HIGHER NASH BLOWUPS OF THE A3;-SINGULARITY

RIN TOH-YAMA

ABSTRACT. We show that the n-th Nash blowup of the toric surface singularity
of type As is singular for any n > 0. It has been known that the normalization
of the n-th Nash blowup of an affine normal toric variety is the toric variety
associated to the Grobner fan of a certain ideal. In our case, we prove that
the Grobner fan contains a certain non-regular cone for any n > 0. Thus we

conclude that the normalizations are singular, and so are the Nash blowups.

INTRODUCTION

Let X be an equidimensional quasi-projective variety over C. The classical Nash
blowup of X was defined in [1], and was recently generalized in [2] and [3] indepen-
dently.

The classical Nash blowup is defined as follows.

Definition 0.1 ([I]). Let X be a subvariety of A™ of dimension r, and Xy, =
X \ Sing (X). Let G (m,r) be the Grassmanian of r-dimensional subspaces of an

m-dimensional vector space over C. Then we have a natural morphism

¢: Xem = X xG(m,r); P— (P, TpX)

where Tp X is the tangent space of X at P. We define Nash(X) to be the closure
of ¢ (Xsm) in X x G (m,r). Moreover we obtain a morphism 7 : Nash (X) — X
by restriction of the first projection X x G (m,r) — X to Nash(X). The pair
(Nash(X),n) is called the Nash blowup of X. For an arbitrary variety, its Nash

blowup is defined by gluing the Nash blowups of its affine patches.

The classical Nash blowup is generalized to the n-th Nash blowup for any n > 0.

Let Mx p C Ox be the ideal sheaf of a closed point P. In the above definition,
1
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we looked at the tangent space at a smooth point P, which can be identified with
the dual space of Mx p/M% p. In other words, we looked at the first infinitesimal
neighborhood at P, i.e. the closed subscheme of X associated to the ideal sheaf
M5 p. The n-th Nash blowup is defined by considering the n-th infinitesimal

neighborhoods:

Definition 0.2 ([B]). Let n > 0 be an integer.

(1) For any closed point P € X, the n-th fat point P is defined to be the
closed subscheme of X associated to the ideal sheaf M}Jr]i
(2) For N := (di"‘X+"), let Hilbx (X) be the Hilbert scheme of 0-dimensional

dim X

closed subschemes of length N. We have a natural morphism
bn: Xom < X x Hilby (X); P s (P, [PW)D .

Then we define Nash,,(X) to be the closure of ¢, (Xgn) in X x Hilby (X),
and m, : Nash,(X) — X to be the restriction of the first projection
X x Hilby (X) — X to Nash, (X). The pair (Nash,,(X),m,) is called the
n-th Nash blowup of X.

Nash; (X)) was shown to be isomorphic to the classical Nash(X) ([8], Proposition
1.8). Moreover, let p be the second projection X x Hilby (X) — Hilby (X), and

Nash/, (X) the closure of
Po du (Xam) = { [P")] € Hilby (X) | P € Xo }

in Hilby (X). Then p : Nash, (X) — Nash/, (X) is an isomorphism (]3], Proposi-
tion 1.3), so we identify them.

Now the following questions were raised:

Questions. (1) ([d], Remark 1.5) Is Nash,, (X) smooth for n > 0?7
(2) ([8], Conjecture 0.2) Let J@mX=1 he the (dim X — 1)-th neighborhood

of the Jacobian subscheme J C X, i.e. the closed subscheme associated to
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j9mX where jy is the Jacobian ideal sheaf of X. Let [Z] € Nash,,(X) with
Z ¢ JW@imX=1_ Then, is Nash, (X) smooth at [Z]?

Let X has only finitely many singular points, i.e. J be 0-dimensional. Under
this assumption, if the answer to Question (2) is positive, then so is the answer to
Question (1): Indeed, any [Z] € Nash,, (X) satisfies Z ¢ J for n > 0 whenever
length (Z) = (2 XF™) > length (J). When X is a curve, it was proved in [3] that
the answer to Question (2) is positive, thus so is the answer to Question (1).

If the answer to Question (1) were positive for an arbitrary X, then a resolution
of singularities of X could be obtained as Nash,,(X) for n > 0. Hence we could
resolve singularities without iterations of operations, as with Hironaka’s resolution
().

Our main result shows that the answers are negative in general:

Main Theorem. Let X := (z4 —zy = O) C A3 be the toric surface singularity of

type As. Then Nash,,(X) is singular for any n > 0.

Therefore the As-singularity is a counterexample to the above questions, since
X has only finitely many singular points. It has been suggested by T. Yasuda ([4],
Remark 1.5) that the As-singularity might be a counterexample. Moreover, exten-
sive calculations supporting the suggestion were given by D. Duarte ([G], Section
3.5). The current work was motivated by them.

We prove our main theorem in the following way: Duarte’s theorem (Theorem
) shows that the normalization Nash, (X) of Nash,, (X) is the toric variety as-
sociated to the Grobner fan GF (J,,) of a certain ideal J,,. Thus it is sufficient to
show that GF (J,) contains a non-regular cone. On the other hand, we see that
the maximal cones of GF (J,,) are obtained from reduced Grébner bases of .J,, in a
certain way. Hence we first give the reduced Grébner basis of J,, with respect to a
certain ordering, and explicitly describe the cone associated to the base. Then the
cone is non-regular. Therefore Nash,, (X) is singular, and so is Nash,, (X).

This paper is organized as follows.
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In section 1, we recall the general theory of Grébner fans of ideals in monomial
subalgebras. For any ideal I in a monomial subalgebra, we give a description of
the maximal cones of GF (I) in terms of reduced Grébner bases of I, as it is more
convenient in our exposition.

In section 2, we give a proof of our main theorem. First we give a certain
monomial ordering =, and then determine the minimal generators of in< (J,,) for
any n > 0 where J,, is the ideal introduced in Duarte’s theorem (Theorem [2).
This is the hardest part of the proof, and needs somewhat technical arguments
on certain semigroups in (ZZO)Q. The minimal generators of in< (J,,) are exactly
leading monomials of elements of the reduced Grobner basis of J,,. Moreover, for
one element of the reduced Grobner basis, we show that it in addition contains
a certain (explicitly given) monomial. These results on elements of the reduced
Grobner basis allow us to explicitly describe the cone in GF (J,,) associated to the

basis. Then our main result is proved.

1. GROBNER FANS OF IDEALS IN MONOMIAL SUBALGEBRAS

In this section, we recall the theory of Grobner fans of ideals in monomial subal-

gebras. Grobner fans is defined and studied for ideals in polynomial rings, but a very

First of all, let us explain how we are going to use the Grobner fans. Our setting

in this section is as follows.

Notation 1.1. Let o0 C R? be a strongly convex full-dimensional rational polyhe-

dral cone, and X the affine toric variety associated to o.

(1) Let S := C[¢¥ N Z%] where 0" is the dual cone of 0. Thus X = Spec S.
(2) Let ay,...,as generate 0¥ NZ% ie. 0¥ NZ? = Zsoay + - - + Z>oas.
(3) By a coordinate transformation, we can assume that 0¥ C (Rzo)d. Then S

becomes a monomial subalgebra of C[z1,...,z4| in the following way: For
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each a; = (a;1,-..,a;q), take the monomial
=" - ay? € Clay, ..., xq4).

Then S = Clz™,...,2%] C Clzy,..., 24
With the above notations, we state Duarte’s theorem as follows:

Theorem 1.2 ([d], Theorem 2.10). Let J,, := (z® —1,..., 2% — 1>"Jrl C S. Then

Nash,,(X) is the toric variety associated to the Grobner fan GF (J,,) of J,,.

By the theorem, we can conclude that Nash, (X) is singular if GF (.J,,) contains
a non-regular cone.
Now let us go back to our explanation of the theory of Grébner fans of ideals in

S. Let I be an arbitrary nonzero ideal in S till the end of this section.

Definition 1.3 (9], Proposition 1.5). Let w € o.
(1) For anonzero element f = 35 na cpxl of S, let m := max {w- 3 |z € supp (f)}
where the dot product - denotes the standard inner product on R?. Then
we define the initial form of f with respect to w as
in, (f) := Z el
w-B=m
We define in,, (0) to be 0.
(2) ing(I) := (iny,(f) | f € I) is called the initial ideal of I with respect to w.
(3) Let Clw] :=={w' € 0 | iny (I) =in,, (I)}.

