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ABSTRACT. The once-punctured torus and the once-punctured Klein bottle are
topologically commensurable, in the sense that both of them are doubly covered
by the twice-punctured torus. In this paper, we give a condition for a faithful type-
preserving PSL(2, C)-representation of the fundamental group of the once-punctured
Klein bottle to be “commensurable” with that of the once-punctured torus. We also
show that such a pair of PSL(2, C)-representations extend to a representation of the
fundamental group of a common quotient orbifold. Finally, we give an application
to the study of the Ford domains.

1. Introduction

The combinatorial structures of the Ford domains of quasi-fuchsian once-
punctured torus groups are characterized by Jorgensen [6] (cf. [1]). It is natural
to expect that there is an analogue of Jorgensen’s theory for quasi-fuchsian once-
punctured Klein bottle groups, because its deformation space also has complex
dimension 2. In fact, for fuchsian once-punctured Klein bottle groups, we can
completely describe the structures of their Ford domains (see [3, Theorem 5.7]).
However, as shown in [3, Section 6], the Ford domains of general quasi-fuchsian
once-punctured Klein bottle groups seem to have much more complicated struc-
tures than those of quasi-fuchsian once-punctured torus groups.

On the other hand, the once-punctured torus, ¥ 1, and the once-punctured
Klein bottle, N i, are topologically commensurable, in the sense that they are
doubly covered by the twice-punctured torus, ¥; 2. Thus we can introduce a
notion of commensurability between type-preserving PSL(2, C)-representations
of m1(X1,1) and m1(N2,1) (see Definitions 2.1 and 2.2). Moreover, we can eas-
ily observe that mutually commensurable discrete PSL(2, C)-representations of
m1(X1,1) and 71 (N2 1) have the same Ford domain (see Proposition 6.3). Hence
a natural problem now arises: which type-preserving PSL(2, C)-representation
of m1(N3,1) is commensurable with a type-preserving PSL(2, C)-representation
of m1(21,1) (see Problem 2.3)?

The main purpose of this paper is to give a partial answer to this prob-
lem (see Theorem 5.1). This enable us to understand the Ford domains of the
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Kleinian groups obtained as the images of discrete faithful type-preserving rep-
resentations of m1(N2,1) which are commensurable with those of m1(31,1) (see
Example 6.4).

The rest of this paper is organized as follows. In Section 2, we recall relation
among the once-punctured torus, the once-punctured Klein bottle, the twice-
punctured torus and their quotient orbifolds Oy, ,, On, ,, Os, ,. We also recall
type-preserving representations of their fundamental groups (see Definition 2.1).
Then we introduce the concept of commensurability between type-preserving
representations of their fundamental groups (see Definition 2.2). In Section 3,
we recall the definition and basic properties of “geometric” generator systems of
m1(Ox, ,) which are called elliptic generator triples. We also introduce geometric
generator systems of 71 (O, , ), which are also called elliptic generator triples,
and describe their basic properties. In Section 4, we study type-preserving repre-
sentations. In particular, we recall the definition of the complex probabilities of
type-preserving representations of 71 (Oyx, , ) and describe a conceptual geometric
construction of a type-preserving representation from a given complex probabil-
ity (see Proposition 4.8). We also introduce the concept of complex probabilities
of type-preserving representations of 71 (On, , ) and establish a similar geometric
construction of a type-preserving representation from a given complex probabil-
ity (see Proposition 4.11). At the end of Section 4, we study type-preserving
PSL(2, C)-representations of 71 (24 2) extending to those of m1(21,1) or m1 (N2 1)
(see Lemma 4.15). In Section 5, we give a partial answer to the commensurabil-
ity problem for representations of 71 (Ox, ;) and 71(Ou, ) in terms of complex
probabilities (see Theorem 5.1). We also study what happens if we drop the
assumption in Theorem 5.1. In Section 6, we give an application to the study of
Ford domains.

2. Once-punctured torus, once-punctured Klein bottle and their
friends

Let 1,1, Nz and X9, respectively, be the once-punctured torus, the
once-punctured Klein bottle and the twice-punctured torus. Their fundamental
groups have the following presentations:

1 (X1,1) = (X1, Xo | —),

7Tl(N2,1) <Y1,Y2 | —>,
m(1,2) = (21,22, Z3 | —).

Here the generators are represented by the based simple loops in Figure 1. It
should be noted that Y5 is represented by the unique non-separating simple
orientable loop in Naj. Set Ky, , = [X1,Xs] = X1XoX['X5", Kn,, =
(YlYng_lYg)’l, Ks,, = Z1Z5Z3 and Kél,z = Z5Z17Z3. Then they are rep-
resented by the punctures of the surfaces.
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The once-punctured torus and the once-punctured Klein bottle are topo-
logically commensurable, in the sense that both of them are doubly covered by
the twice-punctured torus. To be precise, the following hold.

(1) There are three double coverings p; : X192 — 11 up to equivalence.
In fact, there are three epimorphisms from (21 1) to Z/2Z, and the
double covering corresponding to each of them is homeomorphic to
21’2.

(2) There is a unique orientation double covering ps : X192 — Naq up
to equivalence. This corresponds to the epimorphism to Z/27Z which
maps the generator Y7 of m1(Na1) to the generator 1 of Z/2Z and
maps the generator Y5 of m (V2 1) to the identity element 0 of Z/2Z.

FIGURE 1. ¥y 1, Ny and X o.

For each F' =X, 1, Noj or 319, let tp : ' — F' be the involution illustrated
in Figure 2. We denote the quotient orbifold /. by the symbol O and denote
the covering projection from F' to Op by the symbol pr. Then we have the
following under the notation of [8] (see Figure 2).

(1) Os,, =(2,2,2,00) is the orbifold with underlying space a punctured
sphere and with three cone points of cone angle 7, and 7, (Ox, ) has
the following presentation:

71(021,1):<P0,P1,P2|P02:P12:P22:1>_

(2) On,, = (2,2;00] is the orbifold with underlying space a disk and with
two cone points of cone angle m and a corner reflector of order oo, and
71(On, ) has the following presentation:

7T1(ON2,1) = <Q07Q17Q2 | Q(2J = Q? = Q% = 1>

(3) Os,, = (2,2,2,2,00) is the orbifold with underlying space a punctured
sphere and with four cone points of cone angle 7, and 71(Ox, ,) has
the following presentation:

m(Os,,) = (Ro,R1,Ro, Ry | R = Rf = R3 = R} = 1).
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FiGURE 2. The commutative diagram of the fundamental
groups and coverings.

For each F' = Y1, Nao1 or X, the orbifold O admits a complete
hyperbolic structure and hence w1 (Op) is identified with a discrete subgroup
of Isom(H?) (if we fix a hyperbolic structure). Then the generator @Q; is a
reflection and the other generators are order 2 elliptic transformations. Set
K = (PPiPy)7Y, Ko = QF°, Ko = QF* and Koy, , = RoRiRoR3, where
AB = BAB~!. Then K and Koy, ,, respectively, are represented by the punc-
tures of Oy, , and Oy, ,, and K, and Kj are represented by the reflector lines
which generate the corner reflector of order co. We identify 7 (F') with the im-
age of the inclusion 71 (F) — m1(Op) induced by the projection pr. Then we
have the following relations among the generators of the fundamental groups:

X1 = PP, Xo=FP, KZl,l :sz
Y1 =QoQ1, Yo = QoQ2, Kn,, = K2K,
Zy = RoRy, Zo = RoR1, Z3 = RiRs, Ky, = Koy, ,, Ky, , = (Ko, )™

Note that O, , and Oy, , are also topologically commensurable, namely,
both of them are doubly covered by Os, ,. To be precise, the following hold.

(1) There are three double coverings p; : Ox, , — Ox, , up to equivalence.
Each of such covering corresponds to an epimorphism from m1(Ox, ;)
to Z/2Z which maps one of the generators Py, P, P> to 1 and maps the
remaining generators to 0. Each double covering p; : Ox,, — Osx,
uniquely determines a double covering p; : 12 — 311 such that the
diagram in the left hand side of Figure 2 is commutative.
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(2) There is a unique orientation double covering ps : Ox, , = On,, up
to equivalence. This corresponds to the epimorphism from (O, ,)
to Z/2Z which maps the generators @y, @1 and Q2 to 0, 1 and 0,
respectively. For the orientation double coverings py : X120 — No
and py : Ox, , = On, ,, the diagram in the right hand side of Figure 2
is commutative.

The assertion (2) is obvious and the assertion (1) is proved as follows. For
a given double covering p; : Os,, — Os,,, we can check, by the relations
among the generators of the fundamental groups, that (p; ops, L)« (m(X1,2)) C
(P=,.1)+(m1(31,1)). Hence, by the unique lifting property, there is a unique dou-
ble covering p; : ¥12 — ¥11 such that pg, , o p1 = p1 o px,,, modulo post
composition of ¢y, ;. Since tx, , 0 p1 = p1 0 Lzylj, the coverings p; and vy, , o Py
are equivalent. Thus the double covering p; uniquely determines the double
covering pj.

Conversely, for the double covering p; : ¥12 — X1,1 associated with an
epimorphism ¢ : m(X11) — Z/2Z, we can see, by the relations among the
generators of the fundamental groups, that there is a unique epimorphism ¢ :
m(Os, ,) = Z/2Z such that it maps only one of generators Py, P, and P» of
71(Ox, ;) to the generator 1 of Z/27 and satisfies ¢ = bo (ps,, )« Hence there
is a unique double covering p; : Ox, , — Ox, , such that ps, , op1 = p1ops, ,.
Thus we obtain the assertion (1).

The orbifolds Ox, , and Op, , have two distinct common quotient orbifolds,
O, and Og, as described in the following (see Figure 3).

(1) O4 = (2;2,00] is the orbifold with underlying space a disk and with a
cone point of cone angle m and with a corner reflector of order 2 and a
corner reflector of order oo, and 71 (O,,) has the following presentation:

7r1((9a) = <So,Sl,SQ | Sg = S12 = Sg = 1, (5152)2 = ].>

Here Sy is an order 2 elliptic transformation, and S; and S5 are reflec-
tions.

(1-1) There is a unique double covering 10(;1)‘1 0 Oxs,, — O4. This
corresponds to the epimorphism from 71 (O,) to Z/2Z which maps
the generators 57,52 to 1 and maps Sy to 0. Then we have the
following identities:

Py=S5?, P =5,8y, Py=25.

(1-2) There is a unique double covering pg\?;)l : On,, — Oq. This
corresponds to the epimorphism from 1 (O, ) to Z/27Z which maps
the generator Sy to 1 and maps Sy, S; to 0. Then we have the

following identities:
Qo= S53%, Q1 =51, Q2= So.

