(7 1—|—|)\/|2 ( )

As shown in table (1), (G’,S',C") equal to (Gyx, Syx, Cyx) defined in [6] where indirect
CP violation ex is neglected. When one changes the phase convention of states as, the

phase of X changes as follows,
N = Netox, (3.31)

Assuming the phase a is small, G’, S’, and €l change as,
G — G —2ags,
S = 8+ QOéKG/,
el — el — ag, (3.32)
while C" and €% are invariant,
C'—= O, €l el (3.33)

Hereafter, we expand C' in terms of C’ and ef} as shown in eq. (3.29) and we do not expand
S and G since they are invariant under the rephasing. The numerical significance of eﬁ
will be discussed in the next section.

We turn to definition for parameters including semi-leptonic decay amplitudes of B
meson. In the following, from eq. (3.34) to eq. (3.38), we adopt the notations of [6]. Right
sign semi-leptonic decay amplitudes are denoted as,

Ap = (I X|T|B%, AR = (BT X)T),

A = (I"X|T|BY, AP = (BYT|(ImX)T). (3.34)
Wrong sign semi-leptonic decay amplitudes are similarly given as,

A~ = (17 X|T|B%), AP = (BYTI(1"X)T),

Ap = (I X|T|BY), AR = (BT X)T) . (3.35)



Notation of this paper | Notation of [6] Notatin of [6] Notation of this paper

AyKs PNy K, Ak, N (1 = Adwst)
Aok PE Nk, Aoy N (1 + At
e Gy, — 25y € | Gy = S Cuie e

Sk Spr, +2Gyr el | Spr = 2 Sure s’

Cuks Cyry — 2R | Gy = LeadCums c’

Gk, Gurs — 25pr,€h | AGy i = Suatluie S'ANL
Suk, Spky + 2Gyryel | ASyx = 2atSue —G'ANL,
Cyk, Cory = 26| ACyc = 100 AN,

O Byrc = Leatlure | Ag, o — Qeraburc 0

Table 1. The correspondence of parameters in this paper and those of [6]. In this paper, ¥ K;
corresponds to ¥ Kg and 1) K5 corresponds to ¢ K, respectively in [6] where indirect CP violation
parameter € is neglected. In this paper, ¥ K, and ¥ Kg include the effect of indirect CP and CPT
violation. The first column shows the quantities defined for mass eigenstates (K, Kg). From the
third row to the eighth row in the second column, the quantities in the first column are expanded up
to the first order of ex and are written in terms of the quantities for CP eigenstates K7, Ks. In the
third column and in the fourth column, we show how (éwo SwK, CwK) and (AGyk, ASyr, ACyK)
in [6] are related to (G',S’,C’, AXyst) defined in this paper. About CPT violation parameter of
strangeness changing decay, one can show 0yx1 = 0yx2 = 0x. Therefore % Kk =0k and Ay = 0.

For the case of the standard model, wrong sign semi-leptonic decay amplitudes are smaller
than right sign decay amplitudes. Thus, we ignore higher powers of wrong sign decay ampli-
tudes than linear order. We define parameters including semi-leptonic decay amplitudes as,

A+E€§& L+0s g AP 1= 0+:A”4P_%“€P (3.36)

T pAL\ 10 pAP\ 1400 T AL AP AL A

N = qA- [1+0- _ Q‘L}}E L= 0 0, = A AP — %l‘{l}f (3.37)
pA-\1-0- pAR\1+0-" A-AR - A AY

where 0;+ expresses CPT violation in semi-leptonic decays of B meson. One can find the

transformation law such like A+ KN A=) H A or, N5 A SLIEN A+ by its defini-

tion (3.36)—(3.37). We assume that CPT violating parameter )+ is small. At linear order

approximation of #;+ and wrong sign semi-leptonic decay amplitudes, we obtain,

Ao A L GAR o pA- p AR (3.38)
pA  p AP T T g A T gAY

where we can see that contribution of ;+ approximately vanishes in eq. (3.38). Following

ref. [6], we also define G+, S;+ and Cj+ analogous to eq. (3.2) by replacing Ay with A\;+. The

parameters G+, S;+ and Cj+ explicitly appear in coefficients of master formula (A.1)—(A.5)



for the processes in which the final states are given as I*X. Eq. (3.38) gives approximate
expressions for G+, S;+ and Cj+ as,

QRG)\lJr 2Re)\lf 1— ’Ali |2

G = ———— ~ 2Re) G- = — "1 ~92Re(\! Cr=——- ~41
I+ 1+‘)\l+’2 CAL+, l 1_'_’)\%’2 e( - )7 IS 1+’Alﬂ:|2 )
2ImA\;+ 2ImA\- -1
S+ = ————— =~ 2ImA S)- = ——— ~ 2Im(\_). 3.39
I+ 1+ |>\l+|2 MA+, l 1+ ’)\l—|2 m( l ) ( )

Note that eq. (3.39) implies that G;+ and S;+ are small numbers since A+ and )\l__l are
suppressed. We can find the relations,

G+ + G- =2\, Sp+ — Si- =20, (3.40)
G+ — G- = 2AM\E, S + 8- =2AM, (3.41)

where )\; and A); are defined as,

5\[ = )‘l+ + )\l_,l, AN = )\l"' — )\l_,l. (3.42)

They transform definitively under CP, T and CPT. One obtains the transformation prop-
erty of T as,

N )T N = AL AN D ()T = A = —AN (3.43)

The CP transformation property of A; and A); is the same as (3.43). Hence, the CPT
CPT

transformation property of M\ and AN is also determined as ), COPT, ;\l, AN —— AN
Egs. (3.22)—(3.24), (3.40)—(3.41) enable one to write down the asymmetry in eq. (2.3) for
the BaBar experiment in terms of parameters which are exactly T-odd or T-even. Similarly,

one defines,

A AID — A AP
A AD § 4, AID’

1—[A)?
IESPVES

Ip]? —|q?
Ry =ivw—5 &=
Ip|* + |q|?

A 1+ AP 1-g
A= 20 = : 3.45
CTA N1 AP\ 1+¢g (3.45)

Ce, = (3.44)

In eq. (3.44), Ry expresses mixing-induced CP and T violation for B meson system [6]
and is a small number. As for newly introduced parameters, & implies CP and T violation
in right sign semi-leptonic decays and we also assume §; is a small number. The expres-
sion of Aé (3.45) includes right sign semi-leptonic decay amplitude ratio and we assume
|Aj+ /A~ | =~ 1. Therefore, C’é is a small number compared with O(1). The parameters
defined in eq. (3.44) also appear in the asymmetry in eq. (2.3).

Hereafter, we describe some significant points of the parameters defined in this section.
Note that the parameters given as,

S7 Ca G7 9K7 RM> 2y 2K, S\Za A)\la fla 027 5\Wst and A)\Wst7 (346)

have definitive transformation properties exhibited in table 2. In the processes which we
consider, Kg, is included as a final state, and the effect of mixing induced T and CP



S| CIG |0k | Ry | 2|z | M| AN | & | CE| Awst | Adst
T |- |—=|+|+]| = |+|+ |+ = || +] + -
CP |- ||+ || = || —|+] = |—-|—-| + -
CPT |+ |+ |+ | — | + || |+ + |+] -] + +

Table 2. Transformation property of the parameters definitively transformed under T, CP
and CPT.

p/q | Pr/ax ewKO 0+ A )\X%O pym )\lg
T |q/p|ax/px | —Oyc0 | O | (VT A | ()7 AL

CP | q/p | ax/pk | Oypo | —01- (A1 S\X%O (A=)t (}\15)71
CPT | p/q | prc/ax | —Opro | =0+ | A | AT, | A | (A7

Table 3. Transformation property of the parameters devoted to keep the definitive transformation
property of the parameters in table 2.

violation, pr/qk, appears in the expressions of G, S, C, Awst and Adyst. Mixing-induced
CP and CPT violation in K meson system, zx, reveals in the asymmetry as well. In the
next section, the asymmetry is written in terms of parameters (3.46) and it can be explicitly
separated as T-odd parts and T-even parts.

The parameters defined as,

p/vaK/qKa 01/1[(07 éwjfov Glia A, AZZ%O, 5‘:;;207 )‘liv and >‘l§7 (347)

are dedicated to keep the definitive transformation property of parameters that reveal in
table 2. The transformation property of the parameters (3.47) is exhibited in table 3.

The parameters given as,
Ourco, 0,0, 0+, C, O, Rog, 2, 25, My AN, &, CF, Awst and A, (3.48)

are small numbers, and our calculation is based on linear order approximation with respect
to the parameters (3.48) throughout this paper.

