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Abstract

Finding the infinite dimensional representations of the elliptic algebra Uq,p(ĝ) has been very

exciting research topic. We consider the elliptic algebra Uq,p(ĝ) as a topological algebra over the

ring of formal power series in p. This dissertation deals on the one hand with the existence of

the dynamical quantum Zk-algebra structure in the level-k Uq,p(ĝ)-module for general untwisted

affine Lie algebra ĝ [53]. We discus the level-k irreducible highest weight representation of

Uq,p(ĝ) in term of the dynamical quantum Zk-module and the module of level-k elliptic bosons.

We show that the irreducible Zk-module guarantees the irreducibility of level-k Uq,p(ĝ)-module.

We present the level-1 irreducible highest weight representations of Uq,p(ĝ), which we call the

standard representations, for ĝ = A
(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 , B

(1)
l .

On the other hand we discuss the construction of the higher level representation of Uq,p(ŝl2)

by taking an elliptic analogue of the Drinfeld coproduct of the level-1 standard representation of

Uq,p(ŝl2) [52]. We also study an elliptic analogue of the integrable condition of such representation

and a”q-difference equation” of certain vertex operators obtained from the Drinfeld coproduct

of the elliptic currents. We present the higher level realization of the dynamical quantum Z-

algebra.

For Uq,p(C
(1)
n ) and at an arbitrary level c, we introduce an explicit construction of the

elliptic bosons of the fundamental weight type Aj
m and the orthogonal basis type E±j

m , the

elliptic currents k±j(z) and calculate useful commutation relations among them [53].
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Chapter 1

Introduction

In this thesis, we expose the infinite dimensional representation of the elliptic quantum algebra

Uq,p(ĝ) following the results published in papers [52,53]. In particular, we discuss the dynamical

Zk-algebra structure of the level-k Uq,p(ĝ)-modules and show that the level-k highest weight

representation of Uq,p(ĝ) can be realized as a tensor product of the quantum dynamical Zk-

module and the module of the level-k elliptic bosons. We also discuss that the irreducibility

of the Zk-module leads to the irreducibility of the level-k Uq,p(ĝ)-module. We give the level-1

standard representations of Uq,p(ĝ) for ĝ = A
(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 , B

(1)
l .

The elliptic quantum algebra Uq,p(ĝ) can be equipped with a Hope algebroid structure [39].

We use the elliptic analogue of the Drinfeld coproduct [43] and the level-1 standard realization

of Uq,p(ŝl2) [53] to construct the higher level representation of Uq,p(ŝl2) [52]. We also investigate

the elliptic analogue of the condition of integrability of such representation and derive an elliptic

analogue of the so called q-difference equation of certain vertex operators. We show the higher

level realization of the quantum dynamical Z-algebra.

For Uq,p(C
(1)
l ), we give an explicit construction of the fundamental weight type elliptic bosons

Aj
m, the orthogonal basis type E±j

m , the elliptic currents k±j(z) and calculate several commuta-

tion relations among them.

The manuscript of this dissertation is divided into 5 main chapters.

Chapter 2. We review the basic notations and concepts of affine Lie algebra ĝ, quantum

affine algebra Uq(ĝ) and elliptic quantum algebra Uq,p(ĝ).

In the first part, we recall the untwisted affine Lie algebra ĝ. Namely, we consider the

polynomial loop algebra associated to a finite-dimensional simple Lie algebra g and perform two

extensions of the loop algebra by the central element c and a derivation d. The constructed

algebra ĝ is isomorphic to an untwisted affine Lie algebra. We summarize the main structures of

constructed untwisted affine Lie algebras ĝ: a root system decomposition, Chevalley generators

and the triangular decomposition of ĝ. We also give the definition of the generalized Cartan

1



Introduction

matrix associated with the untwisted affine Lie algebra ĝ.

The affine quantum group Uq(ĝ) is exposed in the second part. We present two realization

of Uq(ĝ) whose defining relations are written down in term of Chevally generators and Drin-

feld’s generators, respectively. We recall the isomorphism between the Chevally realization and

the Drinfeld realization. We review the coalgebra structure of Uq(ĝ) in term of the Chevally

generators as well as in term of the Drinfeld currents, the generating functions of the Drin-

feld generators. We investigate a category of the level-k highest weight modules of Uq(ĝ) in

an analogous way to the classical affine Lie algebra. After that we define a quantum analogue

of Lepowsky-Wilson’s Z-algebra which related to the level-k Uq(ĝ)-modules. We present the

defining relations of this algebra as well as the relations between its generators and those of

Uq(ĝ). To discuss the representation of the Z-algebra and Uq(ĝ), we define the universal quan-

tum Z-algebra Zk, which is independent of the level-k Uq(ĝ)-modules and consider a category

of its level-k modules. The induced Uq(ĝ)-modules are constructed by using the Zk-modules.

By using a functor and its reverse between the categories of Zk-modules and Uq(ĝ)-modules, we

show that the Zk-modules determines the irreducibility of the resulted induced Uq(ĝ)-modules.

Finally, we give the level-1 irreducible Uq(ĝ)-modules for some types of untwisted affine Lie

algebras.

In the last part, we expose a definition of the elliptic quantum algebra Uq,p(ĝ) [29, 39] as

a topological algebra over the ring of formal power series in p. We introduce the field MH∗

of meromorphic functions on H∗ the dual of H, a dynamical extension of the Cartan subalge-

bra. We introduce the level-k representation of Uq,p(ĝ) as an H-algebra homomorphism. This

representation is called the dynamical representation due to MH∗ . A category of the level-k

Uq,p(ĝ)-modules is introduced.

In the following four chapters we present the main results of the thesis.

Chapter 3. Dynamical Quantum Z-algebra of Uq,p(ĝ). [53]

We discuss a quantum dynamical analogue of Lepowsky and Wilson’s Z-algebra associated

with the level-k Uq,p(ĝ)-module.

First, we define the Heisenberg subalgebra Uq,p(H) of Uq,p(ĝ) and introduce its level-k mod-

ule. Secondly, we introduce certain level-k vertex operators in Uq,p(H) and their commutation

relations. After that we present a definition of the dynamical quantum analogue ZV of Lep-

owsky and Wilson’s Z- algebra associated with level-k Uq,p(ĝ)-module V. We then present the

universal dynamical quantum Z-algebra Zk. We define a category of the level-k Zk-modules to

prepare for construction of induced Uq,p(ĝ)-modules in the next chapter.

Chapter 4. Representation theory of Uq,p(ĝ). [53]

We study the generic level -k representation of Uq,p(ĝ) by the associated Zk representation.

We construct the induced Uq,p(ĝ)-module as a tensor product of the Zk-module and the

2



Introduction

Uq,p(H)-module. This becomes an infinite dimensional representation. We discuss its irre-

ducibility. We show that the irreducibility is governed by the Zk-module. For the level-1 i.e.

k = 1, we present examples of the infinite dimensional irreducible representations of Uq,p(ĝ) for

ĝ = A
(1)
l , B

(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 .

Chapter 5. Higher level realization of Uq,p(ŝl2). [52]

We study the higher level representation of Uq,p(ŝl2) and the associated quantum dynamical

Z-algebra realizing them explicitly. We also present the condition of the integrability of such

representation.

We recall the H-Hopf algebroid structure of Uq,p(ŝl2) in the first part. Then we review the

level-1 irreducible representation of Uq,p(ŝl2). In third part, using the elliptic analogue of the

Drinfeld coproduct, we construct the level-k+ 1 realization of Uq,p(ŝl2) as the tensor product of

the level-1 modules. In the fourth part, we introduce vertex operators of the level-k + 1 elliptic

bosons and obtain the level-k + 1 quantum dynamical Z-algebra. In the last part, using the Z-

algebra we discuss the elliptic analogue of the integrable condition [10,13,46] of the constructed

level-k+1 Uq,p(ŝl2)-modules. We also show the elliptic analogue of the q-difference equation [10]

of certain level-k + 1 vertex operators constructed from the elliptic currents.

Chapter 6. Elliptic bosons of Uq,p(C
(1)
n ). [53]

In this chapter we present a different type of elliptic bosons Aj
m from the (co-)roots type

elliptic bosons αj,n(α
∨
j,n). We give a definition of Aj

m for an arbitrary level c and construct the

orthonormal basis type elliptic bosons E±j
m and the elliptic current k±j(z) of Uq,p(C

(1)
l ). Then

we drive various commutation relations among the orthonormal basis type elliptic bosons E±j
m

as well as among the elliptic currents k±j(z).

In the last chapter we summarize the main results of this thesis and discuss some open

problems.

3



Chapter 2

Preliminary

In this chapter we review some basic objects and facts which we will use in later chapters. In

section 2.1, we review the untwisted affine Lie algebra ĝ. In particular, we present an explicit

realization of ĝ. In section 2.2, we give a definition of the quantum affine Lie algebra Uq(ĝ) and

discuss the quantum Z-algebra structure associated with the level-k representation of Uq(ĝ). In

section 2.3, we introduce the elliptic quantum algebra Uq,p(ĝ) as a topological algebra and a

concept of dynamical representation.

2.1 Untwisted affine Lie algebra ĝ

There are wide classes of infinite dimensional Lie algebras called Kac-Moody algebras. Among

them, a class of affine Lie algebras is most interesting because it has a rich mathematical structure

in geometry, in arithmetics, in algebra, in representation theory and various applications in

conformal field theory, in superstring theory, in soliton theory and in integrable modules. The

affine Lie algebras are obtained by applying Serre’s construction to a generalized Cartan matrix

A = (aij), i, j ∈ {0}∪I, I = {1, · · · , l} of affine type. There exists also a geometrical construction

by applying two extensions, namely a central extension and an extension by a derivation, of the

polynomial loop algebra associated to a finite-dimensional simple Lie algebra g with a l × l

Cartan matrix (aij), i, j ∈ I. An explicit construction of untwisted affine Lie algebra ĝ as

a central extension of loop algebra is presented in 2.1.1. We discuss the main structures of

constructed untwisted affine Lie algebras ĝ such as a root system and Chevalley generators in

2.1.3 and 2.1.4 respectively. The triangular decomposition of ĝ was showed in 2.1.5. In 2.1.6, we

give the definition of the generalized Cartan matrix associated with untwisted affine Lie algebra

ĝ.

4



2.1.1 Explicit construction of untwisted affine Lie algebras

2.1.1 Explicit construction of untwisted affine Lie algebras

Here we describe a realization of untwisted affine Lie algebra. Starting from a finite-dimensional

simple Lie algebra g = g(Å), considering a loop algebra C[t, t−1]⊗ g and performing extensions

of C[t, t−1]⊗g by the central element c and a derivation d, one obtains a Lie algebra ĝ isomorphic

to an untwisted affine Lie algebra.

2.1.2 Central extensions of loop algebras

The extension of a Lie algebra is an enlargement of it by some others Lie algebras.

Definition 2.1.1. Let g be a finite dimensional Lie algebra with bracket [ , ]g. Then the

polynomial loop algebra is defined by L(g) = {P (t)⊗ x | P (t) ∈ C[t, t−1], x ∈ g} with the bracket

[P (t)⊗ x,Q(t)⊗ y]L(g) = P (t)Q(t)⊗ [x, y]g,

where C[t, t−1] is the infinite dimensional associative complex algebra of Laurent polynomials in

the indeterminate variable t.

We can easily prove that the polynomial loop algebra L(g) of the finite dimensional simple

Lie algebra g is not simple. Consider the set I ∈ L(g) is given by

I = {(1 + t)P (t)⊗ x | P (t) ∈ C[t, t−1], x ∈ g},

we find [I,L(g] ⊂ I which means I is a proper ideal in the polynomial loop algebra L(g).

Definition 2.1.2. A symmetric associative bilinear form on L(g) is defined by

(tm ⊗ x, tn ⊗ y) := δm+n,0K(x, y),

where K is the Cartan Killing form on the simple Lie algebra g.

Definition 2.1.3. A derivation d on L(g) = C[t, t−1]⊗ g is defined by d = t d
dt . d satisfies

(d(tm ⊗ x), tn ⊗ y) = mδm+n,0K(x, y) = −nδm+n,0K(x, y) = −(tm ⊗ x,d(tn ⊗ y)).

Definition 2.1.4. The universal central extension of the loop algebra L(g) by a one dimensional

abelian Lie algebra Cc is defined by

g̃ = L(g)⊕ Cc = C[t, t−1]⊗ g⊕ Cc (2.1.1)

with the bracket

[P (t)⊗ x⊕ μc, Q(t)⊗ y ⊕ νc]g̃ = P (t)Q(t)⊗ [x, y]g + (dP (t)⊗ x,Q(t)⊗ y)c, (2.1.2)

where c is the central element of L(g).

5



2.1.2 Central extensions of loop algebras

The Lie algebra g̃ in (2.1.1) has a finite dimension abelian subalgebra h̃ given by

h̃ = (1⊗ h)⊕ Cc,

where h is the maximal toral subalgebra (Cartan subalgebra) of g. Since dim h = l, then we have

dim h̃ = l + 1. To determine the adjoint action of h̃ on g̃, we will use the following definition.

Definition 2.1.5. The dual contraction < , >: h̃∗ × h̃ −→ C is defined by

< α, 1⊗ h >:=< α, h >, < α, c >= 0, (2.1.3)

where α ∈ h̃∗, h̃∗ is the dual space of h̃.

Applying the adjoint action of h̃ on g̃, we obtain for h̃ = 1⊗ h+ μc ∈ h̃ and tm ⊗ x ∈ g̃

adh̃(tm ⊗ x) = tm ⊗ [h, x]g.

For x ∈ gα(α ∈ Δ ⊂ Q = ⊕i∈IZαi, gα = {x ∈ g | ad(h)x = α(h)x∀h ∈ h}), we find

[h̃, tn ⊗ xα]g̃ = < α, h > tn ⊗ xα

= < α, h̃ > tn ⊗ xα.

While for x = h′ ∈ h yields

[h̃, tn ⊗ h′]g̃ = 0.

It is noted that adh̃ does not distinguish between the powers of t. Applying the adjoint action

of d on xα ⊗ tn, one has

[d, xα ⊗ tn] = ntn ⊗ xα.

This means d distinguishes between the power n of t. To obtain the analogue of the scaling

element, we will perform on g̃ an extension by the derivation d = t d
dt . We will extend Definition

2.1.3 of d on g to g̃ by supposing the additional condition

d(c) = 0.

Definition 2.1.6. The extension of g̃ by a derivation d is defined by

ĝ = g̃⊕ Cd = C[t, t−1]⊗ g(Å)⊕ Cc⊕ Cd,

as a vector space with a bracket defined by

[tm ⊕ x+ μc+ νd, tn ⊕ y + μ′c+ ν ′d] := tm+n ⊗ [x, y]g +mδm+n,0K(x, y)c

+νntn ⊗ y − ν ′mtm ⊗ x, (2.1.4)

and

[c, ĝ] = 0, [d, tn ⊗ x] = n(tn ⊗ x), [c, d] = 0.

Then ĝ is a Lie algebra called untwisted affine lie algebra.

6



2.1.3 Root space decomposition of ĝ

Definition 2.1.7. The abelian subalgebra ĥ of ĝ is defined by

ĥ = h̃
⊕

Cd = (1
⊗

h)
⊕

Cc
⊕

Cd,

with dimension dim ĥ = dim h̃+ 1 = l + 2.

Definition 2.1.8. For xn = tn⊗x, ym = tm⊗y ∈ ĝ. The non-degenerate associative symmetric

bilinear form B : ĝ× ĝ −→ C, called the generalized Cartan-Killing form, is defined by

B(xn, ym) = δn+m,0K(x, y),

B(xn, c) = B(xn, d) = 0, B(c, c) = B(d, d) = 0,

B(c, d) = 1

and by requiring B to be bilinear and symmetric.

Definition 2.1.9. Define ν : ĥ −→ ĥ∗ by

< ν(ĥ), ĥ′ >= B(ĥ, ĥ′), ν(ĥ) ∈ ĥ∗, ĥ, ĥ′ ∈ ĥ,

and δ := ν(c),Λ0 := ν(d). Then we have the following pairings

< αi, ĥj >=< αi, hj >, < Λ0, c >= 1 =< δ, d > (2.1.5)

and the other parings are zero.

2.1.3 Root space decomposition of ĝ

Let 	 ⊂ h∗ be the root system of of the finite dimensional simple Lie algebra g and {α1, · · · , αl}
be the root basis. One of the main features of the finite dimensional simple Lie algebra g

is the eigenvectors belonging to different eigenvalues are linearly independent. Then the finite

dimensional simple Lie algebra has the root space decomposition structure g = h
⊕

α∈Q,α �=0

gα with

respect to h. Insert this expression of g into a definition of affine Lie algebra ĝ, and rewrite it

in the following form

ĝ = ĥ
⊕⎛⎝ ⊕

n∈Zn �=0

tn
⊗

h

⎞⎠⊕
α∈�

(
C[t, t−1]

⊗
gα

)
We define the root system of ĝ by considering the adjoint action of ĥ on ĝ as follows.

For ĥ = 1⊗ h+ μc+ νd ∈ ĥ, xα ⊗ tn ∈ ĝ by using (2.1.4) and (2.1.5) one obtains

adĥ(tn ⊗ xα) = [tn ⊗ xα, ĥ]

= tn ⊗ [h, xα] + νntn ⊗ xα

= (< α, h > +νn)tn ⊗ xα

= (< α, 1⊗ h+ μc > + < nδ, νd >)tn ⊗ xα

= < α+ nδ, ĥ > tn ⊗ xα. (2.1.6)

7



2.1.3 Root space decomposition of ĝ

For x = h′ ∈ h by using equations (2.1.4) and (2.1.5) we obtain

adĥ(tn ⊗ h′) = νntn ⊗ h′

= < nδ, 1⊗ h+ μc+ νd > tn ⊗ h′

= < nδ, ĥ > tn ⊗ h′.

Hence, tn ⊗ xα ∈ ĝ belong to α+ nδ and tn ⊗ h′ ∈ ĝ belong to the imaginary root nδ. Applying

the derivation d on tn ⊗ gα and tn ⊗ h, we get

d(tn ⊗ gα) = n(tn ⊗ gα)

= < nδ,d > (tn ⊗ gα),

= < α+ nδ,d > (tn ⊗ gα),

d(tn ⊗ h) = n(tn ⊗ h)

= < nδ,d > (tn ⊗ h).

Consequently, we can define the following root spaces in ĝ

ĝα+nδ = tn ⊗ gα, ĝnδ = tn ⊗ h, (2.1.7)

where

dim ĝα+nδ = dim gα = 1, dim ĝnδ = dim h = l. (2.1.8)

We conclude that ĝ has a root space decomposition

ĝ = ĥ
⊕

n∈Z �=0

ĝnδ
⊕

α∈Δ,n∈Z
ĝα+nδ, (2.1.9)

with root system

Δ̂ = {α+ nδ | α ∈ Δ, n ∈ Z} ∪ {nδ | n ∈ Z �=0}.

Definition 2.1.10. The Heisenberg Lie algebra H is a subspace of ĝ defined by

H =
⊕

n∈Z �=0

(h⊗ tn)⊕ Cc,

such that for hn, h
′
m ∈ H

[hn, h
′
m] = nδn+m,0B(h, h′)c.
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2.1.4 Chevalley generators of ĝ

2.1.4 Chevalley generators of ĝ

Definition 2.1.11. The set of Chevalley generators of the finite dimensional simple Lie algebra

g is denoted by

{e1, . . . , el, f1, . . . , fl, h1, . . . , hl}.
They satisfy

[ei, fj ] = δijhj ,

[hi, ej ] = < αj , hi > ej = aijej ,

[hi, fj ] = < −αj , hi > fj = −aijfj (i, j = 1, . . . , l).

Where {g⊗ tn}n∈Z generates ĝ except d. It is obvious that {g⊗ 1}, {g⊗ t}, and {g⊗ t−1}
generate {g⊗tn}n∈Z. By using the root space decomposition (2.1.9) and (2.1.7) for α = ±αi, n =

0 we get

ĝαi = Cêi, ĝ−αi = Cf̂i,

where we set

êi := 1⊗ ei, f̂i := 1⊗ fi ĥi := 1⊗ hi(i = 1, . . . , l). (2.1.10)

Let x±θ be an element in ĝ±θ with the highest root θ of g such that

B(xθ, x−θ) = 1, [xθ, x−θ] = hθ

Set

ê0 := t⊗ x−θ, f̂0 := t−1 ⊗ xθ (2.1.11)

ĥ0 :=
2

(θ | θ)(c− 1⊗ hθ). (2.1.12)

Then one can check that these generators satisfy the following commutation relations

[ê0, f̂0] = ĥ0,

[êi, f̂0] = [f̂0, êi] = 0,

[êi, f̂i] = δij ĥj .

If we apply the adjoint action of ĥ on ê0 and f̂0, we find that ê0 and f̂0 belong to the root spaces

ĝδ−θ and ĝ−(δ−θ) respectively. Moreover if we set

α0 := δ − θ,

we obtain the following commutation relations of Chevalley generators

[ĥi, êj ] = < αj , ĥi > êj (i = 0, . . . , l), (2.1.13)

[ĥi, f̂j ] = − < αj , ĥi > f̂j (i = 0, . . . , l),

[êi, f̂j ] = δij ĥi (i, j = 0, . . . , l).

9



2.1.5 Triangular decomposition L̂(g)

Hence we obtain the Chevalley generators êi, f̂i, ĥi (i = 0, 1, . . . , l) of ĝ and the simple roots of

the Lie algebra ĝ is {α0, α1, α2, . . . , αl}.

2.1.5 Triangular decomposition L̂(g)

From the root space decomposition, we can define a positive part and negative part of the root

system by

Δ̂± = Δ± ∪ {α+ nδ | α ∈ Δ, n ∈ Z} ∪ {nδ | n ∈ Z\{0}}.

where Δ+,Δ− are the positive part and negative part of the root system of the finite dimensional

simple Lie algebra g such that Δ+ = −Δ−,Δ+ ∩Δ− = φ,Δ+ ∪Δ− = Δ.

Define

N̂± :=
⊕

±γ∈̂Δ+

ĝγ .

By using the definition of the Chevalley generators of ĝ for positive and negative parts of roots

we can prove N̂+ and N̂− are generated by {ê0, ê1, . . . , êk} and {f̂0, f̂1, . . . , f̂k} respectively. This

means

N̂+ = (tC[t, t−1]⊗ (N− ⊕ h))⊕ (C[t, t−1]⊗N+),

N̂− = (t−1C[t, t−1]⊗ (N+ ⊕ h))⊕ (C[t, t−1]⊗N−),

where

N+ =
⊕
α∈Δ+

gα =
∑
i1,···il

ci1i2···il{ei, [ei, ej ], [[ei, ej ], ek], . . .},

N− =
⊕
α∈Δ−

gα =
∑

i1,··· ,il
di1i2···il{fi, [fi, fj ], [[fi, fj ], fk], . . .}.

We can find the triangular decomposition in the following form

ĝ = N̂− ⊕ ĥ⊕ N̂+

2.1.6 Generalized Cartan matrix corresponding to ĝ

Definition 2.1.12. The symmetric bilinear form (inner product) on ĥ∗ of ĝ is defined by

(αi | αj) = B(ν−1(αi), ν
−1(αj)) =

1

εj
aji = bji, (δ | Λ0) = 0,

where B = (bij)
l
i.j=0 = BT , and D = diag(ε0, ε1, · · · , εl), (0 < εi =

2
2h∨(αi|αi)

). h∨ := 1
(θ|θ) is

called the dual coxter number.

Theorem 2.1.13. A matrix A = (aij)1≤i,j≤l, aij =< αj , ĥi >=
2(αj |αi)
(αi|αi)

associated with ĝ have

the following properties
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2.2 Affine quantum group Uq(ĝ)

1. Aii = 2 (i = 0, 1, 2, . . . , l).

2. Aij ∈ {−1,−2, . . .} (i �= j).

3. Aij = 0 ⇐⇒ Aji = 0.

4. A is indecomposable,

then A is called a generalized Cartan matrix. Moreover A satisfies

5. A is singular, det A = 0,

6. r = rank A = l, corank A = 1,

7. A is symmetrizable, means there is a diagonal matrix D and a symmetric matrix B such that

A = DB.

We call A the generalized Cartan matrix of affine type.

2.2 Affine quantum group Uq(ĝ)

The quantum group was independently discovered by Drinfeld [14] and Jimbo [27,28]. The quan-

tum affine algebra Uq(ĝ) is the quantum group associated to affine Lie algebra ĝ. The quantum

affine algebra Uq(ĝ) was initially formulated using a q-deformed version of the commutation re-

lations for the Chevalley generators of ĝ . The Chevally generators are the generators associated

with the simple roots of ĝ. Later on [16], Drinfeld proposed a new realization of Uq(ĝ) in term of

the elements {x±i,m, ψi,n, φi,−n(i ∈ I,m ∈ Z, n ∈ Z>0)} called the Drinfeld generators (Drinfeld

realization), which are associated with the affine root Δ̂ of Uq(ĝ). It is convenient to introduce

the generating functions x±(z) =
∑
m∈Z

x±mz−m, φ̂(z) =
∑
m∈Z

φmz−m, ψ̂(z) =
∑
m∈Z

ψmz−m called the

Drinfeld currents. The Drinfeld’s realization is a quantum analogue of the loop realization of

affine Lie algebra ĝ. Drinfeld [16] stated the exact isomorphism between the Chevally generators

realization and Drinfeld realization. The proof of his statement was studied for untwisted types

in [2] and for some of lower rank cases in [9,48]. Their proof towards from the quantum group à

La Drinfeld and Jimbo to the Drinfeld realization. The proof of the opposite direction was dis-

cussed for both twisted and untwisted cases in [31]. There is another realization of the quantum

affine algebra Uq(ĝ) by means of the L-operator satisfying the RLL relation with the R-matrix, a

solution of the quantum Yang- Baxter equation [20,54]. This is called the Faddeev- Reshetikhin-

Semenov-Tian Shansky- Takhatajan (FRST) formulation. An explicit isomorphism between the

FRST formulation and the Drinfeld’s realization was exhibited in [11].
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2.2.1 Definition

In this section, we review the definitions of affine quantum group Uq(ĝ) and its infinite

dimensional representation. Also we introduce the quantum Z-algebra structure associated with

level-k Uq(ĝ)- module as a quantum analogue of the classical Lepowsky-Wilson’s Z-algebra.

In 2.2.1, we present two realization of the quantum affine algebra in terms of the Chevally

generators and the Drinfeld generators, respectively. Also we write down the defining relations of

the quantum affine algebra in term of the Drinfeld currents. In 2.2.3 and 2.2.4, we investigate the

infinite dimensional representation of Uq(ĝ) and introduce the quantum analogue of Lepowsky-

Wilson’s Z-algebra associated with the level-k Uq(ĝ)-modules respectively. We provide the Serre

relations [53] (2.2.69) which are not written in [31] explicitly. We give some examples of the

level-1 infinite dimensional representations of Uq(ĝ).

2.2.1 Definition

Let q = e� ∈ C[[�]], qi = qdi . For any integer n > 0, we use the following notations

[n] =
qn − q−n

q − q−1
, [n]i =

qni − q−n
i

qi − q−1
i

, [n)j =
qn − q−n

qj − q−1
j

,

[n]i! = [n]i[n− 1]i · · · [1]i,
⎡⎣m
n

⎤⎦
i

=
[m]i!

[n]i![m− n]i!
,

(x; q)∞ =

∞∏
n=0

(1− xqn), (x; q, t)∞ =

∞∏
n,m=0

(1− xqntm),

Θp(z) = (z; p)∞(p/z; p)∞(p; p)∞.

Definition 2.2.1. [28] Quantum affine algebra Uq(ĝ) associated to a symmetrizable generalized

Cartan matrix A is the unital associative algebra over C with generators êi, f̂i, q
±̂hi , q±d (i ∈

12



2.2.1 Definition

{0} ∪ I) and the following relations

q
̂hiq−̂hi = 1 = q−̂hiq

̂hi , (2.2.1)

q
̂hiq

̂hj = q
̂hjq

̂hi , (2.2.2)

qdq−d = 1 = q−dqd, (2.2.3)

qdqhq−d = q−h (2.2.4)

qdêiq
−d = qδi,0 êi qdf̂iq

−d = qδi,0 f̂i (2.2.5)

q
̂hi êjq

−̂hi = qaij êj , q
̂hi f̂jq

−̂hi = q−aij f̂j , (2.2.6)

[êj , f̂j ] = δij
q
̂hi
i − q−

̂hi
i

qi − q−1
i

(2.2.7)

1−aij∑
r=0

(−1)r

⎡⎣1− aij

r

⎤⎦
qi

(êi)
rêj(êi)

1−aij−r = 0, i �= j (2.2.8)

1−aij∑
r=0

(−1)r

⎡⎣1− aij

r

⎤⎦
qi

(f̂i)
rf̂j(f̂i)

1−aij−r = 0, i �= j. (2.2.9)

Theorem 2.2.2. Uq(ĝ) is a Hopf algebra [35] with comultiplication 	, counit ε and antipode a

defined on generators by

	(q
̂hi) = q

̂hi ⊗ q
̂hi (2.2.10)

	(êi) = êi ⊗ q
̂hi + 1⊗ êi (2.2.11)

	(f̂i) = f̂i ⊗ 1 + q−̂hi ⊗ f̂i (2.2.12)

ε(q
̂hi) = 1, ε(êi) = ε(f̂i) = 0, (2.2.13)

a(q
̂hi) = q−̂hi , (2.2.14)

a(êi) = −êiq
−̂hi , (2.2.15)

a(f̂i) = −q
̂hi f̂i. (2.2.16)

Definition 2.2.3. [16] [The Drinfeld generators] The quantum affine algebra Uq(ĝ) in the

Drinfeld realization is a unital C-algebra generated by q±̂hi(ĥi ∈ ĥ), ai,n, x±i,m (i ∈ I, n ∈
Z �=0,m ∈ Z) d̄ and the central element c.
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2.2.1 Definition

The defining relations are as follows.

[q±
̂hi

i , d̄] = 0, [d̄, ai,n] = nai,n, [d̄, x±i,n] = nx±i,n, (2.2.17)

[q±
̂hi

i , aj,n] = 0, q
̂hi
i x±j,m = q

±aij
i x±j,mq

̂hi
i , (2.2.18)

[ai,n, aj,m] =
[bijn][cn]

n
q−c|n|δn+m,0, (2.2.19)

[ai,n, x
+
j,m] =

[bijn]

n
q−c|n|x+j,m, (2.2.20)

[ai,n, x
−
j,m] = − [bijn]

n
x−j,m, (2.2.21)

x±i,m+1x
±
j,n − q

aij
i x±j,nx

±
i,m+1 = q

aij
i x±i,mx±j,n+1 − x±j,n+1x

±
i,m, (2.2.22)

[x+i,m, x−j,n] =
δij

qi − q−1
i

(
q

c|m−n|
2 ψi(m+ n)− q

c|n−m|
2 φi(m+ n)

)
, (2.2.23)

∑
σ∈Sa

a∑
s=0

(−1)s

⎡⎣a
s

⎤⎦
i

x±i,σ(1) · · ·x±i,σ(s)x±j,nx±i,σ(s+1) · · ·x±i,σ(a) = 0,

(i �= j, a = 1− aij), (2.2.24)

where bij = diaij.

Note we set ai,n = [di]q
− c

2a∨i,n (i ∈ I, n ∈ Z �=0) be the simple root type Drinfeld bosons,

where a∨i,n is the simple co-root type Drinfeld bosons in [31].

There is an isomorphism between Chevalley generators and Drinfeld generators given by

[16,31]

êi �−→ x+i,0, f̂i �−→ x−i,0, q
̂hi �−→ q

̂hi , (i = 1, · · · , l) (2.2.25)

ê0 �−→ [x−ih−1,0
, [x−ih−2,0

, [· · · , [x−i2,0, x−i1,1]qε1 · · · ]qεh−1 ]qεh−2 q
c
2 q−̂h1 · · · q−̂hh−1 (2.2.26)

f̂0 �−→ [x+ih−1,0
, [x+ih−2,0

, [· · · , [x−i2,0, x−i1,1]qε1 · · · ]qεh−1 ]qεh−2 (2.2.27)

q
̂h0 �−→ q

c
2 q−̂h1 · · · q−̂hh−1 , qd̄ �−→ qd̄. (2.2.28)

where εih−2
= (αi1 + · · ·αih−2

| αih−1
) ∈ Q≤0 and h is the Coxeter number of the Lie algebra g.

h = l + 1 for Al, = 2l for Bl, Cl, = 2(l − 1) for Dl, = 12 for E6, = 18 for E7, = 30 for E8, = 12

for F4, = 6 for G2.

Extension of the comultiplication of Chevally generators to Drinfeld’s generators by using

Drinfeld isomorphism [16] was studied in [7,31] which give partial information and sufficient for

the purpose of use, you can see [32, 33,44].

The defining relations of Uq(ĝ) in Definition 2.2.3 can be written in terms of Drinfeld currents
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2.2.2 Co-algebra structure

x±(z), ψ(z), φ(z) in a formal variable z [23]. We set

x±i (z) =
∑
m∈Z

x±i,mz−m, (2.2.29)

ψi(z) = q
̂hi
i exp

(
(q − q−1)

∑
n>0

ai,nz
−n

)
, (2.2.30)

ϕi(z) = q−
̂hi

i exp

(
−(q − q−1)

∑
n>0

ai,−nz
n

)
. (2.2.31)

The defining relations are as follows.

[q±
̂hi

i , d̄] = 0, [d̄, ai,n] = nai,n, [d̄, x±i,n] = nx±i,n, (2.2.32)

q
̂hi
i x±j (z) = q

±aij
i x±j (z)q

̂hi
i , (2.2.33)

[q±
̂hi

i , aj,n] = 0, (2.2.34)

[ai,n, aj,m] =
[bijn][cn]

n
q−c|n|δn+m,0, (2.2.35)

[ai,n, x
+
j (z)] =

[bijn]

n
q−c|n|znx+j (z), (2.2.36)

[ai,n, x
−
j (z)] = − [bijn]

n
znx−j (z), (2.2.37)

(z − q±bijw)x±i (z)x
±
j (w) = (q±bijz − w)x±j (w)x

±
i (z), (2.2.38)

[x+i (z), x
−
j (w)] =

δi,j

qi − q−1
i

(
δ
(
q−k z

w

)
ψi(q

k/2w)− δ
(
qk

z

w

)
ϕi(q

−k/2w)
)
, (2.2.39)

∑
σ∈Sa

a∑
s=0

(−)s

⎡⎣a
s

⎤⎦
i

x±i (zσ(1)) · · ·x±i (zσ(s))x±j (w)x±i (zσ(s+l)) · · ·x±i (zσ(a)) = 0,

(i �= j, a = 1− aij). (2.2.40)

2.2.2 Co-algebra structure

The co-algebra structure of Uq(ĝ) is defined by the algebra homomorphism 	: coproduct and ε:

counite over C such that they satisfy the axioms of coassociativity and counit. The formulas 	, ε

endow Uq(ĝ) with a Hopf algebra structure [35] if they preserve the defining relation of Uq(ĝ).

Drinfeld proposed a coproduct formula based on the current formulation. This coproduct is

called the Drinfeld coproduct [10].

Theorem 2.2.4. [15] Uq(g) has a Hopf algebra structure, which is given by the following
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2.2.3 Infinite dimensional representation of the quantum affine algebra Uq(ĝ)

formulas

	(qc) = qc ⊗ qc, (2.2.41)

	(ψi(z)) = ψi(q
c(2)

2 z)⊗ ψ±(q−
c(1)

2 z) (2.2.42)

	(φi(z)) = φi(q
− c(2)

2 z)⊗ φ(q
c(1)

2 z) (2.2.43)

	(x+(z)) = x+(q−c(2)z)⊗ φ(q−
c(2)

2 z) + 1⊗ x+(z) (2.2.44)

	(x−(z)) = x−(z)⊗ 1 + ψ(q−
c(1)

2 z)⊗ x−(zq−c(1)) (2.2.45)

ε(qc) = 1, ε(ψ(z)) = ε(φ(z)) = 1 (2.2.46)

ε(x+(z)) = ε(x−(z)) = 0, ε(αn) = 0 (2.2.47)

a(qc) = q−c, a(ψ(z)) = ψ(z)−1, a(φ(z)) = φ(z)−1 (2.2.48)

a(x+(z)) = −φ(zq
c
2 )−1x+(qcz) (2.2.49)

a(x−(z)) = −x−(qcz)ψ(zq
c
2 )−1. (2.2.50)

This 	 is called the Drinfeld coproduct. The maps 	, ε, a satisfy the following relations

(	⊗̃id) ◦ 	 = (id⊗̃	) ◦ 	 (2.2.51)

(ε⊗̃id) ◦ 	 = (id⊗̃ε) ◦ 	 (2.2.52)

m ◦ (id⊗̃a) ◦ 	(x) = μl(ε(x)1), ∀x ∈ Uq(g) (2.2.53)

m ◦ (a⊗̃id) ◦ 	(x) = μr(Tα(ε(x)1)), ∀x ∈ Uq(g), (2.2.54)

where m : Uq(g)⊗ Uq(g) → Uq(g) is the algebra multiplication.

2.2.3 Infinite dimensional representation of the quantum affine algebra Uq(ĝ)

Definition 2.2.5. For k ∈ C, we say that a Uq(ĝ)-module V has level k if c act as the scalar k

on it.