(2) O =12,2,2,00] is the orbifold with underlying space a disk and with
three corner reflectors of order 2 and a corner reflector of order oo, and
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71(Og) has the following presentation:

T =T} =T =T =1,
m(Op) = <T0’T17TQ’T3 | (TOT1(32 = (1TIT2)22 = (7312T3)2 =1 >

Here the generators Ty, 11,15, T3 are reflections.

(2-1) There is a unique double covering p(EB1 )1 : Ox,, — Op. This
corresponds to the epimorphism from 7y ((95) to Z /27 which maps
the generators Ty, T1,T>, T3 to 1. Then we have the following
identities:

Py =TTy, P, =TT, P ="1TT3.
(2-2) There is a unique double covering p%?l : On,, — Opg. This
corresponds to the epimorphism from m (Og) to Z/2Z which maps

the generators Ty, 77,75 to 1 and maps 75 to 0. Then we have
the following identities:

Qo =TTz, Q1 =T3", Q= ToTh.

(o)
LOZlJ

Ox, [EQB)
1,1 » $11 On (8)
K / //N/[(U LONZ L
Pg QO >F !
Q1 Q2 T

P, P, 3 /
1 0 p% T3 pg)]z,z,l

1.

¥

( \/
N\ @
S o

FIGURE 3. involutions of Oyx, , and O, ;.
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In summary, we have the commutative diagram of double coverings as shown
in Figure 4. Every arrow represents a double covering. There are three types
of coverings p; from X 5 (resp. Ox, ,) to X1 1 (resp. Ox, ;) up to equivalence,
and the other coverings are unique up to equivalence. '

SM . Vﬁv 1o

FIGURE 4

DEFINITION 2.1. (1) For F' = X131, Nag 12, Ox, ,, On,,, Os, ,, Oq or
Opg, a representation p : 1 (F) — PSL(2,C) is type-preserving if it is irreducible
(equivalently, it does not have a common fixed point in 9H?) and sends peripheral
elements to parabolic transformations.

(2) Type-preserving PSL(2, C)-representations p and p’ are equivalent if
igop = p/, where i, is the inner automorphism, iz(h) = ghg™', of PSL(2,C)
determined by g.

In the above definition, if F' is an orbifold with reflector lines, an element
of m(F) is said to be peripheral if it is (the image of) a peripheral element of
m1(F), where F' is the orientation double covering of F'.

DEFINITION 2.2. Let p; be a type-preserving PSL(2, C)-representation of
m1(X1,1) (resp. m1(Ox, ,)). Let pa be a type-preserving PSL(2, C)-representation
of m1(N2,1) (resp. 71(On,,)). The representations p; and po are commensurable
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if there exist a double covering p; from ¥ 5 (resp. Ox,,) to ¥11 (resp. Ox, ;)
and a double covering p; from ¥; 5 (resp. Oy, ,) to Na1 (vesp. O, ,) such that
p10o(p1)« and pao(p2). are equivalent, namely g0 p1 0 (p1)« = p20(p2)+ for some
g € PSL(2,C). After replacing p; with i4 0 p;, without changing the equivalence
class, the last identity can be replaced with the identity p; o (p1)« = p2 © (p2)«-

In this paper, we study the following problem:

PROBLEM 2.3. For a given type-preserving PSL(2, C)-representation ps of
m1(N2,1) (resp. m1(On,,)), when does there exist a type-preserving PSL(2, C)-
representation p; of m1(¥1,1) (resp. 71 (Oyx, ,)) which is commensurable with
p2?

We will give a partial answer to this problem for a certain family of type-
preserving PSL(2, C)-representations of 71 (/N2 1) in terms of “complex probabil-
ities” introduced in Section 4 (see Theorem 5.1).

REMARK 2.4. Recall that there are three equivalence classes of double
coverings ¥; o — ;1 and there is a unique equivalence class of double cover-
ings ¥12 — Naz,1. The three classes of double coverings ;2 — 311 become
equivalent after a post composition of a self-homeomorphism of 3; ;. Hence,
by considering compositions of p; with the automorphism of 71 (3 ;) induced
by a self-homeomorphism of ¥; ;, we may arbitrarily fix the equivalence classes
of the coverings 319 — ¥1,;. However, we must be careful in the choices of
a representative p; : X;o — ;1 and a representative pp : Y12 — Nai of
the equivalence classes of the coverings, by the following reason. Assume that
p1: m(X1,1) — PSL(2,C) and ps : m1(Na,1) — PSL(2,C) are commensurable
via coverings p1 : £12 — 211 and pa : 12 — Na 1, i.e., p10(p1)s and pa o (p2)-«
are equivalent. Pick a self-homeomorphism f of ¥; 5 and replace p; with an-
other covering p} := pj o f : 312 — 1 1. Then the representation p; o (p})« is
not necessarily equivalent to the representation p; o (p1)«, and hence it is not
necessarily equivalent to the representation ps o (p2)s«. In fact, we also need to
replace pa with another covering ph :=p2 o f : 12 — Na 1, which is equivalent
to p2.

3. Elliptic generators

In this section, we first recall the definition and basic properties of elliptic
generators of 71(Ox, ;) (see [1, Section 2] for details). We also introduce the
concept of elliptic generators of m1(Oy, ), and then we establish similar basic
properties.

Recall that the (orbifold) fundamental group of Os, , has the following
presentation:

m(0x,,) = (Po, P, Py | P§ = P = Pj =1),

and that K = (PoyP1P,)~" is represented by the puncture of Oy, ,.
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DEFINITION 3.1.  An ordered triple (FPy, P1, P») of elements of 71 (Ox, ,) is
called an elliptic generator triple of m1(Ox, ,) if its members generate 71 (Ox, ;)
and satisfy P? = P2 = P? = 1 and (PyP1P2)~! = K. A member of an elliptic
generator triple of 71(Ox, ) is called an elliptic generator of m1(Ox, ,).

REMARK 3.2. In the above definition, the condition that the members of
the triple generate 71 (Osx, ,) is actually a consequence of the other conditions.
This can be seen from the proof of [1, Lemma 2.1.7].

PROPOSITION 3.3. [1, Proposition 2.1.6] The elliptic generator triples of
71(Os, ,) are characterized as follows.
(1) For any elliptic generator triple (Po, Py, P2) of m1(Ox, ,), the following
hold:
(1.1) The triple of any three consecutive elements in the following bi-infinite
sequence is also an elliptic generator triple of 1 (Ox, ;).

K2 Kt Kt Kt K K K K?
"7P2 7P0 aPI 7P2 7P07P17P2uP0 7P1 7P2 7P0 g

(1.2) (Po,PQ,PlPZ) and (P1P°,P0,P2) are also elliptic generator triples of
T (021,1)'
(2) Conversely, any elliptic generator triple of m1(Ox, ) is obtained from a

given elliptic generator triple of m1(Ox, ) by successively applying the operations
in (1).

DEFINITION 3.4. For an elliptic generator triple (Py, P1, P2) of m1(Ox, ),
the bi-infinite sequence {P;} in Proposition 3.3(1.1) is called the sequence of
elliptic generators of m1(Ox, ,) (associated with (P, Py, P2)).

Recall that the (orbifold) fundamental group of Op,, has the following
presentation:

7T1(ON2,1) = <Q07Q17Q2 | Q(z) = Q% = Q% = 1>7

and that Ky = QlQO and Ky = Q?z are represented by the reflections in the lines
which generate the corner reflector of order co. It should be noted that Qo and
Q2 act on the universal cover of Oy, , orientation preservingly, and @ acts on
the universal cover of Oy, , orientation reversingly.

DEFINITION 3.5.  An ordered triple (Qo, Q1,Q2) of elements of 71 (O, , ) is
called an elliptic generator triple of w1 (O, ,) if its members generate m1(Ons, ;)
and satisfy Q2 = Q? = Q3 = 1 and Q192Q:9° = K»Ky. A member of an elliptic
generator triple of 71 (O, , ) is called an elliptic generator of m1(On, ;).

REMARK 3.6. In the above definition, the condition that the members of
the triple generate (O, , ) is actually a consequence of the other conditions.
This can be seen from the proof of Proposition 3.7 (see [4]).

PROPOSITION 3.7.  The elliptic generator triples of m1(On,,) are charac-
terized as follows.
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(1) For any elliptic generator triple (Qo, Q1,Q2) of m1(On,., ), the following
hold:

(1.1) The triples in the following bi-infinite sequence are also elliptic gener-
ator triples of m1(On,., ).

HE) (QOKOK2 7Q1K0K2a Q2K0K2)a (QQKO 3 QlKO ’ Q0K0)7 (Q07 Q17 QQ)?
(Q2K27 Q1K27 QOK2)7 (QOKZKO 5 Q1K2K07 Q2K2K0)7 e
To be precise, the following holds. Let {Q;} be the sequence of elements
of m1(On, ) obtained from (Qo, Q1,Q2) by applying the following rule:
QJKO =Q—j-1, Q;Q =Q—jt5-

Then the triple (Qsk, Q3k+1, Qskr2) is also an elliptic generator triple
of m1(On,,,) for any k € Z.
(1.2) (Q2,Q1979°,Q0?) is also an elliptic generator triple of w1 (On, ., ).

(2) Conversely, any elliptic generator triple of m1(On, , ) is obtained from a
given elliptic generator triple of m1(On, ) by successively applying the operations
in (1).

The proof of (1) is obvious, and the proof of (2) is given in [4]. In this paper,

we need only (1).

DEFINITION 3.8. For an elliptic generator triple (Qo, @1, Qz2) of 71 (Ons, , ),
the bi-infinite sequence {Q;} in Proposition 3.7(1.1) is called the sequence of
elliptic generators of m1(On, ;) (associated with (Qo, Q1, Q2)).

It should be noted that @Q; is conjugate to the following element (cf. Propo-
sition 4.11(1.1)):

Qoif j=0o0r5 (mod 6),
Qifj=1 (mod 3),
Q2if j=2o0r4 (mod 6).

In particular, @; acts on the universal cover of Oy, , orientation reversingly or
orientation preservingly according to whether j = 1 (mod 3) or not.

