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Abstract

Finding the infinite dimensional representations of the elliptic algebra U, ,(g) has been very
exciting research topic. We consider the elliptic algebra U, ,(g) as a topological algebra over the
ring of formal power series in p. This dissertation deals on the one hand with the existence of
the dynamical quantum Zj-algebra structure in the level-k U, p(g)-module for general untwisted
affine Lie algebra g [53]. We discus the level-k irreducible highest weight representation of
Uy p(9) in term of the dynamical quantum Zj-module and the module of level-k elliptic bosons.
We show that the irreducible Z;-module guarantees the irreducibility of level-k U, ,(g)-module.
We present the level-1 irreducible highest weight representations of U, ,(g), which we call the
standard representations, for g = Al(l), Dl(l), Eél), Eél), Eél), Bl(l).

On the other hand we discuss the construction of the higher level representation of Uq7p(§[2)
by taking an elliptic analogue of the Drinfeld coproduct of the level-1 standard representation of
Ugp (sly) [52]. We also study an elliptic analogue of the integrable condition of such representation
and a”g-difference equation” of certain vertex operators obtained from the Drinfeld coproduct
of the elliptic currents. We present the higher level realization of the dynamical quantum Z-
algebra.

For Uq7p(C7(ll)) and at an arbitrary level ¢, we introduce an explicit construction of the
elliptic bosons of the fundamental weight type Al and the orthogonal basis type £ , the

elliptic currents k4 ;(z) and calculate useful commutation relations among them [53].
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Chapter 1

Introduction

In this thesis, we expose the infinite dimensional representation of the elliptic quantum algebra
Uy, p(9) following the results published in papers [52,53]. In particular, we discuss the dynamical
Zj-algebra structure of the level-k U, ,(g)-modules and show that the level-k highest weight
representation of Ug,,(g) can be realized as a tensor product of the quantum dynamical Zj-
module and the module of the level-k elliptic bosons. We also discuss that the irreducibility
of the Zp-module leads to the irreducibility of the level-k U, ,(g)-module. We give the level-1
standard representations of Uy ,(g) for g = Al(l), Dl(l), Eél), Eél), Eél), Bl(l).

The elliptic quantum algebra U, ,(g) can be equipped with a Hope algebroid structure [39].
We use the elliptic analogue of the Drinfeld coproduct [43] and the level-1 standard realization
of U, ,(sl2) [53] to construct the higher level representation of U, ,(sly) [52]. We also investigate
the elliptic analogue of the condition of integrability of such representation and derive an elliptic
analogue of the so called g-difference equation of certain vertex operators. We show the higher
level realization of the quantum dynamical Z-algebra.

For Uq7p(Cl(1)), we give an explicit construction of the fundamental weight type elliptic bosons
A%, the orthogonal basis type &L , the elliptic currents k4 ;(z) and calculate several commuta-
tion relations among them.

The manuscript of this dissertation is divided into 5 main chapters.

Chapter 2. We review the basic notations and concepts of affine Lie algebra g, quantum
affine algebra U, (g) and elliptic quantum algebra Uy ,(3).

In the first part, we recall the untwisted affine Lie algebra g. Namely, we consider the
polynomial loop algebra associated to a finite-dimensional simple Lie algebra g and perform two
extensions of the loop algebra by the central element ¢ and a derivation d. The constructed
algebra g is isomorphic to an untwisted affine Lie algebra. We summarize the main structures of
constructed untwisted affine Lie algebras g: a root system decomposition, Chevalley generators

and the triangular decomposition of g. We also give the definition of the generalized Cartan
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matrix associated with the untwisted affine Lie algebra g.

The affine quantum group Uy (g) is exposed in the second part. We present two realization
of U,(g) whose defining relations are written down in term of Chevally generators and Drin-
feld’s generators, respectively. We recall the isomorphism between the Chevally realization and
the Drinfeld realization. We review the coalgebra structure of U,(g) in term of the Chevally
generators as well as in term of the Drinfeld currents, the generating functions of the Drin-
feld generators. We investigate a category of the level-k highest weight modules of U,(g) in
an analogous way to the classical affine Lie algebra. After that we define a quantum analogue
of Lepowsky-Wilson’s Z-algebra which related to the level-k U,(g)-modules. We present the
defining relations of this algebra as well as the relations between its generators and those of
U,(9). To discuss the representation of the Z-algebra and U,(g), we define the universal quan-
tum Z-algebra Zj, which is independent of the level-k U,(g)-modules and consider a category
of its level-k modules. The induced U,(g)-modules are constructed by using the Zi-modules.
By using a functor and its reverse between the categories of Zj-modules and U,(g)-modules, we
show that the Zj-modules determines the irreducibility of the resulted induced U, (g)-modules.
Finally, we give the level-1 irreducible U,(g)-modules for some types of untwisted affine Lie
algebras.

In the last part, we expose a definition of the elliptic quantum algebra U, ,(g) [29,39] as
a topological algebra over the ring of formal power series in p. We introduce the field Mg«
of meromorphic functions on H* the dual of H, a dynamical extension of the Cartan subalge-
bra. We introduce the level-k representation of Uy ,(g) as an H-algebra homomorphism. This
representation is called the dynamical representation due to Mp+. A category of the level-k
Uy p(9)-modules is introduced.

In the following four chapters we present the main results of the thesis.

Chapter 3. Dynamical Quantum Z-algebra of U, ,(g). [53]

We discuss a quantum dynamical analogue of Lepowsky and Wilson’s Z-algebra associated
with the level-k Uy ,(g)-module.

First, we define the Heisenberg subalgebra U, ,(#) of U, ,(g) and introduce its level-k mod-
ule. Secondly, we introduce certain level-k vertex operators in Uy, ,(H) and their commutation
relations. After that we present a definition of the dynamical quantum analogue Zy of Lep-
owsky and Wilson’s Z- algebra associated with level-k Uy ,(g)-module V. We then present the
universal dynamical quantum Z-algebra Zj.. We define a category of the level-k Zi-modules to
prepare for construction of induced U, ,(g)-modules in the next chapter.

Chapter 4. Representation theory of U, ,(g). [53]

We study the generic level -k representation of U, ,(g) by the associated Zj, representation.

We construct the induced Uy ,(g)-module as a tensor product of the Zi-module and the
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Uqp(H)-module. This becomes an infinite dimensional representation. We discuss its irre-
ducibility. We show that the irreducibility is governed by the Zip-module. For the level-1 i.e.
k =1, we present examples of the infinite dimensional irreducible representations of Uy, (g) for
= Al(l),Bl(l),Dl(l),Eél),E(l),Eél).

Chapter 5. Higher level realization of U, ,(sl). [52]

We study the higher level representation of Uq7p(s:\[2) and the associated quantum dynamical
Z-algebra realizing them explicitly. We also present the condition of the integrability of such
representation.

We recall the H-Hopf algebroid structure of qup(;\[g) in the first part. Then we review the
level-1 irreducible representation of Uq,p(glg). In third part, using the elliptic analogue of the
Drinfeld coproduct, we construct the level-k + 1 realization of Uq,p(;\lg) as the tensor product of
the level-1 modules. In the fourth part, we introduce vertex operators of the level-k 4 1 elliptic
bosons and obtain the level-k + 1 quantum dynamical Z-algebra. In the last part, using the Z-
algebra we discuss the elliptic analogue of the integrable condition [10,13,46] of the constructed
level-k + 1 U, ,(sly)-modules. We also show the elliptic analogue of the ¢-difference equation [10]
of certain level-k + 1 vertex operators constructed from the elliptic currents.

Chapter 6. Elliptic bosons of Uq,p(Cqsl)). [53]

In this chapter we present a different type of elliptic bosons AL, from the (co-)roots type
elliptic bosons aj,n(a}{n). We give a definition of Al, for an arbitrary level ¢ and construct the
orthonormal basis type elliptic bosons €5’ and the elliptic current k+j(z) of Uq7p(Cl(1)). Then
we drive various commutation relations among the orthonormal basis type elliptic bosons &L
as well as among the elliptic currents k4;(2).

In the last chapter we summarize the main results of this thesis and discuss some open

problems.



Chapter 2

Preliminary

In this chapter we review some basic objects and facts which we will use in later chapters. In
section 2.1, we review the untwisted affine Lie algebra g. In particular, we present an explicit
realization of g. In section 2.2, we give a definition of the quantum affine Lie algebra U,(g) and
discuss the quantum Z-algebra structure associated with the level-k representation of U,(g). In
section 2.3, we introduce the elliptic quantum algebra U, ,(g) as a topological algebra and a

concept of dynamical representation.

2.1 Untwisted affine Lie algebra §

There are wide classes of infinite dimensional Lie algebras called Kac-Moody algebras. Among
them, a class of affine Lie algebras is most interesting because it has a rich mathematical structure
in geometry, in arithmetics, in algebra, in representation theory and various applications in
conformal field theory, in superstring theory, in soliton theory and in integrable modules. The
affine Lie algebras are obtained by applying Serre’s construction to a generalized Cartan matrix
A = (a5),1,5 € {0}UI, I ={1,--- 1} of affine type. There exists also a geometrical construction
by applying two extensions, namely a central extension and an extension by a derivation, of the
polynomial loop algebra associated to a finite-dimensional simple Lie algebra g with a [ x [
Cartan matrix (a;j),4,j € I. An explicit construction of untwisted affine Lie algebra g as
a central extension of loop algebra is presented in 2.1.1. We discuss the main structures of
constructed untwisted affine Lie algebras g such as a root system and Chevalley generators in
2.1.3 and 2.1.4 respectively. The triangular decomposition of g was showed in 2.1.5. In 2.1.6, we

give the definition of the generalized Cartan matrix associated with untwisted affine Lie algebra

~

g.



2.1.1 Explicit construction of untwisted affine Lie algebras

2.1.1 Explicit construction of untwisted affine Lie algebras

Here we describe a realization of untwisted affine Lie algebra. Starting from a finite-dimensional
simple Lie algebra g = g(fi), considering a loop algebra C[t,t!] ® g and performing extensions
of C[t,t~']®g by the central element ¢ and a derivation d, one obtains a Lie algebra g isomorphic
to an untwisted affine Lie algebra.

2.1.2 Central extensions of loop algebras

The extension of a Lie algebra is an enlargement of it by some others Lie algebras.

Definition 2.1.1. Let g be a finite dimensional Lie algebra with bracket [ , ]g. Then the
polynomial loop algebra is defined by £(g) = {P(t) @ x | P(t) € C[t,t~ Y],z € g} with the bracket

[P(t) @z, Q(t) © yle(g) = P(HQE) @ [, Y,

where C[t,tY] is the infinite dimensional associative complex algebra of Laurent polynomials in

the indeterminate variable t.

We can easily prove that the polynomial loop algebra £(g) of the finite dimensional simple

Lie algebra g is not simple. Consider the set I € £(g) is given by
I={1+t)P(t)®z| P(t) € Clt,t '],z € g},
we find [I, £(g] C I which means I is a proper ideal in the polynomial loop algebra £(g).
Definition 2.1.2. A symmetric associative bilinear form on £(g) is defined by
(t" @z, t" ®@y) = dm4noK(z,y),

where K is the Cartan Killing form on the simple Lie algebra g.
Definition 2.1.3. A derivation d on £(g) = C[t,t™'] ® g is defined by d = t%. d satisfies

(d(t™ @ 2),t" @ Yy) = MOpmtnoK(z,y) = —ndpminoK(z,y) = —(t" @ z,d(t" @ y)).

Definition 2.1.4. The universal central extension of the loop algebra £(g) by a one dimensional

abelian Lie algebra Cc is defined by
§g=2£(g) ®Cc=Clt,t y®gad Cc (2.1.1)
with the bracket

[P(t) @2z ® pc, Q(t) @y S vely = P(HQ) @ [z,y] + (dP (1) @ 2, Q(t) @ y)c, (2.1.2)

where c is the central element of £(g).



2.1.2  Central extensions of loop algebras

The Lie algebra g in (2.1.1) has a finite dimension abelian subalgebra H given by
h=(l@h) @ Cc,

where b is the maximal toral subalgebra (Cartan subalgebra) of g. Since dim h = [, then we have

dimE =1+ 1. To determine the adjoint action of H on g, we will use the following definition.
Definition 2.1.5. The dual contraction < , >: H* X H — C is defined by
<o, 1®h>=<a,h>, < a,c>=0, (2.1.3)
where o € H*,H* is the dual space of E
Applying the adjoint action of § on g, we obtain for h=1® b+ puc € hand t" @z € §
adh(t™ @ z) = t" @ [h, z,.

