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Chapter 1

Introduction

1.1 Overview and purpose of the study

In connection with exotic superconductors, such as heavy-fermion, organic, copper
oxide and iron pnictide superconductors, superconductivity mediated by magnetic
fluctuations has been studied extensively. Magnetic order and magnetic tendency of
the systems dominate the nature of superconductivity in those materials. For exam-
ple, in ferromagnetic superconductors, strong exchange field suppresses the antipar-
allel spin pairing. Relation between superconductivity and ferromagnetism has been
studied in ErRhyBy [1,2] and HoMogSg [3,4], in which the spin moments that exhibit
ferromagnetic order are considered to be localized. In these compounds, however,
it has been revealed that superconductivity and ferromagnetism do not coexist in
microscopic scale. In recent years, microscopic coexistence of superconductivity and
ferromagnetism has been observed in UGe, [5], URhGe [6], and UCoGe [7], in which
the electrons responsible for the ferromagnetic order are itinerant [8]. Following
these observations, superconductivity mediated by ferromagnetic fluctuations has
been examined.

With these experimental and theoretical studies as motivations, we investigate

superconductivity mediated by ferromagnetic fluctuations in this thesis. We as-



sume the generalized Kondo lattice model in which the ferromagnetic order occurs
in a localized spin system. We derive the effective interactions between conduction
electrons by the perturbation theory. In quasi-one dimension, we numerically cal-
culate the pairing susceptibility, fully taking into account the spatial and temporal
dependences.

When the magnetic order is established, magnetic fluctuations around the long-
range order are expressed in terms of magnons. As pointed out by many au-
thors [9-12], magnons can mediate effective interactions between electrons, which
may induce superconductivity. In ferromagnetic superconductors, magnon-exchange
mechanism of superconductivity was examined by Kerchev et al. [10]. Assuming an-
tiparallel spin pairing, they obtained a linear temperature dependence of specific
heat at low temperatures. Hattori and Tsunetsugu examined reentrant supercon-
ductivity in an Ising ferromagnetic superconductor URhGe in a transverse magnetic
field [12]. Assuming the one-magnon-exchange interaction, they found that soft
magnons generate strong attractive interactions near a transverse saturation field.

The interactions mediated by magnons are analogous to those mediated by
phonons, but the magnon-exchange interactions have some specific features. First,
the magnon-exchange interactions depend on the electron spins, because magnon
carries spin angular momentum —#h, when spin quantization axis is parallel to the
spontaneous magnetization. Only the spin-up electrons can absorb magnon, whereas
only the spin-down electrons can emit magnon. Therefore, the one-magnon-exchange
interaction contributes only to antiparallel spin pairing. Second, each electron can
simultaneously absorb and emit magnons. This leads to the two-magnon-exchange
interaction between two electrons and can induce both parallel and antiparallel spin
pairings. In the antiferromagnetic case, superconductivity mediated by the one- and
two-magnon-exchange interactions was examined by Shimahara [9]. It was found
that either the d-wave spin-singlet state or the p-wave spin-triplet state is induced
by magnon-mediated interactions, depending on the electron density of the system.

In the ferromagnetic case, however, the two-magnon-exchange interaction vanishes



in the limit 7" — 0, in contrast to that in the antiferromagnetic case. Therefore, we
need to proceed to the third order processes. The third order processes are described
by the triangle processes of one electron and two magnon propagators. Below, we
reveal that the triangle processes give the lowest order contribution to the effective
interactions at low temperatures, and can induce both parallel and antiparallel spin
pairings.

In the calculation of the pairing susceptibility, we need to fully account the tem-
poral dependences, to examine both possibilities of odd- and even-frequency super-
conductivities. The odd-frequency superconductivity was first proposed by Berezin-
skii in a study of superfluid *He [13]. Later, some features of odd-frequency supercon-
ductivity were examined [14-17]. Describing the order parameter of odd-frequency
superconductivity in term of the expectation value of a composite operator, Abra-
hams et al. [15] examined reentrant behavior, Meissner effect and some other prop-
erties. In heavy fermion compounds, Coleman et al. investigated this state [18].
Vojta and Dagotto also examined this state in triangular antiferromagnets [19]. In
recent years, this state was studied in some other systems [20-22]. Odd-frequency
superconductivity in ferromagnets was investigated in superconductor-ferromagnet
structures [23-27]. The bulk mixed even- and odd-frequency superconductivity co-
existing with ferromagnetism was examined by Matsumoto et al. [28]. Assuming
the s-wave antiparallel spin pairing and the interactions mediated by the Einstein
phonons, they elucidated the emergent mixing between even- and odd-frequency

pairings.

1.2 Ferromagnetic superconductors

The first ferromagnetic superconductor UGe, was discovered by Saxena et al. [5].
The ferromagnetic transition temperature Ty is 53 K at ambient pressure, and
decreases as pressure P increases, and vanishes at P ~ 1.6 GPa. Superconduc-

tivity occurs only in the ferromagnetic phase where 1.0 S P S 1.6 GPa. The



superconducting transition temperature 7. becomes the maximum 7. ~ 0.7 K at
P ~ 1.5 GPa. In URhGe discovered by Aoki et al. [6], superconductivity and ferro-
magnetism coexist at ambient pressure with 7, ~ 0.25 K and Tx\ = 9.5 K. Huy et
al. observed coexistence of ferromagnetic order and superconductivity in UCoGe [7].
They found Ty = 3 K and 7T, ~ 0.8 K at ambient pressure.

ZrZny was examined by Pfleiderer et al. [29]. They determined the transition
temperature as T, = 0.29 K from a rapid drop of the electrical resistivity. Akazawa et
al. examined Ulr [30], and found that superconductivity occurs below T, = 0.14 K,
where 2.6 S P < 2.7 GPa.

1.3 Pairing interactions mediated by ferromag-
netic fluctuations

Since the investigation by Kohn and Lattinger [31], superconductivity induced by
repulsive interactions has been examined by many authors. Berk and Schrieffer [32]
and Nakajima [33] examined the pairing interaction mediated by paramagnon in
nearly ferromagnetic Fermi liquids. Fay and Appel studied p-wave equal-spin pair-
ing mediated by the longitudinal spin fluctuations both in paramagnetic and mag-
netic regions [34]. Later, in ferromagnetic superconductors, such as UGey, URhGe,
and ZrZn,, it was found that superconductivity occurs only in the ferromagnetic
state. In connection with these experiments, Kirkpatrick et al. examined coupling
of magnons to the longitudinal magnetic susceptibility [35]. Walker and Samokhin
proposed an exchange-type interaction between the magnetic moments of spin triplet
Cooper pairs in ZrZn, [36]. Nevidomskyy studied the effect of phase crossover from
isotropic to uniaxial spin fluctuations near quantum phase transition [37]. In UCoGe,
superconductivity occurs both in paramagnetic and magnetic regions. Tada et al.
calculated upper critical field of spin-triplet superconductivity induced by longitu-

dinal ferromagnetic fluctuations in UCoGe [38].



In this thesis, we adopt the generalized Kondo lattice model, to examine pairing
interactions mediated by ferromagnetic fluctuations. In this model, the ferromag-
netic long-range order occurs in the localized spin system, and superconductivity
occurs in the itinerant electron system that is coupled with the localized spin sys-
tem through the Kondo coupling. This state is different from those of the models
in the previous studies. In case that we apply the present theory to the compounds
mentioned above, this is a simplification, but allows us to approach the problem in a
simpler way analogous to the phonon mediated pairing interactions. Hence, we can
develop the theory more systematically using the perturbation theory. Furthermore,
we can elucidate the difference between the phonon- and magnon-mediated pairing
interactions in this approach. Below, we reveal the specific features of the pairing

interactions mediated by ferromagnetic spin fluctuations on the basis of this model.

1.4 Odd-frequency superconductivity

In this subsection, we briefly explain the odd-frequency superconductivity. The

anomalous Green’s function is defined as
B .
Foolle, ) — / dre ™ (Tles (F)e_xa]), (1.1)
0
where 8 = 1/T and w,, = 7T'(2n + 1). Thus, we obtain
B .
For(—k —wy) = / dre= ™ (Tle ko () ko)
0
-8 ‘
:—/ dre“ " (T ¢ ks (—T)Cko))
0
B A
:—/ dre " (T (ko (T)C—ks))
0
=—Fos(k,wy). (1.2)

Below, we define the anomalous Green’s functions for spin-singlet and triplet pairings
as
1

Fsin(kawn) _\/§

[‘/—_.N(kaN) - }_H(kawn)] (1-3)



and
1

ftri(k7wn) :\/§

[Fru(k,wn) + Fia(k, wn)l, (1.4)
respectively. From Eq. (1.2),

Fein(—k, —wn) = Fan(k, wn) (1.5)
and

'/—_.tri(_ka _wn) - _ftri(k>wn)- (16)

If the system has the time-reversal and parity symmetries, Fy, (k, w,) and Fii(k, wy,)

satisfy

Fan(k,wy) = £ Fan(—k,w,) = £Fn(k, —w,) (1.7)
and

Fuilk,wn) = 2 Fui(—k,w,) = FFuilk, —w,), (1.8)
respectively.