Definition and Proposition 1.4 (4], Proposition 1.6). Let Clw] be the closure
of C[w] in R%. Then
GF(I) := {C[w} | w e 0}

forms a polyhedral fan with |GF (I) | = ¢. This is called the Grébner fan of 1.

Below we will give an alternative description of the maximal cones of GF (I) to

be more suitable for our purpose.
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Definition 1.5 ([6], Appendix A, Definition A.1.1). Let < be a total ordering on
monomials in S. Then = is called a monomial ordering if it satisfies the following
conditions:

(1) Let 2, 2% € S. If 27 divides 2% in S, then 27 < x°.

(2) For any 27 € S, 27 < 2% implies 277 < 297,

Remark 1.6. In this paper, divisibility between monomials in .S will always mean

divisibility in S, not in C[zy,...,z4]. For example, in S = C [u,u3v4,uv], u does

not divide u3v?.

Definition 1.7 ([8], Definition 1.2, 1.3). Let < be a monomial ordering on S.

(1) A set {g1,...,9:} of nonzero polynomials in I is called a Grébner basis of

I with respect to < if Im< (g1),...,lm< (g:) generate the ideal

ing (1) := (lmx (f) [ f € T)

i.e. for any f € I\ {0} there exists g; such that Im< (g;) divides lm< (f).
(2) We say that a Grobner basis {g1,...,¢:} is reduced if le< (¢;) = 1 for any

¢ and no monomial of g; is divisible by Im< (g;) for any i # j.

Theorem 1.8 ([4], Theorem 1.4). Let < be a monomial ordering on S. Then I

has a unique reduced Grobner basis with respect to <.

Definition 1.9 (c.f. [I0], Chapter 8). (1) Let {g1,..., gt} be the reduced Grébner

basis of I with respect to <. Then

G :={(91,Im=< (g1)) .-, (g, Im=< (g¢))}

is called the marked Grébner basis of I with respect to <. Note that two
distinct monomial orderings may define the same marked Grébner basis of

I. When we do not care about orderings, G is simply referred to as “a

marked Grobner basis of I7.
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(2) Let G = {(g1,2**),...,(gt,2%)} be a marked Grobuner basis of I. Then

we define the cone Cg C o by
Cg:={weo|(a;—B) w=>0 for any i and zP € supp (g:) } -

We will see in Theorem T4 that the maximal cones of GF (I) are exactly the

cones given as Cg.

Lemma 1.10 ([i7], Lemma 1, Theorem 4). Let < be a monomial ordering on S,
which we regard as a total ordering on ¢ NZ%. Then < extends to a total ordering
on Q7 in a natural way, and there exist row vectors wy, ..., w, € R? satisfying the

following: For any o, 8 € Q%, B < « if and only if there exists 9 < r such that
Vi <1, (¢ —f) -w; =0and (a—pf)- wy >0.
In this case, we say that < is the monomial ordering associated to the r x d matrix

wq

Wr

Proof. Let H C Z¢ be the abelian subgroup generated by ¢¥ NZ%. Then Q®y H =
Q7 since ¢¥ C R? is full-dimensional.

One can easily check that < extends to a total ordering on H as follows: For any
p,p’ € H, take expressions p = p; —p_ and p’ = p/, —p’ by some p_,p_,p/,,p_ €
oV NZ2 Then p < p if and only if p, +p/ < P+

Moreover < extends to a total ordering on Q¢ = Q ®z H as follows: For any
q,q € Q®z H, there exists r € Z~¢ such that rq,rq¢’ € H. Then q =< ¢’ if and only
if rqg <rq.

Now Robbiano’s theorem ([IT], Theorem 4) shows that there exists r > 0 and a
real r X d matrix M such that the ordering < on Qd is associated to M. Then the

vectors w; := (i-th row of M) satisfy the condition in the assertion. (]
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Lemma 1.11 ([6], Appendix A, Proposition A.2.2). Let <, <’ be monomial order-

ings on S. Then in</ (I) C in< (I) implies in</ (I) = in< (I).

Lemma 1.12 (c.f. 0], Chapter 8, Theorem 4.7). Let G = {(g1,2*'),..., (g, 2**)}

be a marked Grébner basis of I. Then we have the following:

(1) Cg is a strongly convex full-dimensional rational polyhedral cone.

(2) For any w € int (Cg), we have
(i = B) -w > 0 for any i and 2 € supp (g;) \ {z*}.

Proof. (1) Cg is a rational polyhedral cone because the entries of a; — 3 are rational.
Moreover Cg is strongly convex since Cg C ¢ and o is strongly convex.

Let us show the full-dimensionality of Cg. By the definition of Cfg, it is clear
that Cg contains the open subset U of R¢ defined by

U:=int (o) N ﬂ {weR|(a; —B)-w>0for all 2° € supp (g;) \ {z*}}.

1<i<t
Therefore it is sufficient to show that U # 0.

Let < be a monomial ordering on S with respect to which G is the marked
Grobner basis. By Lemma [CI0, < extends to a total ordering on Q¢ associated to
some 7 X d matrix M. Let w; be the i-th row of M, and put w(e) := wy + ews +
— 4 € lw, € RY for any € € R.

We will see that w(e) € U for sufficiently small € > 0.

First, let us remark the following fact: For any 1,7, € 0¥ NZ4 with 27 < 272,
there exists 7o < r such that (y2 — 1) -w; =0 for all i < ro and (y2 — 1) -wr, > 0.
Thus, for sufficiently small € > 0, we have (y2—v1)-(wr, + €Wpgy1 + -+ + € w,) >

0. This implies that

(v2 =) - wle) = (2 —m)- (w1 + ews + -+ + er_lwr) > 0.

%

Let L be any ray of 0¥ and puy, its ray generator. Then 1 < a#L. Thus, as we

have remarked above, py, - w(e) > 0 for sufficiently small € > 0. By restricting € for
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all L, we have w(e) € int (o). Moreover, for any 2? € supp (g;) \ {z%}, we have
x? < 2%. Thus (o; — B) - w(e) > 0 for sufficiently small € > 0.

Therefore w(e) € U # ) for sufficiently small € > 0, so (1) holds.

(2) The vectors o; — 3 in the assertion are contained in (Cg)" by Definition I
(2). Thus F := {w € Cg | (a; — B) - w = 0} is a face of Cg, which is proper since
Cg is full-dimensional and «; — 8 # 0. Therefore any w € int (Cg) is not contained

in F. (]

Definition 1.13 ([d], proof of Proposition 1.5). Let w be an element of o, and < a
monomial ordering on S. Then the w-weighted ordering associated to <, denoted

by <4, is defined as follows:
2’ 2y 2* e (a—B)-w>0) or ((a—p) w=0and 2’ <z%).

One can easily check that <, is also a monomial ordering on S.

Lemma 1.14 (6], Appendix A, proof of Proposition A.3.1). Let w be an element
of o, < any monomial ordering on S, and G the reduced Grobner basis of I with

respect to <,,. Then
Clw] = {w' € 0| iny (g) = in,(g) for all g € G} .

Corollary 1.15. Let G = {(¢g1,2“'),...,(g9¢,2%)} be a marked Grobner basis of

I, and w an element of int (Cg).

(1) Let < be any monomial ordering on S. Then G is the marked Grdbner

basis of I with respect to <.

(2) Clu] = Cg.

Proof. (1) It is sufficient to show that

Im<, (g;) =2% for 1 <i<t,andin<, (I)= (x,...,z%).

w
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By Lemma I3 (2), we have in,, (g;) = ®. Thus, by the definition of <,,, one can

easily check that Im< (g;) = Im< (in,, (¢;)) = . Hence
(. .,z Cinx, (1).