For z € go(a € A C Q = ®jcrZai, 9o = {z € g | ad(h)x = a(h)zVh € b}), we find

[f~z,tn®xa]§ = <a,h>t"®x,

= <a,7L>t”®xa.

While for x = h' € b yields
[h,t" ® h/]ﬁ = 0.
It is noted that adijv does not distinguish between the powers of t. Applying the adjoint action

of d on z, ® t", one has
d,zq @t"] = nt" @ zq4.

This means d distinguishes between the power n of t. To obtain the analogue of the scaling
element, we will perform on g an extension by the derivation d = t%. We will extend Definition

2.1.3 of d on g to g by supposing the additional condition
d(c) =0.
Definition 2.1.6. The extension of g by a derivation d is defined by
9=00Cd=C[t,t ' ®g(d) ®CcpCd,

as a vector space with a bracket defined by

[t @ x+pc+vd, t" @y +pc+v/d = "R [2,y]g + MOmin oK (z,y)c
+vnt" @y —vV'mt™ @z, (2.1.4)
and
[e,g] =0, [d,t" @ ] = n(t" @ z), [e,d] = 0.

Then g is a Lie algebra called untwisted affine lie algebra.



2.1.3 Root space decomposition of g

Definition 2.1.7. The abelian subalgebma of g is defined by

- ea- 1QnPedca
with dimension dimH = dimH +1=101+2.
Definition 2.1.8. For z,, = t"®xz,y,m = t" ®y € g. The non-degenerate associative symmetric

bilinear form B : g x g — C, called the generalized Cartan-Killing form, is defined by

%(xna ym) = 5n+m,0K(xa y)a
B(zp,c) =B(zy,d) =0, B(c,c) =B(d,d) =0,
B(c,d) =1

and by requiring 2B to be bilinear and symmetric.

Definition 2.1.9. Define v : E — E* by

~

<wv(h),h >=B(h,K),  v(h)eb* b €,
and 6 :=v(c), g := v(d). Then we have the following pairings
< hy >=<aghj >, <MAge>=1=<6,d> (2.1.5)

and the other parings are zero.

2.1.3 Root space decomposition of g

Let A C b* be the root system of of the finite dimensional simple Lie algebra g and {1, -+, aq}
be the root basis. One of the main features of the finite dimensional simple Lie algebra g
is the eigenvectors belonging to different eigenvalues are linearly independent. Then the finite

dimensional simple Lie algebra has the root space decomposition structure g = h @ go With

acQ,a#0
respect to h. Insert this expression of g into a definition of affine Lie algebra g, and rewrite it

in the following form
=P B Q| P (ctt1Ra)
RGZTH,&() aeN

We define the root system of g by considering the adjoint action of H on g as follows.

For h=1®h+ puc+vd b, 1o @t" € § by using (2.1.4) and (2.1.5) one obtains

~

adh(t" @ o) = [I"® Za,h)
= t"®[h,xq] +vnt" @ x4
= (< a,h>4vn)t" @z,
= (<a,1®@h+pc>+ <nd,vd >)t" ® x,

= <a+ndh>t"®z,. (2.1.6)



2.1.3 Root space decomposition of g

For x = I’ € h by using equations (2.1.4) and (2.1.5) we obtain

adh(t" @ h') = vnt" @ N

= <né1@h+puc+vd>t"@hn

= <ndh>t"®N.

Hence, t" ® z,, € g belong to a +nd and t" ® I/ € g belong to the imaginary root nd. Applying

the derivation d on t" ® g, and t" ® b, we get

dt"®ga) = n(t"®ga)
= <ndd>(t"®ga),

= <a+ndd> (t"®ga),
d("®b) = n(t"@b)
= <ndd>(t"®Hh).
Consequently, we can define the following root spaces in g
ﬁa+n6 = tn b2 Ja, /g\né = tn b2y h?

where

dimg,yns = dimg, = 1, dimg,s = dimbh = [.

We conclude that g has a root space decomposition
/g\:b @ /g\né @ /g\a—i-néa
n€l+o aEANEL

with root system

ﬁz{a—i—né]aEA,nEZ}U{n(S]nEZ;ﬁO}.

Definition 2.1.10. The Heisenberg Lie algebra H is a subspace of g defined by

=P et ece,

TLGZ;&O

such that for hy,,hl, € H

(A, Biy) = Nptm 0B (hy ).

ns om

(2.1.7)

(2.1.8)

(2.1.9)



2.1.4 Chevalley generators of g

2.1.4 Chevalley generators of g

Definition 2.1.11. The set of Chevalley generators of the finite dimensional simple Lie algebra
g is denoted by

{617"'76l7f15"°7flah17°"ahl}'

They satisfy

les, fil = 6ijhy,
[hi,ej] = <y, h; > €j = Qi€ ,
[hi, f]] = < —Ozj,hi > fj = —aijfj (Z,j = 1, A ,l).

Where {g ® t"},cz generates g except d. It is obvious that {g® 1}, {g ®t}, and {g® ¢t~}
generate {g®t" },cz. By using the root space decomposition (2.1.9) and (2.1.7) for o = +a,n =
0 we get

G0, =C8,  §-o, =Cf;

where we set

o~

Gi=1®e, fi=10fi hi=1lohi=1,...1). (2.1.10)
Let 249 be an element in g4 with the highest root 6 of g such that

B(xg,x—) =1,[x9,2_9] = ho

Set
e =t x_p, ﬁ) =t @y (2.1.11)
ho = (¢ — 1 hy). (2.1.12)
(01]0)
Then one can check that these generators satisfy the following commutation relations
[/6\07 .]?0] - /}{07
[é\i, ]?0] = [ﬁ)? /6\1] = 07
6 fil = dijhj.

If we apply the adjoint action of 6 on ey and ﬁ), we find that €y and ﬁ) belong to the root spaces

95-0 and g_(5_g) respectively. Moreover if we set

we obtain the following commutation relations of Chevalley generators

~ ~

[hi,é\j] = <Oéj,hi>é\j (iIO,...,l), (2.1.13)
[ﬁl,fj] = —<Oéj,ﬁi>£ (i:O,...,l),

€, f;] = 6ijhi (i,5=0,...,0).



2.1.5  Triangular decomposition L(g)

Hence we obtain the Chevalley generators e;, ﬁ,/ﬁz (i=0,1,...,1) of g and the simple roots of

the Lie algebra g is {ag, a1, a2, ..., }.

2.1.5 Triangular decomposition f)(g)

From the root space decomposition, we can define a positive part and negative part of the root
system by
Ar=ArU{a+né|acAneZyu{ns|neZ\{0}}

where A, A_ are the positive part and negative part of the root system of the finite dimensional
simple Lie algebra g such that Ay = —A_ AL NA_=¢, AL UA_ =A.
Define
Ny = @ 9y
+yeA,

By using the definition of the Chevalley generators of g for positive and negative parts of roots

we can prove KEF and N_ are generated by {€p,€1,...,ex} and {]?0, Fioe.. ,ﬁg} respectively. This
means

Ny = (Clt,t7 '] ® (N- b)) & (Clt,t ] @ Ny),

N. = (t'Cltt e (Ny @b)) @ (Cit,t '] ® N_),
where

N+ = @ Ja = Z Ci1i2~--il{eia [e’ia 6j]7 [[e’ia 6j]7 ek]v .. '}7

aEA L 11, 0]
N = P sa= D diisi ifi:lfis £il, 1fis £il, Fil -}
aEA_ T1,0 0

We can find the triangular decomposition in the following form
g=N_eobe N,
2.1.6 Generalized Cartan matrix corresponding to g

Definition 2.1.12. The symmetric bilinear form (inner product) on H* of g is defined by

_ _ 1
(i | aj) =B (), v 1&%))=:giwi=fwn (6 | Ao) =0,
J
where B = (bz‘j)é.j:o = BT, and D = diag(ep, 1, ,€),(0 < ¢ = m) hY = ﬁ is
called the dual coxter number.

; 7 2(ajlev
Theorem 2.1.13. A matriz A = (aij)1<ij<i, 0ij =< oy, h; > ((aoij‘;z))

associated with g have

the following properties

10



2.2 Affine quantum group Uy(g)

1. Ay =2 (i=0,1,2,....,0).

2. A e{-1,-2,..}  (i#]).

3. A4;j=0<= A;; =0.

4. A is indecomposable,

then A is called a generalized Cartan matriz. Moreover A satisfies
5. A is singular, det A =0,

6. r = rank A =1, corank A =1,

7. A is symmetrizable, means there is a diagonal matriz D and a symmetric matriz B such that

A=DB.

We call A the generalized Cartan matriz of affine type.

2.2 Affine quantum group U,(g)

The quantum group was independently discovered by Drinfeld [14] and Jimbo [27,28]. The quan-
tum affine algebra Uy (g) is the quantum group associated to affine Lie algebra g. The quantum
affine algebra U,(g) was initially formulated using a g-deformed version of the commutation re-
lations for the Chevalley generators of g . The Chevally generators are the generators associated
with the simple roots of g. Later on [16], Drinfeld proposed a new realization of Uy (g) in term of
the elements {a:fcm, Vi, Gi,—n(i € I,m € Z,n € Zx()} called the Drinfeld generators (Drinfeld

realization), which are associated with the affine root A of U,(g). It is convenient to introduce

the generating functions == (z) = Z ztm g(z) = Z Omz ", 12(2) = Z Yz " called the
meZ meZ meZ
Drinfeld currents. The Drinfeld’s realization is a quantum analogue of the loop realization of

affine Lie algebra g. Drinfeld [16] stated the exact isomorphism between the Chevally generators
realization and Drinfeld realization. The proof of his statement was studied for untwisted types
in [2] and for some of lower rank cases in [9,48]. Their proof towards from the quantum group a
La Drinfeld and Jimbo to the Drinfeld realization. The proof of the opposite direction was dis-
cussed for both twisted and untwisted cases in [31]. There is another realization of the quantum
affine algebra U, (g) by means of the L-operator satisfying the RLL relation with the R-matrix, a
solution of the quantum Yang- Baxter equation [20,54]. This is called the Faddeev- Reshetikhin-
Semenov-Tian Shansky- Takhatajan (FRST) formulation. An explicit isomorphism between the

FRST formulation and the Drinfeld’s realization was exhibited in [11].
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2.2.1 Definition

In this section, we review the definitions of affine quantum group U,(g) and its infinite
dimensional representation. Also we introduce the quantum Z-algebra structure associated with
level-k U,(g)- module as a quantum analogue of the classical Lepowsky-Wilson’s Z-algebra.

In 2.2.1, we present two realization of the quantum affine algebra in terms of the Chevally
generators and the Drinfeld generators, respectively. Also we write down the defining relations of
the quantum affine algebra in term of the Drinfeld currents. In 2.2.3 and 2.2.4, we investigate the
infinite dimensional representation of U,(g) and introduce the quantum analogue of Lepowsky-
Wilson’s Z-algebra associated with the level-k U, (g)-modules respectively. We provide the Serre
relations [53] (2.2.69) which are not written in [31] explicitly. We give some examples of the

level-1 infinite dimensional representations of U,(g).

2.2.1 Definition

Let ¢ = e € C[[h]], ¢; = q%. For any integer n > 0, we use the following notations

[ S P ik R MV
-4 4 — 4q; 45 — 4;
it = [n]iln —1];---[1];, =,
R e P I e
(@0 = [[(L—2¢"), (#50,)00 = [ (1—2q™t™),
n=0 n,m=0

Op(2) = (2;P) oo (P/ 25 P) oo (D5 P) oo

Definition 2.2.1. /28] Quantum affine algebra U,(g) associated to a symmetrizable generalized

Cartan matriz A is the unital associative algebra over C with generators é\i,ﬁ,qiﬁi,qid (i €

12



2.2.1 Definition

{0} U I) and the following relations

hi —h

¢"q" =1=q MM, (2.2.1)
i = qhigh, (2.2.2)
¢'q =1=q"", (2.2.3)
" =q" (2.2.4)
¢Ci =" ¢ fi =" (2.2.5)
d"eig = q"ey, ¢ figT =g fj, (2.2.6)
hi —hs
[€, fi] = 0ij——— (2.2.7)
qi — q;
1—ay; i T
r L= @ij ~\r> (o \l—a;;—r . :
> (=D (@)e@) =0,  i#] (22.8)
r=0 r
- - 4i
1—ay; i )
r 1_aij AT T FAl—ai—r ; ;
> (=D () F(F) =0, i#] (2.2.9)
r=0 L r 1g

Theorem 2.2.2. U,(g) is a Hopf algebra [35] with comultiplication /N, counit e and antipode a

defined on generators by

Ad") =" ® g (2.2.10)
AG)=od" +1076 (2.2.11)
Ay =Fiel+qgh el (2.2.12)
e(d") = 1,e(@) = e(f)) =0, (2.2.13)
alg")=q 7", (2.2.14)
a(@) = —eiq ", (2.2.15)
a(f) = —d"J; (2.2.16)

Definition 2.2.3. [16] [The Drinfeld generators] The quantum affine algebra Uy(g) in the

Drinfeld realization is a unital C-algebra generated by qiﬁi(ﬁi € E), @i, zt

i,m

(it €I, ne€

Lo, m € 1) d and the central element c.