The order parameter is defined by
Alk,wp) =Y T(k,wn, Kk w) F(K, wn), (1.9)
K

where I' is the effective pairing interaction. Therefore, A(k,w,,) and F(k,w,) have
the same symmetry. When F(k,w,) is an odd function of w,, the superconducting
order is called odd-frequency superconductivity. We summarize the classification of
superconducting order parameters in Table 1.1. Thus, odd-frequency superconduc-
tivity is classified into odd-parity spin-singlet pairing and even-parity spin-triplet
pairing. In recent years, Fuseya et al. [20] and Shigeta et al. [21] examined p-wave
singlet pairing. Kusunose et al. [22] examined s-wave triplet pairing in strong-
coupling electron-phonon systems. In this thesis, we examine parallel spin pairing,
because strong exchange field suppresses the antiparallel spin pairing. We reveal that
even-parity triplet pairing can be induced by the effective interactions mediated by

magnons.



‘ Even-frequency ‘ ‘ Odd-frequency ‘
A(k,wn) = +A(k, —wy) | A(k,wp) = —A(k, —wy)

- it
Singlet Triplet

Alle, wn) 1= 1 M, 10T+ 11
= +A(_kaw'n)
Triplet Singlet
Ak, wn) ML+ 11 -1
= - (_kawn)

Table 1.1: Classification of superconducting order parameters.



Chapter 2

Model and Formulation

2.1 Generalized Kondo lattice model and fermion-
magnon model

We start from the generalized Kondo lattice model

H=H:+H;+Hxk (2.1)
with
H, = Z tijcioTCja - Z Cio Cio (2.2)
1,J,0 %,J,0
Hy=— ) JoSpse (2.3)
(i,9)cx
Hi =) JRSs?, (2.4)

where a = z,y, z, the summation Z(i j) is over nearest-neighbor sites, and S¢ is a

localized spin operator on site 7. We have defined

« 1 «
si=3 Z cl-o.lTaalanj@, (2.5)



where 0% denote the Pauli matrices. This model is a generalized version of the
Kondo lattice model, which contains the exchange coupling J between the localized
spins. We define J+* = J, Jl = J= = Jv Jt = Jz Jl = Jz = J¥ and JI > J* > 0
for ferromagnets.

Adopting the Holstein-Primakoff transformation [39] for the localized spin sys-

tem:

Sz =S — (2.6)

S7 = al(28 — )2, (2.7)

7

N

SF = (25— iy)a, (2.8)

we derive fermion-magnon model. At sufficiently low temperatures in comparison
to the ferromagnetic transition temperature Tgy, because n; = (n;) < S, we can

approximate Eqs. (2.7) and (2.8) as

S ~V2Sa/, (2.9)
St ~v2Sa;, (2.10)
respectively. Therefore, we obtain
Hy~ - gl5 JISh; + J-Sal, ja;) = H 2.11
R = 7 — Z — n; + iy pQi ) = Tlsw; ( : )

5P
where N and z are the numburs of all localized spin sites and nearest-neighbor
sites, respectively. Ignoring forth-order terms of magnon operators, Hamiltonian

Eq. (2.11) is diagonalized by the Fourier transformation as

Nz J*t
oy = =152 7 + J||522<1 _ ﬂy(q))agaq, (2.12)
q
with
_ 1 ik-p
~v(k) = . ;e ) (2.13)



Because the first term of the right hand side of Eq. (2.12) is constant, we omit it
below. The second term is the Hamiltonian for the magnon excitation energy, which
becomes gapless if J*© = Jl. In a similar way, we obtain

! V28
Hi = Z [JIH( (S — ”z‘)§(CZ¢Cz‘T - CL%) + J}J{_T@liCQTCiT + a}cnfc@)] . (2.14)

We call H; + Hgy + Hx the fermion-magnon model. Equation (2.14) is divided into

three parts as

L Jls
M ==~ > (chen —clie) (2.15)

S
Hy' = Jic \ 2 > (aicieir + afenler) (2.16)

. JII
M= Y aloches - ) 217)

H7? describes the exchange field for the conduction electrons, which is created by the
localized spins. Hy describes absorption and emission of magnons by electrons. Hj
describes simultaneous absorption and emission of magnons by electrons. Because
magnons transfer spin S* = —1 from one electron to another, H;’ flips the spin of
the electron, whereas Hj; does not affect spins of conduction electrons. Performing

the Fourier transformation, we obtain

L Jls
' = KT E (CLTCkT - Czﬁki) (2.18)
k

. S
H =T\ 5 D (aChyqu it + alchicioial) (2.19)
kg

JIH< t i f
Hy = 2N Z Z aq*q/aq(ckJrq’TCkT - Ck+q’¢ck¢)

q'#0 k.q
JH
—o D hita D (chicnr — chyciy). (2.20)
q k

10



With definitions

JH
0_
I = TS S~ el o) (2.21)
k
Jll
fHﬂ( = Z aq q’aq<CL+q’Tc’“T CL+q’¢C’€¢) (2.22)
k.q,q4'70

and Hi: = Hy, we obtain Hg = HHO +'H‘I‘< +Hi. In order to apply the perturbation

theory, we divide the fermion-magnon model into two parts as

H=Ho+ H, (2.23)
where
Ho=H; + Hay + Hy
= Z &WC,WCIW + Z wqagaq (2.24)
k q
and
Hy = Hi + H), (2.25)
with
oe = &0 + oh, (2.26)
1
h= 5 (7). (2.27)
JJ_
wg = 2JIS[1 - Wv(q)]. (2.28)
Assuming t;; = —t with ¢ > 0 for nearest-neighbor sites (i, j), and ;; = 0 otherwise,
we obtain
&) = —zty(k) — . (2.29)

We use units in which ¢ = 1.

11



2.2 Pairing susceptibility

The pairing susceptibility Ypair i a convenient tool to find superconducting tran-
sition points. Xpair is positive finite in the normal phase, whereas it diverges at
the superconducting transition points. This behavior is analogous to that of the
magnetic susceptibility Xmag near the magnetic transition point. For example, if we
obtain Xpair as a function of the temperature, Xpair — 00 as 1" — T, where T; is the
superconducting transition temperature. Below T, the superconducting order pa-
rameter is finite, which implies the spontaneous gauge-symmetry breaking. This is
analogous to the fact that below the temperature at which xae diverges, the spon-
taneous magnetization appears. We define the generalized Cooper pair annihilation

operator
Yoo (@, K, 71, T) = Crorgrao (T1)C_terqyao (7). (2.30)
with
A(r) = e Ae” ™ (2.31)

where A is an annihilation operator. Using symmetry function v*, the Cooper pair

annihilation operator can be rewritten as

~

1 N
?/135(%7177) :\/W E Pya(kz)waé'(q?k?TlaT)‘ (232)
i

We define even- and odd-frequency Cooper-pair annihilation operators

ol (g, 1) = 02 (g, 7, 7), (2.33)
529 gr) = | Lde (g, m7) (2.34)
oo ) 87—1 oo ) ) B )

12



respectively. Superconducting order parameter is written as @?éi)(q, 7)). In the

fermion-magnon model,

Ao (r) = [, i (1)
l
= —utio(7) ~ 098 3 S (ko (1)
q'#0
JIJ(_ —o
_7 Z Sq, (7—>Ck+0'q’,—0'(7-)' (235)
.

Therefore, the odd-frequency-superconducting order parameter is written as

Jdc o
mz T L
ago k

1+(5 [ny gk-i-q djacr (k q,T ))

W2 (q,7)

*“é_K DD ke + (S (1) (kg — /7))
+J7I% Z ZVQ(’C - Ug)@fﬁw(fc)&(k, q+oq, T)>] . (2.36)

Thus, we find that odd-frequency superconductivity can be taken as composite order.

We define the pairing susceptibility

a(x)

X5 a7~ ) = (T .m0 (g, ) (2.37)

When Xfféi) (@) diverges, the order parameter (ﬁ?éi) (@)) begins to have a finite value,

and thus the superconducting transition occurs. In the interaction picture,

o L(TUB) s (4, 7) s (@, 7))o
oo (qu T) - N <UI(B)>O ) (238>
where
Ap(r) = ™0 A emTHo, (2.39)
Ur(r) = UOT(T)U(T) = /OT dT’TT[e*H”(T/)T/], (2.40)

13



()0 =Tr[po - -], (2.41)

6—7’7’[0
= — 2.42
Therefore, unperturbed pairing susceptibilities are
Xoss (@7 =) = AT 507 (@, 7)dss (@, 7)o, (2.43)
X a(t) (q T — 7'/> = l 1 Z ’ya(k?)’}/a* (k,) <5kk’ — 60'55—kk’)
07 7 N ]- + 50’5’ k k:/
xGoolk+ L 7 = Gog(—k+ L 7 — 1), (2.44)

2 2

o(-) _on_ b 2 ()
X005 (q? T T N1 5 Z’y

oo kk/
o 0
X (O [8—8 -Goo (K + T — T’)} Gos (—k + g, T—1)
0 N9 q /
—0p5 O_ Kk [EGOU(’{: + 5T T )} [3 -Gos(—k + T T )} ), (2.45)
with
Goo(k, 7 —7') = _<TT[CU€,U(T)C;k,a(T/)DO' (2.46)

The Fourier transform of the susceptibility and the Green’s function are defined

a(£) . ’ a(£)
i) = [ g r)er, (247
0
B .
G (ko ion) = / G, (k, 7)™ dr, (2.48)
0
respectively, where
T
VU = —=2m, 2.49
5 (2.49)
T
Wy, = B(2n +1), (2.50)



with integers m and n. We define ¢ = (q,iv,,) and k = (k,iw,). The Fourier

transforms of unperturbed pairing susceptibilities are

O(* /
XOO’O’ § ,y k n—‘rn’,m

kk’

Ok’ — 0p50—kk
1+ 0,5

Gy (K + g, i0n) Gl (—K + g,

iwn/ ) y

wnwnakk’ — WpWy! 5065—kk’

a* /
Ocro Z’V k n+n’,m 1+ 505
kk’
% Gy (K + g, i) Goo (—k + g, o).
In particular, when ¢ = 0,
o) (g T V) (B) v (B) — doa (e (F)v (e (=) (k
XOO’G’()_NZ 1_|_57 wo‘a( )7

with

Wos (k) = Goy (k) Gos (—k).

