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ABSTRACT. In this paper, we consider a Cp type criterion for ANOVA model
with a tree ordering (TO) 61 < 0;, (j = 2,...,1) where 61,...,0; are population
means. In general, under ANOVA model with the TO, the usual C} criterion has
a bias to a risk function, and the bias depends on unknown parameters. In order
to solve this problem, we calculate a value of the bias, and we derive its unbiased
estimator. By using this estimator, we provide an unbiased C) type criterion for
ANOVA model with the TO, called TOC},. A penalty term of the TOC), is simply
defined as a function of an indicator function and maximum likelihood estimators.
Furthermore, we show that the TOC), is the uniformly minimum-variance unbiased
estimator (UMVUE) of a risk function.

1. Introduction

In real data analysis, ANOVA model is often used for analyzing cluster data.
Moreover, a model whose parameters u1, ..., u; are restricted such as a Sinple
Ordering (SO) given by puy < --- < py, is also important in the field of applied
statistics (e.g., Robertson et al., [14]). In addition, Brunk [4], Lee [11], Kelly
[9] and Hwang and Peddada [7] showed that maximum likelihood estimators
(MLEs) for mean parameters of ANOVA model with the SO are more efficient
than those of ANOVA model without any restriction when the assumption of
the SO is true.

However, in general, the classical asymptotic theory does not hold for the
model with parameter restrictions. For example, Anraku [2] showed that the
ordinal Akaike information criterion (AIC, Akaike [1]) for ANOVA model with
the SO, whose penalty term is 2x the number of parameters, is not an asymp-
totically unbiased estimator of a risk function. In order to solve this problem,
Inatsu [8] derived an asymptotically unbiased AIC for ANOVA model with the
SO, called AICgp. Furthermore, a penalty term of the AICgp can be simply
defined as a function of MLEs of mean parameters. On the other hand, Anraku
and Nomakuchi [3] investigated the k-variate normal distribution with mean
60 = (01,...,0;) and covariance X where 6 is an unknown parameter vector,
and X is a known positive definite matrix. In this setting, they proposed an
unbiased AIC when the parameter 6 is restricted on a closed convex polyhedral
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cone. Nevertheless, above previous studies only considered the AIC under order
restrictions, and they do not consider other criteria such as C), type criteria (see,
Mallows [13], Fujikoshi and Satoh [6]). Furthermore, particularly in Inatsu [8],
the considered restriction is the SO. In practice, the tree ordering (TO) given by
pr < pj (5 =2,...,1), is also often used in applied statistics (see, e.g., Hwang
and Peddada [7]).

In this paper, we consider ANOVA model with the TO. For this model,
we derive an unbiased C,, type criterion. The remainder of the present paper
is organized as follows: In Section 2, we define the true model and candidate
model. Moreover, we derive MLEs of parameters in the candidate model. In
Section 3, we provide the (), type criterion for ANOVA model with the TO,
called TOC,,. In addition, we show that the TOC), is the uniformly minimum-
variance unbiased estimator (UMVUE). In Section 4, we show some properties
of the TOC, through numerical experiments. In Section 5, we conclude our
discussion. Technical details are provided in Appendix.

2. ANOVA model with a tree order restriction

In this section, we define the true model, and candidate models with order
restrictions. The MLE for the considered candidate model is given in Subsection
2.3.

2.1. True and candidate models. Let Y;; be an observation variable on the
jth individual in the ith cluster, where 1 <i < k*, j =1,..., N; for each i, and
k* > 2. Here, we put N = Ny + -+ + Ng= and Y; = (Y;1,...,Y;n,) for each i.
Alsowe put Y = (Y/,...,Y,.) and N = (Ny,..., Ng+)'.

Suppose that Yii,...,Yg«n,. are mutually independent, and Y;; is dis-
tributed as

1/ij ~ N(Ni,*,af), (1)

for any i and j. Here, y; . and o2 are unknown true values satisfying p; . € R
and 02 > 0, respectively. In other words, the true model is given by (1).

Next, we define a candidate model. Let Q1,...,Q; be non-empty disjoint
sets satisfying @1 U --- U Qg = {1,2,...,k*}, where 2 < k < k*. Then, we

assume that Y7i1,..., YN, . are mutually independent, and distributed as
Yij ~ N(ui, 0%), (2)
where fi1,..., - and o2(> 0) are unknown parameters. In addition, for the
parameters 1, ..., g+, we assume that
Vse{l,..., k}, “ui,u2 € Qs,  fu, = fusy, (3)
and
Vte{za"'vk}a vVEQt: MQS/J'V7 (4)

where ¢ € Q1. Then, a candidate model M is defined as the model (2) with (3)
and (4). In particular, the order restriction (4) is called a Tree Ordering (TO).
For example, when k* =7, k =4, Q1 = {1,3,7}, Q2 = {2}, Q3 = {4,5} and
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Q4 = {6}, the unknown parameters p1,..., ur for the candidate model M are
restricted as

p1 = p3 = pr < o, p1 = p3 = pr < pg = ps, 1 = g3 = pr < le.

2.2. Notation and lemma. In this subsection, we define several notations.
After that, we provide the related lemma. Let [ be an integer with [ > 2. Then,
define

Ny={zeN|az<l}={1,...,1}.

Moreover, let x1,...,x; be real numbers, and let Ny,..., N; be positive num-
bers. We put € = (z1,...,2;) and N = (Ny,...,N;)’. Furthermore, let
A = {a1,...,a;} be a non-empty subset of N;, where a; < -+ < a; when
1> 2.
Next, define

3 (N 2seaNsTs D e Nos

A= (Tay,. ,%a,), Ta= Ty, Ty = = 2 )
' g 2sealNs Ny
(N)

For example, when [ =10 and A = {2,3,5,10}, ©4, 4 and T, are given by

Ta = ($2,$37$57$10)'7 T4 =x2+ 23+ T5 + T10,
j(N) _ Nozxo + N3zs + Nsxs + NipZ1o
4 N2+N3+N5+N10 ’
In particular, when A has only one element a, i.e., A = {a}, it holds that

xp = (24), Ta =2, and :E;N) = 4. On the other hand, when A = Ny, it holds

that &4 = . For simplicity, we often represent J’C(AN) as T4. In addition, let AY)
be a set defined as

A(l) = {(ml,...,wl)IERl|vj€Nl\{1}7 :vlng}
= {(a:l,...,xl)'ERl|x1§x2,...,x1§xl}.

Furthermore, for any integer i with 1 < i <[, we consider a family of sets ji(l)
defined by

TV ={JCc N |1eJ, #J =i},
where #J means the number of elements of the set J. For example, when [ = 3,
it holds that

A ={{1} ), &Y = {{1,25{1,3} }, P = {{1,2,3} } = { N3 }.

Here, note that Jl(l) ={ {1} } and jl(l) = { N; } for any [ > 2. Similarly, for
any integer ¢ with 1 < ¢ <[ and for any set J in Z(l), we consider the following
set AW (J]):

AV ={(21,...,z)) eR | Vs e J, a1 =x,, "teN\J, 21 <2}
Note that when J = Ny, it holds that N; \ J = (). In this case, the proposition

vt€@7 r1 < Tt
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is always true. For example, when [ = 3, it holds that

AP ({13

AP ({1,2}
A®({1,3}
A®({1,2,3}

= {$:($1,...7I3)/€R3|£L'1<.’E2, l’1<l‘3},
= {m€R3 | 21 = 2, o1 < 23},

= {m€R3|x1:x3, 1 < o},

~— — — —

= {2 eR® |z =2 =23}

It is clear that these four sets are disjoint sets and

U U AP () ={x e R® | 21 <, 7 < a3} = A®),
i= lJEJZO)

Similarly, in the case of [ > 2, it holds that

U U AV ={x eR |z, < z9,...,21 <3} = AV, (5)
i=1 ;e g

and AD(J)N AW (J*) = () when J # J*.