13



2.2.1 Definition

The defining relations are as follows.

[qiihi,c?] =0, [d,ain]=nain, Id, a:zin] = n:rffn, (2.2.17)
[q;tﬁi, a;jn] =0, qlﬁlfn;tm = q:mijx;-'fmqiﬁi, (2.2.18)
@i agym] = L8 oclotg (2.2.19)
(@i, 2] ,0) = [b”ch'”xjfm, (2.2.20)
(@i, 25 ] = — [bién] T} (2.2.21)
1% = 4 Tt = 4 T — 1 T (2.2.22)
[ s @) = q:”(']‘l (qc‘m;"‘ Yilm 4 n) — g T gi(m + n)) , (2.2.23)
A

s |4+ + + 4 +
Z Z(_l) . Tio) " Tio(s)TinTiostl) " Lig(@ = O
(’i ;é j, a=1-— aij), (2.2.24)
where bij = diaij.

Note we set a;, = [di]q_%av (¢ € I,n € Z) be the simple root type Drinfeld bosons,

i\n
i\

where a;,, is the simple co-root type Drinfeld bosons in [31].

There is an isomorphism between Chevalley generators and Drinfeld generators given by

(16, 31]

é\i'—>l‘j:0, ﬁ'Hx;O, qﬁi»—ﬂﬁi, (i=1,---,1) (2.2.25)
€0 — [, 00 (%0, 00l (25,0075, 1 len "‘]qshfl]qéhﬂq%q_ﬁl g7 (2.2.26)
for— [33;':,1,07 [l’;;,g,oa [ (00 iy alaet - Jgena]gen— (2.2.27)
qﬁ0 — q%qfﬁ1 "-qfﬁhfl, qcz — qJ. (2.2.28)

where €, , = (o, +---a;,_, | ai,_,) € Q<o and h is the Coxeter number of the Lie algebra g.
h =141 for A;, =2l for B;,C;, = 2(1 — 1) for D;, = 12 for Eg, = 18 for E7, = 30 for Eg, = 12
for Fy, = 6 for Gs.

Extension of the comultiplication of Chevally generators to Drinfeld’s generators by using
Drinfeld isomorphism [16] was studied in [7,31] which give partial information and sufficient for
the purpose of use, you can see [32,33,44].

The defining relations of Uy (g) in Definition 2.2.3 can be written in terms of Drinfeld currents

14



2.2.2 Co-algebra structure

1%(2),1(2), ¢(2) in a formal variable z [23]. We set

vi(z) =Y af, 2, (2.2.29)
meZ
i(2) = g} exp ((q —g ) ai,nz‘”) : (2.2.30)
n>0

i) =" exp (—(q )y ai,_nz”> : (2.2.31)

n>0

The defining relations are as follows.

[qiiﬁia d_] = 07 [sz a’i,n] = NQin, [J’ .fi:n] = TL.’Ei:n, (2232)

q;};’lx;l: (Z) _ q;taij:E;E(Z)q;ﬁi, (2.2.33)

(¢ ajn) =0, (2.2.34)
bij —cln

[ai,n)a‘j,m] = [ ]ii[cn]q | ‘6n+m,07 (2235)
bz i1 —Cc|n|.n

i ()] = D bl nat (2), (2.2.36)
_ bijn| ,, _

a5 (2)] = L e (o), (2.2.37)

(z — qib“w)xfc(z)x;t(w) = (¢Fhiz — w)x;t(w):nz?t(z), (2.2.38)

0ij z z
+ — ()] = b k2N (¥ 2w) — 6(F ) i (g2 2.2,
o (v ()] = 2y (507 D)l ) = 3 D)) (2:239)

a a
Z Z(—)S 27 (20(1) -+ 77 (2o(s)) 05 ()T (Zo(st1) -+ T (Z0(a) = 0,

O’ESa s=0 S i
(i 7é j, a=1-— aij). (2.2.40)

2.2.2 Co-algebra structure

The co-algebra structure of Uy (g) is defined by the algebra homomorphism A: coproduct and e:
counite over C such that they satisfy the axioms of coassociativity and counit. The formulas A, e
endow U,(g) with a Hopf algebra structure [35] if they preserve the defining relation of U,(g).
Drinfeld proposed a coproduct formula based on the current formulation. This coproduct is

called the Drinfeld coproduct [10].

Theorem 2.2.4. [15] Uy(g) has a Hopf algebra structure, which is given by the following

15



2.2.3 Infinite dimensional representation of the quantum affine algebra U, (g)

formulas
Aq°) =d°® 4", (2.2.41)
A=) = (0T 2) @ pE(g T 2) (2.2.49)
A(i(2)) = ¢ilq ﬁz) ® ¢(q#z) (2.2.43)
At () = 27 (P 2) @ 6(g- 2 2) + 1@ 2+ (2) (2.2.44)
A (2) =27 () @ 1+¥(g 7 2) @2 (2¢") (2.2.45)
e(q°) = Le(¥(z)) = e(o(2)) = 1 (2.2.46)
e(xt(2)) = e(z™(2)) = 0,e(an) =0 (2.2.47)
a(g?) = ¢~ % a(¥(2)) = ¥ (2) " alo(2) = o(2) (2.2.48)
a(@t(2)) = —d(2q7) 't (¢°2) (2.2.49)
a(z™(2)) = =2 (¢°2)¢(2q2) " (2.2.50)

This A is called the Drinfeld coproduct. The maps A\, €, a satisfy the following relations

(A®id) o A = (id®A) o A (2.2.51)
(e®id) o A = (id®e) o A (2.2.52)
mo (id®a) o N(x) = u(e(x)1),  Va € Uy(g) (2.2.53)
mo (a®id) o A(z) = pr(To(e(z)1)), Yz € Uy(g), (2.2.54)

where m : Uy(g) ® Uy(g) — Uy(g) is the algebra multiplication.

2.2.3 Infinite dimensional representation of the quantum affine algebra U,(g)

Definition 2.2.5. For k € C, we say that a U,(g)-module V has level k if ¢ act as the scalar k

on 1it.
Definition 2.2.6. For w € C, we set
Vo={veV | —d-v=wv}

and we call V,, the space of elements homogeneous of degree w. We also say that X € EndV is

homogeneous of degree w € C if
[—d, X] = wX

Definition 2.2.7. For k € C , a Uy(g)-module V(X) is called the level-k highest weight module
with the highest weight A, if there exists a vector v € V(\) such that

V(A) =Uy(g)-v,  Ny-v=0,

c-v = kv, v =g M.
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2.2.4 Quantum Z-algebras

We define the category Cj in the analogous way to the classical affine Lie algebra case [47].

Definition 2.2.8. For k € C, Cy; is the full subcategory of the category of Uy(g)-modules con-
sisting of those modules V' such that

(i) V has level k
(ii) V= | | Vi
weC

(iii) For every w € C, there exists ng € N such that for all n > ng, Vy4n = 0.

2.2.4 Quantum Z-algebras

The quantum analogue of Lepowsky- Wilson’s Z-algebras and applications to the representations
of U,(g) were partially investigated in [4,5,30,31,39,50]. Here we review this quantum Z-algebra.
We provide the Serre relations [53] (2.2.69) which are not written in [31] explicitly.

Definition 2.2.9. Let Uq(f)\) be the quantum Heisenberg algebra generated by {aivn,qig,n €

Zzo} with relations (2.2.35).

c

Let U, (Eﬂ(resp. Uy, (H_) be the commutative subalgebras of U, (H) generated by {a; n,q 2,n €
Z~o} (resp. {ai,_n,qi%, n € Zso}). By the quantum analogue of Poincare-Birkhoff-Witt theo-

rem for U, (H), we have

Uqg(b) = Ug(6)Uq(57)
Let C1}, be the one-dimensional U, (/h\+)—module generated by the vacuum vector 1; defined by
g1 =gy, Aim - 1 =0 (n>0).

Then we have the induced Uq(f)\)—module

)

For= Uq(/f)\) ®Uq(6+) Clg.

We identify F,, ; with a polynomial ring Cla; —, (i € I, m > 0)] by

qi

[a; _ 0
Ajp U= Z ik kn@aj7,nu (n>0)

k
g2

[

u, az —n U = Qi —nU,

J

for u € Cla;,—m (i € I,m > 0)]. This means that Uq(f)\_) is a canonical Uq(a)—module.

Definition 2.2.10. Let k € C and (V,7) € Cy. We call 1U4,(H) C EndV the level-k Heisenberg
algebra. We define the following vertez operators in EndV|[z, 271]] in U,(h)-module.

(a; il T(a; 1l _
E* (aj,z) = exp :FZ ] =) k| Ejf(a,j,z):exp (:I:ZEkil’]n)q 3 kny ">

n>1
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2.2.4 Quantum Z-algebras

These vertex operators E¥(a;, z), Ei[ (a;, z) satisfy the following relations.

Proposition 2.2.11. [31]

—bijthFhy, /5. o2k
(g~ Vi w/z;q )OOE:_‘:(aj,QU>Ei:(ai7z)7 (2.2.55)

*(a: * (0. —
E+ (CLZ,Z>E_ (aJ7w) - (qbiﬁ’@kw/z;q%)o@

bij+ky /5. 2k
+( R C A T R £,

E7(a;, 2)EX (aj,w) = (q_biﬁkw/z;q%)wE_(a]’w)E+ (ai, z), (2.2.56)
E*(a;,2)ET (a;,¢TF) = Ef(as,2)ET (a5, 27%) =1 (2.2.57)
—\aj, — Gy, 1+ \@q, +\ Qs ) L
E*(ai,2) ' E” (ai, 2¢") = ¢! ¢(2¢"), (2.2.58)
Ef(a;,2) " EY (ai, 2¢7%) = q;7 " (2q7F). (2:2.59)

:I:bz'j-i-Ek . 2k
Ex(ai, 2)x] (w) = (g ; (w/2);q )mmf(w)Ef(ai,z), (2.2.60)
(@55 (w/z); ¢%)oe
Fbij 4+ 1Lk .2k
Ef(ai,z)x;(w):(q — (z/w)iq )Ooxj(w)Ef(ai,z), (2.2.61)
(a5 (2/0); ¢%) o0
Fbij+k+1Ek . 2k
- q v 2 (w/z)iq -
Ef(ai,z)xj (w) = ( S Ek( /2) )Ooacj (w)E*(az, 2), (2.2.62)
(@™ (w/2); 4% ) o
£bij kA (o L) g2F
Ei[(ai,Z)x;(w): (qib” . Ek( /)i )Oom;r(w)Ef(ai,z). (2.2.63)
(@ (2 w); ¢ )

Definition 2.2.12. The Z-operators associated with level-k Uy(g)-module V' is defined by
ZE (5 V) = EX (i, 2)af (2) EE (a;, 2).

fori e 1. The coefficients an(V) of ZFE (2, V) =3, Z25 (V)27 in 2 are well defined elements

neZ “in
i EndcV.

From the defining relations of U,(g), we obtain the following relations of the quantum Z

operators.

Theorem 2.2.13. [31,53] The Z-operators Zl-i(z; V') satisfy the following relations.