We obtain a simpler expression

XOO'O' N Z h/(i wUO’ )

(2.51)

(2.52)

(2.53)

(2.54)
(2.55)

(2.56)

(2.57)

if we assume that, when o = 7, the symmetry must be either even-frequency odd-

parity or odd-frequency even-parity. Hereafter, we examine the pairing susceptibility

with ¢ = 0, because in most situations the superconducting state is energetically

stable at ¢ = 0. In particular, for ¢ = o, the pairing susceptibility is the largest at

q = 0 independently of the value of h, because oh = &h only shifts the chemical

potential. For ¢ # o, the pairing susceptibility is the largest at ¢ = 0 when h = 0,

whereas when i # 0, it can be largest at ¢ # 0. The superconducting state due to

Cooper pairs of two electrons with antiparallel spin and g # 0 can be stable, when

h is on the order of the superconductive energy gap Ay. Such a state is called the

Fulde-Ferrell-Larkin-Ovchinnicov state [40,41].
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2.3 Magnon exchange interactions

, KB
¥ o Iz k.o ¢
JKMKL JWK

_k —
k © c ko ko
(a) (b)
-k, G
I
K, o
yal
K
ko
J&E
—k G

Fig 2.1: Feynman diagrams that represent effective interactions. The solid and wavy lines are

the electron and magnon Green’s functions, respectively [42].

In this section, we derive the effective interactions by the perturbation theory.
In the fermion-magnon system, magnons can mediate the interactions between elec-
trons. We consider the second order term and the third order term of the electron-
magnon interaction H; in the ferromagnetic-metal state. We examine the interac-

tions shown in Fig. 2.1. The first-order term does not exist. The second order terms

are
1
Iy o=3Ji SD(~a(k+K))
1 1
= JEs— , (2.58)
2 —10Vn+n! + WE+k’

which are expressed in Fig. 2.1(a), and

2
Jr
re :aa%ﬁ > " D(ky — K')D(ky — k)
k1
A > [@rate) — 1wy )] g R T Pk (2.59)
= —00——— N \Wey — 1) — N\ W, — .
4 N ki—k ki1—k V,z/_n‘i‘((JJ]gl_k/ _wkl_k)Qv

k1

16



which are expressed in Fig. 2.1(b). Here, n(wg) is the Bose distribution function of

magnons. The interaction Ff,l’)_- is induced by one-magnon-exchange. This process

(o

is of the second order of Hj:. This interaction is analogous to the phonon-mediated

(1)

interaction. However, differently from that mediated by phonons I'; ~ ; depends on

the electron spin. As a result, FU contributes to only antiparallel spin pairing.

The interaction an—,) is induced by two-magnon-exchange. This interaction is of the

—0

second order of 7—[|I|<, and contributes to both antiparallel and parallel spin pairings,
but the sign of the coupling constant is opposite. When 7" — 0, the two-magnon-
exchange interaction Fg;) — 0, since n(wg) — 0. In this feature, the magnon-

exchange-interaction contrasts with that in the antiferromagnetic case. Because

r®

oo

— 0 when 7" — 0, we consider the third order terms depicted as triangle

processes in Fig. 2.1(c) and Fig. 2.1(d). These terms are expressed as

1) = IS TS o (k) Do - Dol — &)
+0G_5(—k1)D(G(k — k1)) D(5 (K — k1))
L JERS
o 4 N

[ ¢ 1 1
X E O’ ki— U -
10wy — 08k, —0 + Wiy —k 10Wp — 08k, —5 + Wiy —k/

1 1
—i—n(wkﬁk) - ;
10Wy, — 08k —o + Wiy —k 10V —y + Wi~k — Why—k
1 1
—1(Why k) - .
10Wn — 08k —o + Why k' 10V + Why k' — Why—k
B 1 1
+f(o-£k1—5') L — L _
—10Wy — 08k, —5 + Wk —k —10Wy — 08k, —5 + Wk —k/
1 1
+n(wk17k§) . — — ) A
—10Wy — 08k, —5 + Wiy —k — 10Uy —p + Wiy —k/ — Wk —k
1 1
—n (W, k) —= = — :
—10Wy — 08k, —5 + Why k' —10Vn/—py + Why k! — Whey —k

(2.60)

where f(&go) is the Fermi distribution function of electrons. Because this equation

has terms which are not proportional to n(wg), FS;) survives in the low temperature

17



limit. This interaction contributes both antiparallel and parallel spin pairings. In

particular when o = &, we obtain

G CJRJES 1
oo 2 N
X E [ Ofk (U§k1—a - Wkl—k)(a'gkl_g — wk1—k’) — Wy Wy
1— U 2

24+ (080 — Wk k)N [Wh + (08k 0 — Why k)]

(0&ky—0 — Wiy —k) (Why —k/ — Wiy —k) + Wnlp/—n

+ (0810 — Why k)] [V, + (Why -k — Wiy —1)?]
(0&ky—0 — Wi~k ) Wiy~ — Wiy —k) + Wi Vs gy

Wi + (08— — Wiy k)2 [V + (Whey ey — Wiy 1))
(2.61)

—n(wklfk) [(,UQ

—I—n(wkl_k/)

Thus, FM) is the lowest order effective interaction that contributes to parallel spin
pairing in the limit 7" — 0. Hereafter, we examine only parallel spin pairing, because
antiparallel spin pairing is suppressed by the strong exchange field. Therefore, we
omit Fg)_a and examine 9 and . From Eqs. (2.59) and (2.61), we find that re
and ') are invariant under simultaneous reversing signs of w, and w, . Therefore,

I and TS can be divided into even-frequency and odd-frequency parts defined by

T (K, iwn, k', iwy ) =08 (k, —iw,, k', iw,y)

— 4T D (K, iw,, k', —iwy). (2.62)

In a similar way, ') and ') can also be divided into even-parity and odd-parity

parts defined by

U (k,iwn, k' iw, ) =+T¢ (=K, iw,, K, iw,)

=+4T¢ (k,iw,, —k' iwy), (2.63)
and

0 (k,iwn,, k' iwy)=—T9 (—k,iw,, k', iw,)

=17 (k,iw,, —k', iw,). (2.64)
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2.4 Phase transitions

The pairing susceptibilities Xf,'((,i) can be expressed as
a(+) a(+) T @ red / N~k (1
Xoo = = Xooo T+ m Z 7(:|:) (k)w00'<k)raa (ka k )wUO'(k )V(j:) (k )7 (265)
kel

where T"4(k, k) is the reducible vertex part. In the present study, we neglect self-
energies of the electron and the magnon for simplicity. Equation (2.65) is expressed

in matrix form
oS = A5 W oo AT 4+ AaI W o Dt W AT (2.66)

Here, W,, and I are matrices whose elements are 6y (T/N)w,o (k) and T2 (k, k),
respectively. ’y%i) is the row vector whose elements are y(o‘i)(k). We define the

irreducible vertex part f‘w by
[ed = Ty 4+ W, 0T = [1 = Do W] Tog. (2.67)
Thus, we obtain

= B

UO”YO'O'

=908 Woa L = DooWoo] 45501

=os ) Wogt = Lol A58, (2.68)

where 1 is the identity matrix, and

XeSE) = 521 — Ay, oo, (2.69)

with
92E) = 4eBW2, (2.70)
Apo = WD, W2, (2.71)

Divergence of the pairing susceptibilities X;“S,i) indicates instability of the normal

state. Therefore, with varying a parameter such as the temperature in the normal
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state, at the parameter value, where X?f,.i) diverges for the first time, the phase
transition occurs from normal state to the superconducting state. In order to find a
superconducting transition temperature and the pairing symmetry, we consider the

eigenequation
Ayo® = AU, (2.72)

where A and ¢ are the largest eigenvalue of A,y and the corresponding eigenvector,

respectively. When A\ < 1, voi is finite and positive for any 455>, which implies

that the normal state is stable. When A — 1 and ﬁ?((,i) has a component proportional

to 9, vort) diverges as ot ~ (1 — A)~! — oo, and the phase transition occurs.
Therefore, the superconducting transition temperature is obtained by the condition
A = 1. The corresponding eigenvector v reflects the pairing symmetry just below

the superconducting transition temperature.
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Chapter 3

Results

We numerically solve the eigenequation (2.72). As an illustration, we examine a
quasi-one-dimensional system. This simplification in the model significantly re-
duces numerical task for solving the eigenequation, which is quite heavy in general,
and allows us to fully account for the spatial and temporal dependences. Accu-
rate treatment of these dependences is significant in examination of odd-frequency
superconductivity. However, in order to stabilize the long-range order at finite tem-
peratures, interchain coupling (¢’ > T') is assumed. At the same time, we assume
t > t’, and omit the small interchain coupling in the following equations. These

assumptions can be consistent when ¢ > T". Thus, we obtain

I/
Eke = —2tcosky — 1+ a@, (3.1)
JJ_
wg = JI(1 = = cosqy), (3.2)

Jl

where S = 1/2. The number of electrons per site n, is obtained by
1
ne = kZ f(€o)- (3:3)

We examine the pairing susceptibility for parallel spin pairing with zero center of
mass momentum as mentioned above. We call the superconducting state of even-

frequency odd-parity oo-spin pairing the EOoo state and that of odd-frequency
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even-parity oo-spin pairing the OEco state hereafter, where ¢ =1 or |. When
ne = 1, the pairing susceptibility for up-up spin pairing is identical to that for down-
down spin pairing, because of the particle-hole symmetry of the system. Therefore,
the EOT1 and EOJ| states are collectively called the EOT state, and also the OE{
and OEJ| states are collectively called the OET state. We summarize these abbre-

viations for the superconducting states in Table 3.1.