4. Type-preserving representations

Let p1 be a type-preserving PSL(2, C)-representation of m(Og, ,). Fix a
sequence of elliptic generators {P;} of m1(Ox, ;). Set

(z1, 212, w2) = (tr(p1(X1)), tr(p1(X1X2)), tr(p1(X2))),

where X1 = P,P; and Xo = PyP;. As the trace of an element in PSL(2,C) is
only defined up to sign, we are free to choose the signs of £ and x5 independently.
Once we have done this though, the sign of x5 is determined. It is well-known
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that the triple (z1,z12,22) is a Markoff triple, namely, it satisfies the Markoff
identity (see [2], [1]):

2 2 2
]+ 279 + T35 = T1T12T2

and that the triple (z1, 212, 22) is non-trivial, namely, it is different from (0,0,0).
Moreover, the equivalence class of the triple (z1,z12,22) is uniquely deter-
mined by the equivalence class of the type-preserving representation p;, and
vice versa (see [1, Proposition 2.3.6 and 2.4.2] for details). Here, two triples
(x1,212,22) and (2], x5, xh) are said to be equivalent if the latter is equal to
(z1,212,22), (x1,—X12, —x2), (—x1, 212, —22) or (—x1, —T12,22). We call the
triple (z1,212,22) = (tr(p1(X1)), tr(p1(X1X2)),tr(p1(X2))) the Markoff triple
associated with {p1(P;)}.

Let p2 be a type-preserving PSL(2, C)-representation of 71(Oy,,). Fix a
sequence of elliptic generators {Q;} of m1 (O, ,). Set

(Y15 912, 42) = (tr(p2 (V1)) /i, tr(p2(Y1Y2)) /4, tr(p2(Y2))),

where V7 = QoQ: and Yo = QpQ2 and i =+/—1. Note that p2(Kn,,) =
pa(Y1YoY'Y5) ™) is a parabolic element of PSL(2,C) with a trace that has a
well defined sign (independent of the signs chosen for the traces of p(Y1) and
p(Y3)), which is equal to y? + y%, — y1y12y2 + 2. Hence (y1,y12,92) satisfies one
of the following identities:

Y+ s + 4 =yiyaye if tr(p2(Kn,,)) = -2, (Eql)
Y+ Yl = yiyioye if tr(p2(Kn,,)) = +2.

In addition, the triple (y1,y12,¥2) is non-trivial, namely, it is different from
(0,0,0) (see [3, Remark 4.3]). It is well-known that any two generator subgroup
(A, B) of PSL(2,C) is irreducible if and only if tr([A, B]) # 2 (see, for example
[5, Proposition 2.3.1]). Since ps is irreducible, it satisfies one of the following
identities:

ya 7 0 if tr(pa(Kn, ) = =2, (Eq2)
Y2 }é +2 if tr(ﬂ2(KN2,1)) = +42.

Moreover, the equivalence class of the triple (y1,y12,y2) is uniquely determined
by the equivalence class of the type-preserving representation ps, and vice versa
(see [3, Propositions 4.4 and 4.6] for details). Here, two triples (y1,¥y12,y2)
and (y1,y12,y4) are said to be equivalent if the latter is equal to (y1,¥y12,¥2),
(y1, —y12, —¥2), (=Y1,y12, —Y2) or (—y1, —y12,¥y2). We call the triple (y1, 12, y2)
= (tr(p2(Y1)) /i, tr(p2(Y1Y32)) /i, tr(p2(Y2))) the pseudo-Markoff triple associated
with {p2(Q;)}.

PROPOSITION 4.1. (1) The restriction of any type-preserving PSL(2

)
representation of m1(Ox, ) (resp. m1(On,,)) to m1(X11) (resp. w1 (N21)
type-preserving.

C)-
)

s
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(2) Conversely, every type-preserving PSL(2,C)-representation p; (resp.
p2) of m1(21,1) (resp. m1(Naj)) extends to a unique type-preserving PSL(2,C)-
representation py (resp. pz2 of m(Ox, ) (resp. w1 (On,,)). Moreover, if p;
(resp. p2) is faithful, then py (resp. p2) is also faithful.

PROOF. The assertion (1) is obvious from the definition. The first assertion
in (2) is well-known (cf. [10, Section 5.4] and [1, Proposition 2.2.2]). The second
assertion in (2) is proved as follows. Suppose to the contrary that py is faithful
but that p; is not faithful. Pick a nontrivial element ~ of Kerp;. Since 71(Ox, , )
is the free product of three cyclic groups and since 71 (X1,1) is an index 2 subgroup
of 11(Ox, , ), we can see that the normal closure of v in 1 (Oy, , ) has a nontrivial
intersection with 71(X1,1). This means that p; is not faithful, a contradiction.
The same argument works for the pair of representations ps and pso. ([l

By this proposition, the following are well-defined.

DEFINITION 4.2. (1) For F' = X7 or Oy, ,, the symbol Q(3;,) denotes
the space of all type-preserving PSL(2, C)-representations p; of w1 (F).

(2) For F' = Ny or Oy, ,, the symbol Q(N3 1) (resp. ©'(Nz,1)) denotes
the space of all type-preserving PSL(2, C)-representations ps of w1 (F') such that
tr(pQ(KN2,1)) = -2 (resp. tr(pQ(KN2,1)) = +2>'

REMARK 4.3. For any pa € Q/(Na,1), the isometries p2(QoQ2) = p2(Ya)
and py (K, , ) have a common fixed point (see [3, Lemma 4.5(ii)]), and hence py
is indiscrete or non-faithful (see [3, Lemma 4.7]).

The following lemma gives a (local) section of the projection from Q(3 ;)
(resp. ©(N2,1)) to the space of the equivalence classes of the non-trivial Markoff
triples (resp. pseudo-Markoff triple) (cf. [6, Section 2], [9, Section 3], [1, Lemma
2.3.7] and [3, Lemma 4.5]).

LEMMA 4.4. (1) Let (z1,212,22) € C3 be a triple satisfying x3 + x34 +
13 = 1171279 and w12 # 0, and let {P;} be a sequence of elliptic generators of
771(021.1)'

(1.1) Let p1 : m1(X1,1) = PSL(2,C) be a representation defined by

(X)) = <x1 — X9 /T12 xl/x%2> (X1 X) = <.’E12 —1/x12> ’

xr1 1'2/56'12 X192 0
To —x1/T — 2o /22 -1 -2
pr{X2) = ( ’ —xlz/ - 3:12/{51;2 1K) = 0o -1/

where X1 = PoPy and Xo = PoPy. Then p1 € Q(E11) such that the Markoff
triple associated with {p1(P;)} is equal to (x1,x12,x2) up to equivalence.
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(1.2) The above representation p; extends to a type-preserving representa-
tion of m1(Ox, ,) satisfying the following identities:

or(Po) = (xg/a:m (2122 —xl)/x%2>7 (P = ( 0 —1{)9512),

—T1 7582/1312 T12
—x1/x T1T12 — Ta)/ T2 1 1
e = (T D) o= (5 ).

(2) Let (y1,y12,y2) € C be a triple satisfying y? + 25 + 4 = y1y12y2 and
y2 # 0, and let {Q;} be a sequence of elliptic generators of m(Ons, ).
(2.1) Let pg : m1(Na1) — PSL(2,C) be a representation defined by

yii/2 —Y121/2y2

Yy) = ‘ _

pz( 1) <—(y1y2 - y12)yzz/2 y”/z ’
pa(ViYa) = < 12i/2  —(yr2ys — y1)¢/2y2>

—Y1y2i/2 Y124/2
(0 1/ys (-1 =2
p) = (5 1R e = (4 73)

where Y1 = QoQ1 and Yo = QoQ2. Then pa € Q(Na,1) such that the pseudo-
Markoff triple associated with {p2(Q;)} is equal to (y1,y12,Y2) up to equivalence.

(2.2) The above representation ps extends to a type-preserving representa-
tion of m1(On, ) satisfying the following identities:

_ y1/2 —Y12/2Yy2
p2(Qo) = ((ylyz —y12)y2/2  —y1/2 ) ’
_ —(y7 +2)i/2 Y1y121/2y2
p2(Q1) = (—ylyz(ylyz - ?/12)2'/2 (1/% + 2>i/2) ’
o —y2/2 (yi2y2 —y1) /292
p2(Q2) = (_y1y2/2 y12/2 ) )

i) = (i )t = (3 ).

CONVENTION 4.5. (1) For any element p; € (3 1), after taking conjugate
of p; by some element of PSL(2,C), we always assume that p; is normalized so
that p1(K) is given by the identity in Lemma 4.4(1.2) without changing the
equivalence class.

(2) For any element ps € Q(Nz1), after taking conjugate of ps by some
element of PSL(2,C), we always assume that py is normalized so that ps(Kp)
and py(K3) are given by the identities in Lemma 4.4(2.2) without changing the
equivalence class.

Pick an element p; € 2(31,1) and a sequence of elliptic generators {P;} of
71(Os, ,). Let (21,712, 22) € C? be the Markoff triple associated with {p1(P;)}.
Suppose r121272 # 0. Then the identity 2% + 23, + 23 = 2121272 implies the
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following identity:
T T12 T2
ag + a1 + as = 1, where ag = , a1 = , a9 = .
T12T2 T2 ZL1T12

We call the triple (ag,a1,as) € (C*)3 the complex probability associated with
{p1(P})}, where C* = C — {0}. We note that the Markoff triple (z1,z12,22)
with z121222 # 0 up to sign (that is, up to equivalence) is recovered from the
complex probability by the following identities:
1, 1

1
xizi’(]jlz:i’mgz .
a1a2 a2a0 apay

Moreover, there is a nice geometric construction of a type-preserving represen-
tation from the corresponding complex probability.

To introduce the geometric construction of the representations, we prepare
some notations. Throughout this paper, H?> = C x R, denotes the upper half
space model of the 3-dimensional hyperbolic space.

DEFINITION 4.6. Let A = (i Z) be an element of PSL(2,C) such that

A(00) # oo, namely ¢ # 0. Then the isometric hemisphere I(A) of A is the
hyperplane of the upper half space H? bounded by

{zeC||A () =1}={2€C||cz+d| =1}

Thus I(A) is a Euclidean hemisphere orthogonal to C = 9H? with center c(A4) =
A~Y(00) = —d/c and radius r(A) = 1/|c|. We denote by F(A) the closed half
space of H3 with boundary I(A) which is of infinite diameter with respect to the
Euclidean metric.

LEMMA 4.7. [1, Lemma 4.1.1] Let A be an element of PSL(2, C) which does
not fix 0o and let W be an element of PSL(2,C) which preserves oo and acts on
C = 0H? as a Euclidean isometry. Then

I(AW) = W~ HI(A)), I[(WA) =I(A).
In particular, [WAW 1) = WI(A).

Now we introduce a nice geometric construction of a type-preserving repre-
sentation from the corresponding complex probability (cf. [1, Proposition 2.4.4]).