Definition 2.2.6. For ω ∈ C, we set

Vω = {v ∈ V | − d · v = ωv }

and we call Vω the space of elements homogeneous of degree ω. We also say that X ∈ EndV is

homogeneous of degree ω ∈ C if

[−d̄, X] = ωX

Definition 2.2.7. For k ∈ C , a Uq(ĝ)-module V (λ) is called the level-k highest weight module

with the highest weight λ, if there exists a vector v ∈ V (λ) such that

V(λ) = Uq(ĝ) · v, N+ · v = 0,

c · v = kv, qh · v = q<λ,h>v.
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2.2.4 Quantum Z-algebras

We define the category Ck in the analogous way to the classical affine Lie algebra case [47].

Definition 2.2.8. For k ∈ C, Ck is the full subcategory of the category of Uq(ĝ)-modules con-

sisting of those modules V such that

(i) V has level k

(ii) V =
⊔
ω∈C

Vω

(iii) For every ω ∈ C, there exists n0 ∈ N such that for all n > n0, Vω+n = 0.

2.2.4 Quantum Z-algebras

The quantum analogue of Lepowsky- Wilson’s Z-algebras and applications to the representations

of Uq(ĝ) were partially investigated in [4,5,30,31,39,50]. Here we review this quantum Z-algebra.

We provide the Serre relations [53] (2.2.69) which are not written in [31] explicitly.

Definition 2.2.9. Let Uq(ĥ) be the quantum Heisenberg algebra generated by {ai,n, q± c
2 , n ∈

Z �=0} with relations (2.2.35).

Let Uq(ĥ
+)(resp. Uq(ĥ

−) be the commutative subalgebras of Uq(ĥ) generated by {ai,n, q± c
2 , n ∈

Z>0} (resp. {ai,−n, q
± c

2 , n ∈ Z>0}). By the quantum analogue of Poincare-Birkhoff-Witt theo-

rem for Uq(ĥ), we have

Uq(ĥ) = Uq(ĥ
+)Uq(ĥ

−)

Let C1k be the one-dimensional Uq(ĥ+)-module generated by the vacuum vector 1k defined by

q±
c
2 · 1k = q±

k
2 1k ai,n · 1k = 0 (n > 0).

Then we have the induced Uq(ĥ)-module

Fa,k = Uq(ĥ)⊗Uq(̂h+)
C1k.

We identify Fa,k with a polynomial ring C[ai,−m (i ∈ I,m > 0)] by

q±
c
2 · u = q±

k
2 u, ai,−n · u = ai,−nu,

ai,n · u =
∑
j

[aijn][kn]

n
q−kn ∂

∂aj,−n
u (n > 0)

for u ∈ C[ai,−m (i ∈ I,m > 0)]. This means that Uq(ĥ
−) is a canonical Uq(ĥ)-module.

Definition 2.2.10. Let k ∈ C and (V, π̄) ∈ Ck. We call π̄Uq(H) ⊂ EndV the level-k Heisenberg

algebra. We define the following vertex operators in EndV [[z, z−1]] in Uq(h)-module.

E±
−(aj , z) = exp

⎛⎝∓
∑
n≥1

π̄(aj,−n)

[kn]
q

1∓1
2

knzn

⎞⎠ , E±
+(aj , z) = exp

(
±
∑
n>0

π̄(aj,n)

[kn]
q

1∓1
2

knz−n

)
.
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2.2.4 Quantum Z-algebras

These vertex operators E±
−(aj , z), E

±
+(aj , z) satisfy the following relations.

Proposition 2.2.11. [31]

E±
+(ai, z)E

±
−(aj , w) =

(q−bij+k∓kw/z; q2k)∞
(qbij+k∓kw/z; q2k)∞

E±
−(aj , w)E

±
+(ai, z), (2.2.55)

E±
+(ai, z)E

∓
−(aj , w) =

(qbij+kw/z; q2k)∞
(q−bij+kw/z; q2k)∞

E∓
−(aj , w)E

±
+(ai, z), (2.2.56)

E±
−(ai, z)E

∓
−(ai, q

∓k) = E±
+(ai, z)E

∓
+(ai, z

±k) = 1, (2.2.57)

E+
−(ai, z)

−1E−
−(ai, zq

k) = q
̂h
i φ(zq

k), (2.2.58)

E+
+(ai, z)

−1E−
+(ai, zq

−k) = q−̂h
i ψ(zq−k). (2.2.59)

E±
+(ai, z)x

+
j (w) =

(q±bij+
1∓1
2

k(w/z); q2k)∞
(q∓bij+

1∓1
2

k(w/z); q2k)∞
x+j (w)E

±
+(ai, z), (2.2.60)

E±
−(ai, z)x

+
j (w) =

(q∓bij+
1∓1
2

k(z/w); q2k)∞
(q±bij+

1∓1
2

k(z/w); q2k)∞
x+j (w)E

±
−(ai, z), (2.2.61)

E±
+(ai, z)x

−
j (w) =

(q∓bij+k+ 1∓1
2

k(w/z); q2k)∞
(q±bij+k+ 1∓1

2
k(w/z); q2k)∞

x−j (w)E
±
+(ai, z), (2.2.62)

E±
−(ai, z)x

−
j (w) =

(q±bij+k+ 1∓1
2

k(z/w); q2k)∞
(q±bij+k+ 1∓1

2
k(z/w); q2k)∞

x+j (w)E
±
−(ai, z). (2.2.63)

Definition 2.2.12. The Z-operators associated with level-k Uq(ĝ)-module V is defined by

Z±
i (z;V ) = E±

−(ai, z)x
±
i (z)E

±
+(ai, z).

for i ∈ I. The coefficients Z±
i,n(V ) of Z±

i (z;V ) =
∑

n∈Z Z
±
i,n(V )z−n in z are well defined elements

in EndCV .

From the defining relations of Uq(ĝ), we obtain the following relations of the quantum Z

operators.

Theorem 2.2.13. [31,53] The Z-operators Z±
i (z;V ) satisfy the following relations.

[d̄, Z±
j (z;V )] = −z

∂

∂z
Z±
j (z;V ), (2.2.64)

[ai,m, Z±
j (w;V )] = 0, (2.2.65)

q±̂hiZ+
j (z;V ) = q∓bijZ+

j (z;V )q±̂hi , q±̂hiZ−
j (z;V ) = q±bijZ−

j (z;V )q±̂hi , (2.2.66)

z
(q−bijw/z; q2k)∞
(qbij+2kw/z; q2k)∞

Z±
i (z;V )Z±

j (w;V ) = −w
(q−bijz/w; q2k)∞
(qbij+2kz/w; q2k)∞

Z±
j (w;V )Z±

i (z;V ),

(2.2.67)

(qbij+kw/z; q2k)∞
(q−bij+kw/z; q2k)∞

Z+
i (z;V )Z−

j (w;V )− (qbij+kz/w; q2k)∞
(q−bij+kz/w; q2k)∞

Z−
j (w;V )Z+

i (z;V )

=
δij

qi − q−1
i

(
q−̂hiδ

(
q−kz/w

)− q
̂hiδ
(
qkz/w

))
, (2.2.68)
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2.2.5 The universal algebra Zk

∑
σ∈Sa

∏
1≤m<l≤a

(q2+k∓kzσ(l)/zσ(m); q
2k)∞

(q−2+k∓kzσ(l)/zσ(m); q2k)∞

×
a∑

s=0

(−1)s

⎡⎣ a

s

⎤⎦
i

∏
1≤i≤s

(q−bij+k∓kw/zσ(i); q
2k)∞

(qbij+k∓kw/zσ(i); q2k)∞

∏
s+1≤i≤a

(q−bij+k∓kzσ(i)/w; q
2k)∞

(qbij+k∓kzσ(i)/w; q2k)∞

×Z±
i (zσ(1);V ) · · ·Z±

i (zσ(s);V )Z±
j (w;V )Z±

i (zσ(s+1);V ) · · ·Z±
i (zσ(a);V ) = 0

(i �= j, a = 1− aij). (2.2.69)

Remark. This theorem is essentially due to Jing [31]. However, in [31] Serre relations are not

written.

Definition 2.2.14. For k ∈ C× and (V, π̄) ∈ Ck, we call the subalgebra of EndCV generated by

Z±
i,m(V ), q±hi

i (i ∈ I,m ∈ Z) and d̄ the quantum Z-algebra ZV associated with (V, π̄).

2.2.5 The universal algebra Zk

Using the relations in Theorem 2.2.13, we define the universal quantum Z-algebra as follows.

Definition 2.2.15. Let Z±
i,m (i ∈ I,m ∈ Z) be abstract symbols. We set Z±

i (z) =
∑

m∈Z Z
±
i,mz−m.

We define the universal quantum Z-algebra Zk to be a topological algebra over C[[q2k]] generated

by Z±
i,m, q±̂hi (i ∈ I,m ∈ Z), d̄ subject to the relations in Theorem 2.2.13.

Note that for (V, π̄) ∈ Ck we extend π̄ to the map π̄ : Zk → EndV by π̄(Z±
i,m) = Z±

i,m(V ).

Then V is a Zk-module by π̄.

Definition 2.2.16. For k ∈ C×, we denote by Dk the full subcategory of the category of Zk-

modules consisting of those modules (W, σ̄) such that

(i) W has level k.

(ii) W =
⊔

ω∈CWω, where Wω = {w ∈ W | − σ̄(d̄)w = ωw }

(iii) For every ω ∈ C, there exists n0 ∈ N such that for all n > n0, Wω+n = 0.

Let us consider (V, , π̄) ∈ Ck. Following Lepowsky and Wilson [47], we define the vacuum

space Ω̄V by

Ω̄V = {v ∈ V | π̄(ai,n)v = 0 ∀i ∈ I??, n ∈ Z>0 }.

From Theorem 2.2.13, Ω̄V is stable under the action of ZV . For a morphism f̄ : V → V ′ in Ck,

we have

f̄(Ω̄V ) ⊂ ¯̄ΩV ′ .
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2.2.6 The functor Λ̄

Proposition 2.2.17. For (V, π̄) ∈ Ck, there is a unique representation σ̄ of Zk on Ω̄V such

that (Ω̄V , σ̄) ∈ Dk,

σ̄(q±̂hi) = π̄(q±̂hi), σ̄(Z±
i,m) = Z±

i,m(V ) ∀i ∈ I,m ∈ Z.

We hence define a functor Ω̄ : Ck → Dk by

Ω̄(V, π̄) = (Ω̄V , σ̄), Ω̄(f̄) = f̄ |Ω̄V
: Ω̄V → Ω̄V ′ .

2.2.6 The functor Λ̄

We define a reverse functor Λ̄ : Dk → Ck as follows. Let (W, σ̄) ∈ Dk be a Zk-module. We

define Uq(ĥ)-module IndW by requiring ai,m ·W = 0 and

IndW = Uq(ĥ)⊗Uq(̂h+)
W.

Let Fα,k be the level-k Fock module defined in sec.2.2.4 We have a natural isomorphism Fα,k⊗C

W ∼= Ind W by (u ⊗ 1k) ⊗ w �→ u ⊗ w [47]. We thus identify the Uq(ĥ)-module IndW with

Fα,k ⊗C W , with the action π̄ of Uqĥ)

π̄(c) = 1⊗ c, π̄(q±̂hi) = 1⊗ σ̄(q±̂hi), π̄(ai,m) = ai,m ⊗ 1.

For (W, σ̄) ∈ Dk and IndW = Fα,k ⊗C W , we define x+
′

j (z), x−
′

j (z) ∈ EndW [[z, z−1]] by

x+
′

j (z) = E−(aj , z)−1E+(aj , z)
−1 ⊗ σ̄(Z+

j (z)),

x−
′

j (z) = E−(a′j , z)
−1E+(a′j , z)

−1 ⊗ σ̄(Z−
j (z)).

These are well-defined elements of EndW [[z, z−1]]. By a similar argument to the proof of The-

orem 2.2.13 one can show that x+
′

j (z) and x−
′

j (z) satisfy the defining relations of Uq(ĝ) with

c = k. We hence extend π̄ : Uq(ĥ) → EndW to π̄ : Uq(ĝ) → EndW as follows

π̄(x+j (z)) = x+
′

j (z), π̄(x−j (z)) = x−
′

j (z),

π̄(d̄) = d̄⊗ 1 + 1⊗ σ̄(d̄).

By construction, the latter map is uniquely determined.

Proposition 2.2.18. For (W, σ̄) ∈ Dk, there is a unique level-k Uq(ĝ)-module (IndW, π̄) ∈ Ck.

We thus reach the following definition.

Definition 2.2.19. We define a functor Λ̄ : Dk → Ck by

(i) Λ̄(W, σ̄) = (IndW, π̄)
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2.2.7 Level-1 representations

(ii) For a morphism f̄ : W → W ′ in Dk, define Λ̄(f̄) : IndW → IndW ′ to be the induced

Uq(ĥ)-module map. Then Λ̄(f̄) is a Uq(ĝ)-module map.

We obtain the following theorem analogously to the case of the affine Lie algebras [47].

Theorem 2.2.20. For k ∈ C×, the two categories Ck and Dk are equivalent by the functors

Ω̄ : Ck → Dk and Λ̄ : Dk → Ck. In particular, the level-k Uq(ĝ)-module IndW = Fα,k⊗CW ∈ Ck

is irreducible if and only if W ∈ Dk is an irreducible Zk-module.

2.2.7 Level-1 representations

We here give some examples of the level-1 irreducible induced representations of Uq(ĝ) of types

ĝ = A
(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 and B

(1)
l .

The simply laced case ADE :

Let C[Q] be the group algebra of the root lattice Q = ⊕iZαi with the central extension:

eαieαj = (−1)(αi|αj)eαjeαi (i, j ∈ I).

Let us consider the fundamental weight Λa of ĝ with 0 ≤ a ≤ l for A
(1)
l , a = 0, 1, l−1, l for D

(1)
l ,

a = 0, 1, 2 for E
(1)
6 , a = 0, 1 for E

(1)
7 , a = 0 for E

(1)
8 .

Theorem 2.2.21. [23, 31] An inequivalent set of the level-1 irreducible Z1(ĝ)-module is given

by W (Λa) = eΛ̄aC[Q], on which the actions of Z±
j (z) are given by

Z±
j (z) = e±αjz±hj+1 (2.2.70)

with

eαieαj = eαi+αj , z±hie±αjeΛ̄a = z±(α∨
i ,αj+Λ̄a)e±αjeΛ̄a (i, j ∈ I).

The B
(1)
l case

We follow the work [45] and its quantum analogues [3, 33] with a slight modification in the

Ramond sector according to [26]. We take di = 1 (1 ≤ i ≤ l − 1) and dl = 1/2. Let eαi (i ∈ I)

be the generators of the group algebra C[Q] with the following central extension.

eαieαj = (−1)(αi,αj)+(αi,αi)(αj ,αj)eαjeαi

As before we regard hi (i ∈ I) as an operator such that

z±hieαj = z±(α∨
i ,αj)eαjz±hi .
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2.2.7 Level-1 representations

We also need the Neveu-Schwartz (NS) fermion {Ψn|n ∈ Z+ 1
2} and the Ramond (R) fermion

{Ψn|n ∈ Z} satisfying the following anti-commutation relations.

{Ψm,Ψn} = δm+n,0N (qm + q−m)

with N = 1/(q
1
2 + q−

1
2 ). We define

FNS = C[Ψ− 1
2
,Ψ− 3

2
· · · ], F̃R = C[Ψ−1,Ψ−2, ...]

and their submodules FNS,R
even (reps. FNS,R

odd ) generated by the even (reps. odd) number of Ψ−m’s.

One should note that for the R fermion Ψ2
0 = N and {Ψm,Ψ0} = 0 for m �= 0. So we have two

degenerate vacuum states 1 and Ψ01. We hence consider the extended space

F̂R = F̃R ⊗ C2

and realize the R-fermions by

Ψ̂m = Ψm ⊗
⎛⎝1 0

0 −1

⎞⎠ (m ∈ Z �=0), Ψ̂0 = N 1
2 (1⊗

⎛⎝0 1

1 0

⎞⎠).

Note that {Ψ̂m, Ψ̂n} = δm+n,0N (qm + q−m). We set

FR = FR
even ⊗ C

⎛⎝1

1

⎞⎠⊕FR
odd ⊗ C

⎛⎝ 1

−1

⎞⎠ .

The action of Ψm on FNS is given by

Ψ−m · u = Ψ−mu, Ψm · u = {Ψm, u} (m ∈ Z>0),

where u ∈ FNS , whereas Ψ̂m acts on FR as

Ψ̂−m · u⊗ v = Ψ−mu⊗
⎛⎝1 0

0 −1

⎞⎠ v (m ∈ Z>0), Ψ̂0 · u⊗ v = u⊗
⎛⎝0 1

1 0

⎞⎠ v,

Ψ̂m · u⊗ v = {Ψm, u} ⊗
⎛⎝1 0

0 −1

⎞⎠ v (m ∈ Z>0),

where u ∈ F̃R, v ∈ C2.

Let us define the fermion fields ΨNS(z) and ΨR(z) by

ΨNS(z) =
∑

n∈Z+ 1
2

Ψnz
−n, ΨR(z) =

∑
n∈Z

Ψ̂nz
−n.

One can derive the following operator product expansions.

Ψ(z)Ψ(w) =: Ψ(z)Ψ(w) : + < Ψ(z)Ψ(w) >,
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2.3 Elliptic quantum algebra Uq,p(ĝ)

where

< Ψ(z)Ψ(w) >=

⎧⎨⎩
(zw)1/2(z−w)

(z−qw)(z−q−1w)
for NS

N (z−w)(z+w)
(z−qw)(z−q−1w)

for R.

Then the quantum Z-algebra Z1(B
(1)
l ) is realized as follows [31].

Z±
i (z) = e±αiz±hi+1 (1 ≤ i ≤ l − 1),

Z±
l (z) =

1

N 1/2
Ψ(z)e±αlz±dlhl+dl .

There are three irreducible Z1(B
(1)
l )-modules given by

W (Λ0) = FNS
even ⊗ C[Q0]⊕FNS

odd ⊗ C[Q0]e
Λ̄1 ,

W (Λ1) = FNS
even ⊗ C[Q0]e

Λ̄1 ⊕FNS
odd ⊗ C[Q0],

W (Λl) = FR ⊗ C[Q]eΛ̄l ∼= FR ⊗ C[Q0]e
Λ̄l ⊕FR ⊗ C[Q0]e

Λ̄1+Λ̄l ,

where Q0 denotes the sublattice of Q generated by the long roots.

2.3 Elliptic quantum algebra Uq,p(ĝ)

The elliptic quantum algebra Uq,p(ĝ) is an elliptic analogue [39] [29] of the quantum affine

algebra Uq(ĝ) in the Drinfeld realization [16]. In 1998, Konno [39] introduced the elliptic algebra

Uq,p(ĝ = ŝl2) as an elliptic analogue of Uq(ŝl2) to formulate the fusion SOS models. Then

Jimbo, Konno, Odaka, Shiraishi [29] gave a constractive definition of Uq,p(ŝl2), they modified

the Drinfeld currents of Uq(ŝl2) and got a set of elliptic currents. The defining relations of

Uq,p(ŝl2) [29, 39] are expressed in term of the elliptic currents and Jacobi elliptic theta function

ϑ(u), z = q2u. Farghly, Konno and Oshima [53] introduced a p-adic topology to Uq,p(ĝ) and

made the defining relations in the elliptic currents well defined. We treat the relations as formal

Laurent series, where coefficients are usually infinite series of the generators. The p-adic topology

let them well defined by a completion.

Uq,p(ĝ) has two known coalgebra structures [42,43] asH-Hopf algebroid [17,18,22,36]. In [42],

the H-Hopf algebroid structure was defined in term of the coproduct of the L-operator of

Uq,p(ŝl2), whereas in [43] another coproduct called the Drinfeld coproduct for the elliptic Drinfeld

currents was defined for Uq,p(ŝl2) following the work [29].

In this section we review the Uq,p(ĝ) defined as a topological algebra with a p-adic topology.

We introduce the space of meromorphic functions MH∗ on the dual space H∗ of a dynamical

extended Cartan subalgebra H. We define the level-k highest weight module V of Uq,p(ĝ). This

representation is called the dynamical representation of Uq,p(ĝ) because of MH∗ . A category of

level-k modules of Uq,p(ĝ) is defined.
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2.3.1 Definition of Uq,p(ĝ)

In 2.3.1, we give a definition of the elliptic algebra Uq,p(ĝ) as a topological algebra generated

by the elliptic Drinfeld currents. 2.3.2 devoted to a review of the dynamical representation of

Uq,p(ĝ).

2.3.1 Definition of Uq,p(ĝ)

Let ĝ be an untwisted affine Lie algebra associated with the generalized Cartan matrix A =

(aij) i, j ∈ {0} ∪ I . We denote by B = (bij), bij = diaij the symmetrization of A. We take

di = 1 (i ∈ I) for the simply laced cases, di = 1 (i ≤ i ≤ l − 1), dl = 1/2 for B
(1)
l and

di = 1 (i ≤ i ≤ l − 1), dl = 2 for C
(1)
l . Let q = e� ∈ C[[�]] and set qi = qdi . Let p be an

indeterminate.

Let ĥ = h̃⊕Cd, h̃ = h̄⊕Cc, h̄ = ⊕i∈IChi be the Cartan subalgebra of ĝ. Define δ,Λ0, αi (i ∈
I) ∈ ĥ∗ by

< αi, hj >= aj,i, < δ, d >= 1 =< Λ0, c >, (2.3.1)

the other pairings are 0. We also define Λ̄i (i ∈ I) ∈ ĥ∗ by

< Λ̄i, hj >= δi,j .

We set h̄∗ = ⊕i∈ICΛ̄i, h̃
∗ = h̄∗ ⊕ CΛ0, Q = ⊕i∈IZαi and P = ⊕i∈IZΛ̄i. Let N = l + 1 for

Xl = Al, = l for Bl, Cl, Dl, = 7 for E6, = 8 for E7, E8, = 3 for G2, = 4 for F4 and consider the

orthonormal basis {ξj (1 ≤ j ≤ N)} in RN with the inner product (ξj , ξk) = δj,k. For Al, we

also set

ξ̄j = ξj − 1

l + 1

l+1∑
j=1

ξj . (2.3.2)

We define εj = ξ̄j for Al and = ξj for other Xl. The simple roots αj and the fundamental weights

Λ̄j (1 ≤ j ≤ l) can be expressed as a linear sum of εj [6, 34]. We follow Kac’s conventions. We

define hεj ∈ h̄ (j ∈ I) by < εi, hεj >= (εi, εj) and hα ∈ h̄ for α =
∑

j cjεj , cj ∈ C by

hα =
∑

j cjhεj . We regard h̄⊕ h̄∗ as the Heisenberg algebra by

[hεj , εk] = (εj , εk), [hεj , hεk ] = 0 = [εj , εk]. (2.3.3)

In particular, we have [hj , αk] = ajk. We also set hj = hΛ̄j
.

We introduce another Heisenberg algebra generated by Pα and Qβ (α, β ∈ h̄∗) satisfying the

commutation relations

[Pεj , Qεk ] = (εj , εk), [Pεj , Pεk ] = 0 = [Qεj , Qεk ], (2.3.4)

[Pεj , α] = [Qεj , α] = 0, (2.3.5)

[Pεj , U(ĝ)] = [Qεj , U(ĝ)] = 0 (2.3.6)
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2.3.1 Definition of Uq,p(ĝ)

where Pα =
∑

j cjPεj for α =
∑

j cjεj . We set Ph̄ = ⊕j∈ICPεj , Qh̄ = ⊕j∈ICQεj Pj = Pα∨
j
, P j =

PΛ̄j
and Qj = Qαj , Q

j = QΛ̄j
. Here α∨

j = 2αj/(αj , αj).

For the abelian group RQ =
∑N

j=1 ZQαj , we denote by C[RQ] the group algebra over C

of RQ. We denote by eα the element of C[RQ] corresponding to α ∈ RQ. These eα satisfy

eαeβ = eα+β and (eα)−1 = e−α. In particular, e0 = 1 is the identity element.

Now let us set H = h̃ ⊕ Ph̄ =
∑

j C(Pεj + hεj ) +
∑

j CPεj + Cc and denote its dual space

by H∗ = h̃∗ ⊕ Qh̄. We define the paring by (2.3.1), < Qα, Pβ >= (α, β) and < Qα, hβ >=<

Qα, c >=< Qα, d >= 0 =< α,Pβ >=< δ, Pβ >=< Λ0, Pβ >. We define F = MH∗ to be the field

of meromorphic functions onH∗. We regard a function of P+h =
∑

j aj(Pεj+hεj ), P =
∑

j bjPεj

and c, f̂ = f(P + h, P, c), as an element in F by f̂(μ) = f(< μ,P + h >,< μ, P >,< μ, c >) for

μ ∈ H∗.

Definition 2.3.1. [53] An elliptic algebra Uq,p(ĝ) is a topological algebra over F[[p]] generated

by MH∗, ej,m, fj,m, α∨
j,n,K

±
j , (j ∈ I,m ∈ Z, n ∈ Z �=0), d and the central element c. We assume

K±
j are invertible and set

ej(z) =
∑
m∈Z

ej,mz−m, fj(z) =
∑
m∈Z

fj,mz−m,

ψ+
j (q

− c
2 z) = K+

j exp

(
−(qj − q−1

j )
∑
n>0

α∨
j,−n

1− pn
zn

)
exp

(
(qj − q−1

j )
∑
n>0

pnα∨
j,n

1− pn
z−n

)
,

ψ−
j (q

c
2 z) = K−

j exp

(
−(qj − q−1

j )
∑
n>0

pnα∨
j,−n

1− pn
zn

)
exp

(
(qj − q−1

j )
∑
n>0

α∨
j,n

1− pn
z−n

)
.

Note that ψ±
j (z) are formal Laurent series in z, whose coefficients are well defined in the p-adic

topology. We call ej(z), fj(z), ψ
±
j (z) the elliptic currents. The defining relations are as follows.
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2.3.1 Definition of Uq,p(ĝ)

For g(P ), g(P + h) ∈ MH∗,

g(P + h)ej(z) = ej(z)g(P + h), g(P )ej(z) = ej(z)g(P− < Qαj , P >), (2.3.7)

g(P + h)fj(z) = fj(z)g(P + h− < αj , P + h >), g(P )fj(z) = fj(z)g(P ),

(2.3.8)

[g(P ), α∨
i,m] = [g(P + h), α∨

i,n] = 0, (2.3.9)

g(P )K±
j = K±

j g(P− < Qαj , P >), (2.3.10)

g(P + h)K±
j = K±

j g(P + h− < Qαj , P >), (2.3.11)

[d, g(P + h, P )] = 0, (2.3.12)

[d, α∨
j,n] = nα∨

j,n, [d, ej(z)] = −z
∂

∂z
ej(z), [d, fj(z)] = −z

∂

∂z
fj(z), (2.3.13)

K±
i ej(z) = q

∓aij
i ej(z)K

±
i , K±

i fj(z) = q
±aij
i fj(z)K

±
i , (2.3.14)

[α∨
i,m, α∨

j,n] = δm+n,0
[aijm]i[cm)j

m

1− pm

1− p∗m
q−cm, (2.3.15)

[α∨
i,m, ej(z)] =

[aijm]i
m

1− pm

1− p∗m
q−cmzmej(z), (2.3.16)

[α∨
i,m, fj(z)] = − [aijm]i

m
zmfj(z), (2.3.17)

z1
(qbijz2/z1; p

∗)∞
(p∗q−bijz2/z1; p∗)∞

ei(z1)ej(z2) = −z2
(qbijz1/z2; p

∗)∞
(p∗q−bijz1/z2; p∗)∞

ej(z2)ei(z1), (2.3.18)

z1
(q−bijz2/z1; p)∞
(pqbijz2/z1; p)∞

fi(z1)fj(z2) = −z2
(q−bijz1/z2; p)∞
(pqbijz1/z2; p)∞

fj(z2)fi(z1), (2.3.19)

[ei(z1), fj(z2)] =
δi,j

qi − q−1
i

(
δ(q−cz1/z2)ψ

−
j (q

c
2 z2)− δ(qcz1/z2)ψ

+
j (q

− c
2 z2)

)
, (2.3.20)

∑
σ∈Sa

∏
1≤m<k≤a

(p∗q2zσ(k)/zσ(m); p
∗)∞

(p∗q−2zσ(k)/zσ(m); p∗)∞

×
a∑

s=0

(−1)s

⎡⎣ a

s

⎤⎦
i

∏
1≤i≤s

(p∗qbijw/zσ(i); p∗)∞
(p∗q−bijw/zσ(i); p∗)∞

∏
s+1≤i≤a

(p∗qbijzσ(i)/w; p∗)∞
(p∗q−bijzσ(i)/w; p∗)∞

×ei(zσ(1)) · · · ei(zσ(s))ej(w)ei(zσ(s+1)) · · · ei(zσ(a)) = 0, (2.3.21)

∑
σ∈Sa

∏
1≤m<k≤a

(pq−2zσ(k)/zσ(m); p)∞
(pq2zσ(k)/zσ(m); p)∞

×
a∑

s=0

(−1)s

⎡⎣ a

s

⎤⎦
i

∏
1≤i≤s

(pq−bijw/zσ(i); p)∞
(pqbijw/zσ(i); p)∞

∏
s+1≤i≤a

(pq−bijzσ(i)/w; p)∞
(pqbijzσ(i)/w; p)∞

×fi(zσ(1)) · · · fi(zσ(s))fj(w)fi(zσ(s+1)) · · · fi(zσ(a)) = 0 (i �= j, a = 1− aij),

(2.3.22)

where p∗ = pq−2c and δ(z) =
∑

n∈Z z
n. We also denote by U ′

q,p(ĝ) the subalgebra obtained by

removing d.
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2.3.2 Dynamical representations of Uq,p(ĝ)

We treat the relations (2.3.13), (2.3.16)-(2.3.22) as formal Laurent series in z, w and zj ’s. In

each term of (2.3.18)-(2.3.22), the expansion direction of the structure function given by a ratio

of infinite products is chosen according to the order of the accompanied product of the elliptic

currents. For example, in the l.h.s of (2.3.18), (qbij z2/z1;p∗)∞
(p∗q−bij z2/z1;p∗)∞

should be expanded in z2/z1,

whereas in the r.h.s (qbij z1/z2;p∗)∞
(p∗q−bij z1/z2;p∗)∞

should be expanded in z1/z2. In each term in (2.3.21), the

coefficient function is expanded in zσ(k)/zσ(m) (m < k), w/zσ(i) (i ≤ s) and zσ(i)/w (i ≥ s+ 1).

All the coefficients in zj ’s are well defined in the p-adic topology.

Remark. In [29,38,39,41], assuming that q is a transcendental complex number satisfying |q| < 1,

we wrote (2.3.18), (2.3.19) as

z1Θp∗(q
bijz2/z1)ei(z1)ej(z2) = −z2Θp∗(q

bijz1/z2)ej(z2)ei(z1),

z1Θp(q
−bijz2/z1)fi(z1)fj(z2) = −z2Θp(q

−bijz1/z2)fj(z2)fi(z1),

in the sense of analytic continuation.

Let Uq(ĝ) be the quantum affine algebra associated with ĝ in the Drinfeld realization [16].

Uq,p(ĝ) is a natural elliptic deformation of Uq(ĝ) in the following sense.

Theorem 2.3.2.

Uq,p(ĝ)/pUq,p(ĝ) ∼= (F⊗C Uq(ĝ))�C[RQ].

Here the smash product � is defined as follows.

g(P, P + h)x⊗ eα · f(P, P + h)y ⊗ eβ

= g(P, P + h)f(P− < α,P >,P + h− < α+wt(x), P + h >)xy ⊗ eα+β

where wt(x) ∈ h̄∗ s.t. qhxq−h = q<wt(x),h>x for x, y ∈ Uq(ĝ), f(P ), g(P ) ∈ F, eα, eβ ∈ C[RQ].

Proof. At p = 0, the relations for α∨
j,m, ej(z), fj(z) (2.3.13)-(2.3.22) coincide with those

for a∨i,m, x+j (z), x
−
j (z) (2.2.35)-(2.2.40) of Uq(ĝ). Therefore from (2.3.7)-(2.3.11), one has the

isomorphism

ej(z) �→ x+j (z)e
−Qαj , fj(z) �→ x−j (z), K±

j �→ q
∓hj

j e−Qαj , α∨
j,m �→ a∨j,m mod pUq,p(ĝ).

2.3.2 Dynamical representations of Uq,p(ĝ)

Let us consider V a vector space over F. V which is H-diagonalizable, i.e.

V =
⊕

λ,μ∈H∗
Vλ,μ, Vλ,μ = {v ∈ V | qP+h · v = q<λ,P+h>v, qP · v = q<μ,P>v ∀P + h, P ∈ H}.
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2.3.2 Dynamical representations of Uq,p(ĝ)

Let us define the H-algebra DH,V of the C-linear operators on V by

DH,V =
⊕

α,β∈H∗
(DH,V)αβ ,

(DH,V)αβ =

⎧⎪⎪⎨⎪⎪⎩ X ∈ EndCV

∣∣∣∣∣∣∣∣
f(P + h)X = Xf(P + h+ < α,P + h >)X,

f(P )X = Xf(P+ < β,P >)X

f(P ), f(P + h) ∈ F, X · Vλ,μ ⊆ Vλ+α,μ+β

⎫⎪⎪⎬⎪⎪⎭ ,

μ
DH,V
l (f̂)v = f(< λ,P + h >, p)v, μ

DH,V
r (f̂)v = f(< μ,P >, p∗)v, f̂ ∈ MH∗ , v ∈ Vλ,μ.

Definition 2.3.3. We define a dynamical representation of Uq,p(ĝ) on V to be an H-algebra

homomorphism π : Uq,p(ĝ) → DH,V . By the action π of Uq,p(ĝ) we regard V as a Uq,p(ĝ)-module.

Definition 2.3.4. For k ∈ C, we say that a Uq,p(ĝ)-module has level k if c act as the scalar k

on it.

Definition 2.3.5. For ω ∈ C, set

Vω = {v ∈ V | − d · v = ωv }

and we call Vω the space of elements homogeneous of degree ω. We also say that X ∈ DH,V is

homogeneous of degree ω ∈ C if

[−d,X] = ωX

and denote by (DH,V)ω the space of all endomorphisms homogeneous of degree ω.

Definition 2.3.6. Let H, N+,N− be the subalgebras of Uq,p(ĝ) generated by c, d,K±
i (i ∈ I),

by α∨
i,n (i ∈ I, n ∈ Z>0), ei,n (i ∈ I, n ∈ Z≥0) fi,n (i ∈ I, n ∈ Z>0) and by α∨

i,−n (i ∈ I, n ∈
Z>0), ei,−n (i ∈ I, n ∈ Z>0), fi,−n (i ∈ I, n ∈ Z≥0), respectively.

Definition 2.3.7. For k ∈ C, λ ∈ h∗ and μ ∈ H∗, a (dynamical) Uq,p(ĝ)-module V(λ, μ) is

called the level-k highest weight module with the highest weight (λ, μ), if there exists a vector

v ∈ V(λ, μ) such that

V(λ, μ) = Uq,p(ĝ) · v, N+ · v = 0,

c · v = kv, f(P ) · v = f(< μ,P >)v, f(P + h) · v = f(< λ,P + h >)v.

We define the category Ck in the analogous way to the classical affine Lie algebra case [47].

Definition 2.3.8. For k ∈ C, Ck is the full subcategory of the category of Uq,p(ĝ)-modules

consisting of those modules V such that

(i) V has level k
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2.3.2 Dynamical representations of Uq,p(ĝ)

(ii) V =
⊔
ω∈C

Vω

(iii) For every ω ∈ C, there exists n0 ∈ N such that for all n > n0, Vω+n = 0.

Since πN+ ⊂ ⊔n∈Z≥0
(DH,V)n, any level-k highest weight Uq,p(ĝ)-modules belong to Ck.
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Chapter 3

Dynamical Quantum Z-algebra of

Uq,p(ĝ)

There is an enormous literature on the representation theory of the quantum affine algebras as

well as the affine Lie algebras. Based on the Drinfeld realization, a construction of higher level

(integral) representation of Uq(ĝ) appeared in [5,31] which dealt with the theory of Z-algebras.

The theory of Z-algebras was introduced by Lepowsky and Wilson [47] in their study of

Rogers-Ramanujan identities in the level-k standard representation of the affine Lie algebra ŝl2

in the principal picture. Also, Lepowsky and Primc [45, 46] introduced the Z-algebra in the

explicit realizations of higher level representation by using the homogeneous picture. The same

construction was done in [51] for the higher rank cases. In 1987, Gepner [25] studied the theory

of parafermions in conformal field theory. The coset conformal field theory ŝl2 ⊗ ŝl2 ⊃ (ŝl2)diag

is known to be realized in terms of the level-k free boson and the Zk-parafermion. The Z-

algebra is obtained by taking a quotient of an affine Lie algebra ĝ of level k by its Heisenberg

subalgebra. The Zk-parafermion is obtained by taking a further quotient of the Z-algebra by

the group algebra C[Q] of the root lattice Q = ⊕i∈IZαi (the zero modes of the boson operators).

The coset conformal field theory associated with the general untwisted affine Lie algebras ĝ is

constructed [8] in term of the generalized parafermions. The theory of Z-algebras has been a

tool to construct an explicit representation of the affine Lie algebras.

The quantum deformation of the Z-algebras and its applications to the representations of

Uq(ĝ) was partially investigated in in [30, 39, 50] for level k (the centeral element acts by k).

A higher level realization of the quantum Z-algebra was discussed in [5, 31]. The structure of

the Z-algebra associated with the elliptic quantum algebra Uq,p(ŝl2) was investigated in [39],

however for the general case Uq,p(ĝ) it had not been studied. This structure of Z-algebra will

find applications in representations of the elliptic quantum algebra Uq,p(ĝ) and Z-algebra itself.