The EOT state

Time symmetry Space symmetry | | Spin symmetry
E: even-frequency E: even-parity S: singlet pairing
O: odd-frequency O: odd-parity T: triplet pairing

111 up-up spin pairing
|} down-down spin pairing

Table 3.1: Definitions of the abbreviations for the superconducting states.

We use units in which ¢t = 1. We show the results for JIl = 0.01, J+ = 0.95J1,
and n, = 1 in Secs. 3.1-3.4. For these parameters, the ferromagnetic transition

temperature is obtained as Tyy ~ 2.39 x 1073, from the condition

(S7) = § — % S () = 0. (3.4)

q

In Sec. 3.5, we show the results when J* is varied. In Sec. 3.7, we examine n,

dependence.

3.1 Temperature dependence of the pairing sus-
ceptibility

Figure 3.1 shows 1 — X\ as a function of temperature 71" for the isotropic Kondo

coupling Jx = J|. = J+. Because xo5 o (1 — A)~!, minimum eigenvalue 1 — A
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Fig 3.1: Minimum eigenvalue 1 — A as a function of temperature 7. We assume the isotropic
Kondo coupling Jx = JI”< = Jijt. The red and blue curves show the results for EOT and OET
states, respectively. In panel (a), the open circle and solid curve show the result for Jx = 0.9,

whereas in panel (b), the open triangle and dashed curve show the result for Jx = —0.9. Similar

results have been presented in Ref. [42].
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. . + o,
gives maximum X?f, ), Thus, the phase transition occurs where the curve crosses the

line 1 — A = 0. Where 1 — X\ > 0, normal state is stable against pairing fluctuations.
The perturbation theory breaks down in the region where 1 — A < 0.

In Fig. 3.1 (a) for Jx = 0.9, 1—X for the OET state is smallest at any temperature.
The normal state is stable in the region T' S 0.47Fy. Transition temperature to the
OET state is T, ~ 0.4Tgy. In Fig. 3.1 (b) for Jx = —0.9, 1 — X for the EOT
S T S 0.65Tgy, the

~

state is smallest at any temperature. In the region 0.17w\
normal state is stable, whereas the EOT state occurs in the regions for TS 0.17Tpy
and T 2 0.65Ty The unusual reentrant superconducting transition occurs both for
Jk = 0.9 and for Jx = —0.9. In Sec. 3.3.2, we show that the normal regions below
T, are connected to the normal region near 7" = Tg\ through the normal region

around Jx = 0.

3.2 Spatial and temporal structures of the order
parameter

Figure 3.2 shows profiles of eigenvectors at the superconducting transition temper-
ature T, = 0.8Tgy. The Kondo coupling is assumed to be isotropic: Jx = JI”< = JI%.

In Fig. 3.2 (a), A} (k) is defined as

v(ky)
Buylhe) = (35)
wyy (k)
where v(k,) is the eigenvector of Aj;. In Fig. 3.2 (b), A4 (k;) is defined as
v(ky)
Al = 2L (3.6)
wTT(kCC)

where v(k,) is the eigenvector of Ayt. When n, = 1, the values of A for 11 and ||
coincide, because of the particle-hole symmetry of the system. Ay (k,) and A (k)

do not coincide, but satisfy

Ay (ke +7) = App(ka), (3.7)
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Fig 3.2: Profiles of (a) A(ky,wy) and (b) Ayt (ks,wy) at the superconducting transition tempera-
ture. In panel (a), the red and blue curves show the results for EOT and OET states, respectively.
In panel (b), the orange and green curves show the results for EOT1 and OE17 states, respectively.
We assume the isotropic Kondo coupling Jx = J}”{ = JI%. The value of Jg is assumed to be —0.31
for EOJ] and EOT1 states, whereas the value of Jg is assumed to be 0.28 for OE|] and OE{t
states. These values are determined so that A = 1 is satisfied at 7" = 0.8Tgp. The thick and
thin solid curves show the results for w, = 71" and 37T, respectively, whereas the thick and thin
dashed curves show the results for w,, = —aT and —377T, respectively. Either for the EOJ]| or
EO11 state, the result for —w,, coincides with that for w,. A;j is the magnitude of the peak value
for w, = £7T. The panel (a) has been presented in Ref. [42].
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independently of the pairing symmetry. The profiles of A (k,) and A (k,) reflect
the structures of the order parameters near the transition temperature. We find that

Ay (k;) and Ay (k,) have peaks near the Fermi momentum kp| ~ kpy =~ 0.507.

3.3 Phase diagrams in Jx—1' plane

3.3.1 Isotropic Kondo coupling

‘'H H ]
]
]
[ []
EEE [] 0
EEE []
TN N ] —
Normal 15
‘EEEEEEN .
" EOT EEE OET
0 - L -10
-1 0 1
J /'t

Fig 3.3: Phase diagram in Jx—T plane for isotropic Kondo coupling (JiF = JI”<) The color scale
shows the minimum eigenvalue 1 — A at the center of the square. The blue squares show 1 — X\ > 0
at the center of the square. The red squares show 1 — A < 0 and the minimum eigenvalue occurs
for the EOT state at the center of the square. The green squares show 1 — A < 0 and the minimum
eigenvalue occurs for the OET state at the center of the square. The open circles and triangles
show the points where A = 1. The solid curves are deduced from these results. This figure has

been presented in Ref. [42].

In Fig. 3.3, the phase diagram in Jx—1 plane is shown. Superconductivity occurs
in high- and low-temperature regions. The normal region near Jx = 0 extends to
the large |Jk| region at intermediate temperatures. The OET and EOT states occur
for Jx > 0 and Jx < 0, respectively. The normal region is wider for Jx < 0 than
for Jx > 0. Antiparallel spin pairing does not occur, where the exchange field A is

()

strong. Besides, I';”, is repulsive for two electrons with antiparallel spins near the
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. . . . 1
Fermi surface in one dimension. However, ng)

» may induce antiparallel spin pairing
where |h| and I'? are small. From Eq. (2.27), |h| is small at high temperatures

(2)

or at small |JI”<| At high temperatures, I';”, is large, since that involves the Bose
distribution function. Therefore, antiparallel spin pairing may occur in the low-
temperature and small ]JIH(| region. T, < Ty ~ 2.4 x 1073 and |h| ~ O.25|JIH<|, since
(S7) ~ 1/2. Hence, |JIH<| 2 0.1 gives sufficiently large |h| that suppresses antiparallel
spin pairing (|h] 2 2.5 x 1072 > T.). Therefore, antiparallel spin pairing can occur

only in the limited region of Jx that satisfies 0.1 2 Jix > 0.

3.3.2 Ising-like Kondo coupling

‘'H E N N EEE]
0.8/m m m ] RN E
'E . ] mEE{ o5
> M BT = Ger ¥
& 'm N ] LI R I
< 04tm m ] EE{ -
] ] E s
AN
EEE
1 | 1 —10
0 -1 0 1
It

Fig 3.4: Similar to Fig. 3.3, but shows the phase diagram in JI”(T plane, for Ising-like Kondo
coupling (Ji = 0). This figure has been presented in Ref. [42].

Figure 3.4 shows the phase diagram when the Kondo coupling is Ising-like (J& =

0). In this case, FS—T) x JI”C]I%2 = 0 vanishes and ' remains. The OET state

occurs in broad areas except near JI|L = 0, whereas the EOT state disappears. At
low temperatures, superconductivity does not occur, because the magnon density
2)

diminishes and I'2 is weak. Antiparallel spin pairing does not occur even where

SZU o J§2 = 0 there, and Fg‘? x

JI”{ < 0.1, which was evaluated above because I’

JI”<J§2 = 0 in the present case.
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3.4 Phase diagrams in JI”<—JI% plane

4
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-10

]
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Tol 0

Fig 3.5: Similar to Fig. 3.3, but shows the phase diagram in JllifJIJ{- plane at T =
0.5TM, 0.3TFM, 0.2TFN, and 0.17gp. On the dotted and dot-dashed lines, the Kondo coupling
is isotropic and Ising-like, respectively. The panel (a) has been presented in Ref. [42].

Figure 3.5 shows the phase diagram in JI”(JI% plane at different temperatures
below Tgy. In the phase diagrams at higher temperatures, the regions of super-
conductivity are large near the Ising line (Ji = 0). The EOT state occurs only

for JI”< < 0. The OET state occurs independently of the sign of J1”<~ The phase
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boundaries between the EOT and OET states are inaccurate because they are de-
termined by comparing the pairing susceptibilities calculated in the normal state.
In the phase diagram at low temperature (7" = 0.17gy) shown in panel (d), the
superconducting areas near the Ising line diminishes, but they extend to the large
| Ji£| region.