PROPOSITION 4.8. Under Convention 4.5, the following hold:

(1) For any triple (ag,a1,a2) € (C*)® such that ag + a1 + az = 1 and
for any sequence of elliptic generators {P;} of m1(Ox, ,), there is an element
p1 € Q(X1,1) such that the complex probability associated with {p1(P;)} is equal
to (ap,a1,a2). Moreover, p1 satisfies the following conditions (see Figure 5).

(1.1) The centers of isometric hemispheres of p1(P;) satisfy the following

conditions.
o c(p1(Pak+2)) — c(p1(Psk+1)) = ao-
o c(p1(Pak+3)) — c(p1(Psk+2)) = a1
o c(p1(Parya)) — c(p1(Parys)) = az.
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(1.2) The isometries p1(P;) satisfy the following conditions.
o The isometry p1(Psg+2) is the w-rotation about the geodesic with end-
points ¢(p1(Pagr2)) £y/ao(—aq).
o The isometry pi(Pag) is the w-rotation about the geodesic with end-
points c(p1(Psr)) £y/a1(—as2).
o The isometry p1(Pagy1) is the w-rotation about the geodesic with end-
points ¢(p1(Psr+1)) £/ az2(—ap).
(2) Conversely, under Convention 4.5, any element p1 € Q(X1,1) with the
complex probability (ao, a1, a2) associated with {p1(P;)} for some sequence of
elliptic generators {P;} of m1(Ox, ,) satisfies the above conditions.

Vaz(=ao) Vao(=a1) \ /a1 (—ay) Va2(=a0) Vao(-a1) | /g "ar)

Ny |/

FIGURE 5. Isometric hemispheres of elliptic generators of m1(X1,1)

NOTATION 4.9. Under Convention 4.5, let p; be an element of Q(X; 1)
and let {P;} be a sequence of elliptic generators of m(Ox,,). Let £ be the
automorphism of 71 (Ox, ;) given by the following (cf. Proposition 3.3):

(E(Po),&(P1), E(P)) = (Py*, Py, PY).

If the complex probability associated with {p1(£¥(P;))} is well-defined, then we

denote it by (aék), aﬁ’“),aék))-

The following lemma can be verified by simple calculation (cf. [1, Lemma
2.4.1]).

LEMMA 4.10. Under Convention 4.5, let p1 be an element of Q(X1,1) and let

{P;} be a sequence of elliptic generators of m(Ox, ,). Suppose that the complex

probability (agk),agk),agk)) associated with {p1(&*(P;))} is well-defined for any

k € Z. Then we have the following identities (cf. Figure 6):

(k) (k) (k) (k)
(k+1) _ 1 _ o) Ge41) _ 1 @2 (k+1) _ 92 %
) =l—=G ", a; - (k) Qg - (k)’
1—a, 1—a,
k k k k
(k—1) _ aé )ag : (k—1) _ a(() )ag : (k=1) _ 1 _ (k)
ag = = = ay .

e Ol
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agk—l) agk—l)

FIGURE 6. Adjacent complex probabilities of p; € Q(31 1)

Next we give a geometric description of (normalized) type-preserving repre-
sentations of m1(On;, ). Pick an element po € Q(N21) and a sequence of elliptic
generators {Q;} of w1 (On, , ). Let (y1,912,y2) € C? be the pseudo-Markoff triple
associated with {p2(Q;)}. Suppose y1y29;5 # 0, where yiy = tr(pa(Y1Y, 1)) /i =
Y192 —y12. Then the identity y? +y%,+4 = y1912y2 implies the following identity:

Y1 _ 4 _ Yio
7 0 bl - 7 b2 =
Y2Y12 Y1Y2Y12 Y1y2
We call the triple (bg,b1,b2) € (C*)3 the complex probability associated with
{p2(Q;)}. We note that the pseudo-Markoff triple (y1,y12,y2) wWith y1y29i, # 0
up to sign (that is, up to equivalence) is recovered from the complex probability
by the following identities:
4bg 4by 1
ZJ% = ia (3/12)2 = Ea y% = bbb
Moreover, we have the following proposition.

bo + b1 + by = 1, where by =

ProPOSITION 4.11.  Under Convention 4.5, the following hold:

(1) For any triple (bo,b1,b2) € (C*)® such that by + by + by = 1 and for
any sequence of elliptic generators {Q;} of m1(On, ), there is an element ps €
Q(Ng,1) such that the complex probability associated with {p2(Q;)} is equal to
(bo, b1,b2). Moreover, py satisfies the following conditions (see Figure 7).

(1.1) The centers of isometric hemispheres of p2(Q;) satisfy the following

conditions.

e c(p2(Qsk)) — c(p2(Qok—3Q6k—1)) = bo.
o c(p2(Qort2)) — c(p2(Qer)) = b1
o c(p2(QerQor+2)) — c(p2(Qer42)) = ba.
o c(p2(Qer+3)) — c(p2(QerQer42)) = ba.
o c(p2(Qor15)) — c(p2(Qor+3)) = b1
o c(p2(Qor+3Q6k+5)) — c(p2(Qor+s)) = bo.
o c(p2(Qsrt1)) = 5(c(p2(Qsr)) + c(p2(Qsk+2)))-
(1.2) The isometries p2(Q;) satisfy the following conditions.

For any j with j = 0 or 5 (mod 6), the isometry p2(Q;) is the -
rotation about the geodesic with endpoints c¢(p2(Q;)) £/ bo(—b1).
e For any j with j = 2 or 3 (mod 6), the isometry p2(Q;) is the m-
rotation about the geodesic with endpoints c(p2(Q;)) £+/b1(—b2).
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o For any k, the isometry pa(QsxQskr2) is the composition of the -
rotation about the geodesic with endpoints c(p2(Q3rQsk+2)) 3/ b2(—bo)
and the horizontal translation z — z — 1. In particular, the isometry
02(Q3x+2Q3k) is the composition of the w-rotation about the geodesic
with endpoints c(p2(Qsk+2Q3k)) £v/b2(—bo) and the horizontal trans-
lation z — z + 1.

o For any k, the isometry pa(Qsr+1) s the w-rotation about the geodesic
with endpoints c(p2(Qaxr)) and c(p2(Qary2))-

(2) Conversely, under Convention 4.5, any element py € Q(Na1) with the
complex probability (by,b1,b2) associated with {p2(Q;)} for some sequence of
elliptic generators {Q;} of m1(On, ) satisfies the above conditions.

FIGURE 7. Isometric hemispheres of elliptic generators of w1 (N2 1)

PROOF. (1) Pick a triple (bg, b1, bo) € (C*)? satisfying b + by + by = 1 and
fix a sequence of elliptic generators {Q;} of m1(Ox, ;). Let (y1,2,y2) € (C*)? be
a triple of a root of the following polynomial equation:

o 4by 5 4b 1

=—, 2= —, = —.

yl bl 9 b1 y2 b2b0
Replacing y» by —¥» if necessary, the triple (y1, z,y2) € (C*)? satisfies

i + 22 4= yizy

and ys is not equal to 0. Hence the triple (y1, z,y2) € (C*)? is a pseudo-Markoff
triple. Set y12 = y1y2 — 2. By direct calculation, we can see that the triple
(y1,v12,92) € (C*)? is also a pseudo-Markoff triple, namely, the triple satisfies
(Eql) and (Eq2). Hence, for the triple (y1,y12,¥2), we have an element py €

Q(Ng,1) which is as in Lemma 4.4(2.2). By the formula in Lemma 4.4(2.2), we
have the following (cf. Figure 7):

e c(p2(Qo)) — c(p2(Q2Q0)) = bo-
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o

(p2(Q2)) — c(p2(Qo)) = b1

c(p2(QoQ2)) — c(p2(Q2)) = ba.

c(p2(Q1)) = 1(c(p2(Q2)) + cl(p2(Q0))):

p2(Qo) is the m-rotation about the geodesic with endpoints ¢(p2(Qo))+

bo(—b1).

e p2(Q2) is the w-rotation about the geodesic with endpoints c¢(p2(Q2))+
/b1 (—b2).

o 02(QoQ2) is the composition of the 7-rotation about the geodesic with
endpoints ¢(p2(QoQ2)) £1/b2(—bp) and the translation z — z — 1.

e p2(Q1) is the m-rotation about the geodesic with endpoints ¢(p2(Qo))
and ¢(p2(Q2))-

Recall that the sequence of elliptic generators {Q;} satisfies the following:

QN = Q_;1, QX = Q_j15, where Ko = Q°, Kz = Q¥2.

Note that the isometry pa(Kp) (resp. p2(K3)) is the m-rotation about the ver-
tical geodesic above 0 (resp. 1). Here a vertical geodesic above a point z € C
means the geodesic {z} x Ry in H?® = C x R,. Hence, by Lemma 4.7, we have
T(72(50)) = py(Ko)(I(7)) and I(772(52)) = pa(K)(I(7)) for any 7 € PSL(2, C)
such that (c0) # co. Thus we obtain the desired result.

(2) Let p2 be an element of Q(N21). Since py is normalized, the repre-
sentation po is conjugate to a representation as in Lemma 4.4(2.2) by some
Euclidean translation. Since the properties in Proposition 4.11(1) are invariant
by Euclidean translations, we have the desired result by the above proof. O

NOTATION 4.12. Under Convention 4.5, let ps be an element of Q(N 1)
and let {Q;} be a sequence of elliptic generators of m1(Op, ). Let o be the
automorphism of 71 (On, ,) given by Proposition 3.7(1.2), namely,

(0(Q0),5(Q1),0(Q2)) = (Q2,QT°, QF*).

If the complex probability associated with {p2(c*(Q,))} is well-defined, then we
denote it by (6§, "), ).

The following lemma can be verified by simple calculation.

LEMMA 4.13.  Under Convention 4.5, let pa be an element of Q(Na1) and
let {Q;} be a sequence of elliptic generators of m1(On,,). Suppose that the
complex probability (b (k) b bgk)) associated with {p2(c*(Q;))} is well-defined
for any k € Z. Then we hcwe the following identities (cf. Figure 8):

k k
(1) _p ) D) B ey b5
b =1 — b gl o by = 6L
10§ 105
k k k k
y-0 0 ey By
- &> 1T ® 2 = 0
1 b 1—b{
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FIGURE 8. Adjacent complex probabilities of py € Q(Na 1)

As a consequence of Propositions 4.8, 4.11 and Lemmas 4.10, 4.13, we have
the following corollary.