Next, for a vector @ = (z1,...,2;)’, an integer s with 1 < s <[ and a real
number a, x[s; a] stands for an I-dimensional vector whose sth element is a and
tth element (¢ € N;\ {s}) is a;. For example, if & = (1,4,4,3)’, then x[2; —1] =
(1,-1,4,3)" and =[4;5] = (1,4,4,5)". Moreover, for any integer s (> 2) with
1 < s <! and for any set J = {j1,...,js} of js(l), where j; < .-+ < js, we define

a matrix DEIN)

as follows. First, in the case of s = 1, the family of sets Jl(l) has
only one set J = {1}, and we define DSN) = 0. On the other hand, in the case

of s > 2, the matrix D(JN) is the s — 1 X s matrix whose ith row (1 <i <s—1)
is defined as

1 . ~
NiNJ i+ 1 _NJ\{J'Hl}]/'
IN\{Ji+1}
For example, when [ = 3, it holds that
(N)  _ (N) ()
D{l} = 0, D{1 o) = D{1 3 = =1 -1),
N1 _1 Ng
D(N) — <N1+N3 N1+N3>
{1,2,3} Ny - )
Ni+N2  Ni+Na2

For simplicity, we often represent DF,N) as Dj.
Furthermore, we define a function nl(N) from R! to A®). For each vector

x=(r1,...,17) € RY nl(N)(a:) is defined as

N
771( )( )= argmm ZN . (6)
y=(y1,...,y1)' €AMW ;51
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In addition, let U;N)(m)[s] be the sth element (1 < s <) of nl(N) (z). Note that
well-definedness of nl(N) can be derived by using the Hilbert projection theorem

(see, e.g., Rudin [15]). For simplicity, we often represent 77( )( ) as ny(x).
Finally, we provide the following lemma:

LEMMA 1. The following three propositions hold:
(1) It holds that

U U m (A(l) ))7

i=1 ;g
7t (AOW)) ot (AO@)) =0 (£ T,
(2) For any integer i with 1 < i <1 and for any set J in ji(l), it holds that

n ! (A0()
={x=(r1,....,21) €R | Dyjz; >0, "te N\ J, Z; <z}, (7)
where the inequality s > 0 means that all elements of the vector s are
non-negative.
(3) Let i be an integer with 1 < i <1, and let J be a set with J € JZ-(Z).
Let x = (x1,...,1;)" be an element of R'. Assume that x satisfies
zen (A(l)(J)> .
Then, it holds that
Vseld mx)s| =25, "teN\J, nx)t] = .
In particular, for the case of J = Ny, if « satisfies
zen (AY(J)) ={z eR' | Dyz; >0},
then, the following proposition holds:
Vse J, m(x)s] = Z,.
The proof of Lemma 1 is given in Appendix 1.

2.3. Maximum likelihood estimators for unknown parameters. In this
subsection, we derive MLEs for unknown parameters in the candidate model M.
First of all, we rewrite the candldate model. For any integer s with 1 < s <k

and for all elements q§s), e ,q,, ) of Qs, let Xy = (Y’(s),... Y(s))’7 where v is

the number of elements in @5, and let X, be a tth element of Xs. We put
X =(X1,....X}),

Ha( =77 = Mgl = Vs
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and @ = (0,...,0;)". In addition, define ny, = Nq(s) 4+ 4+ Nq(s> and n =
i b

(n1,...,ng)’. Note that ny + -+ +ngp = Ny + -+ + Ng= = N. Then, the
candidate model can be rewritten as

Xg ~ N(0s,0%), t=1,...,n,,
with
01 <bs,...,01 <6b.
Here, a parameter space O for the candidate model is defined as follows:
O = {(a1,...,ar) €R* | Yu e N, \ {1}, a1 < au}.
Next, we consider the log-likelihood for the candidate model. Let

nleX s=1,...,k,

and let X = (Xi,...,X}). Then, since X,;'s are independently distributed as
normal distribution, the log-likelihood function l(0 o%; X) is given by

10,0 X) = ——log (2ma?) 222 st —

s=1t=1
N _
= 2log27ra 2222 st — X
s=1t=1
k
7@ZHS(X§ 09)2
s=1

Hence, for any 02 > 0, the maximizer of 1(,0%; X) on © is equal to the mini-

mizer of
k
= Zns()_(s —0,)?
s=1

on ©. In other words, the MLE 6 = (él, cee ék)’ of @ is given by

0 = argmin H(6; X). (8)

0co
We would like to note that the MLE 6 can be written by using (6) as n,(cn) (X) =
6. Here, we substitute X for @ = (21,...,73). Then, from Lemma 1, there

exists a unique integer a with 1 < o < k and a unique set J with J € Jogk) such
that

Djxj; >0, VBENk\J, Ty <xg.
For this set J, it holds that

. Nele NeXe
Vwe‘L 911) — jJ:ZCEJ CC:ZCGJCC

Dces e DeesNe
Trp = Xﬁ. (9)

YBeNy\J, 05
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Therefore, the MLE f1 = (fi1,. .., fig~)" of o= (u1,..., pme) can be written as

ieQs f;=0s (s=1,....k). (10)

On the other hand, the MLE 62 of 02 can be written as

k ng k
ST 35 (6 SR SERELS) SIS SR B

s=1t=1 s=1
1 k Ng 1 k:* Ni
B S NETRATEES 35 IS ST
s=1 t=1 i=1j=1
because the function 1(8,02; X) is a concave function with respect to (w.r.t.)
2
o’

3. (), type criterion for the candidate model

In this section, we derive an unbiased C}, type criterion for the candidate
model M. Here, we assume the following condition:

(C1) The inequality N — k* — 2 > 0 holds.

We do not need to assume that the true model is included in the candidate
model. First, we consider the risk function based on the prediction mean squared
error (PMSE). Let Y. = (Y{,,...,Ys~ «)" be a random vector, and let Y. be
independent and identically distributed as Y. Furthermore, for any integer s
with 1 < s < k and for all elements q§5),...,q,ﬂs) of Qs, we define X, . =
(Y;’gs) RS ,Yq’(s) *)’. In addition, we put X, = (Xj,,..., X} ,). The risk

v

function R based on the PMSE is given by

k* N; k*
1 J . 1 .
R=E Ey. |~ > D (Vije — )| | = N+E o > " Ni(piw — f0)*| - (12)
* =1 j=1 * =1

Next, we define the following random variables:

7

N; k* N
_ 1 < ) . _ 1 -
Yi:ﬁi;:l}/ij (i=1,...,k%), UQZN g E (Yz’j—Yz’)2~ (13)

i=1 j=1

Note that Y7, ..., Yy and % are mutually independent, and Y; ~ N(pi v, 02 /N;)
and N&52/o2 ~ x3% _,- because Yi1,..., YN, are independently distributed as
normal distribution. Then, we estimate the risk function R by using

(N — k* —2)?;. (14)
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Here, from (11) the MLE 62 can be written as

k* N;

52 %ZZYZJ—YQ ZNY i)
=1 1
1] G
= 5 D NV — ). (15)
=1

Therefore, (14) can be expressed as

~2

-
N -k -2\ 1
(Nk*2)”2Nk*2+(>
g

= N(Yi—p)? (1
Norrr ) 72 o NE - 19
On the other hand, from (9) and (10), it can be seen that fiq,..., fix« are func-
tions of X1,..., X,. Moreover, for any integer s with 1 < s < k, it holds that

nZX ZZ = > NYe (1)

(IGQS qu j=1 que qu

Thus, X1, e , X, are functions of V7, e Y-, and fiy,. .., fix~ are also functions
of Y1,...,Yr~. Hence, noting that Yl,.. ,Y;- and &% are independent, and
NG?/o2 ~ x% - and E[(x%_p-) "] = (N — k* —2)~!, the expectation of (16)

can be written as

-
% ZNZ{(Yz — i) + (fi e — ﬂz’)}ﬂ

=N-242E

o
02 ZN Y i) (i« ﬂZ)]

=1

&
1 .
52 Z Ni(pie — Mz’)Q]
* =1
1 &
52 ZNz‘(Yi = i) i
* =1

=N-2-2E

o+
1 N

;ZM(M,* - #1)2] . (18)
* =1
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Therefore, by using (12) and (18), the bias B which is the difference between
the expected value of (14) and R, is given by