4 Time dependent asymmetry including the overall constants

In this section, we apply the event number asymmetry defined in eq. (2.7) to processes
for B-meson decays. One should be aware of that the asymmetry considered in this paper
includes the effect of different normalization for two rates; non-zero value of ANpg defined
in eq. (2.8). As the BaBar asymmetry investigated in [4], we also assign fi, fa, f3, f4 with
YK, 1m X, 1T X, 9 Kg, respectively. We call this process as I. We also consider the other
three processes which can be obtained by interchanging [~ X with [T X and ¢ Kg with ¥ K,
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in the process I. Therefore we identify the four processes as,

@) (f1.fo, f3, f2) = (WKL, 1" X, 1" X, ¥Kg),
A (f1, f2. f3, f4) = (VKg, 1" X, 1T X, YKL),
(1) (f1, f2, f3: f1) = (YKL, 17X, 1" X, 9 Kg) ,

(V) (f1, fo. f3 fa) = (WK, 1T X, 1" X, 0Kp). (4.1)
For all the processes which we consider, we can find ANg, Ao, yFt,AC,S’,@ are small

numbers compared with O(1). Expanding eq. (2.7) with respect to the small parameters,
one obtains the asymmetry at linear order approximation,

A ~ Rp + Cpcos(al't) + Sy sin(zIT't)

+ By sin®(2Tt) + Dy sin(2Tt) cos(zTt) + Ep(yI't) sin(2Tt), (4.2)
where,
ANgr Ao ANg
= — oyt ~ — 4.
AC AS

CT — 7, ST == 7, (44)
AS . AS -

Br = —-—8, Dr=-—"C, (4.5)
4 4
A

Er = —TS&. (4.6)

We ignore Aoy in egs. (4.3)-(4.6). ¢ and AS are O(1) parameters and Gy gives rise to
small contribution. The model independent parametrization in eq. (4.2) without the last
term can be found in [6]. In each process, we compute the asymmetry and the coefficients
(Rp,Crp, S, By, Dy, ET). We label suffix I ~ IV on the quantities corresponding to each
process to distinguish them. Below and in table 4, we show the asymmetry and the
coefficients for the process I. For the other processes, we show them in tables 5-7. We first
investigate ANg in eq. (2.8) for the process I. With eq. (D.4), one obtains,

ANf =2|=82" + Ry + ME — GAf - ¢ - ¢fF]. (4.7)
With eq. (4.7) and egs. (D.5)—(D.9), one can also derive the coefficients in the asymmetry,
I ANy I (R LR | | ¢R
; ACT I | gR I / R I | pR I
OT:72 =C— 82" + 0+ SAN =C" —2e — Sz + 0% + SAN, (4.9)
; _ AS R I R
Sh = =5 = —15(1 - G=") — GO + GSAN, (4.10)
AST ., S,
I I I
Bp = 1 St~ 5 S
= S[G(zj — ANLg) — 2" + SRy + SAL, — SCL — 5S¢, (4.11)
AST . A e
Df = A1 560 = §1of - ANE, - 7 - X)) (112
I
EL = —ATS&I ~ GS. (4.13)
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Note that C” and eﬁ are phase convention independent parameters due to definition of C".
Therefore, we state that all of eqs. (4.8)—(4.13) are expressed as phase convention indepen-
dent parameters. In eq. (4.9), effect of indirect CP violation in K meson system explicitly
appears and gives rise to O(1073) contribution to CL. Assuming |q/p|—1, ’AMEO [Ayro|—1,
|1+ 0| — 1 are small numbers, we can expand C’ in eq. (3.30) as,

Ayg 1 Id
TURY) R ‘q‘ :1—Im< 12). (4.14)
P

C’:Q—‘q‘— —=
Ad)KO 2 M1d2

b

A theoretical prediction for the imaginary part of I'(,/M¢, is calculated [8], and it shows
Im(I'Y, /M%) ~ O(107*). Direct CP violation in B — ¢K® is 1 — ]AM@/A#,KU\ o~
O(1072) [9]-[10]. Hence, €%, |A¢[€0/A¢K0‘ ~ O(107?) are dominant in CL., if CPT viola-
tions and the wrong sign decay in B — [X in eq. (4.9) are also negligible.

If Rp,Cp,St, By and Dp were genuine T-odd quantities, they would vanish in the
limit of T-symmetry. In other words, if there are non-vanishing contributions in the limit
of T-symmetry, Ry, Cp, Sy, By and Dy are not T-odd quantities. From eqs. (4.8)—(4.13),
we find the T-even contributions. Some of them do not vanish in the limit of T-symmetry
and they include C’é, S\V]EStGIP;, etc. The others are quadratic with respect to T-odd quantities
and they vanish in the limit of T-symmetry. They include SAN, SANE | 5’25\{ , etc.

Now we study condition that the asymmetry becomes a T-odd quantity. The following
equations are needed for T-even terms in each coefficient to vanish,

A =0, GA'=0, CL=0— RL:T-odd, (4.15)

ok =0, SAN =0 — CL:T —odd, (4.16)

GOk =0, GSAN'=0— SL:T —odd, (4.17)

SGAX =0, S*AL =0, S*Ct=0— Bf:T—odd, (4.18)
SAAR, =0, S2A =0 — DL:T—odd. (4.19)

When the real part and imaginary part of A do not vanish, both G and S are non-zero and
the conditions that all the eqs. (4.15)-(4.19) are satisfied become,

Ok = Awst = AN =N = A = Cl=0. (4.20)

The conditions except C! = 0 agree with ones obtained in [6]. The additional condition is
required since we take account of the overall constants in the asymmetry.

In the first column of table 4, we show how each coefficient of the asymmetry in
eq. (4.2) depends on T-odd combination of the parameters and in the other columns we
show the dependence on T-even combination of the parameters. As for T-even contribution,
we identify the sources of T-even contribution to the coefficients. In the second column,
the contribution of 0k which is CP and CPT violation in right strangeness decays is
shown. In the third column, the contribution of C’é which is CP and CPT violation in
the right sign semi-leptonic decays is shown. In the fourth and the fifth column, T-even
contribution from the wrong strangeness decays and the wrong sign semi-leptonic decays
are shown, respectively. In tables 5-7, we show the coefficients for the processes (II)—(IV).
In appendix E, we show a rule useful for deriving them.

— 12 —



T-odd terms O #0 C’é # 0| Ay g0 # 0, Apro # 0| A #0, 4~ #0
RL Szl — Ry + &fF 0 Cé —AE G\
CE C— Szt oL 0 0 SAN
Sk —S[1 -G GoL | o 0 —GSAN?
BL|S[Gzle — 2+ SRy — SEF] | 0 |=S2CL| SPAE, — SGANL, 0
DL, S [} — G2 0 0 —SANE, —S2)
EL GS 0 0 0 0

Table 4. The coefficients of the asymmetry for the process I with the final state (f1, fo, f3, f4) =
(WKp,ImX,ITX,9¥Kg) and the sources which give rise to the non-vanishing contribution to the
asymmetry. The sources of the first column corresponds to T-odd terms and the other correspond

to T-even terms.

T-odd terms O # 0|CL# 0| Ao # 0, Ao # 0| Ape # 0, A= #0
R —82! — Ryr + &F 0 cl AR —GAR
cH C+ 82! oL 0 0 —SAN
ST S [14 G2 —GoL | 0 0 ~GSAN
BH\-8(Gzk — 2! — SRar + SEF]| 0 |-S*CL—S2AE, + SGAN,, 0
DH S [2E — G2"] 0 0 —SANE, —S2\
EH GS 0 0 0 0

Table 5. The coefficients of the asymmetry for the process IT with the final state (f1, f2, f3, f4) =
(WKg,ImX,ITX,9K) and the sources which give rise to the non-vanishing contribution to the
asymmetry. The sources of the first column corresponds to T-odd terms and the other correspond

to T-even terms.

T-odd terms O # 0|CL # 0| Ao # 0, Aygo # 0| Ay # 0,4~ #0
RHT S+ Ry — &fF 0 | —Ct —AR, G\
CHI —C — 82! -0k | 0 0 SAN
SHI S[1+ G2t -GOL| 0 0 —GSANE
BHT|S [Gzfe — 2! — SRy + SEF]| 0 | S2CL | S2AR, — SGAN,, 0
DHI S [2R — G2 0 0 —SANE, —S2)\
EHI -GS 0 0 0 0

Table 6. The coefficients of the asymmetry for the process III with the final states (f1, f2, f3, f4) =
(WK, 1T X,1”X,9Kg) and the sources which give rise to the non-vanishing contribution to the
asymmetry. The sources of the first column corresponds to T-odd terms and the other correspond

to T-even terms.
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T-odd terms O # 0|CE # 0| Ay g0 # 0, Aygo # 0| A # 0,4~ #0
RLY ~S2T + Ry — € 0 | —Ct AR —GAF
cLv —C + 82! -8 | 0 0 —SAN
StV —S[1 - G2"] GoL | o 0 —GSAN?
BIV|S [~Gzk + 2! — SRar + SEF]| 0 | S2CL |-, + SGANL, 0
DL S [2E — G2F] 0 0 —SANE, —S2\
ELV -GS 0 0 0 0

Table 7. The coefficients of the asymmetry for the process IV with the final states (f1, f2, f3, f4) =
(YKg,ITX, 1" X,y Kp) and the sources which give rise to the non-vanishing contribution to the
asymmetry. The sources of the first column corresponds to T-odd terms and the other correspond
to T-even terms.

Although the asymmetry in eq. (4.2) is not exactly T-asymmetry, the measurement
of the coeflicients are useful for constraining S and G as well as various non-standard
interactions. Non-standard interactions include wrong sign decay and CPT violation. In
the following subsections, we show how one can determine S and G and also show how
one can constrain the various non-standard interactions. We first study the case without
any assumption and in later subsections, we investigate two physically interesting cases,
one corresponding to the case that CPT is a good symmetry and the other is the case
without wrong sign decays. Since there are relations among the coefficients for different
processes, we first identify the independent coefficients. From tables 4-7, one finds the

following relations among the coefficients for the different processes.

1V I 117 I
RT —RTa RT = _RT ’
117 I 1A% I
CT = —Lr, CT = _CTv

SHT = s st = sf.
117 II v I
Br® = —-Br, By" = —Br,

Dj = ff = D" = DI,
I _ Il 117 _ v
Er=Fp =—-LE7 " =—-Ep .

They imply that there are ten independent coefficients. In table 8, we show how ten
independent combination of the coefficients can be written in terms of CPT even , CPT
odd, and wrong sign decay parameters. Since there are eighteen parameters, the number
of the independent coefficients is not enough to extract the parameters. However, one can
still constrain the combination of the parameters. Below we investigate how to extract the

parameters for the three cases.

4.1 Extracting the parameters from the coefficients: general case

Let us first examine how one can determine the parameters from the measurements of the
coefficients shown in table 8. Hereafter, we discuss a method to determine the values for G
and S through observing FEp. Since Ep is multiplied by y in eq. (4.2), one cannot extract

— 14 —



CPT even parameters | CPT violating parameters | wrong sign decays
Wikeld ~ Ry +&f +CL 0
BBy 0 Szt AR 4 GS\ZR
e c of 0
Cr-Ci 0 — 8z SAN
Spt51 0 SG2R —SGANR
Sp—s’ e GOl 0
BriByl | g2 (R, —R) e 0
o 0 S (Gl — #) S(SAR, — GAL)
DL 0 S (8 — G2 5 (AN, + S
EL GS 0 0
ijﬂﬁg -5 0 0

Table 8. Combinations of the independent coefficients in the asymmetry.

contribute to each combination are classified in three categories.