Let us discuss the possibility of antiparallel spin pairing again. For small |Ji|,
similarly to the Sec. 3.3.1, |JI”<\ 2 0.1 is sufficiently large to suppress antiparallel
spin pairing. For large |Jiz |, however, the lower limit (\JI”<| ~ 0.1) may not be large

1 2 . . .
enough, because FE,’),U oc Ji~. As |Jif] increases, the lower limit of |JI”<| increases.
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3.5
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J+ dependence of the phase diagrams
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Fig 3.6: Similar to Fig. 3.3, but shows the results at several different J-’s. Panels (a), (b), (c),
and (d) are the results for J+ = 0.95J1, 0.9J1, 0.85J1, and 0.75.J1l, respectively. Panel (a) is the

same as Fig. 3.3.

In Fig. 3.6, we show the phase diagrams in Jix—7T plane at J+ = 0.95J1, 0.9J1,

0.85J1I, and 0.75.J!, for which the ferromagnetic transition temperatures are esti-

mated as Tpyv = 2.39 x 1073, 3.53 x 1073, 4.41 x 1073, and 5.73 x 1073, respectively.

Isotropic Kondo coupling is assumed. In general, as J*/JIl approaches to 1, the

ferromagnetic fluctuation strengthens, and it is expected that superconductivity in-



duced by the magnon-exchange interactions is enhanced. However, regarding the
OET phase, the area in the phase diagram broaden as J*/JIl decreases. Hence,
for Jx > 0, the areas of the high- and low-temperature OET phases merge in the
phase diagrams for J+ < 0.9J, and for Jx < 0, the high-temperature EOT phase
is gradually exclude by the OET phase as J*/.JI decreases.

T T

1 it 1
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1
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Fig 3.7: Similar to Fig. 3.5, but shows the results for several different .J L'sat T = 0.5TF\. Panels
(a), (b), (c), and (d) are the results for J*+ = 0.95.J1, 0.9J1, 0.85J1, and 0.75.J!, respectively. Panel
(a) is the same as Fig. 3.5 (a).

Figure 3.7 shows the phase diagrams in JI”<—JI% plane at T' = 0.5T\ for several
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J+’s. As observed above, the area of the OET state enlarges as J+/J!l decreases.

The areas of the EOT state for Jg > 0 shrink, as J* decreases.

JE=00957"
T

J-=0.907"
T

1 1
1-
0.5 0.5
T O < = O - <
4 _\‘0 0 4 .LO 0
& &
-5 -5
_1. _1-
-10 -10
1 1 1 1 1 1
-1 0 1 -1 0 1
77t J e

eET | W

-1 0 1 -1 0 1

Fig 3.8: Similar to Fig. 3.5, but shows the results for several different J*’s at T = 0.3TFy.
Panels (a), (b), (c), and (d) are shown the results for J+ = 0.95J/, 0.9J!, 0.85J!, and 0.75.7/,
respectively. Panel (a) is the same as Fig. 3.5 (b).

Figure 3.8 shows the phase diagrams at 7" = 0.37gy. The results at T' = 0.5Tg\
are confirmed at this lower temperature.
Figure 3.9 shows the phase diagrams at 7' = 0.17Tgy. As J*/JI approaches to

1, superconductivity is enhanced, as expected.
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Fig 3.9: Similar to Fig. 3.5, but shows the results for several different J1's at T = 0.1Tf.
Panels (a), (b), (c), and (d) are shown the results for J+ = 0.95J/, 0.9J! 0.85J! and 0.75.71,
respectively. Panel (a) is the same as Fig. 3.5 (d).
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3.6 Jl dependence of the phase diagrams
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Fig 3.10: Similar to Fig. 3.3, but shows the results at several different JI’s. Panels (a), (b), (c),
and (d) are the results for JII = 0.01¢, 0.02¢, 0.05¢, and 0.1¢, respectively. Here, J+ = 0.95J.
Panel (a) is the same as Fig. 3.3.

In Fig. 3.10, we show the phase diagrams in Jx-1 plane at J+ = 0.01¢, 0.02¢,
0.05t, and 0.1t, for which the ferromagnetic transition temperatures are estimated
as Tpm = 2.39 x 1073, 4.77 x 1073, 1.19 x 1072, and 2.39 x 1072, respectively.
Isotropic Kondo coupling is assumed. As Jll/t decreases, Tyy/t decreases, and it is
expected that superconductivity is enhanced, because W,, in Eq. (2.66) increases

at low temperatures. These results are consistent with the expectations. The low-
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temperature superconducting areas disappear as J I /t increases.

T

J'=0.021¢

Fig 3.11: Similar to Fig. 3.5, but shows the results for several different J-’s at T = 0.5TF.
Panels (a), (b), (c), and (d) are the results for JI = 0.01¢, 0.02¢, 0.05¢, and 0.1, respectively. Here,

J+ =0.9571. Panel (a) is the same as Fig. 3.5 (a).

Figure 3.11 shows the phase diagrams in JI”<—JI% plane at T = 0.5Tw; for sev-

eral Jl’s. As Jll/t decreases, the superconducting areas enlarge. These results are

consistent with the expectations.

conductivity is enhanced, as expected.

Figure 3.12 shows the phase diagrams at 7' = 0.1Ty. As JI/t increases, super-



J'=001+

Fig 3.12: Similar to Fig. 3.5, but shows the results for several different J+’s at T = 0.17F.
Panels (a), (b), (c), and (d) are shown the results for JI = 0.01¢, 0.02t, 0.05¢, and 0.1t, respectively.
Here, J* = 0.95J!l. Panel (a) is the same as Fig. 3.5 (d).
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3.7 n. dependence of the phase diagrams

Figure 3.13 shows the phase diagrams for several n.’s at J* = 0.85J and T =
0.5T¢n. When n, # 1, the degeneracy of the values of A for 11 and || spin pairings
is removed. In the phase diagram, deeply inside the superconducting area, 11 and ||
spin pairing states coexist. In Figs. 3.13 and 3.14, only principal state is represented.
As n, decreases, the OETT and OEJ| phases are enhanced. In the phase diagram
at n, = 0.5, the EO11 phases disappear.

Figure 3.14 shows the phase diagrams for several n,’s at J+ = 0.85J! and
T = 0.1Tgy. As ne decreases, the superconducting areas enlarge. Odd-frequency
superconductivity occurs when J}”{ > 0, whereas even-frequency superconductivity
occurs when JIH< < 0.

Figure 3.15 shows the phase diagrams for several n,’s at JI = 0.02¢, J* = 0.95J1,
and T" = 0.5Tg\. As ne decreases, the odd-frequency superconducting areas enlarge.
When JIH< > 0, the OET state occurs over large areas, because the OE|] state occurs

where |Ji| is large.
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Fig 3.13: Similar to Fig. 3.5, but shows the results for several different ne’s at T = 0.5TF)\;. Panels
(a), (b), (c), and (d) are shown the results for n, = 1.0, 0.9, 0.7, and 0.5, respectively. Panel (a) is
the same as Fig. 3.7 (¢). The red, orange, green, and yellow squares show the minimum eigenvalue

occur for the EOJ|, EO11, OEl], and OE7T1 states at the center of the square, respectively.
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Fig 3.14: Similar to Fig. 3.13, but shows the results at T = 0.17r\. Panels (a), (b), (c), and
(d) are shown the results for n, = 1.0, 0.9, 0.7, and 0.5, respectively. Panel (a) is the same as

Fig. 3.9 (c).
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Fig 3.15: Similar to Fig. 3.13, but shows the results for JI = 0.02¢, J+ = 0.95J!l, and T' = 0.5Tgy;.
Panels (a), (b), (c), and (d) are shown the results for n. = 1.0, 0.9, 0.7, and 0.5, respectively. Panel
(a) is the same as Fig. 3.11 (b).
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Chapter 4

Summary and Discussion

4.1 Properties of the two-magnon-exchange inter-
actions

An interesting feature of the two-magnon-exchange interactions depicted in Fig. 2.1 (b)

is the strong spin dependence. It is verified from Eq. (2.59) that I is attractive,
(2)

g,—

whereas T',” . is repulsive, at any (k, k’). The part of F((f&) after the prefactor oa is

positive, because n(wk, k) — (W, —k) < 0 when wg, g —wg, —k > 0. Since L'y (k, £')
(£) (2)

)

is positive, it contributes to Yos = as an attractive interaction. In contrast, I is
repulsive. Hence, particularly in one-dimension, antiparallel spin pairing is strongly

suppressed, because |I‘((,2_)U| is large at k = k'.

Couplingconstant | 7' =10

|| 2

ngo—) Jk 0
0eg | k| #0

Table 4.1: Coupling constants in ') and FS,?:,), and their behaviors at T = 0.

Anisotropy in the Kondo coupling also gives rise to essential difference in the
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pairing symmetry. From Eqs. (2.59) and (2.61), we summarize the relation between
the coupling constants and the behaviors at 7' = 0 in Table 4.1. Because I B =0
when Jif = 0, and Ji& appears only in the coupling constant of F((f;), we can take
the phase diagram of Fig. 3.4 for Ising-like Kondo coupling (Jig = 0) as that for
isotropic Kondo coupling where I is ignored. Therefore, we find that the OET
phases in Fig. 3.4 are induced by I 322 In the present theory, JIH< appears in both the
coupling constant and the exchange field h. However, because ') does not depend
on h, F((fg) X JIH: does not depend on the sign of JI”<. The normal phase is stable at
low temperatures, because the OET state is induced by F((,%,), and T2 — 0 in the
limit 77 — 0. All terms of FE,%) are proportional to the Bose distribution function,
which vanishes at T" = 0.