B = E[R (N —k* —2)2 2}

1 S N
o) Z Ni(Yi — Nz’,*)ﬂi‘|

= 242E

= 242E QZZN — fg,)fiq | - (19)

Tk o= 1¢€Qs

Here, for any integer s with 1 < s < k, we put
24eQ, Natar _ 2geq, Natas _ o (20)
- = s,*-
ZqGQS Nq s

Then, combining (10), (17) and (20), (19) can be expressed as

UQZns s as,*)és‘|

s=1

= l z:né s — Oés,* (Xs - és)]

k
1 _ _
ﬁ E ns(Xs - as,*)Xs‘| .
s=1

* =

B = 2+2E

+2E

Hence, noting that X, ~ N(a ., 02/ns), we have

B=2(k+1)—2E |

k

s=1

Next, we calculate the expectation in (21). Here, the following theorem
holds:

THEOREM 1. Let! be an integer withl > 2. Letnq,...,n; and 72 be positive
numbers, and let &y, . .., & be real numbers. Let x1, ..., x; be independent random
variables, and let x5 ~ N(&,7%/ng), (s = 1,...,1). Put mn = (ng,...,m),
E=(&4,...,8) andx = (z1,...,3;). Then, it holds that

1« (n)
72 — ™ (2)]s])

e

(i- )P (m(z)e |J A0W)

JeJg}

-

s
II
[\v)
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~ Details of the proof of Theorem 1 are given in Appendix 2 and 3. Note that

X1,..., X} are mutually independent, and Xy ~ N(as «,02/ng) for any integer
s with 1 < s < k. Also note that from (8) the MLE 8 is given by 6 = n,(c")(X).
Therefore, from Theorem 1, the expectation in (21) can be expressed as

0_2 Zns S as* (X _és)‘|

k
72 Z as * (Xs - U/in)(X)[S])]

k
Zu—lP 6 e U A® ()| =L, (say).

JeJk
Hence, in order to correct the bias, it is sufficient to add 2(k + 1) — 2L to (14).
However, it is easily checked that L depends on the true parameters ; ., ..., 0k «

and o2. For this reason, we must estimate L. Here, we define the following
random variable m :

k
=143 1,20, (22)
a=2

where 17, is an indicator function. It is clear that 7 is a discrete random
variable and its possible values are 1 to k. Incidentally, from the definitions of
A®)(J), /i and 0, it holds that

bc | AW()e=m=k+l-uesk-m=u—1,
JeTk
for any integer u with 1 < u < k. Therefore, the random variable k — 1 satisfies

k

Ek—m] =Y (u-1)P[0ec [ J AW)|=L.

u=2 Jegk
Hence, in order to correct the bias, instead of 2(k + 1) — 2L, we add
2k+1)=2(k—m)=2(m+1)
o (14). In other words, it holds that
B =2(k+1)—2E[k —m] =E[2(m + 1)].

As a result, we obtain the C), type criterion for the candidate model M with
the TO, called TOC,,.

THEOREM 2. A C, type criterion for the candidate model M with the TO,
called TOC,, is defined as

~9
TOC, == (N — k" — 2)% +2(m + 1),
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where 62, 62 and M are given by (11), (13) and (22), respectively. Moreover,
for the risk function R given by (12), it holds that

E[TOC,] = R.

REMARK 1. The TOC), is the unbiased estimator of R. Furthermore, unbi-
asedness of the TOC,, holds even if the true model is not included in the candidate
model M.

In addition, for unbiasedness of the TOC), the following theorem holds:

THEOREM 3. The TOC, is the uniformly minimum-variance unbiased es-
timator (UMVUE) of R.

PrOOF. As we mentioned before, the random variable 7 is a function of
él, . ,ék, and él, . ,ék are functions of X1, ..., X;. Furthermore, X1,..., X,
are functions of Y,..., Y. Thus, 7 is a function of Y3, ..., Ys-. On the other
hand, since fi1, ..., fix- are functions of Y7, ..., Yy, from (15), we can see that
both 62 and &2 are functions of Y7,..., Y. Therefore, from the definition of
the TOC,, the TOC, is a function of 5% and Y3, ..., Ys-. Incidentally, noting
that Yi1,...,Ys-n,. are mutually independent, and Y;; ~ N(u;.,02) where
1 <i<k*and 1< j < N, the joint distribution function f(y; ., o?) can be
written as

f(y; e, 02)
1 F N; k* N
=Crexp{ —g 5> | N + D (i —5)* | + ) — 35— Cay,
* =1 j=1 i=1 *
where g;, C1 and Cy are given by
1 & 1 1 <
Ui = — iy C1= ——5, Co=—=% Njui,.
Y Nz jz::ly J 1 (271_0_3)]\7/2 2 20_3 Zz; /1’7,,*
Here, define
K N;
TOZZ N'LY?"*'Z(Y;]_Y;)2 y leY:” (Zzl,,k*)
i=1 j=1
Then, (Ty, T4, ..., Tk+)" is a complete sufficient statistic (see, e.g., Lehmann and

2

Casella [12]). Moreover, since * can be written by using (Tp, 11, ..., Tg+)" as

k*
1

-2 _2

7 N(O Z._IN”>’

d° is a function of the complete sufficient statistic (Tp, 1, .., Tg+)". Hence, the
TOC, which is a function of 52 and Y7, . .., Vi, is also a function of the complete
sufficient statistic. Therefore, since the TOC,, is the unbiased estimator of R,
from Lehmann-Scheffé theorem (see, e.g., Knight [10]), the TOC}, is the UMVUE
of R. O

2
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REMARK 2. We would like to note that Davies et al. [5] showed the
bias-corrected C), type criterion, MC, (given by Fujikoshi and Satoh [6]) is the
UMVUE of a risk function based on the prediction mean squared error for normal
linear regression models without any order restriction.

4. Numerical experiments

In this section, we confirm the estimation accuracy for the TOC,, through
numerical experiments. In addition, we also calculate the selection probability
and the risk of the best model.

4.1. Estimation accuracy. Let Y;; ~ N(0;,0?), where i = 1,2,3,4 and j =
1,...,N; for each i. We set Ny = Ny = N3 = N4. Furthermore, we put
N = Ni + Ny + N3 + Ny. In this setting, we consider the ANOVA model with
the following restriction:

Vi€ (3,4}, 61 =0,<86,.
Hence, in this candidate model, the parameter space © is given by
O ={0=(01,02,05,01) €R* | "j € {3,4}, 61=0,<0;}.

Here, for comparison, we define the following criterion:
~9

fC, = (N—k*—2)%+2(k:+1),

where k is the number of independent mean parameters in the candidate model,
and the notation “f” of fC}, is an abbreviation for “formal”. Thus, the penalty
term of the fC), is 2(3 4+ 1) in this candidate model. Note that under no or-
der restrictions, the fCj, is equal to the usual unbiased C,, criterion. However,
since the parameters are restricted, the fC), is not necessarily (asymptotically)
unbiased estimator of the risk function in general.

Next, in this numerical experiments, we consider the following true param-
eters:

Casel: 6, =1, 6,=1, §5=1.5, 6, =18, 0> =1,
Case 2: 6, =1, =1, 05 =1.05, 0, =1.05, 0> =1,
Case3: 61 =1,0,=1,03=1, 6,=1, 02 =1,
Cased: 6, =12 60,=1, 03=08, 0, =13, 02 =1.