In [53], we investigate if this structure exist or not for general Uq,p(ĝ). Then we found the
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3.1 The Heisenberg algebra Uq,p(H)

dynamical analogue of the quantum Z-algebras. In the next chapter we construct the infinite

dimensional representation of Uq,p(ĝ) in term of the Z-algebra modules.

This chapter addresses the following. In section 3.1, we define the Heisenberg algebra of

Uq,p(ĝ) and it’s defining relations. Also the level-k module of the Heisenberg algebra of Uq,p(ĝ)

is constructed. We introduce a quantum and dynamical analogue ZV of Lepowsky-Wilson’s

Z-algebra associated with the level-k Uq,p(ĝ)-modules in section 3.2. We also provide the Serre

relations (3.2.19) explicitly. Then we define the universal dynamical algebra Zk. Finally we

define a category of the level-k Zk-modules. These results are published in [53].

3.1 The Heisenberg algebra Uq,p(H)

3.1.1 Definition

Let Uq,p(H) be the subalgebra of Uq,p(ĝ) generated by α∨
i,n (i ∈ I, n ∈ Z �=0) and c. It is convenient

to introduce the simple root type generators αj,m and α′
j,m defined by αj,m = [dj ]α

∨
j,m and

α′
j,m =

1− p∗m

1− pm
qkmαj,m, (j ∈ I, n �= 0). From (2.3.15), (2.3.16), (2.3.17), we have

[αi,m, αj,n] =
[bijm][cm]

m

1− pm

1− p∗m
q−kmδm+n,0, (3.1.1)

[α′
i,m, α′

j,n] =
[bijm][cm]

m

1− p∗m

1− pm
qkmδm+n,0, (3.1.2)

[αi,m, α′
j,n] =

[bijm][cm]

m
δm+n,0, (3.1.3)

[αi,m, ej(z)] =
[bijm]

m

1− pm

1− p∗m
q−cmzmej(z), (3.1.4)

[α′
i,m, fj(z)] = − [bijm]

m

1− p∗m

1− pm
qcmzmfj(z). (3.1.5)

Let Uq,p(H+) (reps. Uq,p(H−)) be the commutative subalgebras of Uq,p(H) generated by

{c, αi,n(i ∈ I, n ∈ Z>0)} (resp. {αi,−n(i ∈ I, n ∈ Z>0)}). We have

Uq,p(H) = Uq,p(H−)Uq,p(H+).

Let C1k be the one-dimensional Uq,p(H+)-module generated by the vacuum vector 1k defined

by

c · 1k = k1k αi,n · 1k = 0 (n > 0).

Then we have the induced Uq,p(H)-module

Fα,k = Uq,p(H)⊗Uq,p(H+) C1k.
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3.2 Dynamical Quantum Z-algebra

We identify Fα,k with a polynomial ring C[αi,−m (i ∈ I,m > 0)] by

c · u = ku, αi,−n · u = αi,−nu,

αi,n · u =
∑
j

[bijn][kn]

n

1− pn

1− p∗
q−kn ∂

∂αj,−n
u (n > 0)

for u ∈ C[αi,−m (i ∈ I,m > 0)].

3.2 Dynamical Quantum Z-algebra

In this section we introduce a quantum and dynamical analogue Zk of Lepowsky-Wilson’s Z-

algebra associated with the level-k Uq,p(ĝ)-modules V.

3.2.1 The dynamical quantum Z-algebra ZV

Let k ∈ C× and (V, π) ∈ Ck. We call πUq,p(H) ⊂ (DH,V)00 the level-k Heisenberg algebra. We

define the following vertex operators in (DH,V)00[[z, z−1]].

E±(αj , z) = exp

(
±
∑
n>0

π(αj,±n)

[kn]
z∓n

)
, E±(α′

j , z) = exp

(
∓
∑
n>0

π(α′
j,±n)

[kn]
z∓n

)
.

(3.2.1)

These satisfy the following relations.

Proposition 3.2.1.

E+(αi, z)E
−(αj , w) =

(q−bij+2kw/z; q2k)∞(q−bijw/z; p∗)∞
(qbij+2kw/z; q2k)∞(qbijw/z; p∗)∞

E−(αj , w)E
+(αi, z),

(3.2.2)

E+(α′
i, z)E

−(α′
j , w) =

(q−bijw/z; q2k)∞(qbijw/z; p)∞
(qbijw/z; q2k)∞(q−bijw/z; p)∞

E−(α′
j , w)E

+(α′
i, z), (3.2.3)

E+(αi, z)E
−(α′

j , w) =
(qbij+kw/z; q2k)∞
(q−bij+kw/z; q2k)∞

E−(α′
j , w)E

+(αi, z), (3.2.4)

E+(α′
i, z)E

−(αj , w) =
(qbij+kw/z; q2k)∞
(q−bij+kw/z; q2k)∞

E−(αj , w)E
+(α′

i, z), (3.2.5)

E±(αi, z)ej(w) =
(q±bij+2k(w/z)±1; q2k)∞(q±bij (w/z)±1; p∗)∞
(q∓bij+2k(w/z)±1; q2k)∞(q∓bij (w/z)±1; p∗)∞

ej(w)E
±(αi, z),

(3.2.6)

E±(α′
i, z)fj(w) =

(q±bij (w/z)±1; q2k)∞(q±bij (w/z)±1; p)∞
(q∓bij (w/z)±1; q2k)∞(q∓bij (w/z)±1; p)∞

fj(w)E
±(α′

i, z), (3.2.7)

E±(α′
i, z)ej(w) =

(q∓bij+k(w/z)±1; q2k)∞
(q±bij+k(w/z)±1; q2k)∞

ej(w)E
±(α′

i, z), (3.2.8)

E±(αi, z)fj(w) =
(q∓bij+k(w/z)±1; q2k)∞
(q±bij+k(w/z)±1; q2k)∞

fj(w)E
±(αi, z). (3.2.9)
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3.2.1 The dynamical quantum Z-algebra ZV

Definition 3.2.2. We define Z±
j (z;V) ∈ DH,V [[z, z−1]] by

Z+
j (z;V) := E−(αj , z)π(ej(z))E

+(αj , z), (3.2.10)

Z−
j (z;V) := E−(α′

j , z)π(fj(z))E
+(α′

j , z), (3.2.11)

for j ∈ I and call them the dynamical quantum Z operators associated with (V, π) ∈ Ck.

Note that due to the truncation property of the grading of V ∈ Ck w.r.t −d, Z±
j (z;V) are

well defined i.e. the coefficients Z±
j,n(V) of Z±

j (z;V) =
∑

n∈ZZ±
j,n(V)z−n in z are well defined

elements in (DH,V)n for all n ∈ Z. For the sake of simplicity of the presentation, we often drop

π to denote the elements in DH,V .

From the defining relations of Uq,p(ĝ), we obtain the following relations of the dynamical

quantum Z operators.

Theorem 3.2.3.

g(P + h)Z+
i (z;V) = Z+

i (z;V)g(P + h), g(P )Z+
i (z;V) = Z+

i (z;V)g(P− < Qαi , P >),

(3.2.12)

g(P + h)Z−
i (z;V) = Z−

i (z;V)g(P + h− < αi, P + h >), g(P )Z−
i (z;V) = Z−

i (z;V)g(P ),

(3.2.13)

[d,Z±
j (z;V)] = −z

∂

∂z
Z±
j (z;V), (3.2.14)

[αi,m,Z±
j (w;V)] = 0, (3.2.15)

K±
i Z+

j (z;V) = q∓bijZ+
j (z;V)K±

i , K±
i Z−

j (z;V) = q±bijZ−
j (z;V)K±

i , (3.2.16)

z
(q−bijw/z; q2k)∞
(qbij+2kw/z; q2k)∞

Z±
i (z;V)Z±

j (w;V) = −w
(q−bijz/w; q2k)∞
(qbij+2kz/w; q2k)∞

Z±
j (w;V)Z±

i (z;V),
(3.2.17)

(qbij+kw/z; q2k)∞
(q−bij+kw/z; q2k)∞

Z+
i (z;V)Z−

j (w;V)− (qbij+kz/w; q2k)∞
(q−bij+kz/w; q2k)∞

Z−
j (w;V)Z+

i (z;V)

=
δij

qi − q−1
i

(
K−

i δ
(
q−kz/w

)−K+
i δ
(
qkz/w

))
, (3.2.18)

∑
σ∈Sa

∏
1≤m<l≤a

(q2+k∓kzσ(l)/zσ(m); q
2k)∞

(q−2+k∓kzσ(l)/zσ(m); q2k)∞

×
a∑

s=0

(−1)s

⎡⎣ a

s

⎤⎦
i

∏
1≤i≤s

(q−bij+k∓kw/zσ(i); q
2k)∞

(qbij+k∓kw/zσ(i); q2k)∞

∏
s+1≤i≤a

(q−bij+k∓kzσ(i)/w; q
2k)∞

(qbij+k∓kzσ(i)/w; q2k)∞

×Z±
i (zσ(1);V) · · · Z±

i (zσ(s);V)Z±
j (w;V)Z±

i (zσ(s+1);V) · · · Z±
i (zσ(a);V) = 0

(i �= j, a = 1− aij). (3.2.19)

Proof. See [53].
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3.2.2 The universal algebra Zk

Definition 3.2.4. For k ∈ C× and (V, π) ∈ Ck, we call the H-subalgebra of DH,V generated by

Z±
i,m(V), K±

i (i ∈ I,m ∈ Z),MH∗ and d the dynamical quantum Z-algebra ZV associated with

(V, π).

3.2.2 The universal algebra Zk

Using the relations in Theorem 3.2.3, we define the universal dynamical quantum Z-algebra as

follows.

Definition 3.2.5. Let Z±
i,m (i ∈ I,m ∈ Z) be abstract symbols. We set Z±

i (z) =
∑

m∈ZZ±
i,mz−m.

We define the universal dynamical quantum Z-algebra Zk to be a topological algebra over F[[q2k]]

generated by Z±
i,m,K±

i (i ∈ I,m ∈ Z), d,MH∗ subject to the relations obtained by replacing

Z±
i (z;V) by Z±

i (z) in Theorem 3.2.3.

We treat the relations as formal Laurent series in z, w and zj ’s in a similar way to those of

Uq,p(ĝ) in sec.2.1. The defining relations are well-defined in the q2k-adic topology.

Proposition 3.2.6. Zk is an H-algebra with the same μl, μr as in Uq,p(ĝ).

Note that for (V, π) ∈ Ck we extend π to the map π : Zk → DH,V by π(Z±
i,m) = Z±

i,m(V).
Then V is a Zk-module by π.

3.2.3 The Induced Uq,p(ĝ)-modules from the Zk-modules

We define a category Dk of the Zk-modules. Each representation of Zk in Dk turns out to be

a dynamical analogue of the quantum Z-algebra derived by Jing [31] from the level-k represen-

tation in the Uq(ĝ) counterpart of Dk. Those statements will be used in the next chapter to

construct the level-k induced Uq,p(ĝ)-modules.

Definition 3.2.7. For k ∈ C×, we denote by Dk the full subcategory of the category of Zk-

modules consisting of those modules (W, σ) such that

(i) W has level k,

(ii) W =
⊔

ω∈CWω, where Wω = {w ∈ W | − σ(d)w = ωw },

(iii) For every ω ∈ C, there exists n0 ∈ N such that for all n > n0, Wω+n = 0.

Let us consider (V, π) ∈ Ck. Following Lepowsky and Wilson [47], we define the vacuum

space ΩV by

ΩV = {v ∈ V | π(αi,n)v = 0 ∀i ∈ I, n ∈ Z>0 }.
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3.2.3 The Induced Uq,p(ĝ)-modules from the Zk-modules

From Theorem 3.2.3, ΩV is stable under the action of ZV and commutes with Uq,p(H). For a

morphism f : V → V ′ in Ck, we have

f(ΩV) ⊂ ΩV ′ .

Proposition 3.2.8. For (V, π) ∈ Ck, there is a unique representation σ of Zk on ΩV such that

(ΩV , σ) ∈ Dk,

σ(K±
i ) = π(K±

i ), σ(Z±
i,m) = Z±

i,m(V) ∀i ∈ I,m ∈ Z.

We hence define a functor Ω : Ck → Dk by

Ω(V, π) = (ΩV , σ), Ω(f) = f |ΩV : ΩV → ΩV ′ .
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Chapter 4

Representation theory of Uq,p(ĝ)

This chapter deals with the infinite dimensional representation of Uq,p(ĝ). We construct the

induced Uq,p(ĝ)-module as a tensor product of the Zk-module and the Uq,p(H)-modules. We

discuss the irreducibility of the resultant induced Uq,p(ĝ)-module, we find that Uq,p(ĝ)-module

is irreducible if and only if Zk-module is irreducible. Namely, the irreducibility of the Uq,p(ĝ)-

module is controlled by the Zk-module. For k = 1, we present some examples of the level-1

infinite dimensional irreducible representations of Uq,p(ĝ). The level-1 representations will be

used in the next chapter to find the higher level representation of the elliptic quantum group

Uq,p(ŝl2).

This chapter is organized as follow. In the beginning, we construct the Uq,p(ĝ)-module

which is expressed as a tensor product of the dynamical quantum Z-algebra module and the

Heisenberg algebra Uq,p(H)-module. Then we obtain a realization of Uq,p(ĝ) in forms of the

Z-algebra and the Heisenberg algebra. Then we define the reverse functor from the level-

k category of Zk-modules to the category of the level-k Uq,p(ĝ)-modules. We show how the

irreducibility of the Uq,p(H)-module depends on the irreducibility of the Zk-algebra module.

In the end of this chapter, we list some level-1 irreducible representations of Uq,p(ĝ) for ĝ =

A
(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 and B

(1)
l . These results are published in [53].

4.1 Infinite dimensional representation of Uq,p(ĝ)

In 4.1.1, Zk is realized in term of the quantum Z-algebra associated with level-k Uq(ĝ)-module

which we state in section 2.2.4. We also give the infinite dimensional representation of Uq,p(ĝ).

4.1.1 The functor Λ

We define a reverse functor Λ : Dk → Ck which is equivalent to Ω such that we can construct

the Uq,p(ĝ)-modules from Zk-modules and visa versa.
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4.1.1 The functor Λ

Let (W, σ) ∈ Dk be a Zk-module. We define Uq,p(H)-module IndW by requiring αi,m ·W = 0

and

IndW = Uq,p(H)⊗Uq,p(H+) W.

Let Fα,k be the level-k Fock module defined in section 3.1 We have a natural isomorphism

Fα,k ⊗C W ∼= Ind W by (u⊗ 1k)⊗w �→ u⊗w [47]. We thus identify the Uq,p(H)-module IndW
with Fα,k ⊗C W, with the action π of Uq,p(H)

π(c) = 1⊗ c, π(K±
i ) = 1⊗ σ(K±

i ), π(αi,m) = αi,m ⊗ 1.

For (W, σ) ∈ Dk and IndW = Fα,k ⊗C W, we define e′j(z), f
′
j(z) ∈ DH,IndW [[z, z−1]] by

e′j(z) = E−(αj , z)
−1E+(αj , z)

−1 ⊗ σ(Z+
j (z)),

f ′
j(z) = E−(α′

j , z)
−1E+(α′

j , z)
−1 ⊗ σ(Z−

j (z)).

These are well-defined elements of DH,IndW [[z, z−1]]. By a similar argument to the proof of

Theorem 3.2.3 one can show that e′j(z) and f ′
j(z) satisfy the defining relations of Uq,p(ĝ) with

c = k. We hence extend π : Uq,p(H) → DH,IndW to π : Uq,p(ĝ) → DH,IndW as a H-algebra

homomorphism by

π(ej(z)) = e′j(z), π(fj(z)) = f ′
j(z),

π(d) = d⊗ 1 + 1⊗ σ(d).

By construction, the latter map is uniquely determined.

Proposition 4.1.1. For (W, σ) ∈ Dk, there is a unique level-k Uq,p(ĝ)-module (IndW, π) ∈ Ck.

We thus reach the following definition.

Definition 4.1.2. We define a functor Λ : Dk → Ck by

(i) Λ(W, σ) = (IndW, π)

(ii) For a morphism f : W → W ′ in Dk, define Λ(f) : IndW → IndW ′ to be the induced

Uq,p(H)-module map. Then Λ(f) is a Uq,p(ĝ)-module map.

We obtain the following theorem analogously to the case of the affine Lie algebras [47].

Theorem 4.1.3. For k ∈ C×, the two categories Ck and Dk are equivalent by the functors Ω :

Ck → Dk and Λ : Dk → Ck. In particular, the level-k Uq,p(ĝ)-module IndW = Fα,k ⊗C W ∈ Ck

is irreducible if and only if W ∈ Dk is an irreducible Zk-module.

Comparing the defining relations of Zk with those of Zk, we obtain the following isomorphism.
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4.2 Level-1 representations

Proposition 4.1.4. We have the isomorphism

Zk
∼= (F⊗C Zk)�C[RQ]

as an H-algebra by

Z+
j,m �→ Z+

j,me−Qαj , Z−
j,m �→ Z−

j,m,

K±
i �→ q∓hi

i e−Qαj (i ∈ I,m ∈ Z) d �→ d̄,

where Z±
j,m denotes the generators in Zk (Definition 3.2.4).

Theorem 4.1.5. For (W, σ̄) ∈ Dk and generic μ ∈ h∗, there is a dynamical representation σ of

Zk on WH,Q(μ) := (F⊗C W )⊗C eQμ̄C[RQ] such that (WH,Q(μ), σ) ∈ Ck and

σ(c) = k,

σ(Z+
j,m) = σ̄(Z+

j,m)⊗ e−Qαj , σ(Z−
j,m) = σ̄(Z−

j,m)⊗ 1,

σ(K±
j ) = σ̄(q

∓hj

j )⊗ e−Qαj , σ(d) = σ̄(d̄)⊗ 1 + 1⊗ Pd,

where Pd denotes a C-linear operator on 1⊗ eQμ̄C[RQ] such that

[1⊗ Pd, σ(Z±
j,m)] = 0.

Proposition 4.1.6. The representation (WH,Q(μ), σ) of Zk is irreducible if and only if W is

an irreducible Zk-module.

From this and Theorem 4.1.3, we obtain:

Proposition 4.1.7. For a Zk-module (W, σ̄) ∈ Dk and generic μ ∈ h∗, let (WH,Q(μ), σ) be the

Zk-module constructed in Theorem 4.1.5 and IndWH,Q(μ) = Fα,k ⊗C WH,Q(μ) be the level-k

induced Uq,p(ĝ)-module given in Prop.4.1.1. Then (IndWH,Q(μ), π) is irreducible if and only if

(W, σ̄) is irreducible.

4.2 Level-1 representations

We here give some examples of the level-1 irreducible induced representations of Uq,p(ĝ) of types

ĝ = A
(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 and B

(1)
l .

4.2.1 The simply laced case :

Let us consider Theorem 2.2.21, then for generic μ ∈ h∗, we have from Theorem 4.1.5 a level-1

irreducible Z1(ĝ) module WH,Q(Λa, μ) := (F⊗C W (Λa))⊗ eQμ̄C[RQ] with the action given by

Z+
j (z) = Z+

j (z)⊗ e−Qαj , Z−
j (z) = Z−

j (z)⊗ 1. (4.2.1)

Then from Proposition 4.1.7 we obtain:
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4.2.2 The B
(1)
l case

Theorem 4.2.1. A level-1 irreducible highest weight representations of Uq,p(ĝ) is given by

V(Λa + μ, μ) := IndWH,Q(Λa, μ) with the highest weight (Λa + μ, μ):

V(Λa + μ, μ) = Fα,1 ⊗WH,Q(Λa, μ) =
⊕

γ,κ∈Q
Fγ,κ(Λa, μ),

where

Fγ,κ(Λa, μ) = F⊗C (Fα,1 ⊗ eΛ̄a+γ)⊗ eQμ̄+κ ,

The highest weight vector is 11 ⊗ eΛ̄a ⊗ eQμ̄. The derivation operator d is realized as

d = −1

2

l∑
j=1

hjh
j −Nα +

1

2r∗

l∑
j=1

(Pj + 2)P j − 1

2r

l∑
j=1

((P + h)j + 2)(P + h)j ,

Nα =
l∑

j=1

∑
m∈Z>0

m2

[m]

1− p∗m

1− pm
qmαj,−mAj

m,

where r, r∗ ∈ C×, and Aj
m are the fundamental weight type elliptic bosons given in section 5.1

in [53].

One can easily calculate the character of V(Λa, μ):

chV(Λa+μ,μ) = trV(Λa+μ,μ)q
−d− c(W (g))

24 =
∑

γ,κ∈Q
chFγ,κ(Λa,μ),

chFγ,κ(Λa,μ) =
1

η(q)l
q

1
2rr∗ |r(μ̄+κ+ρ̄)−r∗(Λ̄a+μ̄+γ+κ+ρ̄)|2 .

Here c(W (g)) = l(1− g(g+1)
rr∗ ), and η(q) denotes Dedekind’s η-function given by

η(q) = q
1
24 (q; q)∞.

4.2.2 The B
(1)
l case

We consider the quantum Z-algebra Z1(B
(1)
l ) and thier level-1 irreducible Z1(B

(1)
l )-modules

which stated in subsection 2.2.7. For generic μ ∈ h∗ and a = 0, 1, l, we set WH,Q(Λa, μ) =

(F⊗CW (Λa))⊗eQμ̄C[RQ]. From Proposition 4.1.1 we have the following three level-1 irreducible

Uq,p(B̂
(1)
l )-modules with the higest weight (Λa + μ, μ):

V(Λa + μ, μ) = Fα,1 ⊗C WH,Q(Λa, μ)

=
⊕

γ∈Q0,κ∈Q

⊕
λ∈max(Λa)
mod Q0+Cδ

Fλ,γ,κ(Λa, μ),
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4.2.2 The B
(1)
l case

where

FΛ0,γ,κ(Λ0, μ) = F⊗C (Fα,1 ⊗FNS
even ⊗ eγ)⊗ eQμ̄+κ ,

FΛ1,γ,κ(Λ0, μ) = F⊗C (Fα,1 ⊗FNS
odd ⊗ eΛ̄1+γ)⊗ eQμ̄+κ ,

FΛ1,γ,κ(Λ1, μ) = F⊗C (Fα,1 ⊗FNS
even ⊗ eΛ̄1+γ)⊗ eQμ̄+κ ,

FΛ0,γ,κ(Λ1, μ) = F⊗C (Fα,1 ⊗FNS
odd ⊗ eγ)⊗ eQμ̄+κ ,

FΛl,γ,κ(Λl, μ) = F⊗C (Fα,1 ⊗FR ⊗ eΛ̄l+γ)⊗ eQμ̄+κ ,

FΛl−αl,γ,κ(Λ1, μ) = F⊗C (Fα,1 ⊗FR ⊗ eΛ̄l+Λ̄1+γ)⊗ eQμ̄+κ .

The highest weight vectors are given by 1⊗ 1⊗ 1⊗ eQμ̄ for V(Λ0 + μ, μ), 1⊗ 1⊗ eΛ̄1 ⊗ eQμ̄ for

V(Λ1 + μ, μ) and 1⊗ 1⊗
⎛⎝1

1

⎞⎠⊗ eΛ̄l ⊗ eQμ̄ for V(Λl + μ, μ), respectively.

It is also easy to calculate the characters of these modules:

chV(Λa+μ,μ) = trV(Λa+μ,μ)q
−d− cW

24 =
∑

λ∈max(Λa)
mod Q0+Cδ
γ∈Q0,κ∈Q

chFλ,γ,κ(Λa,μ),

where cW = (l + 1
2)
(
1− 2l(2l−1)

rr∗

)
is the central charge of the WBl algebra by Fateev and

Lukyanov [49], and the derivation operator d is realized as

d = −1

2

l∑
j=1

hjh
j −Nα −NΨ +

1

2r∗

l∑
j=1

(Pj + 2)P j − 1

2r

l∑
j=1

((P + h)j + 2)(P + h)j ,

Nα =

l∑
j=1

∑
m∈Z>0

m2

[m]

1− p∗m

1− pm
qmαj,−mAj

m, NΨ =
∑
m>0

m(q
1
2 + q−

1
2 )

qm + q−m
Ψ−mΨm

where r, r∗ ∈ C×, and Aj
m are the fundamental weight type elliptic bosons of the type Bl given

in section 5.1 in [53], Ψm denotes Ψm on FNS and Ψ̂m on FR. We obtain:

chV(Λa+μ,μ) =
∑

λ∈max(Λa)
mod Q0+Cδ
γ∈Q0,κ∈Q

chFλ,γ,κ(Λa,μ),

chFΛ0,γ,κ
(Λ0,μ) = cΛ0

Λ0
q

1
2rr∗ |r(μ̄+κ+ρ̄)−r∗(μ̄+κ+γ+ρ̄)|2 ,

chFΛ1,γ,κ
(Λ0,μ) = cΛ0

Λ1
q

1
2rr∗ |r(μ̄+κ+ρ̄)−r∗(Λ̄1+μ̄+κ+γ+ρ̄)|2 ,

chFΛ1,γ,κ
(Λ1,μ) = cΛ1

Λ1
q

1
2rr∗ |r(μ̄+κ+ρ̄)−r∗(Λ̄1+μ̄+κ+γ+ρ̄)|2 ,

chFΛ0,γ,κ
(Λ1,μ) = cΛ1

Λ0
q

1
2rr∗ |r(μ̄+κ+ρ̄)−r∗(μ̄+κ+γ+ρ̄)|2 ,

chFΛl,γ,κ
(Λl,μ) = cΛl

Λl
q

1
2rr∗ |r(μ̄+κ+ρ̄)−r∗(Λ̄l+μ̄+κ+γ+ρ̄)|2 ,

chFΛl−αl,γ,κ
(Λ1,μ) = cΛ1

Λl−αl
q

1
2rr∗ |r(μ̄+κ+ρ̄)−r∗(Λ̄l+μ̄+κ+γ+ρ̄)|2 ,
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4.2.2 The B
(1)
l case

where

cΛ0
Λ0

= cΛ1
Λ1

=
q−

1
48

2η(q)l

(
(−q

1
2 ; q)∞ + (q

1
2 ; q)∞

)
,

cΛ1
Λ0

= cΛ0
Λ1

=
q−

1
48

2η(q)l

(
(−q

1
2 ; q)∞ − (q

1
2 ; q)∞

)
,

cΛl
Λl

= cΛl
Λl−αl

=
q

1
24

2η(q)l
(−q; q)∞.
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Chapter 5

Higher level realization of Uq,p(ŝl2)

For the affine Lie algebra, the integrable representation was defined in [34] as the highest weight

module on which the locally Chevally generators locally nilpotent. The higher level representa-

tion of the affine Lie algebra ŝl2 was studied in [46]. Proposition VI.5 in Ref. [45] showed that

on that level-k+ 1 (k ∈ Z>0) standard ŝl2-module, the currents x±α(z) are nilpotent operators,

x±α(z)
k+2 = 0.

The quantum analogue of this condition appeared in [10]. The authors in [10, 13] studied

the higher level representation of the quantum affine algebra Uq(ŝl2), quantum Z-algebra and

the quantum integrable condition by using the Drinfeld coproduct [10] for the Drinfeld realiza-

tion of level-1 Uq(ŝl2) [16]. Also they showed that the vertex operators (x±(z))k satisfy cer-

tain q-difference equations (x+(zq2))k = 	kφ−1(zq
m+1

2 )(x+(z))k 	k ψ(zq
3(m+1)

2 ), (x−(zq2))k =

	kφ(zq
−3(m+1)

2 )(x−(z)	k ψ−1(zq
−(m+1)

2 ), where φ(z) and ψ(z) are the generating functions of

the bosons a−n, an(n ∈ Z>0) respectively.

For the elliptic algebra Uq(ŝl2), the integrable condition of that higher level representation

had not been studied. These subjects are addressed in this chapter [52]. In [29], the authors

introduced the elliptic analogue of the Drinfeld coproduct for Uq,p(ŝl2). The level-1 standard

representations of Uq,p(ĝ) for ĝ = A
(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 and B

(1)
l were given in [53]. Using

the elliptic Drinfeld coproduct [29, 43] and the standard level-1 realization of Uq,p(ŝl2) [53], we

construct the higher level realization of Uq,p(ŝl2). The level-k+ 1 elliptic currents are expressed

as a multiply coproduct of the level-1 elliptic currents. In particular, we obtain the level-k + 1

Heisenberg algebra, then we introduce the vertex operators E±
(k)(α, z), E

±
(k)(α

′, z) and define the

level-k + 1 quantum Z-operators from the level-k + 1 elliptic currents. Also, we give an elliptic

analogue of the quantum integrable condition for level-k + 1 integrable module of Uq,p(ŝl2)

[52]. There we found that the products EN (z) = 	k(e(z))	k (e(zq2)) · · · 	k (e(zq2(N−1))) and

FN (z) = 	k(f(z))	k (f(zq−2)) · · · 	k (f(zq−2(N−1))) vanish at N = k + 2. We also show that

the products EN (z) and FN (z) at N = k + 1 give certain vertex operators associated with the
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5.1 Co-algebra structure of Uq,p(ŝl2)

level-k + 1 module of Uq,p(ŝl2).

This chapter is organized as follows. In section 5.1, we define the H-Hopf algebroid structure

on Uq,p(ŝl2) and formulate it as an elliptic quantum group. We apply the argument of last

chapter to introduce the level-1 highest weight realization of Uq,p(ŝl2) in section 5.2. After that,

we show a construction of the level-k + 1 realization of Uq,p(ŝl2) using Drinfeld coproduct at

level-1 realization of Uq,p(ŝl2). Level-k + 1 realization of Heisenberg algebra Uq,p(H) is found

too. Furthermore, we give a realization of the level-k + 1 Z-algebra associated with level-k + 1

realization of Uq,p(ŝl2) in section 5.4. We present the elliptic analogue of quantum integrable

condition for any level-k + 1 integrable module of Uq,p(ŝl2) in the last section where we present

a kind of vertex operators of the level-k + 1 elliptic bosons. These results are published in [52].

5.1 Co-algebra structure of Uq,p(ŝl2)

Here we follow [41–43] to present the Hopf algebroid structure on Uq,p(ŝl2) using the Drinfeld

coproduct of Uq,p(ŝl2) [29]. A different Hopf algebroid structure was given in [42] by using a

different co-product.

5.1.1 H-Hopf algebroid

Let A be a complex associative algebra, H be a finite dimensional commutative subalgebra of

A, and MH∗ be the field of meromorphic functions on H∗ the dual space of H.

Definition 5.1.1 (H-algebra). An H-algebra is an associative algebra A with 1, which is bi-

graded over H∗, A =
⊕

α,β∈H∗
Aαβ, and equipped with two algebra embeddings μl, μr : MH∗ → A00

(the left and right moment maps), such that

μl(f̂)a = aμl(Tαf̂), μr(f̂)a = aμr(Tβ f̂), a ∈ Aαβ , f̂ ∈ MH∗ ,

where Tα denotes the automorphism (Tαf̂)(λ) = f̂(λ+ α) of MH∗.

Definition 5.1.2. An H-algebra homomorphism is an algebra homomorphism π : A → B

between two H-algebras A and B such that for α, β ∈ H∗

π(Aαβ) ⊆ Bαβ , π(μA
l (f̂)) = μB

l (f̂), π(μA
r (f̂)) = μB

r (f̂).

The tensor product A⊗̃B =
⊕

α,β∈H∗
(A⊗̃B)αβ =

⊕
α,β∈H∗

(
⊕
γ∈H∗

(Aαγ ⊗MH∗ Bγβ)) is again an H-

algebra with the multiplication (a⊗ b)(c⊗ d) = ac⊗ bd. The tensor product ⊗MH∗ refers to the

usual tensor product modulo the following rule:

μA
r (f̂)a⊗ b = a⊗ μB

l (f̂)b, a ∈ A, b ∈ B, f̂ ∈ MH∗ . (5.1.1)
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5.1.2 H-Hopf algebroid structure of Uq,p(ŝl2)

The unit object D in the category of H-algebras is an algebra of automorphisms MH∗ →
MH∗

D = {
∑
i

f̂iTβi
| f̂i ∈ MH∗ , βi ∈ H∗} =

⊕
α∈H∗

Dαα (5.1.2)

where Dαα = {f̂T−α | f̂ ∈ MH∗ , α ∈ H∗} and the moment maps μD
l , μ

D
r : MH∗ → D00 are

defined by μD
l (f̂) = μD

r (f̂) = f̂T0.

Definition 5.1.3. An H-Hopf algebroid is an H-algebra A equipped with two H-algebra ho-

momorphisms: coproduct 	 : A → A⊗̃A, counit ε : A → D and a C-linear map: antipode

a : A → A. 	, ε, a satisfy the following

(	⊗̃id) ◦ 	 = (id⊗̃	) ◦ 	 (5.1.3)

(ε⊗̃id) ◦ 	 = (id⊗̃ε) ◦ 	 (5.1.4)

m ◦ (id⊗̃a) ◦ 	(x) = μl(ε(x)1), ∀x ∈ A (5.1.5)

m ◦ (a⊗̃id) ◦ 	(x) = μr(Tα(ε(x)1)), ∀x ∈ Aαβ . (5.1.6)

m : A⊗̃A → A refers the multiplication and ε(x)1(x ∈ A) refers the action of the operator ε(x)

on the constant function 1 ∈ MH∗.

5.1.2 H-Hopf algebroid structure of Uq,p(ŝl2)

Proposition 5.1.4. U = Uq,p(ŝl2) is an H-algebra by

U =
⊕

α,β∈H∗
Uαβ ,

Uαβ =
{
x ∈ U

∣∣∣ qP+hxq−(P+h) = q<α,P+h>x, qPxq−P = q<β,P>x ∀P + h, P ∈ H
}

and μl, μr : F → U00 defined by

μl(f̂) = f(P + h, p) ∈ F[[p]], μr(f̂) = f(P, p∗) ∈ F[[p]].

The tensor product U⊗̃U =
⊕

α,β∈H∗
(U⊗̃U)αβ is an H∗ bigraded algebra.

The H-algebra D of the shift operators is

D = {
∑
i

f̂iTαi | f̂i ∈ MH∗ , αi ∈ H∗}.

with the bigraded structure and the moments map as in Definition 5.1.1.

In [42], Konno defined the Hopf algebroid structure on Uq,p(ŝl2) by the coproduct of L-operator.

Here we define the Hopf algebroid structure on Uq,p(ŝl2) by the Drinfeld coproduct [29, 43].
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5.2 Level-1 highest weight representation of Uq,p(ŝl2)

Theorem 5.1.5. [43] The elliptic algebra Uq,p(ŝl2) has an elliptic analogue of the Drinfeld

coproduct 	 : Uq,p(ŝl2) → Uq,p(ŝl2)⊗̃Uq,p(ŝl2), the counit ε : Uq,p(ŝl2) → D and the antipode

a : Uq,p(ŝl2) → Uq,p(ŝl2)

	(qc) = qc⊗̃qc,	(qh) = qh⊗̃qh (5.1.7)

	(ψ±(z)) = ψ±(q±
c(2)

2 z)⊗̃ψ±(q∓
c(1)

2 z) (5.1.8)

	(μr(f̂)) = 1⊗̃μr(f̂),	(μl(f̂)) = μl(f̂)⊗̃1 (5.1.9)

	(e(z)) = e(q−c(2)z)⊗̃ψ−(q−
c(2)

2 z) + 1⊗̃e(z) (5.1.10)

	(f(z)) = f(z)⊗̃1 + ψ+(q−
c(1)

2 z)⊗̃f(zq−c(1)) (5.1.11)

ε(qc) = 1, ε(ψ+(z)) = ε(ψ−(z)) = 1 (5.1.12)

ε(μr(f̂)) = ε(μl(f̂)) = f̂T0 (5.1.13)

ε(e(z)) = ε(f(z)) = 0, ε(αn) = 0 (5.1.14)

a(qc) = q−c, a(ψ±(z)) = ψ±(z)−1 (5.1.15)

a(μr(f̂)) = μl(f̂), a(μl(f̂)) = μr(f̂) (5.1.16)

a(e(z)) = −ψ−(zq
c
2 )−1e(qcz) (5.1.17)

a(f(z)) = −f(qcz)ψ+(zq
c
2 )−1. (5.1.18)

Namely, the maps 	, ε are algebra homomorphism and a is an anti-algebra homomorphism

satisfying the relations (5.1.3)-(5.1.6) in Definition 5.1.3. Therefore the H-algebra Uq,p(ŝl2)

with 	, ε, a is an H-Hopf algebroid.

Proof. See [52].

We call the H-Hopf algebroid (Uq,p(ŝl2), H,MH∗, μl, μr, ,	, ε, a) the elliptic quantum group

Uq,p(ŝl2).

5.2 Level-1 highest weight representation of Uq,p(ŝl2)

We derive the induced level-1 highest weight representation of Uq,p(ŝl2) which we use along with

the Drinfeld’s coproducts Theorem 5.1.5 in section 5.1. In the next section we construct the

irreducible level-k + 1 representation of Uq,p(ŝl2).

Definition 5.2.1. Define the fundamental weight Λa(a = 0, 1) ∈ h∗ by Λ1 = Λ̄1 + Λ0 such that

< Λa, h >= δa,1, < Λa, c >= δa,0.

From Definitions 5.2.1, 2.3.6, 2.3.7, (3.1.1)-(3.1.3) and (2.2.21) we have
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5.2 Level-1 highest weight representation of Uq,p(ŝl2)

Theorem 5.2.2. [53] For a = 0, 1. Define V(Λa + μ, μ) =
⊕

γ,κ∈Q
(F⊗C (Fα,1 ⊗ eΛ̄a+γ)⊗ eQμ̄+κ).