Near the Ising line (F((f();. x JLJE® = 0), in the phase diagrams in the Jl.—J&
plane, the strongest interaction that contributes to the superconductivity is .
For example, in Fig. 3.5, the OET phases near the Ising line are induced by Fg,)

F((foz decreases when J* decreases. From the expression of w, Eq. (3.2), when
J+ decreases, the magnon bandwidth J+ decreases, and the energy gap JI — J+
increases. Hence, the Bose distribution function decreases, and thus ') decreases.
In the phase diagrams at 7' = 0.57gy shown in Fig. 3.7, on the Ising line (Ff,g(); X
JI”<J§2 = 0), as J* decreases, the region of the normal phase extends to the large
|JIH<| region. At low temperatures such as 7' = 0.17yy, as J+ decreases, the OET

phases near the Ising line disappear, because I'? is too small.

When n, # 1, T %) induces the OETT and OEJ] states when JI”< > (0 and JI”( <0,
respectively. This dependence on the sign of JI“( originates from w,,, which depends
on JI”< through &, but not from r? itself, because I'%? does not depend on the sign
of JI”<. For example, this behavior explicitly appears on the Ising line in the phase
diagrams at T" = 0.5Ty in Fig. 3.13, because F((,?’()—, X JI”C]I%2 = 0 on this line.

F((fg) and Fg?;) cooperatively induce the OE{1 state at small n, such as n, = 0.5.

F((fg) does not depend on n,, while F((ﬁ,) and w,, depend on it. Looking at the phase

diagrams at T' = 0.17g\ shown in Fig. 3.14, the superconducting phases near the

42



Ising line disappear. However, in the phase diagram at n. = 0.5, the OE11 state

occurs where J}”{ is large positive near the Ising line.

4.2 Properties of the interactions induced by tri-
angle processes

Because ') has a prefactor JIH< JI%Q as shown in table 4.1, ) changes the sign when
the sign of JIH< changes, in contrast to 'Y, As a result, the effective interaction rs)
can be attractive for the EOT state when JI”( < 0, but repulsive when JIH< > 0, as
illustrated in Fig. 3.3 for the isotropic Kondo coupling. However, when Ji = 0,
F((,?;) does not work, because the prefactor JIHC]I%2 vanishes. Hence, the EOT state
does not appear in Fig. 3.4 for Ising-like Kondo coupling (Ji = 0). This behavior
is clearly shown in the phase diagrams in JI”(JI% plane (Fig. 3.5). The EOT state
occurs only in the region with JIH< < 0. In panels (a), (b), and (c), the EOT state
occurs in the region between the region of the OET state and the normal state.

In the intermediate-temperature region, ) is repulsive. Because ') has the
terms proportional to the Bose distribution function and the terms proportional to
the Fermi distribution function, FS,BZ,) has complicated T' dependence. In Fig. 3.3, at
intermediate temperatures, the region of the normal phase extends to large |Jx|. In
Fig. 3.5, superconductivity is suppressed by ') in the region where |JI”<| and |Ji|
are large, at intermediate temperatures such as T' = 0.5Trn, 0.3TwM, and 0.27wy.
As an exceptional case, Fg?;) induces the OET state where JI”< is small positive and
| Ji£] is large.

In the low-temperature region, the strongest interaction that contributes to the
superconductivity is 'Y, In Fig. 3.3, in the limit 7" — 0, the superconducting
phases induced by I'Y) remain. In Fig. 3.5 (d), ') induces superconductivity over

large areas in the parameter space. The superconducting state occurs where |J1”<| is

small and | Ji| is large. This behavior is different from that of the superconducting
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state induced by .

Now, we discuss J*/JI dependence of F,(jgg) The magnetic fluctuations become
stronger as J*/JIl approaches 1. Therefore, the pairing interactions mediated by
the magnetic fluctuations are strong near J+/.J Ih=1.

F((,%,) is enhanced more strongly than Fg%,), when J+/J!I approaches 1. The phase
diagrams in Jg-7T plane for J* < 0.95J1 are shown in Fig. 3.6. Where JIH< < 0,
in the high-temperature region, the area of the EOT phase induced by 'Y broad-
ens as J* increases. Similarly, in the phase diagram in JI”(JI% plane, which is
shown by Fig. 3.7, the EOT areas broaden as J* increases. In the phase diagram
at T = 01Ty (Fig. 3.9), the superconducting states occupy broad regions for
J+/JI = 0.95, but those regions shrink when J*/J! decreases as expected from
above argument.

In the intermediate-temperature region, ') and T2 are competitive at large
value of J*, such as J*= = 0.95J!. However, when JIH< > 0, they are cooperative at
small value of J*, such as J+ = 0.9JIl. In the phase diagrams in Fig. 3.6 except
that at J+ = 0.95J1, the OET state occurs in the whole temperature region, when
JI”< > 0. In the phase diagrams in Fig. 3.7 except that at J* = 0.95J!, the OET
state occurs over large areas, when JIH< > 0. The normal phase near the isotropic
line (Jig = JIH<) disappears.

When n, # 1, ') induces the OEJ] and the EOT1 states where JI”( > 0 and
JI”< < 0, respectively. The phase diagrams at n., # 1 are similar to the phase diagram
at ne = 1, but the values of the pairing susceptibility for up-up and down-down spin
pairing are not equal, because the particle-hole symmetry is broken. For example,
this behavior appears in the phase diagrams for T' = 0.17Txy in Fig. 3.14.

At intermediate temperatures such as T' = 0.5TFy, F((,?}) and F((,%,) are competitive
where J}”( < 0. Therefore, it is hard to say which state is more stable a priori. By
a numerical calculation, we find that the OE1? state occurs in the region between
the region of the EOT1 and the OE]] states in Fig. 3.13 where JIH< < 0.

We ignored antiparallel spin pairing, which can occur where |Ji| is large and ]JIH(|
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is small. We also ignored the self energy, which would decrease the superconducting
transition temperature. Furthermore, in two and three dimensions, the phase dia-
grams would be different from those for quasi-one dimension, which were obtained

in this thesis. These problems are left for future research.

4.3 Conclusion

We examined superconductivity mediated by ferromagnetic magnons on the basis
of the generalized Kondo lattice model. Adopting the perturbation theory and dia-
gram technique developed by Feynman, we derived the effective pairing interactions.
We took into account not only the second order term D(T%,), but also the third or-
der term Fg) We calculated the pairing susceptibility fully taking into account
the spatial and temporal dependences in quasi-one-dimension. As a result, we re-
vealed the emergence of both even- and odd-frequency superconductivities. At high
temperatures but below Tx\, the two-magnon-exchange interactions ') favor odd-
frequency superconductivity near the region where Kondo coupling is Ising-like. At
low temperatures, the interactions induced by triangle processes 'Y induce odd-
and even-frequency superconductivities near the region where Kondo coupling is
isotropic. I'¥) induces odd- and even-frequency superconductivities, when Kondo
coupling is antiferromagnetic (Jx > 0) and ferromagnetic (Jx < 0), respectively.

The present results suggest that odd-frequency superconductivity occurs in a ferro-

magnetic superconductor as a bulk homogeneous state.
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On the basis of a generalized Kondo-lattice model (i.e., spin-fermion model), we examine herein superconductivity
mediated by magnetic excitations in ferromagnets. By applying the perturbation theory, we derive effective pairing
interactions between conduction electrons. Pairing fluctuations are numerically calculated by fully accounting for the
momentum and frequency dependences in quasi-one dimension. The results indicate that the normal state is unstable
against even- and odd-frequency pairing fluctuations, depending on the temperature and model parameters. In a few
cases, we obtain phase diagrams. The two-magnon exchange interaction is found to favor odd-frequency pairing at high
temperatures (but below the ferromagnetic transition temperature); however, at low temperatures, triangle processes
involving two magnons and one electron induce even- and odd-frequency pairings depending on the signs of the coupling
constants of the Kondo interaction. Finally, we discuss the possibility of odd-frequency superconductivity as a bulk state

in ferromagnetic superconductors.