On the other hand, for a monomial ordering =<’ with respect to which G is the
marked Grébner basis of I, we have in</ (I) = (z®,...,2%). Thus (z*,...,2%) =
in<, (I) by Lemma ITT. Therefore (1) holds.

(2) By (1), G is the marked Grobner basis of I with respect to <,,, and Lemma

T2 (2) shows that in, (g;) = 2® for any 1 < ¢ < ¢. Thus, by Lemma T4,

Clw] ={w' € o | ing (g;) = % for all 1 <i < t}.

This shows that int (Cg) C Clw] by Lemma T2 (2), so Cg C Clw]. On the
other hand, this also shows that Clw] C Cg by Definition T4 (2). Therefore
C[w] = C@. U
Lemma 1.16. Let < be the monomial ordering associated to a matrix M, and G
the marked Grobner basis of I with respect to <. Then the first row w; of M is

contained in Cg.

Proof. We have wy € o since 1 X z for any z® in S. Thus the assertion follows

from the definitions of Cg. (I

Theorem 1.17. There exists a one-to-one correspondence

o

{marked Grébner bases of I} — {maximal cones of GF (I)}; G — Cg.

Proof. The set int (Cg) is nonempty since Cg is full-dimensional by Lemma T2
(1). Therefore Cg is a member of GF (I) by Corollary T3 (2), which is maximal
because of the full-dimensionality. Thus the correspondence is well-defined.

Let < be any monomial ordering on S (e.g. the lexicographic ordering). One can

easily check that the correspondence is injective by Lemma T3 (1).
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Now fix any maximal cone C € GF (I) and take w € int (C). Let G be the
marked Grobner basis of I with respect to <,,. We have w € Cg by Definition
3, Lemma [T and Lemma TI8. Then C' = Cg: Indeed GF (1) is a fan and
hence C' N Cg is a face of both C' and Cg. However w € int (C) is contained in
C N Cg, thus C = CNCg C Cg. Since C is maximal in GF (I), we have C' = Cg.

Therefore the correspondence is also surjective, so the assertion holds. ([

2. HicHER NASH BLOWUPS OF THE A3-SINGULARITY

We give a proof of our main theorem in this section.

Notation 2.1. In this section, let X := (2* — 2y = 0) C A3

(1) Let o C R? be the cone generated by lattice points (0,1), (4, —3). Then the
dual cone 0¥ C R? is generated by (1,0),(3,4). These cones are strongly
convex and full-dimensional.

(2) The monoid oz := oV NZ? is generated by (1,0),(3,4),(1,1).

(3) S := Cloz] = Clu, u?v*, uv] C Clu,v]. There is a surjective homomorphism
F: Clz,y,2] = S; x> u, y— udvt, 2 uw

with ker F' = (z* — zy). Hence X is isomorphic to Spec S, the affine toric
variety associated to o.

(4) For any integer n > 0, we define
o = (u— 1,230 — 1,uv — )" C S.

Then the normalization Nash, (X) of Nash,, (X) is the toric variety associ-
ated to GF (J,,) (Theorem [2).

4

Remark 2.2. We will identify elements of o7 with monomials of S = Clu, u3v*, uv]:

For example, we identify (3,4) € oz with u3v* € S, and (1,0) + (1,1) with u - uv.
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Our aim is to find a non-regular cone in GF (J,,) to prove that Nash,(X) is
singular. As we explained in the previous section, it is sufficient to find a marked

Grobner basis G, of J,, such that Cg, is non-regular.

Definition 2.3. (1) Let < be the monomial ordering on S associated to
2 -1
1 1

(see Lemma 10 for details).

(2) Let G, be the marked Grobner basis of .J,, with respect to <.

(3) Let M, :={a | (¢9,«) € G, }. This is the minimal monomial generating set
of in< (J,,).

Below we will describe Cg,, explicitly, and show its non-regularity.
2.1. Candidate for M,,. We first study M,,.

Definition 2.4. For each integer n > 0, let P, be the set consisting of following
elements of o7 (see Figure 0, Figure B):

For odd n,

10 = 0 + (0, 1), rh=rh 5 (1,2) (0<) <251,
sn = 2L (3,4)
For even n,
pn = (52,0),
¢) = (£2,0) + 2 (1,2), ¢ :=q) —i(1,2) (0<i<52),
0 =0+ (0,1), = +i(12) (0<5< %),
sn = ("32) (3,4)

In the next subsection, we will show M,, = P,. Here we prove some properties

of P,, that will be needed later.
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The next lemma gives direct description of elements of P,,:

Lemma 2.5. Let n > 0 be an integer. If n is odd, then

Pn = (nTSuO) :CInz _(071)7

& = (n+1m), w7 = (42).
W= (nt1n+1), ra? = (31 on)
sn =" (3,4) =12 +(1,2)
If n is even, then
o= (2.0 = .7 —(1,2),
@) = (n+1,n), w? = (m2),
m=Mm+1n+1), rd = (352 2n 41),
sn = (22 (3,4) = rf +(2,3).
Proof. The assertions follow from direct calculations. O

Now let us explain what P, looks like. By the definition of P,, and Lemma B3,
we obtain Figure I and Figure B: All ¢/ and 7J are lying on the thick-line segments,
and conversely all lattice points on the segments are members of P,,. The broken-
line segments have lattice points only at the edges. If n is odd, then the slopes of
segments qn qn and 70s,, are both 2. If n is even, then the slopes of p,¢" and

0

rnrf are both 2, and the slope of re sn is 3.

Next let us look at how P, and P, 11 are related.

Lemma 2.6. Let n > 0 be an integer.

(1) #Pn, =n+3.
(2) For any distinct members a, b of P,,, we have b ¢ a + 0.

(3) If n is odd, then

Pn-1+ (170) = Pn = Pn+1, Sn ?A Sn+1-
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(0,0)

(0,0)

FIGURE 1. P, for odd n FIGURE 2. P, for even n

If n is even, then

Pn # Dntl, Sn—1+ (374) = Sn = Spn+1-

(See Figure B, Figure @.)

(4) For the map 6 : 0V — ¢V defined by a > (1,1) 4 a, we have

0 (CI;) = qz+1a 0 (Ti) = Tgwrl

and

n+1

0 (pn) = pny1 +(1,1) and 0 (s,) = 7,7, if nis odd,

0 (pn) = qi_l and 0 (sp) = spy1 + (1,1)  if n is even.

Thus 6 (P,) C Pny1 + 0z.
(5) We have

{pn} if nis odd,
Pn ﬂ Pn+1 -

{sn} if nis even,
and

Pns1 =0 (Pn \ Pny1) U{Pnt1,8n41}-
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(6) We have
Prn +o07 = (Pn \ Pn—i—l) U (Pn—i-l + UZ) .

Proof. (1) follows from direct counting.
(2) Let I3 := (4,—3) and Iz := (0,1) be the ray generators of o. Then, for any
a,be Py, bea+oyifand onlyifly-(b—a)>0andls-(b—a)> 0. However the

following inequalities hold: If n is odd, then

n—1 n—1
lopn >l qn? > >lh @0 >l 0> >0 rp® >y 8y,
n—1 n—1

lo pp<lp-qn® < - <lp-@Q<ly-10< - <ly-rp? <ly-8p.

If n is even, then

n—2 n
hopn>lioqn? > >l-@Q >l 0> >0 12 >l sp,
n—2

lg~pn<l2~an<---<l2~q2<l2-7“2<~--<l2~7“§ <l - sp.
Indeed, we have I - (1,2) = =2 < 0 and I3 - (1,2) = 2 > 0, thus

hoghitt =1 (¢h—(1,2) =l ¢, — 11 - (1,2) > Iy - ¢,
lo-gitt =lo- (¢, — (1,2)) =lo- g, — 1o+ (1,2) < Iy - gb.

One can easily check the other inequalities by similar calculations.

Then, for any a # b € P,, we have either l; - (b—a) < 0 or ly-(b—a) < 0.
Therefore (2) holds.

(3) follows from direct calculations.