We would like to note that the vector of true parameters 8 = (61,...,6,4)" is an
interior point of © in Case 1. Similarly, in Case 2, 8 is an interior point of ©, but
0 is very close to the boundary. On the other hand, € is a boundary point of ©
in Case 3. Moreover, in Case 4, 0 is not included in ©. Therefore, the true model
is included in the candidate model when Case 1-3. However, in Case 4, it is not
included. From 1,000,000 Monte Carlo simulation runs, we confirm estimation
accuracies (bias and MSE) of the TOC), and the fC,,. Obtained results are given
in Table 4.1 and 4.2.
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Table 4.1  Risk of the candidate model, and estimation accuracies of each
criterion in Case 1-2

Case 1 Case 2

Risk TOC, fC, Risk TOC, fC,

N R— N |Bias MSE | Bias MSE || R— N | Bias MSE | Bias MSE

12 249 10.00 4.71 |-0.69 4.66 211 [ 0.00 7.72 [-1.69 10.46

36 2.79 10.00 2.61 [-0.26 2.38 212 [0.00 445 |-1.62 6.89
100 296 |0.00 2.14 |-0.04 2.08 2.14 [0.00 3.95 |-1.50 5.95
200 3.00 |[0.00 2.04 | 0.00 2.03 2.16 | 0.00 3.72 [-1.40 5.32
1000 || 3.00 | 0.00 2.02 | 0.00 2.02 2.34 [ 0.00 3.17 |-0.95 3.51
2000 || 3.00 |0.00 2.00 | 0.00 2.00 2.50 | 0.00 2.87 |-0.67 2.76

Table 4.2  Risk of the candidate model, and estimation accuracies of each
criterion in Case 3-4

Case 3 Case 4

Risk TOC, fC, Risk TOC, fC,

N | R— N |Bias MSE | Bias MSE || R— N | Bias MSE | Bias MSE

12 210 | 0.00 8.14 |-1.79 11.35 2.32 1 0.00 10.25 |-1.87 13.94

36 2.11 | 0.00 4.83 [-1.78 8.00 || 2.78 | 0.00 7.84 |[-1.92 11.91
100 || 2.11 | 0.00 4.45 |[-1.78 7.63 || 4.03 | 0.00 12.31 |-1.96 16.67
200 || 2.11 |0.00 4.36 [-1.79 7.56 || 6.01 |-0.01 20.27 |-1.99 24.65
1000 || 2.11 |0.00 4.30 |-1.78 7.49 || 22.00 | 0.00 84.89 |-2.00 88.88
2000 || 2.11 |0.00 4.27 |-1.78 7.46 | 42.00 | 0.00 165.94 | -2.00 169.94

From Table 4.1, we can see that the TOC),, and the fC), are unbiased and
asymptotically unbiased estimators of R, respectively. Similarly, we can see that
the biases of the TOC), of Case 2 are similar to those of Case 1. On the other
hand, the bias of the fC}, in Case 2 is still not small when the sample size N is
2000. Moreover, in Case 3, from Table 4.2 we can see that the the TOC, is the
unbiased estimator of R and the fC), has the asymptotic bias. In addition, from
Table 4.2 we can see that the fC),, has asymptotic bias in Case 4. However, the
TOC, is the unbiased estimator of R. Furthermore, for the MSEs, from Table
4.1 we can see that the MSEs of the fC),, are smaller than those of the TOC), in
Case 1 or Case 2 and large N. On the other hand, from Table 4.2 we can see
that the MSEs of the TOC),, are smaller than those of the fC, in both Case 3
and 4.

4.2. Selection probability and the risk of the best model. In this sub-
section, we calculate selection probabilities in cases of using the TOC),, and the
fC), respectively. In addition, we also calculate the risk of the best model se-
lected by minimizing each criterion. Let Y;; ~ N(6;,0%), where i = 1,2,3,4
and j = 1,...,N; for each i. We set Ny = Ny = N3 = N4. Moreover, we put
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N = Ny + No+ N3+ Ny. In this setting, we consider the following five candidate
models:

M1 : ANOVA model with 61 =60y =605 = 04,

M2 : ANOVA model with 61 =60y = 05 < 04,

M3 : ANOVA model with 61 =60, <6;, (j=3,4),
M4 ANOVA model with 6, <6;, (j=2,3,4),
M5 : ANOVA model without any restriction.

Note that these five candidate models are nested. Furthermore, in this simulation
we consider the following true models:

Case 1: 91:92:17 93:94:1.5, 0‘2:1,
Case2: 01 =0,=1, 03=24, 0, =17, 6> =1.

From 10,000 Monte Carlo simulation runs, we calculate the selection probability
and the risk of the best model for each criterion in both cases. Obtained results
are given in Table 4.3 — 4.6.

Table 4.3 Selection probability (%) for the case of using each criterion
in Case 1

TOC, fC,

N | Mi M2 M3 M4 M| Mi M2 M3 M4 Ms
40 || 46.70 14.74 28.88 4.98 4.70 | 48.13 14.82 27.37 4.71 4.97
80 || 24.98 14.67 48.36 6.11 5.88 | 25.63 14.68 47.60 6.11 5.98
120 || 13.69 10.99 62.06 6.57 6.69 || 14.02 10.99 61.64 6.62 6.73
160 || 6.99 7.69 7011 7.70 7.51| 7.13  7.69 69.95 7.72 7.51
200 | 3.27 470 7712 7.60 7.31| 331 470 77.06 7.61 7.32

Table 4.4  Selection probability (%) for the case of using each criterion
in Case 2

TOC, fC,

N ML M2 M3 Mi M5 | ML M2 M3 M4 Mp
10 | 324 022 R0.98 7.76 7.80 | 3.50 0.22 80.39 7.91 7.08
80 | 0.04 0.00 8472 7.74 750 0.04 0.00 84.64 7.78 T.54
120 || 0.00 0.00 84.29 7.30 841 0.00 0.00 8427 7.32 841
160 || 0.00 0.00 84.32 7.98 7.70 | 0.00 0.00 84.32 7.98 7.70
200 [ 0.00 0.00 8450 7.49 801 000 0.00 8450 7.49 8.01

From Table 4.3 — 4.6, we can see that the obtained results of using the
TOC, are very similar to those of using fC}, in both cases. This implies that
using the criterion which has unbiasedness does not dramatically influence the
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Table 4.5

Risk for each candidate model, and the values of risks of

best models (R[TOC,], R[fC}]) selected by minimizing

the TOC,, and the fC), in Case 1

15

N M1 M2 M3 M4 M5 || R[TOC,] R[fC)]
40 || 43.50 43.40 42.71  43.32  44.03 43.98 43.98
80 || 86.02 85.20 82.90 83.46 84.01 84.52 84.54
120 || 128.51 126.92 122.96 123.46 123.99 124.47  124.48
160 || 171.00 168.61 162.99 163.51 164.02 164.29  164.29
200 || 213.51 210.30 202.97 203.49 203.98 204.01  204.01
Table 4.6  Risk for each candidate model, and the values of risks of
best models (R[TOC,], R[fC}]) selected by minimizing
the TOC),, and the fC}, in Case 2

N M1 M2 M3 M4 M5 || R[TOC,] R[fC)]
40 || 54.46 54.71 42,94 4348 44.01 43.82 43.85
80 || 107.94 107.86 82.99 83.50 83.99 83.55 83.55
120 || 161.44 161.02 123.02 123.51 124.02 123.59 123.59
160 || 214.90 214.10 163.01 163.53 164.02 163.59  163.59
200 || 268.39 267.22 203.01 203.50 204.01 203.57  203.57

performance of criteria such as the selection probability and the risk of the best

model.

5. Conclusion

Under ANOVA model with the tree ordering, we derived the unbiased C,
type criterion, called TOC,. In addition, the TOC, is the unbiased estimator
even if the true model is not included in the candidate model. Moreover, we
show that the TOC, is the UMVUE. We confirmed the estimation accuracy
and we also calculated the selection probability and the risk of the best model
through numerical experiments.

We recall that the TOC), is derived under the tree ordering which is the im-
portant restriction in applied statistics. Nevertheless, there are other important
restrictions such as simple ordering and umbrella ordering. Hence, we should
derive the unbiased C), type criterion under above restrictions. Moreover, we
should consider generalization of restrictions such as the restriction on a closed
convex polyhedral cone and the restriction on closed convex set with a smooth
boundary. Furthermore, we should investigate theoretical property of criteria
derived under order restrictions. These are left for the future work.
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Appendix 1: Proof of Lemma 1
In this section, we prove Lemma 1. First, we provide the following lemma.