- 0
[d, Z; (% V)] = —zazf(z; V), (2.2.64)
[@im> 23 (w; V)] = 0, (2.2.65)
NI (V) =L (V) M2 (V) = a2y (5 V), (2.2.66)
(/%60 o nr o (0w )
Z(qbijJerw/z; q%)oo Zi (Zv V)Zj (wa V) =-w (qbﬁ“kz/w; q2k)oo Zj (w, V)Zz' (Za V)7
(2.2.67)
(" w24 ) oo 4 (%2 w0 ¢ oo
(¢ P w/2; ¢%F) o 4= V)2 (V) = (q"’if+’“2/w;q2’f)oozj (V)27 (=V)
(51" _ 7. _ T
— " _Jq—l (q hlé(q kz/w) — thé(qkz/w)) , (2.2.68)
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2.2.5 The universal algebra Zj,

2HRFR 201y Zo(m)s @)oo

Z H (q
(q_2+k:‘:kza(l)/za(m); q2k)oo

€S, 1<m<I<a

A
2| AL g e L
X ZE (2013 V) ZE (25 V) ZF (Wi V) ZE (20 (55103 V) ZF (20(a)i V) = 0
(i#7, a=1—ay). (2.2.69)

Remark. This theorem is essentially due to Jing [31]. However, in [31] Serre relations are not

written.

Definition 2.2.14. For k € C* and (V,7) € C, we call the subalgebra of EndcV generated by
me(V), qiihi (i € I,m € Z) and d the quantum Z-algebra Zy associated with (V, 7).
2.2.5 The universal algebra Z;

Using the relations in Theorem 2.2.13, we define the universal quantum Z-algebra as follows.

Definition 2.2.15. Let Z;Em (i € I, m € Z) be abstract symbols. We set ZE(2) =, ., ZE 2™

meZ “i,m

We define the universal quantum Z-algebra Zj, to be a topological algebra over C[[q**]] generated

by Z+ qiﬁi (i € I,m € Z),d subject to the relations in Theorem 2.2.13.

i,m?

Note that for (V,7) € Cy we extend 7 to the map 7 : Z; — EndV by fr(me) = me(V).
Then V is a Zi-module by 7.

Definition 2.2.16. For k € C*, we denote by Dy the full subcategory of the category of Zj-

modules consisting of those modules (W, o) such that
(i) W has level k.
(it) W =|yec Wa, where Wy, ={w e W | —&(d)w =wuw }

(iii) For every w € C, there exists ng € N such that for all n > ng, W4y = 0.

Let us consider (V,,7) € Cj. Following Lepowsky and Wilson [47], we define the vacuum
space Qy by

Qv ={veV |7(an)v=0 VielI??, nels}.

From Theorem 2.2.13, Qy is stable under the action of Zy,. For a morphism f: V — V' in C},

we have

f(Q) C (:2‘/’-
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2.2.6 The functor A

Proposition 2.2.17. For (V,7) € Cy, there is a unique representation & of Zj, on Qy such
that (Qv,a') € Dy,

= n(¢*M), o(Z%,) =75, (V) VielmeL

We hence define a functor Q2 : Cy, — Dj, by

2.2.6 The functor A

We define a reverse functor A : D — O} as follows. Let (W,5) € Dy be a Zg-module. We

-~

define U, (h)-module Ind W by requiring a; ., - W = 0 and

Ind W = Uy(b) ®, 5., W-

b+)

Let F,, j be the level-k Fock module defined in sec.2.2.4 We have a natural isomorphism F, ; ®c

W =Ind Wby (u® 1) ®w — u® w [47]. We thus identify the U,(h)-module Ind W with
F, ; ®c W, with the action 7 of Uqa)

we)=1®c, a(g")=100c(e™"), 7(aim)=aim® L.

!

For (W,c) € Dy, and Ind W = F, , ®c W, we define xj,(z) r; (2) € EndW/[z,z71]] by

vl (2) = B (aj,2) "B (a;,2) 7' ® 5(Z] (2)),

a?j_,(z) = E*(a;, z)*lEJr(a;, )P ®a(Z;(2)).

These are well-defined elements of EndW{[z, 27 1]]. By a similar argument to the proof of The-

orem 2.2.13 one can show that :L'j/(z) and :nj_/(z) satisfy the defining relations of U,(g) with

~

¢ = k. We hence extend 7 : Uy(h) — EndW to 7 : Uy(g) — EndW as follows

(dy=d®1+1®a(d).

3

By construction, the latter map is uniquely determined.

Proposition 2.2.18. For (W,a) € Dy, there is a unique level-k Uy(g)-module (Ind W, ) € Cj,.
We thus reach the following definition.

Definition 2.2.19. We define a functor A : Dy, — Cj, by

(i) A(W,5) = (Ind W, 7)
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2.2.7 Level-1 representations

(ii) For a morphism f : W — W' in Dy, define A(f) : IndW — Ind W' to be the induced
Uq(a)-module map. Then A(f) is a U,(g)-module map.

We obtain the following theorem analogously to the case of the affine Lie algebras [47].

Theorem 2.2.20. For k € C*, the two categories Cy, and Dy are equivalent by the functors
Q:C, — Dy and A : Dy, — Cy,. In particular, the level-k Uq(g)-module IndW = F, ,@cW € Cy,

1s irreducible if and only if W € Dy, is an irreducible Zi-module.

2.2.7 Level-1 representations

We here give some examples of the level-1 irreducible induced representations of U,(g) of types
g=Aa" DM EW EW EY and BY.

The simply laced case ADFE :

Let C[Q] be the group algebra of the root lattice @ = @;Z«; with the central extension:
e = (—1)(@ilag) e g (1,5 €I).

Let us consider the fundamental weight A, of g with 0 < a <[ for Al(l), a=0,1,1—1,1 for Dl(l),
a=0,1,2for B, a=0,1for B, a =0 for B,

Theorem 2.2.21. [23,31] An inequivalent set of the level-1 irreducible Z1(g)-module is given

by W(A,) = e*«C[Q], on which the actions of Zji(z) are given by

77 (z) = e*0i gt (2.2.70)

with

o o . . Vo tA A .
i — eOCH‘Oég’ Z:I:hleztaj eAa _ Z:I:(ai ,ozj—&-Aa)e:toaJ eAa (Z,j e I)

The Bl(l) case

We follow the work [45] and its quantum analogues [3,33] with a slight modification in the
Ramond sector according to [26]. We take d; =1 (1 <i<1—1)and d; =1/2. Let e* (i € I)

be the generators of the group algebra C[Q] with the following central extension.
e¥ie® = (—1)(@ney)tlanai(aga5) ga; g
As before we regard h; (i € I) as an operator such that

SEh :t(az\./,aj)ea]-zzl:hi‘

e =z
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2.2.7 Level-1 representations

We also need the Neveu-Schwartz (NS) fermion {¥,|n € Z + 3} and the Ramond (R) fermion

{U,|n € Z} satistying the following anti-commutation relations.
{9, ¥} = dmanoN(@" +¢™)
with N = 1/(61% + q_%). We define
], FR=CU_y,0_,,..]

FNS = C[¥_,, U

ol

_1
2

. NS,R NS,R ,
and their submodules Feyper, - (veps. F,;7") generated by the even (reps. odd) number of ¥_,,’s.

One should note that for the R fermion W3 = A and {¥,,, ¥y} = 0 for m # 0. So we have two

degenerate vacuum states 1 and Wyl. We hence consider the extended space

Fl = FRgC?
and realize the R-fermions by
~ 1 0 ~ 0 1
Uy =0y @ (m€Zy), To=N2(1® ).
0 -1 10
Note that {\/I}m, \Tln} = Omtn,oN (g™ + ¢~ ™). We set
R R 1 R
F :‘/—_‘even®(C @‘7:0dd®(C
1 -1
The action of ¥,, on FN9 is given by
U_,,-u=V_,u, Uy, -u={V,,,u} (m € Zso),
where u € FNS whereas (I\fm acts on FF as
~ 1 0 ~ 0 1
U_ - u®@v=Y_,u® v(me€Zsy), VYp-uRuv=u® v,
0 -1 10
~ 1 0
Uy u®@v={¥,,,u}l® 0 1 v (m € Zso),

where u € fR, v e C2.
Let us define the fermion fields ¥V9(2) and U (z) by

V() = Z U,z", Ul (z) = Z T,z

nezZ+1i nez

One can derive the following operator product expansions.
U(2)U(w) = ¥(2)¥(w) : + < ¥(2)¥(w) >,
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2.3 Elliptic quantum algebra U, ,(g)

where

_Ew) PGw) g Ng
< W(2)V(w) >= (z—qw)(z—q~'w)

(z—w)(z+w)
Nt for R

Then the quantum Z-algebra Zl(Bl(l)) is realized as follows [31].

ZE(2) = eFoipEhitl (1<i<i-1),

1
ZiF(z) = N1/2

\P(Z)eial Z:l:dlhl-i-dl )

There are three irreducible Zl(Bl(l))—modules given by

W(Ao) = FNS & C[Qy) & FNS @ C[Qle™,
W(Ay) = FNS & C[QoleM @ FNS ® C[Qy),
W(A) = FR @ C[QleM = FR @ C[QyleM & FR @ C[QgleM T,

where Qq denotes the sublattice of Q generated by the long roots.

2.3 Elliptic quantum algebra U, ,(g)

The elliptic quantum algebra U, ,(g) is an elliptic analogue [39] [29] of the quantum affine
algebra Uy (g) in the Drinfeld realization [16]. In 1998, Konno [39] introduced the elliptic algebra
Uyp(g = sly) as an elliptic analogue of Uq(g[g) to formulate the fusion SOS models. Then
Jimbo, Konno, Odaka, Shiraishi [29] gave a constractive definition of Uq’p(f/:\[g), they modified
the Drinfeld currents of Uq(g[g) and got a set of elliptic currents. The defining relations of
Uq,p(f/:\[g) [29,39] are expressed in term of the elliptic currents and Jacobi elliptic theta function
I(u),z = ¢**. Farghly, Konno and Oshima [53] introduced a p-adic topology to U, ,(g) and
made the defining relations in the elliptic currents well defined. We treat the relations as formal
Laurent series, where coefficients are usually infinite series of the generators. The p-adic topology
let them well defined by a completion.

Uqy.p(9) has two known coalgebra structures [42,43] as H-Hopf algebroid [17,18,22,36]. In [42],
the H-Hopf algebroid structure was defined in term of the coproduct of the L-operator of
Ugp (5A[2), whereas in [43] another coproduct called the Drinfeld coproduct for the elliptic Drinfeld
currents was defined for Uq7p(§[2) following the work [29].

In this section we review the Uy ,(g) defined as a topological algebra with a p-adic topology.
We introduce the space of meromorphic functions My« on the dual space H* of a dynamical
extended Cartan subalgebra H. We define the level-k highest weight module V of U, ,(g). This
representation is called the dynamical representation of U, ,(g) because of Mp«. A category of

level-k modules of U, ,,(g) is defined.
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2.3.1 Definition of U, ,(g)

In 2.3.1, we give a definition of the elliptic algebra U, ,(g) as a topological algebra generated

by the elliptic Drinfeld currents. 2.3.2 devoted to a review of the dynamical representation of

o~

Ugp(9)-

2.3.1 Definition of U,,(g)

Let g be an untwisted affine Lie algebra associated with the generalized Cartan matrix A =
(aij) i,j € {0} UTI . We denote by B = (b;j), b;j = d;a;; the symmetrization of A. We take
di = 1 (i € I) for the simply laced cases, d; = 1 (1 < i <[l —1), dg = 1/2 for Bl(l) and
di=10G<i<l-1),d =2 for C’l(l). Let ¢ = ¢" € C[[h]] and set ¢; = ¢%. Let p be an
indeterminate.

Let H = H@Cd, H = h®Cc, h = Dic;Ch; be the Cartan subalgebra of g. Define 8, Ag, a; (i €
I) € h* by

<o, hy >=aj;, <4,d>=1=<Ag,c>, (2.3.1)

the other pairings are 0. We also define A; (i € I) € §* by

< A,‘, hj >= 51‘7]'.

We set h* = @;crCA,, H* =b* ®CAy, Q = ®ic;Zoy; and P = ®;crZA;. Let N =1+ 1 for
X, = Ay, =1 for By, Cy, Dy, =7 for Eg, = 8 for Er, By, = 3 for G3, = 4 for Iy and consider the
orthonormal basis {&; (1 < j < N)} in RY with the inner product (&;,&) = &, For A4, we

also set

I+1

_ 1
§ =& — i1 ;ﬁj- (2.3.2)

We define ¢; = Ej for A; and = &; for other X;. The simple roots a;; and the fundamental weights
A; (1 <j <) can be expressed as a linear sum of ¢; [6,34]. We follow Kac’s conventions. We
define he, € b (j € I) by < €,he; >= (€i,¢5) and hq € b for a = >_jcigi, ¢j € C by

ho = Zj cjhe;. We regard h ® b* as the Heisenberg algebra by
[thaEk] = (eja €k); [hqahek] =0= [€j7 €x)- (2.3.3)

In particular, we have [h;, )] = ajz. We also set hf = hg,-
We introduce another Heisenberg algebra generated by P, and Qg (a, 5 € h*) satisfying the

commutation relations

[Pﬁj? Qék] = (Eja 6k:)7 [Pejapek] =0= [er, Qek], (2.3.4)
[P5j7 a] = [Qq:a] =0, (235)
[Pe;, U(@)] = [Qc;, U(g)] =0 (2.3.6)
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2.3.1 Definition of U, ,(g)

where P, = Z cj P, for a = Z cjej. We set Py = @;eiCP;, Qp = ©e1CQe; Py = Pa]v,Pj =
Py, and Q; = QQJ,Q QA Herea = 2a;/(aj, o).