(4) One can easily check that 6 (¢3) = ¢5, for any n by Lemma 2. Therefore
6 (an) =0 (an —1(1,2) =6 () =(1,2) = sy =1 (1,2) = g

The other assertions also follow from similar direct calculations and (3).

(5) In Figure B and Figure B, (4) implies that 6 shifts segments as follows:

n—1 n—1 n+1
0 0 =g 2 ¢ and@(ros):ro r 2, if n is odd
an” 4y 9ns190+1 nSn n+1Tn¥1 )
0
n

0 (pndd) = ¢,2414%,1 and 0 (r 7"3) =79 r2 if nis even.
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This shows that

0 (Pp\ {pn}) ifnisodd,
Pri1 \ {Pn+1,Sny1} =
0 (Pn\ {sn}) if niseven.

On the other hand, we have

{pn} ifm isodd,
Pn n Pn+1 ==

{sn} if n is even.
Indeed, let n be odd (resp. even). By (3), we have p, = pp+1 € Py N Pri1 (resp.
Sn = Spt1 € P N Ppy1). If Py N'P,uyq contains some a # ppy1 (resp. a # Spi1),
then a € 0 (P, \{pn}) or a = Spt1 = sn + (3,4) (resp. a € 0 (P, \ {sn}) or
@ = pnt1 = pn + (1,0)). However each of these possibilities contradicts to (2).
Therefore (5) holds.
(6) By (3) and (5), it is clear that P, 41 C Py, +o0z. Hence Pp11 +07 C Py + 0z

and it is sufficient to show that
(Pn + UZ) \ (Pn+1 + UZ) - Pn \ Pn+1~

Fix any a € P, \ Pry1.

We have a ¢ Ppi1 + oz: Otherwise 0 (a) € Ppy1 + (1,1) + oz but 6(a) €
Pnt1 by (5). This contradicts to (2). Therefore a € (P, + 0z) \ (Pnt1 + 0z) so
(Pn +02) \ (Pnt1+02) O Pn\ Pny1.

To see the other inclusion, we will show the following by induction on n:
a+(1,0),a+ (3,4) € Pyy1 + oz where a € P, \ Ppt1.

The case n =1 is easily checked by Figure B. Let n > 1.
Let d be (1,0) or (3,4).
By (5), we have

a€Py, \ Pni1 = (9 (Pn—l \Pn) \Pn+1) U ({pna Sn} \Pn+1) .
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Spn+l A

" ntl
2
pt1

Pn = Pnt1

Ficure 3. P, and P41
for odd n

Sn = Sn+1 #

n

)
rnJrl

n
2

| qn+1

PO

Dn Dn+1

FiGgure 4. P, and P41
for even n

Let a is contained in 6 (P,,—1 \ Pp) \ Prn+1. Then a =0 (o) for some a’ € P,,_1\
Pn,so a+d =a'+d+(1,1). By the induction hypothesis, we have a’+d € P, + o7
thus a+d € P, + 07+ (1,1). Since P,, + o7+ (1,1) = 0 (P,) + 0z C Ppi1+ 0z by
(4), we have a +d € Pyq1 + 07.

Let a is contained in {p,, sy} \ Pny1. If n is odd, then a = s,, by (5) and

sut (1L,0) =17 +(L2)+(1,0) =0 (ra® ) +(1L,1) =y +(1,1),

Sp + (3a4) = Sn+1-
Hence a + d € P41 + 0z. If n is even, then a = p,, and we have

Pn + (LO) = Pn+1,
n—2 n—2 n—2
po+BA) =0T (L) +EH=0(07 )+ L) =0T + (LD

thus a +d € Pp41 + 0z.
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o
)
| annntl SR

(0,0)
b1 = D2

FIGURE 5. P; and Py

Therefore the induction is complete and we have a+(1,0),a+(3,4) € Ppi1+0z
for any a € P, \ Pnt1. Note that a + (1,1) = 0 (a) is also contained in P, 11 + 07z
by (4).

Then the other inclusion (P,, + 0z) \ (Pnt+1 + 0z) C Pn \ Pn41 holds: For any
b€ (Pp+oz)\ (Pnt1+0z), we have b = a + d’ for some a € P, \ Ppy1 and
d" € oz. Then d’ = 0: Otherwise, since o7 is generated by (1,1),(1,0) and (3,4),

b=a+d € P,y1+ oz as we have seen above. Therefore b =a € Py, \ Pry1. O

Definition 2.7. Let D,, := oz \ (P, + 0z). In the monomial algebra S, D,, is the
set of monomials which are not divisible by any monomial in P,,. In other words,

D,, consists of all monomials in S not contained in the ideal (P, ) generated by the

monomials in P,,.
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Definition 2.8. Let O := (0,0) € oz. We define the following sets:

V= {07 (1’ 1) ) (170)} )
Vo :={0,s1,(1,0),40},

n—1
v {Oapn—la qg,—larnipsn—Q} if n >3 is odd,
n =

n—2

{0, Sn—1:q0—1, 021 7pn72} if n > 4 is even.

Let D,, be the convex set Conv (V,). We will later show that D,, is the convex
hull of D,, (Lemma 210 (5)). The vertices of D,, are exactly elements of V,,, but
we do not need this fact. However it is clear that the vertices of D,, are contained

inV,.

Lemma 2.9. Let n > 3. Then D,, contains the lattice points 70_;,¢%_, and

w

n—

q,2, ifnisodd,

—2

S
r, 2o if nis even.

3

Proof. For each lattice point « in the assertion, we will give a representation of «
as follows: a = ¢1y1 + coy2 where v; € V, and ¢; > 0 with ¢; + ¢ < 1. Then we
can conclude that o € D,,.

If n is odd, then

n—1

0 _ _n%’-n 0 2n 2
Tn-1 = m2fan—19n—1 T 7 q2n=1"n-1-
0 _ 2 n—2_0
qn_z - nz_lpn—l + n—1 qn—la
ot 2 _9p 1 10
2 — N _—zn—
no = —p—1 Pn—1+ 571"

If n is even, then

__n_ 0 2
n—1 — n+3qn71 =+ n+3sn717

0o _ 2 n—2 0

Qn—2 = 2—pPn—2+ ;=7qn—1,
2 2n—3
2 — n—

Tnlo = 5pPn—2 + 5, Sn—1.

Therefore the assertion holds. O

Lemma 2.10. Let n > 0 be an integer.

(1) Dy = {(0,0),(1,0),(1,1)} and Dy, = Dyr_y U (Pp_y \ Pn) for n > 2.
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(2)
3)
(4)

(5)

RIN TOH-YAMA

#D, = 1(n+1)(n+2).
(17 1) + Dn C Dn+1~
Let @ : o7 — Z be the map defined by a — (—1,1) - a.
If n is odd, then
n+1 n+1 n+1
@(Dn)_{— 5 ,—( . —1),...7—1,0,1,..., . —1}.

If n is even, then

@(Dn):{—g,—(g—1>,...7—1,0,1,...,3—1,2}

and s,_1 is the only member of D,, which is mapped to § by ®.

Y, C D,, and D,, is the convex hull of D,,.

(6) pp is strictly bigger than any element of D,, with respect to <.

(7)

Let n > 2. We define ¥, : o7 — Z by a — [, - a where

(2n —2,—n+2) ifnisodd,

l, =

(2n,—n + 1) if n is even.

Then, if n is odd, we have
max ¥, (D,) =9, (r%)

and this is equal to

min ¥, (P,) = ¥, (q:51) .
If n is even, we have

max ¥, (D,) =¥, (sp—1)
and this is equal to

min ¥, (P,) = U, (pn) .
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Proof. (1) The case n = 1 follows from Figure B. Let n > 2. Then Lemma 28 (6)
implies P,, + o7 C Pp_1 + oz, thus the following equalities hold:

Dn =0z \ (Pn +UZ)
= (02 \ (Pn-1+02)) U (Pn-1+ 02) \ (Pn + 02))

- Dn—l U (Pn—l \Pn) .

Hence (1) holds.
We prove (2)-(5) by induction on n.