Let ρ : Uq,p(ŝl2) −→ End(V(Λa + μ, μ)) by

ρ(ψ+(z)) = q−he−2Q exp

(
−(q − q−1)

∑
n>0

ρ(α−n)

1− pn
(zq

1
2 )n

)

× exp

(
(q − q−1)

∑
n>0

pnρ(αn)

1− pn
(zq

1
2 )−n

)
(5.2.1)

ρ(ψ−(z)) = qhe−2Q exp

(
−(q − q−1)

∑
n>0

pnρ(α−n)

1− pn
(zq−

1
2 )n

)

× exp

(
(q − q−1)

∑
n>0

ρ(αn)

1− pn
(zq−

1
2 )−n

)
(5.2.2)

ρ(e(z)) =: exp

⎛⎝−
∑
n �=0

ρ(αn)

[n]
z−n

⎞⎠ : eαzh+1 (5.2.3)

ρ(f(z)) =: exp

⎛⎝∑
n �=0

ρ(α′
n)

[n]
z−n

⎞⎠ : e−αz−h+1, (5.2.4)

where Fα,1 is the polynomial ring C[α−m (m > 0)]. For u ∈ C[α−m (m > 0)]

ρ(c) · u = u, ρ(α−n) · u = α−nu,

ρ(αn) · u =
[2n][n]

n

1− pn

1− p∗n
q−n ∂

∂α−n
u (n > 0).

Then V(Λa + μ, μ) is the level-1 irreducible highest weight module of Uq,p(ŝl2) with the highest

weight (Λa + μ, μ) and the highest weight vector v0 = 1⊗ 1⊗ eΛa ⊗ eQ.

For convention, we will drop ρ to refer the elements in End(V(Λa + μ, μ)). The following

proposition states the OPE relations of the level-1 elliptic operators. These OPE relations are

used later in proof of some lemmas.

Proposition 5.2.3. The level-1 elliptic operators satisfy the following relations

e(z)e(w) =
(q−2p∗wz ; p

∗)∞
(q2p∗wz ; p

∗)∞
(q−2w

z ; q
2c)∞

(q2wz ; q
2c)∞

: e(z)e(w) : (5.2.5)

ψ−(z)e(w) =
(q−2− c

2
w
z ; pq

−2c)∞
(q2−

c
2
w
z ; pq

−2c)∞
: ψ−(z)e(w) : (5.2.6)

f(z)f(w) =
(q−2w

z ; q
2c)∞

(q2wz ; q
2c)∞

(q2wz ; p)∞
(q−2w

z ; p)∞
: f(z)f(w) : (5.2.7)

f(z)ψ+(w) =
(q−2+ c

2
w
z , p)∞

(q2+
c
2
w
z , p)∞

: f(z)ψ+(w) : (5.2.8)

ψ±(z)ψ±(w) =
(q−2w

z ; pq
−2c)∞

(q2wz ; pq
−2c)∞

(q2wz ; p)∞
(q−2w

z ; p)∞
: ψ±(z)ψ±(w) :, (5.2.9)

where c acts on V(Λa + μ, μ) by 1.

46



5.3 Level-k + 1 realization of Uq,p(ŝl2)

5.3 Level-k + 1 realization of Uq,p(ŝl2)

For k > 0, λi ∈ h∗, μ(i) ∈ H∗(i ∈ {0, 1, · · · , k + 1}). Let’s consider a tensor product of k + 1

copies of the level-1 highest weight modules V(Λa + μ, μ)(a = 0, 1)

Vk+1(λi, μ) = V(Λa(1) + μ(1), μ(1))⊗ · · · ⊗ V(Λa(i) + μ(i), μ(i))⊗ V(Λa(i+1) + μ(i+1), μ(i+1))

⊗ · · · ⊗ V(Λa(k+1) + μ(k+1), μ(k+1)), (5.3.1)

such that a(1), · · · , a(k+1) ∈ {0, 1} and take i of a’s as 0 and k + 1 − i of a’s as 1. Denote by

v(k+1) ∈ Vk+1(λ, μ) the tensor product of the highest weight vectors in the tensor factors in

relation (5.3.1). For calculation of the highest weight of v(k+1), we refer to [52].

Theorem 5.3.1. The space Vk+1(λi, μ) is the level-k+1 highest weight module of Uq,p(ŝl2) with

the highest weight

(λi, μ) = (iΛ0 + (k + 1− i)Λ1 +
k+1∑
j=1

μ(j),
k+1∑
j=1

μ(j))

by the action

	k(e(z)) =

k+1∑
i=1

ei(z),

ei(z) = 1⊗ · · · 1⊗ e(zq−(c(i+1)+···+c(k+1)))⊗ ψ−(zq−( c
(i+1)

2
+c(i+2)+···+c(k+1)))

⊗ψ−(zq−( c
(i+2)

2
+c(i+3)+···+c(k+1)))⊗ · · · ⊗ ψ−(zq−

c(k+1)

2 ), (5.3.2)

	k(f(z)) =

k+1∑
i=1

f i(z),

f i(z) = ψ+(zq−
c(1)

2 )⊗ ψ+(zq−(c(1)+ c(2)

2
))⊗ · · · ⊗

ψ+(zq−(c(1)+···+c(i−2)+ c(i−1)

2
))⊗ f(zq−(c(1)+···+c(i−2)+c((i−1)))⊗ 1 · · · ⊗ 1,

(5.3.3)

	k(ψ±(z)) = ψ±(zq±
c(2)+c(3)+···c(k+1)

2 )⊗ ψ±(zq∓
c(1)

2
± c(3)+c(4)+···c(k+1)

2 )

⊗ψ±(zq∓
c(1)+c(2)

2
± c(4)+c(5)+···c(k+1)

2 )⊗ · · · ⊗ ψ±(zq−
c(1)+···c(k)

2 ), (5.3.4)

where c(i) = 1⊗ · · · ⊗ c⊗ · · · ⊗ 1 and c(i) acts on V(Λa(i) + μ(i), μ(i)) as 1.

Proof. See [52].

We also obtain the comultiplication formula	k of boson operator αn(n �= 0) from	k(ψ±(z)).
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5.4 Quantum Z-algebra structure of level-k + 1 realization

Corollary 5.3.2. For k ≥ 1, n �= 0. The boson operator is

	k(αn) = αn ⊗ 1 · · · 1⊗ 1 +
(1− pn)q−c(1)n

1− pnq−2c(1)n
⊗ αn ⊗ 1 · · · ⊗ 1

+
(1− pn)q−(c(1)+c(2))n

1− pnq−2(c(1)+c(2))n
⊗ 1⊗ αn ⊗ 1 · · · ⊗ 1

+ · · ·+ (1− pn)q−(c(1)+c(2)+···+c(i−1))n

1− pnq−2(c(1)+c(2)+···+c(i−1))n
⊗ 1 · · · ⊗ αn ⊗ 1 · · · ⊗ 1

+ · · ·+ (1− pn)q−(c(1)+c(2)+···+c(k))n

1− pnq−2(c(1)+c(2)+···+c(k))n
⊗ 1 · · · ⊗ αn, (5.3.5)

where c(i) = 1⊗ · · · ⊗ c⊗ · · · ⊗ 1.

Proof. See [52].

The operators 	k(αn)(n �= 0) give a level-k+1 realization of the Heisenberg algebra Uq,p(H).

Proposition 5.3.3. The operators 	k(αn)(n �= 0) and 	k(c) satisfy

[	k(αm),	k(αn)] =
[2m][	k(c)m]

m

1− pm

1− pmq−2�k(c)m
q−�k(c)mδm+n,0, (5.3.6)

[	k(αm),	k(e(z))] =
[2m]

m

1− pm

1− pmq−2�k(c)m
q−�k(c)mzm 	k (e(z)), (5.3.7)

[	k(αm),	k(f(z))] = − [2m]

m

1− pmq−2�k(c)m

1− pm
q�

k(c)mzm 	k (f(z)). (5.3.8)

By means of an elliptic analogue of the Drinfeld coproduct, we have found the higher level

module of the elliptic quantum group Uq,p(ŝl2).

5.4 Quantum Z-algebra structure of level-k + 1 realization

Here we give a realization of the level-k + 1 quantum Z-algebra. Let’s introduce the vertex

operators E±
(k)(α, z) and E±

(k)(α
′, z) in the following definition.

Definition 5.4.1. By using the level-k + 1 elliptic bosons 	k(αn)(n �= 0), we define the vertex

operators

E±
(k)(α, z) = exp

(
±
∑
n>0

	k(α±n)

[	k(c)n]
z∓n

)
, E±

(k)(α
′, z) = exp

(
∓
∑
n>0

	k(α′±n))

[	k(c)n]
z∓n

)
,

which are formal Laurent series in z with coefficient in EndVk+1(λi, μ).

The following proposition is a consequence of the commutation relations (5.3.6)-(5.3.8) in

Proposition 5.3.3 with 	k(c) acts as the scalar k + 1.

48



5.4 Quantum Z-algebra structure of level-k + 1 realization

Proposition 5.4.1. E±
(k)(α, z) and E±

(k)(α
′, z) satisfy the following relations:

E+
(k)(α, z)E

−
(k)(α,w) =

(q−2+2(k+1)w/z; q2(k+1))∞(q−2w/z; pq−2(k+1))∞
(q2+2(k+1)w/z; q2(k+1))∞(q2w/z; pq−2(k+1))∞

E−
(k)(α,w)E

+
(k)(α, z),

(5.4.1)

E+
(k)(α

′, z)E−
(k)(α

′, w) =
(q−2w/z; q2(k+1))∞(q2w/z; p)∞
(q2w/z; q2(k+1))∞(q−2w/z; p)∞

E−
(k)(α

′, w)E+
(k)(α

′, z), (5.4.2)

E+
(k)(α, z)E

−
(k)(α

′, w) =
(q2+(k+1)w/z; q2(k+1))∞
(q−2+(k+1)w/z; q2(k+1))∞

E−
(k)(α

′, w)E+
(k)(α, z), (5.4.3)

E+
(k)(α

′, z)E−
(k)(α,w) =

(q2+(k+1)w/z; q2(k+1))∞
(q−2+(k+1)w/z; q2(k+1))∞

E−
(k)(α,w)E

+
(k)(α

′, z), (5.4.4)

E±
(k)(α, z)	k (e(w)) =

(q±2+2(k+1)(w/z)±1; q2(k+1))∞(q±2(w/z)±1; pq−2(k+1))∞
(q∓2+2(k+1)(w/z)±1; q2(k+1))∞(q∓2(w/z)±1; pq−2(k+1))∞

×	k (e(w))E±
(k)(α, z), (5.4.5)

E±
(k)(α

′, z)	k (f(w)) =
(q±2(w/z)±1; q2(k+1))∞(q±2(w/z)±1; p)∞
(q∓2(w/z)±1; q2(k+1))∞(q∓2(w/z)±1; p)∞

	k (f(w))E±
(k)(α

′, z),

(5.4.6)

E±
(k)(α

′, z)	k (e(w)) =
(q∓2+(k+1)(w/z)±1; q2(k+1))∞
(q±2+(k+1)(w/z)±1; q2(k+1))∞

	k (e(w))E±
(k)(α

′, z), (5.4.7)

E±
(k)(α, z)	k (f(w)) =

(q∓2+(k+1)(w/z)±1; q2(k+1))∞
(q±2+(k+1)(w/z)±1; q2(k+1))∞

	k (f(w))E±
(k)(α, z). (5.4.8)

Definition 5.4.2. [53] For k ∈ Z>0. We define the level-k + 1 quantum Z-operators by

	k(e(z)) = E(k, α, z)Z+(z)

	k(f(z)) = E(k, α′, z)Z−(z)

where

E(k, α, z) = E−
(k)(−α, z)E+

(k)(α, z)

= exp

(∑
n>0

	k(α−n)

[	k(c)n]
zn

)
exp

(
−
∑
n>0

	k(αn)

[	k(c)n]
z−n

)
, (5.4.9)

E(k, α′, z) = E−
(k)(−α′, z)E+

(k)(−α′, z)

= exp

(
−
∑
n>0

	k(α′−n))

[	k(c)n]
zn

)
exp

(∑
n>0

	k(α′
n))

[	kcn]
z−n

)
, (5.4.10)

Z±(z) =
k+1∑
i=1

Z±
i (z). (5.4.11)

Since 	k(e(z)) and 	k(f(z)) satisfy the defining relations of Uq,p(ŝl2), we find that Z±(z)

satisfy the following relations [53]:
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5.4 Quantum Z-algebra structure of level-k + 1 realization

Theorem 5.4.2. [53]

g(P + h)Z+(z) = Z+(z)g(P + h), g(P )Z+(z) = Z+(z)g(P− < Q,P >), (5.4.12)

g(P + h)Z−(z) = Z−(z)g(P + h− < α,P + h >), g(P )Z−(z) = Z−(z)g(P ), (5.4.13)

[d, Z±(z)] = −z
∂

∂z
Z±(z), (5.4.14)

[	k(αm), Z±(w)] = 0, (5.4.15)

	k(K±)Z+(z) = q∓2(k+1)Z+(z)	k (K±), 	k(K±)Z−(z) = q±2(k+1)Z−(z)	k (K±),

(5.4.16)

z
(q−2w/z; q2(k+1))∞

(q2+2(k+1)w/z; q2(k+1))∞
Z±(z)Z±(w) = −w

(q−2z/w; q2(k+1))∞
(q2+2(k+1)z/w; q2(k+1))∞

Z±(w)Z±(z), (5.4.17)

(q2+(k+1)w/z; q2(k+1))∞
(q−2+(k+1)w/z; q2(k+1))∞

Z+(z)Z−(w)− (q2+(k+1)z/w; q2(k+1))∞
(q−2+(k+1)z/w; q2(k+1))∞

Z−(w)Z+(z)

=
1

q − q−1

(
	k(K−)δ

(
q−(k+1)z/w

)−	k(K+)δ
(
q(k+1)z/w

))
. (5.4.18)

Proof. See [52].

From Definition 5.4.2, Theorem 5.3.1 and Theorem 5.2.2 with c(i) = 1⊗ · · · ⊗ c⊗ · · · ⊗ 1, we

express the level-k + 1 quantum Z-operators as follows

Z+(z) =

k+1∑
i=1

E−
(k)(α, z)E

−
i (α, z)E

+
i (α, z)E

+
(k)(α, z)

×(1⊗ · · · ⊗ eα ⊗ e−2Q ⊗ · · · ⊗ e−2Q)

×(1⊗ · · · ⊗ zhq−(c(i+1)+···+c(k+1))h ⊗ qh ⊗ · · · ⊗ qh)zq−(c(i+1)+···+c(k+1)),

Z−(z) =
k+1∑
i=1

E−
(k)(α

′, z)F−
i (α, z)F

+
i (α, z)E

+
(k)(α

′, z)

×(e−2Q ⊗ · · · ⊗ e−2Q ⊗ e−α ⊗ 1 · · · ⊗ 1)

×(q−h ⊗ · · · ⊗ q−h ⊗ z−hq(c
(i+1)+···+c(k+1))h ⊗ 1 · · · ⊗ 1)zq−(c(i+1)+···+c(k+1)),

where

E−
i (α, z) = exp

(
(q−1 − q)

∑
n>0

{1⊗ · · · ⊗ α−nq
c(i)n

1− q2c
(i)n

q−(c(i+1)+···+c(k+1))n ⊗ 1 · · · ⊗ 1

+1⊗ · · · ⊗ pnα−n

1− pn
q−(c(i+2)+···+c(k+1))n ⊗ 1 · · · ⊗ 1 + · · ·+ 1⊗ · · · ⊗ pnα−n

1− pn
}zn
)

E+
i (α, z) = exp

(
(q − q−1)

∑
n>0

{1⊗ · · · ⊗ αn

1− q2c
(i)n

q(c
(i)+···+c(k+1))n ⊗ 1 · · · ⊗ 1

+1⊗ · · · ⊗ αn

1− pn
q−(c(i+2)+···+c(k+1))n ⊗ 1 · · · ⊗ 1 + · · ·+ 1⊗ · · · ⊗ αn

1− pn
}z−n

)
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5.5 Integrable condition of Uq,p(ŝl2)-module

F−
i (α, z) = exp

(
−(q − q−1)

∑
n>0

{ α′−n

1− pnq−2c(1)n
q−c(1)n ⊗ 1 · · · ⊗ 1

+1⊗ α′−n

1− pnq−2c(2)n
q−(c(1)+c(2))n ⊗ 1 · · · ⊗ 1 + · · ·

+1⊗ · · · ⊗ α′−n

1− pnq−2c(i−1)n
q−(c(1)+c(2)+···+c(i−1))n ⊗ 1 · · · ⊗ 1

+1⊗ · · · ⊗ α′−n

1− q2c
(i)n

q−(c(1)+···+c(i−1))n+c(i)n ⊗ 1 · · · ⊗ 1}zn
)

F+
i (α, z) = exp

(
(q − q−1)

∑
n>0

{ pnα′
n

1− pnq−2c(1)n
q−c(1)n ⊗ 1 · · · ⊗ 1

+1⊗ pnα′
n

1− pnq−2c(2)n
q(c

(1)−c(2))n ⊗ 1 · · · ⊗ 1 + · · ·

+1⊗ · · · ⊗ pnα′
n

1− pnq−2c(i−1)n
q(c

(1)+···+c(i−2)−c(i−1))n ⊗ 1 · · · ⊗ 1

+1⊗ · · · ⊗ α′
n

1− q2c
(i)n

q(c
(1)+c(2)+···+c(i−1)+c(i))n ⊗ 1 · · · ⊗ 1}z−n

)
.

5.5 Integrable condition of Uq,p(ŝl2)-module

The integrable representation was defined in [34] as the locally nilpotancy of Chevally generators

on the highest weight module of the affine Lie algebra ŝl2. The quantum analogue of this condi-

tion appeared in [10]. In this section we will investigate the elliptic analogue of the integrability

condition.

Theorem 5.5.1. For k ≥ 1. On the level-k + 1 integrable module Vk+1(λi, μ) of Uq,p(ŝl2), we

obtain a quantum analogue of the condition of integrability (an elliptic analogue of the Wheel

condition) as

Ek+2(z) = 	k(e(z))	k (e(zq2)) · · · 	k (e(zq2(k+1))) = 0 (5.5.1)

Fk+2(z) = 	k(f(z))	k (f(zq−2m)) · · · 	k (f(zq−2(k+1))) = 0. (5.5.2)

In order to show the proof of Theorem 5.5.1, we need the following OPE relations for ei(z)

and f i(z) in the expansion of 	k(e(z)) and 	k(f(z)) respectively.

Lemma 5.5.2. Set i < j. For ei(z)

ei(z)ej(w) =
(q−2w

z ; pq
−2�k(c))∞

(q2wz ; pq
−2�k(c))∞

: ei(z)ej(w) :, (5.5.3)

ej(z)ej(w) =
(q−2+2c(j) w

z ; q
2c(j))∞

(q2+2c(j) w
z ; q

2c(j))∞

(q−2w
z ; pq

−2�k(c))∞
(q2wz ; pq

−2�k(c))∞
: ej(z)ej(w) :, (5.5.4)

ej(z)ei(w) =
(q−2−2�k(c)pw

z ; pq
−2�k(c))∞

(q2−2�k(c)pw
z ; pq

−2�k(c))∞
: ej(z)ei(w) : . (5.5.5)
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For f i(z)

f i(z)f j(w) =
(q2wz ; p)∞
(q−2w

z ; p)∞
: f i(z)f j(w) :, (5.5.6)

f j(z)f j(w) =
(q2wz ; p)∞
(q−2w

z ; p)∞
(q−2w

z ; q
2c(j))∞

(q2wz ; q
2c(j))∞

: f j(z)f j(w) :, (5.5.7)

f j(z)f i(w) =
(q−2pw

z ; p)∞
(q2pw

z ; p)∞
: f j(z)f i(w) : . (5.5.8)

Proof. This follows from Proposition 5.2.3.

Proof. Let us show the proof of (5.5.1). From the comultiplication (5.3.2) in Theorem

5.3.1, we have the following product on Vk+1(λi, μ) for some positive integer N over all possible

decompositions ∑
i1,··· ,iN∈{1,··· ,k+1}

ei1(zi1)e
i2(zi2) · · · eiN (ziN ),

where c(i) = 1.

From the relations (5.5.3)-(5.5.5) in Lemma 5.5.2, one can show that for zij+1/zij = q2 all

terms in (5.5.9) are zero except for those with indices i1 > · · · > ik+1. Suppose N = k + 2 and

zij+1/zij = q2, then for m �= n there is im = in. Thus we get the first condition of integrability.

Similarly one can prove the Fk+2(z) case.

Theorem 5.5.3. Ek+1(z) and Fk+1(z) give the following vertex operators

Ek+1(z) = S(p, q)e : exp

⎛⎝∑
n �=0

−	k(αn)

[n]
q−knz−n

⎞⎠ : (1⊗K− ⊗K− ⊗ · · · ⊗K−)

×(eα ⊗ · · · ⊗ eα)(zh+1 ⊗ · · · ⊗ zh+1)(qkh ⊗ q(k−1)h ⊗ · · · ⊗ 1)q
k(k+1)

2 ,

(5.5.9)

Fk+1(z) = S(p, q)f : exp

⎛⎝∑
n �=0

	k(α′
n)

[n]
qknz−n

⎞⎠ : (K+ ⊗K+ ⊗ · · · ⊗K+ ⊗ 1)

×(eα ⊗ · · · ⊗ eα)(z−h+1 ⊗ · · · ⊗ z−h+1)(q(k+1)h ⊗ q(k)h ⊗ · · · ⊗ qh)q−
(k+1)(k+2)

2 ,

(5.5.10)
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where

S(p, q)e =
(q−2pq−2(�(c)); pq−2(�(c)))∞
(q2pq−2(�(c)); pq−2(�(c)))∞

k∏
j=1

j∏
i=1

(q−2pq−2(�(j)(c)+(2i−1)); pq−2(�(j)(c)))∞
(q2pq−2(�(j)(c)+(2i−1)); pq−2(�(j)(c)))∞

×
k−1∏

j≤l=1

k−l∏
i=1

(q−2+2jpq−2�(i+l)(c); pq−2�(i+l)(c))∞
(q2+2jpq−2�(i+l)(c); pq−2�(i+l)(c))∞

(q2+2jpq−2�(i+l−1)(c); pq−2�(i+l−1)(c))∞
(q−2+2jpq−2�(i+l−1)(c); pq−2�(i+l−1)(c))∞

,

S(p, q)f =

k−1∏
j=0

k−j∏
i=1

(pq2−2i−2(c(1)+···+c(j))); pq−2(c(1)+···+c(j)))∞
(pq−2−2i−2(c(1)+···+c(j))); pq−2(c(1)+···+c(j)))∞

×
k−1∏

j≤l=1

k−l∏
i=1

(q−2+2jpq−2�(i+l)(c); pq−2�(i+l)(c))∞
(q2+2jpq−2�(i+l)(c); pq−2�(i+l)(c))∞

(q2+2jpq−2�(i+l−1)(c); pq−2�(i+l−1)(c))∞
(q−2+2jpq−2�(i+l−1)(c); pq−2�(i+l−1)(c))∞

Proof. See [52].

Proposition 5.5.4. On Vk+1(λi, μ), the vertex operators Ek+1(z) and Fk+1(z) satisfy the fol-

lowing q-difference equations

Ek+1(zq
2) = 	k(qh+1) exp

(
(q − q−1)

∑
n>0

	k(α−n)(q
k+1z)n

)

×Ek+1(z)	k (qh+1) exp

(
−(q − q−1)

∑
n>0

	k(αn)(q
k+1z)−n

)
, (5.5.11)

Fk+1(zq
2) = 	k(q−(h+1)) exp

(
(q − q−1)

∑
n>0

	k(α′
−n)(q

k+1z)n

)

×Fk+1(z)	k (q−(h+1)) exp

(
−(q − q−1)

∑
n>0

	k(α′
n)(q

k+1z)−n

)
. (5.5.12)
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Chapter 6

Elliptic bosons of Uq,p(C
(1)
n )

The elliptic bosons αj,m(αV
j,m) are the (co-) roots type Heisenberg generators appears in Uq,p(ĝ).

There is another type of elliptic bosons, the fundamental weight type Aj
m appeared in [1, 21]

for the level-1 (c = 1) ŝlN and in [24] for level-1 ĝ. Aj
m are used to construct the derivation

operators d of the level-1 irreducible highest weight representation of Uq,p(ĝ). Also, the elliptic

bosons E±j
m of type of the orthogonal basis can be constructed explicitly and in turn they are

used to realize the L operators and the vertex operators.

In this chapter we review an explicit construction of the elliptic bosons of the fundamental

weight type Aj
m and the orthogonal basis type E±j

m for ĝ = C
(1)
n for arbitrary level c. The level-1

bosons Aj
m and E±j

m are used to realize the derivation operator d which appear in subsection

4.2. The elliptic currents k±j(z) associated with the orthonormal basis type E±j
m are used

to redefine the elliptic current ψ±
j (z). The elliptic currents k±j(z) are expected to play an

important role to construct an L-operator of Uq,p(C
(1)
n ). In section 6.1, we give definitions of the

arbitrary level c fundamental weight type Aj
m and the orthogonal basis type E±j

m for Uq,p(C
(1)
l )

and their commutation relations. In section 6.2 we find the elliptic currents k±j(z) and calculate

commutation relations among E±j
m , k±j(z) and the generators of Uq,p(C

(1)
l ). These results are

published in [53].

6.1 Definition

Let us set η = −tg/2 (t = (long root)2)/2, where g = n+ 1, t = 2, η = −(l+ 1). Let αi,m be the

elliptic bosons of the simple root type as in sec.2.3.1. We define the fundamental weight type

elliptic bosons Aj
m (1 ≤ j ≤ l,m ∈ Z �=0) by

[αi,m, Aj
n] = −δi,jδm+n,0

[cm]

m

1− pm

1− p∗m
q−cm (1 ≤ i, j ≤ l). (6.1.1)

54



6.1 Definition

Note that using the matrix B(m) = ([bi,jm])1≤i,j≤l, we have [24]

Aj
m =

l∑
k=1

(B(m)−1)kjαk,m.

Solving (6.1.1) we obtain

Aj
m = Cm

(
(q(η+j)m + q−(η+j)m)

j∑
k=1

[km]αk,m

+ [jm]

l−1∑
k=j+1

(q(η+k)m + q−(η+k)m)αk,m + [jm]αl,m

⎞⎠ , (1 ≤ j ≤ l − 1),

Al
m = Cm

(
l−1∑
k=1

[km]αk,m +
[m]

[2m]
[lm]αl,m

)
.

Here

Cm =
[ηm]

[m]2[2ηm]
.

We then divide Aj
m into two terms and define the elliptic bosons E±j

m of the orthogonal basis

type as follows.

Aj
m = E+j

m + E−j
m (6.1.2)

E±j
m = q±jmCm

⎛⎝q±ηm
j−1∑
k=1

[km]αk,m ±
l−1∑
k=j

[(η + k)m]+αk,m ± αl,m

q − q−1

⎞⎠
(1 ≤ j ≤ l − 1)

(6.1.3)

Al
m =

1

qm + q−m
(E+l

m + E−l
m ), (6.1.4)

E±l
m = q±lmCm

(
q±ηm

l−1∑
k=1

[km]αk,m ± αl,m

q − q−1

)
. (6.1.5)

Proposition 6.1.1.

αj,m = ±[m]2(q − q−1)(E±j
m − q∓mE±(j+1)

m ), (1 ≤ j ≤ l − 1) (6.1.6)

αl,m = [m]2(q − q−1)
(
qmE+l

m − q−mE−l
m

)
. (6.1.7)

Proposition 6.1.2. The following relations hold.

E±1
m = ± q±m

qm − q−m
A1

m, E±j
m = ± 1

qm − q−m

(
q±mAj

m −Aj−1
m

)
, (6.1.8)

where 2 ≤ j ≤ l − 1. In addition, we have

E±l
m = ± 1

qm − q−m

(
(qm + q−m)q±mAl

m −Al−1
m

)
. (6.1.9)
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6.2 The elliptic currents k±j(z)

Remark. The level-1 case i.e. c = 1, the C
(1)
l type relation is different from those given in [24].

At least the formulas seem to be reversed. Our definitions and relation are valid for arbitrary

level c.

Although the expressions of E±j
m are complicated depending on the types of the affine Lie

algebras, their commutation relations are rather universal:

Theorem 6.1.3. For 1 ≤ j, k ≤ l the following commutation relations hold.

[E±j
m , E±j

n ] = δm+n,0
[cm][ηm][2(η + 1)m]

m(q − q−1)2[m]3[2ηm][(η + 1)m]

1− pm

1− p∗m
q−cm, (6.1.10)

[E±j
m , E∓j

n ] = ∓δm+n,0
q±jm[cm][ηm]

m[m]3(q − q−1)2[2ηm]

[rm]

[r∗m]

(
q±(η+j)m[m]± q∓(j−1)m[ηm]+

)
,(6.1.11)

[E±j
m , E±k

n ] = ∓sgn(k − j)δm+n,0q
∓(sgn(k−j)η+k−j)m [cm][ηm]

m(q − q−1)[m]2[2ηm]

1− pm

1− p∗m
q−cm,

(6.1.12)

[E±j
m , E∓k

n ] = ∓δm+n,0q
±(η+j+k)m [cm][ηm]

m(q − q−1)[m]2[2ηm]

1− pm

1− p∗m
q−cm, (6.1.13)

where

sgn(l − j) =

⎧⎨⎩+ (l > j),

− (l < j).

Proof. Straightforward calculation using Proposition 6.1.2 and (6.1.1).

Proposition 6.1.4. For 1 ≤ i ≤ l, 1 ≤ j ≤ l − 1, the following commutation relations hold

[αi,m, E±j
n ] = ± [cm]

m(qm − q−m)

1− pm

1− p∗m
q−cm(q∓mδi,j − δi,j−1) (6.1.14)

[αi,m, E±l
n ] = ± [cm]

m(qm − q−m)

1− pm

1− p∗m
q−cm(q∓m(qm + q−m)δi,l − δi,l−1) (6.1.15)

From (2.3.16) and (2.3.17) we also obtain the following relations.

Proposition 6.1.5. For 1 ≤ i ≤ l − 1, 1 ≤ j ≤ l,

[E±i
m , ej(z)] = ± q−cmzm

m(qm − q−m)

1− pm

1− p∗m
ej(z)(q

±mδi,j − δi−1,j), (6.1.16)

[E±i
m , fj(z)] = ∓ zm

m(qm − q−m)
fj(z)(q

±mδi,j − δi−1,j), (6.1.17)

[E±l
m , ej(z)] = ± q−cmzm

m(qm − q−m)

1− pm

1− p∗m
ej(z)(q

±m(qm + q−m)δl,j − δl−1,j), (6.1.18)

[E±l
m , fj(z)] = ∓ zm

m(qm − q−m)
fj(z)(q

±m(qm + q−m)δl,j − δl−1,j). (6.1.19)

6.2 The elliptic currents k±j(z)

Let us set

ψj(z) =: exp

⎧⎨⎩(q − q−1)
∑
m �=0

αj,m

1− pm
pmz−m

⎫⎬⎭ : . (6.2.1)
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6.2 The elliptic currents k±j(z)

Then the elliptic currents ψ±
j (z) in Definition 2.3.1 can be written as

ψ+
j (q

− c
2 z) = K+

j ψj(z), ψ−
j (q

− c
2 z) = K−

j ψj(pq
−cz). (6.2.2)

Let us introduce the new currents k±j(z) (1 ≤ j ≤ l) associated with E±j
m by

k±j(z) = : exp

⎧⎨⎩−
∑
m �=0

[m]2(q − q−1)2

1− pm
pmE±j

m z−m

⎫⎬⎭ : . (6.2.3)

Then from Proposition 6.1.1 we have the following decompositions.

Proposition 6.2.1. For 1 ≤ j ≤ l − 1 we have

ψj(z) = : k+j(z)k+(j+1)(qz)
−1 :=: k−j(z)

−1k−(j+1)(q
−1z) : (6.2.4)

ψl(z) = : k+l(q
−1z)k−l(qz)

−1 : . (6.2.5)

Now let us introduce the functions ρ̃+(z), which appear associated with the elliptic dynamical

R-matrices [40]:

ρ̃+(z) =
{ξz}2{ξ2q−2z}{q2z}

{ξ2z}{z}{ξq2z}{ξq−2z}
{pξ2/z}{p/z}{pξq2/z}{pξq−2/z}

{pξ/z}2{pξ2q−2/z}{pq2/z} ,

(6.2.6)

where ξ = q−2η, {z} = (z; p, ξ2)∞. The following Theorem indicates a deep relationship between

k±j(z)’s and elliptic dynamical R-matrices.

Theorem 6.2.2.

k±j(z1)k±j(z2) =
ρ̃+∗(z)
ρ̃+(z)

k±j(z2)k±j(z1), (1 ≤ j ≤ l),

k+j(q
jz1)k+k(q

lz2) =
ρ̃+∗(z)
ρ̃+(z)

Θp∗(q
−2z)Θp(z)

Θp∗(z)Θp(q−2z)
k+l(q

lz2)k+j(q
jz1) (1 ≤ j < k ≤ l),

k−j(q
−jz1)k−k(q

−kz2) =
ρ̃+∗(z)
ρ̃+(z)

Θp∗(q
−2z)Θp(z)

Θp∗(z)Θp(q−2z)
k−k(q

−kz2)k−j(q
−jz1) (1 ≤ k < j ≤ l),

k+j(q
jz1)k−k(q

−kξz2) =
ρ̃+∗(z)
ρ̃+(z)

Θp∗(q
−2z)Θp(z)

Θp∗(z)Θp(q−2z)
k−k(q

−kξz2)k+j(q
jz1) (j �= k),

k+j(q
jz1)k−j(q

−jξz2) =
ρ̃+∗(u)
ρ̃+(u)

Θp∗(q
2j−2ξ−1z)Θp(q

2jξ−1z)

Θp∗(q2jξ−1z)Θp(q2j−2ξ−1z)

Θp∗(q
−2z)Θp(z)

Θp∗(z)Θp(q−2z)

×k−j(q
−jξz2)k+j(q

jz1),

where z = z1/z2 and ρ̃+∗(z) = ρ̃+(z)|p �→p∗.

Proof. Straightforward calculation using Theorem 6.1.3.

In addition from Proposition 6.1.5, we obtain:
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6.2 The elliptic currents k±j(z)

Proposition 6.2.3. For 1 ≤ i ≤ l − 1

k±j(z1)ej(z2) =
Θp∗(q

−cz)

Θp∗(q−c∓2z)
ej(z2)k±j(z1) (1 ≤ j ≤ l),

k±j(z1)ej−1(z2) =
Θp∗(q

−c∓1z)

Θp∗(q−c±1z)
ej−1(z2)k±j(z1) (2 ≤ j ≤ l),

k±j(z1)ek(z2) = ek(z2)k±j(z1) (k �= j, j − 1),

k±j(z1)fj(z2) =
Θp(q

∓2z)

Θp(z)
fj(z2)k±j(z1) (1 ≤ j ≤ l),

k±j(z1)fj−1(z2) =
Θp(q

±1z)

Θp(q∓1z)
fj−1(z2)k±j(z1) (2 ≤ j ≤ l),

k±j(z1)fk(z2) = fk(z2)k±j(z1) (k �= j, j − 1).

In addition, we have

k±l(z1)el(z2) =
Θp∗(q

−c±1z)

Θp∗(q−c∓3z)
el(z2)k±l(z1),

k±l(z1)el−1(z2) =
Θp∗(q

−c∓1z)

Θp∗(q−c±1z)
el−1(z2)k±l(z1),

k±l(z1)ej(z2) = ej(z2)k±l(z1) (j �= l, l − 1),

k±l(z1)fl(z2) =
Θp(q

∓3z)

Θp(q±1z)
fl(z2)k±l(z1),

k±l(z1)fl−1(z2) =
Θp(q

±1z)

Θp(q∓1z)
fl−1(z2)k±l(z1),

k±l(z1)fj(z2) = fj(z2)k±l(z1) (j �= l, l − 1).

The elliptic bosons E±j
m and their elliptic currents k±j(z) are useful to realize the L-operators

and the vertex operators for Uq,p(C
(1)
n ) as well as deformation of the W -algebras.
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Chapter 7

Discussions

Elliptic quantum algebra Uq,p(ĝ) had been widely researched in mathematics and physics,

whereas its Z-algebra structure had not yet been studied so much. In this dissertation we

have investigated the Z-algebra structure and how we can use it to construct the irreducible

Uq,p(ĝ)-module. We also have studied the higher level representation of Uq,p(ŝl2) and its in-

tegrable condition by using the elliptic Drinfeld coproduct and the level-1 representation of

Uq,p(ŝl2). Finally, we have showed an explicit construction of another type of elliptic bosons for

Uq,p(C
(1)
l ).

First result. We have found the dynamical quantum Z-algebra Zk associated with the

generic level-k module of the elliptic quantum algebra Uq,p(ĝ) for general untwisted affine Lie al-

gebras ĝ. This result is a quantum dynamical analogue of Lepowsky-Wilson’s Z-algebra [47]. We

have derived the defining relations among the generators of Zk as well as the relations between

its generators and those of Uq,p(ĝ). The dynamical quantum Z-algebra turns out to be a tool to

construct the induced Uq,p(ĝ)-modules of general level. We have discussed the irreducibility of

Uq,p(ĝ)-module is governed by the dynamical quantum Z-algebra. We have given the example

of level-1 irreducible dynamical quantum Z-algebra modules for A
(1)
l , B

(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8

and constructed the corresponding Uq,p(ĝ)-modules. The first result was discussed in Chapter 3

and 4 and published in [53].