Superconductivity mediated by magnetic fluctuations has
been studied extensively in connection with exotic supercon-
ductors, such as heavy-fermion, copper oxide, organic, and
iron pnictide superconductors. The features of superconduc-
tivity strongly depend on the underlying magnetic order or
magnetic tendency. Superconductivity mediated by ferromag-
netic fluctuations'~® has been studied in connection with the
recently discovered ferromagnetic superconductors,” such as
UGe,,Y URhGe,” UCoGe,'” and ZrZn,.') Motivated by
these experimental and theoretical studies, we examine herein
superconductivity mediated by ferromagnetic fluctuations us-
ing a fundamental model called the generalized Kondo-lattice
model, wherein the ferromagnetic long-range order is estab-
lished in a localized spin system. In particular, we illustrate
the possibility of a new class of superconductivity, called odd-
frequency superconductivity.'?-2%

When a long-range order is established, magnetic fluctu-
ations are described by magnons (i.e., spin waves). The ex-
change of magnons between two electrons leads to an effec-
tive interaction that may induce superconductivity.*%2% In-
teractions mediated by magnons are analogous to those medi-
ated by phonons but have unique features: the emission and
absorption of magnons by electrons depend on the spin of
the electron, and a single electron can simultaneously emit
and absorb magnons. The second-order processes of simul-
taneous emission and absorption lead to a two-magnon ex-
change interaction.?” Thus, the properties of superconductiv-
ity should be quite different from those induced by phonon-
mediated pairing interactions. When the underlying magnetic
order is antiferromagnetic, the two-magnon exchange inter-
action means that either the d-wave spin singlet state or the
p-wave spin triplet state is induced by the magnon-mediated
interactions, depending on the electron density.?®) Karchev et
al. investigated the magnon-exchange mechanism in the fer-
romagnetic superconductors ZrZn, and URhGe*> and found
that, for example, the specific heat depends linearly on the
temperature at low temperatures. Hattori and Tsunetsugu ex-
amined p-wave superconductivity near a transverse satura-
tion field by considering one-magnon exchange interaction in

ferromagnetic materials.®’ In particular, they investigated the
reentrant superconductivity in URhGe.

Below, we discuss how both odd- and even-frequency su-
perconductivities are induced in ferromagnetic superconduc-
tors. The possibility of odd-frequency superconductivity was
first examined by Berezinskii'? in a study of superfluid *He.
Later, some unique properties of this class of superconductiv-
ity were revealed by Balatsky and Abrahams'® and Abrahams
et al.'¥ Coleman et al.'> and Vojta and Dagotto'® studied
this state in heavy fermion compounds and triangular anti-
ferromagnets, respectively. In recent years, considerable ef-
fort has been devoted to clarifying the features of this type
of superconductivity.!”3 Odd-frequency superconductivity
in ferromagnets was studied in the context of junction sys-
tems.!?23) Kusunose et al. examined the bulk mixed even- and
odd-frequency superconductivities coexisting with ferromag-
netism?? and elucidated the emergent mixing between them.

In ferromagnetic metals, the strong exchange field sup-
presses antiparallel spin pairing. Therefore, for parallel spin
pairing, the two-magnon exchange interaction mentioned
above is simplest. However, as shown below, this interaction
disappears in the limit 7 — 0, contrary to the two-magnon ex-
change interaction in the antiferromagnetic case. Therefore,
we also examine the third-order processes for the electron-
magnon interaction, which is the lowest order for the effective
interaction in the low-temperature limit.

The Hamiltonian of the generalized Kondo-lattice model is

HZHt+HJ+HK (1)
with
Ht = Z tijcj;rc./'(" —M Z cj;,—ci(r
i,j,00 io
Hy==-) > Jsese
@) «
1
+
HK - Z Z EJﬁS?(Ciola—g'l(rzci(rz),

L 01,02

where @ = x,y,z, and 0 denote the Pauli matrices. The
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summation . , is over nearest-neighbor sites. We define
Jl= > J = = Jt > 0 for ferromagnets and J), = JZ.
and Ji; = Ji = Jy.

For localized spins, we adopt the Holstein—Primakoft trans-
formation*® §7 = § — aja,- and

S;=V2S(1 - aja;/25)"%a; = (S})', )

below the ferromagnetic transition temperature 7. Neglect-
ing the higher-order terms of magnon operators, we obtain the
fermion-magnon model>)

H:H0+H19 (3)

where
Hy = Z fk(rczack(r + Z o)qa;aq @)
k.o q

and H, = HKH + Hy ., with

JII

1 _

— K T i

HK” - _7 Z 0CL,Ck+qo [ﬁ Z aq’+q“¢1’ - I’lé‘q,o
k.g.o q

S .
gt i i
Hyx, =Jg N Z [aqc,‘ﬁc;ﬁql + ck+qlckmq] ,
k.q

ro = &0 + o, h = JN(S - 1)/2, 1 = {a]a;), wg = zJyS[1 -
JL/JDvql, and yg = z7!' Y, €92, The quantities N and z are
the number of sites and nearest-neighbor sites, respectively.

If we assume ¢;; = —t for the nearest-neighbor sites (7, j) and
0) _
. =

)

t;j = 0 otherwise, we obtain &
which ¢ = 1.
The generalized Cooper pair operator is defined by

'z(r(;(qa T1, T) = (1 + 50’(7)71/2 Z Y(k)ck+q/2,(r(7'l )C—k+q/2,5(7)7
k

—ztyi, — 1. We use units in

where A(t) = e Ae ™ and y(k) is the symmetry function
to be examined. The factor (1 + do5)"'/? cancels the dou-
ble counting when o = o. The conventional even-frequency
Cooper-pair operator is Y,5(q, T) = Ys5(q, T, T), whereas the
odd-frequency pairing operators can be defined by

A a
boir(q. )= [a—ww(q, . r)] . ©)
Tl TI=T
The even- and odd-frequency pairing susceptibilities )(f:(% and
f;% are defined by
1 N X
(+) Y = _ T ’
Xod(@.7=7) = (T [dorla. D 5(a.7)]).

™
a7 =) = (T [Borla, Db L0, 7))

respectively. Because Eq. (6) can be rewritten as

bor(@.7) = Y YR)H, Criqno(Dle kigna(D).  (8)
k

the order parameter (¢,+(q, 0)) involves terms proportional to
the composite order parameter, such as (S Z, Vo (q —q',0)).
We define

s
Xolq) = fo dr ™y (q, ), ©)

where ¢ = (q, iv,y) and v, = 2maT with integer m. The diver-

gence of the pairing susceptibility Xff(;(o, 0) indicates that the
normal state is unstable against superconductive fluctuations
with the momentum dependence y(k). Therefore, the insta-
bility of the normal state is signaled by the first emergence
of y(k) for which either )(ff(% diverges. The order parameter
for the superconducting state that emerges after the instability
is (Jos(q,0)) or (d,5(q,0)). Because the instability occurs
primarily at ¢ = 0 (unless we consider the exceptional state,
such as the Fulde-Ferrell-Larkin-Ovchinnikov state?”-?®), we
examine y*2(¢ = 0) and omit the argument ¢ below.>”)
Green’s functions for electrons and magnons are
Go(k,7) = —(Trepo(t)c), ) and D(q,7) = —(Traq(t)ay),
respectively. We define G (k, iw,) and D(q, iv,,) in a standard
manner, where w, = (2n + 1)nT and n is an integer. In this
work, we ignore the self-energies in G, and D for simplicity.
The unperturbed pairing susceptibility is expressed as

Xo = (T/N) Dy () Pwoz(K),
k

where y.(k) = y(k), y-(k) = wyy(k), and wyz(k) =
G, (k)Gz(=k), with k = (k,iw,) and k' = (k’,iw, ). The re-
ducible vertex part "¢ is defined by

+ + r § Te! ’ IN A (T
X3 = Xbow * 33 ) Ve OWerr TGk K o (k) (K,
kK

and is expressed in terms of the irreducible part ', as

(10)

in matrix form, where lA"ffg, ﬁ,g, and W,,> are matrices whose
elements are F{fg(k, k), Tog(k, k"), and (T/N)oyWei(k), Te-
spectively (1 is the identity matrix).

We also define the row vector §. whose element is y..(k),

and P, = 9, W;{T—z . Thus, we obtain )(E)j_)u; =P Wospl, = 9oL,
and

A A A A A a -1
red q red q
1 = T + T Mol 58 = Toi| 1 = Wosloz]

)

where A,y = Wl 2fag W2 We next consider the eigenequa-

X2 = 01 - Ags] 5L

~

Az = a9, (12)

where A and ¥ are the largest eigenvalue and the correspond-
ing eigenvector, respectively. We write the element of ¥ as
v(k). When A < 1, the pairing susceptibilities are positive
and finite for any y(k). Thus, in this case, the system is in
the normal state. When varying a parameter such as the tem-
perature in the normal state, if A — 1 and V. has a compo-
nent proportional to ¥, the pairing susceptibility diverges as

ffo—z ~ (1 =)' = 0. This implies a phase transition to the
superconducting state, as mentioned above.

The vertex part can be divided into two parts as

Cog(k, k) = TSk, 1) + TS (K, 1), (13)

where

T (k, i), (K iwy ) = £ TEN (K, —iw,), (K, iwy))

14)
= +TUA (K, iw,), (K, —iwy)).

Because w,(k) is an even function of w,, only l"f:(% and Ff;}

contribute to X(+l and X(_l respectively.

oo oo’

Figure 1 shows the Feynman diagrams that contribute to



J. Phys. Soc. Jpn.

the vertex part. Figure 1(a) depicts the one-magnon exchange
interaction
)

) = %JltzD(—o-(k +k)) (15)

analogous to the phonon-mediated interaction; however, this
interaction contributes only to antiparallel spin pairing.

The two-magnon exchange interaction, depicted in
Fig. 1(b), is written as
12
r - ——ZD(kl ¥)D(k; — k)

s

B Z [1(wk,-k) = M(Whe, 1) (W) -k = Wiy k)

V4 (Wky -k — Wky—k)?

(16)

where n(w) is the Bose distribution function. This interaction
contributes to both antiparallel and parallel spin pairings.>? In
the ferromagnetic case, "2 — 0 in the limit 7 — 0, because
n(wq) — 0, in contrast to the antiferromagnetic case.?