(2) The case n = 1 follows from (1). Let n > 2. We have # (P,,_1 \ P,) =n+1
by Lemma P (1) and Lemma P8 (5). Hence (1) implies that

D, = #Dy 1+ # (Pt \ Pa) = gnln 1)+ (04 1) = S (n+1)(n +2).

(3) Let n = 1. In Figure B, it is clear that D; consists of lattice points of D;.
Moreover Dy = Dy U (Py \ {p1}) by (1) and Lemma P8 (5). Thus one can see by
Figure B that D also consists of lattice points of D,. Then it is easily checked that
(1,1) 4+ Dy C Ds.

Let n > 2. By (1) we have

(11) 4 Do = (1,1) + Du 1) U((1,1) + (Pa_s \ P)).
Now (1) also shows that D,, C D;,,+1. Thus, by the induction hypothesis, we have
(1,1) + Dp—1 C Dy, C Dy
Moreover Lemma P8 (5) shows that
(1,1) + (Pr=1 \ Ppn) =0 (Pn—1 \ Pn) C Pn \ Pry1

and P, \ Pnt+1 C Dpt1 by (1). Therefore (1,1) + D,, C Dyyq.-
(4) The case n =1 follows from direct calculations.

Let n > 2. By (1) we have ® (D,,) = ® (D,,_1) U® (Pr_1 \ Pn).
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[ ] o
S1
(¢} (¢}
o (¢} (¢}
(1,1) D,
[ ] [ ] 0 ] o
4
Dy
(0,0) @ °
(1,0)

FIGURE 6. D; and Dy

Let n be even. By the induction hypothesis, ® (D,,_1) consists of

—E,—(9—1),...,—1,0,1,...,9—1.
2' \2 2

Moreover ® (P,,—1 \ P,) consists of

O (g, 1) =-1-1, @ (ri;_l) =jand ® (s,_1) = g

where 0 < 4,5 < %‘2 Hence the assertion holds for even n.

Let n be odd. By the induction hypothesis, ® (D,,_1) consists of
1
(L gy (L o) 40, Lol
2 2 2 2

Moreover ® (P,,_1 \ P,,) consists of

Y1 . : .
n2 ; (I)(qn_l) =—-1—4, @(Tﬁb_l) =3

¢ (pn—l) ==

where 0 < i < "T_?’ and 0 < j < "T_l Hence (4) holds.
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(5) In the proof of (3), we have already shown the cases n = 1,2: In Figure B,
D; (resp. Dy) consists of lattice points of D; (resp. Dy).

Let n > 3. Tt is sufficient to show that V,, € D,, C D,,.

Let n be odd. First let us show D, C D,. By (1), we have D, = D,,_; U
(Pn—1\ Pn). One can check D,_; C D,, as follows. If n = 3, we have Dy C Ds:
Indeed

V2 = {07517 (170)aq?}

and O,s; € V3 C D3. Since po = (2,0) € V3, we have (1,0) € Ops C Ds.
Furthermore q(f € D3 by Lemma 9. Thus V, C D3, so Dy C Ds. If n > 3, we also

have D,,_; C D,,: Indeed

n-3
Vn—l = {Oa Sn—2, Q2—27 anQ 7pn—3}

— n=3
and O,s,_2 € V, C D,. Lemma 9 shows that q70172,(1ni2 € D,,. Moreover
Prn_s € Opp_1 C D,, since pp—1 € V,,. Thus V,,_1 C D,,, 50 Dy_1 C D,,.
Therefore D,,_1 C D,,_1 C D,, for odd n = 3 by the induction hypothesis.

To see P,,_1 \ P, C D,, for odd n = 3, note that the following equalities hold:

n—1
Pr-1\Pn="Pn-1\{8n-1} = {lattice points on p,_1¢%_; and r2_,r, 2 }

n—1

n—1

(see Figure ). Now p,—_1,¢%_1,7,%2, € Va, and r0_, € D,, by Lemma 9. Thus
Pr_1 \ P, C 'Din
Therefore D,, = D,,_1 U (P_1 \ Pp) C D,, for odd n = 3.

n—1
Next let us show that V,, = {O,pn_l, @ _r.2, Sn_g} C D,, forodd n = 3. By

n—1

the induction hypothesis, O,s,,_2 € V,_1 C D,_1. Moreover p,_1,¢%_;,7,%, €

Ppn-1\ P, by Lemma B8 (5). Therefore V,, C D,,_1 U (Pp_1\ Pn) =D, by (1).
Hence (5) holds for odd n.
Similar arguments prove the cases for even n = 4: To show D, = D,_; U

(Pn_1\ Pn) C D, we will check that D,,_; C D,, and P,,_1\P,, C D,, respectively:
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For the set
n—2
Vn—l = {Oapn—27q2—27rn3275n—3} 5
— n—2 -
O,pp_2 € V, C D,. Moreover qgfz,rnig € D, by Lemma 9. We also have
Sp—3 € Os,_1 C D, since 5,1 € V,,. Thus V,,_1 C D,,, s0 D,,_; C D,,. Then, by
the induction hypothesis, D,,_1 C D,_1 C D,,. On the other hand

n—

2
Prn1\Pn=Prna\{pn-1} = {lattice points on ¢,2,¢%_, and T?L_lsn_l}

n—2 -
see Figure B). Then q.%,,¢°_1,8n—1 € V, and r°_, € D,, by Lemma 9, so
n—1r4n—1 n—1
Pr-1 \ Pn C 'Din
Therefore D,, = D,,—1 U (Pp_1 \ Ppn) C Di.

n—2

Let us check that V, = {O,Sn,hqg,l,qnil,pnﬂ} C D,,. By the induction

hypothesis, O,p,_2 € V,,_1 C D,_1. Moreover sn,hqg,l,qﬁ € Pn_1 \ Pn by
Lemma P8 (5). Therefore V,, C Dp—1 U (Pr—1 \ Pn) = Dy, so (5) holds.

To prove (6) and (7), let us remark that, for any I € R?, the function f: D,, >
a1 -a € R attains the maximum value at the vertices of D,,. Therefore, by (5),
we have max f (D,,) = max f (V).

6) By the definition of < (Definition E23), we only have to show that
(6) By ; y
(2,=1) - pn > (2,—1) -a for all a € D,,.

Let n be odd. The case n = 1 is easily checked. Let n > 3. To determine

max{(2,—1)-a | a € D,}, we give the following calculations for elements of V,:

(2,-1) pp_1 = (2,-1) - (2E,0) =n+1,

(25 71) : qg—l = (2771) : (nan - 1) =n+ ]-a
n—1

(2a 71) rnil = (2771) ! <3n271’2n7 1) =n,

(2,-1) sp—2 = (2,-1) - 251 (3,4) =n— L.

Hence max{(2,-1)-a|a€ Dy} =n+1<(2,-1)-p, =n+3.
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Let n be even. The case n = 2 is easily checked. Let n > 4.

(2.-1) 501 = (2,-1)- 2(3,4) = n,
(2771) -qg_l = (2, 71) (n,n — 1) =n+1,
(2, -1) .7 = (2,-1) - (%2,1) =n+1,
(2,-1) - pp2=(2,-1)- (%,0) =n

Hence max {(2,—-1)-a|a € Dy} =n+1 < (2,-1)-p, = n+2. Therefore (6) holds.
(7) The case n = 2 is easily checked. Let m > 3 be odd. To determine

max ¥, (D,,), we give the following calculations for elements of V,,:

n(Pn-1)=02n—-2,—n+2)- ("Tl,O) —n2_ 1,

v

U, (4_1)=0@n-2,—n+2) - (n,n—1)=n*>+n-2,
. 1

v

w(raf) =@n-2-n+2) (25

n(Sn—2) = (2n_2a_n+2)'%71(3a4) =n?-1

1,2n71):n2+n71,

n—1

Therefore max ¥, (D,,) = ¥, (r%) =n’4+n-—1
To determine min ¥,, (P,,), note that ¥,, (1,2) =2 > 0. Then

W (01) = W (677 + (1,2)) = W (657) + 00 (1,2) > 0 (67).

n-1 n—1
Hence min ¥, (qn 2 qg N Pn) =v, (qn 2 ) Similar calculations show that min ¥, (rgsn N ’Pn) =

W, (r%) (see Figure ). Therefore

n

min ¥, (P,,) = min {‘1’n (Pn), ¥n (an) Wn (7"2)}

Thus

min¥,, (P,) =9, (qn"’ ) =n?+n—-1

by direct calculations, and (7) holds for odd n.
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Let n > 4 be even. Then

and therefore max ¥, (D,,) = ¥, (s,_1) = n? + 2n.
On the other hand, ¥,, (1,2) =2 > 0, thus we have

min ¥, (P,) = min { ¥, (pn), ¥y (r0) , Uy (50) }
(see Figure B). By direct calculations, we have
min ¥, (P,) = ¥, (p,) = n? + 2n.
Hence (7) holds. This completes the proof. O

2.2. Proof of M,, = P,. As we remarked in Definition B33 (3), M,, generates
in< (J,). The key to the proof of the equality M,, = P,, is to show that P, also

generates in< (J,). We prepare some lemmas.