LEMMA A. The following three propositions hold:

(1) Let A and B be non-empty subsets of N;, and let AN B = 0. Then, it
holds that

TA<ITp=>TpaA<Taup <ZTpR-
(2) Let A and Bi,...,B; be non-empty subsets of N;, and let A and
Bi,..., B; be disjoint. Then, it holds that
Vie{l,...,i}, Ta <Tp, = Ta < 7Tp, (A.1)

where B is given by

B:OB]-.

j=1
Similarly, it also holds that
Vie{l,...,i}, Tp, <Ta = Tp < Za. (A.2)

(3) Let A, B and C be non-empty subsets of N;, and let A, B and C be
disjoint. Then, it holds that

Ta<ZTo, TB X To = TauB < TC. (A.3)

The proof of Lemma A is omitted because it is easily obtained. Next, we
prove Lemma 1.

PrROOF. When [ = 2, the statements of Lemma 1 are equivalent to Lemma
C given by Inatsu [8], and it is already proved. Therefore, we prove the case of
l>3.

First, we prove (1) of Lemma 1. From (5) it holds that

l
U U 490) = {z R |21 < ap,... om0 <} = A,
i=1 y¢ 7

and AD(J) # AW(J*) where J # J*. Therefore, from the definition of the
inverse image, it is clear that (1) holds because n; is the function from R' to
AW,

Next, using mathematical induction we prove (2) and (3) of Lemma 1. Thus,
assume that Lemma 1 is true when [ = 2,...,¢—1. In this assumption, we prove
that Lemma 1 is also true when [ = ¢q. Here, in the case of i =1, jl(q) has only
one set J = {1}. First, for this set J, we show the inclusion relation D of (7).
Let © = (z1,...,24)" be an element of RY satisfying

Djx; >0, vtENq\J, Ty < T¢.
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Here, note that £y = x1. Hence, for any integer ¢ with 2 <t < g, the inequality
x1 < x4 holds. This implies that = € A9 (J) C A@. Meanwhile, let

Hy(8;2) = Y Nu(w — 8u)°

u=1
Then, noting that & € A9, we get
0< min H,(6;x) < Hy(x;x) =0.
< Jin Hy(9;2) < Hy(w; @)
Therefore, it holds that
in H,(0;x) = Hy(x;x) = 0.
Shin ¢(0;x) = Hy(w;) =0
This equality means that n,(x) = x € A@(J). Thus, we obtain n,(z) €
AW@(J). Therefore, x € n, ' (A@(J)) holds. Hence, the inclusion relation > of
(7) in the case of J = {1} is proved. Next, we show C of (7). Let y = (y1,...,yq)
be an element of R? satisfying y € 77(;1 (A(q)(J)). In other words, we assume
that
ny(y) = argmin H,(8;y) = o = (o1, ..., o) € AD ().
scAl®)
Here, noting that A (.J) is an open set, there exists an e-neighborhood U(ay; €)
of a such that U(a;e) € A@(J). Thus, for any element v = (71, ...,7,)" of R
satisfying v € U(a;e) € A@ it holds that
Hy(a;y) < Hy(v:9)-
This implies that o is a local minimizer of H,(d;y). In addition, since Hy(d;y)
is a strictly convex function on R? w.r.t. §, the local minimizer « is the unique
global minimizer. Moreover, it is clear that the global minimizer is y because
H,(6;y) is non-negative and H,(y;y) = 0. Therefore, we get o = y and it holds
that
m(y) = a=y e AD().

Hence, for any s with s € N, \ J, the inequality y1 < y, holds. Consequently,
the inclusion relation C of (7) in the case of J = {1} is proved.

Next, for any ¢ with 2 < i < ¢ — 1, we prove the inclusion relation D of (7).
Let ¢ be an integer with 2 < i < ¢—1, and let J be a set with J € ._71-(‘1). Assume
that @ = (z1,...,24) is an element of R? satisfying Djx; > 0 and Z; < x; for
any t € N, \ J. Here, the function Hy(o;x) can be expressed as

Hy(az) = ZNd(xd —ag)? = Z Ny(zs — as)* + Z Ny(zp — ay)?
d=1

seJ teNg\J
= Hyj(aszs)+ Hyn\g(an\ g2y, 0)-
Therefore, it is easily checked that

alélj‘{lq) Hy(o ) > a‘]glj{l#‘,) Hyj(eszy) + Hynp\g(@n 5 2n00)- (A4)
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In addition, we put mJ:(yl,...7y#J)/:y, (XJ:(Bl,...,,@#J)/:,B, Ny =

(n1,...,n4s) =n and J* = Ny ;. By using these notations, we obtain
H#J avaJ ZN Znu Yu *H#J(ﬁv )7
seJ
and

QJTEHA{I#J)H#J(O‘J;J’J) IBHAI(QJ)H#J(ﬁ’ Y).

Recall that Lemma 1 is true when [ = 2,...,¢—1 from the assumption of math-
ematical induction. Moreover, it also holds that DSN)m 7 > 0. This inequality is
equal to Df,rf)yj* > 0. Furthermore, noting that J* = Ny and 2 < #J < ¢g—1,
from (3) of Lemma 1 we get

i H ; = H.

oo #ilag;xy) 66121(%” #1(Biy)

S g = X Ml 0 (A5)
u=1 seJ
Hence, from (A.4) and (A.5), it holds that
B 2

agljxl(lq) H,( ) > ZN T, —T7)% + Z Ny(xy — 2p)°. (A.6)

seJ teNg\J
Here, let v = (71,...,74) be a g-dimensional vector whose sth element (s € J)

is 7 and tth element (¢ € Ny \ J) is ;. Then, from the assumption, for any
t € Ny \ J it holds that Z; < z;. Thus, from the definition of -+, we obtain
~ € AW Hence, the following inequality holds:

agljr(lq) Hy(os @) < Hy(v;m) =Y Na(zs —2)° + Y Ne(zp —24)>. (A7)
seJ teNg\J
Therefore, from (A.6) and (A.7) we get
min Hy(ogx) = Hy(; ).
acAl@)
This implies that
ng(x) = argmin H,(a; ) = .
acAl@)
Noting that from the definition of 7, we get v € A9 (J), i.e., x € n, ! (A(q)(J)).
Consequently, for any 4 with 2 < ¢ < ¢ — 1, the inclusion relation D of (7) is
proved.
Next, we prove the inclusion relation C of (7). Let 4 be an integer with

2<i<q-—1, and let J be a set with J € ji(q). Also let @ = (z1,...,24)" be an
element of RY satisfying « € nq’l (A(q)(J)). In other words, we assume that

ng(x) = (o1,...,a,) = ac AD()).
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Here, from the definition of A(@(.J), for any s € J and for any t € N, \ J, it
holds that ¢y = a5 and a; < oy. Incidentally, from the definition of n,, we get

q

STt < Nifwi =6)" = 3 No(ws =o'+ 3 Ni(w - a0’
i=1 s€J teNg\J

= ZNS(xS—a1)2—|— Z Nt(xt—at)Z.
seJ teNg\J

In addition, for the subvector v* = (1, ’y{wq\ ;)', we consider the following func-
tion:

H(vy"zx) = ZNs(xs —m)*+ Z Ni(zy — 7).

seJ teENg\J
Noting that o = (a1, 04y ;)" € Al=#7+1({1}) and A@~#/+D({1}) is an
open set, there exists an e-neighborhood U(a*;e) of a* such that U(a*;e) C
AWHFIED 1Y), Let ¢ = (Ciy---,Gg)', and let ¢* = (C1,¢f,\ ) € Ulat;e).
Moreover, let & = (&1,...,&,;)" be a ¢-dimensional vector whose sth element

(s € J) is & = (1, and tth element (¢t € Ny \ J) is & = ;. Then, noting that
&€ € AW we obtain

H(¢a) = ) No(ws =GP+ D Nilwe = G)°

seJ teENg\J
= ZNs(xs_Es)2+ Z Nt(xt_ft)z
seJ teENg\J

q
> min Ni(xi — (51)2

scAld) P
= ZNS(acs—al)Q—i— Z Ni(zy — a)® = H(a*; ).
seJ teNg\J

Thus, a* is a local minimizer of H(~v*;x). In addition, since H(v*;x) is a
strictly convex function on RI™#7+1 w.rt. ~*, the local minimizer a* is the
unique global minimizer of H(~v*;x). Moreover, the global minimizer can be
obtained by differentiating H (y*;x) w.r.t. v* as

o =%y, o=z, (t€Ny\J).