COROLLARY 4.14. Under Convention 4.5, let p1 and ps be elements of
Q(X11) and Q(Na2 1), respectively. Let {P;} and {Q;} be sequences of elliptic
generators of m1(Ox, ;) and 71 (O, , ), respectively. Suppose that the complex
probabilities (ag, a1, a2) and (bo,b1,b2) associated with {p1(P;)} and {p2(Q;)},
respectively, are well-defined. Then the following hold.

(1) (ag,a1,a2) = (bo,b1,b2) and c(p1(P1)) = c(p2(Q2Q0)) if and only if
(p1(Psj+2), p1(Poj+3)) = (p2(Qs;), p2(Qej+2)) for some j € Z. More-
over, if these conditions hold, then the following identities hold for any

j k€L

k) (k) (k k) (k) (K
(ag”, 0t a5 = (07 017, 057),

(p1(E* (Pojz2)), p1(€"(Psj43))) = (p2(0"(Qe;)), p2(0* (Qsj4+2)))-

= (
= (

(2) (ag,a1,a2) = (b2,b1,b0) and c(p1(P1)) = c(p2(Q2Q0)) if and only
if (p1(Pojts), p1(Psj+6)) = (p2(Qej+3), p2(Qej+5)) for some j € Z.
Moreover, if these conditions hold, then the following identities hold
for any j, k € Z:

k) (k k —k) (k) 1 (—k
(a7, 0t a5y = 057 07 b67),

(p1("(Pojt5)), (€5 (Pojre))) = (p2(0™ " (Qejv3)), p2(0™ " (Qej45)))-
At the end of this section, we prove the following lemma.

LEMMA 4.15. Let p1 and ps be type-preserving PSL(2, C)-representations
of m1(21,1) and m1(Naj), respectively. Let p1 and pa, respectively, be the unique
extensions of p1 and ps given by Proposition 4.1. Then py and ps are commen-
surable if and only if p1 and py are commensurable.

PROOF. We first show the if part. Suppose that p; and py are commen-
surable, i.e., there exist double coverings p; : Og,, = Ox,, and p2 : Os, , —
On,, such that p; o (p1)s = p2 o (p2)«. By the correspondence between dou-
ble coverings described in Section 2 (see Figure 2), there exist double coverings
P1: Y12 — Y11 and P2 @ Y12 — Nojp such that ps,, op1 = p1ops,, and
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DN, © D2 = p2 0 px, ,. Hence we have the following identity:

pro(P1)s =p1o (PEI )« 0 (P1)«

=p1o(m (le 2 )
= pa 0 (pz) (P12)s
= 20 PNy, )« © (P2)x = p2 0 (P2)«

Next we show the only if part. Suppose that p; and ps are commensurable,
namely there exist double coverings p; : 312 — X711 and py : ¥1 2 — Na ;1 such
that p1 o (p1)« = p2 o (p2)«. By the correspondence between double coverings
described in Section 2 (see Figure 2), we have double coverings p; : Os,, —
021,1 and po : 021,2 - ON2,1 such that Pz, 0P1 = D1 OPs,» and PNy, OP2 =
P2 o px, ,. Hence we have the following identity (see Figure 9):

P10 (P1)x © (Pny ) = p10 (P1)s = p2 0 (p2)x = 2.0 (P2)x © (Pmy )
This means that both p; o (p1).« and pg o (P2)« are extensions of p := pj o
(P1)« = p2o (p2)« of m1(X12) to m(Ox, ,). Note that m1(Ox, ,) is generated by
m(X1,2) = (Z1, Z2, Z3) and the element R; and that the generators satisfy the
following identities (see Section 2):
RiZ;Ry' = Z; ! for j =1,2,3.

Hence both pyo(p1)«(R1) and pao(p2).(R1) are solutions of the following system
of equation in PSL(2, C).

90(Z5)g~" = p(Z;)~" for j =1,2,3.
On the other hand, since p is irreducible, the system of equations have at most
one solution. Hence we have py o (p1)«(R1) = p2 o (P2)«(R1), and therefore we

have 1 o (1)« = p2 © (P2)«- O
71'1(21,2)
(1)« (Py2)s
7T1(02112)
p )AV’ ) (p%
¥, 1 pNz 1
1(Z1,1) 771 021 1 m1(ON,,,) 7T1 (N2,1)

ANV/ZS

FIGURE 9
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REMARK 4.16. Let p1, p2, p1 and py be as in Lemma 4.15 and assume that
p1 and py (and so p; and pg) are commensurable. Then we can easily see, as in
the proof of Proposition 4.1, that if one of the representations p1, p2, p1 and po
is faithful, then all of them are faithful.

5. Main Theorem

In this section, we give a partial answer to Problem 2.3. By Lemma 4.15,
we may only consider the problem for the quotient orbifolds. Our partial answer
to the commensurability problem for representations of the fundamental groups
of the orbifolds Oy, , and Oy, , is given as follows.

THEOREM 5.1.  Under Convention 4.5, the following hold:
(1) Let p2 be an element of Q(Na,1). Suppose that pa is faithful. Then the
following conditions are equivalent.

(i) There exists a faithful representation p1 € Q(X1,1) which is commen-
surable with py.

(it) There exist a sequence of elliptic generators {Q;} of m1(On,,) and
an integer ko such that the complex probability (bo,b1,b2) associated
with {p2(Q;)} satisfies the following identity under Notation 4.12 (cf.
Figure 10):

(b5, b5 b)) = (ba, by, o).

(#43) There exists a sequence of elliptic generators {Q;} of m1(On,,) such
that the complex probability (b, b1, b2) associated with {p2(Q;)} satis-
fies one of the following identities:

() (b5, b3”,b5”) = (b, by, bo),
(8) (8”.51".85") = (b2, b o).
(2) If the conditions in (1) hold, the representation py is unique up to pre-

composition by an automorphism of m(Ox, ;) preserving K.
(3) Moreover, the following hold:

() po extends to a type-preserving PSL(2, C)-representation of m1(O4) if
and only if ps satisfies the condition (iii)-(a)). Moreover, if these con-
ditions are satisfied, the extension is unique.

(B) p2 extends to a type-preserving PSL(2, C)-representation of m1(Op) if
and only if ps satisfies the condition (iii)-(8). Moreover, if these con-
ditions are satisfied, the extension is unique.

REMARK 5.2. By using this theorem, we can prove the “converse” condi-
tion, namely, we can give a condition for a faithful type-preserving PSL(2, C)-
representation of 71 (X;,1) to be commensurable with that of w1 (N21) (see [4]).

PROOF. We prove (1) by proving the implications (iii) = (ii), (ii) = (iii),
(ii) = (i) and (i) = (ii).
(iii) = (ii). This is obvious.
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Ficure 10. (b5, 6% 55F)) = (by, by, bo)

(i) = (iii). Suppose that there exist a sequence of elliptic generators {Q;}
of 11(On,,) and an integer ko such that the complex probability (bo,b1,b2)
associated with {p2(Q;)} satisfies the following identity:

(6,5, b5") = (b2, by, bo).

Recall that the triple (bék"),bgk‘)),bgk‘))) is the complex probability associated
with {p2(c™(Q,))}, where o is the automorphism of m (O, ,) given as in No-
tation 4.12. Since po is faithful, we have tr(p2(y)) # 0 for any v € m1(Naj).

Hence the complex probability (b(()k), bgk), bgk)) associated with {p2(c*(Q;))} is
well-defined for any k € Z. By the assumption (b(kO) b(kO) b(kO)) (be, b1, bo)
and Lemma 4.13, we have

ko=l ko+l ko=l Fi ¥ ¥l
(b(()o )’bgo )’bgg ))_(bg )’bg )’b(() ))
for any leZ. In particular we have

(b(’“O‘T) b(’“O‘*) b(kO )) (bgz’ b( ) b( 2)) if ky is even,

— kg—1 1 ko—1
(b= ") ko= R ko= )y (B BB R e ks odd.
Hence, by replacing {Q;} with {a 2 (Qj)} or {o 3 (Q])} according to whether
ko is even or odd, we obtain the desired result .

(ii) = (i). Suppose that there exist a sequence of elliptic generators {Q;}
of m(On,,) and an integer ko such that the complex probability (bo,b:,b2)
associated with {p2(Q;)} satisfies the following identity:

(0™, b, 55")) = (b, b bo)-

Pick a sequence of elliptic generators {P;} of m1(Oyx, ;). Then by Proposi-
tion 4.8(1), there exists a (normalized) type-preserving representation p; of
71(Ox, ;) such that the complex probability associated with {p1(P;)} is equal
o (bg,b1,b2). After taking conjugate of p; by a parallel translation, we may
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assume that ¢(p1(P1)) = ¢(p2(Q2Q0)). Then, by Corollary 4.14(1), we see that

(P1(P2), p1(P3)) = (p2(Qo), p2(Q2)).

By Lemmas 4.10 and 4.13, we see that the complex probability associated with
{p1(&*(P;))} is equal to the complex probability (békO),b(lkO),bgkU)) associated
with {pa(c*(Q;))}, where ¢ and o are, respectively, the automorphisms of
m(Ox,,) and 71(On,,) given by Notations 4.9 and 4.12. Hence, by the as-

sumption (bék"), b(lk"), b(Qk")) = (ba, b1, bo) and Corollary 4.14(2), we have
(p1(E" (P5)), p1(£7 (P5))) = (p2(Q52), p2(Q5))-

Hence we have

(p1(Pa), p1(Ps), pr (€7 (P5)), p1(£%(Ps))) = (p2(Q0), p2(Q2), p2(Q52), p2(QF ™))

CrLAM 5.3.  Let (Ro, Ry, Ra, R3) be the generator system of m1(Ox, ,) given
in Section 2.
(1) There is a double covering py : Os, , — Os, | such that

((p1)«(Ro), (p1)«(R1), (p1)«(Ra), (p1)«(R3)) = (P2, Ps, £ (P5), £ (Ps)).

(2) There is a double covering py : Ox, , — On,, such that

((p2)«(Ro), (p2)+(R1), (2)«(R2), (p2)+(R3)) = (Qo, Q2, Q52,Q4).

PROOF. (2) can be seen by choosing ps to be the covering corresponding
to the epimorphism ¢y : 71(On,,) — Z/2Z defined by the following formula
(see Figure 2):

_J 0ifj=0o0r2,
¢2(Qj)_{ 1if j =1.

To prove (1), let 1 : Ox,, — Osx,, be the double covering such that the
following holds (see Figure 2):

((@1)«(Ro), (q1)«(R1), (a1)«(Re). (a1)«(Rs)) = (Po, Pr, By*, PY).