According to this result , it is natural to search the dynamical quantum Z-algebra associated

to Uq,p(ĝ
(r)) for twisted affine Lie algebras ĝ(r). Find the representation of Uq,p for twisted and

untwisted affine Lie algebras. Another problem can be considered is finding the explicit basis of

the irreducible dynamical quantum Z-algebra modules. Define the Uq,p(ĝ
(r)) by the associated

Z-algebra and construct the screening operators of deformed W -algebra.

Second result. We have constructed the higher level (integral [10,13,45,46]) representation

of Uq,p(ŝl2) by using the elliptic Drinfeld coprodct [43] and the level-1 realization of Uq,p(ŝl2)

[53]. We have found the elliptic analogue of the condition of integrability of the constructed
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Discussions

representation. The realization of the dynamical quantum Z-algebra for level-k+1 is presented.

This result is presented in Chapter 5 and is published in [52].

A direct open problems: what are the higher level representations of the elliptic quantum

group Uq,p(ĝ) for ĝ = ŝlN and in sequence for other types of twisted and untwisted affine Lie

algebras?, find the Hopf algebroid structure of Uq,p(ĝ
(r)) for twisted affine Lie algebras ĝ(r) and

compute the correlation functions of the vertex operators by using the condition of integrability.

Third result. For arbitrary level, we have defined the fundamental basis type elliptic boson

Aj
m [1,21,24] for Uq,p(C

(1)
n ). We have derived the associated orthonormal basis type E±j

m and the

elliptic currents k±j(z). Several commutation relations are calculated among Aj
m, E±j

m , k±j(z),

and the generators of Uq,p(C
(1)
n ). The level-1 Aj

m is used in defining the derivation operator d

of the highest weight representation of Uq,p(ĝ) [53]. E±j
m and k±j(z) are useful in realization the

L-operators, vertex operators and deformed W -algebra associated with Uq,p(ĝ). This result is

written in Chapter 6 and published in [53].

By those resulted structures, redefine the defining relations of Uq,p(C
(1)
n ) in the sense of

analytic continuation by using the elliptic currents k±j(z) to construct the half currents of

Uq,p(C
(1)
n ) and the L-operators. Define theH-Hopf algebroid structure in term of the L-operators

and find the vertex operators as an intertwining operators of the Uq,p(C
(1)
n )-modules of generic

level. Find the free field realization of the possible levels of the vertex operators. According to

my knowledge, the fundamental basis type elliptic boson Aj
m, the orthonormal basis E±j

m and

the elliptic currents k±j(z) for twisted elliptic quantum algebra have not been studied yet.
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Math. Phys. 181 (1996) 741–761.

[23] I.B.Frenkel and N.Jing, Vertex Representations of Quantum Affine Algebras , Proc.

Nat.Acad. Sci. USA , 85, 1988, 9373–9377.

[24] E.Frenkel and N.Reshetikhin, Deformation of W -Algebras Associated to Simple Lie Alge-

bras, q-alg/9708006.

[25] D. Gepner, New Conformal Field Theories Associated with Lie Algebras and Their Partition

Functions, Nucl. Phys. B290(1987) 10-24.

[26] M.Idzumi, Level 2 Irreducible Representations of Uq(ŝl2), Vertex Operators, and Their
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(1996) 448–468; Quantum z-algebras and representations of quantum affine algebras, Comm.

Alg. 28 (2000) 829-844; On Drinfeld Realization of Quantum Affine Algebras, Proceedings of

Conf. on Lie Alg. at Ohio State Univ., May 1996; in Monster and Lie Algebras, ed. J. Ferrar

and K. Harada, OSU Math. Res. Inst. Publ. 7 (1998) 195-206.

[32] N. Jing, S-J. Kang and Y. Koyama Vertex Operators of Quantum Affine Lie Algebras

Uq(D
(1)
n ), Commun. Math. Phys. 174 (1995) 367-392.

[33] N. Jing, K. Misra Vertex Operators of Level-One Uq(B
(1)
n )-modules , Lett.Math.Phys. 36

(1996)127-143.

[34] V. G. Kac, Infinite Dimensional Lie algebras, 3rd. ed. Cambridge University Press, 1990.

[35] C. Kassel, Guantum groups, Springer-Verlag New York Berlin Heidelberg, 1995.

[36] E. Koelink, Y. van Norden and H. Rosengren Elliptic U(2) quantum group and elliptic

hypergeometric series, Comm.Math.Phys. 245 (2004) 519-573.

[37] E.Koelink and H.Rosengren, Harmonic Analysis on the SU(2) Dynamical Quantum Group,

Acta.Appl.Math., 69, 2001, 163–220.

[38] T. Kojima and H. Konno and R. Weston, The Vertex-Face Ccorrespondence and Correlation

Functions of the Fusion Eight-Vertex Models I: The General Formalism, Nucl.Phys.B720

(2005) 348-398.
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Abstract A new definition of the elliptic algebra Uq,p(̂g) associated with an untwisted
affine Lie algebra ĝ is given as a topological algebra over the ring of formal power series
in p. We also introduce a quantum dynamical analogue of Lepowsky-Wilson’s Z-algebras.
The Z-algebra governs the irreducibility of the infinite dimensional Uq,p(̂g)-modules. Some
level-1 examples indicate a direct connection of the irreducible Uq,p(̂g)-modules to those
of the W -algebras associated with the coset ĝ⊕ ĝ ⊃ (̂g)diag with level (r − g − 1, 1) (g:the
dual Coxeter number), which includes Fateev-Lukyanov’s WBl-algebra.
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1 Introduction

The algebra Uq,p(̂g) is an elliptic analogue [1, 2] of the quantum affine algebra Uq (̂g) in
the Drinfeld realization [3]. There are two types of the elliptic quantum groups, the ver-
tex type and the face type [4, 5]. Deriving the L-operators [2, 6, 7] and introducing the
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Hopf-algebroid structure [8–10] Uq,p(̂g) is now recognized as a face type elliptic quantum
group.

Originally Uq,p(̂g) with p = q2r was derived for ŝl2 = ŝl(2,C) [1] as a deformation of
the screening currents of the coset conformal field theory (CFT) ŝl2 ⊕ ŝl2 ⊃ (ŝl2)diag with
level (r−k−2, k) [11–16] instead of considering a deformation of Uq(ŝl2) itself. Such coset
CFT is known to be realized in terms of the level-k free boson and the Zk-parafermion [17],
or the Z-algebra [18] associated with the level-k standard representation of ŝl21. It was then
crucial in [1] to realize that the level-k boson should be deformed both q- and elliptically
[19] whereas the Zk-parafermion gets only a q-deformation to obtain consistent relations
for the generators in Uq,p(ŝl2).

In [2], a realization of Uq,p(̂g) for general untwisted affine Lie algebra ĝ was given by
modifying the Drinfeld realization of the quantum affine algebra Uq(̂g). However its struc-
ture associated with the quantum Z-algebras has not yet been discussed so far. The purpose
of this paper is to address this subject. The general theory of the Z-algebra was studied by
Lepowsky and Wilson [18] and by Gepner [20] in the representation theory of affine Lie
algebras and in CFT, respectively. Its quantum deformation and application to the represen-
tations of Uq (̂g) was partially investigated in [1, 21–24]. A construction of the coset CFT
associated with the general ĝ was also given [25] in terms of the generalized parafermions.
We extend these studies to the elliptic algebras Uq,p(̂g). In particular, we define a dynamical
analogue Zk of the quantum Z-algebras and show that the level-k highest weight repre-
sentations of Uq,p(̂g) are realized in terms of Zk and the level-k elliptic bosons. It is then
shown that the irreducibility of the infinite dimensional Uq,p(̂g)-modules is governed by the
Zk-modules as in the affine Lie algebra cases [18].

On the other hand, it was conjectured [1, 2] that the Uq,p(̂g) provides an algebra of the
screening currents of the deformation of the W -algebras associated with the coset ĝ ⊕ ĝ ⊃
(̂g)diag with level (r − g − 1, 1). For the simply-laced ĝ, such deformed W -algebras have
been realized in [26–28], and in particular for the ŝlN case the conjecture has been estab-
lished by an explicit comparison of the free field realizations [7, 26, 27, 29]. However for
the non-simply laced ĝ, deformation of the coset type W -algebras has not yet been studied
at all. One should note that the coset type W -algebras associated with the non-simply laced
ĝ are different from those obtained by the quantum Hamiltonian reduction. See for example
[30]. We investigate this issue further by giving an explicit realization of the level-1 irre-
ducible highest weight representations of Uq,p(̂g) for ĝ = A

(1)
l , B

(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 .

We show that at least for A
(1)
l and D

(1)
l the level-1 elliptic currents ej (z) and fj (z) coin-

cide with the screening currents of the deformed W -algebras obtained in [26–28]. We also
show that the irreducible representations of Uq,p(̂g) is naturally decomposed into a direct

sum of the irreducible W -algebras of the coset type for ĝ = A
(1)
l , B

(1)
l ,D

(1)
l . This suggests

in particular an existence of a deformation of Fateev-Lukyanov’s WBl-algebra [31] as the
commutant of the screening operators provided by the level-1 elliptic currents ej (z) and

fj (z) of Uq,p(B
(1)
l ).

It is also worth to mention that the coset type W -algebras describe a critical behavior of
the face type elliptic solvable lattice models [32, 33]. Correspondingly the Uq,p(̂g) provides
an algebraic framework to formulate the lattice model itself in the spirit of Jimbo and Miwa
[34]. This has been established for ŝlN in [1, 2, 7, 10, 35, 36] by constructing the L-operator

1The difference between Z-algebra and Parafermion is whether one adds zero-modes of the bosons to it or
not.
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and introducing the Hopf algebroid structure. In order to construct the L-operator of Uq,p(̂g)
and also to get a realization of a generating function of the deformation of the W -algebras,
it is crucial to introduce new types of elliptic bosons, which we call the fundamental weight
type A

j
m and the orthonormal basis type E±j

m distinguishing from the usual ones αj,m (α∨
j,m)

corresponding to the simple (co-)root and appearing as generators of Uq,p(̂g). An idea of
such bosons has already appeared in [26–28]. We give an explicit construction of them for
ĝ = A

(1)
n , B

(1)
n , C

(1)
n ,D

(1)
n . As a check we calculate the commutation relations among E±j

m

as well as among the elliptic currents k±j (z), the generating functions of E±j
m , and show

that they have a universal form. See Theorem 5.3 and 5.7.
This paper is organized as follows. In section 2, we define the elliptic algebra Uq,p(̂g) as

a topological algebra generated by the elliptic Drinfeld generators. This is a new definition
of Uq,p(̂g) given independently of Uq (̂g) unlike the previous one in Appendix A in [2].
In section 3, we define a quantum dynamical analogue ZV of Lepowsky and Wilson’s Z-
algebra associated with the level-k Uq,p(̂g)-module V and its universal counterpart Zk .
The irreducibility of the level-k highest weight representation of Uq,p(̂g) is shown to be
governed by the Zk-module. In section 4, we give a simple realization of Zk in terms of the
quantum (non-dynamical) Z-algebra associated with the level-k Uq (̂g)-module and define
a standard representation of Uq,p(̂g). We provide some level-1 examples of the standard
representations and discuss their relation to the deformation of the W -algebras. In section
5, we give a construction of the new elliptic bosons of the fundamental weight type and the
orthonormal basis type and derive various commutation relations.

2 Elliptic Algebra Uq,p(̂g)

2.1 Definition

Let ĝ = X
(1)
l be an untwisted affine Lie algebra associated with the generalized Cartan

matrix A = (aij ) i, j ∈ {0} ∪ I, I = {1, · · · , l}. We denote by B = (bij ), bij = diaij the
symmetrization of A. We take di = 1 (i ∈ I) for the simply laced cases, di = 1 (1 ≤ i ≤
l − 1), dl = 1/2 for B

(1)
l and di = 1 (1 ≤ i ≤ l − 1), dl = 2 for C

(1)
l . Let q = e� ∈ C[[�]]

and set qi = qdi . Let p be an indeterminate.
Let h = h̃ ⊕ Cd , h̃ = h̄ ⊕ Cc, h̄ = ⊕i∈IChi be the Cartan subalgebra of ĝ. Define

δ,�0, αi (i ∈ I) ∈ h∗ by

< αi, hj >= aj,i , < δ, d >= 1 =< �0, c >, (2.1)

the other pairings are 0. We also define �̄i (i ∈ I) ∈ h∗ by

< �̄i, hj >= δi,j .

We set h̄∗ = ⊕i∈IC�̄i , h̃
∗ = h̄∗ ⊕C�0, Q = ⊕i∈IZαi and P = ⊕i∈IZ�̄i . Let N = l + 1

for Xl = Al , = l for Bl,Cl,Dl, = 7 for E6, = 8 for E7, E8, = 3 for G2, = 4 for
F4 and consider the orthonormal basis {ξj (1 ≤ j ≤ N)} in RN with the inner product
(ξj , ξk) = δj,k . For Al , we also set

ξ̄j = ξj − 1

l + 1

l+1∑
j=1

ξj . (2.2)

We define εj = ξ̄j for Al and = ξj for other Xl . The simple roots αj and the fundamental
weights �̄j (1 ≤ j ≤ l) can be expressed as a linear sum of εj [37, 38]. We follow
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Kac’s conventions. We define hεj
∈ h̄ (j ∈ I) by < εi, hεj

>= (εi, εj ) and hα ∈ h̄ for
α = ∑

j cj εj , cj ∈ C by hα = ∑
j cj hεj

. We regard h̄ ⊕ h̄∗ as the Heisenberg algebra by

[hεj
, εk] = (εj , εk), [hεj

, hεk
] = 0 = [εj , εk]. (2.3)

In particular, we have [hj , αk] = ajk . We also set hj = h�̄j
.

In order to treat the dynamical shifts in the face type elliptic algebra systematically, we
introduce another Heisenberg algebra generated by Pα and Qβ (α, β ∈ h̄∗) satisfying the
commutation relations

[Pεj
,Qεk

] = (εj , εk), [Pεj
, Pεk

] = 0 = [Qεj
, Qεk

]. (2.4)

We also set

[Pεj
, α] = [Qεj

, α] = 0, [Pεj
, U (̂g)] = [Qεj

,U (̂g)] = 0 (2.5)

where Pα = ∑
j cjPεj

for α = ∑
j cj εj . We set Ph̄ = ⊕j∈ICPεj

,Qh̄ = ⊕j∈ICQεj

Pj = Pα∨
j
, P j = P�̄j

and Qj = Qαj
,Qj = Q�̄∨

j
. Here α∨

j = 2αj/(αj , αj ).

For the abelian group RQ = ∑N
j=1 ZQαj

, we denote by C[RQ] the group algebra over
C of RQ. We denote by eα the element of C[RQ] corresponding to α ∈ RQ. These eα

satisfy eαeβ = eα+β and (eα)−1 = e−α. In particular, e0 = 1 is the identity element.
Now let us set H = h̃ ⊕ Ph̄ = ∑

j C(Pεj
+ hεj

) +∑
j CPεj

+ Cc and denote its dual

space by H ∗ = h̃∗ ⊕ Qh̄. We define the paring by Eq. (2.1), < Qα, Pβ >= (α, β) and
< Qα, hβ >=< Qα, c >=< Qα, d >= 0 =< α,Pβ >=< δ,Pβ >=< �0, Pβ > . We
define F = MH ∗ to be the field of meromorphic functions on H ∗. We regard a function of
P + h = ∑

j aj (Pεj
+ hεj

), P = ∑
j bjPεj

and c, f̂ = f (P + h, P, c), as an element in

F by f̂ (μ) = f (< μ, P + h >,< μ, P >,< μ, c >) for μ ∈ H ∗.
We use the following notations.

[n] = qn − q−n

q − q−1
, [n]i = qn

i − q−n
i

qi − q−1
i

, [n)j = qn − q−n

qj − q−1
j

,

[n]i ! = [n]i [n − 1]i · · · [1]i ,
[
m

n

]
i

= [m]i !
[n]i ![m − n]i ! ,

(x;q)∞ =
∞∏

n=0

(1 − xqn), (x; q, t)∞ =
∞∏

n,m=0

(1 − xqntm),

�p(z) = (z;p)∞(p/z; p)∞(p;p)∞.
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Definition 2.1 The elliptic algebra Uq,p(̂g) is a topological algebra over F[[p]] generated
by MH ∗ , ej,m, fj,m, α∨

j,n,K
±
j , (j ∈ I,m ∈ Z, n ∈ Z 
=0), d and the central element c. We

assume K±
j are invertible and set

ej (z) =
∑
m∈Z

ej,mz−m, fj (z) =
∑
m∈Z

fj,mz−m,

ψ+
j

(
q− c

2 z
) = K+

j exp

(
−(qj − q−1

j

)∑
n>0

α∨
j,−n

1 − pn
zn

)
exp

((
qj − q−1

j

)∑
n>0

pnα∨
j,n

1 − pn
z−n

)
,

ψ−
j

(
q

c
2 z
) = K−

j exp

(
− (

qj − q−1
j

)∑
n>0

pnα∨
j,−n

1 − pn
zn

)
exp

((
qj − q−1

j

)∑
n>0

α∨
j,n

1 − pn
z−n

)
.

Note that ψ±
j (z) are formal Laurent series in z, whose coefficients are well defined in the

p-adic topology. We call ej (z), fj (z), ψ
±
j (z) the elliptic currents. The defining relations

are as follows. For g(P ), g(P + h) ∈ MH ∗ ,

g(P + h)ej (z) = ej (z)g(P + h), g(P )ej (z) = ej (z)g(P− < Qαj
, P >), (2.6)

g(P + h)fj (z) = fj (z)g(P + h− < αj , P + h >), g(P )fj (z) = fj (z)g(P ), (2.7)

[g(P ), α∨
i,m] = [g(P + h), α∨

i,n] = 0, (2.8)

g(P )K±
j = K±

j g(P− < Qαj
, P >), (2.9)

g(P + h)K±
j = K±

j g(P + h− < Qαj
, P >), (2.10)

[d, g(P )] = [d, g(P + h)] = 0, (2.11)

[d, α∨
j,n] = nα∨

j,n, [d, ej (z)] = −z
∂

∂z
ej (z), [d, fj (z)] = −z

∂

∂z
fj (z), (2.12)

K±
i ej (z) = q

∓aij

i ej (z)K
±
i , K±

i fj (z) = q
±aij

i fj (z)K
±
i , (2.13)

[α∨
i,m, α∨

j,n] = δm+n,0
[aijm]i[cm)j

m

1 − pm

1 − p∗m
q−cm, (2.14)

[α∨
i,m, ej (z)] = [aijm]i

m

1 − pm

1 − p∗m
q−cmzmej (z), (2.15)

[α∨
i,m, fj (z)] = −[aijm]i

m
zmfj (z), (2.16)

z1

(
qbij z2/z1;p∗)

∞(
p∗q−bij z2/z1; p∗)∞ ei(z1)ej (z2) = −z2

(
qbij z1/z2;p∗)

∞(
p∗q−bij z1/z2; p∗)∞ ej (z2)ei(z1), (2.17)

z1

(
q−bij z2/z1;p

)
∞(

pqbij z2/z1;p
)
∞

fi(z1)fj (z2) = −z2

(
q−bij z1/z2;p

)
∞(

pqbij z1/z2;p
)
∞

fj (z2)fi(z1), (2.18)

[ei (z1), fj (z2)] = δi,j

qi − q−1
i

(
δ(q−cz1/z2)ψ

−
j (q

c
2 z2)

− δ(qcz1/z2)ψ
+
j

(
q− c

2 z2
))

, (2.19)
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∑
σ∈Sa

∏
1≤m<k≤a

(
p∗q2zσ(k)/zσ(m); p∗)

∞(
p∗q−2zσ(k)/zσ(m);p∗)∞

×
a∑

s=0

(−1)s
[

a

s

]
i

∏
1≤m≤s

(
p∗qbij w/zσ(m); p∗)

∞(
p∗q−bij w/zσ(m);p∗)∞

∏
s+1≤m≤a

(
p∗qbij zσ(m)/w; p∗)

∞(
p∗q−bij zσ(m)/w; p∗)∞

× ei (zσ(1)) · · · ei (zσ(s))ej (w)ei(zσ(s+1)) · · · ei (zσ(a)) = 0, (2.20)

∑
σ∈Sa

∏
1≤m<k≤a

(
pq−2zσ(k)/zσ(m);p

)
∞(

pq2zσ(k)/zσ(m); p
)
∞

×
a∑

s=0

(−1)s
[

a

s

]
i

∏
1≤m≤s

(
pq−bij w/zσ(m);p

)
∞(

pqbij w/zσ(m);p
)
∞

∏
s+1≤m≤a

(
pq−bij zσ(m)/w; p

)
∞(

pqbij zσ(m)/w; p
)
∞

×fi(zσ(1)) · · · fi(zσ(s))fj (w)fi(zσ(s+1)) · · · fi(zσ(a)) = 0 (i 
= j, a = 1 − aij ),

(2.21)

where p∗ = pq−2c and δ(z) = ∑
n∈Z zn. We also denote by U ′

q,p (̂g) the subalgebra
obtained by removing d .

We treat the relations (2.12), (2.15)–(2.21) as formal Laurent series in z, w and zj ’s. In
each term of Eqs. (2.17)–(2.21), the expansion direction of the structure function given by
a ratio of infinite products is chosen according to the order of the accompanied product

of the elliptic currents. For example, in the l.h.s of Eq. (2.17), (q
bij z2/z1;p∗)∞

(p∗q
−bij z2/z1;p∗)∞

should

be expanded in z2/z1, whereas in the r.h.s (q
bij z1/z2;p∗)∞

(p∗q−bij z1/z2;p∗)∞
should be expanded in z1/z2.

In each term in Eq. (2.20), the coefficient function is expanded in zσ(k)/zσ(m) (m < k),
w/zσ(m) (m ≤ s) and zσ(m)/w (m ≥ s + 1). All the coefficients in zj ’s are well defined in
the p-adic topology.
Remark. In [1, 2, 35, 36], assuming that q is a transcendental complex number satisfying
|q| < 1, we wrote (2.17), (2.18) as

z1�p∗(qbij z2/z1)ei(z1)ej (z2) = −z2�p∗ (qbij z1/z2)ej (z2)ei(z1),

z1�p(q−bij z2/z1)fi(z1)fj (z2) = −z2�p(q−bij z1/z2)fj (z2)fi(z1),

in the sense of analytic continuation.
Let Uq (̂g) be the quantum affine algebra associated with ĝ in the Drinfeld realization

[3]. See Appendix A. Uq,p(̂g) is a natural face type ( i.e. dynamical) elliptic deformation of
Uq(̂g) in the following sense.

Theorem 2.2

Uq,p(̂g)/pUq,p(̂g) ∼= (F ⊗C Uq (̂g))�C[RQ].
Here the smash product � is defined as follows.

g(P, P + h)x ⊗ eα · f (P, P + h)y ⊗ eβ

= g(P, P + h)f (P− < α, P >,P + h− < α + wt(x),P + h >)xy ⊗ eα+β

where wt(x) ∈ h̄∗ s.t. qhxq−h = q<wt(x),h>x for x, y ∈ Uq (̂g), f (P ), g(P ) ∈ F, eα, eβ ∈
C[RQ].
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Proof At p = 0, the relations for α∨
j,m, ej (z), fj (z) (2.12)–(2.21) coincide with those

for a∨
i,m, x+

j (z), x−
j (z) (6)–(11) of Uq (̂g). Therefore from Eqs. (2.6)–(2.10), one has the

isomorphism

ej (z) �→ x+
j (z)e

−Qαj , fj (z) �→ x−
j (z), K±

j �→ q
∓hj

j e
−Qαj , α∨

j,m �→ a∨
j,m mod pUq,p(̂g).

2.2 H -algebra Uq,p(̂g)

Let A be a complex associative algebra, H be a finite dimensional commutative subalgebra
of A, and MH∗ be the field of meromorphic functions on H∗ the dual space of H.

Definition 2.3 (H-algebra) An H-algebra is an associative algebra A with 1, which is
bigraded over H∗, A =

⊕
α,β∈H∗

Aαβ , and equipped with two algebra embeddings μl, μr :

MH∗ → A00 (the left and right moment maps), such that

μl(f̂ )a = aμl(Tαf̂ ), μr (f̂ )a = aμr(Tβf̂ ), a ∈ Aαβ , f̂ ∈ MH∗ ,

where Tα denotes the automorphism (Tαf̂ )(λ) = f̂ (λ + α) of MH∗ .

Proposition 2.4 U = Uq,p(̂g) is an H -algebra by

U =
⊕

α,β∈H ∗
Uα,β

Uαβ =
{
x ∈ U

∣∣∣ qP+hxq−(P+h) = q<α,P+h>x,

qP xq−P = q<β,P>x ∀P + h, P ∈ H
}

and μl, μr : F → U0,0 defined by

μl(f̂ ) = f (P + h, p) ∈ F[[p]], μr(f̂ ) = f (P,p∗) ∈ F[[p]].

2.3 Dynamical Representations

Let us consider a vector space V over F, which is H -diagonalizable, i.e.

V =
⊕

λ,μ∈H ∗
Vλ,μ, Vλ,μ = {v ∈ V | qP+h · v = q<λ,P+h>v,

qP · v = q<μ,P>v ∀P + h, P ∈ H }.
Let us define the H -algebra DH,V of the C-linear operators on V by

DH,V =
⊕

α,β∈H ∗
(DH,V)αβ,

(DH,V)αβ =
⎧⎨⎩ X ∈ EndCV

∣∣∣∣∣∣
f (P + h)X = Xf (P + h+ < α, P + h >),

f (P )X = Xf (P+ < β, P >),

f (P ), f (P + h) ∈ F, X · Vλ,μ ⊆ Vλ+α,μ+β

⎫⎬⎭ ,

μ
DH,V
l (f̂ )v = f (< λ, P + h >, p)v, μ

DH,V
r (f̂ )v = f (< μ, P >, p∗)v,

f̂ ∈ MH ∗, v ∈ Vλ,μ.
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Definition 2.5 We define a dynamical representation of Uq,p(̂g) on V to be an H -algebra
homomorphism π : Uq,p(̂g) → DH,V . By the action π of Uq,p(̂g) we regard V as a
Uq,p(̂g)-module.

Definition 2.6 For k ∈ C, we say that a Uq,p(̂g)-module has level k if c act as the scalar k

on it.

Remark For the level-0 representations, Definition 2.5 is essentially the same as in [8], by
identifying P and P + h with λ and λ − γ h, respectively. This definition is valid also for
the non-zero level cases [10].

Definition 2.7 For ω ∈ C, we set

Vω = {v ∈ V | − d · v = ωv }
and we call Vω the space of elements homogeneous of degree ω. We also say that X ∈ DH,V
is homogeneous of degree ω ∈ C if

[−d,X] = ωX

and denote by (DH,V)ω the space of all endomorphisms homogeneous of degree ω.

Definition 2.8 Let H, N+,N− be the subalgebras of Uq,p(̂g) generated by c, d,K±
i (i ∈

I), by α∨
i,n (i ∈ I, n ∈ Z>0), ei,n (i ∈ I, n ∈ Z≥0) fi,n (i ∈ I, n ∈ Z>0) and by α∨

i,−n (i ∈
I, n ∈ Z>0), ei,−n (i ∈ I, n ∈ Z>0), fi,−n (i ∈ I, n ∈ Z≥0), respectively.

Definition 2.9 For k ∈ C, λ ∈ h∗ and μ ∈ H ∗, a (dynamical) Uq,p(̂g)-module V(λ,μ)

is called the level-k highest weight module with the highest weight (λ,μ), if there exists a
vector v ∈ V(λ,μ) such that

V(λ,μ) = Uq,p(̂g) · v, N+ · v = 0,

c · v = kv, f (P ) · v = f (< μ, P >)v, f (P + h) · v = f (< λ, P + h >)v.

We define the category Ck in the analogous way to the classical affine Lie algebra case
[18].

Definition 2.10 For k ∈ C, Ck is the full subcategory of the category of Uq,p(̂g)-modules
consisting of those modules V such that

(i) V has level k

(ii) V =
⊔
ω∈C

Vω

(iii) For every ω ∈ C, there exists n0 ∈ N such that for all n > n0, Vω+n = 0.

Since πN+ ⊂ ⊔
n∈Z≥0

(DH,V)n, any level-k highest weight Uq,p(̂g)-modules belong to
Ck .

3 The Dynamical Quantum Z-Algebras

In this section we introduce a quantum and dynamical analogue Zk of Lepowsky-Wilson’s
Z-algebra associated with the level-k Uq,p(̂g)-modules and define a category Dk of the
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Zk-modules. Each representation of Zk in Dk turns out to be a dynamical analogue of
the quantum Z-algebra derived by Jing [23] from the level-k representation in the Uq (̂g)
counterpart of Dk . See sec.4.1. We also provide the Serre relations (3.23) which are not
written in [23] explicitly.

3.1 The Heisenberg algebra Uq,p(H)

Let Uq,p(H) be the subalgebra of Uq,p(̂g) generated by α∨
i,n (i ∈ I, n ∈ Z 
=0) and c. It is

convenient to introduce the simple root type generators αj,m and α′
j,m defined by αj,m =

[dj ]α∨
j,m and α′

j,m = 1 − p∗m

1 − pm
qcmαj,m, (j ∈ I,m 
= 0). From Eqs. (2.14), (2.15), (2.16),

we have

[αi,m, αj,n] = [bijm][cm]
m

1 − pm

1 − p∗m
q−cmδm+n,0, (3.1)

[α′
i,m, α′

j,n] = [bijm][cm]
m

1 − p∗m

1 − pm
qcmδm+n,0, (3.2)

[αi,m, α′
j,n] = [bijm][cm]

m
δm+n,0, (3.3)

[αi,m, ej (z)] = [bijm]
m

1 − pm

1 − p∗m
q−cmzmej (z), (3.4)

[α′
i,m, fj (z)] = −[bijm]

m

1 − p∗m

1 − pm
qcmzmfj (z). (3.5)

Let Uq,p(H+) (resp. Uq,p(H−)) be the commutative subalgebras of Uq,p(H) generated
by {c, αi,n(i ∈ I, n ∈ Z>0)} (resp. {αi,−n(i ∈ I, n ∈ Z>0)}). We have

Uq,p(H) = Uq,p(H−)Uq,p(H+).

Let C1k be the one-dimensional Uq,p(H+)-module generated by the vacuum vector 1k

defined by

c · 1k = k1k αi,n · 1k = 0 (n > 0).

Then we have the induced Uq,p(H)-module

Fα,k = Uq,p(H) ⊗Uq,p(H+) C1k.

We identify Fα,k with a polynomial ring C[αi,−m (i ∈ I,m > 0)] by

c · u = ku, αi,−n · u = αi,−nu,

αi,n · u =
∑
j

[bijn][kn]
n

1 − pn

1 − p
∗n

q−kn ∂

∂αj,−n

u (n > 0)

for u ∈ C[αi,−m (i ∈ I,m > 0)].
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3.2 The dynamical quantum Z-algebra ZV

Let k ∈ C× and (V, π) ∈ Ck . We call πUq,p(H) ⊂ (DH,V)00 the level-k Heisenberg
algebra. We define the following vertex operators in (DH,V)00[[z, z−1]].

E±(αj , z) = exp

(
±
∑
n>0

π(αj,±n)

[kn] z∓n

)
, E±(α′

j , z) = exp

(
∓
∑
n>0

π(α′
j,±n)

[kn] z∓n

)
.

These satisfy the following relations.

Proposition 3.1

E+(αi, z)E−(αj ,w) =
(
q−bij+2kw/z; q2k

)
∞
(
q−bij w/z; p∗)

∞(
qbij+2kw/z; q2k

)
∞
(
qbij w/z; p∗)∞ E−(αj ,w)E+(αi, z),

(3.6)

E+(α′
i , z
)
E−(α′

j , w
) =

(
q−bij w/z; q2k

)
∞
(
qbij w/z; p

)
∞(

qbij w/z; q2k
)
∞
(
q−bij w/z; p

)
∞

E−(α′
j , w

)
E+(α′

i , z
)
, (3.7)

E+(αi, z)E−(α′
j , w

) =
(
qbij+kw/z; q2k

)
∞(

q−bij+kw/z; q2k
)
∞

E−(α′
j , w

)
E+(αi, z), (3.8)

E+(α′
i , z
)
E−(αj , w) =

(
qbij+kw/z; q2k

)
∞(

q−bij+kw/z; q2k
)
∞

E−(αj , w)E+(α′
i , z
)
, (3.9)

E±(αi, z)ej (w) =
(
q±bij+2k(w/z)±1; q2k

)
∞
(
q±bij (w/z)±1;p∗)

∞(
q∓bij+2k(w/z)±1; q2k

)
∞
(
q∓bij (w/z)±1;p∗)∞ ej (w)E±(αi, z),

(3.10)

E±(α′
i , z
)
fj (w) =

(
q±bij (w/z)±1; q2k

)
∞
(
q±bij (w/z)±1; p

)
∞(

q∓bij (w/z)±1; q2k
)
∞
(
q∓bij (w/z)±1; p

)
∞

fj

(
w)E±(α′

i , z
)
,

(3.11)

E±(α′
i , z
)
ej (w) =

(
q∓bij+k(w/z)±1; q2k

)
∞(

q±bij+k(w/z)±1; q2k
)
∞

ej (w)E±(α′
i , z
)
, (3.12)

E±(αi, z)fj (w) =
(
q∓bij+k(w/z)±1; q2k

)
∞(

q±bij+k(w/z)±1; q2k
)
∞

fj (w)E±(αi, z). (3.13)

Definition 3.2 We define Z±
j (z;V) ∈ DH,V [[z, z−1]] by

Z+
j (z;V) := E−(αj , z)π(ej (z))E

+(αj , z), (3.14)

Z−
j (z;V) := E−(α′

j , z)π(fj (z))E
+(α′

j , z). (3.15)

for j ∈ I and call them the dynamical quantum Z operators associated with (V, π) ∈ Ck .

Note that due to the truncation property of the grading of V ∈ Ck w.r.t −d , Z±
j (z;V) are

well defined i.e. the coefficients Z±
j,n(V) of Z±

j (z;V) = ∑
n∈Z Z±

j,n(V)z−n in z are well
defined elements in (DH,V)n for all n ∈ Z. For the sake of simplicity of the presentation,
we often drop π to denote the elements in DH,V .

From the defining relations of Uq,p(̂g), we obtain the following relations of the
dynamical quantum Z operators.
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Theorem 3.3

g(P + h)Z+
i (z;V) = Z+

i (z;V)g(P + h),

g(P )Z+
i (z;V) = Z+

i (z;V)g(P− < Qαi
, P >), (3.16)

g(P + h)Z−
i (z;V) = Z−

i (z;V)g(P + h− < αi, P + h >),

g(P )Z−
i (z;V) = Z−

i (z;V)g(P ), (3.17)

[d,Z±
j (z;V)] = −z

∂

∂z
Z±

j (z;V), (3.18)

[αi,m,Z±
j (w;V)] = 0, (3.19)

K±
i Z+

j (z;V) = q∓bij Z+
j (z;V)K±

i , K±
i Z−

j (z;V) = q±bij Z−
j (z;V)K±

i , (3.20)

z
(q−bij w/z; q2k)∞

(qbij+2kw/z; q2k)∞
Z±

i (z;V)Z±
j (w;V) = −w

(
q−bij z/w; q2k

)
∞

(qbij +2kz/w; q2k)∞
Z±

j (w;V)Z±
i (z;V),

(3.21)(
qbij +kw/z; q2k

)
∞

(q−bij +kw/z; q2k)∞
Z+

i (z;V)Z−
j (w;V) −

(
qbij+kz/w; q2k

)
∞

(q−bij +kz/w; q2k)∞
Z−

j (w;V)Z+
i (z;V)

= δij

qi − q−1
i

(
K−

i δ
(
q−kz/w

)− K+
i δ
(
qkz/w

))
, (3.22)

∑
σ∈Sa

∏
1≤m<l≤a

(q2+k∓kzσ(l)/zσ(m); q2k)∞
(q−2+k∓kzσ(l)/zσ(m); q2k)∞

×
a∑

s=0

(−1)s
[

a
s

]
i

∏
1≤m≤s

(q−bij +k∓kw/zσ(m); q2k)∞
(qbij +k∓kw/zσ(m); q2k)∞

∏
s+1≤m≤a

(q−bij +k∓kzσ(m)/w; q2k)∞
(qbij +k∓kzσ(m)/w; q2k)∞

×Z±
i (zσ(1);V) · · ·Z±

i (zσ(s);V)Z±
j (w;V)Z±

i (zσ(s+1);V) · · ·Z±
i (zσ(a);V) = 0

(i 
= j, a = 1 − aij ). (3.23)

Proof The relations (3.17) and (3.18) follow from Eqs. (2.6)–(2.10) and (2.12), respec-
tively. Let us show the relation (3.19). For m > 0, we have

[αi,m,Z+
j (z;V)] = [αi,m,E−(αj , z)]ej (z)E

+(αj , z) + E−(αj , z)[αi,m, ej (z)]E+(αj , z).

This vanishes due to Eq. (3.4) and

[αi,m,E−(αj , z)] = −[bijm]
m

1 − pm

1 − p∗m
q−kmzm,

where p∗ = pq−2k . Similarly, [αi,m,Z−
j (z;V)] = 0 follows from Eq. (3.5) and

[
α′

i,m,E−(α′
j , z)

] = [bijm]
m

1 − p∗m

1 − pm
qkmzm.