Therefore, noting that oy < oy, we have Tj < 4.

Next, we prove DSN)mJ > 0. We replace ; and N with y = (y1,...,y;)
and n = (ny,...,n;)’, respectively. In addition, we put J* = N;. Note that
x; =1y = yy . Also note that y is an i-dimensional vector and 2 < i < g — 1.
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Recall that from (1) of Lemma 1, it holds that

?

R=J U »'(49).

s=1 jc 7
7t (ADWD) Nt (ADT) =0 (£ ).

In order to prove D(JN)a:J > 0, we show y € 171-_1 (A(i) (Nl)) using proof by
contradiction. Thus, we assume that there exists an integer s with 1 < s <¢—1
and a set J** of 7" such that y € mn! (AD(J**)). Recall that from the
assumption of mathematical induction, Lemma 1 is true when [ = 2,...,q — 1.
Furthermore, since i < ¢ — 1, from (2) of Lemma 1, y € n; ' (A®D(J*)) is
equivalent to
DMyse >0, Gp <y (t€N;\J™).

Here, by using (2) of Lemma A, we get 3+« < gy,\j++. Moreover, using (1) of
Lemma A we have g+« < yn, = Zj. Therefore, combining z; < z; (t € Ng\ J),
we get

oo <z (reNg\J). (A.8)
Note that there exists a set J*** with J*** ; J satisfies ¢y« = Ty« and
D‘(;:,)f'y‘]** = Dslilmj*** 2 0, .’EJ*** < Ty (U S J\ J***) (Ag)

Hence, for the set J***, from (A.8) and (A.9) it holds that
DL(]{X)*iL'J*** >0, Ty < Ty (u € Nq \ J***)

As we proved before, this implies that @ € n, ' (A@(J***)). However, this result
is a contradiction because J # J*™*, x € n;t (AD(J)) .and n, ' (AD(]) N
n; ! (AW (J**)) = . Therefore, we obtain y € n; ' (AD(N;)). From (2) of

)

Lemma 1, this result is equivalent to Dl(\,? y > 0. This inequality can be written

by using IV, J and x; as DSN)wJ > 0. Thus, for any ¢ with 2 <7 < ¢ —1, the
inclusion relation C of (7) is proved.

Finally, in the case of i = ¢, ie., J = N, € jq(q), we prove (7). First,
we prove the inclusion relation D of (7). Let @ = (z1,...,24)" € RY, and let
Djx; > 0. Recall that the following relation holds:

RY — O U 77;1 (A(Q)(J))’
s=1 Jejs(q)
0t (A9W) Nt (A9 =0 (£,

Again, we consider proof by contradiction. Hence, we assume that there exists
an integer s with 1 < s < ¢g—1 and a set J* of s(q) satisfying « € nq_l (A(‘Z)(J*)).
Thus, as we mentioned before, it holds that

Djypxy; >0, Ty <y (tENq\J*).
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We would like to recall that 1 € J* and the number of elements in J* is s. Here,
if s =¢— 1, then Ny \ J* has only one element a satistying a > 1. Therefore, it
holds that

IN\{a} < Za-
However, this inequality is a contradiction because D jx; > 0. Hence, s satisfies
1 <'s < ¢ —2. Incidentally, there exists an element t* of N, \ J* which satisfies

te N\ (J*U{t'}), o < o4
Therefore, form (2) of Lemma A we get
TN \(Juftr}) < T
In addition, since Z; < x4+, from (3) of Lemma A we obtain
TN\ {te} < Tt
However, this inequality is also contradiction because Djx; > 0. Thus, we get
s = ¢. This implies that J* = N, € jq(q) and x € nq_l (A(‘J) (Nq)). Therefore,
the inclusion relation D of (7) in the case of i = ¢ is proved. Next, we prove C.
Assume that x € n;! (A (Ny)). In other words, it holds that

ng(x) = e A@ (Ng).

From the definition of AW (N,), we get a = 1,0, where 1, is a ¢-dimensional
vector and every element of 1, is equal to one. Here, again we consider proof by
contradiction. Therefore, we assume that there exists an integer s with2 < s <g¢q
which satisfies

TN \{s} < Ts- (A.10)
Meanwhile, for the function H,(d;x) given by

q
Hq(éaw) = ZNa(-ra - 5(1)2;
a=1

it is easily checked that

a
; . — . — _ )2
Smin H,(8;x) = Hy(a;x) = ;Na(axa a)?, (A.11)
because x € ! (A(Q)(Nq)) is true. Here, it is clear that the following inequality
holds:

q q q
—a)? > mi — B2 = — T 2,
ZNa(xa a)’ > min Z No(zq — B) Z No(xq — Tn,\{s})
a=1 a=1, a#s a=1, a#s
(A.12)
Hence, combining (A.11) and (A.12) we get
q
min H,(d;x) > Z No(zq — :ENQ\{S})Q. (A.13)
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Let 3 be a g-dimensional vector whose sth and tth (¢ € N, \ {s}) elements are
and I\ (s}, respectively. Then, the inequality (A.13) can be written by using
3 as
in H,(d;x) > H,(B;x).
SJhin Hy(d;2) > Hy(B; @)

On the other hand, from the assumption (A.10), we obtain

Sin Hy(d;2) < Hq(B; @),

because B € A, Thus, we have

Sin Ho(d;2) = Hq(B; @),
and this means that n,(x) = 3. However, this result is a contradiction because
ng(x) = o and o # B. Hence, for any integer s with 2 < s < ¢, it holds that
Ty,\{s} = Ts. This inequality is equivalent to Dy, xn, > 0. Therefore, the
inclusion relation C of (7) in the case of i = ¢ is proved. Consequently, (2) of
Lemma 1 is proved.

Finally, we prove (3) of Lemma 1. When J # N, we have already proved
in the proof of (2) of Lemma 1. Thus, we prove the case of J = Ny. Let
xemn;t (A@(N,)). Then, it holds that ny(z) = a € A@(N,) and a can be
written as o = al,. Here, for the function H,(d;x) defined by

q

Hy(&;2) =) Nalwa = da)*,
we obtain

3 . — . _ 2
Jmin Hy(8;x) = Hy(oz) = Y No(z4 — )

q
> min) Na(za—B)° = Nalza — In,)* = Hy(2n,14: ), (A.14)

a=1 a=1

because € 1, ' (A9 (Ny)) holds. On the other hand, since Zy, 1, € A7, we
get

3 . < T . .
élenjgﬂ Hy(8;x) < He(Zn,1q; %)

By combining this inequality and (A.14), we have

i T852) = o 1)

This implies ny(x) = a = Ty, 14. Therefore, (3) of Lemma 1 is proved. O
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Appendix 2: Technical lemma

In this section, we provide two technical lemmas. Using Lemma 1 and
provided two lemmas, we prove Theorem 1 in Appendix 3.

LEMMA B. Let vy,...,v; be independent random variables, and let vy ~
N(&s,7%/Ng) where 1 <s<1,72>0, &,...,&§ €R and Ny,...,N; € Rug. Let
N =(Ny,....N), v=(v1,...,v) and € = (&1,...,&) . In addition, for any
integer i with 1 < i <1 and for any set J with J € .71-(1), define

S(J) = Na(vs — &) (vs — 1))

seJ

Then, the following two propositions hold:

(1) If J # Ny, then vy, g, (Dyvs),S(J)) and v; are mutually indepen-
dent.
(2) If J =Ny, then ((Dyvy)',S(J)) and vy are mutually independent.

PROOF. First, we prove (1). From the assumption, v is distributed as the
multivariate normal distribution with a diagonal covariance matrix. Therefore,
noting that the two sets J and N; \ J are disjoint sets, it can be shown that
the two subvectors v; and wy,\ s are also distributed as (multivariate) normal
distributions and these are mutually independent.