Let f be a self-homeomorphism of Osx, , such that f. maps (FPy, P1, P2) to

(Py, P3, PE), and consider the double covering pgo) =foq :0x%,, = Ox,,.
Then we have

(p)=(Ro), (01"« (R1), (017)- (), (01")(Rs)) = (P2, Ps, Ps, F).
Let £ be the self-homeomorphism of Os, , such that
((g)*(R0)> (g)*(Rl)ﬂ (g)*(Rg), (g)*(Rfi)) = (R0= Ry, Rs, R§3)

Then the double covering p; := pgo) ol : Os,, — Oy, , satisfies the desired
condition.
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By Claim 5.3, there are double coverings p; : Ox,, — Og,, and ps :
Os, , = On,, satisfying the following identity:

(p1 0o (p1)+(Ro), p1 o (p1)«(R1), p1 0 (p1)«(R2), p1 o (p1)«(R3))
=(p1(P2), p1(Ps), p1(E¥°(Ps)), p1 (£ (Ps)))
=(p2(Qo), p2(Q2), p2(Q52), p2(Qg ™))
=(p2 © (p2)«(Ro), p2 © (p2)«(R1), p2 © (p2)+(R2), p2 © (p2)(R3)).

Hence p10o(p1)« = p20(p2)«, namely, the representation po is commensurable with
p1. By Remark 4.16, p; is faithful. Thus we obtain the desired representation
P1-

(i) = (ii). Suppose that there exists a faithful (normalized) type-preserving
PSL(2, C)-representation p; of m1(Oyx, ,) which is commensurable with po, i.e.,
there exist double coverings p; : (92112' — Ox,, and pa : Og,, = On,, such
that p1 o (p1)« = p2 o (p2)«. Recall that (p2).(m1(Ox, ,)) is equal to the kernel
of the epimorphism ¢, : m1(Ox, ;) — Z/27Z and that the kernel of ¢, is equal

to the subgroup of 71(Ou;, ) generated by the quadruple (Qo, Q2, 5(2, 6(2).

Hence we have Qo,Q2 € (p2)«(m1(Ox,,)). Set PO = (p; o p3").(Qo) and
PY = (p; opy 1 )a(Qo).

CLAIM 5.4. The ordered triple (K—*P®M PO PO P js an elliptic gen-
erator triple of m1(Ox, ,).

PROOF. Note that P(® and P have order 2, because

(1) (props st (p2)«(71(Ox,5)) = (p1)+(m1(Os, ,)) is an isomorphism and

(2) Qo and Q2 have order 2.
By using the third assertion of Proposition 4.11(1.2) and the fact that p;(K) is
the horizontal translation z — z + 1, we see that p; (K ~1)p2(Q2Q0) has order 2.
By the definition of P(®) and P(") and by the identity p1 o (p1).« = p2 0 (p2)«, We
have p1 (P PO) = py(Q2Q0). Hence py (K~ PM PO) has order 2. Since p; is
faithful, this implies that K ~'P™M P has order 2. Hence, by Remark 3.2, the
triple (K—1PM PO PO Py is an elliptic generator triple of m(Ox, ,). O

By Claim 5.4 and Proposition 3.3(1.1), (PM)K ™" K-1pM) p0) pO) js
also an elliptic generator triple of 711 (Ox, ,). Let {P;} be the sequence of elliptic
generators of m(Oy, ,) associated with this triple. Then pi(P) = p1(P©) =
p2(Qo) and p1(Ps) = pl(P(l)) = p2(Q2). This implies, together with Corol-
lary 4.14(1), that the complex probability associated with {p1(P;)} is equal to
(bo, b1, b). Set (PP, P@) = ((p1 op;").(Q52), (pr o p5)«(Q5*)). Then, by a
parallel argument, the triple (P®)X " (K=1P®) P@)E™" (P@)E™") s an el-
liptic generator triple of 71(Os, ;). Let {P]} be a sequence of elliptic generators
of m1(Osx, ,) associated with this triple. Then p;(P%) = p1(P®?) = p2(QX2) and
p1(PY) = p1(P®) = pa(QE?). This implies, together with Corollary 4.14(2),
that the complex probability associated with {p;(P})} is equal to (b2, b1, bo).
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Since p1 (K)p2(QoQ2) = p1 (K1) pa(Qe2Q5?) by Proposition 4.11(1.2), we have
p1(Py) = p1(KPyP3) = p1(K)p2(QoQ2)
= 1 (K™ )pa(Qp2Q5*) = p1 (K~ PgP3) = pi(Py).
Since p is faithful, this implies Py = P;. Hence, by Proposition 3.3, there is
an integer ko such that P} = €M (P;). By Lemmas 4.10 and 4.13, the complex

probability associated with {p1(£¥(P;))} is equal to the complex probability
(bék), bgk), bék)) associated with {p2(c*(Q;))} for any k € Z. Hence we have

(b, 5, 5"™) = (b2, by, bo).

Thus the proof of the assertion (1) is complete.

Next we prove the assertion (2). Let p; and p] be type-preserving PSL(2, C)-
representations of 71(Ox, ;) such that they are commensurable with pp. Then
there exist coverings p1,p) : Ox,, — Ox,, and ps : Ox,, — O, such that
p1 0 (p1)x = p2 o (P2)« and pj o (p)« = p2 © (p2)«. By Claim 5.4, the following
triples are elliptic generator triples of 71(Ox, ,):

(Po, P1, P2) == (K~ (p1 o py 1)+ (Q2Q0), (p1 o3 1)« (Qo), (1 0 p3 1)+ (Q2)),
(P, Pi, P3) == (K~ (p) 0 p31)+(Q2Q0), (P 013 ) (Qo), (P 0 p31)+(Q2)).
Since p; and p} are commensurable with ps, we have the following identity

(p1(Po), p1(Pr), p1(P2)) = (p1(K 1) p2(Q2Q0), p2(Q0), p2(Q2))
= (pL (K~ 1)p2(Q2Q0), p2(Qo), p2(Q2))
= (P (Fy), p1(P1), py (Py)).

By Proposition 3.3(2), there is an automorphism f of m1(Ox, ;) preserving K
which maps (P, P1, P2) to (P}, P{, Pj). Hence we have p; = p} o f.

Finally we prove the assertion (3).

The if part of (). Suppose that there exists a sequence of elliptic generators
{Qj} of m1(On, ) such that the complex probability (bg, b1,b2) associated with
{p2(Q;)} satisfies the following identity:

(65,57 65) = (b2, by, bo) , namely, by = by.

Let K be the horizontal translation z — z+1. For simplicity of notation, we write
(90, 91, g2) instead of (pa(Q2), p2(Q1), Kpa(Kp)). We first show that there is a
representation pj from w1 (O ) = (So, S1,52 | S5 = 5% = 53 = 1,(5152)? = 1) to
PSL(Q, C) sending (SQ, Sl, 52) to (go,gl,gg). Since go — pQ(Qg) and g1 = pg(Ql),
we have g2 = g? = 1. Thus the existence of the representation p} is guaranteed
by the following claim.

CLAIM 5.5. (1) go is the m-rotation about the axis which is the image of
the vertical geodesic Axis(pa(Ko)) by the translation z — z + 3, where Axis(A)
denotes the azis of A € PSL(2,C). In particular, g3 = 1.



26 Mikio FUROKAWA

(2) The azes of the mw-rotations g1 and go intersect orthogonally and hence
g192 is also a m-rotation. In particular, (g1g2)* = 1.

PRrROOF. (1) Since K(z) = z 4 1 and since pa(Kj) is the 7-rotation about
the vertical geodesic Axis(pa(Ky)), the isometry g, = Kps(Kp) is also the 7-
rotation about the vertical geodesic, which is the image of Axis(p2(Kp)) by the
translation z — z + %

(2) Note that py(Kp) is the m-rotation about the vertical geodesic above
¢(p2(Q2Q0)), because we have the following identity by Lemma 4.7:

p2(Ko)I(p2(Q2Q0)) = I(p2(Q2Q0K0)) = 1(p2(K2Q2Q0)) = I(p2(Q2Q0))-

Thus the axis of g5 is the vertical geodesic above ¢(p2(Q2Q0))+3 by Claim 5.5(1).
Moreover, we have the following identity:

lp2(@:Q0)) +

=c(p2(Q2Q0)) + %(6(02(Q0Q2)) —c(p2(Q2Q0))) by Proposition 4.11(1.1)
= 5 (€p(QeQ0)) + clp2(@022)))

1
T2
:%(C(pZ(QO)) + c(p2(Q2))) by Proposition 4.11(1.1)

=c(p2(Q1)) by Proposition 4.11(1.1).

(c(p2(Q2Q0)) + by — ba + c(p2(Q0Q2))) by the assumption by = by

Hence g7 is the w-rotation about the vertical geodesic above ¢(p2(Q1)) = ¢(g1)
and hence the axes of g7 and g intersect orthogonally. O

Recall that m1(Op, ) is identified with a subgroup of m(O,) and their
generators satisfy the following identities:

Qo =552, Q1= S1, Q2 = So.

Since go is the m-rotation about the vertical geodesic above ¢(p2(Q1)), we have
c(p2(Qo)) = c(p2(Q2)?) = ¢(p3(S5?)). This together with the assumption by =
by implies that pa(Qo) = p2(Q2)% = p5(S52) by Proposition 4.11. Hence the
restriction of p3 to m1(On,,) is equal to the original representation ps.

The only if part of (a) Suppose that p; extends to a type-preserving
representation ps of m(O,). Pick a sequence of elliptic generators {Q;} of
m1(On,, ). Since py is faithful, we have tr(pa(Y1))tr(pa(Y2))tr(pa(Y1Y, 1)) # 0,
where Y7 = Qo@1 and Y5 = QpQ2. Thus the complex probability (bo, b1, b2)
associated with {p2(Q;)} is well-defined. Since 71(Op;, ,) is identified with a
subgroup of 71(0,), the isometry po(S3) satisfies the following identities:

(p2(52))? = 1, 2(Q5?) = p2(Q2), (p2(Q152))? = 1.
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CLAM 5.6. The isometry po(Sa) is the w-rotation about the vertical geo-

desic above & (c(p2(Q2Q0)) + c(p2(Q0Q2))) = c(p2(Q1)).