The sources which

the value of Ep solely from the measurement of the asymmetry. Therefore, we need to
determine the value of y through the other experiment. y defined in eq. (2.2) is regarding
to the width difference of B meson mass eigenstate, and a method to measure y cos § ~ Gy is
suggested in refs. [11]-[12]. Combining the measurement of E:Ipy ~ (G Sy, one can determine
S. Since S and G in their leading order satisfy S? + G2 ~ 1 — O(C?), the measurement of
E7 determines (+G, S) within the two-fold ambiguity. The ambiguity would be removed if

we assume that the standard model contribution is dominant for the width difference. (See
Br+Bil g2
RL+RIT ’
and determine |S|. The sign ambiguity for S can be removed because in the leading order

figure 1) As an alternative way to determine S, one can use the relation

I ol

S is equal to % Excluding the case that the sub-leading contribution changes the sign
11 ol

of the leading term, one can determine the sign for S through observing % Having

determined G and S, we consider constraining the other parameters.

We note that the following relation is satisfied,

RL—RY Ch—CH
2 2

_ AR
- _Awst

+ GA 4+ sAN! (4.21)
Since the right-hand side is independent of CPT violating parameters, non-vanishing con-
tribution implies the unambiguous evidence of the presence of the wrong sign decay. Fur-

thermore, since S is determined, one can write the CPT violating parameter Hf( as,

Sh—si!
o, = —2 "

= (4.22)
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Figure 1. Determination of G' and S. Due to G2 + S% ~ 1, G and S are on the circle of unit
length. Once S is known, G is determined within two-fold ambiguity.

If the right-hand side is non-zero, it implies CPT violation in the right strangeness decay.
However, the real part of 0 cannot be singly extracted, since

oR +C = C%J;C%I (4.23)

One also notes the relation,
s i F "
If any one of the combinations, Ré’;RITI, C%;Cg, S%;Sg, B%;Béf’ and D1 is non-zero, it

implies CPT violation and/or wrong sign decay. However, if the cancellation between CPT
violation and wrong sign decay occurs, they can vanish.

4.2 Extracting the parameters from the coefficients: CPT conserving limit

Next we consider the case in the limit of CPT symmetry. In the limit of CPT symmetry,
all the contribution in the second column vanishes in table 8. Since all the wrong sign
decay parameters are CPT even, the third column of table 8 does not vanish. In the limit
C, S and Ry — §ZR can be determined as,

c— W (4.25)
s St_sh a2
Ry — ¢t = —R’{F;Rg. (4.27)
Moreover T-odd wrong sign semi-leptonic decay A); can be determine as,
AN = C%Q_SC%I (4.28)
AN = _55}2253 (4.29)

,16,



For the other five wrong sign decay parameters j\ﬁst, j\lR’IA)\R’I one obtains the following

wst

three constraints.

RL— R}l

L = ML GAR, (4.30)

BI o BII R
LT -5 <SA§st - GAAgvst) , (4.31)
DL =8 (mgst + SN ) . (4.32)

4.3 Extracting the parameters from the coefficients: case without wrong
sign decay

Lastly, we consider the case without wrong sign decays. The relations in eqs. (4.22)—(4.24)
are satisfied in this case. The right-hand side of eq. (4.21) vanishes. In addition to these,
CP and CPT violation of the mixing parameters in B meson system is determined by

S RLRY o Shest

4.33
25 2GS ( )
CP and CPT violation in the neutral K meson system is also determined as,
;o Sp+SE I 1 I 11
g Prt T ZR:BT_BT_(CT_CT) (4.34)
K S bR 25G

The five parameters CL, 0%, C, Ry and ¢l satisfy the two constraints eqs. (4.23)—(4.24).

5 Conditions for authentic time reversed process

In section 4, we showed the expression of the asymmetry that describes event number
difference of figure 2 and figure 3. However, rather than figure 3, figure 4 is an authentic
time reversed process of figure 2, since the two processes of figure 2 and figure 4 are related
with flipping time direction. In discussion given in refs. [1]-[3], one substituted figure 3 for
figure 4 because signal sides of figure 2 and figure 3 are deemed to be a time reversed process
to each other. Since figure 3 is not an authentic time reversed process, the asymmetry is
slightly deviated from T-odd.

In this section, we clarify why T-even parts are included in the coefficients eqs. (4.8)—
(4.12), although it is naively thought to be a T-odd quantity.

One can show that, when the following conditions are simultaneously satisfied, figure 3
plays the role as a time reversed process of figure 2 and the coefficients eqs. (4.8)(4.12)
become T-odd.

1. Equivalence conditions of B meson states.
2. ANy = 0.

Here we denote ANp = AN, + ANy, and ANy, (ANR) is the T-even (odd) part.
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The equivalence conditions indicate that the initial (final) B meson states of signal side
in figures 3—4 are the same as each other. The equivalence conditions are described as,

{ |B St xyL) o< [Bi-x) (5.1)

|Boyks) < Bk, —)1)

Eq. (5.1) shows that B meson states in figures 3—4 are equivalent. Similarly, figure 5 is the
authentic time reversed process of figure 3. When we apply the same condition to B meson
states in figures 2-5, one obtains,

|B5i-x)1) o [Batxy)
. (5.2)
1B(—pkp)) o [Byrg—)L)

Violation of the conditions (5.1)—(5.2) is originally calculated in ref. [6]. Including overall
factors and using our notation, we show the violation of the conditions (5.1)—(5.2) as follows,

- - Or +Adys
(B, 1 1Bioprs)1) = N1 N, 1 (Apro Alko + A0 A, ) T

Y
(Bu-x-)LIBirx)L) = 2N(l*—>)LN(—>l+)LAl+A}—DgAH7

(5.3)

_ _ O — Alys

(Byks—)LIBowr)L) = Nopk) L Npks—) L (qukoAprKo + AwgoAfBgo> %
_ q._

(Ba+x—)1L1Bsi-x)1) = 2N(l+~>)J_N(~>l_)J_Al_A}EEA1717

(5.4)

where we used the expression for states defined in egs. (F.1)—(F.4), (F.6)—(F.9). Inegs. (5.3)—
(5.4), effect of mixing-induced CP violation in K meson system is included in terms of our
i Apro  a Apko
adK AszO PK Aw KO

(Ba-x-)LIBsirxy1) # 0 and (Bt x| B(-x)1) # 0 indicate that one cannot
exactly conduct the flavor tagging in the presence of wrong sign semi-leptonic decays.
Similarly, (B(*)wKS)J_‘B(wKLA))J_> # 0 and <B(wKS*>)J_|B(*>wKL)J_> # 0 imply that one
cannot exactly carry out the CP tagging in the presence of CPT violation in decays and

notation Alyst =~ in comparison with ref. [6].

wrong sign strangeness decays. Therefore, eqs. (5.3)—(5.4) describe that semi-leptonic
decays and strangeness changing decays yield tagging ambiguities, and that are expressed
in terms of state non-orthogonality.

Then, we turn to explanation of the second condition, ANy = 0. We define the
following quantities for the expedient sake.

X X~ X X -
XO — (¢KL)L7l+X _ (l X)J-vaS? Xe — (wKL)J-vl+X + (l X)la¢K57 (55)

Rykp)Litx  Fl-X)LyKs Fkp)Litx  Fl-X)LyKs

where X = 0,C and S are given in eqgs. (A.3)—(A.5). Consider the case that the equivalence
conditions are satisfied to demonstrate that violation of ANy = 0 gives rise to T-even
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+ I
€ B—>l+X
X
X '
B—Hﬂ g
Kg
t1 to

Figure 3. A process with (fs3, f1) = (I"X,¢¥Kgs). Figure 2 and figure 3 are referred as (I) in
eq. (4.1). Event number asymmetry of figure 2 and figure 3. is calculated as eqs. (4.8)—(4.13).

¢ e
> Bykp— /
Ky,

T (48)
z> / Bykp—)L -

+

Figure 4. A process with inverse decays of B meson. Figure 2 and figure 4 are related with flipping
time direction.

l+ €+
> Brex, /
X
Y48
0 B+ x )1 B
e
Kg B1/JKS—>
—19 —1

Figure 5. A process with inverse decays of B meson. Figure 3 and figure 5 are related with flipping
time direction.
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contribution to the asymmetry. For that case, we can find that X°(X®) defined in eq. (5.5)
is T-odd (even) due to expressions given as follows,

S° = -25(1-Gz"), co=2[C - Sz, () =0, (5.6)
S¢=2[Gzk + (8* - 1) 2], e =28 -G, (c°) = 2G, (5.7)
where for Ac and &, we write down only the leading part since small parts of Ac and &

are neglected when multiplied by y in the asymmetry (2.7). For the process (I), AX and
X defined in eqs. (2.5)~(2.6) are written as,

AN AN? ANE
AX = X° - = R xe = (XO - 2RX> - TRXG, (5.8)
) AN? ANE
X~ Xxe— AJQVRXO = <Xe - QRXO) - = hxe. (5.9)

One finds that the T-even part of ANpg leads T-even contribution to AX in eq. (5.8).
The same applies to X, and it is shown that AX (X) deviates from T-odd (even) when
ANp has non-zero value. Therefore, we can demonstrate that ANF, gives rise to T-even
contribution to the asymmetry given in egs. (4.3)—(4.6).