The case m < 0 can be proved in a similar way.
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The relation (3.21) follows from

Z+
i (z;V)Z+

j (w;V)

= E−(αi , z)ei(z)E
+(αi , z)E

−(αj ,w)ej (w)E+(αj ,w)

= (q−bij +2kw/z; q2k)∞(q−bij w/z;p∗)∞
(qbij +2kw/z; q2k)∞(qbij w/z;p∗)∞

E−(αi , z)ei(z)E
−(αj ,w)E+(αi , z)ej (w)E+(αj ,w)

= (qbij +2kw/z; q2k)∞(qbij w/z;p∗)∞
(q−bij +2kw/z; q2k)∞(q−bij w/z;p∗)∞

E−(αi , z)E
−(αj ,w)ei (z)ej (w)E+(αi , z)E

+(αj ,w)

= − w

z(1 − q−bij w/z)

(qbij +2kw/z; q2k)∞(qbij z/w;p∗)∞
(q−bij +2kw/z; q2k)∞(p∗q−bij z/w;p∗)∞

×E−(αi , z)E
−(αj ,w)ej (w)ei(z)E

+(αi , z)E
+(αj ,w)

= −w(1 − q−bij z/w)

z(1 − q−bij w/z)

(q−bij +2kz/w; q2k)2∞(qbij +2kw/z; q2k)∞(q−bij z/w;p∗)∞
(qbij+2kz/w; q2k)2∞(q−bij +2kw/z; q2k)∞(qbij z/w;p∗)∞

×E−(αj ,w)ej (w)E−(αi , z)E
+(αj ,w)ei(z)E

+(αi , z)

= −w

z

(q−bij z/w; q2k)∞(qbij +2kw/z; q2k)∞
(qbij +2kz/w; q2k)∞(q−bij w/z; q2k)∞

Z+
j (w;V)Z+

i (z;V).

We also derive (3.22) as follows.

(qbij+kw/z; q2k)∞
(q−bij+kw/z; q2k)∞

Z+
i (z;V)Z−

j (w;V)

= (qbij+kw/z; q2k)∞
(q−bij+kw/z; q2k)∞

E−(αi, z)ei(z)E
+(αi, z)E

−(α′
j , w)fj (w)E+(α′

j , w)

= E−(αi, z)E−(α′
j , w)ei(z)fj (w)E+(αi, z)E

+(α′
j , w)

= E−(αi, z)E−(α′
j , w)

[
fj (w)ei(z) + δij

qi − q−1
i

(
δ
(
q−k z

w

)
ψ−

i (qk/2w)

−δ
(
qk z

w

)
ψ+

i (q−k/2w)
)]

E+(αi, z)E+(α′
j , w).

Then use

ψ±
i (q∓k/2w) = K±

i E−(αi, q
∓kw)−1E−(α′

i , w)−1E+(αi, q
∓kw)−1E+(α′

i , w)−1

and the property of the delta function.
To prove the Serre relation (3.23) for Z+

j (z) we use Eqs. (3.14) and (3.19) and obtain

ei (z) = E(αi, z)Z+
i (z;V) (3.24)

where we set

E(αi, z) = E−(αi, z)−1E+(αi, z)−1.

From Eq. (3.6), we have

E(αi, z)E(αj ,w)

= (q−2w/z; q2k)∞(q2z/w; q2k)∞
(q2w/z; q2k)∞(q−2z/w; q2k)∞

(p∗q−2w/z; p∗)∞(p∗q2z/w; p∗)∞
(p∗q2w/z; p∗)∞(p∗q−2z/w; p∗)∞

E(αj , w)E(αi, z).

(3.25)
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Next note that (2.20) is equivalent to

0 =
∏

1≤m<l≤a

(p∗q2zl/zm;p∗)∞
(p∗q−2zl/zm;p∗)∞

∏
1≤i≤a

(p∗qbij zi/w; p∗)∞
(p∗q−bij zi/w; p∗)∞

×
∑
σ∈Sa

∏
1≤m<l≤a

σ−1(m)>σ−1(k)

(p∗q−2zl/zm; p∗)∞
(p∗q2zl/zm;p∗)∞

(p∗q2zσ(l)/zσ(m);p∗)∞
(p∗q−2zσ(l)/zσ(m); p∗)∞

×
a∑

s=0

(−1)s
[

a

s

]
i

∏
1≤m≤s

(p∗qbij w/zσ(m);p∗)∞
(p∗q−bij w/zσ(m); p∗)∞

(p∗q−bij zσ(m)/w; p∗)∞
(p∗qbij zσ(m)/w; p∗)∞

×ei (zσ(1)) · · · ei(zσ(s))ej (w)ei(zσ(s+1)) · · · ei(zσ(a)).

Substitute (3.24) into this, and move all E(αi, zj ) and E(αj ,w) to the left. Then we get

0 =
∏

1≤m<l≤a

(p∗q2zl/zm;p∗)∞
(p∗q−2zl/zm;p∗)∞

∏
1≤i≤a

(p∗qbij zi/w; p∗)∞
(p∗q−bij zi/w; p∗)∞

×
∑
σ∈Sa

∏
1≤m<l≤a

σ−1(m)>σ−1(k)

(p∗q−2zl/zm; p∗)∞
(p∗q2zl/zm;p∗)∞

(p∗q2zσ(l)/zσ(m);p∗)∞
(p∗q−2zσ(l)/zσ(m); p∗)∞

×
a∑

s=0

(−1)s
[

a

s

]
i

∏
1≤m≤s

(p∗qbij w/zσ(m);p∗)∞
(p∗q−bij w/zσ(m); p∗)∞

(p∗q−bij zσ(m)/w; p∗)∞
(p∗qbij zσ(m)/w; p∗)∞

×ε(zσ(1), · · · , zσ(s), w, zσ(s+1), · · · , zσ(a))

×Z+
i (zσ(1);V) · · ·Z+

i (zσ(s);V)Z+
j (w;V)Z+

i (zσ(s+1);V) · · ·Z+
i (zσ(a);V),

(3.26)

where we set

ε(zσ(1), · · · , zσ(s), w, zσ(s+1), · · · , zσ(a))

= E(αi, zσ(1)) · · ·E(αi, zσ(s))E(αj ,w)E(αi, zσ(s+1)) · · ·E(αi, zσ(a)).

Then moving E(αj , w) to the left end by Eq. (3.25), we have

ε(zσ(1), · · · , zσ(s), w, zσ(s+1), · · · , zσ(N))

=
∏

1≤i≤s

(
q−bij w/zσ(i); q2k

)
∞
(
qbij zσ(i)/w; q2k

)
∞(

qbij w/zσ(i); q2k
)
∞
(
q−bij zσ(i)/w; q2k

)
∞

(
p∗q−bij w/zσ(i);p∗)

∞
(
p∗qbij zσ(i)/w;p∗)

∞(
p∗qbij w/zσ(i); p∗)∞(p∗q−bij zσ(i)/w;p∗)∞

×ε(w, zσ(1), · · · , zσ(a)).

Substituting this into Eq. (3.26), we can factor out ε(w, zσ(1), · · · , zσ(a)) from
∑a

s=0. Then
exchanging the order of E(αi, zl)’s by Eq. (3.25), we have

ε(w, zσ(1), · · · , zσ (a))

=
∏

1≤m<l≤a

σ−1(m)>σ−1(k)

(
q−2zl/zm; q2k

)
∞
(
q2zσ(l)/zσ(m); q2k

)
∞(

q2zl/zm; q2k
)
∞
(
q−2zσ(l)/zσ(m); q2k

)
∞

(
p∗q2zl/zm;p∗)

∞
(
q−2p∗zσ(l)/zσ(m);p∗)

∞(
p∗q−2zl/zm;p∗)∞(p∗q2zσ(l)/zσ(m);p∗)∞

×ε(w, z1, · · · , za).
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Substituting this into Eq. (3.26), we can factor out ε(w, z1, · · · , za) completly from
∑

σ∈Sa
.

Multiply

∏
1≤m<l≤a

(q2zl/zm; q2k)∞
(q−2zl/zm; q2k)∞

∏
1≤m≤a

(q−bij zm/w; q2k)∞
(qbij zm/w; q2k)∞

,

and drop the overall factor depending on p∗, one gets the desired relation. One can prove
the Z−

j (z;V) case in the same way.

Definition 3.4 For k ∈ C× and (V, π) ∈ Ck , we call the H -subalgebra of DH,V gener-
ated by Z±

i,m(V), K±
i (i ∈ I,m ∈ Z),MH ∗ and d the dynamical quantum Z-algebra ZV

associated with (V, π).

3.3 The universal algebra Zk

Using the relations in Theorem 3.3, we define the universal dynamical quantum Z-algebra
as follows.

Definition 3.5 Let Z±
i,m (i ∈ I,m ∈ Z) be abstract symbols. We set Z±

i (z) =∑
m∈Z Z±

i,mz−m. We define the universal dynamical quantum Z-algebra Zk to be a topolog-

ical algebra over F[[q2k]] generated by Z±
i,m,K±

i (i ∈ I,m ∈ Z), d,MH ∗ subject to the

relations obtained by replacing Z±
i (z;V) by Z±

i (z) in Theorem 3.3.

We treat the relations as formal Laurent series in z,w and zj ’s in a similar way to those
of Uq,p(̂g) in section 2.1. The defining relations are well-defined in the q2k-adic topology.

Proposition 3.6 Zk is an H-algebra with the same μl, μr as in Uq,p(̂g).

Note that for (V, π) ∈ Ck we extend π to the map π : Zk → DH,V by π(Z±
i,m) =

Z±
i,m(V). Then V is a Zk-module by π .

Definition 3.7 For k ∈ C×, we denote by Dk the full subcategory of the category of Zk-
modules consisting of those modules (W, σ ) such that

(i) W has level k.
(ii) W = ⊔

ω∈CWω, where Wω = {w ∈ W | − σ(d)w = ωw }
(iii) For every ω ∈ C, there exists n0 ∈ N such that for all n > n0, Wω+n = 0.

Let us consider (V, π) ∈ Ck . Following Lepowsky and Wilson [18], we define the
vacuum space �V by

�V = {v ∈ V | π(αi,n)v = 0 ∀i ∈ I, n ∈ Z>0 }.

From Theorem 3.3, �V is stable under the action of ZV . For a morphism f : V → V ′ in
Ck , we have

f (�V) ⊂ �V ′ .
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Proposition 3.8 For (V, π) ∈ Ck , there is a unique representation σ of Zk on �V such that
(�V , σ ) ∈ Dk ,

σ
(
K±

i

) = π
(
K±

i

)
, σ

(Z±
i,m

) = Z±
i,m(V) ∀i ∈ I,m ∈ Z.

We hence define a functor � : Ck → Dk by

�(V, π) = (�V , σ ), �(f ) = f |�V : �V → �V ′ .

3.4 The functor �

We define a reverse functor � : Dk → Ck as follows. Let (W, σ ) ∈ Dk be a Zk-module.
We define Uq,p(H)-module IndW by requiring αi,m · W = 0 and

IndW = Uq,p(H) ⊗Uq,p(H+) W .

Let Fα,k be the level-k Fock module defined in section 3.1. We have a natural isomorphism
Fα,k ⊗CW ∼= Ind W by (u⊗1k)⊗w �→ u⊗w [18]. We thus identify the Uq,p(H)-module
IndW with Fα,k ⊗C W , with the action π of Uq,p(H)

π(c) = 1 ⊗ c, π
(
K±

i

) = 1 ⊗ σ
(
K±

i

)
, π(αi,m) = αi,m ⊗ 1.

For (W, σ ) ∈ Dk and IndW = Fα,k ⊗C W , we define e′
j (z), f

′
j (z) ∈ DH,IndW [[z, z−1]]

by

e′
j (z) = E−(αj , z)

−1E+(αj , z)−1 ⊗ σ(Z+
j (z)),

f ′
j (z) = E−(α′

j , z)−1E+(α′
j , z)

−1 ⊗ σ(Z−
j (z)).

These are well-defined elements of DH,IndW
[[

z, z−1
]]

. By a similar argument to the proof
of Theorem 3.3 one can show that e′

j (z) and f ′
j (z) satisfy the defining relations of Uq,p(̂g)

with c = k. We hence extend π : Uq,p(H) → DH,IndW to π : Uq,p(̂g) → DH,IndW as an
H -algebra homomorphism by

π(ej (z)) = e′
j (z), π(fj (z)) = f ′

j (z),

π(d) = d ⊗ 1 + 1 ⊗ σ(d).

By construction, the latter map is uniquely determined.

Proposition 3.9 For (W, σ ) ∈ Dk , there is a unique level-k Uq,p(̂g)-module (IndW, π) ∈
Ck .

We thus reach the following definition.

Definition 3.10 We define a functor � : Dk → Ck by

(i) �(W, σ ) = (IndW, π)

(ii) For a morphism f : W → W ′ in Dk , define �(f ) : IndW → IndW ′ to be the
induced Uq,p(H)-module map. Then �(f ) is a Uq,p(̂g)-module map.

We obtain the following theorem analogously to the case of the affine Lie algebras [18].

Theorem 3.11 For k ∈ C×, the two categories Ck and Dk are equivalent by the functors
� : Ck → Dk and � : Dk → Ck . In particular, the level-k Uq,p(̂g)-module IndW =
Fα,k ⊗C W ∈ Ck is irreducible if and only if W ∈ Dk is an irreducible Zk-module.
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4 The Induced Uq,p(̂g)-Modules

In this section we give a simple realization of the dynamical quantum Z-algebra Zk in
terms of the quantum Z-algebra Zk associated with Uq (̂g) and construct the level-k induced
Uq,p(̂g)-modules. We also give some examples of the level-1 irreducible representations.

4.1 The quantum Z-algebra Zk associated with Uq (̂g)

One can apply the arguments similar to those in sections 3.1–3.3 to the quantum affine
algebra Uq(̂g) in the Drinfeld realization and define the corresponding quantum Z-
algebras ZV associated with the level-k Uq (̂g)-module V [23] and the universal one Zk .
See Appendix A. We also denote by Ck and Dk the Uq(̂g) counterparts of the categories Ck

and Dk .
Comparing the defining relations of Zk with those of Zk , we obtain the following

isomorphism.

Proposition 4.1 We have the isomorphism

Zk
∼= (F ⊗C Zk)�C[RQ]

as an H -algebra by

Z+
j,m �→ Z+

j,me
−Qαj , Z−

j,m �→ Z−
j,m,

K±
i �→ q

∓hi

i e
−Qαj (i ∈ I,m ∈ Z), d �→ d̄,

where Z±
j,m denotes the generators in Zk (Definition A.3).

Theorem 4.2 For (W, σ̄ ) ∈ Dk and generic μ ∈ h∗, there is a dynamical representation σ

of Zk on WH,Q(μ) := (F ⊗C W) ⊗C eQμ̄C[RQ] such that (WH,Q(μ), σ) ∈ Ck and

σ
(Z+

j,m

) = σ̄
(
Z+

j,m

)⊗ e
−Qαj , σ

(Z−
j,m

) = σ̄
(
Z−

j,m

)⊗ 1,

σ
(
K±

j

) = σ̄
(
q

∓hj

j

)⊗ e
−Qαj , σ (d) = σ̄ (d̄) ⊗ 1 + 1 ⊗ Pd,

where Pd denotes a C-linear operator on 1 ⊗ eQμ̄C[RQ] such that

[1 ⊗ Pd, σ
(Z±

j,m

)] = 0.

Proposition 4.3 The representation (WH,Q(μ), σ) of Zk is irreducible if and only if W is
an irreducible Zk-module.

From this and Theorem 3.11, we obtain:

Proposition 4.4 For a Zk-module (W, σ̄ ) ∈ Dk and generic μ ∈ h∗, let (WH,Q(μ), σ)

be the Zk-module constructed in Theorem 4.2 and IndWH,Q(μ) = Fα,k ⊗C WH,Q(μ) be
the level-k induced Uq,p(̂g)-module given in Proposition 3.9. Then (IndWH,Q(μ), π) is
irreducible if and only if (W, σ̄ ) is irreducible.

4.2 Examples of the irreducible representations

We here give some examples of the level-1 irreducible induced representations of Uq,p(̂g)

of types ĝ = A
(1)
l ,D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 and B

(1)
l .
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4.2.1 The simply laced case :

Let C[Q] be the group algebra of the root lattice Q = ⊕iZαi with the central extension:

eαi eαj = (−1)(αi ,αj )eαj eαi (i, j ∈ I).

Let us consider the fundamental weight �a of ĝ with 0 ≤ a ≤ l for A
(1)
l , a = 0, 1, l − 1, l

for D
(1)
l , a = 0, 1, 2 for E

(1)
6 , a = 0, 1 for E

(1)
7 , a = 0 for E

(1)
8 .

Theorem 4.5 [23, 39] An inequivalent set of the level-1 irreducible Z1 (̂g)-modules is given
by W(�a) = e�̄aC[Q], on which the actions of Z±

j (z) are given by

Z±
j (z) = e±αj z±hj +1 (4.1)

with

z±hi e±αj e�̄a = z±(α∨
i ,αj +�̄a)e±αj e�̄a (i, j ∈ I).

Then for generic μ ∈ h∗, we have from Theorem 4.2 a level-1 irreducible Z1(̂g) module
WH,Q(�a,μ) := (F ⊗C W(�a)) ⊗ eQμ̄C[RQ] with the action given by

Z+
j (z) = Z+

j (z) ⊗ e
−Qαj , Z−

j (z) = Z−
j (z) ⊗ 1. (4.2)

Then from Proposition 4.4 we obtain:

Theorem 4.6 A level-1 irreducible highest weight representations of Uq,p(̂g) is given by
V(�a + μ, μ) := IndWH,Q(�a,μ) with the highest weight (�a + μ, μ):

V(�a + μ, μ) = Fα,1 ⊗ WH,Q(�a,μ) =
⊕

γ,κ∈Q
Fγ,κ (�a, μ),

where

Fγ,κ(�a,μ) = F ⊗C (Fα,1 ⊗ e�̄a+γ ) ⊗ eQμ̄+κ ,

The highest weight vector is 11 ⊗ e�̄a ⊗ eQμ̄ . The derivation operator d is realized as

d = −1

2

l∑
j=1

hjh
j − Nα + 1

2r∗
l∑

j=1

(Pj + 2)P j − 1

2r

l∑
j=1

((P + h)j + 2)(P + h)j ,

Nα =
l∑

j=1

∑
m∈Z>0

m2

[m]
1 − p∗m

1 − pm
qmαj,−mA

j
m,

where r, r∗ ∈ C×, and A
j
m are the fundamental weight type elliptic bosons given in Sec.5.1.

One can easily calculate the character of V(�a,μ):

chV(�a+μ,μ) = trV(�a+μ,μ)q
−d− c(W(g))

24 =
∑

γ,κ∈Q
chFγ,κ (�a,μ),

chFγ,κ (�a,μ) = 1

η(q)l
q

1
2rr∗ |r(μ̄+κ+ρ̄)−r∗(�̄a+μ̄+γ+κ+ρ̄)|2 .

Here c(W(g)) = l
(

1 − g(g+1)
rr∗

)
, and η(q) denotes Dedekind’s η-function given by

η(q) = q
1
24 (q;q)∞.
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One should note that the character chFγ,κ (�a,μ) coincides with the one of the Verma module

of the W(g)-algebras for g = Al,Dl,E6, E7, E8 with the highest weight h = 1
2rr∗ |r(μ̄ +

κ+ρ)−r∗(�̄a +μ̄+γ +κ+ρ)|2 and the central charge c(W(g)). In fact, for ĝ = A
(1)
l case,

for example, one can construct an action of the deformed W(Al) algebra on Fγ,κ (�a, μ)

explicitly.

Theorem 4.7 [26, 27] For p = q2r and p∗ = pq−2 = q2r∗
, i.e. r∗ = r − 1, the deformed

W(Al)-algebra acts on Fξ,κ (�i + μ, μ) by

�j (z) =: exp

⎧⎨⎩∑
m 
=0

(qm − q−m)(1 − p∗m)E+j
m (qjz)−m

⎫⎬⎭ : ⊗ p
∗hε̄j (1 ≤ j ≤ l),

Tn(z) =
∑

1≤j1<···<jn≤l

: �j1(z)�j2(zq
−2) · · ·�jn(zq

−2(n−1)) : (1 ≤ n ≤ l).

Here E+j
m denotes the orthonormal basis type elliptic boson given in Eq. (5.3), and : :

denotes the normal ordering of the enclosed expression such that the operators E±j
m for

m < 0 are to be placed to the left of the operators E±j
m for m > 0. In addition, the level-1

elliptic currents ej (w) and fj (w) of Uq,p(A
(1)
l ) obtained from Proposition 3.9,Eqs. (4.1)

and (4.2) are the screening currents of the deformed W(Al)-algebra, i.e. they commute with
Tn(z) up to a total difference.

See also [2, 7, 29]. A similar statement is valid also for the deformed W(Dl) [28] and
Uq,p(D

(1)
l ). We also expect that for r ∈ Z>0 satisfying r > g+1 and for a level-(r −g−1)

dominant integral weight μ, the space Fγ,κ (�a,μ) becomes completely degenerate with
respect to the action of the corresponding deformed W(g)-algebra [26–28], although the
E6,7,8-type deformed W algebras have not yet been constructed explicitly. In order to get
the irreducible module one should make the BRST-resolution in terms of the BRST-charge
constructed from the half currents of Uq,p(̂g). An explicit demonstration for the A

(1)
1 case

has been discussed in [35].
Remark. In Theorem 4.7, we assumed p = q2r in order to make a connection to the
deformed W(Al)-algbera. The same relation arises naturally when one considers the finite
dimensional representations of the universal elliptic dynamical R matrices [5, 40].

4.2.2 The B
(1)
l case

We follow the work [41] and its quantum analogues [42, 43] with a slight modification in
the Ramond sector according to [44]. Let eαi (i ∈ I) be the generators of the group algebra
C[Q] with the following central extension.

eαi eαj = (−1)(αi,αj )+(αi ,αi )(αj ,αj )eαj eαi

As before we regard hi (i ∈ I) as an operator such that

z±hi eαj = z±(α∨
i ,αj )eαj z±hi

We also need the Neveu-Schwartz (NS) fermion {�n|n ∈ Z + 1
2 } and the Ramond (R)

fermion {�n|n ∈ Z} satisfying the following anti-commutation relations.

{�m, �n} = δm+n,0N (qm + q−m)
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with N = 1/(q
1
2 + q− 1

2 ). We define

FNS = C[�− 1
2
,�− 3

2
· · · ], F̃R = C[�−1,�−2, ...]

and their submodules FNS,R
even (reps. FNS,R

odd ) generated by the even (reps. odd) number of
�−m’s. One should note that for the R fermion �2

0 = N and {�m,�0} = 0 for m 
= 0. So
we have two degenerate vacuum states 1 and �01. We hence consider the extended space

F̂R = F̃R ⊗ C2

and realize the R-fermions by

�̂m = �m ⊗
(

1 0
0 −1

)
(m ∈ Z 
=0), �̂0 = N 1

2 (1 ⊗
(

0 1
1 0

)
).

Note that {�̂m, �̂n} = δm+n,0N (qm + q−m). We set

FR = FR
even ⊗ C

(
1
1

)
⊕ FR

odd ⊗ C

(
1

−1

)
.

The action of �m on FNS is given by

�−m · u = �−mu, �m · u = {�m, u} (m ∈ Z>0),

where u ∈ FNS , whereas �̂m acts on FR as

�̂−m · u ⊗ v = �−mu ⊗
(

1 0
0 −1

)
v (m ∈ Z>0), �̂0 · u ⊗ v = u ⊗

(
0 1
1 0

)
v,

�̂m · u ⊗ v = {�m, u} ⊗
(

1 0
0 −1

)
v (m ∈ Z>0),

where u ∈ F̃R, v ∈ C2.
Let us define the fermion fields �NS(z) and �R(z) by

�NS(z) =
∑

n∈Z+ 1
2

�nz
−n, �R(z) =

∑
n∈Z

�̂nz
−n.

One can derive the following operator product expansions.

�(z)�(w) =: �(z)�(w) : + < �(z)�(w) >,

where

< �(z)�(w) >=

⎧⎪⎨⎪⎩
(zw)1/2(z−w)

(z−qw)(z−q−1w)
for NS

N (z−w)(z+w)

(z−qw)(z−q−1w)
for R.

Then the quantum Z-algebra Z1(B
(1)
l ) is realized as follows [23].

Z±
i (z) = e±αi z±hi+1 (1 ≤ i ≤ l − 1),

Z±
l (z) = 1

N 1/2
�(z)e±αlz±dlhl+dl .
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There are three irreducible Z1(B
(1)
l )-modules given by

W(�0) = FNS
even ⊗ C[Q0] ⊕ FNS

odd ⊗ C[Q0]e�̄1 ,

W(�1) = FNS
even ⊗ C[Q0]e�̄1 ⊕ FNS

odd ⊗ C[Q0],
W(�l) = FR ⊗ C[Q]e�̄l ∼= FR ⊗ C[Q0]e�̄l ⊕ FR ⊗ C[Q0]e�̄1+�̄l ,

where Q0 denotes the sublattice of Q generated by the long roots. For generic μ ∈ h∗ and
a = 0, 1, l, we set WH,Q(�a, μ) = (F ⊗C W(�a)) ⊗ eQμ̄C[RQ]. From Proposition 3.9

we have the following three level-1 irreducible Uq,p(B̂
(1)
l )-modules with the higest weight

(�a + μ, μ):

V(�a + μ, μ) = Fα,1 ⊗C WH,Q(�a, μ)

=
⊕

γ∈Q0,κ∈Q

⊕
λ∈max(�a)
mod Q0+Cδ

Fλ,γ,κ (�a, μ),

where

F�0,γ,κ (�0, μ) = F ⊗C

(Fα,1 ⊗ FNS
even ⊗ eγ

)⊗ eQμ̄+κ ,

F�1,γ,κ (�0, μ) = F ⊗C

(Fα,1 ⊗ FNS
odd ⊗ e�̄1+γ

)⊗ eQμ̄+κ ,

F�1,γ,κ (�1, μ) = F ⊗C

(Fα,1 ⊗ FNS
even ⊗ e�̄1+γ

)⊗ eQμ̄+κ ,

F�0,γ,κ (�1, μ) = F ⊗C

(Fα,1 ⊗ FNS
odd ⊗ eγ

)⊗ eQμ̄+κ ,

F�l,γ,κ (�l, μ) = F ⊗C

(Fα,1 ⊗ FR ⊗ e�̄l+γ
)⊗ eQμ̄+κ ,

F�l−αl ,γ,κ (�1, μ) = F ⊗C

(Fα,1 ⊗ FR ⊗ e�̄l+�̄1+γ
)⊗ eQμ̄+κ .

The highest weight vectors are given by 1⊗1⊗1⊗eQμ̄ for V(�0+μ,μ), 1⊗1⊗e�̄1 ⊗eQμ̄

for V(�1 + μ, μ) and 1 ⊗ 1 ⊗
(

1
1

)
⊗ e�̄l ⊗ eQμ̄ for V(�l + μ, μ), respectively.

It is also easy to calculate the characters of these modules:

chV(�a+μ,μ) = trV(�a+μ,μ)q
−d− cW

24 =
∑

λ∈max(�a)
mod Q0+Cδ

γ ∈Q0,κ∈Q

chFλ,γ,κ(�a,μ),

where cW = (l + 1
2 )
(

1 − 2l(2l−1)
rr∗

)
is the central charge of the WBl algebra by Fateev and

Lukyanov [31], and the derivation operator d is realized as

d = −1

2

l∑
j=1

hjh
j − Nα − N� + 1

2r∗
l∑

j=1

(Pj + 2)P j − 1

2r

l∑
j=1

((P + h)j + 2)(P + h)j ,

Nα =
l∑

j=1

∑
m∈Z>0

m2

[m]
1 − p∗m

1 − pm
qmαj,−mA

j
m, N� =

∑
m>0

m(q
1
2 + q− 1

2 )

qm + q−m
�−m�m



Elliptic Algebra Uq,p(̂g) and Quantum Z-algebras 123

where r, r∗ ∈ C×, and A
j
m are the fundamental weight type elliptic bosons of the type Bl

given in Sec.5.1, �m denotes �m on FNS and �̂m on FR . We obtain:

chV(�a+μ,μ) =
∑

λ∈max(�a)
mod Q0+Cδ

γ ∈Q0,κ∈Q

chFλ,γ,κ(�a,μ),

chF�0,γ,κ (�0,μ) = c
�0
�0

q

1

2rr∗
∣∣r(μ̄+κ+ρ̄)−r∗(μ̄+κ+γ+ρ̄)

∣∣2
,

chF�1,γ,κ (�0,μ) = c
�0
�1

q

1

2rr∗
∣∣r(μ̄+κ+ρ̄)−r∗(�̄1+μ̄+κ+γ+ρ̄)

∣∣2
,

chF�1,γ,κ (�1,μ) = c
�1
�1

q

1

2rr∗
∣∣r(μ̄+κ+ρ̄)−r∗(�̄1+μ̄+κ+γ+ρ̄)

∣∣2
,

chF�0,γ,κ (�1,μ) = c
�1
�0

q

1

2rr∗
∣∣r(μ̄+κ+ρ̄)−r∗(μ̄+κ+γ+ρ̄)

∣∣2
,

chF�l,γ,κ (�l ,μ) = c
�l

�l
q

1

2rr∗
∣∣r(μ̄+κ+ρ̄)−r∗(�̄l+μ̄+κ+γ+ρ̄)

∣∣2
,

chF�l−αl ,γ,κ (�1,μ) = c
�1
�l−αl

q

1

2rr∗
∣∣r(μ̄+κ+ρ̄)−r∗(�̄l+μ̄+κ+γ+ρ̄)

∣∣2
,

where

c
�0
�0

= c
�1
�1

= q− 1
48

2η(q)l

((− q
1
2 ; q

)
∞ + (

q
1
2 ; q

)
∞
)

,

c
�1
�0

= c
�0
�1

= q− 1
48

2η(q)l

((− q
1
2 ; q

)
∞ − (

q
1
2 ; q

)
∞
)

,

c
�l

�l
= c

�l

�l−αl
= q

1
24

2η(q)l
(−q;q)∞.∑

λ∈max(�a)
mod Q0+Cδ

chFλ,γ,κ (�a,μ) coincides with the character of the Verma modules of the WBl-

algebra with the highest weight h = 1
2rr∗ |r(μ̄ + κ + ρ̄) − r∗(�̄a + μ̄ + γ + κ + ρ̄)|2 and

the central charge cW with r, r∗ = r − 1 ∈ C being generic.

Conjecture 4.8 There exists a deformation of the WBl-algebra such that

i) its generating functions commute with the level-1 elliptic currents ej (z) and fj (z) of

Uq,p(B
(1)
l ) modulo a total difference, i.e. ej (z) and fj (z) at c = 1 are the screening

currents of the deformation of the WBl-algebra,
ii) for generic r and μ ∈ h∗,Fλ,ξ,κ (�+μ,μ) is an irreducible module of the deformation

of the WBl-algebra.

Remark All the algebras W(g) appearing in section 4.2.1 and WBl in this subsection are the
W -algebras associated with the coset X

(1)
l ⊕ X

(1)
l ⊃ (X

(1)
l )diag with level (r − g − 1, 1).

In particular, the WBl is different from the one obtained from the quantum Hamiltonian
reduction of the affine Lie algebra B

(1)
l . The W -algebras associated with such coset describe

the critical behavior of the face type solvable lattice models introduced by Jimbo, Miwa and
Okado [33].
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5 Elliptic Bosons of Various Types

In this section we introduce elliptic bosons of the fundamental weight type A
j
m and the

orthogonal basis type E±j
m for Uq,p(̂g), ĝ = A

(1)
l , B

(1)
l , C

(1)
l ,D

(1)
l . The level-1 bosons A

j
m

and E±j
m are used to realize the derivation operator d and the generating function of the

deformed W(Al)-algebra, respectively, in section 4.2.

5.1 Definition

Let us set η = −tg/2 (t = (long root)2/2).

A
(1)
n B

(1)
n C

(1)
n D

(1)
n

g n + 1 2n − 1 n + 1 2n − 2
t 1 1 2 1
η − l+1

2 − 2l−1
2 −(l + 1) −(l − 1)

Let αi,m be the elliptic bosons of the simple root type as in section 2. We define the

fundamental weight type elliptic bosons A
j
m (1 ≤ j ≤ l,m ∈ Z 
=0) by

[αi,m, A
j
n] = −δi,j δm+n,0

[cm]
m

1 − pm

1 − p∗m
q−cm (1 ≤ i, j ≤ l). (5.1)

Note that using the matrix B(m) = ([bi,jm])1≤i,j≤l , we have [28]

A
j
m =

l∑
k=1

(B(m)−1)kj αk,m.

Solving Eq. (5.1) we obtain the following.
For A

(1)
l ,

A
j
m = Cm

⎛⎝[(2η + j)m]
j∑

k=1

[km]αk,m + [jm]
l∑

k=j+1

[(2η + k)m]αk,m

⎞⎠ (1 ≤ j ≤ l).

For B
(1)
l ,

A
j
m = Cm

⎛⎝(q(η+j)m + q−(η+j)m)

j∑
k=1

[km]αk,m + [jm]
l∑

k=j+1

(q(η+k)m + q−(η+k)m)αk,m

⎞⎠
(1 ≤ j ≤ l).

For C
(1)
l ,

A
j
m = Cm

⎛⎝(q(η+j)m + q−(η+j)m)

j∑
k=1

[km]αk,m

+ [jm]
l−1∑

k=j+1

(q(η+k)m + q−(η+k)m)αk,m + [jm]αl,m

⎞⎠ , (1 ≤ j ≤ l − 1),

Al
m = Cm

(
l−1∑
k=1

[km]αk,m + [m]
[2m] [lm]αl,m

)
.
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For D
(1)
l ,

A
j
m = Cm

⎛⎝(q(η+j)m + q−(η+j)m
) j∑

k=1

[km]αk,m + [jm]
l−2∑

k=j+1

(q(η+k)m + q−(η+k)m)αk,m

+ [jm](αl−1,m + al,m)

⎞⎠ (1 ≤ j ≤ l − 2),

Al−1
m = Cm

(
l−2∑
k=1

[km]αk,m + [m]
[2m] ([lm]αl−1,m + [(l − 2)m]al,m)

)
,

Al
m = Cm

(
l−2∑
k=1

[km]αk,m + [m]
[2m] ([(l − 2)m]αl−1,m + [lm]al,m)

)
.

Here

Cm = 1

[m]2[2ηm] forA(1)
l

= [ηm]
[m]2[2ηm] forB(1)

l , C
(1)
l ,D

(1)
l .

We then devide A
j
m into two terms and define the elliptic bosons E±j

m of the orthogonal
basis type as follows.

For A
(1)
l ,

A
j
m = E+j

m + E−j
m , (5.2)

E±j
m = ±q±jm Cm

q − q−1

⎛⎝q±2ηm

j−1∑
k=1

[km]αk,m +
l∑

k=j

[(2η + k)m]αk,m

⎞⎠ (5.3)

for 1 ≤ j ≤ l. It is convenient to define E±(l+1)
m by

E±(l+1)
m = ∓ Cm

q − q−1

l∑
k=1

[km]αk,m. (5.4)

For B
(1)
l ,

A
j
m = E+j

m + E−j
m , (5.5)

E±j
m = q±jmCm

⎛⎝q±ηm

j−1∑
k=1

[km]αk,m ±
l∑

k=j

[(η + k)m]+αk,m

⎞⎠ (5.6)

for 1 ≤ j ≤ l. Here we set

[m]+ = qm + q−m

q − q−1
.

We also define

E0
m = [m

2 ]
[m] (E

+l
m + E−l

m ). (5.7)
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For C
(1)
l ,

A
j
m = E+j

m + E−j
m (5.8)

E±j
m = q±jmCm

⎛⎝q±ηm

j−1∑
k=1

[km]αk,m ±
l−1∑
k=j

[(η + k)m]+αk,m ± αl,m

q − q−1

⎞⎠
(1 ≤ j ≤ l − 1), (5.9)

Al
m = 1

qm + q−m
(E+l

m + E−l
m ), (5.10)

E±l
m = q±lmCm

(
q±ηm

l−1∑
k=1

[km]αk,m ± αl,m

q − q−1

)
. (5.11)

For D
(1)
l ,

A
j
m = E+j

m + E−j
m , (5.12)

E±j
m = q±jmCm

⎛⎝q±ηm

j−1∑
k=1

[km]αk,m ±
l−2∑
k=j

[(η + k)m]+αk,m ± 1

q − q−1
(αl−1,m + αl,m)

⎞⎠
(1 ≤ j ≤ l − 2), (5.13)

E±(l−1)
m = Cm

(
l−2∑
k=1

[km]αk,m ± q∓ηm

q − q−1
(αl−1,m + αl,m)

)
, (5.14)

E±l
m = q±mCm

(
l−2∑
k=1

[km]αk,m ∓ 1

q − q−1 (q±ηmαl−1,m − q∓ηmαl,m)

)
. (5.15)

Proposition 5.1

αj,m = ±[m]2(q − q−1)(E±j
m − q∓mE±(j+1)

m ), (5.16)

where 1 ≤ j ≤ l for A
(1)
l , 1 ≤ j ≤ l − 1 for B

(1)
l , C

(1)
l , D

(1)
l , and

αl,m = [m](qm/2 − q−m/2)(q−m/2E+l
m − qm/2E−l

m ) for B
(1)
l , (5.17)

= [m]2(q − q−1)
(
qmE+l

m − q−mE−l
m

)
for C

(1)
l , (5.18)

= ±[m]2(q − q−1)(E±(l−1)
m − q±mE∓l

m ) for D
(1)
l . (5.19)

Proposition 5.2 The following relations hold.