PROOF. Since (p2(S2))? = 1, p2(S2) is either the identity or a m-rotation.
If p2(S2) = 1, then po(Kn, ,) = §2((55085)%) = p2((55°)?) = 1, a contradiction.
Hence fa(S5) is a m-rotation. By pa(Q5?) = pa(Q2) and (p2(Q152))% = 1, we
have fi5(K§?) = pa(K5). Hence fa(S2) maps Fix(pa(Ko)) = {c(p2(Q2Q0)), 00}
to Fix(p2(K2)) = {c(p2(QoQ2)),00}. Since p2(S2) has order 2, the isometry
5a(S2) must fix oo, (Otherwise c(pa(Vs 1) = c(p2(@2Q0) = c(p2(Qo@s)) —
¢(p2(Yz)) and hence tr(ps(Y, 1)) = 0, a contradiction to (Eq2).) Hence we
have Fix(p2(S2)) = {2 (c(p2(Q2Q0)) + c(p2(QoQ2))),00}. By the faithfulness
of pa, the isometry p2(Q1) does not fix co. In fact, if pa(Q1) fixes oo, then
tr(p2(Y1))tr(pa(Y2))tr(p2(Y1Y, 1)) = 0 by Lemma 4.4(2.2). Since fo(S2) fixes
o0, the axes of pa(Q1) and p2(S2) intersect orthogonally by (p2(Q152))? = 1.
Hence the isometry p2(S2) is the m-rotation about the vertical geodesic above

3(e(p2(Q2Q0)) + c(p2(QuQ2))) = c(p2(Q1))- 0
Hence we have
bo = ¢(p2(Qo)) — c(p2(Q2Q0)) by Proposition 4.11(1.1)
= —c(p2(Q2)) + 2¢(p2(Q1)) — c(p2(Q2Q0)) by Proposition 4.11(1.1)
= —c(p2(Q2)) + c(p2(QoQ2)) by Claim 5.6
= by by Proposition 4.11(1.1).

To show the uniqueness of the extensions of pq, let po and p), be extensions
of pa to m (O, ). Then we have the following identity:

(P2(S52), p2(S1), p2(S0)) = (52(Q0), A2(Q1), 2 (Q2)
= (p2(Qo), p2(Q1), p2(Q2)
= (5(Q0), P2 (Q1), Po(Q2
= (75(55°): P5(S1), (5o

By Claim 5.6, we have p2(S2) = p5(S2). Hence we have py = pb.

The if part of (8). Suppose that there exists a sequence of elliptic generators
{Q;} of m(On, ) such that the complex probability (bg, b1, bs) associated with
{p2(Q;)} satisfies the following identity:

)
)
)
))-

(65, b1, 65) = (b, b, bo).

Let K be the horizontal translation z — z + 1. For simplicity of notation, we
write (go, g1, 92, 9s) instead of (Kp2(Ko), gy " p2(Q2), 97 p2(Qo), p2(Ko)). We
first show that there is a representation pj from m1(0g) = (To, T1, 1o, T | T¢ =
T12 = T22 = T32 = 17(T0T1)2 = (T1T2)2 = (T2T3)2 = ].> to PSL(Z,C) sending
(To, T1, T», T5) to (g0, 91,92, 93). Since gz = p2(Ko), gog1 = p2(Q2) and gi1g> =
p2(Qo), we have g3 = (gog1)* = (9192)* = 1. By Convention 4.5, g = K pz(Ko)
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are m-rotations and hence g3 = 1. Thus the existence of the representation pj} is
guaranteed by the following claim.

CLAM 5.7. (1) go is a w-rotation satisfying p2(Q2Q0)%° = p2(QoQ2). In
particular, go = gop2(Q2Qo) has order 2, and hence g3 = 1.

(2) The azes of go and pa(Q2) intersect orthogonally and hence g5 ' p2(Q2) =
g1 is also a w-rotation. In particular, g3 = 1.

(3) 9293 is a w-rotation and hence (g2g3)? = 1.

PROOF. (1) By the proof of Claim 5.5(1), the isometry gy = po(K2)K is
the m-rotation about the vertical geodesic above 1 (¢(p2(QoQ2)) + c(p2(Q2Q0))).
This together with Proposition 4.11 implies that p2(Q2Q0)%° = p2(QoQ2).

(2) By Lemma 4.13, we have

b1by pD babg
1—by’ 2 10
This together with the assumption (bgl),b§1)7b(21)) = (bg,b1,bo) implies that
by = b(()l) = 1/2. In particular, %(C(pz(QOQ2)) + c(p2(Q2Q0))) = c(p2(Q2))
by Proposition 4.11(1.1). Hence g is the m-rotation about the vertical geodesic
above ¢(p2(Q2)) and hence go and p2(Q2) intersect orthogonally.

(3) Since gogs = K, we have gogs(z) = z+ 1. By Proposition 4.11(1.2), the
isometry gsge2 = g3gop2(Q2Q0) is a m-rotation. O

By =1 — by, b1 =

Recall that m1(Op,,) is identified with a subgroup of 71(0g) and their
generators satisfy the following identities:
Qo =TTy, Q1 =T4", Q2 =TyT1.
Since
(p2(To), p2(T1), p3(12), p5(T3)) = (90, 91, 92, 93)
= (Kp2(Ko), g5 ' p2(Q2), 91 ' p2(Qo), p2(K)),

we have

(p2(Q0), p2(Q1), P2(Q2)) = (p5(TiT2), p3(T35" "), p3(ToT1))
= (p5(TaT2), p5(T3"), 3 (ToTh)).

Thus the restriction of p3 to 71 (O, , ) is equal to the original representation pso.

The only if part of (8). Suppose that ps extends to a type-preserving
representation po of m1(O0g). Pick a sequence of elliptic generators {Q;} of
71(On, ). Since ps is faithful, we have tr(p2(Y7))tr(p2(Ya))tr(p2(Y1Ys 1)) # 0
and tr(p2(Y1))tr(p2(Y2))tr(p2(Y1Y2)) # 0, where Y1 = QoQ1 and Yy = QoQa.
Thus the complex probability (bo, b1, bs) associated with {p2(Q;)} and the com-
plex probability (b(()l),b(ll),bgl)) associated with {p2(0(Q,))} are well-defined.
Since m1(On, ) is identified with a subgroup of 71(0p), the isometry po(70)
satisfies the following identities:

(P2(T0))* =1, (52(ToQ2))* =1, (p2(ToQ2Q0))* =1, (p2(ThQ2Q0Ko))* = 1.
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CramM 5.8. The isometry pa(Ty) is the w-rotation about the vertical ge-
odesic above (c(p2(Q2Q0)) + c(p2(QoQ2))) = c(p2(Q2)). Moreover, we have

p2(To)(c(p2(Qo))) = c(p2(Q5?))-

PROOF. Since (p2(1p))? = 1, p2(Tp) is either the identity or a 7-rotation. If
p2(To) = 1, then po(Kn, ) = p2((ToT3)?) = p2(T5) = 1, a contradiction. Hence
ﬁQ(TQ) is a m-rotation. By (ﬁQ(TOQQQO))Z =1 and (ﬁg(TOQQQOKQ))Q = 17 we
have (K1) = pa(Ko). Hence fo(Ty) maps Fix(ps(K>)) = {e(p2(Q0Q2)), o0}
to Fix(p2(Ko)) = {c(p2(Q2Q0)),00}. Since p2(Tp) has order 2, the isometry
fa(To) must fix co. (Otherwise c(pa(Y; ™)) = c(p2(Q2Q0)) = clpa(QoQ2)) =
¢(pa(Yz)) and hence tr(ps(Y, 1)) = 0, a contradiction to (Eq2).) Hence we
have Fix(72(To)) = {3 (c(p2(Q2Q0)) + c(p2(Q0@2))), 50}, By Lemma 4.4(2.2),
if p2(Q2) fixes oo, then tr(pa(Y1))tr(p2(Yz)) = 0. This contradicts the identities
tr(pa (V1) tr(p2 (V) r(p2(Vi Y ) # 0 and tr(ps(Y2))tr(ps(Ya))tr(pa (V1Y) #
0. Hence p3(Q2) does not fix co. Since po(Tp) fixes oo, the axes of po(Tp) and
p2(Q2) intersect orthogonally by (p2(TpQ2))? = 1. Hence po(Tp) is the m-rotation
about the vertical geodesic above 1 (c(p2(Q2Q0)) + c(p2(QoQ2))) = c(p2(Q2))-

By (72(To@2))? = 1 and (52(To@2Q0))* = 1, we have pa(Q(°) = p2(Q?).-
By the above argument, the isometry p2(Tp) is a Euclidean isometry preserving
oc. Hence, by Lemma 4.7, we have f(To)(c(p2(Q0))) = c(p2(QF2)). 0

Then we have

bo = c(p2(Qo)) — c(p2(Q2Q0)) by Proposition 4.11(1.1)
= c(p2(Q0Q2)) — c(p2(QF)) by Claim 5.8
= bgl) by Proposition 4.11(1.1) and Notation 4.12,
b1 = c(p2(Q2)) — c(p2(Qo)) by Proposition 4.11(1.1)
= c(p2(Qg”)) — c(p2(Q2)) by Claim 5.8
= bgl) by Proposition 4.11(1.1) and Notation 4.12,
by = c(p2(QoQ2)) — c(p2(Q2)) by Proposition 4.11(1.1)
= c(p2(Q2)) — c(p2(Q2Q0)) by Claim 5.8
= bél) by Proposition 4.11(1.1) and Notation 4.12.

To show the uniqueness of the extension of ps, let po and pf, be extensions
of p2 to m(Og). Then we have the following identity:

(p2(TuT3), p2(T5 1), p2(ToT1)) = (2(Q0), p2(Q1), p2(Q2))
= (P5(Q0), p2(Q1), P5(Q2))
= (Po(ThT2), py(T5), o (ToTh)).-

By Claim 5.8, we have po(Tp) = ph(Tp). Hence we have po = ph. O
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In the remainder of this section, we study what happens if we drop the
faithfulness condition in Theorem 5.1.

PROPOSITION 5.9. Under Convention 4.5, the following hold for every py €
Q(Naq).
(1) For the conditions (i) and (iii) in Theorem 5.1(1) and the condition
(2)" defined below, the implication (iii) = (i) = (i)’ holds.
(i) There exists a (possibly non-faithful) representation p1 € Q(31,1)
which is commensurable with ps.
(2) The assertion («) in Theorem 5.1(3) holds.
(3) The if part of (8) in Theorem 5.1(3) holds.

PROOF. (1) In the proof of the implication (i#4) = (4¢) in Theorem 5.1(1),
we do not use the faithfulness of ps. In the proof of the implication (ii) = (4)
in Theorem 5.1(1), we do not use the faithfulness of ps to show the existence
of the representation p; € €(X;,1) which is commensurable with p,. Hence we
have the desired results.