6 Conclusion

In this paper, the precise meaning of the time reversal-like asymmetry is investigated,
based on the most general time dependence of the asymmetry in eq. (4.2). In analysis
of BaBar [4] and [6], the difference of the overall constants for the rates is eliminated.
The ratio of the overall constants for the two decay rates is deviated from unity, and the
deviation ANg = N — 1 is taken into account in our analysis. If one takes the limits
ANp =0 and y = 0 in our analysis, the asymmetry of BaBar collaboration [4] is obtained.
In our analysis, since the final states 1) K5 1 are not the exact CP eigenstates, one can find
the effect of mixing-induced CP violation in K meson system. The effect of ex is extracted
and it gives rise to O(107%) contribution to C7, the coefficient of cos(zI't). €f and direct
CP violation ]Aw 0/ Ayro| are dominant in Cr, if the wrong sign semi-leptonic decay and
CPT violations are negligible. As well as ¢x, the contribution from CPT violation in Kaon
system zx is estimated.

We introduced the parameters which have the specific property under CP, T and CPT
transformations, including the effect of indirect CP violation in K meson system. Taking
account of the difference for overall constants, the coefficients of each time-dependent
function are written in terms of such parameters, and one can find that the asymmetry
consists of not only T-odd terms, but also T-even terms in the most general time dependent
function for the asymmetry. Furthermore, the introduced parameters are invariant under
rephasing of quarks. We also found that the asymmetry is expressed as phase convention
independent quantities.

We obtained the coefficients of the asymmetry for the processes (I-IV) and studied how
to extract the parameters. Assuming that the value of y, i.e., the width difference of By
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meson mass eigenstates is known, the three cases to constrain the parameters are discussed.
For the most general case, combining the coefficients for different processes enables one to
determine the parameters, S and G. We also find that non-zero value of some combination
of the coefficient signals either CPT violation or the presence of the wrong sign decays.
The other two cases correspond to CPT-conserving limit and the absence of wrong sign
decays. In the CPT-conserving case, the coefficients constrain the parameters for wrong
sign decays. In the absence of wrong sign decays, indirect CPT violation for B meson and
K meson is constrained.

Moreover, we discussed T-even parts in the asymmetry. We found that T-even terms
in the asymmetry vanish when several conditions are satisfied. These derived conditions
are categorized as two parts. The first one is referred as equivalence conditions, regarding
to B meson states for a time reversal-like process and an authentic time reversed process.
As suggested in [6], B mesons for the two processes are not equivalent to each other, and
we also showed the violation of the equivalence conditions, including the effects of mixing
in K meson system. Since non-zero ANp is taken into account in our study, ANpg can
be the origin of T-even contribution to the asymmetry. We investigated that the second
condition, which requires that T-even parts of ANg are zero, is needed for the asymmetry
to become a T-odd quantity.

A Coefficients of master formula

We record coefficients of the master formula for the time-dependent decay rate of ref. [6].

Ny1; = i/\/i/\fj {14(Ci+C5) (R = 2%) 0 Ni=|A* + A, (A1)
KLy = (1 —GiGj)
+[(Ci + C(1 = GiGy) + C;Gi + C;G4] 28 — (S; + S)) 2!
+G,G; (CiOff + C;07) — GiS;01 — G50/, (A.2)
owyL; = Gj—Gi
+[Ci(1 4+ Gj — Gi) — Cj(1 — G + G2+ (GS; — G;Si) 2!
—C;G08 + S;01 + C,Gi0f — S0/, (A.3)
CiyLj = —CiCj — SiS;
~[(Ci + C)(CiCj + 5i8)) + CiGj + CGil2" + (S + 85)2"
+G;Si0] — [Ci (1= C2) = C;5;S;] 05
+G;S;0f — [C; (1 - CF) — C;8:8;] OF, (A4)
SuL; = CiS; — C;S;
+[CiCj(S; = Si) — (CF + Gj) Si + (C} + Gy) 8] 2"+ (C; — Cy)2"
—CiG0] + [(CF — 1) S; — C;C;85] 0F
+C;G0! — [(C? — 1) S; — CiC;8;] OF, (A.5)
where A; and A; in eq. (A.1) are defined in eq. (3.1). i and j represent the final state of
tagging side (f;) and signal side(f;) for a pair of B meson decaying respectively.

— 21 —



B Incoming mass eigenstates and outgoing mass eigenstates in B meson
and K meson system

Throughout this paper, the time reversal process of B meson decay often appears. To
describe the inverse decay amplitudes, as out-states of B mesons, the reciprocal base must
be used for Non-Hermitian Hamiltonian system. This is formulated in several literatures,
refs. [13]-[17]. In this appendix, we show the definition of incoming states and outgoing
states which are used in this paper.

The incoming mass eigenstates of effective Hamiltonian in B meson system are

|Bi) = pvI+2|B% — qv1—2|B°, (B.1)
BL) = pV1—2|B%) +qv1+2|B°), (B.2)
where p, ¢ are mixing parameters in indirect CP violation and z is a mixing parameter in

indirect CP, CPT violation. In terms of matrix elements of effective Hamiltonian, these
parameters are written as

p_ [Mi— 4T (B.3)
q Miy — 4T,
My — May — (T3 — T
L Mu 22 iz( 11— I'22) (B.A)
mp —mpg — 5(I'y —Tg)

These expressions help us understand the transformation property of A, S, G, C, etc. Then,
outgoing mass states are determined to fulfill the following conditions,

(B B) = 1, (B*|BY) = 0, (BY™|BE) = 1, (BY™|B}) = 0. (B.5)

Thus, outgoing mass eigenstates are

(B3| = Q;q (ovTT 2 (B — pvT—2(B")), (B.6)
(B — 2;(} (VT =2 (B°| + pvI T2 (B)). (B.7)

For K meson system, similarly,

K1) = prvVI+ 2k |K®) — qxv/1— 2k |K), (B.8)
K = prv1— 2k |K°) + g V1 + 2 | K?), B

(K™ = T (g VI + 2k (K°| — prv/1 =z (KY)), (B.10)
1 _
(K| = T (g V1 — 2k (K°| + prvV/1+ 2K (K°|) . (B.11)

Since these mass eigenstates in K meson system are shown in flavor states, we specifi-
cally can calculate the amplitudes of transition from incoming states B meson to outgoing
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states YK, s

: 1
Aprs = (WK [By') = Sordn (quAwKo +prV1+ zKAwKO) (B.12)
. 1
Ayr, = (WK|BP) = ot (QKmAwKO —prV1— ZKAwKO) (B.13)
_ . 1 _ _
Auics = (WKGIBY) = 5 (/T = 2 Aysco + VT F 2 Ayn) - (B14)
pond )

Ayre, = (WKP"|BY) = qr V1 + 2K Ay o — mefleo (B.15)

Hence, we can obtain egs. (3.11), (3.22), (3.23) and (3.24). We also can write down inverse
decay amplitudes of egs. (B.12)—(B.15)

Al = (BUWKE) = (meAg}(o + qK\/WAfKO) , (B.16)
A, = (B WKE) = (pivTH 2k Ao — axvT= 2 A0, ), (BAT)
AwKS = (B Y KE) = (pKMAMO +qrV1+ 2z A wKO) , (B.18)
AP = (B |yKin) = (meA %0 — QKmAwKO). (B.19)

C List of coefficients of time dependent decay rates for process (I)

In this appendix, we show the coefficients of the time dependent decay rates in eq. (2.1)
which are needed for calculation of the asymmetry of process (I).

Sy Li-x = Sur, = Sy, 2" — 21— Gy, O, (C.1)
S x)Lks = Sks + Surcsz™ =2 = GOy, (C.2)
Cryrpyri-x = Cyry, = Spic, Si- + Gure, 2 + Sy, 2 + 0, (C.3)
CurxyLwks = —Cpis = SprsSir — Gursz™ + Sprsz’ — Ok, (C.4)
Rpr)Li-x = 1= Gy, G — (Gyre, + 1)z = Sy, 27, (C.5)
Rt x)Laks = 1= GursGie + (Gyrg +1)2" = Syrg2!, (C.6)
o) Li-x = G = Gy, + (L+ Gy, )2 = Sy, O, (C.7)
ot x)Lpks = Gurs = Gie + (1+ Gurs)2™ + SyrsOixcys (C.8)
M = Sury + Spr, Gur, G- + SwKLGwKLZR + (SzszL -1) 2~ GwKLQZIZ)KLa
(C.9)
m = Syxs + SursGursGrr — SursGursz™ + (Shxs —1) 2" = GurgO ks

(C.10)
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Clypry)Li-x

~ C ~ X C.11
)L (WKL) LI~ X (C.11)
Cu+x)L 0K
— e~ O , C.12
S (I+X) LK ( )
O(WKp)Ll-X ~ —Gsz (0‘13)
RpKp)Li-X v
T X)LoKs Gyk (C.14)
~ o )

R+ X)LyKs

where we keep only the leading term for 2, since it will be multiplied by a small number

y in the formulae of the decay rate eq. (2.1).

D Expressions for Ng, AS, AC, Ao, 6,8 and C

The quantity Ng, defined in eq. (2.4), denotes the ratio of a normalization for rates. Since
we compute the asymmetry including the effect of Ng, its expression should be clarified.
In this appendix section, we calculate Ngr, and obtain the expressions of parameters as
AS,AC, Ao, 6,8 and C for the process (I). In deriving formulae, we use egs. (C.1)—(C.14).
Expanding Np with respect to small parameters, we obtain the general structure of Ny at
first order approximation.

N(S)J_A K(3)L,4

Np =
Ny k@)L

RZ(B)L 4 (1 +—
_ N3N, [1 + (C3+ Cy) (RM — ZR)] ’ R3)L4

NN [1+ (Cr + Co) (R — 27))] AKy12
1)L,2 L+ ——

A/’<3(3)L,4>

l
K
( “l(l)L,Q
Kul A A
~ x?)xz; l(3)J_,4 1+ (C3+Cy—C1 —(C9) (RM _ ZR) + ’;3(3)¢,4 _ ?(1);2] |
N2 Ry 19 K(3) 1.4 Kf1)Lo
(D.1)

where superscript ! expresses the leading part and A expresses the small part such as,
K1)l = “l(l)L,z + Ak(1)1,2 and K3y 4 = K,l(g)J_A + AK(3)1 4. For the processes given in
eq. (4.1), ,d(l) 12= nl(g) 4= 1 (i =vKp, fa=1"X, f3 =" X, fs = ¢Ks for process (I))
is satisfied and N II% is written as,

= Mo,
Nl/JKL-/V-l*X

+ AR x) L ks — AR@pK,) L x]

[1+ (Cyrs — Cyrey, + Crr — Cp-) (R — 2™)

S [ 2 (s o)
- R [ (- - 03] 2
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Deviation of Nj+x/N-yx and Nygy/Nyk, from 1 is written in terms of small parame-

ters as,
N+ x l R NwK \R
=1-2(C:+ , S =142\ - D.3
Ni x (cerel) T t (B-3)
N = 1+AN,§:1+2[—Sz’+RM+Xﬁst—GXﬁ—cg—gﬁ]. (D.4)

Note that AN ]I% is a small number.