E±1
m = ± q±m

qm − q−m
A1

m, E±j
m = ± 1

qm − q−m

(
q±mA

j
m − A

j−1
m

)
, (5.20)

where 2 ≤ j ≤ l for A
(1)
l , 2 ≤ j ≤ l for B

(1)
l , 2 ≤ j ≤ l − 1 for C

(1)
l and 2 ≤ j ≤ l − 2

for D
(1)
l . In addition, we have

E±(l+1)
m = ∓ 1

qm − q−m
Al

m,

l+1∑
j=1

q±(j−1)mE±j
m = 0 for A

(1)
l , (5.21)

E±l
m = ± 1

qm − q−m

(
(qm + q−m)q±mAl

m − Al−1
m

)
for C

(1)
l , (5.22)
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and

E±(l−1)
m = ± 1

qm − q−m

(
q±mAl−1

m + q±mAl
m − Al−2

m

)
, (5.23)

E±l
m = ± 1

qm − q−m

(
q±2mAl

m − Al−1
m

)
for D

(1)
l . (5.24)

Remark The level-1 case i.e. c = 1, the A
(1)
l type relation was given in [26, 27] and the

D
(1)
l type was essentially given in [28], where parameters q and t should be identified with

our p∗ 1
2 = p

1
2 q−1 and p

1
2 , respectively. However the B

(1)
l and C

(1)
l cases are different

from those given in [28]. At least the formulas for B
(1)
l and C

(1)
l seem to be reversed. Our

definitions and relations are valid for arbitrary level c.

Although the expressions of E±j
m are complicated depending on the types of the affine

Lie algebras, their commutation relations are rather universal:

Theorem 5.3 For 1 ≤ j, k ≤ l, the following commutation relations hold. For A
(1)
l ,

[E±j
m ,E±j

n ] = [E±j
m ,E∓j

n ] = δm+n,0
[cm][(2η + 1)m]

m(q − q−1)2[m]3[2ηm]
1 − pm

1 − p∗m
q−cm, (5.25)

[E±j
m ,E±k

n ] = δm+n,0q
∓(sgn(k−j)2η+k−j)m [cm]

m(q − q−1)[m]2[2ηm]
1 − pm

1 − p∗m
q−cm,

(5.26)

[E±j
m ,E∓k

n ] = −δm+n,0q
±(2η+j+k)m [cm]

m(q − q−1)[m]2[2ηm]
1 − pm

1 − p∗m
q−cm. (5.27)

For B
(1)
l , C

(1)
l , D

(1)
l ,

[E±j
m ,E±j

n ] = δm+n,0
[cm][ηm][2(η + 1)m]

m(q − q−1)2[m]3[2ηm][(η + 1)m]
1 − pm

1 − p∗m
q−cm, (5.28)

[E±j
m ,E∓j

n ] = ∓δm+n,0
q±jm[cm][ηm]

m[m]3(q − q−1)2[2ηm]
[pm]
[p∗m]

(
q±(η+j)m[m] ± q∓(j−1)m[ηm]+

)
,

(5.29)

[E±j
m ,E±k

n ] = ∓sgn(k − j)δm+n,0q
∓(sgn(k−j)η+k−j)m [cm][ηm]

m(q − q−1)[m]2[2ηm]
1 − pm

1 − p∗m
q−cm,

(5.30)

[E±j
m ,E∓k

n ] = ∓δm+n,0q
±(η+j+k)m [cm][ηm]

m(q − q−1)[m]2[2ηm]
1 − pm

1 − p∗m
q−cm. (5.31)

Here

sgn(l − j) =
{+ (l > j),

− (l < j).

Proof Straightforward calculation using Proposition 5.2 and Eq. (5.1).

Proposition 5.4 For 1 ≤ i ≤ l, the following commutation relations hold.

[αi,m,E±j
n ] = ± [cm]

m(qm − q−m)

1 − pm

1 − p∗m
q−cm(q∓mδi,j − δi,j−1) (5.32)
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where 1 ≤ j ≤ l for A
(1)
l , B

(1)
l , 1 ≤ j ≤ l − 1 for C

(1)
l , 1 ≤ j ≤ l − 2 for D

(1)
l . In addition,

[αi,m,E±l
n ] = ± [cm]

m(qm − q−m)

1 − pm

1 − p∗m
q−cm(q∓m(qm + q−m)δi,l − δi,l−1) for C

(1)
l ,

(5.33)

and

[αi,m, E±(l−1)
n ] = ± [cm]

m(qm − q−m)

1 − pm

1 − p∗m
q−cm(q∓mδi,l−1 + q∓mδi,l − δi,l−2),

(5.34)

[αi,m, E±l
n ] = ± [cm]

m(qm − q−m)

1 − pm

1 − p∗m
q−cm(q∓2mδi,l − δi,l−1) for D

(1)
l .

(5.35)

From Eqs. (2.15) and (2.16) we also obtain the following relations.

Proposition 5.5 For 1 ≤ j ≤ l,

[E±i
m , ej (z)] = ± q−cmzm

m(qm − q−m)

1 − pm

1 − p∗m
ej (z)(q

±mδi,j − δi−1,j ), (5.36)

[E±i
m , fj (z)] = ∓ zm

m(qm − q−m)
fj (z)(q

±mδi,j − δi−1,j ) (5.37)

where 1 ≤ i ≤ l for A
(1)
l , B

(1)
l , 1 ≤ i ≤ l − 1 for C

(1)
l , 1 ≤ i ≤ l − 2 for D

(1)
l . In addition,

[E±l
m , ej (z)] = ± q−cmzm

m(qm − q−m)

1 − pm

1 − p∗m
ej (z)(q

±m(qm + q−m)δl,j − δl−1,j ),

(5.38)

[E±l
m , fj (z)] = ∓ zm

m(qm − q−m)
fj (z)(q

±m(qm + q−m)δl,j − δl−1,j ) for C
(1)
l ,

(5.39)

and

[E±(l−1)
m , ej (z)

] = ± q−cmzm

m(qm − q−m)

1 − pm

1 − p∗m
ej (z)(q

±mδl−1,j + q±mδl,j − δl−2,j ),

(5.40)[E±(l−1)
m , fj (z)

] = ∓ zm

m(qm − q−m)
fj (z)

(
q±mδl−1,j + q±mδl,j − δl−2,j

)
, (5.41)

[E±l
m , ej (z)

] = ± q−cmzm

m(qm − q−m)

1 − pm

1 − p∗m
ej (z)

(
q±2mδl,j − δl−1,j

)
, (5.42)

[E±l
m , fj (z)

] = ∓ zm

m(qm − q−m)
fj (z)

(
q±2mδl,j − δl−1,j

)
for D

(1)
l . (5.43)
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5.2 The Elliptic Currents k±j (z)

Let us set

ψj (z) =: exp

⎧⎨⎩(q − q−1)∑
m 
=0

αj,m

1 − pm
pmz−m

⎫⎬⎭ : . (5.44)

Then the elliptic currents ψ±
j (z) in Definition 2.1 can be written as

ψ+
j (q− c

2 z) = K+
j ψj (z), ψ−

j

(
q− c

2 z
) = K−

j ψj

(
pq−cz

)
. (5.45)

Let us introduce the new currents k±j (z) (1 ≤ j ≤ l) associated with E±j
m by

k±j (z) = : exp

⎧⎨⎩∑
m 
=0

[m]2
(
q − q−1

)2
1 − pm

pmE±j
m z−m

⎫⎬⎭ : (5.46)

and in addition we define k0(z) for B
(1)
l by

k0(z) = : k−l

(
q−1/2z

)
ψl

(
q−1/2z

) :=: k+l

(
q1/2z

)
ψl

(
q1/2z

)−1 : . (5.47)

Then from Proposition 5.1 we have the following decompositions.

Proposition 5.6

ψj(z) = : k+j (z)k+(j+1)(qz)−1 :=: k−j (z)
−1k−(j+1)(q

−1z) : (5.48)

where 1 ≤ j ≤ l − 1 for A
(1)
l , 1 ≤ j ≤ l − 1 for B

(1)
l , C

(1)
l and D

(1)
l . In addition,

ψl(z) = : k+l(z)k0
(
q−1/2z

)−1 :=: k−l (z)
−1k0

(
q1/2z

) : for B
(1)
l , (5.49)

= : k+l

(
q−1z

)
k−l(qz)−1 : for C

(1)
l , (5.50)

= : k+(l−1)(z)k−l

(
q−1z

)−1 :=: k−(l−1)(z)
−1k+l (qz) : for D

(1)
l . (5.51)

Now let us introduce the functions ρ̃+(z), which appear associated with the elliptic
dynamical R-matrices [40]:

ρ̃+(z) =
{
q2z

}{
ξ2q−2z

}{
ξ2z

}{z}
{
pξ2/z

}{p/z}{
pξ2q−2/z

}{
pq2/z

} for A
(1)
l , (5.52)

=
{
ξz
}2{

ξ2q−2z
}{

q2z
}{

ξ2z
}{

z
}{

ξq2z
}{

ξq−2z
} {pξ2/z

}{
p/z

}{
pξq2/z

}{
pξq−2/z

}{
pξ/z

}2{
pξ2q−2/z

}{
pq2/z

} for B
(1)
l , C

(1)
l ,D

(1)
l ,

(5.53)
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where ξ = q−2η, {z} = (z;p, ξ 2)∞. The following Theorem indicates a deep relationship
between k±j (z)’s and elliptic dynamical R-matrices.

Theorem 5.7

k±j (z1)k±j (z2) = ρ̃+∗(z)
ρ̃+(z)

k±j (z2)k±j (z1), (1 ≤ j ≤ l),

k+j (q
j z1)k+k(q

kz2) = ρ̃+∗(z)
ρ̃+(z)

�p∗ (q−2z)�p(z)

�p∗ (z)�p(q−2z)
k+k(q

kz2)k+j (q
j z1) (1 ≤ j < k ≤ l),

k−j (q
−j z1)k−k(q

−kz2) = ρ̃+∗(z)
ρ̃+(z)

�p∗ (q−2z)�p(z)

�p∗ (z)�p(q−2z)
k−k(q

−kz2)k−j (q
−j z1) (1 ≤ k < j ≤ l),

k+j (q
j z1)k−k(q

−kξz2) = ρ̃+∗(z)
ρ̃+(z)

�p∗ (q−2z)�p(z)

�p∗ (z)�p(q−2z)
k−k(q

−kξz2)k+j (q
j z1) (j 
= k),

k+j (q
j z1)k−j (q

−j ξz2) = ρ̃+∗(u)

ρ̃+(u)

�p∗ (q2j−2ξ−1z)�p(q2j ξ−1z)

�p∗ (q2j ξ−1z)�p(q2j−2ξ−1z)

�p∗ (q−2z)�p(z)

�p∗ (z)�p(q−2z)
k−j (q

−j ξz2)k+j (q
j z1),

where z = z1/z2 and ρ̃+∗(z) = ρ̃+(z)|p �→p∗ . In addition, for B
(1)
l we have

k0(z1)k0(z2) = ρ̃+∗(u)

ρ̃+(u)

�p∗(q−2z)�p(q2z)�p∗(qz)�p(q−1z)

�p∗(q2z)�p(q−2z)�p∗(q−1z)�p(qz)
k0(z2)k0(z1),

k+j (q
j z1)k0(q

l−1/2z2) = ρ̃+∗(u)

ρ̃+(u)

�p∗(q−2z)�p(z)

�p∗(z)�p(q−2z)
k0(q

l−1/2z2)k+j (q
j z1) (1 ≤ j ≤ l),

k−j (ξq−j z1)k0(q
l−1/2z2) = ρ̃+∗(u)

ρ̃+(u)

�p∗(z)�p(q2z)

�p∗(q2z)�p(z)
k0(q

l−1/2z2)k−j (ξq−j z1) (1 ≤ j ≤ l).

Proof Straightforward calculation using Theorem 5.3.

In addition from Proposition 5.5, we obtain:

Proposition 5.8

k±j (z1)ej (z2) = �p∗ (q−cz)

�p∗(q−c∓2z)
ej (z2)k±j (z1) (1 ≤ j ≤ l),

k±j (z1)ej−1(z2) = �p∗(q−c∓1z)

�p∗(q−c±1z)
ej−1(z2)k±j (z1) (2 ≤ j ≤ l),

k±j (z1)ek(z2) = ek(z2)k±j (z1) (k 
= j, j − 1),

k±j (z1)fj (z2) = �p(q∓2z)

�p(z)
fj (z2)k±j (z1) (1 ≤ j ≤ l),

k±j (z1)fj−1(z2) = �p(q±1z)

�p(q∓1z)
fj−1(z2)k±j (z1) (2 ≤ j ≤ l),

k±j (z1)fk(z2) = fk(z2)k±j (z1) (k 
= j, j − 1)
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for A
(1)
l , B

(1)
l with 1 ≤ i ≤ l, C

(1)
l with 1 ≤ i ≤ l − 1, D

(1)
l with 1 ≤ i ≤ l − 2. In addition,

we have

k0(q
l−1/2z1)el(z2) = �p∗(q−c+lz)�p∗(q−c+l−1z)

�p∗ (q−c+l−2z)�p∗(q−c+l+1z)
el(z2)k0(q

l−1/2z1),

k0(q
l−1/2z1)ej (z2) = ej (z2)k0(q

l−1/2z1) (1 ≤ j ≤ l − 1),

k0(q
l−1/2z1)fl(z2) = �p(ql−2z)�p(ql+1z)

�p(qlz)�p(ql−1z)
fl(z2)k0(q

l−1/2z1),

k0(q
l−1/2z1)fj (z2) = fj (z2)k0(q

l−1/2z1) (1 ≤ j ≤ l − 1) for B
(1)
l ,

k±l(z1)el(z2) = �p∗ (q−c±1z)

�p∗ (q−c∓3z)
el(z2)k±l(z1),

k±l(z1)el−1(z2) = �p∗ (q−c∓1z)

�p∗ (q−c±1z)
el−1(z2)k±l(z1),

k±l(z1)ej (z2) = ej (z2)k±l(z1) (j 
= l, l − 1),

k±l(z1)fl(z2) = �p(q∓3z)

�p(q±1z)
fl(z2)k±l(z1),

k±l(z1)fl−1(z2) = �p(q±1z)

�p(q∓1z)
fl−1(z2)k±l(z1),

k±l(z1)fj (z2) = fj (z2)k±l(z1) (j 
= l, l − 1) for C
(1)
l ,

k±(l−1)(z1)ej (z2) = �p∗(q−cz)

�p∗(q−c∓2z)
ej (z2)k±(l−1)(z1) (j = l, l − 1),

k±(l−1)(z1)el−2(z2) = �p∗ (q−c∓1z)

�p∗ (q−c±1z)
el−2(z2)k±(l−1)(z1),

k±(l−1)(z1)ej (z2) = ej (z2)k±(l−1)(z1) (j 
= l, l − 1, l − 2),

k±l(z1)el(z2) = �p∗ (q−c∓1z)

�p∗ (q−c∓3z)
el(z2)k±l(z1),

k±l(z1)el−1(z2) = �p∗ (q−c∓1z)

�p∗ (q−c±1z)
el−1(z2)k±l(z1),

k±l(z1)ej (z2) = ej (z2)k±l(z1) (j 
= l, l − 1),

k±(l−1)(z1)fj (z2) = �p(q∓2z)

�p(z)
fj (z2)k±(l−1)(z1) (j = l, l − 1),

k±(l−1)(z1)fl−2(z2) = �p(q±1z)

�p(q∓1z)
fl−2(z2)k±(l−1)(z1),

k±(l−1)(z1)fj (z2) = fj (z2)k±(l−1)(z1) (j 
= l, l − 1, l − 2),

k±l(z1)fl(z2) = �p(q∓3z)

�p(q∓1z)
fl(z2)k±l(z1),

k±l(z1)fl−1(z2) = �p(q±1z)

�p(q∓1z)
fl−1(z2)k±l(z1),

k±l(z1)fj (z2) = fj (z2)k±l(z1) (j 
= l, l − 1) for D
(1)
l .
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The elliptic bosons E±j
m and their elliptic currents k±j (z) are useful to realize the L-

operators and the vertex operators for Uq,p(̂g) as well as deformation of the W -algebras.
We will discuss this subject in separate papers.

Acknowledgments H.K is supported by the Grant-in -Aid for Scientific Research (C) 22540022 JSPS,
Japan. R.M.F is grateful to the Egyptian government for a scholarship.

Appendix A: The Drinfeld Realization of Uq(̂g)

Let ĝ be an untwisted affine Lie algebra.

Definition A.1 The quantum affine algebra Uq (̂g) in the Drinfeld realization is a unital C-
algebra generated by qh (h ∈ h), a∨

i,n, x±
i,m (i ∈ I, n ∈ Z 
=0,m ∈ Z) d̄ and the central

element c. We set

x±
i (z) =

∑
m∈Z

x±
i,mz−m, (6)

ψi(z) = q
hi

i exp

((
qi − q−1

i

)∑
n>0

a∨
i,nz

−n

)
, (7)

ϕi(z) = q
−hi

i exp

(
−(qi − q−1

i

)∑
n>0

a∨
i,−nz

n

)
. (8)

The defining relations are as follows.

[q±hi

i , d̄] = 0, [d̄, ai,n] = nai,n, [d̄, x±
i,n] = nx±

i,n, (9)

[q±hi

i , aj,n] = 0, q
hi

i x±
j (z) = q

±aij

i x±
j (z)q

hi

i , (10)

[a∨
i,n, a

∨
j,m] = [aijn]i[cn)j

n
q−c|n|δn+m,0, (11)

[a∨
i,n, x

+
j (z)] = [aijn]i

n
q−c|n|znx+

j (z), (12)

[a∨
i,n, x

−
j (z)] = −[aijn]i

n
znx−

j (z), (13)

(z − q±bij w)x±
i (z)x±

j (w) = (q±bij z − w)x±
j (w)x±

i (z), (14)

[x+
i (z), x−

j (w)] = δi,j

qi − q−1
i

(
δ
(
q−k z

w

)
ψi(q

k/2w) − δ
(
qk z

w

)
ϕi

(
q−k/2w

))
, (15)

∑
σ∈Sa

a∑
s=0

(−)s
[
a

s

]
i

x±
i (zσ(1)) · · · x±

i (zσ(s))x
±
j (w)x±

i (zσ(s+l)) · · · x±
i (zσ(a)) = 0,

(i 
= j, a = 1 − aij ). (16)

For k ∈ C, we define the category Ck of the level-k Uq (̂g)-modules in the same way as
Ck of Uq,p(̂g) in section 2. Let ai,n = [di]a∨

i,n (i ∈ I, n ∈ Z 
=0) be the simple root type
level-k Drinfeld bosons. They satisfy

[ai,n, aj,m] = [bijn][kn]
n

q−k|n|δn+m,0.



Elliptic Algebra Uq,p(̂g) and Quantum Z-algebras 133

For (V, π̄) ∈ Ck , we define the Z-operators associated with the level-k Uq (̂g)-module V by

Z±
i (z;V ) = exp

⎛⎝∓
∑
n≥1

π̄ (ai,−n)

[kn] q
1∓1

2 knzn

⎞⎠ π̄ (x±
i (z)) exp

⎛⎝±
∑
n≥1

π̄(ai,n)

[kn] q
1∓1

2 knz−n

⎞⎠ .

The coefficients Z±
i,n(V ) of Z±

i (z;V ) = ∑
n∈Z Z±

i,n(V )z−n in z are well defined elements
in EndCV .

Theorem A.2 The Z-operators Z±
i (z;V ) satisfy the same relations in Theorem 3.3 except

for Eqs. (3.16), (3.17) with replacement Z±
j (z;V), αj,m, d and K±

j by Z±
i (z;V ), aj,m, d̄

and q
∓hj

j , respectively.

Remark This theorem is essentially due to Jing [23]. However, in [23] no Serre relations are
written explicitly. There are also some misprints in Theorem 2.2 in [23]:

• (1 − q∓w/z)
−(αi |αj )/k

q2k should be read as (1 − q∓w/z)
(αi |αj )/k

q2k

• (1 − q∓z/w)
−(αi |αj )/k

q2k should be read as (1 − q∓z/w)
(αi |αj )/k

q2k

• (1 − w/z)
(αi |αj )/k

q2k should be read as (1 − w/z)
−(αi |αj )/k

q2k

• (1 − z/w)
(αi |αj )/k

q2k should be read as (1 − z/w)
−(αi |αj )/k

q2k

Definition A.3 For k ∈ C× and (V, π̄) ∈ Ck , we call the subalgebra of EndCV generated
by Z±

i,m(V ), q
±hi

i (i ∈ I,m ∈ Z) and d̄ the quantum Z-algebra ZV associated with (V, π̄).

We also define the universal quantum Z algebra Zk as a topological algebra over C[[q2k]]
in the same way as Zk in Definition 3.5. We denote the generators in Zk by Z±

j,m (j ∈ I).
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(1996). Quantum z-algebras and representations of quantum affine algebras, Comm. Alg., 28, 829–844
(2000)

24. Jimbo, M., Konno, H., Odake, S., Pugai, Y., Shiraishi, J.: Free field construction for the ABF models in
Regime II. J. Stat. Phys. 102, 883–921 (2001)

25. Christe, P., Ravanini, F.: GN ⊗GL/GN+L conformal field theories and their modular invariant partition
functions. Int. J. Mod. Phys. A4, 897–920 (1989)

26. Feigin, B., Frenkel, E.: Quantum W -algebras and elliptic algebras. Comm. Math. Phys. 178, 653–678
(1996)

27. Awata, H., Kubo, H., Odake, S., Shiraishi, J.: Quantum WN algebras and Macdonald polynomials.
Comm. Math. Phys. 179, 401–416 (1996)

28. Frenkel, E., Reshetikhin, N.: Deformation of W -algebras associated to simple Lie algebras. q-
alg/9708006

29. Kojima, T., Konno, H.: The elliptic algebra Uq,p(ŝl2) and the deformation of WN algebra. J. Phys. A37,
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Higher level representation of the elliptic quantum group
Uq,p(ŝl2) and its integrability
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Abstract. By using an elliptic analogue of the Drinfeld coproduct, we construct

the level-k + 1 representation of the elliptic quantum group Uq,p(
̂sl2) from the

level-1 highest weight representation. The quantum Z-algebra of level-k + 1 is

realized. We also find the elliptic analogue of the condition of integrability for

higher level modules constructed by the Drinfeld coproduct. This also enables us to

express �k(e(z))�k (e(zq2)) · · ·�k (e(zq2(N−1))) and �k(f(z))�k (f(zq−2)) · · ·�k

(f(zq−2(N−1))) as vertex operators of the level-k + 1 bosons.

1. Introduction

Lepowsky and Primic [15] studied the condition of integrability of higher

level representation of the affine Lie algebra ŝl2. Ding and Feigin [1], Ding and
Miwa [3] studied the quantum integrable condition and the q-parafermion of

Uq(ŝl2) by using the Drinfeld coproduct [1] for the Drinfeld realization of Uq(ŝl2)
[4]. The universal R matrix R∞ associated with the Drinfeld coproduct is given
in [2] for Uq(ĝ) for general untwisted affine Lie algebra ĝ. In [11, 8], Jimbo,
Konno, Odake, Shiraishi gave an elliptic analogue Uq,p(ĝ) of the Drinfeld real-
ization of Uq(ĝ). In particular in [8], the authors introduced the elliptic analogue

of the Drinfeld coproduct for Uq,p(ŝl2). Konno [13] defined the H-Hopf algebroid

structure [5, 6, 10] of Uq,p(ŝl2) in term of the coproduct of the L−operator of

Uq,p(ŝl2) and defined the associated elliptic quantum group Uq,p(ŝl2). Farghly,
Konno and Oshima [16] gave a new definition of Uq,p(ĝ) as a certain topologi-
cal algebra over the ring of formal power series in p and studied the dynamical
quantum Z-algebra structure associated with the level-k highest weight repre-
sentation of Uq,p(ĝ). Also the authors constructed the induced Uq,p(ĝ)-module
from the dynamical quantum Z-module. The level-1 standard representations of

Uq,p(ĝ) for ĝ = A
(1)
l , D

(1)
l , E

(1)
6 , E

(1)
7 , E

(1)
8 and B

(1)
l were also given. The purpose

of this paper is to construct the higher level realization of the elliptic algebra

Uq,p(ŝl2) from its standard level-1 realization [16] by using the elliptic Drinfeld
coproduct [8, 14]. The higher level elliptic currents are expressed in term of
the level-1 currents. In particular, we obtain the level-k+1 Heisenberg algebra,
then we introduce the vertex operators E±

(k)(α, z), E
±
(k)(α

′, z) and we define the

2010 Mathematics Subject Classification. Primary 12A34, 98B76; Secondary 23C57.
Key words and phrases. Elliptic quantum group, Quantum affine algebra, Integrable

module.
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level-k + 1 quantum Z-operators from the level-k + 1 elliptic currents. Also,
we give the elliptic analogue of the quantum integrable condition for level-k+ 1

integrable module of Uq,p(ŝl2).
This paper is organized as follows. In section 2, we define the elliptic al-

gebra Uq,p(ŝl2) in term of the elliptic Drinfeld generators. We use the Drinfeld

coproduct to define the H-Hopf algebroid structure on Uq,p(ŝl2) and formu-
late it as an elliptic quantum group. Also we recall the level-1 realization of

Uq,p(ŝl2) following [16]. In section 3, we show a construction of the level-k + 1

realization(k ∈ Z>0) of Uq,p(ŝl2) using the level-1 realization of Uq,p(ŝl2). Also,
we give a realization of the level-k + 1 Z-algebra. In section 4, we present the
elliptic analogue of quantum integrable condition for any level-k + 1 integrable

module of Uq,p(ŝl2).

2. Elliptic quantum group Uq,p(ŝl2)

In this section we expose the definition of the elliptic quantum group Uq,p(ŝl2)

and the level-1 realization of Uq,p(ŝl2) which we are going to use in the following
sections.

2.1. Definition of Uq,p(ŝl2)[16]. Let h = h̃⊕Cd, h̃ = Ch⊕Cc be the Cartan

subalgebra of ŝl2. Define δ,Λ0, α ∈ h∗ by

〈α,h〉 = 2, 〈δ, d〉 = 1 = 〈Λ0, c〉, (2.1)

the other pairings are 0. We also define Λ̄1 ∈ h∗ by

〈Λ̄1, h〉 = 1

We set h̃∗ = CΛ0 ⊕ CΛ̄1, Q = Zα and P = ZΛ̄1.
We introduce another Heisenberg algebra generated by P and Q with the

pairing 〈P,Q〉 = 1. Now let us set H = h̃ ⊕ CP and denote its dual space by

H∗ = h̃∗ ⊕ CQ. We define the paring by equation (2.1), and 〈Q, h〉 = 〈Q, c〉 =
〈Q, d〉 = 0 = 〈α, P 〉 = 〈δ, P 〉 = 〈Λ0, P 〉. We define F = MH∗ to be the field
of meromorphic functions on H∗. We regard a function of P + h , P and c,

f̂ = f(P + h, P, c), as an element in F by f̂(μ) = f(〈μ, P + h〉, 〈μ, P 〉, 〈μ, c〉) for
μ ∈ H∗.

We use the following notations.

[n] =
qn − q−n

q − q−1
, (x; q)∞ =

∞∏
n=0

(1− xqn),

(x; q, t)∞ =

∞∏
n,m=0

(1− xqntm), Θp(z) = (z; p)∞(p/z; p)∞(p; p)∞.

Definition 2.1. [16] The elliptic algebra Uq,p(ŝl2) is a topological alge-
bra over F[[p]] generated by MH∗ , em, fm, αn,(m ∈ Z, n ∈ Z �=0), K

±, d and the
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central element c. Let

e(z) =
∑
m∈Z

emz−m, f(z) =
∑
m∈Z

fmz−m

ψ+(z) = K+ exp

(
−(q − q−1)

∑
n>0

α−n

1− pn
(zq

c
2 )n

)

× exp

(
(q − q−1)

∑
n>0

pnαn

1− pn
(zq

c
2 )−n

)
,

ψ−(z) = K− exp

(
−(q − q−1)

∑
n>0

pnα−n

1− pn
(zq−

c
2 )n

)

× exp

(
(q − q−1)

∑
n>0

αn

1− pn
(zq−

c
2 )−n

)
.

We call e(z), f(z), ψ±(z) the elliptic currents. They are formal Laurent series
in z. The defining relations are

g(P + h)e(z) = e(z)g(P + h), g(P )e(z) = e(z)g(P − 〈Q,P 〉), (2.2)

g(P + h)f(z) = f(z)g(P + h− 〈α, P + h〉), g(P )f(z) = f(z)g(P ),

(2.3)

[g(P ), αm] = [g(P + h), αm] = 0, (2.4)

g(P )K± = K±g(P − 〈Q,P 〉), (2.5)

g(P + h)K± = K±g(P + h− 〈Q,P 〉), (2.6)

[d, g(P + h, P )] = 0, (2.7)

[d, αn] = nαn, [d, e(z)] = −z
∂

∂z
e(z), [d, f(z)] = −z

∂

∂z
f(z), (2.8)

K±e(z) = q∓2e(z)K±, K±f(z) = q±2f(z)K±, (2.9)

[αm, αn] = δm+n,0
[2m][cm]

m

1− pm

1− p∗m
q−cm, (2.10)

[αm, e(z)] =
[2m]

m

1− pm

1− p∗m
q−cmzme(z), (2.11)

[αm, f(z)] = − [2m]

m
zmf(z), (2.12)

z1
(q2z2/z1; p

∗)∞
(p∗q−2z2/z1; p∗)∞

e(z1)e(z2) = −z2
(q2z1/z2; p

∗)∞
(p∗q−2z1/z2; p∗)∞

e(z2)e(z1),

(2.13)

z1
(q−2z2/z1; p)∞
(pq2z2/z1; p)∞

f(z1)f(z2) = −z2
(q−2z1/z2; p)∞
(pq2z1/z2; p)∞

f(z2)f(z1), (2.14)
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[e(z1), f(z2)] =
1

q − q−1

(
δ(q−cz1/z2)ψ

−(q
c
2 z2)− δ(qcz1/z2)ψ

+(q−
c
2 z2)

)
,

(2.15)

where p∗ = pq−2c and δ(z) =
∑
n∈Z

zn.

2.2. Hopf algebroid structure of Uq,p(ŝl2). Here we follow [13, 12, 14] to

present the Hopf algebroid structure on Uq,p(ŝl2) using the Drinfeld coproduct

of Uq,p(ŝl2) [8].

2.2.1. H-Hopf algebroid. Let A be a complex associative algebra, H be a finite
dimensional commutative subalgebra of A, and MH∗ be the field of meromorphic
functions on H∗ the dual space of H.

Definition 2.2 (H-algebra). An H-algebra is an associative algebra A

with 1, which is bigraded over H∗, A =
⊕

α,β∈H∗
Aαβ, and equipped with two algebra

embeddings μl, μr : MH∗ → A00 (the left and right moment maps), such that

μl(f̂)a = aμl(Tαf̂), μr(f̂)a = aμr(Tβ f̂), a ∈ Aαβ , f̂ ∈ MH∗ ,

where Tα denotes the automorphism (Tαf̂)(λ) = f̂(λ+ α) of MH∗ .

Definition 2.3. An H-algebra homomorphism is an algebra homomor-
phism π : A → B between two H-algebras A and B such that for α, β ∈ H∗

π(Aαβ) ⊆ Bαβ , π(μA
l (f̂)) = μB

l (f̂), π(μA
r (f̂)) = μB

r (f̂).

The tensor product A⊗̃B =
⊕

α,β∈H∗
(A⊗̃B)αβ =

⊕
α,β∈H∗

(
⊕
γ∈H∗

(Aαγ ⊗MH∗

Bγβ)) is again an H-algebra with the multiplication (a⊗b)(c⊗d) = ac⊗bd. The
tensor product ⊗MH∗ refers to the usual tensor product modulo the following
rule:

μA
r (f̂)a⊗ b = a⊗ μB

l (f̂)b, a ∈ A, b ∈ B, f̂ ∈ MH∗ . (2.16)

The unit object D in the category of H-algebras is an algebra of automor-
phisms MH∗ → MH∗

D = {
∑
i

f̂iTβi
| f̂i ∈ MH∗ , βi ∈ H∗} =

⊕
α∈H∗

Dαα (2.17)

where Dαα = {f̂T−α | f̂ ∈ MH∗ , α ∈ H∗} and the moment maps μD
l , μD

r :

MH∗ → D00 are defined by μD
l (f̂) = μD

r (f̂) = f̂T0.

Definition 2.4. An H-Hopf algebroid is an H-algebra A equipped with two
H-algebra homomorphisms: coproduct 	 : A → A⊗̃A, counit ε : A → D and a
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C-linear map: antipode a : A → A. 	, ε, a satisfy the following

(	⊗̃id) ◦ 	 = (id⊗̃	) ◦ 	 (2.18)

(ε⊗̃id) ◦ 	 = (id⊗̃ε) ◦ 	 (2.19)

m ◦ (id⊗̃a) ◦ 	(x) = μl(ε(x)1), ∀x ∈ A (2.20)

m ◦ (a⊗̃id) ◦ 	(x) = μr(Tα(ε(x)1)), ∀x ∈ Aαβ . (2.21)

m : A⊗̃A → A refers the multiplication and ε(x)1(x ∈ A) refers the action of
the operator ε(x) on the constant function 1 ∈ MH∗ .

2.2.2. H-Hopf algebroid structure of U = Uq,p(ŝl2).

Proposition 2.5. U = Uq,p(ŝl2) is an H-algebra by

U =
⊕

α,β∈H∗
Uαβ ,

Uαβ =
{
x ∈ U

∣∣∣ qP+hxq−(P+h) = q〈α,P+h〉x, qPxq−P = q〈β,P 〉x

∀P + h, P ∈ H}

and μl, μr : F → U00 defined by

μl(f̂) = f(P + h, p) ∈ F[[p]], μr(f̂) = f(P, p∗) ∈ F[[p]].

The tensor product U⊗̃U =
⊕

α,β∈H∗
(U⊗̃U)αβ is an H∗ bigraded algebra.

The H-algebra D of the shift operators is

D = {
∑
i

f̂iTαi | f̂i ∈ MH∗ , αi ∈ H∗}.

with the bigraded structure and the moments map as in Definition 2.2.

In [13], Konno defined the Hopf algebroid structure on Uq,p(ŝl2) by the co-

product of L-operator. Here we define the Hopf algebroid structure on Uq,p(ŝl2)
by the Drinfeld coproduct [8, 14].

Theorem 2.6. [14] The elliptic algebra Uq,p(ŝl2) has an elliptic analogue

of the Drinfeld coproduct 	 : Uq,p(ŝl2) → Uq,p(ŝl2)⊗̃Uq,p(ŝl2), the counit ε :
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Uq,p(ŝl2) → D and the antipode a : Uq,p(ŝl2) → Uq,p(ŝl2)

	(qc) = qc⊗̃qc,	(qh) = qh⊗̃qh (2.22)

	(ψ±(z)) = ψ±(q±
c(2)

2 z)⊗̃ψ±(q∓
c(1)

2 z) (2.23)

	(μr(f̂)) = 1⊗̃μr(f̂),	(μl(f̂)) = μl(f̂)⊗̃1 (2.24)

	(e(z)) = e(q−c(2)z)⊗̃ψ−(q−
c(2)

2 z) + 1⊗̃e(z) (2.25)

	(f(z)) = f(z)⊗̃1 + ψ+(q−
c(1)

2 z)⊗̃f(zq−c(1)) (2.26)

ε(qc) = 1, ε(ψ+(z)) = ε(ψ−(z)) = 1 (2.27)

ε(μr(f̂)) = ε(μl(f̂)) = f̂T0 (2.28)

ε(e(z)) = ε(f(z)) = 0, ε(αn) = 0 (2.29)

a(qc) = q−c, a(ψ±(z)) = ψ±(z)−1 (2.30)

a(μr(f̂)) = μl(f̂), a(μl(f̂)) = μr(f̂) (2.31)

a(e(z)) = −ψ−(zq
c
2 )−1e(qcz) (2.32)

a(f(z)) = −f(qcz)ψ+(zq
c
2 )−1. (2.33)

Namely, the maps 	, ε are algebra homomorphism and a is an anti-algebra ho-
momorphism satisfying the relations (2.18)-(2.21) in Definition 2.4. Therefore

the H- algebra Uq,p(ŝl2) with 	, ε, a is an H-Hopf algebroid.

Proof. Let’s check (2.19)

m ◦ (ε⊗̃id) ◦ 	(e(z)) = m(ε⊗̃id) ◦ (e(q−c(2)z)⊗̃ψ−(q−
c(2))

2 z) + 1⊗̃e(z))

= m ◦ (ε(e(q−c(2)z))⊗̃ψ−(q−
c(2)

2 z) + 1⊗̃e(z))

= m ◦ (1⊗̃e(z)) = e(z),

m ◦ (id⊗̃ε) ◦ 	(e(z)) = m(id⊗̃ε) ◦ (e(q−c(2)z)⊗̃ψ−(q−
c(2))

2 z) + 1⊗̃e(z))

= m ◦ (e(ε(q−c(2))z)⊗̃ε(ψ−(ε(q−
c(2)

2 )z)) + 1⊗̃ε(e(z)))

= m ◦ (e(z)⊗̃1) = e(z).

For (2.20)

m ◦ (id⊗ a) ◦ 	(e(z)) = m ◦ (id⊗ a) ◦ (e(q−c(2)z)⊗̃ψ−(q−
c(2)

2 z) + 1⊗̃e(z))

= m ◦ (e(a(q−c(2))z)⊗̃a(ψ−(a(q−
c(2)

2 )z)) + 1⊗̃a(e(z)))

= e(qc
(2)

z)ψ−(q
c(2)

2 z)−1 − ψ+(q−
c(1)

2 z)−1e(qc
(2)

z) = 0

= μl(ε(e(z))1).