(2) The proof of the if part of (a) in Theorem 5.1(3) does not use the
faithfulness. In the proof of the only if part of («) in Theorem 5.1(3), we use
the faithfulness of py only to guarantee the existence of a sequence of elliptic
generators {Q;} of 71(Oy, ) such that

o tr(p2(Y1))tr(p2(Y2))tr(p2(Y1Y5 1)) # 0 with Y1 = QoQ: and Yo =

QoQ2 and
e p2(Q1) does not fix co.

On the other hand, Lemma 4.4(2.2) implies that the above two conditions are
equivalent. Hence, we have only to show that p2(Q;) does not fix co without
the faithfulness of ps.

Let p2 be the extension of py to 71(0y). Since 71(On,,) = (Qo, Q1,Q2 |
Q3 = Q? = Q% = 1) is identified with a subgroup of 71(0,) = (So, S1,S2 | Sz =
S = 82 =1,(515:)? = 1), we have (p2(Q152))? = (p2(51592))? = 1. By the
proof of Claim 5.6, we have Fix(p2(52)) = {5(c(p2(Q2Q0)) + c(p2(Q0Q2))), o0}
Suppose to the contrary that p2(Q1) fixes co. Then p2(Q1) is equal to pa(Kp)
or pa(K3) by Lemma 4.4(2.2). Hence Fix(p2(Q1)) = {c(p2(Q2Q0)), 0} or
{e(p2(QoQ2)),00}. Since (p2(Q152))? = 1, we have pa(Q1) = p2(Ss2). Hence

c(p2(Q2Q0)) = c(p2(QoQR2)), and therefore tr(p2(QoQ2)) = tr(p2(Y2)) = 0. This
contradicts (Eq2). Hence p2(Q1) does not fix co.

(3) The proof of the if part of (8) in Theorem 5.1(3) does not use the
faithfulness. O

DEFINITION 5.10. An element ps of Q(Na 1) is strongly non-faithful if there
exists an elliptic generator @Q; of m(On,,) with j # 1 (mod 3) such that
tr(p2(KoQ;)) =0

PROPOSITION 5.11.  Under Convention 4.5, let pa be an element of Q(Na,1).
Then the following conditions are equivalent.
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(1) po is strongly non-faithful.

(2) The conditions (i)' in Proposition 5.9(1) and (ii) in Theorem 5.1(1)
hold, but the condition (iii) in Theorem 5.1(1) does not hold.

(3) p2 extends to a type-preserving representation py of m1(Og) such that
p2(Th) =1, where Ty is the generator of m1(Og) as in Figure 3.

PROOF. We prove this proposition by proving the implications (1) = (2),
(2) = (1), (1) = (3) and (3) = (1).

(1) = (2). Suppose that ps is strongly non-faithful, i.e., there is an elliptic
generator QQ; of m1(On;, ;) with j # 1 (mod 3) such that tr(ps(KoQ;)) = 0. We
may assume without losing generality that j = 0. Then the pseudo-Markoff triple
associated with {p2(Q;)} is equal to (0, 24, r) for some r € C*. In particular, the
complex probability associated with {p2(Q;)} is not defined. Hence py does not
satisfy the condition (4i7) in Theorem 5.1(1). However, the complex probability
(bff),bf),bg)) associated with {p2(c?(Q;))} is equal to (1,—1/r% 1/r?), and
the complex probability (bé_l),bg_l),bg_l)) associated with {p2(c71(Q;))} is
equal to (1/72,—1/r2,1). Thus we have (b2, 6{7,6) = (651 ™D 5.
By replacing {Q;} with {o7(Q,)}, the representation ps (together with {Q;})
satisfies the condition (¢7) in Theorem 5.1(1), and hence p; satisfies the condition
(7)" in Proposition 5.9(1) by Proposition 5.9(1).

(2) = (1) Suppose that the conditions (¢)" in Proposition 5.9(1) and (i¢)
in Theorem 5.1(1) hold, but the condition (4i7) in Theorem 5.1(1) does not
hold. Then, by the proof of (ii) = (ii¢) in Theorem 5.1(1), for some sequence
of elliptic generators {@;} and some integer k, the complex probability associ-
ated with {pa(c*(Q;))} is not defined. This implies y%k)yék)(ygk)yék) - y§’§)) =
0 for the pseudo-Markoff triple (ygk),yg),yék)) associated with {p2(c%(Q;))}.
Hence tr(pa2(Koo*(Qo))) or tr(p2(Koa*~1(Qo))) is equal to 0, and therefore py
is strongly non-faithful.

(1) = (3) Suppose that ps is strongly non-faithful, namely, there is an ellip-
tic generator Q; of 71 (O, ,) with j # 1 (mod 3) such that tr(p2(KoQ;)) = 0.
We may assume j = 0 without losing generality. Then there is a representa-
tion p; from 7T1(05) = <T07T1,T2,T3 | T02 = T12 = T22 = T32 = 1,(T0T1)2 =
(ThTy)? = (TT3)? = 1) to PSL(2,C) sending (To, Ty, T, T3) to (go, g1, g2, 93) =
(K p2(Ko), g5 p2(Q2), 97 p2(Q0), p2(Ky)), where K is the horizontal transla-
tion z — 2z + 1 and p} is an extension of ps to m1(Og). This can be seen
as follows. By the proof of the if part of (5) in Theorem 5.1(3), we have
g3 = (9091)% = (9192)® = g2 = 1. Hence we have only to show that g7 = 1,
g5 = 1 and (g2g3)*> = 1. Since y; = tr(p2(Y1)) = tr(p2(KoQo)) = 0, we have
c(p2(Qo)) = 0 € Fix(p2(Kp)) and p2(Q2) = Kpa(Ky) by Lemma 4.4(2.2). By
p2(Q2) = IN(pg(KO), we have g1 = go_lpg(Qg) =1, and hence g? = 1. Since g =
91 'p2(Qo) = p2(Qo), we have g5 = 1. By ¢(p2(Qo)) € Fix(pa(Ko)), the axes of
p2(Qo) and po(Kj) intersect orthogonally, and hence gags = g7 ' p2(Qo)p2(Ko) =



32 Mikio FUROKAWA

p2(Qo)p2(Kyp) is a m-rotation. In particular, (g2g3)> = 1. Moreover, we have
p5(T1) = g1 = 1. Thus we obtain the desired representation pj.

(3) = (1) Suppose that the representation py extends to a type-preserving
PSL(2, C)-representation py of 71 (Opg) such that pp(71) = 1. Note that w1 (On, , )
is identified with a subgroup of m1(Og) and T3 = TpQ2. By the proof of
Claim 5.8, the isometry ps(7Tp) fixes oco. Since po(Th) = pa(ToQ2) = 1, the
isometry p2(Q2) fixes co. By Lemma 4.4(2.2), we have tr(p2(Y1))tr(p2(Y2)) = 0.
By (Eq2), we have tr(p2(Y1)) = tr(p2(KoQo)) = 0. Hence ps is strongly non-
faithful. O

6. Application to Ford domains
In this section, we give an application to the study of the Ford domains.

DEFINITION 6.1. Let I' be a non-elementary Kleinian group such that the
stabilizer I', of oo contains parabolic transformations. Then the Ford domain
P(I) of T is the polyhedron in H? defined below:

P(L):=({E() |y e~ T}

LEMMA 6.2. Under Convention 4.5, the following hold:
(1) Let p1 be an element of Q(X11). Suppose that py is discrete. Then

P(p1(m1(Ox, 1)) = P(pr(m1(X1,1)))-
(2) Let py be an element of Q(Na,1). Suppose that pa is discrete. Then

P(p2(m1(On, 1)) = P(pa(m1(N2,1)))-
PROOF. The assertion (1) is well-known (see [1, Proposition 2.2.8]). The

assertion (2) follows from the fact that 71(On,,) = (m1(N2,1), K2) and that
p2(K32) is a Euclidean transformation preserving oo by Convention 4.5. ([l

PROPOSITION 6.3. Under Convention 4.5, let p1 and py be elements of
Q(X11) and Q(Na1), respectively. Suppose that they are discrete and com-
mensurable. Then P(p1(m1(31,1))) = P(p1(m1(0x,,))) = Plp2(71(On,,))) =
P(p2(m1(N2,1)))-

PROOF. We prove only the second equality, because the remaining equali-
ties can be proved by Lemma 6.2.

Since p; and ps are commensurable, there exist a double covering p; :
Os,, — Osx, , and a double covering ps : Ox, , — On,, such that p; o (p1). =
p2 0 (p2)«. Then we can easily observe that

71(021,1) = <(p1)*(7rl(021,2))7K>,
T1(On,,) = ((p2)+(m1(Ox, ,)), Ka).

Since p1(K) and ps(K3) are Euclidean transformations preserving co, we see

P(pl(ﬂ-l(ozl,l))) = P(pl((pl)*(ﬂl(ozl,z)))
= P(p2((p2)*(7rl(021,2))) = P(p2(7Tl(ON2,1)))'
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EXAMPLE 6.4. Jorgensen and Marden [7] constructed complete hyperbolic
structures of the punctured torus bundles over the circle with monodromy matri-

ces (? 1) and (Z; %) by explicitly constructing the fiber groups G; and G4

and their Ford domains. The groups G; and G, respectively, are the images of
(faithful) representations p; and p} in Q(3;,1) constructed by Proposition 4.8(1)
from the following triples:

(ao,a1,az2) = <1egi ie_%i 1egi>
0, 1, 42 \/g ’\/?: ) 3 )

1 1 .1
(a’67 allv a,2) = (23\/56417 2) .

Let po and ph, respectively, be elements of Q(N2 ;) constructed by Proposi-
tion 4.11(1) from the above triples. Then ps and p), respectively, satisfy the con-
ditions (#4%)-(a) and (é4i)-(8) in Theorem 5.1(1). Hence, by Proposition 5.9(1),
for each of py and pf, there is an element of ©(X; ;) which is commensurable
with it. In fact, we can easily check that p; (resp. p)) is commensurable with po
(resp. ph). Hence py and pj are faithful by Remark 4.16, and P(py (71 (Ox, ,))) =
Plps(m1(On,.,))) and P(p}(m(Os, ,))) = P(ph(m (O, ,))) by Proposition 6.3.
The Ford domain P(p2(71(On, ,))) (resp. P(ph(m1(On,,)))) is illustrated in
the left (resp. right) of Figure 11 (compare with [7, FIG. 1 and 2]).

FIGURE 11. Left: The Ford domain of pa(m1(N21)). Right:
The Ford domain of pf(m1(Na.1)).
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