We can also write down the expressions of AST and ACT.

Al = [Swrntirx  Serxrens | ANg (Swrplex | Serxteks
RWEL)LIZX R X)LyKs 2 Rk Li-x  RItX)LyKs

S - S
~ SWRDLEX SUEOLUKs _ 915 (1 - G27) — GOk + GSANT],  (D.5)
RpKp)Li-X KRi+X)LyKsg

+X)
Comprizx _ C0LeKs
)

ACT ~ =2[C - S +0f + SAN]. (D.6)

RlpKp)Li-X R0+ X)LyKs

We calculate only the leading part of Ao’ and &7, since the sub-leading part of Ao’ and
1

6" is suppressed when multiplied with yI't.
Acll =0, &' =2a. (D.7)

We write down the expressions for S’ and C! as follows,

g (Swrorix  Serx)Leks | AN (Swriiex  Serx)Leks
RpKp)Li-X R+ X)L yKsg 2 RyKp)Li-X R+ X)L yKg

~ 2G (2 — ANL,) +2(S? — 1) 2 +2GSAf + SAN},

wst
_ 9 [G (zk — ANL,) — 27 + SR + SAE, — SCL — Sgﬂ , (D.8)

G x € .
CF o (WEDRLX | AOXL0Rs g [ LR~ ANE, - G2 = SN (D.9)
Rk Li-x  FUrX)LyKs

E The relation among coefficients of the asymmetries for processes (I)—
(IV)

In this appendix, we show the relation among the coefficients for different processes (I-IV).
First, we note the coefficients of the process II(IV) are obtained by changing the sign of
the mixing parameter qx and zx of I(IIT). The change of the sign of ¢x leads to the change
of the sign for S, G and Ayst. Next, we show a simple rule which enables one to obtain
the coefficients for table 5, with the coefficients of table 7. For this purpose we do not
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substitute +1 for C}j+ respectively and write the coefficients of asymmetry for process IV,

REY = 521 4+ 2 (CH ~C- )RM — &= CE+ A — GAR, (E.1)

A= (q_ —C)C+ S + = (cl 0, — Cr+05,) — SAN, (E.2)

SiV = (clf —Cp)S + SGf + = ¢ (OﬁeKS Cp-0%,) (E.3)
—GS (Ci+Re[A+] + C-Re [)\l, R

BV = § |-Gzl 42+ %SRM + SEf| + S2CL— $2AE, 4+ SGANL,,  (E5)

DY = 5[5 - G:F) - sank, 4 G0 =G gt (E.6)

EY = was. (E.7)

When [t and [ in eq. (D.3) are exchanged, the sign of Cé and £ZR is reversed. According to

egs. (3.40)—(3.41), the sign of 5\{ and AN also changes. Additionally, one needs to inter-
change Cj+ and Cj- in egs. (E.1)—(E.7) and one can obtain the coefficients of asymmetry
for process II.

F Calculation of equivalence conditions

In this appendix, we give the derivation of eqs. (5.3)—(5.4). The expression of the final
state of signal side in figure (2) is,

|Bsuks)L) = Nsyrs)L (Apks |BY) = Ay [B)) (F.1)

since the state is orthogonal to (1)K g|. The state orthogonal to [ K1) is

(Blyr, -1l = Neprp 1 (Agxe, (B°] = A, (B°)) - (F.2)

Similarly, one can write down,

(Bus—)Ll = Nuprs—y1 (Agig (B = Ay (B°]) (F.3)
|Boyr)r) = Nopry (Avk, [BY) — Ak, |BY)) . (F.4)

Calculating the inner product of egs. (F.1) and (F.2), we obtain

(Buk,—+)LIBuks) L) = Nsprs) LN, )L (Asrs A, +Aprs Ak, )
1 _
= 5 Nprs) L NwKL )L [A¢K0A¢K0 Ay god o
9K

o (A¢ koA + AL A, Ko) (Aw 7oAD L + A, KOAWO)}

Ny N oA
_ (oYKs) LIV (YK =) L (AwKOALB(O +AwIEOA§/;DI€0> [9K + A/\wst] )

2
(F.5)
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where we used egs. (B.12)-(B.19). The inner product in eq. (F.5) was previously obtained
n [6]. In eq. (F.5), we compute it with our notation including the normalization constant
and have ignored the second order of small parameters 2y, Qw KO, §¢ 505 stt and Alyst.

Next, we show the derivation of the first line of eq. (5.3) and the second line of eq. (5.4).
The states are given as,

(Bi-x—)1l = 1 (AP (B — AP (BY)), (F.6)
B xyn) = Nr L(A+ |B%) — A+ |BY)), (F.7)
(Bt x—y 1 = Ny oy (AR (B — AR (BY)), (F.8)
IBoi-x)1) = Nyt (A= |BY) — A= |BY). (F.9)

Their inner product is,

(Bu-x-)1LI1Bx)L) = Nu-—) Ny (AP A + AP A
= 2N(lf_>)LN(_>Z+)LAZ+A},D§/\Z+. (F.10)

The proportionality to the wrong sign decay amplitude A+ is derived in [6].
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Abstract:

We discuss a supersymmetric model with discrete flavor symmetry A4 X Zs.

The additional scalar

fields which contribute masses of leptons in the Yukawa terms are introduced in this model. We analyze their scalar

potential and find that they have various vacuum structures. We show the relations among 24 different vacua and

classify them into two types.

We derive expressions of the lepton mixing angles, Dirac C'P violating phase and

Majorana phases for the two types. The model parameters which are allowed by the experimental data of the lepton

mixing angles are different for each type. We also study the constraints on the model parameters which are related

to Majorana phases. The different allowed regions of the model parameters for the two types are shown numerically

for a given region of two combinations of the C'P violating phases.

Keywords:
PACS: 14.60.Pq, 14.60.St

1 Introduction

Although all the elementary particles in the standard
model (SM) have now been discovered, with the discov-
ery of the Higgs boson, there still exist phenomena which
cannot be explained in the framework of the SM. One
of these is the neutrino oscillation phenomenon, which
implies two non-zero neutrino mass squared differences
and two large lepton mixing angles. In order to explain
this, many authors propose a neutrino flavor model with
non-Abelian discrete flavor symmetry in the lepton sec-
tor (for reviews see [1-4]). Even before the discovery of
the non-zero 3 [5-7], a few authors suggested a tiny
mixing angle 6,3 based on non-Abelian discrete flavor
symmetry [8]. Recent results from the T2K and NOvA
experiments [9, 10] imply C'P violation through the Dirac
CP phase. They studied electron neutrino appearance
in a muon neutrino beam. The Majorana phases are also
sources of the C'P violating phases if neutrinos are Ma-
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jorana particles. The KamLAND-Zen experiment [11] is
searching for neutrinoless double beta (0v(353) decay to
check the Majorana nature of neutrinos. Therefore, it is
important to predict not only mixing angles but also C'P
phases with the non-Abelian discrete flavor model.

The non-Abelian discrete flavor symmetry can easily
explain large lepton mixing angles, e. g. tri-bimaximal
mixing (TBM) [12, 13], which is a simple framework for
the lepton mixing angles. Indeed, Altarelli and Feruglio
(AF) proposed a simple flavor model and predicted TBM
by using A, discrete flavor symmetry [14, 15]. They
introduced SU(2) gauge singlet scalar fields, so-called
“flavons”, and derived the TBM in the lepton sector.
The non-zero 6,5 can be realized by another A, non-
trivial singlet flavon [8] in addition to the flavons intro-
duced by AF. The origin of non-vanishing 6,5 is related
to a new contribution to the mass matrices. Matrices
which have the same structure as that in Ref. [8] also
appear in extra-dimensional models with the S3; and S,
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flavor symmetries [16, 17]. The A(27) model also in-
cludes these matrices [18].

In this paper, we study phenomenological aspects of
a supersymmetric model with A, x Z3; symmetries. The
three generations of the left-handed leptons are expressed
as the A, triplet, ! = (I.,l,,l,), while the right-handed
charged leptons eg, ug, and 7z are A, singlets denoted
as 1, 1”7, and 1’ respectively. Three right-handed neu-
trinos are also described as the triplet of A;. We in-
troduce the SU(2) gauge singlet flavons of A, triplets,
¢T:(¢T13¢T2a¢T3) and ¢s=(¢s17¢527¢53)- In addition,
¢ and &' are also introduced as the SU(2) gauge singlet
flavons with the two kinds of singlet representations of
A,, 1 and 1’ respectively.

We focus on the vacuum structure of the flavor model.
The scalar sectors of this model consist of many flavons
in addition to the SM Higgs boson. Then, we analyze the
scalar potential and show the 24 different sets of VEVs
which come from 24 combinations of 4 (6) possible VEVs
of the flavon ¢r (¢s). The 24 different vacua are classi-
fied into two types which are not related to each other
under the transformations A,. Therefore, we expect that
the two types of vacua have different expressions for the
physical observables in terms of the model parameters
such as Yukawa couplings. We ask the following ques-
tion: whether these different vacua are physically dis-
tinct from each other. The purpose of this paper is tol

Table 1.

clarify the differences and relations among the VEVs and
their physical consequences. In particular, we investi-
gate the mixing angles, C'P violating phase, and effective
mass for neutrinoless double beta (0v33) decay.