For the abelian group Rg = ijl ZQq;, we denote by C[Rq] the group algebra over C
of Rg. We denote by e* the element of C[Rg] corresponding to a € Rg. These e satisfy
e®ef = e*tF and (e®)~! = 7. In particular, ¢” = 1 is the identity element.

Now let us set H = b & Py =32, C(P; + he;) + 32, CP; + Cc and denote its dual space
by H* = h* © Qp- We define the paring by (2.3.1), < Qq, Pg >= (o, f) and < Qq,hg >=<
Qo >=< Qqn,d >=0=< a, P3 >=< 0, Pg >=< Ag, Pg >. We define F = My« to be the field
of meromorphic functions on H*. We regard a function of P+h = Ej aj(Pe;+he;), P = Zj bj P,
and ¢, f = f(P+ h,P,c), as an element in F by f(u) =f(<pu,P+h><pu P> < pu,c>)for
we H*.

Definition 2.3.1. [53] An elliptic algebra U, () is a topological algebra over F[[p]] generated
by Mu«, €jm, fim, ]n,Ki (Jel,meZ,n € Zyy), d and the central element c. We assume

K;t are invertible and set

2= emz ™ fi(2) =) fimz ™,

meZ meZ
. ~ o) _ praf,
UF(g 22) = K exp <_(Qj — N> T 7";2”) exp ((q]' — N> )
n>0 p n>0 p
. 3 B pna\./_ B aV B
3 (q5z) = K exp <_(Qj —q; 1)2 I — ”z”) exp ((Qj —q; 1)2 . LRy ") .
n>0 p n>0 p

Note that T,ZJ;E(Z) are formal Laurent series in z, whose coefficients are well defined in the p-adic

topology. We call e;(z), f(2), wi( ) the elliptic currents. The defining relations are as follows.
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2.3.1 Definition of U, ,(g)

For g(P),g(P + h) € Mpg-,

9(P+h)ej(2) = e;(2)g(P+ 1), g(P)ej(z) = e(2)g(P— < Quy P>),  (23.7)
9(P+0)fi(2) = [;(2)9(P + h— < aj P+ 1 >), g(P)fi(2) = f(2)9(P),

(2.3.8)
[9(P), ] = [g(P+ h), e, ] =0, (2.3.9)
g(P)K} = K g(P— < Qq;, P >), (2.3.10)
g(P+h)K; = K:g(P+h— < Qa,, P >), (2.3.11)
[d, g(P + h, P)] =0, (2.3.12)
daf) =naly, des)] = —zmei(e), [ S = 2o fi(a), (231)
Klej(z) =/ e (2)KF, KFfi(2) = a7 fi(2) K (2:3.14)
(Y s Y] = B0 [a”miil[cm)j 11__ ;:* T; —em. (2.3.15)
(@Y, 5(2)] = Wll__zfnq—cmzme]( ) (2.3.16)
0 ()] = — 8 g ), (2317)

Ve () — —z (¢"721/22; P ) oo o (20)e:
Ty ei(z1)ej(z2) = T i(z2)ei(z1),  (2.3.18)
(7" 20/213P)oo (20) = —2 (¢~ 21/22;P)oo
(p ”zg/zl, )oof(zl)fj( 2) - 2(qu¢j21/22;p)oo
lei(21), fi(22)] = 517)_1 (5(q_021/z2)¢j_(q%2‘2) - 6(q021/22)¢j(q_522)) , (2.3.20)

g 7

(qbijZQ/Zl; )oo

21

fi(z2) fi(21), (2.3.19)

<1

Z H (p*q2za(k)/za(m);p*)oo

0€S, 1<m<k<a (p q 2z0(k)/z0(m)7p )oo
~ s @ (P"d"7w/ 21y P*) oo (0" 2o (1) /W3 P oo
XZ(_l) H * ,—bij () * H * ,—bij J "
= s | 1Zizs P00/ 20010 )00 i, (PFAT 2030 /W5 DY) oo
xei(25(1)) -+ €i(Z0(s))€j(W)ei(2o(s41)) - - €i(Z0(a)) = 0, (2.3.21)

(P4 220 (k) / Zo(m)i P) oo
> Q[ e

€Sy 1<m<k<a (pq ZU(k)/ZU(m)’p

- a _bijw 25(1); D)o 7bijzai W;P)oo
XZ;H)SL] [ el g /e

S 1<i<s (Pg"9w/ 25 (i); P s+1<i<a (Pq” 25(3) /W3 P) oo
X fi(20(1)) *+ [i(20(5)) [ (W) fi(26(s41)) -~ fil20(a)) =0 (i # jya =1 — ay5),

(2.3.22)

where p* = pq~%¢ and 6(z) = Y onez 2" We also denote by Ué,p(ﬁ) the subalgebra obtained by

removing d.
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2.3.2  Dynamical representations of Uy ,(g)

We treat the relations (2.3.13), (2.3.16)-(2.3.22) as formal Laurent series in z,w and z;’s. In
each term of (2.3.18)-(2.3.22), the expansion direction of the structure function given by a ratio

of infinite products is chosen according to the order of the accompanied product of the elliptic
(¢"%9 22/ 2159" ) oo
(p*q " 22 /2139 oo

currents. For example, in the Lh.s of (2.3.18), should be expanded in zy/z1,

b“ *
(q"% 21 /22;p* ) oo
(p*q " 21 /229" ) oo

coefficient function is expanded in z, () /25(m) (M < k), w/2,3) (i < s5) and z,)/w (i > s +1).

whereas in the r.h.s should be expanded in z;/z9. In each term in (2.3.21), the

All the coefficients in z;’s are well defined in the p-adic topology.
Remark. In [29,38,39,41], assuming that ¢ is a transcendental complex number satisfying |¢| < 1,

we wrote (2.3.18), (2.3.19) as
210+ (¢" 22/ 21 )ei(21)ej(22) = — 220+ (¢"7 21/ 22)ej(22)ei(21),

210p(q " 20/ 21) fi21) f(22) = —220p(q7 " 21/ 22) f(22) fi(21),

in the sense of analytic continuation.
Let Uy(g) be the quantum affine algebra associated with g in the Drinfeld realization [16].

U,»(9) is a natural elliptic deformation of U,(g) in the following sense.

Theorem 2.3.2.
Uqp(8)/pUqp(8) = (F @c Uq(9))C[Rq]-
Here the smash product  is defined as follows.

g(P,P+h)x®e*- f(P,P+h)y® e’
=g(P,P+h)f(P—<a,P>P+h—<a+wt(z),P+h>)zyoet?

where wt(z) € b* s.t. ¢"eg™" = ¢<VN@ >y for 2.y € U,(G), f(P), g(P) € F, e, e € C[Rg).

Proof. At p = 0, the relations for oY, ,e;(z), fj(z) (2.3.13)-(2.3.22) coincide with those

]7m7
for axm,x;r(z),xj_(z) (2.2.35)-(2.2.40) of U,(g). Therefore from (2.3.7)-(2.3.11), one has the
isomorphism

~Qay fi(z) = x5 (2), KJi — q;-the*Qo‘j, o, a;{m mod pU, ,(g).

ej(z) — x?(z)e Sm

2.3.2 Dynamical representations of U, ,(g)

Let us consider V a vector space over F. V which is H-diagonalizable, i.e.

V= @ Vauw \yp={veV| gFthoy = gh P>y Py = P>y YP + b, P € HY.
A\ pueH*
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2.3.2  Dynamical representations of Uy ,(g)

Let us define the H-algebra Dy y of the C-linear operators on V by

Duy= B (Duy)as,
a,feEH*

f(P+h)X=Xf(P+h+<a,P+h>)X,
(Pay)ap =4 X € EndcV f(P) X =Xf(P+<3,P>X )
f(P),f(P+h)eF, X -V CVrsauts
w " (P = F< AP +h>pw, 5™ (Po=f(< P>, feMp, veV,.

Definition 2.3.3. We define a dynamical representation of U, ,(g) on V to be an H-algebra
homomorphism m : Uy ,(§) — Duy. By the action © of Uy p(g) we regard V as a U, ,(g)-module.

Definition 2.3.4. For k € C, we say that a Uy p(g)-module has level k if ¢ act as the scalar k

on 1.

Definition 2.3.5. For w € C, set
Vo={veV| —d-v=wv}

and we call V,, the space of elements homogeneous of degree w. We also say that X € Dy, is

homogeneous of degree w € C if
[—d, X] =wX
and denote by (D y). the space of all endomorphisms homogeneous of degree w.

Definition 2.3.6. Let H, N\, N_ be the subalgebras of U, ,(g) generated by c,d, K (i € I),
by aivm (i € I,n € Zso), €in (i € I,n € Z>0) fin (i € I,n € Zso) and by o) _,, (i € I,n €

i,—n

Zx0), €i—n (1 € I,n € Z=o), fi—n (i € I,n € Z>), respectively.

Definition 2.3.7. For k € C, A € b* and p € H*, a (dynamical) U, ,(g)-module V(\, j1) is
called the level-k highest weight module with the highest weight (\, ), if there exists a vector
v € V(A p) such that

V(A p) = qu(/g\) "V, Ny v =0,
c-v=kv, f(P)-v=f(<uP>v, f(P+h)-v=f(<ANP+h>)wv.

We define the category € in the analogous way to the classical affine Lie algebra case [47].

Definition 2.3.8. For k € C, € is the full subcategory of the category of Uqp(g)-modules

consisting of those modules V such that

(i) V has level k
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2.3.2  Dynamical representations of Uy ,(g)

(ii)) V= | Vo

weC

(iii) For every w € C, there exists ng € N such that for all n > ng, Viyyn = 0.

Since mAy C | | (Dpv)n, any level-k highest weight U, ,(g)-modules belong to €.

TLEZZO
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Chapter 3

Dynamical Quantum Z-algebra of

Ug.p(9)

There is an enormous literature on the representation theory of the quantum affine algebras as
well as the affine Lie algebras. Based on the Drinfeld realization, a construction of higher level
(integral) representation of Uy, (g) appeared in [5,31] which dealt with the theory of Z-algebras.

The theory of Z-algebras was introduced by Lepowsky and Wilson [47] in their study of
Rogers-Ramanujan identities in the level-k standard representation of the affine Lie algebra 5A[2
in the principal picture. Also, Lepowsky and Primc [45,46] introduced the Z-algebra in the
explicit realizations of higher level representation by using the homogeneous picture. The same
construction was done in [51] for the higher rank cases. In 1987, Gepner [25] studied the theory
of parafermions in conformal field theory. The coset conformal field theory 5A[2 ® 5A[2 D (glg)dmg
is known to be realized in terms of the level-k free boson and the Zp-parafermion. The Z-
algebra is obtained by taking a quotient of an affine Lie algebra g of level & by its Heisenberg
subalgebra. The Zp-parafermion is obtained by taking a further quotient of the Z-algebra by
the group algebra C[Q)] of the root lattice Q = ®;c;Zq; (the zero modes of the boson operators).
The coset conformal field theory associated with the general untwisted affine Lie algebras g is
constructed [8] in term of the generalized parafermions. The theory of Z-algebras has been a
tool to construct an explicit representation of the affine Lie algebras.

The quantum deformation of the Z-algebras and its applications to the representations of
U,(g) was partially investigated in in [30, 39, 50] for level k (the centeral element acts by k).
A higher level realization of the quantum Z-algebra was discussed in [5,31]. The structure of
the Z-algebra associated with the elliptic quantum algebra Uq7p(;[2) was investigated in [39],
however for the general case U, ,(g) it had not been studied. This structure of Z-algebra will
find applications in representations of the elliptic quantum algebra U, ,(g) and Z-algebra itself.

In [53], we investigate if this structure exist or not for general Uy ,(g). Then we found the
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3.1 The Heisenberg algebra Uy ,(H)

dynamical analogue of the quantum Z-algebras. In the next chapter we construct the infinite
dimensional representation of Uy, ,(g) in term of the Z-algebra modules.