Lemma 2.11 ([B], Appendix A, Proposition A.2.1). For any ideal I of S, the
monomials of S not contained in in<(I) form a C-basis of S/I. Therefore we have
(1) dimc S/J, = dime S/in< (J,,),
(2) dimg S/(Pn) = #Dy.

Lemma 2.12. (1) dim¢ S/in< (J,) = 1 (n+ 1) (n + 2) = dimc S/(P,,).
(2) (Jn:uv—1)g = Jp_1.
(3) dimgin< (Jp—1) /in< (J) = n+1. Furthermore if a set of monomials gener-
ates in< (Jp—1) as an ideal, then the set also generates in< (J,,—1) /in<(Jy)

as a vector space over C.

Proof. (1) By Lemma P71 (1), we can consider dimg S/ J,, instead of dime S/in< (J,,).
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Let Jo := (u—1,u?v* —1,uv —1). Then Jy = (u— 1, uv — 1) since the following

equality holds:
vt — 1= (Vo® +u*0® + w4+ 1) (wo — 1) — o (u—1).

Moreover Sy, is a regular local ring of dimension two because Jy is the maximal
ideal in S corresponding to the smooth point (1,1,1) of X = (2* — 2y = 0).
Now consider gr; (S) = @i, J§/J*". Then we obtain an isomorphism of

graded C-algebras

Clz1, z2) = 8T 768y, (S7,) = gry, (5);

Ty — [u—lmong]7 To > [uv—lmong].
Hence
1
dime S/ J,, = dim¢ Clay, 2]/ (21, 22)" ! = 3 (n+1)(n+2).

Lemma P10 (2) and Lemma PTT (2) show the last equality in the assertion.

(2) (Jn :uv —1)g D Jy—1 is obvious for any n > 0 by the definition of .J,. We
will show the other inclusion by induction on n.

Fix any f € (Jn : uv —1)g. Then f € (J§ : uv — 1) since J,, = J§*.

Assume that n = 1. Let us consider gr; (S) again. From f € (J§ :uv —1), it

follows that
[uv — 1 mod J§] - [f mod Jo] = [(wv — 1) f mod J35]| = 0.

However gr; (S) is an integral domain and [uv — 1 mod J§] is a nonzero elements
as we have seen above, so [f mod Jy] =0, i.e. f € Jy.
Assume that n > 1. J, C Jp—1 and hence (J, :uv —1)g C (Jp—1 :uv —1)g4.

Therefore, by the induction hypothesis, we have f € J,_o = J(’f_l. Then

[uv — 1 mod J§] - [f mod J§] = [(uv — 1) f mod J§*'] = 0.
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Thus [f mod J§] =0, i.e. f € JJ = J,—1. Hence (2) holds.
(3) By (1), we have

dimg in< (Jp—1) /in<(J,) = dime S/in<(J,,) — dime S/in<(Jp—1)

Z%(n—i—l)(n—i—Q)—%n(n%-l)

=n-+1.

For the last assertion, let {my, ..., m,} be any set of monomials which generates
in< (J,—1) as an ideal. It is obvious that the vector space in< (J,—1) /in<(J,) is
generated by monomials in in< (J,—1). Let m be any monomial in in< (J,,—1). Then
m is divisible by some m;. If m # m,, then there exists u®v® € {u, udv?, uv} such
that m is divisible by m;(u®v’). However one can find f € J,,_1 with Im< (f) = m;
and obtain g := (u®® — 1)f € J,. Then m;(u®®) = lm (g) € in<(J,,) and hence
m = 0 mod in<(J,). Therefore in< (J,—1) /in<(J,,) is generated by {m1,...,m,}

as a vector space. O

The following proposition determines the marked Grobner basis Gy of J; with

respect to =:

Proposition 2.13. The reduced Grobner basis of J; with respect to < consists of

the following polynomials:
ot +u— duw + 2,
w?v? — 2uv + 1,
w —u—uv+ 1,
w?—2u+1,

where the underlined monomials are the leading terms with respect to <. Therefore

M coincides with P; = {(3,4),(2,2),(2,1),(2,0)}.

Proof. First we will show that the polynomials are contained in Jj.
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Let g := uv* 4+ u — 4uv + 2. Then
g1 = ((uv)2 + 2uv + 3) (wo —1)% = (u—1) (wPv* —1) € Jy.
Moreover

(2,—1) (3,4) =2 > (2,—1) - (1,0) = 2 > (2,—1) - (1, 1) = 1,
(1,1)-(3,4)=7>(1,1)- (1,0) =1,
and hence Im< (g1) = u3v*. Furthermore
g2 = u0® — 2w + 1= (ww — 1)* € Jy,
g3 i=vv—u—uww+1=(u—1)(uww—1) € J,
gri=u?—2u+1=(u—-1)>€J.

Therefore the polynomials are contained in J; and their leading terms are the ones
in the assertion.

Next we will show that
ing (J1) = (vt u?v?, uPv, u?).

The right hand side is obviously contained in the left hand side, and coincides with
(P1). Then in< (J1) = (P1) since dimcin< (J1) /(P1) = 0 by Lemma PT2 (1).
Therefore {g1, 92, 93,94} is a Grobner basis of J; with respect to <. It is easy to
check that no monomial of supp (g;) is divisible by Im< (g;) for j # i. Hence the

basis is reduced. (]
We need the following lemma for the cases n > 0.

Lemma 2.14. Consider the homomorphism C[u,v] — C[\,A7!] of C-algebras

given by u — A7 v = . By restricting to S C C[u,v], we obtain

$:8 = CNE]; u—s AL ot o N\ wo = 1
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Then we have the following:

(1) ¢ is surjective and ker(¢) = (uv — 1).
(2) Let n > 0 be even. Then

B = {)\*%’)\—(%—1)7 LOATL L .,/\%*1,)\%} C C[A*)

is a C-basis of C[AT]/¢(J,,).
(3) Let n > 0 be even, and let f be an element of S satisfying that Im< (f) €
Pn-1\ Ppn. Then
supp (¢(f)) C B.

Moreover, if f € J,, then ¢ (f) = 0.

Proof. (1) ¢ is obviously surjective. Let F : C[z,y, z] = S be the homomorphism
introduced in Notation BT (3). Then one can easily see that ker (¢ o F') = (zy —

1,z — 1). Therefore
kerp = F ((zy — 1,2 — 1)) = (u*o? — 1,uv — 1) = (uv — 1)

because u'v? — 1 = (v®v® + u?v? + wv + 1) (uv — 1).

(2) One can easily check that
p(u—1)=-XA"1¢ (u*v? —1) and ¢ (wv — 1) = 0.

Thus ¢(J,) = (¢ (udv? — 1)) T = (A — 1)+,

It is clear that 1,),..., A" form a C-basis of C[\]/(\ — 1)"* = C[A\F]/o(J,,).
Now A\ is a unit element of this ring. Hence, by multiplying A~ %, we obtain a
C-basis B = {)\‘%7)\*(%’1)7...,)\‘1717)\,...,/\%_1,>\%} of CAE]/o ().

(3) Fix any m € supp (f) and let us show ¢ (m) € B.