This paper is organized as follows. In Section 2, we
introduce the supersymmetric model with A, x Z3; sym-
metry. In Section 3, we study the classification of vacua
and derive the formulae for the mixing angles and CP
phases. In Section 4, we discuss the phenomenological
aspects for mixing angles and C'P violating phases. The
numerical analyses for the effective mass of Ov3(3 decay
are presented. Section 5 is devoted to a summary. In
Appendix , we show the multiplication rule of the A,

group.

2 Supersymmetric model with A, X Z3
symmetry

In this section, we introduce a supersymmetric model
with A,;xZ; symmetry. We analyze the scalar potential
and derive the mass matrices of the lepton sector.

2.1 Model

We introduce three heavy right-handed Majorana
neutrinos. The leptons and scalars in our model are
listed in Table 1.

The representations of SU(2)r, and A4, and the charge assignment of Z3 and U(1) g for leptons and scalars:

leu,rs €1, TRy {Ve,Vu,ptr } R, and hy,q denote left-handed leptons, right-handed charged leptons, right-handed
neutrinos, and Higgs fields, respectively. The other scalars are gauge singlet flavons and denoted as ¢r, ¢s, £, and

€. wis the Z3 charge and stands for ¢™/3.

le VeR oT1 51
=11 eRr KR TR vr=| vur ha,d or=| dr2 ¢s=| ¢s2 ¢ &

lr VrR oT3 P53
SU(Q)L 2 1 1 1 1 2 1 1 1
Ay 3 1 17 1/ 3 1 3 3 1 1/
Z3 w w? w? w? w? 1 1 w? w? w?
U)g 1 1 1 1 1 0 0 0 0 0

The superpotential of Yukawa interactions is

(1)
where w;,wp and wy are Yukawa interactions for charged
lepton, Dirac neutrino and Majorana neutrino sectors re-
spectively:
wi=Ye(drl)1erha/ Ay, (drl) 1 pirha/ A
+y.r((le)1//’Tth/A+h.C.7 (2)
wD:yD(lVR)lhu+h.C., (3)
Wr=Yss5Ps(VrVr)s+Yel (VrVR)1+tYe € (VRVR)1/ thec.,

(4)

where the lower indices denote A, representations. More-

Wy =wW;+Wp+Wg,

| over, the y’s and A denote the Yukawa coupling constants
and cut-off scale respectively. The multiplication rule for

A, representations is shown in Appendix A.
In order to obtain the mass matrices of these leptons,

we analyze the following superpotential of the scalar
fields:

—oyT .S
We=w,; +wy,

(5)

where

wy =—M (¢4 ¢r)1+99, (Prdr)s,
w3 =105 (PsPs)s+92(d5 ds)16+95 (05 ds)1rE’
+93(0s0s)180—9460E8-

(6)

(7)
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Table 2. The driving fields and their representa- fields, @2, ¢5 and &, which are called “driving fields”.
tions and charge assignment. The charge assignments of these fields are summarized
in Table 2.
%Tl (bgl
b6 =| 942 ¢ = 952 €o 2.2 Potential analysis
¢ o
SU(2) 1 - 1 - 1 In this subsection, we derive the VEVs for the scalar
Ay 3 3 1 fields ¢r,¢5,6,8 08,05 ,&. One can derive the scalar po-
Zs 1 w? w? tential from the superpotentials in Eqs. (6) and (7) as
U)g 2 2 2

V=Vr+Vs, (8)
We have introduced the additional SU(2) gauge singletl where

2 2 2 2

ow¥
0X

2
+ ‘ —M¢T2+§g(¢%3—¢T1¢T2)

2
_M¢T3+§g(¢§"2_¢T3¢T1)

V=Y

X

2
= ‘ —M¢T1+§g(¢2ﬂ —@radra)

2 2

‘ M¢01 (2¢01 ¢T1 ¢03 QST? ¢02¢T3)

2
+‘ —M¢0Ts+§9(2¢ng¢T2—¢oT1¢T3—¢§3¢T1)

‘ M¢02+ 9(2005013—Pga b1~ P01 P12) | (9)

and
ows 2 2 19 2
VSZ’ ‘ 91(0% —s2053) — 920518495055 | + 591(¢252*¢53¢51)*92¢53§+9§¢525/
9 2
+ 591(¢?q3_¢s1¢sz)—92¢s2f+g;¢51§/
2 / ! ?
+ 591(%51%1—¢§3¢52—¢§2¢53)—92¢§1§+92¢53§ +2g3¢ 5180
2 / ! ?
+ 591(2¢gz¢sz—¢§1¢ss—¢§3¢51)—92¢§3§+92¢g2§ +2g3¢ 5380
2 / ! ?
+ ggl(2¢g3¢s3_¢§2¢51_¢g1¢52)_g2¢§2§+92¢g1£ +2g3¢ 5280
+|—92 (D51 P51+ Do P52+ Do ds3) —292E0 19t (¢§2¢S2+¢§1¢33+¢§3¢51)|2
+195(02 +2¢s2653) —ga€?[”. (10)
The sum for X,Y runs over all the scalar fields: | -1
_ Ur T
= - 2 - 5 12
X={br1,072,073,%01, %02, P03} » 112 (9r) 3 ) » (%) 0 (12)
Y:{(bSl7¢527¢537¢§17¢§2a¢€3a€a€la€0}~
The scalar potential V' is minimized at V =V;=Vs=0.
There are several solutions for the minimization condi- —1 0
tion. We obtain sets of solutions denoted as 7,, and \F = _Ur 9% m_1|o 13
(m=1-4, n=1-3), where 7,, and A\* are the solutions of =4 {6r) 3 0,2 + {90) 0 - 19
V=0 and V5 =0 respectively. Hereafter, we call them v
the set of VEV alignments and show them explicitly as
follows:
1 0 -1 0
v
m={ (@r)=vr |0 [, (e5)={0] p.  (11) m={(or)=7 [ 27 |, (e5)=|0] p, (19)
0 0 2w 0
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1 0

)\fE <¢S>:ivs 1 v<£/>:ula< g>7 0 ) (15)
1 0
1 0

)‘;tE <¢5>=ﬁ:7j5 w ) <£,>:wu/7 <¢§>: 0 3

Ew
jan}

—_
o O

, (§)=w™, (¢5)=

|
|

(17)

where vy = B—JZI, vg=

5 4 qy, u’zi—?u and u is the VEV
2

393

of &, (¢€)=uY. The superscript of \* denotes the over-
all sign of the VEV (¢s). In total, we obtain 24 sets of
vacua, since there are four sets of alignment for 7,, and
six sets for .

2.3 Mass matrix for charged leptons and neu-
trinos

We derive charged lepton mass matrices and neutrino
mass matrices from the Yukawa interactions in Egs. (2),
(3), and (4). These matrices are expressed in vari-
ous forms corresponding to the VEV alignments. The
charged lepton mass matrices M,™ for Egs. (11)-(14)
are

Y. 0 0
Vg
Ml(l)z% 0y, 0], (18)
0 0 y,
—y. 2y, 2u,
(2) _ Vabr Yo T Y (€
M® = 2y, —y, 29, | =504, (19)
de 2yu —Yr
s —Ye 2wy, 2wy,
Mﬁ‘”:% Wy, —y, 2wy, |=T'STM,™, (20)
2wye 2&]211/”, —Yr
VgV —Ye 2wy, 2wy,
M= g, 2wy, | =TSTUM®, (22)
2W2ye 2wy# —Yr

respectively, where the matrices S and T are

-1 2 2 10 0
S=zl2 12|, T={owo0 (22)
2 2 -1 00 w?

The Dirac mass matrix for neutrinos obtained from
Eq. (3) is

100
001
010

MD:yDvu (23)

It is noted that the Dirac mass matrix is determined

independently of the VEV alignments. The Majorana
. (n) £ .

mass matrices My~ for the corresponding set of solu-

tions Egs. (15)—(17) are given as follows:

2 —1 -1 100
Mgl)i:i%y%vs 12 —1|+yu|o001
—1-1 2 010
001
tyeuw' |010], (24)
100
2 —w? —w 100
M@ gl ool 2w 21 | 4we| o001
R 3y¢s s w w Ye
—w -1 2w? 010
001
twyer' |01 0| =TT MO (25)
100
2 —w —w? 100
M}(;f’)i:j:éy(z,svs —w 2w —1 |+yeu|001
-1 2w 010
001
twryeu' |01 0 | =TMPTT (26)
100

In order to generate the light neutrino mass matrices,
we adopt the seesaw mechanism [19-21]. The effective
neutrino mass matrices are given by the well-known for-
mula, M, = —MpMy'MF3, through the seesaw mecha-
nism. We obtain the 6 different effective neutrino mass

1) There are still other solutions for V =0, including the trivial solution which makes all the VEVs vanish. It leads to the vanishing of
all the lepton masses and mixing angles. In addition to the trivial solution, there are solutions with non-zero VEVs of the driving fields.
This case leads to the breakdown of U(1) g symmetry. In this paper, we only discuss the vacua where U(1) gz symmetry is conserved.
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matrices from Egs. (23)-(26) as follows:

100 111
MOF=talo10|+p5|111
001 111
100 001
+cloot1|+da|o10], (27)
010 100
M®@* =Tt \W* T, (28)
M®* =TMO*T, (29)
where
a=ky,. Vs,
c=k(yeu' —yeu),
deyg/u',
a a® 1 a2
br=got—o (-2
3F3+2dc<3 a2>’
k: yD2vu2
yiu -ty —(y3 vty uyiu’)
3 Classification of wvacua and PMNS

mixing matrix

In this section, we classify the 24 different vacua

Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing ma-
trix. In order to classify the vacua, we discuss the rela-
tions among the VEV alignments with the transforma-
tions of A,. We show that the 24 vacua are classified into
two types in the following subsection. Then, one finds
the two different PMNS matrices with diagonalizing ma-
trices for the charged lepton and effective neutrino mass
matrices Egs. (18)—(21), and (27)—(29).