This chapter addresses the following. In section 3.1, we define the Heisenberg algebra of
U, »(g) and it’s defining relations. Also the level-k module of the Heisenberg algebra of U, ,(g)
is constructed. We introduce a quantum and dynamical analogue Zy of Lepowsky-Wilson’s
Z-algebra associated with the level-k U, ,(g)-modules in section 3.2. We also provide the Serre
relations (3.2.19) explicitly. Then we define the universal dynamical algebra Z;. Finally we
define a category of the level-k Z;-modules. These results are published in [53].

3.1 The Heisenberg algebra U, ,(H)

3.1.1 Definition

Let Uy »(H) be the subalgebra of Uy ,(g) generated by o, (i € I,n € Z) and c. Tt is convenient

to introduce the simple root type generators aj,, and o}, defined by aj, = [dj]axm and
1 — p*m
a;m 1 —Z;m qkmajvma (j € I,n#0). From (2.3.15), (2.3.16), (2.3.17), we have
b;imllem] 1 —p™ _
[ai,m7aj7n] = [ Y TI]?,[ ] 1 _;)*m km5m+n,07 (311)
biym|lcm] 1 — p*™
[a;,mv ;,n] = | . ﬂ!L[ ] 1—pm qkm5m+n,07 (3.1.2)
bi;m|lcm
[0t m, ] = wdm—&—nﬁa (3.1.3)
biym|] 1 —p™ _
[im, ej(2)] = [ l;n ]1_5*,,1(] M2Mej(2), (3.1.4)
bijm|1 —p*™
0 f5() = — LA LZP™ e ) (3.15)

m 1 —pm
Let Uy p(H4) (reps. Ugp(H-)) be the commutative subalgebras of Uy, (H) generated by
{c,ain(i € I,n €Zxo)} (resp. {a;,—n(i € I,n € Z=o)}). We have

Uq,p<H) = Uq,p(H—>Uq7p(H+)-

Let C1j, be the one-dimensional Uy ,(# . )-module generated by the vacuum vector 1; defined
by

c-1p = k1, Ozim-lkzo (n>0)
Then we have the induced U, ,(H)-module

Fak = Ugp(H) U, p(H) C1y.
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3.2 Dynamical Quantum Z-algebra

We identify F, , with a polynomial ring Cla; —p, (i € I, m > 0)] by

c-u=ku, oj_n-u=0o;_nu,

, o bnflkn] 1 —p" 0
Qjp - U= Z p” T q 804j,_nu (n>0)

j
for uw € Cloy,—, (i € I,m > 0)].
3.2 Dynamical Quantum Z-algebra

In this section we introduce a quantum and dynamical analogue Z; of Lepowsky-Wilson’s Z-

algebra associated with the level-k U, ,(g)-modules V.

3.2.1 The dynamical quantum Z-algebra 72y,

Let k € C* and (V,7) € €. We call 7U,,(H) C (Da,y)oo the level-k Heisenberg algebra. We

define the following vertex operators in (D1 )oo[[z, 271]]-

Ei(aj, ) = exp <:I:Z Oé]in "), E* ( ) = exp (IFZ ]’in ").

n>0 n>0
(3.2.1)
These satisfy the following relations.
Proposition 3.2.1.
—bij 42k, /. 2k —by; -
+ . — . _(q “J w/z,q )oo(q ”’U)/Z,p )oo — ) + ]
E (047”2>E (CYy,'U})— (qb”—i_zkw/zgq2k)oo(qbl]w/zyp*)oo E (O@,U})E (Ckz,Z),
(3.2.2)
o poy (@ w247 ) o (7w /25 ) oo +
E™(ag, 2)E™ (o, w) = (qbijw/z;q%)oo(q_bifw/z;p)ooE (o, w)E™ (af, 2), (3.2.3)
(qbij‘f‘kw/z; q2k)
E*(ai, 2)E™ (o, w) = (q—biﬁkw/z-q%)oo E~ (o, w)E™ (i, 2), (3.2.4)
) [oe]
B (@" w/z ")
ET (0, 2) E™ (o, w) = ———— = FE (aj,w)ET (o, 2), (3.2.5)
(g7 w/z; %)
) [ee]
E¥(a;, 2)ej(w) = (qibif“k(w/Z)ﬂ;q%)oo(qi””(W/Z)ﬂ;p*)ooe'(w)Ei(a» 2)
v (qFa 2k (w/2) %L 42 ) oo (¢F% (w ) 2)FL5 p*) oo .
(3.2.6)
+by; 2k +by; +1
Ty _ (T (w/2)F 5 47 )oo (@ (w/2) T 5 ) oo ey
B DB = 0 2T, 70 w2 i) P (0D (32D

:ej(w)Ei(o/ z), (3.2.8)

s F(w) B (i, 2). (3.2.9)




3.2.1 The dynamical quantum Z-algebra Zy

Definition 3.2.2. We define Z5(2;V) € Duyl[[z,274]] by

Z;‘(z; V) = E (aj,2)m(ej(2))E* (0, 2), (3.2.10)
Z (V) = E_(ag»,z)ﬂ(fj(z))E"'(a;-,z), (3.2.11)

for j € I and call them the dynamical quantum Z operators associated with (V,m) € €.

Note that due to the truncation property of the grading of V € &€, w.r.t —d, Z]i(z; V) are
well defined i.e. the coefficients Z;fn(V) of Zji(z;V) =D nez Zi (V)27 in z are well defined
elements in (Dy ), for all n € Z. For the sake of simplicity of the presentation, we often drop
m to denote the elements in Dy y.

From the defining relations of U, ,(g), we obtain the following relations of the dynamical

quantum Z operators.

Theorem 3.2.3.

9P+ 12 (zV) = 27 (2 V)g(P + 1), g(P)Z](%V) = Z (% V)g(P— < Qa;, P >),

(3.2.12)
gP+h)Z (%V)=Z (z:V)9(P+h—<a;,P+h>), g(P)Z (z;V)=2Z; (%V)9(P),
(3.2.13)
0
+/,. +
[ims 25 (w; V)] = 0, (3.2.15)
KiZ+(z V) = qubUZ‘*'(z V)KE, KZ.iZj_(z;V) = qubiJZ'j_(z;V)KjE (3.2.16)
(@ "w/%¢" )0 o + (¢~ "jz/w‘qz) + +
Z(qbij+2kw/z ) ZF (V)25 (wy V) = (qbii+2kz/w ) ZE(w V)25 (5 V),
(3.2.17)
(qbij+kw/z.q2 ) n ( bUJrkz/w q ) B . .
(a7 )0 2 5V V) R e iy B (0 VIE V)
T Eiiz»l (Kf(S(q_kZ/W) - Kﬁ(q’%/w)) , (3.2.18)
Z H (q2+kq:kza(l)/za(m); qzk)oo
€Sy 1<m<i<a (q_2+k:‘:kz‘7(l)/z‘7(m); qQk)OO
y za:(_l)s a H (q—bij‘l'kqikw/zo_ l). q2k) H (q—bij+k¥kza(i)/w; qzk)oo
XZi:t(Za(l); V) T Zi:t(za(s); V)Z]:t (’UJ; V)Zz (Za(s-l—l); V) t Zii(za(a); V) =0
(1 #7, a=1-ay). (3.2.19)

Proof. See [53].
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3.2.2 The universal algebra Zj

Definition 3.2.4. For k € C* and (V,m) € €, we call the H-subalgebra of Dy y generated by
me(V), Kli (it € I,m € Z), Mg+ and d the dynamical quantum Z-algebra Zy associated with
(V,m).

3.2.2 The universal algebra Z;

Using the relations in Theorem 3.2.3, we define the universal dynamical quantum Z-algebra as

follows.

Definition 3.2.5. Let Z (i € I,m € Z) be abstract symbols. We set Z5(z) = Y omez mez_m.
We define the universal dynamical quantum Z-algebra 2y, to be a topological algebra over F[[q?*]]

generated by ZF Kzi (1 € I,m € Z),d, My~ subject to the relations obtained by replacing

,m’

ZE(%,V) by Z5(2) in Theorem 3.2.3.

We treat the relations as formal Laurent series in z,w and z;’s in a similar way to those of

Uy p(8) in sec.2.1. The defining relations are well-defined in the g**-adic topology.
Proposition 3.2.6. 2, is an H-algebra with the same py, pir as in Uy p(8).
Note that for (V, ) € € we extend 7 to the map 7 : Z; — Dy y by W(fom) = me(V)

Then V is a Zx-module by 7.

3.2.3 The Induced U, ,(g)-modules from the Z,-modules

We define a category @y of the Zp-modules. Each representation of Zj in @y turns out to be
a dynamical analogue of the quantum Z-algebra derived by Jing [31] from the level-k represen-
tation in the U,(g) counterpart of ©j. Those statements will be used in the next chapter to

construct the level-k induced U, ,(g)-modules.

Definition 3.2.7. For k € C*, we denote by Dy, the full subcategory of the category of Zj-

modules consisting of those modules (W, o) such that
(i) W has level k,
(ii) W = |,cc W, where W, ={w e W | —o(d)w =ww },
(iii) For every w € C, there exists ng € N such that for all n > ng, Wyin = 0.

Let us consider (V,7) € €. Following Lepowsky and Wilson [47], we define the vacuum
space €1y by

Qy={veV|nmla,)v=0 Viel, neZs}.
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3.2.3 The Induced U, ,(g)-modules from the Zji-modules

From Theorem 3.2.3, Qy is stable under the action of Z) and commutes with U, ,(H). For a

morphism f:)V — V' in €, we have

f(Qy) C Q.

Proposition 3.2.8. For (V, ) € €, there is a unique representation o of Zi on Qy such that
(Qv,0) € Dy,

o(KF) =n(KF), o(ZE,)=2E,(V) Viel,mel
We hence define a functor 2 : €, — D, by

Q(Vvﬂ') = (QV70)7 Q(f) = f‘Qv (Qy — Qyr,
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Chapter 4

Representation theory of U, ,(g)

This chapter deals with the infinite dimensional representation of U, ,(g). We construct the
induced U, p(g)-module as a tensor product of the Ziz-module and the Uy ,(H)-modules. We
discuss the irreducibility of the resultant induced U, p(g)-module, we find that U, ,(g)-module
is irreducible if and only if Zi-module is irreducible. Namely, the irreducibility of the U, ,(g)-
module is controlled by the Zp-module. For k = 1, we present some examples of the level-1
infinite dimensional irreducible representations of U, ,(g). The level-1 representations will be
used in the next chapter to find the higher level representation of the elliptic quantum group
Uq,p(g[2)-

This chapter is organized as follow. In the beginning, we construct the U, ,(g)-module
which is expressed as a tensor product of the dynamical quantum Z-algebra module and the
Heisenberg algebra Uy ,(#)-module. Then we obtain a realization of Uy, ,(g) in forms of the
Z-algebra and the Heisenberg algebra. Then we define the reverse functor from the level-
k category of Zp-modules to the category of the level-k U, ,(g)-modules. We show how the
irreducibility of the Uy, ,(#H)-module depends on the irreducibility of the Zj-algebra module.
In the end of this chapter, we list some level-1 irreducible representations of U, ,(g) for g =

Al(l), Dl(l)7 Eél), Eél), Eél) and Bl(l). These results are published in [53].

4.1 Infinite dimensional representation of U, ,(g)

In 4.1.1, Z}, is realized in term of the quantum Z-algebra associated with level-k Uy, (g)-module

which we state in section 2.2.4. We also give the infinite dimensional representation of U, ,(g).

4.1.1 The functor A

We define a reverse functor A : ©; — €, which is equivalent to €2 such that we can construct

the Uy p(g)-modules from Zj-modules and visa versa.
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4.1.1 The functor A

Let (W, 0) € ©), be a Zi-module. We define U, ,(H)-module Ind W by requiring o y,- W = 0

and
IndW = Uy p(H) @u, ) W-

Let F,x be the level-k Fock module defined in section 3.1 We have a natural isomorphism
Forp®@cW=Ind Why (u®1;) ®w— u®w [47]. We thus identify the Uy, (H)-module Ind W
with F, r ®c W, with the action 7 of Uy ,(H)

(c)=1®c¢, w(Kli) =1® U(Kii)v T(im) = Qim @ 1.
For (W,0) € ©) and Ind W = F,, 1 @c W, we define e;(z), f]’-(z) € D maw|[?, 1] by

¢j(2) = B (0, 2) B (0, 2) T @ 0 (2] (2)),

fi(z) = E~(af, z)_1E+(a;, 2)7l® o(Z; (2)).