We call the H−Hopf algebroid (Uq,p(ŝl2), H,MH∗ , μl, μr, ,	, ε, a) the ellip-

tic quantum group Uq,p(ŝl2).
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From (2.24), a straight forward calculation shows the following relation

	
(
μl(f̂)

μr(f̂)

)
=

μl(f̂)

μr(f̂)
⊗̃ μl(f̂)

μr(f̂)
. (2.34)

2.3. Level-1 highest weight representation of Uq,p(ŝl2).

Definition 2.7. [16] Let H, N+,N− be the subalgebras of Uq,p(ŝl2) gen-
erated by c, d,K± , by αn (n ∈ Z>0), en (n ∈ Z≥0), fn (n ∈ Z>0) and by
α−n (n ∈ Z>0), e−n (n ∈ Z>0), f−n (n ∈ Z≥0), respectively.

The Heisenberg algebra Uq,p(H) is a subalgebra of Uq,p(ŝl2) generated by

αm, (m �= 0) and c. From defining relations of Uq,p(ŝl2), we have

[αm, αn] =
[2m][cm]

m

1− pm

1− p∗m
q−cmδm+n,0, (2.35)

[α′
m, α′

n] =
[2m][cm]

m

1− p∗m

1− pm
qcmδm+n,0, (2.36)

[αm, α′
n] =

[2m][cm]

m
δm+n,0, (2.37)

where α′
m =

1− p∗m

1− pm
qcmαm, (m �= 0).

Definition 2.8. For k ∈ C, a Uq,p(ŝl2)-module V (λ, μ) is called the level-
k highest weight module with the highest weight (λ, μ), if there exists a highest
weight vector v ∈ V (λ, μ) such that

V (λ, μ) = Uq,p(ŝl2) · v, N+ · v = 0,

c · v = kv, f(P ) · v = f(〈μ, P 〉)v, f(P + h) · v = f(〈λ, P + h〉)v.

Definition 2.9. Define Λa(a = 0, 1) ∈ h∗ by

〈Λa, h〉 = δa,1, 〈Λa, c〉 = δa,0,

and the other pairings are 0.
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Theorem 2.10. [16] For a = 0, 1. Define V (Λa + μ, μ) =
⊕

γ,κ∈Q

(F ⊗C

(Fα,1 ⊗ eΛ̄a+γ)⊗ eQμ̄+κ). Let ρ : Uq,p(ŝl2) −→ End(V (Λa + μ, μ)) by

ρ(ψ+(z)) = q−he−2Q exp

(
−(q − q−1)

∑
n>0

ρ(α−n)

1− pn
(zq

1
2 )n

)

× exp

(
(q − q−1)

∑
n>0

pnρ(αn)

1− pn
(zq

1
2 )−n

)
(2.38)

ρ(ψ−(z)) = qhe−2Q exp

(
−(q − q−1)

∑
n>0

pnρ(α−n)

1− pn
(zq−

1
2 )n

)

× exp

(
(q − q−1)

∑
n>0

ρ(αn)

1− pn
(zq−

1
2 )−n

)
(2.39)

ρ(e(z)) =: exp

⎛⎝−
∑
n �=0

ρ(αn)

[n]
z−n

⎞⎠ : eαzh+1

ρ(f(z)) =: exp

⎛⎝∑
n �=0

ρ(α′
n)

[n]
z−n

⎞⎠ : e−αz−h+1, (2.40)

where Fα,1 is the polynomial ring C[α−m (m > 0)]. For u ∈ C[α−m (m > 0)]

ρ(c) · u = u, ρ(α−n) · u = α−nu,

ρ(αn) · u =
[2n][n]

n

1− pn

1− p∗n
q−n ∂

∂α−n
u (n > 0).

Then V (Λa + μ, μ) is the level-1 irreducible highest weight module of Uq,p(ŝl2)
with the highest weight (Λa + μ, μ) and the highest weight vector v0 = 1 ⊗ 1 ⊗
eΛa ⊗ eQ.

For convention, we will drop ρ to refer the elements in End(V (Λa + μμ)).
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Proposition 2.11. The level-1 elliptic operators satisfy the following re-
lations

e(z)e(w) =
(q−2p∗w

z ; p
∗)∞

(q2p∗w
z ; p

∗)∞

(q−2w
z ; q

2c)∞
(q2w

z ; q
2c)∞

: e(z)e(w) : (2.41)

ψ−(z)e(w) =
(q−2− c

2
w
z ; pq

−2c)∞
(q2−

c
2
w
z ; pq

−2c)∞
: ψ−(z)e(w) : (2.42)

f(z)f(w) =
(q−2w

z ; q
2c)∞

(q2w
z ; q

2c)∞

(q2w
z ; p)∞

(q−2w
z ; p)∞

: f(z)f(w) : (2.43)

f(z)ψ+(w) =
(q−2+ c

2
w
z , p)∞

(q2+
c
2
w
z , p)∞

: f(z)ψ+(w) : (2.44)

ψ±(z)ψ±(w) =
(q−2w

z ; pq
−2c)∞

(q2w
z ; pq

−2c)∞

(q2w
z ; p)∞

(q−2w
z ; p)∞

: ψ±(z)ψ±(w) :, (2.45)

where c acts on V (Λa + μ, μ) by 1.

3. Higher level representation of Uq,p(ŝl2)

In this section we show a construction of the higher level realization of

Uq,p(ŝl2) by using the Drinfeld coproduct of the elliptic quantum group Uq,p(ŝl2).
Also, we will present the associated Z-operators.

3.1. Higher level representation of Uq,p(ŝl2). For k > 0, λi ∈ h∗, μ(i) ∈
H∗(i ∈ {0, 1, · · · , k + 1}). Let’s consider a tensor product of k + 1 copies of the
level-1 highest weight modules V (Λa + μ, μ)(a = 0, 1)

Vk+1(λi, μ) = V (Λa(1) + μ(1),μ(1))⊗···⊗V (Λ
a(i)+μ(i),μ(i))

⊗V (Λa(i+1) + μ(i+1), μ(i+1))⊗ · · · ⊗ V (Λa(k+1) + μ(k+1), μ(k+1)),

(3.1)

such that a(1), · · · , a(k+1) ∈ {0, 1} and take i of a’s as 0 and k+1− i of a’s as 1.

Theorem 3.1. The space Vk+1(λi, μ) is the level-k+1 module of Uq,p(ŝl2)
with the highest weight

(λi, μ) = (iΛ0 + (k + 1− i)Λ1 +
k+1∑
j=1

μ(j),
k+1∑
j=1

μ(j))
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by the action

	k(e(z)) =
k+1∑
i=1

ei(z),

ei(z) = 1⊗ · · · 1⊗ e(zq−(c(i+1)+···+c(k+1)))

⊗ψ−(zq−( c(i+1)

2 +c(i+2)+···+c(k+1)))

⊗ψ−(zq−( c(i+2)

2 +c(i+3)+···+c(k+1)))⊗ · · · ⊗ ψ−(zq−
c(k+1)

2 ),

(3.2)

	k(f(z)) =

k+1∑
i=1

f i(z),

f i(z) = ψ+(zq−
c(1)

2 )⊗ ψ+(zq−(c(1)+ c(2)

2 ))⊗ · · ·
⊗ψ+(zq−(c(1)+···+c(i−2)+ c(i−1)

2 ))⊗ f(zq−(c(1)+···+c(i−2)+c((i−1)))

⊗1 · · · ⊗ 1, (3.3)

	k(ψ±(z)) = ψ±(zq±
c(2)+c(3)+···c(k+1)

2 )⊗ ψ±(zq∓
c(1)

2 ± c(3)+c(4)+···c(k+1)

2 )

⊗ψ±(zq∓
c(1)+c(2)

2 ± c(4)+c(5)+···c(k+1)

2 )⊗ · · · ⊗ ψ±(zq−
c(1)+···+c(k)

2 ),

(3.4)

where c(i) = 1⊗ · · · ⊗ c⊗ · · · ⊗ 1 and c(i) acts on V (Λa(i) + μ(i), μ(i)) as 1.

In order to show the proof of Theorem 3.1, we need the following OPE rela-
tions for ei(z) and f i(z) in the expansion of 	k(e(z)) and 	k(f(z)) respectively.

Lemma 3.2. Set i < j. For ei(z)

ei(z)ej(w) =
(q−2w

z ; pq
−2�k(c))∞

(q2w
z ; pq

−2�k(c))∞
: ei(z)ej(w) :, (3.5)

ej(z)ej(w) =
(q−2+2c(j) w

z ; q
2c(j))∞

(q2+2c(j) w
z ; q

2c(j))∞

(q−2w
z ; pq

−2�k(c))∞
(q2w

z ; pq
−2�k(c))∞

: ej(z)ej(w) :,

(3.6)

ej(z)ei(w) =
(q−2−2�k(c)pw

z ; pq
−2�k(c))∞

(q2−2�k(c)pw
z ; pq

−2�k(c))∞
: ej(z)ei(w) : . (3.7)

For f i(z)

f i(z)f j(w) =
(q2w

z ; p)∞
(q−2w

z ; p)∞
: f i(z)f j(w) :, (3.8)

f j(z)f j(w) =
(q2w

z ; p)∞
(q−2w

z ; p)∞

(q−2w
z ; q

2c(j))∞
(q2w

z ; q
2c(j))∞

: f j(z)f j(w) :,

(3.9)
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f j(z)f i(w) =
(q−2pw

z ; p)∞
(q2pw

z ; p)∞
: f j(z)f i(w) : . (3.10)

Proof. This follows from Proposition 2.11.

Proof. Proof of Theorem 3.1. We can check directly that 	k(e(z)),
	k(f(z)) and 	k(ψ±(z)) satisfy the defining relations of the elliptic algebra

Uq,p(ŝl2).
Let’s show that 	k(e(z)) satisfies (2.13). By using the tensor product rules,

relations (3.5)-(3.7) and (2.16), we have

z1
(q2 z2

z1
; pq−2�k(c))∞

(q−2pq−2�k(c) z2
z1
; pq−2�k(c))∞

	k (e(z1))	k (e(z2))

= z1
(q2 z2

z1
; pq−2�k(c))∞

(q−2pq−2�k(c) z2
z1
; pq−2�k(c))∞

k+1∑
i=1

ei(z1)
k+1∑
j=1

ej(z2)

= z1q
2
(1− q−2 z2

z1
)

(1− q2 z1
z2
)

(q2 z1
z2
; pq−2�k(c))∞

(q−2pq−2�k(c) z1
z2
; pq−2�k(c))∞

k+1∑
i<j

ej(z2)e
i(z1)

+z1
(q2 z1

z2
; pq−2�k(c))∞

(q−2pq−2�k(c) z1
z2
; pq−2�k(c))∞

×
k+1∑

i=j=1

(1− q−2 z2
z1
)

(1− q−2 z1
z2
)

(q−2+2ci z2
z1
; q2c

i

)∞
(q2+2ci z2

z1
; q2ci)∞

(q2+2ci z1
z2
; q2c

i

)∞
(q−2+2ci z1

z2
; q2ci)∞

ei(z2)e
i(z1)

+z1q
−2

(1− q2 z2
z1
)

(1− q−2 z1
z2
)

(q2 z1
z2
; pq−2�k(c))∞

(q−2pq−2�k(c) z1
z2
; pq−2�k(c))∞

k+1∑
i>j

ej(z2)e
i(z1)

= −z2
(q2 z1

z2
; pq−2�k(c))∞

(q−2pq−2�k(c) z1
z2
; pq−2�k(c))∞

×
⎧⎨⎩−q2

z1
z2

(1− q−2 z2
z1
)

(1− q2 z1
z2
)

k+1∑
i<j

ej(z2)e
i(z1)

−(
z1
z2

)
(1− q−2 z2

z1
)

(1− q−2 z1
z2
)

k+1∑
i=j=1

(q−2+2ci z2
z1
; q2c

i

)∞
(q2+2ci z2

z1
; q2ci)∞

(q2+2ci z1
z2
; q2c

i

)∞
(q−2+2ci z1

z2
; q2ci)∞

ei(z2)e
i(z1)

−q−2 z1
z2

(1− q2 z2
z1
)

(1− q−2 z1
z2
)

k+1∑
i>j

ej(z2)e
i(z1)

⎫⎬⎭ .
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The factor

−(
z1
z2

)
(1− q−2 z2

z1
)

(1− q−2 z1
z2
)

k+1∑
i=j=1

(q−2+2ci z2
z1
; q2c

i

)∞
(q2+2ci z2

z1
; q2ci)∞

(q2+2ci z1
z2
; q2c

i

)∞
(q−2+2ci z1

z2
; q2ci)∞

= −(
z1
z2

)

k+1∑
i=j=1

(q−2 z2
z1
; q2c

i

)∞
(q2+2ci z2

z1
; q2ci)∞

(q2+2ci z1
z2
; q2c

i

)∞
(q−2 z1

z2
; q2ci)∞

becomes 1 on account of the notation Θ
q2c

(i) (z1/z2) = −(z1/z2)Θq2c
(i) (z2/z1).

Similarly, we can show that 	k(f(z)) realizes (2.14).
Also, we can prove that 	k(e(z)) and 	k(f(z)) satisfy (2.15)

[	k(e(z1)),	k(f(z2))]

=
1

q − q−1

(
δ(q−�k(c) z1

z2
)ψ−(q

c(1)

2 z2)− δ(q2c
(1)−�k(c) z1

z2
)ψ+(q−

c(1)

2 z2)

)
⊗ψ−(z1q−( c(2)

2 +c(3)+···+c(k+1)))⊗ · · · ⊗ ψ−(z1q−
c(k+1)

2 )

+ψ+(z2q
− c(1)

2 )⊗ ψ+(z2q
−(c(1)+ c(2)

2 ))⊗ · · · ⊗ ψ+(z2q
−(c(1)+···+c(i−2)+ c(i−1)

2 ))

⊗ 1

q − q−1

(
δ(q−2c(k+1)+�k(c) z1

z2
)ψ−(q−

c(k+1)

2 +�k(c)z2)− δ(q�
k(c) z1

z2
)

×ψ+(q−
c(k+1)

2 −(c(1)+···+c(k))z2)

)
.

Then use the property of the delta function and (3.4).

Denote by v(k+1) ∈ Vk+1(λ, μ) the tensor product of the highest weight
vectors in the tensor factors in relation (3.1). We calculate the highest weight
by using the action of MH∗(2.34) on v(k+1) as follows

	k(
f(P )

f(P + h)
) · v(k+1)

=
f(〈μ(1) + μ(2) + · · ·+ μ(k+1), P 〉)

f(〈iΛ0 + (k + 1− i)Λ1 + μ(1) + μ(2) + · · ·+ μ(k+1), P + h〉)v
(k+1).

We also obtain the comultiplication formula	k of boson operator αn(n �= 0)
from 	k(ψ±(z)).
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Corollary 3.3. For k ≥ 1, n �= 0. The boson operator is

	k(αn) = αn ⊗ 1 · · · 1⊗ 1 +
(1− pn)q−c(1)n

1− pnq−2c(1)n
⊗ αn ⊗ 1 · · · ⊗ 1

+
(1− pn)q−(c(1)+c(2))n

1− pnq−2(c(1)+c(2))n
⊗ 1⊗ αn ⊗ 1 · · · ⊗ 1

+ · · ·+ (1− pn)q−(c(1)+c(2)+···+c(i−1))n

1− pnq−2(c(1)+c(2)+···+c(i−1))n
⊗ 1 · · · ⊗ αn ⊗ 1 · · · ⊗ 1

+ · · ·+ (1− pn)q−(c(1)+c(2)+···+c(k))n

1− pnq−2(c(1)+c(2)+···+c(k))n
⊗ 1 · · · ⊗ αn, (3.11)

where c(i) = 1⊗ · · · ⊗ c⊗ · · · ⊗ 1.

Proof. Based on the relations (2.16), (2.38)-(2.39) and (3.4) in Theorem
3.1 , we can write

	k(ψ+(z)) = 	k(q−he−2Q) exp

(
−(q − q−1)

∑
n>0

	k(α−n)

1− pn
(zq

�k(c)
2 )n

)

× exp

(
(q − q−1)

∑
n>0

pn 	k (αn)

1− pn
(zq

�k(c)
2 )−n

)
, (3.12)

	k(ψ−(z)) = 	k(qhe−2Q) exp

(
−(q − q−1)

∑
n>0

pn 	k (α−n)

1− pn
(zq−

�k(c)
2 )n

)

× exp

(
(q − q−1)

∑
n>0

	k(αn)

1− pn
(zq−

�k(c)
2 )−n

)
, (3.13)

where 	k(q±he−2Q) = (q±he−2Q)⊗· · ·⊗ (q±he−2Q). These imply Corollary 3.3.

The operators 	k(αn)(n �= 0) give a level-k+1 realization of the Heisenberg
algebra Uq,p(H).

Proposition 3.4. The operators 	k(αn)(n �= 0) and 	k(c) satisfy

[	k(αm),	k(αn)] =
[2m][	k(c)m]

m

1− pm

1− pmq−2�k(c)m
q−�k(c)mδm+n,0,

(3.14)

[	k(αm),	k(e(z))] =
[2m]

m

1− pm

1− pmq−2�k(c)m
q−�k(c)mzm 	k (e(z)),

(3.15)

[	k(αm),	k(f(z))] = − [2m]

m

1− pmq−2�k(c)m

1− pm
q�

k(c)mzm 	k (f(z)).

(3.16)
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3.2. Z-algebra. Here we give a realization of the level-k + 1 Z-algebra. The
form of the vertex operators in [16] section 3 led us to introduce E±

(k)(α, z) and

E±
(k)(α

′, z) in the following definition.

Definition 3.1. By using the level-k + 1 elliptic bosons 	k(αn)(n �= 0),
we define the vertex operators

E±
(k)(α, z) = exp

(
±
∑
n>0

	k(α±n)

[	k(c)n]
z∓n

)
,

E±
(k)(α

′, z) = exp

(
∓
∑
n>0

	k(α′
±n))

[	k(c)n]
z∓n

)
,

which are formal Laurent series in z with coefficient in EndVk+1(λi, μ).

The following proposition is a consequence of the commutation relations
(3.14)-(3.16) in Proposition 3.4 with 	k(c) acts as the scalar k + 1.

Proposition 3.5. E±
(k)(α, z) and E±

(k)(α
′, z) satisfy the following relations:

E+
(k)(α, z)E

−
(k)(α,w) =

(q−2+2(k+1)w/z; q2(k+1))∞(q−2w/z; pq−2(k+1))∞
(q2+2(k+1)w/z; q2(k+1))∞(q2w/z; pq−2(k+1))∞

×E−
(k)(α,w)E

+
(k)(α, z), (3.17)

E+
(k)(α

′, z)E−
(k)(α

′, w) =
(q−2w/z; q2(k+1))∞(q2w/z; p)∞
(q2w/z; q2(k+1))∞(q−2w/z; p)∞
×E−

(k)(α
′, w)E+

(k)(α
′, z), (3.18)

E+
(k)(α, z)E

−
(k)(α

′, w) =
(q2+(k+1)w/z; q2(k+1))∞
(q−2+(k+1)w/z; q2(k+1))∞

E−
(k)(α

′, w)E+
(k)(α, z),

(3.19)

E+
(k)(α

′, z)E−
(k)(α,w) =

(q2+(k+1)w/z; q2(k+1))∞
(q−2+(k+1)w/z; q2(k+1))∞

E−
(k)(α,w)E

+
(k)(α

′, z),

(3.20)

E±
(k)(α, z)	k (e(w)) =

(q±2+2(k+1)(w/z)±1; q2(k+1))∞
(q∓2+2(k+1)(w/z)±1; q2(k+1))∞

× (q±2(w/z)±1; pq−2(k+1))∞
(q∓2(w/z)±1; pq−2(k+1))∞

	k (e(w))E±
(k)(α, z),

(3.21)

E±
(k)(α

′, z)	k (f(w)) =
(q±2(w/z)±1; q2(k+1))∞(q±2(w/z)±1; p)∞
(q∓2(w/z)±1; q2(k+1))∞(q∓2(w/z)±1; p)∞
×	k (f(w))E±

(k)(α
′, z), (3.22)
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E±
(k)(α

′, z)	k (e(w)) =
(q∓2+(k+1)(w/z)±1; q2(k+1))∞
(q±2+(k+1)(w/z)±1; q2(k+1))∞

	k (e(w))E±
(k)(α

′, z),

(3.23)

E±
(k)(α, z)	k (f(w)) =

(q∓2+(k+1)(w/z)±1; q2(k+1))∞
(q±2+(k+1)(w/z)±1; q2(k+1))∞

	k (f(w))E±
(k)(α, z).

(3.24)

Definition 3.2. [16] For k ∈ Z>0. We define the level-k + 1 quantum
Z-operators by

	k(e(z)) = E(k, α, z)Z+(z)

	k(f(z)) = E(k, α′, z)Z−(z)

where

E(k, α, z) = E−
(k)(−α, z)E+

(k)(α, z)

= exp

(∑
n>0

	k(α−n)

[	k(c)n]
zn

)
exp

(
−
∑
n>0

	k(αn)

[	k(c)n]
z−n

)
,

(3.25)

E(k, α′, z) = E−
(k)(−α′, z)E+

(k)(−α′, z)

= exp

(
−
∑
n>0

	k(α′
−n))

[	k(c)n]
zn

)
exp

(∑
n>0

	k(α′
n))

[	kcn]
z−n

)
,

(3.26)

Z±(z) =
k+1∑
i=1

Z±
i (z). (3.27)

Since 	k(e(z)) and 	k(f(z)) satisfy the defining relations of Uq,p(ŝl2), we
find that Z±(z) satisfy the following relations [16]:

Theorem 3.6. [16]

g(P + h)Z+(z) = Z+(z)g(P + h), g(P )Z+(z) = Z+(z)g(P − 〈Q,P 〉),
(3.28)

g(P + h)Z−(z) = Z−(z)g(P + h− 〈α, P + h〉), g(P )Z−(z) = Z−(z)g(P ),

(3.29)

[d, Z±(z)] = −z
∂

∂z
Z±(z), (3.30)

[	k(αm), Z±(w)] = 0, (3.31)

	k(K±)Z+(z) = q∓2(k+1)Z+(z)	k (K±),

	k(K±)Z−(z) = q±2(k+1)Z−(z)	k (K±), (3.32)
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z
(q−2w/z; q2(k+1))∞

(q2+2(k+1)w/z; q2(k+1))∞
Z±(z)Z±(w) =

−w
(q−2z/w; q2(k+1))∞

(q2+2(k+1)z/w; q2(k+1))∞
Z±(w)Z±(z),

(3.33)

(q2+(k+1)w/z; q2(k+1))∞
(q−2+(k+1)w/z; q2(k+1))∞

Z+(z)Z−(w)

− (q2+(k+1)z/w; q2(k+1))∞
(q−2+(k+1)z/w; q2(k+1))∞

Z−(w)Z+(z) =

1

q − q−1

(
	k(K−)δ

(
q−(k+1)z/w

)−	k(K+)δ
(
q(k+1)z/w

))
.

(3.34)

Proof. Let us show the relation (3.31). For m > 0, we have

[	k(αm), Z+(w)] = [	k(αm), E−
(k)(α,w)]	k (e(w))E+

(k)(α,w)

+E−
(k)(α,w)[	k(αm),	k(e(w))]E+

(k)(α,w).

This vanishes because of (3.15) and

[	k(αm), E−
(k)(α,w)] = − [2m]

m

1− pm

1− pmq−2(k+1)m
q−(k+1)mwmE−

(k)(α,w).

By the same way, from relation (3.16) and

[	k(α′
m), E−

(k)(α
′, w)] =

[2m]

m

1− pmq−2(k+1)m

1− pm
q(k+1)mwmE−

(k)(α
′, w),

we get [	k(α′
m), Z−(w)] = 0.

Similarly, the case m < 0 can be proved.
To prove the relation (3.33), we use equations (3.17) and (3.21) and obtain

Z+(z)Z+(w)

= E−
(k)(α, z)	k (e(z))E+

(k)(α, z)E
−
(k)(α,w)	k (e(w))E+

(k)(α,w)

=
(q−2+2(k+1)w/z; q2(k+1))∞(q−2w/z; pq−2(k+1))∞
(q2+2(k+1)w/z; q2(k+1))∞(q2w/z; pq−2(k+1))∞

×E−
(k)(α, z)	k (e(z))E−

(k)(α,w)E
+
(k)(α, z)	k (e(w))E+

(k)(α,w)

=
(q2+2(k+1)(w/z); q2(k+1))∞(q2(w/z)pq−2(k+1))∞

(q−2+2(k+1)(w/z); q2(k+1))∞(q−2(w/z); pq−2(k+1))∞
×E−

(k)(α, z)E
−
(k)(α,w)	k (e(z))	k (e(w))E+

(k)(α, z)E
+
(k)(α,w).

Since 	k(e(z)) satisfy the defining relations of Uq,p(ŝl2) and again use (3.21),
we get the desired relation.
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We also derive (3.34) as follows.

(q2+(k+1)w/z; q2(k+1))∞
(q−2+(k+1)w/z; q2(k+1))∞

Z+(z)Z−(w)

=
(q2+(k+1)w/z; q2(k+1))∞
(q−2+(k+1)w/z; q2(k+1))∞

×E−
(k)(α, z)	k (e(z))E+

(k)(α, z)E
−
(k)(α

′, w)	k (f(w))E+
(k)(α

′, w)

= E−
(k)(α, z)E

−
(k)(α

′, w)	k (e(z))	k (f(w))E+
(k)(α, z)E

+
(k)(α

′, w)

= E−(αi, z)E
−(α′

j , w)
[	k(f(w))	k (e(z))

+
1

q − q−1
δ
(
q−(k+1) z

w

)
	k (ψ−)(q(k+1)/2w)

− 1

q − q−1
δ
(
q(k+1) z

w

)
	k (ψ+)(q−(k+1)/2w)

]
E+

(k)(α, z)E
+
(k)(α

′, w).

In the second equality, we used the relation (3.19). In the third equality we used

the defining relation of Uq,p(ŝl2) between 	k(e(z)) and 	k(f(w)).
By using

	k(ψ±)(q∓(k+1)/2w) = 	k(K±)E−
(k)(α, q

∓(k+1)w)−1E−
(k)(α

′, q∓1/2w)−1

×E+(α, q∓(k+1)w)−1E+
k (α′, q∓1/2w)−1

and the property of the delta function, we obtain relation (3.34).

From Definition 3.2, Theorem 3.1 and Theorem 2.10 with c(i) = 1 ⊗ · · · ⊗
c⊗ · · · ⊗ 1, we express the level-k + 1 Z-operators as follows

Z+(z) =
k+1∑
i=1

E−
(k)(α, z)e

−
i (α, z)e

+
i (α, z)E

+
(k)(α, z)

×(1⊗ · · · ⊗ eα ⊗ e−2Q ⊗ · · · ⊗ e−2Q)

×(1⊗ · · · ⊗ zhq−(c(i+1)+···+c(k+1))h ⊗ qh ⊗ · · · ⊗ qh)

×zq−(c(i+1)+···+c(k+1))

Z−(z) =
k+1∑
i=1

E−
(k)(α

′, z)f−i (α, z)f
+
i (α, z)E

+
(k)(α

′, z)

×(e−2Q ⊗ · · · ⊗ e−2Q ⊗ e−α ⊗ 1 · · · ⊗ 1)

×(q−h ⊗ · · · ⊗ q−h ⊗ z−hq(c
(i+1)+···+c(k+1))h ⊗ 1 · · · ⊗ 1)

×zq−(c(i+1)+···+c(k+1))
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where

e−i (α, z) =

exp

(
(q−1 − q)

∑
n>0

{1⊗ · · · ⊗ α−nq
c(i)n

1− q2c(i)n
q−(c(i+1)+···+c(k+1))n ⊗ 1 · · · ⊗ 1

+1⊗ · · · ⊗ pnα−n

1− pn
q−(c(i+2)+···+c(k+1))n ⊗ 1 · · · ⊗ 1

+ · · ·+ 1⊗ · · · ⊗ pnα−n

1− pn
}zn
)

e+i (α, z) =

exp

(
(q − q−1)

∑
n>0

{1⊗ · · · ⊗ αn

1− q2c(i)n
q(c

(i)+···+c(k+1))n ⊗ 1 · · · ⊗ 1

+1⊗ · · · ⊗ αn

1− pn
q−(c(i+2)+···+c(k+1))n ⊗ 1 · · · ⊗ 1

+ · · ·+ 1⊗ · · · ⊗ αn

1− pn
}z−n

)

f−i (α, z) = exp

(
−(q − q−1)

∑
n>0

{ α′
−n

1− pnq−2c(1)n
q−c(1)n ⊗ 1 · · · ⊗ 1

+1⊗ α′
−n

1− pnq−2c(2)n
q−(c(1)+c(2))n ⊗ 1 · · · ⊗ 1 + · · ·

+1⊗ · · · ⊗ α′
−n

1− pnq−2c(i−1)n
q−(c(1)+c(2)+···+c(i−1))n ⊗ 1 · · · ⊗ 1

+1⊗ · · · ⊗ α′
−n

1− q2c(i)n
q−(c(1)+···+c(i−1))n+c(i)n ⊗ 1 · · · ⊗ 1}zn

)
f+i (α, z) = exp

(
(q − q−1)

∑
n>0

{ pnα′
n

1− pnq−2c(1)n
q−c(1)n ⊗ 1 · · · ⊗ 1

+1⊗ pnα′
n

1− pnq−2c(2)n
q(c

(1)−c(2))n ⊗ 1 · · · ⊗ 1 + · · ·

+1⊗ · · · ⊗ pnα′
n

1− pnq−2c(i−1)n
q(c

(1)+···+c(i−2)−c(i−1))n ⊗ 1 · · · ⊗ 1

+1⊗ · · · ⊗ α′
n

1− q2c(i)n
q(c

(1)+c(2)+···+c(i−1)+c(i))n ⊗ 1 · · · ⊗ 1}z−n

)
4. Integrable condition of Uq,p(ŝl2) module

In this section we show that the products EN (z) = 	k(e(z))	k(e(zq2)) · · ·	k

(e(zq2(N−1))) and FN (z) = 	k(f(z))	k (f(zq−2)) · · ·	k (f(zq−2(N−1))) give the

integrable condition for the level-k + 1 Uq,p(ŝl2) module at N = k + 2, namely
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the nilpotent condition. Then at the same time we show that the products
EN (z) and FN (z) at N = k+1 give certain vertex operators associated with the

level-k + 1 module of Uq,p(ŝl2).

Theorem 4.1. For k ≥ 1. On the level-k+1 integrable module Vk+1(λi, μ)

of Uq,p(ŝl2), we obtain a quantum analogue of the condition of integrability (an
elliptic analogue of the Wheel condition) as

Ek+2(z) = 	k(e(z))	k (e(zq2)) · · · 	k (e(zq2(k+1))) = 0 (4.1)

Fk+2(z) = 	k(f(z))	k (f(zq−2m)) · · · 	k (f(zq−2(k+1))) = 0. (4.2)

On the other hand, Ek+1(z) and Fk+1(z) give the following vertex operators

Ek+1(z) =

S(p, q)e : exp

⎛⎝∑
n �=0

−	k(αn)

[n]
q−knz−n

⎞⎠ : (1⊗K− ⊗K− ⊗ · · · ⊗K−)

×(eα ⊗ · · · ⊗ eα)(zh+1 ⊗ · · · ⊗ zh+1)

×(qkh ⊗ q(k−1)h ⊗ · · · ⊗ 1)q
k(k+1)

2 , (4.3)

Fk+1(z) =

S(p, q)f : exp

⎛⎝∑
n �=0

	k(α′
n)

[n]
qknz−n

⎞⎠ : (K+ ⊗K+ ⊗ · · · ⊗K+ ⊗ 1)

×(eα ⊗ · · · ⊗ eα)(z−h+1 ⊗ · · · ⊗ z−h+1)

×(q(k+1)h ⊗ q(k)h ⊗ · · · ⊗ qh)q−
(k+1)(k+2)

2 , (4.4)

where

S(p, q)e =
(q−2pq−2(�(c)); pq−2(�(c)))∞
(q2pq−2(�(c)); pq−2(�(c)))∞

×
k∏

j=1

j∏
i=1

(q−2pq−2(�(j)(c)+(2i−1)); pq−2(�(j)(c)))∞
(q2pq−2(�(j)(c)+(2i−1)); pq−2(�(j)(c)))∞

×
k−1∏

j≤l=1

k−l∏
i=1

(q−2+2jpq−2�(i+l)(c); pq−2�(i+l)(c))∞
(q2+2jpq−2�(i+l)(c); pq−2�(i+l)(c))∞

× (q2+2jpq−2�(i+l−1)(c); pq−2�(i+l−1)(c))∞
(q−2+2jpq−2�(i+l−1)(c); pq−2�(i+l−1)(c))∞

,
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S(p, q)f =
k−1∏
j=0

k−j∏
i=1

(pq2−2i−2(c(1)+···+c(j))); pq−2(c(1)+···+c(j)))∞
(pq−2−2i−2(c(1)+···+c(j))); pq−2(c(1)+···+c(j)))∞

×
k−1∏

j≤l=1

k−l∏
i=1

(q−2+2jpq−2�(i+l)(c); pq−2�(i+l)(c))∞
(q2+2jpq−2�(i+l)(c); pq−2�(i+l)(c))∞

× (q2+2jpq−2�(i+l−1)(c); pq−2�(i+l−1)(c))∞
(q−2+2jpq−2�(i+l−1)(c); pq−2�(i+l−1)(c))∞

.

Proof. Let us show the proof of (4.1). From the comultiplication (3.2)
in Theorem 3.1, we have the following product on Vk+1(λi, μ) for some positive
integer N over all possible decompositions

∑
i1,··· ,iN∈{1,··· ,k+1}

ei1(zi1)e
i2(zi2) · · · eiN (ziN ), (4.5)

where c(i) = 1.
From the relations (3.5)-(3.7) in Lemma 3.2, one can show that for zij+1

/zij =

q2 all terms in (4.5) are zero except for those with indices i1 > · · · > ik+1. Sup-
pose N = k + 2 and zij+1

/zij = q2, then for m �= n there is im = in. Thus we
get the first condition of integrability. Similarly one can prove the Fk+2(z) case.

For the vertex operator Ek+1(z), since the term with i1 > · · · > ik+1 in (4.5)
is not zero, we have

Ek+1(z) = e(zqk)⊗ e(zqk−1)ψ−(zqk−
1
2 )⊗ e(zqk−2)ψ−(zqk−

1
2 )ψ−(zqk+

3
2 )

⊗ · · · ⊗ e(z)ψ−(zq
3
2 ) · · ·ψ−(q2k−

1
2 ).

We used relations (2.42) and (2.45) in Proposition 2.11 to write each factor of
the tensor product in a normal order form. Then we get

Ek+1(z) = S(p, q)e

(
e(zqk)⊗ : e(zqk−1)ψ−(zqk−

1
2 ) :

⊗ : e(zqk−2)ψ−(zqk−
1
2 )ψ−(zqk+

3
2 ) :

⊗ · · · ⊗ : e(z)ψ−(zq
3
2 ) · · ·ψ−(q2k−

1
2 ) :
)
. (4.6)

Substitute (2.39) and (2.40) from Theorem 2.10 into the above relation and use
(3.11), we get the desired relation (4.3). Relation (4.4) can be proved in a similar
way.
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Proposition 4.2. On Vk+1(λi, μ), the vertex operators Ek+1(z) and Fk+1(z)
satisfy the following difference equations

Ek+1(zq
2) = 	k(qh+1) exp

(
(q − q−1)

∑
n>0

	k(α−n)(q
k+1z)n

)

×Ek+1(z)	k (qh+1) exp

(
−(q − q−1)

∑
n>0

	k(αn)(q
k+1z)−n

)
,

(4.7)

Fk+1(zq
2) = 	k(q−(h+1)) exp

(
(q − q−1)

∑
n>0

	k(α′
−n)(q

k+1z)n

)

×Fk+1(z)	k (q−(h+1)) exp

(
−(q − q−1)

∑
n>0

	k(α′
n)(q

k+1z)−n

)
.

(4.8)

By means of an elliptic analogue of the Drinfeld coproduct, we have found

the higher level module of the elliptic quantum group Uq,p(ŝl2).
A highest weight sl2-module is called integrable if the Chevally generators

are locally nilpotent on this module [9]. Proposition VI.5 in Ref. [15] shows

that on the level-k standard ŝl2-module, the currents x±α(z) are nilpotent op-
erators at k + 1, x±α(z)

k+1 = 0. The authors in [1, 3] found the nilpotent

condition for Uq(ŝl2) integrable module. Here we obtained the elliptic ana-

logue of the nilpotent condition for Uq,p(ŝl2) module. In quantum case, the
vertex operators x±k(z) in [1] satisfy certain q-difference equations x+k(zq2) =

	kφ−1(zq
m+1

2 )x+k(z) 	k ψ(zq
3(m+1)

2 ), x−k(zq2) = 	kφ(zq
−3(m+1)

2 )x−k(z) 	k

ψ−1(zq
−(m+1)

2 ), where φ(z) and ψ(z) are the generating functions of the bosons
a−n, an(n ∈ Z>0) respectively. We found the elliptic analogue of these q-
difference relations. It is clear that the operators 	k(ψ±(z)) do not appear
on the both sides of Ek+1(z) and Fk+1(z) in (4.7) and (4.8) respectively unlikely
in quantum case because the operators 	k(ψ±(z)) (3.12)-(3.13) are exponential
functions of both annihilation operator 	k(αn) and creation operator 	k(α−n)
with p factors.

The authors in [7] compute the correlation function of Uq(ŝl2) perfect vertex
operators using the wheel condition. We expect that we can make a similar
application in the elliptic case.
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