3.1 Relations among sets of VEV alignments

The generators of A, are expressed as the following
forms for the representations 1,1’,1” and 3,

-1 2 2
S(1)=81")=S(1")=1 , 5(3)% 2 12 |,
2 2 -1
(30)
100
T(1)=1,T(1)=w, T(1")=w*, T(3)=|0w 0
00 w?
(31)

The sets of VEV alignment 1,,, AT are associated through
the transformations of these generators. As an example,

and derive the lepton mixing matrix Upyng, called thel we show the T transformation on A

1
TIAY]

(¢s)=T(3)vs
1

The S and T transformations on all the sets of the VEV
alignment are summarized in Fig. 1. Some transforma-
tions preserve the VEVs of either 7, or AX. These vacua
have Z5 or Z, symmetries as the residual symmetries of
A, respectively. For the VEVs described as 7,,, they are
invariant under the following transformation,

Tm]=T""Iml=m ., TST[n]=(TST) " [n2]=n2 ,

STns|=(ST) [ms]=ns , TS[na]=(TS)"" [na]=m4 -
(33)

It is easy to confirm that such transformations corre-
spond to Z3; symmetries:

T?=(TST)*=(ST)*=(TS)*=1. (34)
Each A\ has Z, symmetry as follows:

SINE|=AE, TST?\f|=A, T2ST[\f]=AE, (35)
where

S%=(TST?)*=(T>ST)*=1. (36)

1].(€)=T1")u',(¢5)=T(3)

0 1 0
0] p=9(¢s)=vs | w |, {&)=w/, (¢5)=]0] p=AJ.
0 w? 0
(32)
| ﬂ.+
1
3
i
2t Pr:
f 7

Fig. 1. (color online) Map of the transitions among
the VEV alignments under the transformations S
and T: The solid arrow corresponds to the tran-
sition due to T transformation and the dashed
two headed arrow shows the transition due to S
transformation. In the map, #; is invariant under
T transformation while AT are invariant under S
transformation.
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3.2 Classification of 24 vacua

In this subsection, we show the relations among the
24 different Lagrangians derived from the 24 different
combinations of VEV alignments in Eqs. (11)—(17). We
find the two sets of 12 equivalent Lagrangians with the
appropriate field redefinitions. Then, the 24 Lagrangians
are classified into two types. For simplicity, we write the
Lagrangian of this model in a short form:

L(h,p1,02), (37)

where 1 represents the fermion fields such as [ and vg.
¢, and ¢, represent the scalar fields, which should have
their VEVs written as 7,, and A\¥ respectively. We write
the Lagrangian in the broken phase for the VEV align-
ment (1,,, AT) with fluctuations h; and h, as

Ein(wahl7h2)5['(w777m+h1u>\i:+h2)' (38)
Then, we prove the following equation:

LA N+ A NE4R) =L(0, G by, GTIAE 4Ry,
(39)

where G denotes the transformation composed of S and
T in Egs. (30) and (31). There are 12 independent trans-
formations including the identity element:

Gi{e, T, T? S, TS, T*S, ST, ST?, T*ST,
TST, TST?, T*>ST?}. (40)
The redefined fields are written as follows,
Y'=Gy , hi=Gh; (i=1,2). (41)

The right-hand side of Eq. (39) corresponds to the La-
grangian for the vacuum (G~'n,,,G~*\) while the left-
hand side is the Lagrangian for the vacuum (,,,AF) in
terms of the redefined fields. In the symmetric phase, the
Lagrangian L£(1),¢,¢,) is invariant under the G transfor-
mation,

E(G¢7G¢17G¢2):£(¢7¢17¢2)' (42)

One obtains the following equation from Eq. (42) for the
vacuum (G~'n,,,G7IA\L),

E(Gw,nm‘FGhl,Af"—th) :E(Q/J,G_l'r]m‘f'hl ,G_l)\,f‘i‘hg).
(13)

Finally, one obtains the relation Eq. (39) by apply-
ing the field definition Eq. (41) to the left-hand side
of Eq. (43). The relation Eq. (39) implies the equal-
ity of the Lagrangians for the two vacua (n,,,A¥) and
(G s G IAE).

Here, we briefly show how to find the equivalent vacua
with Fig. 1. For example, let us consider the T trans-
formation in terms of the vacuum of (;,A]). One finds
that n, is invariant and A transfers to A\ under the
T transformation. Therefore, £, and L, are equiva-
lent. One can find 12 equivalent vacua by applying 12

independent transformations in Eq. (40) to the vacuum
(n1,AT). Then, we classify the 24 Lagrangians into two

types:
Type I;
(L1, L05, L5, Loy, Lggs L35 Lo Lo, L31, L330 Loy Lo )
(44)
Type II;
(L0 Lr2s Lo Lo1s Loy L1y L35 L35, L1 L L33, L75 -
(45)
Type I and type II are disconnected because of the ab-
sence of a transformation which relates one type to the
other. Since all the Lagrangians which belong to the

same type lead to the same physical consequences, we
consider only £, and £, as the representatives of their

types:
L'=Lf,, L"=Ly,. (46)

We also define the representative mass matrices for
charged leptons and neutrinos as

M=M", M=M®", MU=M®T. (47

It is noted that the charged lepton mass matrix Ml(l) is
diagonal.

3.3 PMNS matrices for two types

In this subsection, we construct the PMNS matrices
for the two types, £ and L. Since the charged lepton
mass matrix M; is diagonal, the PMNS matrix is deter-
mined so that it diagonalizes the neutrino mass matrices
in Eq. (27):

(UFI’MNS)TMLI/<UFI’MNS)* :<UFI’IMNS)TM1EI(UFI’IMNS)*
my
mo ) (48)

ms

where the left-handed neutrino masses m,,m, and ms
are positive. The PMNS matrices are expressed as the
following forms for the two types:

elf1
Upyins=UremUis(6,0) RE : (49)
ei?s
77, ei¢1
U11>IMNs:UTBM 1 Uys(0,0) eit2 7
i ei?s
7iei<¢1 +o)
* 7T .
:UTBMU13 (9+§,g> ei®2
_iei(¢3 —o)
(50)
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The unitary matrix Uppy is the tri-bimaximal mixing
matrix and U;3(0,0) denotes the unitary rotation ma-
trix:

2/V/6  1/V/3 0

Urpn= —1/\/6 1/\/§ —1/\/§ (51)
—1/vV/6 1/vV3  1/V2
cosf 0 e i“sinf
Us(0,0)= 0 1 0 (52)
—el“sind 0 cosf

We have introduced the parameters 6,0 and ¢, (i=1,2,3).
They are written in terms of the complex parameters of
the neutrino mass matrix, a,b,c and d, in Eq. (27)". In
the rest of this subsection, we derive the explicit forms of
the parameters #,0 and ¢; in terms of the model param-
eters a,b,c and d. In the first step, one rotates M, M}
with the tri-bimaximal mixing matrix.

A 0B
0 Col,
B* 0D
D 0 -B*
0 C 0
-B0 A

U%BMMIE (MLI/)TUTBM: (53)

U%BMMIEI(MLEI)TUTBM: (54)

where

A= , (55)

?dw?d (a—c+‘2l> —|B|e'*?, (56)

a?—(A—cd+d?) |?

C= Y , (57)
P’ |v3 |
D=\a—c+=| +|—d (58)
2 2
The mass eigenvalues are determined as
A+D _1
=S e VASDEHBE,  (59)
m2=C, (60)
A D 1
m2= ; (A—D)2+4BP, (61)

where the upper and lower signs in these mass eigenval-
ues correspond to the normal hierarchy (NH) and the in-
verted hierarchy (IH). Next, we diagonalize the rotated
mass matrices, Eqgs. (53) and (54), with U,3(6,0) and
Ul5(0+75,0) respectively:

A 0B m3
Uiz(0,0)'] 0 C 0 |Ui3(0,0)= m2 , (62)
B* 0 D m3
- D 0 —B* o
U13 (9+ 0 C 0 U13 (9"’5,0’)
-B0 A
mi
= m? , (63)
mj
where 6 and o are determined as,
2|B|
20=———- =—yg. 4
tan26 DA’ YB (64)

Finally, the other parameters ¢; are determined as fol-
lows,

Jcos260+Re {c—d} ) sina—?lm [d]sin26

B B (Im [a]+Im [c—cﬂ COSZG) Ccoso+ (Re
] I (PO P o o e M | o o) )
L= et Lo e e e o
4] cos20—Re |:c—d:| ) sina+§1m (d)sin26 o
+o

(Im [a]—Im [c— d} cosZ@) COSo— (R
1, 2
¢s=— [tan (

2
Re[a]—Re [c—cﬂ cos20> coso+ (I

a)cos20—Im [c—d} ) sino—f—?Re [d]sin26

1) There are six real parameters since b is written by using a,c,d.
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We briefly explain the derivation of ¢; for the mass ma-
trix M. We first diagonalize M with the unitary matri-
ces Urpym and U3(0,0) according to Eq. (48). However,
the diagonalized neutrino mass matrix consists of com-
plex elements. Then, the parameters ¢; are determined
so that all the elements of the diagonalized matrix are
real and positive.

4 Phenomenological aspects

We study the phenomenological aspects of this model
and show the differences between the two types of vacua. |

The observables, such as mixing angles and C'P violat-
ing phases, are described with the model parameters in
different forms for the two types. In the following sub-
sections, we discuss the relation between the observables
and model parameters. The numerical analyses are also
shown in this section.

4.1 Mixing angles and CP violating phases

In this subsection, we discuss the lepton mixing an-
gles, C'P violating phases and the effective mass for Ov3s3
decay. At first, we introduce the PDG parametrization
of the PMNS matrix:

C12C13 S12C13 sz~ 0cr e
PDG __ 5 s )
UPMNS— —819C23—C12823813€"°CF  C19Ca3—812523513€°CF S523C13 e'? » (68)
i i
812C23—C12C23513€"°CF  —C12893—812C23513€"°CF  Ca3C13 1

where s,; and ¢;; denote the lepton mixing angles sind,;
and cosf,;, respectively. They are written in terms of
the PMNS matrix elements:

|Ues|?
1—[Ues]?”