Suppose that ¢(m) ¢ B, i.e. ¢ (m) = A% or ¢ (m) = A~ for some d > 2 + 1.

If ¢(m) = X% for d > 5 + 1, then m is divisible by (u3v4)d: Indeed m can
be written as m = u® (u3v4)b (uv)® for some a,b,c > 0, and ¢ (m) = A"2\V1°,

Therefore b > d.
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Now Im< (f) € Ppn=1 \ P = Pn—1 \ {pn—1} by Lemma B3 (5), hence direct
calculations show that

n+1 iflm<(f) =g},
Im< (f) - (2,-1) =

n if lm< (f) =7rl_; or sp_1.

On the other hand, m - (2, —1) = 2a+ 2b+ ¢ > 2b > 2d > n+ 2. These calculations
show that lm< (f) < m. This is a contradiction.

If ¢(m) = A" for d > 2 + 1, then m is divisible by u? and hence m - (2, —1) >
2a > 2d > n + 2. Thus we also have Im< (f) < m, a contradiction.

Therefore ¢ (m) € B, so supp (¢ (f)) C B.

Assume f € J,. If ¢ (f) # 0, then supp (¢ (f)) # 0. However ¢ (f) = 0 mod
¢(Jn), so there exists a non-trivial relation between elements of supp (¢ (f)) in

C[A\*]/¢(Jy). This contradicts to (2). O

The following proposition is the first consequence of the above lemmas.

Proposition 2.15. Let n > 0 be an integer. Then M,, coincides with P,,.

Proof. We prove the assertion by induction on n. The case n = 1 has already been
done (Proposition 213).

Let n > 2. The arguments will go as follows: We will show P,, C in< (J,,). Then
we can conclude that (M) = in< (J,) is also equal to (P,) by Lemma 2712 (1).
Therefore P, C M,,: Indeed any monomial z* € P,, is divisible by some 2z € M,,,
and this 2 is also divisible by some z* € P,. Then Lemma 28 (2) implies that

(03

z* = z* = 2#. On the other hand, since G,, is reduced, similar arguments for any

% € M,, show the other inclusion. Therefore P,, = M,,.

Let us show P,, C in< (J,,). By Lemma 28 (5), we have

¢ (Pn—l \ {Sn—l}) U {pna Sn} if n is 0dd7

0 (Prn—1\{pn-1}) U{pn,sn} if n is even.
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Let n be odd. To see 0 (Pp—1 \ {sn—1}) C in< (J,), fix any o € P,,_1 and let us
show that 6 (o) € in< (J,,). By the induction hypothesis, we have o € M,,_;. Thus
there exists (f,a) € G,—1. Now f € J,_1 and hence (uv — 1)f € J,. Therefore
0 (a) = Iz (w0 — 1)) € inx (J,).

To see s, € in<(Jy,), let us remark that J; has g = w’v*® + u — duv + 2

n+1

with Im< (g) = (3,4) (Proposition Z13). Then g € (J1) 7 = Jp, so s, =
2L (3,4) = Imx () € ing (Jo).

Furthermore p,, € in< (J,,): Indeed, by the induction hypothesis, p,—1 € M,,_1.
Hence there exists (h,pp—1) € G,—1. Then (u— 1)h € J,, and hence p, = p,—1 +
(1,0) = lm< ((w — 1)h) € in< (J,,) by Lemma P8 (3).

Therefore P, C in< (J,,) for odd n > 0.

Let n be even. One can see that 6 (P,—1 \ {pn—1}) C in< (J,) by arguments
similar to the above. Moreover s,, € in< (J,,): Indeed, by the induction hypothesis,
Sp—1 € M,,_1. Hence one can find (g,8,-1) € G,_1. Then (u3v* —1)g € J,, and
Sn = Sp—1 + (3,4) = Im< ((u3v? — 1)g) € in< (J,) by Lemma 28 (3).

Now we will show p,, € in< (J,,). This is somewhat harder.

Lemma 2712 (3) shows that in< (J,—1) /in< (J,,) is generated by M,,_; = Pp_1
as a vector space, and dimg in< (J,—1) /in< (J,) = n+ 1. However #P,_1 = n+2
by Lemma P8 (1). Therefore there exists a non-trivial relation between monomials
in P,_1 in the vector space in< (J,—1) /in< (J5). Hence precisely one element o €
P,.—1 is contained in in< (J,) : Otherwise the existence of such relation contradicts
to Lemma 2T

Let us show that this « is p,_1. Assume the contrary, a € P,_1 \ {pn_1}-
Since a € in< (Jy,), there exists f € J, such that Im< (f) = . Then lm< (f) =
& € Pp—1 \ {Pn-1} = Pn-1 \ P, and hence f € ker ¢ by Lemma 24 (3). Thus
f=(uw —1)h € J, for some h € S by Lemma T4 (1). Now h € J,_; by Lemma
212 (2), solm< (h) = a—(1,1) € in< (J,—1). However this leads to a contradiction:

By the induction hypothesis, there exists a’ € P,,_; such that z® divides z*~ 1)
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ie. o€’ + (1,1) + oz. However a, o’ € P,,_1 and this contradicts to Lemma 4
(2).
Thus o = py,_1 is contained in in< (J,,), i.e. p,, = pp—1 € in< (J,,) by Lemma @

(3). Therefore P,, C in< (J,,). This completes the proof. O

2.3. Non-regularity of Cg,,. Our next task is to show the non-regularity of Cg,, .
We have already seen that Cg, is a 2-dimensional strongly convex cone (Lemma
12 (1)), so Cg, has two rays.

Next lemma explains our strategy for determining the rays:

Lemma 2.16. Let w # (0,0) be a lattice point of Cg,, . If there exists (g, a) € G,

and (8 € supp (g9) \ {a} satisfying that (o — 8) - w = 0, then R>ow is a ray of Cg,,.

Proof. By Definition 9 (2), v := a — § is contained in (Cg,)". Thus 7 defines a

face 7 := {a € Cg, | v-a =0} of Cg,. Since Cg, C R? is a strongly convex cone

of dimension 2 and v # 0, 7 must be a proper face, i.e. 7 = {(0,0)} or 7 is a ray.

We have (0,0) # w € 7 by the hypothesis, so 7 is the ray R>ow. |
Therefore we only have to find appropriate w € Cg, and (g, a) € G,,.

Lemma 2.17. Let f € J, satisfy le< (f) = 1. Then (f,lm< (f)) € G, if and only
if Im< (f) € Py, and supp (f) \ {lm< (f)} C D,.

Proof. Let a :=lm< (f). If (f,a) € G, then o € P,, by Proposition ZZT3. More-
over, any monomial m in supp (f) \ {a} is not divided by P, i.e. m € D,,.
Conversely, by Proposition E13, « € P,, implies that there exists g € J,, such
that (g,a) € G,. Since supp (f) \ {a} C D,, no monomial in supp (f) \ {a} is
divisible by any monomial in P,,. This implies that {(f,a)} U (G, \ {(g,@)}) is
also the marked Grobner basis of J,, with respect to <. By the uniqueness of the

reduced Grobner basis (Theorem X)), we have f = g. O

Proposition 2.18. L, := R>((2,—1) is a ray of Cg,.

Proof. Let w := (2,—1). Then Cg, contains w by Lemma [T8.
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As we have seen in Proposition E713, the reduced Grobner basis of J; contains

g1 = udvt +u —duv + 2

where Im< (g1) = (3,4) = s1. Now let g,, := (uv —1)"""

g1-
For any f,g € S, one can easily see that in, (fg) = in, (f)in, (g). Thus
ing (gn) = (uwv)" " (uPv* + u) since in, ((uv - 1)"_1) = (w)" " and in, (1) =

w3v?* 4+ u. Therefore we have
ap = (w)" " vt B, = (uw)" " u € supp (gn) -

It is clear that Im< (g,,) = Im<« ((uv - 1)"_1> Im< (g1) = @, = (n—1)(1,1) +57.
Then, by Lemma P8 (4), we have

0[128167)1,
as = (1,1) + 51 = r2 € Py,

an = (1,1)+ a1 =7 € P, forn > 3.