Next, we prove that ((Djv;)’,S(J)) and ©v; are functions of vy, and
these are mutually independent. Here, the case of J = {1} is clear because
((Dyvy),S(J)) = (0,0). Thus, we consider the case of J # {1}. Since

ZNSI_)J(IUS - 1_).]) = 07

it holds that

S(J) = ZNS('US _fs)(vs _’DJ) = ZNS<US — vy —55)(’05 _@J)

seJ seJ
= ZNS(US - 77])2 - Zsts(vs - ’DJ)'
seJ seJ
Here, let
1
A= eV {1y - 2N (B.1)
J

where diag(IN;) means the diagonal matrix whose (a, a) element is the ath ele-
ment of the vector N ;. Then, S(J) can be expressed as

S(J) = (Av,) (Av,) — (€)(diag(N,))'/?) Av.

Hence, ((Djvys)’,S(J)) is the function of ((Djvy;),(Avys)). Therefore, it is
sufficient to prove that ((Djv;)’,(Avy)’) and v; are independent. Note that
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the vector ((Dyvy)’, (Avy)',0;) can be written as

DJ’UJ DJ
AUJ = A~ vy,
vy N /N

and v are distributed as multivariate normal distribution. Thus, it holds that
((Djvy),(Avy)) and 0, are distributed as (multivariate) normal distributions.
Hence, in order to prove its independence, it is sufficient to prove that the
covariance of ((Djvy), (Avy)) and 0y is the zero vector. Here, the covariance
of Djvy and vy can be expressed as

COV[DJ’UJ,T)J] = DJV&I‘[’UJ]NJ/NJ. (B2)
Furthermore, noting that Var[v;] = 72(diag(N;))~!, (B.2) can be written as
Cov[D vy, 0] = (7% /Ny) D, (diag(N;) "' Ny = (r?/N;)Dyly,.

In addition, from the definition of the matrix D, it holds that D;1,; = 0.
Therefore, we get Cov[D jv;,0;] = 0. Similarly, the covariance of Av; and o,
is given by

COV[A’UJ,T)J] = (Tz/NJ)A]_#J,

and it holds that Aly; = 0 from (B.1). Thus, we have Cov[Av,;,¥;] =
0. Therefore, ((Djv;),(Avy)") and v; are independent. This implies that
((Dyvy),S(J)) and vy are independent. Hence, (1) is proved. On the other

hand, by using the same argument, we can also prove (2). O
LEmMMA C. Let vy,...,v be independent random variables defined as in
Lemma B, and let
AV} = {(@1,...,m) eR |2y < z9,..., 71 < 23

Then, it holds that

E

Lwen (a0 (1)} TzZN“s : ]

=E

Liveawquyy X = ZN vs(vs — s ]

= lE[l{vEAU)({l})}] = ZE[ {venlfl(mz)(g}))}}
= 1P(v e n, (AD({1}))). (C.1)
PROOF. From the definition of the indicator function, it is clear that the

fourth equality holds. On the other hand, for the first and third equalities, we
must prove

ven (AY({1}) & v e AV({1)).
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However, we have already proved this relation in (7). Therefore, we prove the
second equality. For any integer s with 1 < s <[, we define

V Ns (Us - gs) _ b

T — S8y s — T
Note that z1,..., 2 are independent and identically distributed as N(0,1). Fur-
thermore, it holds that

1 1
% ZNSUS(US —&) = Zzs(zs + bs). (C.2)
s=1 s=1

In addition, for any integer ¢t with 2 <t <, putting

VN
VNL

= Qg,

the following relation holds:
ve AV({1Y) e2<t <l <o, ©2<t <1, a(z1+b1) = b < 2.
Here, define
Er={(c1,....,q) eR | 2<t <1, ayler +b1) — by < ¢t}

Then, for the vector z = (z1,...,2), it holds that v € AV ({1}) & z € E;.
Using this result and (C.2), we obtain

! l
1
E 1{veA(l>({1})} X ) ZNsUs(Us - fs)] =E lizer,) X ZZS(ZS +bs)
s—1 s=1
1 I
E; s=1 s=1

where ¢(x) is the probability density function of standard normal distribution.
Here, when [ = 2, Inatsu [8] proved that (C.3) is equal to IE[1{ycam ({1})})-
Hence, we prove the case of [ > 3.

First, for any integer s with 2 < s <[ we define

R = [ o(y)dy.

s(z+b1)—bs
In addition, let

. !
Gy :/ z1(z1 + b1) (H Fs(21)> ¢(21)dz1,

and let

.- [ (/w zs<zs+bs>¢<zs>dzs> [ A | élde,

2<t<l, t#s
(C.4)



26 Yu INATSU

where s = 2,...,1. Then, (C.3) can be written as

l l !
//E {Zzs(zs+bs)}n¢(25)dzldzl :ZGS (05)

s=1

Next, we calculate G; and G. Using the integration by parts, G; can be ex-

pressed as
00 - .
(b 21 +b1 (HF z1 > +/ ¢(Zl) (H FS(21)> le
- s=2
/ ¢ Zl 2’1 + bl <H F 21 ) dzi. (CG)

Here, noting that

G =

diZlFs(zl) = —asp(as(z1 +b1) — bs)

and the first term of the right hand side of (C.6) is zero, (C.6) can be written as

oo l
R (H Fs<zl>> dz

0o l
[ ot ) {Z{—as¢<as<z1 Fh) b))
-0 s=2

II FEG)]pda (C.7)
2<t<l, t#s
Next, we calculate G5. Here, note that

/ h 2a(2a + ba)b(20)dz,

as(z1+b1)—bs

= o) e+ D anyon, + [ Sz,
a5(21+b1)7b
= as(zl + bl)gb{as(zl + bl) - bs} + FS(Zl). (08)
Hence, substituting (C.8) into (C.4) yields
Gs

00 l
:/ (Z)(Zl) <H Fs(21)> le
-0 s=2

+/_OO ¢(z1) (21 + bi){asd(as (21 + b1) — bs)} ( 1T Ft(21)> dz.

2<t<I, t#s

(C.9)
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Therefore, using (C.7) and (C.9) we get

I 00 1
» G.= 1/_ é(21) (H Fs(zl)> dz

l
l/ Hd)(zs)dzr“dzl

)
= IE[lizery] = Elyeam quy)-
(C.10)

Thus, by substituting (C.10) into (C.5), we obtain (C.1). O

Appendix 3: Proof of Theorem 1
In this section, we prove Theorem 1. First, we provide the following lemma.

LEMMA D. Let ny, ny and 72 be positive numbers, and let &1, and & be

real numbers. Put m = (ny,ng)’. Let 1 and xo be independent random variables
distributed as x5 ~ N(&s,72/ns), (s = 1,2), and let ¢ = (x1,12)". Then, the
following two propositions hold:

(P1) For any integer i with 1 < i <2, and for any set J with J € jl@), it
holds that

E

1 _
1{DS">(BJZO}§ Z ns(-rs - 58)(1‘8 - xffn))‘|
seJ

= (i-1)P(DM =z, > 0). (D.1)

(P2) The following equality holds:

E

2 Dol — &) — i @)ls)
s=1

=P (" (@) € AO(N;)) . (D2)

PrROOF. First, we prove (D.1). When i = 1, i.e., J = {1}, noting that
Ty = w1, the equality (D.1) is clear. On the other hand, when i = 2, i.e.,
J = Ny, the equality (D.1) is equivalent to (P1) of Lemma F given by Inatsu [8],
and it is already proved. Similarly, the proof of (D.2) is equivalent to the proof
of (P2) of Lemma F given by Inatsu [8]. Therefore, lemma D is proved. O

Next, we consider the following lemma:

LEMMA E. Let I be an integer with | > 2. Assume that the following
proposition (P) is true:

(P) Let Ny,...,N; and <% be positive numbers, and let 1,...,( be real
numbers. Let yy,...,y; be independent random variables, and let ys ~
N(Cs,s2/Ns) wheres =1,...,1. Put N = (Ny,...,Ny), ¢ = (C1y---, )
and y = (y1,-..,y1)". Then, for any integer i with 1 < i <1 and for
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any set J with J € J\", it holds that

1 (N
Ellipi™y, 20 2 > Nalws = G —5y)
seJ

= (i—-1)P(DMNMy,; > 0). (E.1)

Under the assumption (P), the following proposition (P*) holds:

(P*) Let ny,...,n41 and 72 be positive numbers, and let &1,...,&41 be
real numbers. Let x1,...,T1+1 be independent random variables, and
let xg ~ N(&5,7%/ns) where s =1,..., 1+ 1. Putn = (ny,...,n141),
&= (&,...,&41) and ¢ = (21,...,2141)". Then, for any integer i
with 1 < i <141 and for any set J with J € ji(H'l), it holds that

1 —
B |Lpa, 20 73 2 (s = &) (0 = xf,“)]
seJ
= (i—1)P(DMx; > 0). (E.2)

Moreover, the following equality holds:

1 I+1
E [ﬂ Z ns(xs - 53)(1’5 - 77;@ (L‘C)[SD‘|
s=1

I+1
=> (i-DP @) e (J AT |. (E.3)
=2 Jegltt

Note that Lemma D and Lemma E yield Theorem 1. Hence, we prove
Lemma E.