U,s|? )
1| |5 |27 Sln2913:‘U€3‘2’
- e3

(69)

where U,; denote the PMNS matrix elements. The Dirac
CP violating phase dcp can be obtained with the Jarl-
skog invariant

Sin2912: Sin2923:

Jep

2 b
S823C23512C12513C13

(70)

sindep=

Jop=Im [UaU,sUrUs). (71)

In order to obtain these parameters from our model, we
substitute the PMNS matrix elements in Eqgs. (49) and

| (50). For the type I case, the matrix elements are given
as follows:

2 .
U, =—=¢'*1cosd, 72
=7 (72)
1 i
Ue? :UMQ = ﬁe ¢27 (73)
2 )
U,y=—=e""7793)ging, 74
3 \/6 ( )
U, ( L 0+ L gogi 9) i1 (75)
= ———=cosf+—=e'7sinf | e'*?,
m V6 V2
1 ) 1 )
Ups=|——e "“sinf———cosf | e'?2. 76
v ( V6 V2 ) (76)

The mixing angles, Dirac C'P violating phase and Majo-
rana phases for both types are listed in Table 3.

Table 3. Mixing angles, Dirac C' P phase and Majorana phases for the two types of vacua.
Type I Type I1
1 1
. 20 —_—
S 2+-cos20 2—cos260
sin20a3 1 1+ v/3sin26 coso 1 1— V/3sin26 coso
2 2+-cos20 2 2—cos260
1 1
sin26;3 3 (1—cos26) 3 (1+cos26)
s sin26 (2+cos20)sino sin26 (2—cos20)sino
sinoc p - .
|sin26] \/(2+cos260)2 —3sin?260cos2c [sin26] \/(2—cos20)2 —3sin?20cos2c
a+décp P1—¢3+o P1—¢3t+o
T
B+décp p2—p3+o P23+

One can adopt either of the two types to predict the
mixing angles and the Dirac C'P violating phases, since
both types give the same predictions. However, we note
the following two facts. First, if one fixes cos26~1 to ob-

| tain small sin?@;5 in type I, sin*6,5 in type Il reaches 2/3,
which is disfavored in the experiments. Second, as shown
in Subsection 3.3, the model parameters 6, o and ¢; are
expressed in the same forms for the two types with a, b,
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¢ and d of Eq. (27). Therefore, those parameters have
common values for both types. Hence, the two types can
not realize the experimental results simultaneously.
Next, we discuss the effective mass for Ov53 decay,
mee=y_,m;UZ, and the Majorana phases, a and 3. The
effective mass is given as follows:
|m! :é|m1(1+00829)e21¢1+m2621¢’2

ee

+ms(1—cos20)e(?s=)|, (77)

1 . )
|mL|= 3 |my (1—cos26)e®(?1+7) —m,e??>

+ms(1+cos20)e” %3 |, (78)

where the superscripts I and II denote the types of vac-
uum. Equivalently, one can rewrite Eqs. (77) and (78)
as

1 ) 4
|, :g|m1(1+COSQO)€‘2'(¢17¢3+”)+m2621(¢2*¢3+0)

+mg(1—cos26)|, (79)
‘mlele :% ‘ml (1—COS29)eQi(¢1_¢3+") _mQGQi(¢2—¢3)

+my(14-cos26)|, (80)
On the other hand, the effective mass in the PDG
parametrization is written as

e = sy 50 a2, g .

(81)

One can obtain the Majorana C'P violating phases a and
B by comparing Eqs (79)-(81),
(Type I) a+dcp=¢p1—¢sto , B+dcp=p2—¢s+o0,

(82)

T
(Type II)  a+dcp=¢1—¢s3+0 , 5+50P=¢2—¢3+§~

(83)
4.2 Numerical analysis

In this subsection, we show numerical analysis to find
the difference between two types. We use recent experi-
mental results with 30 range [22], as summarized in Ta-
ble 4.

Table 4. The experimental data for the mass
squared differences and mixing angles with 3o
range [22].

normal hierarchy (NH)  inverted hierarchy (IH)

AmZ2, /eV? (7.03~8.09)x 102 (7.03~8.09)x 1075

Am3, /eV? (2.407~2.643)x10~3 —(2.565~2.318)x10~3
sin%012 0.271~0.345 0.271~0.345
sin20a3 0.385~0.635 0.393~0.640
sin%013 0.01934~0.02392 0.01953~0.02408

As we have shown in the previous subsection, the
mixing angles and Dirac C'P phase are expressed in terms

of the model parameters # and o in different forms for
the two types.

The experimental data for sin?6,3 in Table 4 is real-
ized by the following value of # with NH or IH:

—

Type I; 9.81°<|0|<10.9° (NH), 9.86°<|0]<11.0° (IH),

84)

Type II; 79.1°<|0]|<80.2° (NH), 79.0°<|0|<80.1° (IH).
(85)

The value of o is allowed in —180° <o <180° for both of
the two types, since the error of sin®f,; from the exper-
iments is large.

Next, we discuss the parameters ¢; in the expres-
sions of the Majorana phases of Egs. (82) and (83). The
effective mass |m..| in Eq. (81) depends on the two com-
binations of Dirac and Majorana phases, 2(a+dcp) and
2(6+dcp). If we determine both |m..| and the lightest
neutrino mass, we obtain the constraints on these two
combinations. In order to find how the numerical con-
straints on ¢; are different in the two types, we consider a
specific situation. As an example, we assume that |m..|
is predicted in the region as shown in Fig. 3. We note
that the lightest neutrino mass is constrained from the
cosmological upper bound for the neutrino mass sum,
>..m; <0.16 eV [23]. This plot is obtained when the
Dirac and Majorana phases are randomly chosen from
the region Al in Fig. 2,

—_

O0<a+dcp<m/4, 0<fB40cp<Tt/4. (86)

In this situation, the phase differences ¢,—¢3; and ¢o—p5
for one type can be distinguished from those for the other
type. The constraints on the phase differences are shown
in Fig. 4. For type I, the phase difference ¢,—¢5 is pro-
portional to ¢;—¢s. However, for type II, ¢po—¢p3 is in-
dependent of the value of ¢;—¢@3; because o is absent in
the expression of ¢,—¢; in Eq. (83).

2(B + bcp)

F

yiA
B4 B3 | A3 A4

B2 Bl| Al A2 7
»2(a + 6cp)

C2 C1|D1|D2

C4 C3|D3 D4

Fig. 2. (color online) 16 divided regions for 2(a+
5cp) and 2(ﬂ—|—5cp).
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0.100

0.050

0.010

Imee|[eV]

0.005

0.001

5.x10™* 0.001 0.005 0.010 0.050 0.100
Lightest Mass[eV]

Fig. 3. (color online) The prediction of effective
mass for OvB3 decay in region Al of Fig. 2. The
upper region corresponds to the IH case , while
the lower one corresponds to the NH case.

Type |

P1-¢3

Type ll

¢2-¢3
o

P1-¢3

Fig. 4. (color online) The allowed regions of the
model parameters, ¢1—¢3 and ¢2 —¢3 for both
types of vacua. These plots correspond to region
Al of Fig. 2.

5 Summary

We have studied phenomenological aspects of a su-
persymmetric model with A, X Z5 symmetry. We found
24 degenerate vacua at the 24 minima of the scalar po-
tential. Then, we discussed the relations among the
24 different vacua and classified them into two types.
Both types consist of 12 vacua which are related to each
other by transformations of A,. We proved that the 12
vacua are equivalent and lead to the same physical con-
sequences. However, we found that we obtain different
physical consequences from the vacua of different types.
Therefore, we analyzed the two types of vacua to find
the different phenomenological consequences of the two
types. In particular, we investigated observables such as
mixing angles, Dirac C'P phase, Majorana phases and
effective mass for O30 decay.

These observables are expressed in terms of the model
parameters 0, o and ¢;. The angle # and phase ¢ are de-
termined by the deviation from the tri-bimaximal mix-
ing matrix. The two types lead to different expressions
for the mixing angles and Dirac C'P violating phase in
terms of # and o. Therefore, one should take differ-
ent model parameters in each type in order to realize
the experimental results. Although one can adopt both
of the two types to predict the observable parameters,
the two types cannot realize the current experimental
data simultaneously. The Majorana phases « and [ are
parametrized in the different expressions for each type
by the model parameters ¢; in addition to # and o. In
order to find numerical differences between the two types
of Majorana phase, we considered the specific situation
where the lightest mass and effective mass for the OvGg3
decay are determined in a certain region. We showed
the allowed regions of the phase differences, ¢, —¢3; and
¢—ps. The regions are quite different for the two types:
the phase differences for type I are proportional to each
other, while those for type II are not.

The VEVs n,, and A transfer to the different VEVs
by transformations of A,. However, the transformations
for n,,, and A\* are closed differently since they have the
Zs and Z, residual symmetries from A, respectively. We
have pointed out that some combinations of the VEVs
can lead to different physical consequences. When we
consider models with two or more flavons, we should take
account of the combination of VEVs.
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Appendix A

Multiplication rule of A4 group

In this appendix, we show the multiplication of the A4 group. The multiplication rule of the triplets is written as follows;

a1 by 2a1b1—azbz—azbs a2bz3—aszbo
az | @[ be :(a1b1+a2b3+a3b2)1@(a3b3+a1b2+a2b1)1/@(a2b2+a1b3+a3b1)1//@§ 2a3bz—a1ba—asb 695 a1ba—aszby
as 3 b3 s 20,2()27@1[)370,31)1 3 a3b17alb3
(A1)
while that for singlets is,
1'®1"=1. (A2)

In order to derive the A4 invariant superpotential in Eq. (1), we have used the multiplication rules. Their derivation is shown
in the reviews in Refs. [1-4].
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