The triangular diagrams depicted in Figs. 1(c) and 1(d) cor-
respond to triangle processes, which involve two magnons
and one electron, and give rise to the effective interactions

i le
rél = -2k — Z |G o (k) D(er(ky = k)D(or(ky = K'))

B aG%;(—kl)D(o(k — k))D((K = k)|
For parallel spin pairing, we obtain

|
ek 1
4 N&

(0ér -0 — Wk, k)R -
[W2 + (0o — Why -k N[ + (0ER)—r

e =- |/(oér,-0)

- (’-)k:]—k:’) — Wy

- wkl*k’)z]

(O—é‘kl—(r - wkl—k)
n(wklk)( X(U)kl K — ‘Uktl—k) + WyVy—p
(W2 + (k- — Wi,k 1VE, + (W — Wky—k)?]
(0éky- — Wiy —k?)
n(wk]-k')( X(Who, ke — Wy k) + Wy Vir—n |
[y, + (k-0 = Wiy 1V + (@t — k)]
(17)

Based on Egs. (16) and (17), both Ff,z(), and FS(), contribute
to the odd-frequency part l"f,_; and may induce odd-frequency
superconductivity. In the following, we illustrate this result in
one dimension through a numerical calculation.*") The Fermi-
surface splitting due to the exchange field /o is disadvanta-
geous to antiparallel spin pairing. In particular, when # is suf-
ficiently large, antiparallel spin pairing is suppressed. There-
fore, we focus on parallel spin pairing in this study.’? Here-
after, we call the even-frequency odd-parity state the EOT
state and the odd-frequency even-parity state the OET state.
As an example, we examine the case in which J, /J; = 0.95,
Jj = 0.01, and £ = 0. Because of particle-hole symmetry, the
pairing susceptibility for two spin-up electrons is the same as
that for two spin-down electrons when p = 0.

Figure 2 shows 1 — A as a function of temperature and
the profile of A(k) = v(k)/ y/wy (k) for isotropic Kondo cou-

LETTERS
-k, -c K o Ko ko
ko -k -c Lo ks
(a) (b)

K, o K, G
I e
-k, G K, o
P VA
-k G ko
J¢ d JKL

©) (d) i
ko —k G

Fig. 1. Feynman diagrams that contribute to the vertex part I'c¢(k, k). The
solid and wavy lines correspond to the electron and magnon Green’s func-
tions, respectively.
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Fig. 2. (Color online) (a) Minimum eigenvalue 1 — A as a function of tem-
perature 7', and (b) profile of A(ky, w,) at the superconducting transition tem-
perature. The isotropic Kondo coupling J|I|( = Jg = Jk is assumed. The red
and blue curves show the results for the EOT and OET states, respectively.
In panel (a), the open circle and solid curve show the results for Jx = 0.9,
whereas the open triangle and dashed curve show the results for Jx = —0.9.
In panel (b), Jk values of —0.31 and 0.28 are assumed for the EOT and OET
states, respectively. These values give 4 = 1 at 7 = 0.87py. The thick and
thin solid curves show the results for w, = nT and 37T, whereas the thick

and thin dashed curves show those for w, = —anT and —3x7, respectively.
A; is the magnitude of the peak value for w, = +x7. For the EOT state, the
results for w, = —nT and —37T coincide with those for w, = #T and 3xT,

respectively.

pling (Jg = J'l|( = Jx). The eigenvector v(k) is for A, and
the eigenvalues A are identical for 17T pairs and || pairs. In
Fig. 2(a), the normal state is stable against pairing fluctuations
where 1 — A > 0, but becomes unstable where the curves cross
the line 1 — A = 0. In the region where 1 — A < 0, the pertur-
bation theory breaks down. At Jx = 0.9, the OET state occurs
in the high-temperature region, whereas, at Jx = —0.9, the
EOT state occurs in both the high- and low-temperature re-
gions. The unusual reentrant transitions to the superconduct-
ing states are due to the strong temperature dependence of the
vertex parts involving the Bose distribution functions of the
magnons. Because the structure of A(k) at 4 = 1 reflects the
structure of the order parameter near the transition tempera-
ture, Fig. 2(b) suggests that the order parameters have a peak
near the Fermi momentum (pg; = 0.507).

Figure 3 shows the phase diagram in the Jx—T7 plane for
isotropic Kondo coupling. The phase boundaries are deter-
mined from the condition A = 1. Except near Jx = 0, the su-
perconductivity occurs in both the high- and low-temperature
regions. The OET and EOT states occur for Jx > 0 and
Jk < 0, respectively. The asymmetry with respect to the sign
of Jx originates from the third-order term 1"(092, The normal
phase in the intermediate temperature region can be reached
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from the high-temperature normal phase, through the blue re-
gion.
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Fig. 3. (Color online) Phase diagram in Jg—T plane for isotropic Kondo
coupling. The squares are color-coded to represent the value of 1 — A at the
center of the square. The color scale is displayed on the right of the figure.
The open circles and triangles show the points at which 4 = 1. At the center
of each red square and each open circle, the minimum eigenvalue occurs for
EOT pairing. At the center of each green square and each open triangle, the
minimum eigenvalue occurs for OET pairing. The solid curves are the phase
boundaries deduced from these results. In the region near Jx = 0, antiparallel
spin pairing may occur.’®

Figure 4 shows the result when the Kondo coupling is
Ising-like (Jy = 0). The OET state occurs over very large
areas of parameter space, but not the EOT state. Because
Fff(); = 0 in this case, the OET state occurs due to the two-
magnon exchange interaction Fffz(); In this phase diagram, an-
tiparallel spin pairing does not occur even when |f1|<| is small,
because I“f,l,)_(, = l"fi)_(r =0 and Ff,z,)_a is repulsive.

We can take the results shown in Fig. 4 as those for
isotropic Kondo coupling where ') is ignored, because the
condition Ji = 0 eliminates ¥ o Jlll(JIt2 from the theory
without any other change. Therefore, the appearance of the
EOT state in Fig. 3 is due to triangle processes.

[mEw
0.8/mmm
Immm

= Ber

=
~  rEHE
~
~

m_a

o»l?lllllll—

A

Fig. 4. (Color online) Similar to Fig. 3, but shows the phase diagram in the
J)~T plane, for Ising-like Kondo coupling (J§ = 0).

Figure 5 shows the phase diagram at 7 = 0.5Tpy. The
superconducting areas are large near the Ising line Ji = 0.
The EOT state occurs only when JI1|< < 0, but near the Ising
line this state is suppressed by the emergence of the OET
state. Note that, where JI1|< < 0, the real phase boundaries
between the EOT and OET states should be displaced from
those shown in Fig. 5 because they are determined by com-
paring the pairing susceptibilities for the normal state. In this
phase diagram, antiparallel spin pairing is ignored.>¥

Fig. 5. (Color online) Similar to Fig. 3, but shows the phase diagram in

the Jlll(—JIt plane at T = 0.5Tfm. The Kondo couplings on the dotted and

dot-dashed lines are isotropic and Ising-like, respectively.

To summarize, both the two-magnon exchange processes
and the triangle processes contribute to the odd- and even-
frequency pairings. At higher temperatures but below Tpy,
both processes are pronounced because of the high magnon
density. As a result, either the OET or EOT state occurs over
large areas of parameter space. The OET state is favored by
uniaxial Kondo coupling through the two-magnon exchange
interaction. At low temperatures, however, only triangle pro-
cesses remain: these can induce either of the two states de-
pending on the parameter values.

The self-energy effect would decrease the area in param-
eter space where superconductivity occurs and could change
the phase diagrams. Furthermore, the phase diagrams in two
and three dimensions would be different from those obtained
above. These problems are left for future research.

In conclusion, we derived an effective pairing interaction
mediated by magnons in ferromagnetic superconductors, tak-
ing into account triangle processes as well as two-magnon ex-
change processes. These interactions are illustrated in one di-
mension and found to induce either odd- or even-frequency
superconductivity. The present system is thus a candidate
for odd-frequency superconductivity in a bulk homogeneous
state.
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In most known cases, oscillating states (¢ # 0) are energetically unfa-
vorable, but their possibility cannot be excluded when 4 ~ Ao, where
Ao denotes the superconductive energy gap.

In one dimension, I, 533_ is attractive, whereas I’ f,z),(, is repulsive, for two
electrons near the Fermi surface, because of the factor oo

Even in one dimension, small interchain coupling should be implicitly
assumed for the spontaneous symmetry breaking at finite temperature.
In this sense, the system examined here is quasi-one-dimensional.
Where I‘ﬂl‘il is small or near Ty, 4 is small, and thus antiparallel spin
pairing may occur a priori, which will be examined in a separate paper.
Near Jlll( =0, I“frl,)_u may induce antiparallel spin pairing at low tem-
peratures such that the repulsive l"f,z’),,f is small. In Fig. 3, however, if
|J|I|<| > 0.1z, |A| is sufficiently large to suppress antiparallel spin pairing,
because, since Te < Tpm = 0.0024¢, |h| = IJILI(S -n)/2 ~ 0.25|J| =
0.025¢t > T.

In the region where |J|]|(| is small and |J§| is large, rtH

oo may induce
antiparallel spin pairing. When |Jg| is small, Ijl‘il 2 0.1¢ is sufficiently
large to suppress antiparallel spin pairing, similar to the condition for
Fig. 3. As |J§| increases, the lower limit of |J|1|(| increases. The construc-
tion of a complete phase diagram including both parallel and antiparal-

lel spin pairings is left for future research.
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