ProoF. First, we prove (E.2). Suppose that i is an integer satisfying
1 < ¢ < I and suppose also that J is a set satisfying J € ji(lﬂ). In this
case, we replace ny, x; and £; with N = (Ny,...,N;), y = (y1,-..,¥;)" and
¢ = (¢,...,¢), respectively. We put J* = N;. Then, from the assumption
(E.1), the left hand side of (E.2) can be expressed as

1 —(n
E 1{D‘(]n)m,]20}ﬁ Z’I’LS(CI)‘S - 65)(.’175 — ;[;L(] ))]
seJ
1 (N
= B 1{D§1§I)yﬁ >0} 72 Z Ne(ye = o) (ye — yf/* ))1

teJ*
(i — H)P(DMNy, . > 0) = (i —- HP(DMz, > 0). (EA)
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Hence, we get (E.2). Therefore, it is sufficient to prove the case of i =1+ 1, i.e.,
J =N € ji(H_l). Here, the left hand side of (E.2) can be rewritten as

1 _(n
B [1{Dgn)mo}722ns<ws —&)(zs — 7 U] =X -, (E:5)

seJ

where X and Y are given by

I+1

X = Ellpm, 120} 7 22”5 Ts—&s 517
I+1

Y = E {D(")m>o} ans Ts— & (n)]

First, we calculate Y. Noting that

+1

ang  — £)25 = 2L — 8l

and 27 ~ N(E™, 72/7;), from (2) of Lemma B we obtain

1 +1 (n)
Y = E 1{DF,")wJZO}ﬁZnS( s 55) ‘|

- J F(n)y ()
_ E»l{D‘(]mwﬁO}}E{z( — Enz0 ]

= B _I{Df,"):wzo}] x1=P(Dz, >0). (E.6)

Next, we calculate X. From (1) of Lemma 1, it is easily checked that the
following equality holds:

l
l{Df;”)wJZO} =1- Z Z l{menljl(mul)(]*))y (E.7)
u=1 J*EJSHI)

Therefore, X can be expressed by using (E.7) as

+1
2 Zns Zs Es ]

X =

B I+1
1
_Z Z E 1{m€nl—+11(A(z+1)(J*))}ﬁZns(xs —fs)cﬁs
u=1 J*qui+1 L s=1 a
— (+1)

+1

l
1
=2 2 B lent(auinoy sz 2 ns(@s = €| (B8)

u=1 jucgitt L s=1 i
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where the first term of the last equality in (E.8) is derived by x5 ~ N(&, 72/ny).

Next, for any integer v with 1 < u < [ and for any set J* with J* € J!*1, we
calculate

+1
1
B | Lipen a0y 3 D s (T =€) | - (E.9)
s=1

Here, recall that from (2) of Lemma 1, the following relation holds:
zen,(AY(IM) & Dypzy >0, teNg \JY, 20 <z (E.L0)

Thus, noting that

1 +1
= Z ns(xs — &s)xs
s=1
1 1
- 2 Z ns(ms - Es)xs + ) Z nt(act - ft)act
seJ* teN; 41\ J*
1 _ _ 1
= ﬁ Z ns(ms_gs)(ms_xJ* “V‘-’L'J*)‘f'ﬁ Z nt(xt—ﬁt)xt
seJ* teEN; 1\ J*
1 _ ny« N
= = Z ns(xs — &) (s — Tyr) + = (Zge — Egu)T g
seJ*
1
"‘ﬁ Z ne(zy — &),

teN; 41\ J*
the expectation (E.9) can be rewritten as

I+1
1

E l1{$€nHll(A<l+1)((,*))}T2 > ne(ws = &)as| =G+ H, (E.11)
s=1

where G and H are given by

G = E

1 _
Lsenit (4t 73 D Ms(@s = &) (@s = fEJ*)] )
seJ*

E [l{memﬂu“wﬁ))}

Ny ,_ . 1
2 (Tge —Epe )Ty + o) Z ne(ze — &)y

teN; 1\ J*




An unbiased C}, type criterion for ANOVA model with a tree order restriction 31

By using (E.10), Lemma B and (E.4), G can be expressed as

G = E[l{vteNl+l\J*, T g <$t}]
1 _
xE 1{D,I*w,;* ZO}; Z ns(ws — &) (Ts — T gv)
seJ*

= E[l{vteNm\J*, :EJ*<zf}] (u— 1)E[1{DJ*mJ*>0}]

= (u=1)XE[l{p,.q,.>0, YteN i \J*, 7 <ai})

= (=1 xElgent (acrn oyl
On the other hand, using (E.10), Lemma B and Lemma C, H can be written as

H = Ell{p,.z,.>0}]

XE [1{Vt€Nl+1\J*, T gx <£L‘t}

Ngs ,_ L 1
(@ — E5)T + = > il —&)m

teN; 1\ J*

= E[]‘{DJ*wJ*ZO}] X (l +1—u+ 1)E [I{VteNHl\J*, J;J*<mt}]
= (+1-u+1) xBllpe, (aarn gyl

Hence, substituting G and H into (E.11) yields

I+1
1
E N aen b (aen )y 2 > nslws — &)
s=1

= (+1) xE[lze, +1(A(l+1)(J*))}] (E.12)

Furthermore, combining (E.12) and (E.8) we get

X

l+1 Z Z l+1 XE {wenﬁll(A““)(J*))}]
u= 1J*€jl+1

l
U+DE 1= > Lipentatin ()
u=1 J*G..ZLLJrl

= (H+DE[Lgen 1 (acnyy) = (+ DELD,z,>0]
— (4 1)P(Dyz, > 0). (E.13)

Thus, substituting (E.6) and (E.13) into (E.5) yields

1 _
L D, z0) 73 2 1a(@s — &) (as = 27) | =IP(Dyz; > 0).
seJ

Hence, the expectation (E.2) for the case of i =1+ 1 (i.e., J = N;11), is proved.
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Finally, we prove (E.3). By using (1) and (3) of Lemma 1, the left hand
side of (E.3) can be expressed as

1+1
[QZnH ) nsn]

I+1
=B1>. 2
i=1 jeg(+n

1 +1
({memmwm 72 2l =€) —ai (e >[s1>)]

I+1
=2 2 F [( foeniy (ACHD (D)} e B fr)(xr—xJ)>

i=2 je g(+1 reJ

(E.14)

Here, using (E.2), Lemma B and (2) of Lemma 1, we obtain

<{“’€"z+1(14(l+1)(7 N} 2277'7’ zr = &) (r )>]

reJ

1 _
1{DJ$J20}§ Z nr(xr - fr)(zr - 'rJ)

reJ

= E[I{VUENHA\J’ i1<1“}] x B

- E[]'{VUENH,l\J, i]<.’Eu}] X (7’ - ]')E[l{DJ:BJZO}]
= (i—DP(myi(z) € AUTD(). (E.15)
Thus, substituting (E.15) into (E.14) yields

I+1
[QZnH &) (x5 — T (x )[SD]

I+1

= -1 Y Pla(e) € A1)
1=2 Jeji(l+1)
I+1

= Y i-1P [ma@e [J a®Ow ],
i=2 Jeglitt

because AUV (J)NAWD (J*) = ) when J # J*. Therefore, (E.3) is proved. [
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