These are well-defined elements of Dy maw[[z, 27 !]]. By a similar argument to the proof of
Theorem 3.2.3 one can show that €/(z) and f}(2) satisfy the defining relations of Uqp(9) with
¢ = k. We hence extend 7 : Uy,(H) — Dgmdw to m : Uy p(8) = Duamaw as a H-algebra

homomorphism by
m(ej(2)) = €j(2),  7(f;(2)) = fj(2),
m(d)=d®1+1®o0(d).
By construction, the latter map is uniquely determined.
Proposition 4.1.1. For W, o) € Dy, there is a unique level-k Uy ,(g)-module (Ind W, ) € €.
We thus reach the following definition.
Definition 4.1.2. We define a functor A : D — € by
(1) AW,o) = (Ind W, )

(ii) For a morphism f : W — W' in Dy, define A(f) : IndW — Ind W' to be the induced
Uqp(H)-module map. Then A(f) is a Uy p(g)-module map.

We obtain the following theorem analogously to the case of the affine Lie algebras [47].

Theorem 4.1.3. For k € C*, the two categories € and Dy, are equivalent by the functors €) :
€, — Dk and A : Dy — €. In particular, the level-k U, p(g)-module Ind W = F, , @c W € €

is irreducible if and only if W € Dy is an irreducible Z-module.

Comparing the defining relations of Z;, with those of Zj, we obtain the following isomorphism.
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4.2 Level-1 representations

Proposition 4.1.4. We have the isomorphism
2y, = (F ®@c Zi)iC[Rq]
as an H-algebra by
z ozl e % 20 e 2
K q;Fhie_Qo‘j (i€l,meZ) dw—d,
where me denotes the generators in Zy (Definition 3.2.4).

Theorem 4.1.5. For (W,a) € Dy and generic u € b*, there is a dynamical representation o of
Zr on Wi o(p) :== (F@c W) ®c e9C[Rg] such that Wy o(n),0) € € and

o(ZH Y=6(ZF Yoe %N, o(Z;

oK) =6(¢7")@e P, od)=5(d)@1+1® Py,
where Py denotes a C-linear operator on 1 ® eQiC[Rq] such that
[1® Py,0(Z5,,)] =0.

Proposition 4.1.6. The representation (Wg q(1),0) of Zy is irreducible if and only if W is

an irreducible Z.-module.
From this and Theorem 4.1.3, we obtain:

Proposition 4.1.7. For a Zy-module (W,5) € Dy, and generic i € b*, let Wh,o(1),0) be the
Zy-module constructed in Theorem 4.1.5 and Ind Wy (1) = Far @c Wa,o(1) be the level-k
induced Uy ,(g)-module given in Prop.4.1.1. Then (Ind W o(p), ) is irreducible if and only if
(W, &) is irreducible.

4.2 Level-1 representations

We here give some examples of the level-1 irreducible induced representations of Uy ,(g) of types
g=Aa" pM g W B and BY.
4.2.1 The simply laced case :

Let us consider Theorem 2.2.21, then for generic u € h*, we have from Theorem 4.1.5 a level-1

irreducible Z;(g) module Wiy g(Ag, 1) := (F ®@c W(A,)) ® e97C[Rg)] with the action given by
Zi()=Zf () @e %, Z(2)=Z;(2)® 1 (4.2.1)
Then from Proposition 4.1.7 we obtain:
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4.2.2 The Bl(l) case

Theorem 4.2.1. A level-1 irreducible highest weight representations of Uy p(g) is given by
V(Ag + p, ) :=Ind Wy g(Aq, i) with the highest weight (Aq + p, pt):

V(Ao + 1) = Far @Wio(ha, i) = @ Fyul(d
v,KkEQ

where
]:%N(Aaa ,U) =TF ®c (.7:0[71 ® eAa"’W’) ® eQ[H»fc’

The highest weight vector is 17 ® ele ® eQn. The derivation operator d is realized as

l l

l
1 | 1 :
d = —§Zhth—N +ﬁZ(Pj+2)PJ—ZZ((P+h)j+2)(P+h)J,
7j=1 7j=1 7=1
l m
N= Y
Sz, M 1=

where r,r* € C*, and AL, are the fundamental weight type elliptic bosons given in section 5.1

in [53].

One can easily calculate the character of V(Ag, p):

. —d— c(W(g)) .
Chv(Aa+ﬂ7N) - trv(Aa+N7N)q 24 - Z Ch}-’y,m(Aavl")’
v¥,kEQ
1

gy I (At p) =1 (AaHiity+r4p) 2
(g '

ChE, (Aaps)

Here ¢(W(g)) =1(1 — ¢ (gH)) and 7)(q) denotes Dedekind’s n-function given by

»b"_‘

n(q) = 424 (¢; Q) o-

4.2.2 The Bl(l) case

We consider the quantum Z-algebra Zl(Bl(l)) and thier level-1 irreducible Zl(Bl(l))—modules
which stated in subsection 2.2.7. For generic 1 € h* and a = 0,1,1, we set Wy g(Ag, ) =
(FocW(Ay))®e? C[Rg]. From Proposition 4.1.1 we have the following three level-1 irreducible
qu(Bl(l))—modules with the higest weight (Ag + p, p):

V(Aa + M, M) - Fa,l ®(C WH,Q(ACL7 ,LL)

= @ @ ]:/\,'y,n (Aaa ,UJ),

’YEQO,HGQ Aeémaz(Ag)
mod Qqp+Cé
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4.2.2 The Bl(l) case

where

Froryw(Bo, ) =F @¢ (Fan1 ® FNS @ V) @ eQntr,
Fry (Ao, ) =F @c (Fa1 @ FNS® AH_W) ® eQntr,
Fry (A1, 1) = F@c (Fan1 ® Fﬁfn ® 6A1+7) @ eQntr
Fromyw(Ai, 1) =F @c (Fan1 ® fgdd ®eY) @ e@ntn,

FAl,'y7 (Ala ) F R (]:a,l ® FR ® eAl+ry) ® leH-H,
Fri—aryw(Bisp) = F & (Faq @ FRg e]\ﬁj\l‘*"y) ® eQitr

The highest weight vectors are given by 1 ® 1 ® 1 ® €97 for V(Ag + p, 1), 1@ 1® eM @ @ for

1 _
V(A1 + p,p) and 1@ 1® ® eM @ eQr for V(A; + p, 1), respectively.
1

It is also easy to calculate the characters of these modules:

_ —d- _
Chv(Aa"_Uvu) - trV(Aa+M7U)q M= Z Ch-FA,'y,H(Aanuf)’

Aemax(Aq)
mod Qqo+Cé
YEQQ,KEQ

where ¢y = (I + %) (1 — %) is the central charge of the WB,; algebra by Fateev and

Lukyanov [49], and the derivation operator d is realized as

l

l
1 1 .
d = —th Wi — N - NY 4 2T*Z(ij)Pﬂ 2—2((P+h)j+2)(P+h)],
j=1 j=1 j=1
’ m? 1 —p o m(g? +q"2)
D D Bt D Dl 2
: [m] 1—p T4
Jj=1meZso m>0

where r,r* € C*, and Al are the fundamental weight type elliptic bosons of the type B given
in section 5.1 in [53], ¥,,, denotes ¥,, on FV° and \Tfm on FE. We obtain:

(A atpp) = Z CRFy (B>
Aemax(Aqg)
mod Qqp+Cé
YEQQ,KEQ

wr [P (A Rp) =7 (it Rty +0) |2
Ch]:/\o v (Aoyp) = CA q2 5

— g | P (At RAp) —r* (A1 it r+y+5) |2
Ch]:Alvv,n(AOM) - CA1q2M ’

— M g P (At rtp) —r* (M +atrty+p) 2
Ch}—Al,'y,n(Ala/‘) - CA1q2'r'r* ’

— A1 g [r(AtaAp) —r* (At r+y+p) 2
ChFy, o (Br) = Cpgd™ ;

— A s r(artp)—r* (Mt rty+)
Ch]:Al,'y,ri(Aluu') - CAquTT

)

At s [ (it R4p)— r*(Az+u+n+v+p>l2
Ch]:[\lfoal,’y,N(Alﬂ"‘) Al o garr
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4.2.2 The Bl(l) case

where

“ho TN T (g
1
A A q2 .
CAﬁ - CAE*O[[ ~ 9 (q)z(_q’ q)oo-
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Chapter 5

Higher level realization of Uq,p(g[g)

For the affine Lie algebra, the integrable representation was defined in [34] as the highest weight
module on which the locally Chevally generators locally nilpotent. The higher level representa-
tion of the affine Lie algebra sly was studied in [46]. Proposition VL5 in Ref. [45] showed that

on that level-k + 1 (k € Z~() standard ETIQ-module, the currents x1,/(z) are nilpotent operators,

Tia(2)F2 =0.

The quantum analogue of this condition appeared in [10]. The authors in [10, 13] studied
the higher level representation of the quantum affine algebra Uq(;[g), quantum Z-algebra and
the quantum integrable condition by using the Drinfeld coproduct [10] for the Drinfeld realiza-
tion of level-1 Uq(;[Q) [16]. Also they showed that the vertex operators (z¥(z))* satisfy cer-
tain g-difference equations (z7(2¢?))* = Ak¢*1(zquH)(x+(z))k A w(zq3<m2+l>), (z7(2¢*)* =

—3(m+1) —(m+1)

AFp(zq— 2 )(a (2) A¥ 9~ (zq— 2 ), where ¢(2) and ¢(2) are the generating functions of

the bosons a_,, a,(n € Zsg) respectively.

For the elliptic algebra U, (g[g), the integrable condition of that higher level representation
had not been studied. These subjects are addressed in this chapter [52]. In [29], the authors
introduced the elliptic analogue of the Drinfeld coproduct for qup(;[g). The level-1 standard
representations of Uy ,(g) for g = Al(l), Dl(l), Eél), Eél), Eél) and Bl(l) were given in [53]. Using
the elliptic Drinfeld coproduct [29,43] and the standard level-1 realization of Uq7p(5A[2) [53], we
construct the higher level realization of Uq7p(5A[2). The level-k 4 1 elliptic currents are expressed
as a multiply coproduct of the level-1 elliptic currents. In particular, we obtain the level-k + 1
Heisenberg algebra, then we introduce the vertex operators E(ik) (a, 2), Ei)(a’ ,z) and define the
level-k + 1 quantum Z-operators from the level-k + 1 elliptic currents. Also, we give an elliptic
analogue of the quantum integrable condition for level-k + 1 integrable module of Uq7p(5A[2)
[52]. There we found that the products Ex(z) = AF(e(2)) AF (e(2¢?)) - - - AF (e(2¢*N 1)) and
Fn(z) = OF(F(2)) AF (F(2q72)) -+ AF (f(2¢72N 1)) vanish at N = k 4+ 2. We also show that

the products Ex(2) and Fn(z) at N = k + 1 give certain vertex operators associated with the
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5.1 Co-algebra structure of qu(;b)

level-k + 1 module of Uq7p(5A[2).

This chapter is organized as follows. In section 5.1, we define the H-Hopf algebroid structure
on Uq,p(g[g) and formulate it as an elliptic quantum group. We apply the argument of last
chapter to introduce the level-1 highest weight realization of Uq,p(;[g) in section 5.2. After that,
we show a construction of the level-k 4 1 realization of qup(,';[g) using Drinfeld coproduct at
level-1 realization of qup(,‘;[g). Level-k + 1 realization of Heisenberg algebra U, ,(H) is found
too. Furthermore, we give a realization of the level-k + 1 Z-algebra associated with level-k 4 1
realization of Uq’p(f/y\[g) in section 5.4. We present the elliptic analogue of quantum integrable
condition for any level-k 4 1 integrable module of Uq,p(glg) in the last section where we present

a kind of vertex operators of the level-k + 1 elliptic bosons. These results are published in [52].

5.1 Co-algebra structure of qu(f/)\[g)

Here we follow [41-43] to present the Hopf algebroid structure on Uq7p(5A[2) using the Drinfeld
coproduct of Uq7p(5A[2) [29]. A different Hopf algebroid structure was given in [42] by using a

different co-product.

5.1.1 H-Hopf algebroid

Let A be a complex associative algebra, H be a finite dimensional commutative subalgebra of

A, and M+ be the field of meromorphic functions on H* the dual space of H.