Thus «,, is a member of P,,.

Moreover one can show supp (gn) \ {an} C D, by induction on n: The case
n = 1 is easily checked. Let n > 1. Then any m € supp(g,) can be written as
m = (w)®m’ for some m' € supp (gn_1) and d € {0,1}. If m’ # a,_1, then
m' € D,,_1 by the induction hypothesis. Since D,,_1 C D,, by Lemma 211 (1) and
(1,1)+ D, -1 C D,, by Lemma 210 (3), we have m € D,,. If m' = a,,—1 and d =0,
then m = a,,—1. In this case, by the above equations, we have m = s; € Dy when
n = 2 by Lemma 210 (5), and m =r._, € P,,_1\P,, C D,, when n > 3 by Lemma
23 (5) and Lemma 10 (1).

Therefore (gn, o) € G, by Lemma 27T

Now the vector

ap — Bn = (374) - (170) = (2’4)

satisfies (2,4) - w = 0. Hence L; is a ray of Cg, by Lemma PTA. O
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Lemma 2.19. Let n > 2 be an integer. Then G,, contains (g, o) with the following

property: If n is odd,

n—1 n—1

a=g¢qp,® andr,?; €supp(g).

If n is even,

o = p, and s,,_1 € supp (g) .

Proof. Let n be even. Let ¢ : S — C[A\T] be the homomorphism in Lemma 214,

and

Fe=aE) (-

n

Then f is the image of (—1)% (u— 1)%+1 (u3v4 — 1) 2€J,by¢,s0 feo().

It is clear that )f(%ﬂ), A% € supp (7) and
supp (?) c(C:= {)\—(g+1)’)\—g’ ... ,)\_1, LA, ... 7)\%} .

Now note that the monoid homomorphism ® in Lemma P710 (4) can be identified
with the restriction of ¢ on the monomials of S and C [A*]. Hence, by Lemma 210
(4), one can see that any monomial in C'\ {)f(%“)} has a preimage by ¢ in D,,,
and in particular, \¥ has a unique preimage s,_; € D,. In addition, A~(2+1) has

a preimage p,. Hence one can obtain a preimage f of f such that

Py $n—1 € supp (f) and supp (f) \ {pn} C Dn.

The coefficient of p,, in f is one since so is the coefficient of A—(3+1) 4 f.

Since ¢(f) = f € ¢(Jn), there exists A € ker(¢) such that f + A € J,. Let
{91,-..,9:} be the reduced Grobuner basis of J,, with respect to <. Then, by the
division algorithm ([6], Appendix A, Theorem A.1.4), A has the following repre-
sentation:

t

A= Zqigi + 7 where supp (r) C D,,.
i=1

Now r also satisfies g := f +r € J,, because g = (f + A) — > g;g; is a difference of

elements of J,. Let us show that this g satisfies the condition in the assertion.
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It is clear that supp (g) \ {pn} C D, because supp (f) \ {p.} and supp (r) are
contained in D,,. Moreover p,, € supp (g): Indeed, p,, € supp (f) and p,, & supp (r)
since supp (r) C D,, and p,, ¢ D,,. Thus g = f + r contains p,.

Then Im< (g) = p, by Lemma P10 (6). Now lc< (g) = 1 since the coefficient of
pr in f is one, and therefore we have (g,p,) € G,, by Lemma T4

To see s,—1 € supp (g), it is sufficient to check that s, 1 ¢ supp (r) since s,,—1 €
supp (f). Furthermore the coefficient of s,,—1 in r coincides with the coefficient of
# ($n—1) = A7 in ¢(r) because s,_1 is a unique element of supp (r) C D,, which
is sent by ¢ to A* (Lemma IO (4)). However one can see ¢(r) = 0 as follows:
¢ (D,,) can be identified with ® (D,,) in Lemma P10 (4), and then one can see that
® (D,,) is the set B in Lemma 214 (2). Now supp (1) C D, so ¢ (r) is a linear
combination of monomials in B. On the other hand, since A € ker ¢ and g; € J,,,
we have ¢(r) = ¢ (A — > ¢ig;) =0mod ¢ (J,). If ¢(r) # 0, then ¢ (r) gives a non-
trivial linear relation between monomials in B in C[A\*]/¢ (J,,). This contradicts to
Lemma 2714 (2), so ¢(r) = 0. Therefore the coeflicient of s,,—; in r must be zero,
ie. sp—1 ¢ supp (r). Thus s,_1 € supp (¢) and the assertion holds for even n.

Let n > 3 be odd. By the case of even n, there exists (h,p,—1) € G,,—1 such
that s,_o € supp (h). Let us show that g := (uv — 1)h € J, satisfies the condition
in the assertion.

It is clear that Im< (¢) = pp—1+(1,1) = q:%l € P, by Lemma P4 (4). Moreover
supp (g) \ {Im< (¢9)} C D,: Indeed, supp () \{pn-1} C Dy—1 C D,, by Lemma 210
(1), and pp—1 € Pp—1 \ Pn C D, by Lemma P8 (5) and Lemma P10 (1). Thus
supp (h) C D,,. Furthermore (1,1) + (supp (k) \ {pn-1}) € (1,1) + D,,—1 C D,, by
Lemma 2710 (3). Hence supp (g) \ {Im< (9)} C D,.

Therefore (g, q:% ) € G,, by Lemma PT4.

Now s,_2 € supp (h) and rﬁ = $p—2+ (1,1) by Lemma 23 (4). Thus rﬁ €

supp (uvh). On the other hand, supp (k) \ {pn-1} C Dp—1 by Lemma ZT2. Since

n—1 —1

= n—1
7,21 ¢ Dp_1, we have r, 2, ¢ supp (h). Therefore g = (uv—1)h contains r, 2. O
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R>o(2n —2,—n+2) if n is odd,
Proposition 2.20. Let Ly :=

R>o(2n, —n +1) if n is even.

Then Ly is a ray of Cg,,.

Proof. Let l,, be the one in Lemma PT0 (7):

(2n —2,—n+2) if nis odd,

I, =
(2n,—n+1) if n is even.
Then Ly = Rsoly.

First, let us show [,, € Cg,, . It is easy to check [,, € o, so it is sufficient to check
that I,, - (& — 8) > 0 for any (g,a) € G,, and § € supp (g) \ {a} by the definition
of Cg, . In Lemma P10 (7), we have already seen that ¥, : 0z 3 a1, -a € R
satisfies

max ¥, (D,) = min ¥, (P,).

Therefore [, - (&« — ) > 0 since a € P, and 8 € D,, by Proposition ZT3. Thus
l, € C@,n.

By Lemma 219, G,, contains (g, «) such that

n—1 —

n—1
a=gn? andr,?; €supp(g) if nis odd,

a =p, and s,_1 € supp (g) if n is even.

Now let
n—1 n—1

gn® —r,2; ifnisodd,

Pn — Sp—1 if n is even.

Then [, - v, = 0 by Lemma E10 (7), so Ls is a ray of Cg, by Lemma PZI8. O

As a consequence of the above arguments, we have a complete description of Cg,, :

Cg, is the 2-dimensional cone whose rays are L1 = R>o(2,—1) and Ly = R>ol,
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where

(2n —2,—n+2) ifnisodd,

l, =

(2n,—n + 1) if n is even.
One can easily check that [,, is the primitive ray generator of Lo. It was suggested
in [6] that GF (J,,) might contain this cone.

Now we are ready to prove our main result.

Theorem 2.21. For any n > 0, Nash,, (X) has a singular point of type A;, and

Nash,, (X) is also singular.

Proof. To see the non-regularity of Cg, , let N be the sublattice of Z? generated by
w = (2,—1) and l,,. Then N # Z? since

Hence Cg, is non-regular. Moreover this calculation shows that the affine toric
variety associated to Cg,, is the A;-singularity (22 —xy = O) C A3. Thus Nash,, (X)
has a singular point of type A; by Theorem 2, so Nash,(X) is also singular:

Otherwise Nash,, (X) = Nash,,(X) and one has a contradiction. O
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