Definition 5.1.1 (H-algebra). An H-algebra is an associative algebra A with 1, which is bi-

graded over H*, A = @ Aag, and equipped with two algebra embeddings ju, pi : Map — Aoo
a,BEH*
(the left and right moment maps), such that

~ ~ o~ o~

w(Ha=am(Tof), pe(Pa=apm(Tsf),  a € Aag, fE My,

~ ~

where Ty, denotes the automorphism (To f)(N) = f(A+ «) of Myx.

Definition 5.1.2. An H-algebra homomorphism is an algebra homomorphism © : A — B

between two H-algebras A and B such that for o, f € H*

~ ~

(Aag) € Bag, (i (N) =1l (), 7w (F) = nl ().

The tensor product AQB = @ (A®B)as = @ ( @ (Aary @My Byg)) is again an H-
a,BeEH* a,BeEH* yeH*
algebra with the multiplication (a ®b)(c® d) = ac® bd. The tensor product ®pq,,. refers to the

usual tensor product modulo the following rule:
pA(Hawb=aoul(fb, acAbeB,fe Mg-. (5.1.1)
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5.1.2 H-Hopf algebroid structure of U,M)(;[g)

The unit object D in the category of H-algebras is an algebra of automorphisms My~ —
Moy

D:{ZET@. | fi € My, Bi €M} = P Do (5.1.2)

aEeH*

where Dy = {fT,a | f € My, € H*} and the moment maps uP, u? : My — Dy are
defined by uP(f) = uP (f) = FTb.

Definition 5.1.3. An H-Hopf algebroid is an H-algebra A equipped with two H-algebra ho-
momorphisms: coproduct N\ : A — A®A, counit ¢ : A — D and a C-linear map: antipode

a:A— A. A e, a satisfy the following

(A®id) o A = (idRA) o A (5.1.3)
(e®id) o A = (id®e) o A (5.1.4)
mo (id®a) o A(x) = w(e(x)1), VreA (5.1.5)
m o (a®id) o A(x) = pr(Tu(e(z)1)), Vo € Aup. (5.1.6)

m: ARA — A refers the multiplication and e(x)1(x € A) refers the action of the operator (x)

on the constant function 1 € May.

5.1.2 H-Hopf algebroid structure of Uq,p(sA[g)

Proposition 5.1.4. U = Uq7p(,‘;\[2) is an H-algebra by

U= P Uap,

a,feEH*

Uy — {x c U‘ P (P Z g<aPh>  Po P (<BP>yp oy p e H}

and py, py : F— Upo defined by

~ ~

w(f)=f(P+hp)€Flpll,  p(f)=f(Pp")€Fp].

The tensor product URU = EB (U@U)aﬁ is an H* bigraded algebra.

a7ﬁ€H*
The H-algebra D of the shift operators is

D= {ZﬁTai | ﬁ € Mg+, q; € H*}

with the bigraded structure and the moments map as in Definition 5.1.1.
In [42], Konno defined the Hopf algebroid structure on Uq,p(f:\[g) by the coproduct of L-operator.
Here we define the Hopf algebroid structure on qup(f/a\[g) by the Drinfeld coproduct [29,43].
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5.2 Level-1 highest weight representation of qup(glz)

Theorem 5.1.5. [/3] The elliptic algebra Uq7p(g[2) has an elliptic analogue of the Drinfeld
coproduct A : Uq,p(g[g) — Uq7p(f/!\[2)®Uq7p(f/1\[2), the counit € : Uq7p(g[2) — D and the antipode
a: Uq,p(g[2) - Uq,p(;[2)

() = ¢°®d°, A(d") = ¢" 4" (

(H(:) = 6H (T ) (T 2) (
Apr(F) =181 (1), () = pu(F)E1 (5.1.9
( DB (g 2) + 18e(2) 5

(

~ M

D1+t (g7 28 (2 ")

Namely, the maps /\,e are algebra homomorphism and a is an anti-algebra homomorphism
satisfying the relations (5.1.3)-(5.1.6) in Definition 5.1.3. Therefore the H-algebra Uq7p(5A[2)
with N\, e,a is an H-Hopf algebroid.

Proof. See [52].
We call the H-Hopf algebroid (Uq7p(5A[2), H, My, pu, por, , AN, €, a) the elliptic quantum group
qup(g\[2)'

5.2 Level-1 highest weight representation of U, (sl,)

We derive the induced level-1 highest weight representation of Uy, (;[2) which we use along with
the Drinfeld’s coproducts Theorem 5.1.5 in section 5.1. In the next section we construct the

irreducible level-k 4 1 representation of Uq’p(g[g).

Definition 5.2.1. Define the fundamental weight A,(a = 0,1) € h* by Ay = Ay + Ag such that
<Ag,h>=0641, <Ag,c>=0dqp0.

From Definitions 5.2.1, 2.3.6, 2.3.7, (3.1.1)-(3.1.3) and (2.2.21) we have
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5.2 Level-1 highest weight representation of qup(glz)

Theorem 5.2.2. [53] Fora =0,1. Define V(Aq + p, pt) = @ (F®c (Fa1 ® eAaJ”) ® eQatr),
R v,KEQ
Let p: Ugp(sly) — End(V(Aq + p, 1)) by

p(*(2)) = ¢ e P exp <—(q -q") p(a_’";) (zqé)n>

n>0 1 P
(1
X exp <(q gy pelen) (zqé)_"> (5.2.1)
1—-pn
n>0
N h—2Q Sy Plelasn) o C1y,
p(¥~(2)) =q"e exp|—(¢—q ) ﬁ(zq 2)
n>0 p
X exp ( =g Y o ol a” 2q7%) ”) (5.2.2)
n>0
ple(z)) =: exp Z pla 27| et (5.2.3)
n#0
pla) h+1
= n) ceT ¥ 2.4
p(f(2)) =: exp Z Ol ez, (5.2.4)
n#0

where Fq1 is the polynomial ring Cla_y, (m > 0)]. For u € Cla_y,, (m > 0)]

plc) u=u, pla—n) u=a_u,

2njn] 1—-p* _, 0O
p(ozn).u:[ 11[]1;)*”(1 B (n>0).

Then V(Aq + 1, 1) is the level-1 irreducible highest weight module of Uq7p(5A[2) with the highest
weight (Aq + p1, 1) and the highest weight vector vg = 1® 1 ® ele @ 9.

For convention, we will drop p to refer the elements in End(V(Aq + p, 1t)). The following
proposition states the OPE relations of the level-1 elliptic operators. These OPE relations are

used later in proof of some lemmas.

Proposition 5.2.3. The level-1 elliptic operators satisfy the following relations

(2P %50 )00 (072%5¢%)

e(z)e(w) = e 5, (QQ%;QQC)OO e(z)e(w) : (5.2.5)
b (2)e(w) = <fq: ” qf)): 0 (e(w) : (52.6)
£ f(w) = ((qqf ) éflf,,p;) ) (52.7)
Yt (w) = ((qqprl;)oo VT (w) (5:28)
) = w L (Ej’fup;;; W) (52.9)

where ¢ acts on V(Ag + p, 1) by 1.
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5.3 Level-k + 1 realization of qup(;b)

5.3 Level-k + 1 realization of U, ,(sl,)

For k > 0,\; € b*,u) € H*(i € {0,1,--- ,k 4+ 1}). Let’s consider a tensor product of k + 1
copies of the level-1 highest weight modules V(A, + p, p)(a = 0,1)

Vir1(i 1) = V(A0 + pW, 5y @ - @ V(A0 + P, 1D) @ V(A a1 + pO, n0H)
@ @ V(A sry + pFHD | By, (5.3.1)
such that a(M, ... a**t1) € {0,1} and take i of a’s as 0 and k + 1 — i of a’s as 1. Denote by

kD) ¢ Vi+1(A, i) the tensor product of the highest weight vectors in the tensor factors in
relation (5.3.1). For calculation of the highest weight of v(**1)| we refer to [52].

Theorem 5.3.1. The space Vii1(\i, p) is the level-k+ 1 highest weight module of Uq,/p(glg) with
the highest weight

k1 k4l

(Nir ) = (i + (B + 1= i)Ay + Y ut> " p0)
Jj=1 j=1

by the action
k+1
A(e(z) = Y ei(2),
i=1
i : L)
ez)=1®---1® e(zq*(c<z+1>+---+c(k+1>)) ® T/Jf(zq*( 2+1 Tl +2)+.,,+C(k+1)))
2 | i : c(k+1)
U~ (Zq—(T—&-c( +3)+~-~+c(k+1))) B @Y (2~ ), (5.32)
k+1

AMf(2) =D F(2),
=1
Fi(2) = 0t (2 T ) @t (g “Or T 8-

111+(zq‘(c“>+~~~+c<i‘2>+C(ig_l) N @ flazg T g1 g1

(5.3.3)
C(2>+c<3)+mc(k+1) (1) 6(3)+c(4)+AA.C(k+1)
AFWE(2) =yt (2t 2 ) @YT(qT 2 T 2
(D)o@ | @) (5) . (et1) () 4 o(R)
RYF(zgT 2 T 2 )@ @eF(zg T T ), (5.3.4)

where ) =1@---@c®---®1 and ¢ acts on V(A0 + O DY as 1.

Proof. See [52].

We also obtain the comultiplication formula A¥ of boson operator ay, (n # 0) from AF (% (2)).
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5.4 Quantum Z-algebra structure of level-k + 1 realization

Corollary 5.3.2. For k> 1,n # 0. The boson operator is

_e
1—p" c\tn
Ak(an): @n®1'--1®1+%®an®1---®1
1 _p’nq—Qc(l)n
(D) 1e(2)
(1 —pn)q (W +c=)n
gt sy, @@ ® 1. @1

n\ . —(c) 42 4. qeli=1)
(1 p )C] (e c ¢ n
+ .4

1 pnq72(c(1)+c(2)+---+c(i_1))n RL1L--®a,®1---®1

(M 1) g B
(] pn)q (M4t cl®)n
+.- 4+

1 — prg=2cW+c@ 4 tc®)n @1 ® an, (5.3.5)

where ) =1 @c®--- @ 1.

Proof. See [52].
The operators AF(a,,)(n # 0) give a level-k+ 1 realization of the Heisenberg algebra Uy ,(H).

Proposition 5.3.3. The operators AN¥(ay,)(n # 0) and AN¥(c) satisfy

o2m][AF(c)m 1—pm AR (.
(84 an), ¥ )] = PO b O (530)

[2m] 1—p™
m 1 — pmq—QAk(c)m

C2m] 1 —prg2otem
[Ak(am): Ak(f(z))] T 1—pm

[AF (o), A (e(2))] = g~ A emem AR (e(2)), (5.3.7)

g~ @mam AR (£(2)). (5.3.8)

By means of an elliptic analogue of the Drinfeld coproduct, we have found the higher level

module of the elliptic quantum group Uq’p(g[g).

5.4 Quantum Z-algebra structure of level-k + 1 realization

Here we give a realization of the level-k + 1 quantum Z-algebra. Let’s introduce the vertex

operators E(ik) (a, z) and E(j]i)(a’, z) in the following definition.

Definition 5.4.1. By using the level-k + 1 elliptic bosons AF(ay,)(n # 0), we define the vertex

operators
+ Oéin) Fn + Ak a:l:n) Fn
E(k)(a z) = exp (:I: nE>0 ) ]z ) , E(k)(a z) = exp <:F nio ] ,

which are formal Laurent series in z with coefficient in EndVii1 (i, ).

The following proposition is a consequence of the commutation relations (5.3.6)-(5.3.8) in

Proposition 5.3.3 with A¥(c) acts as the scalar k + 1.
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5.4 Quantum Z-algebra structure of level-k + 1 realization

Proposition 5.4.1. E(k)( z) and E(jlz) (o, 2) satisfy the following relations:

(q > /2 ?F D) oo (g 2w/ 2 pg > D)o

4 - _
Ejy (0, 2) Egy (a,w) = (P2 D /2 20D (Pw) 2 pg— 2D

E(_k) (a7 w)E(—’];) (a7 Z)?

(5.4.1)
/ — ( w/z k+1)> (2?1}/2; )Oo / /
Ejy (o 2)Eg, (o ,w) = (Z ol qqkﬂ)) - iw/z;i)m By w)Ej (o, 2), (5.4.2)
+ : (g Dy /25 D) N
Bliy (e 2) By (0 0) = 7 5@y, 7 gy D (@ W) By (e 2) (5.4.3)
/ ( 2+(k+1) w/Z q k+1))oo o
Efjy (@ 2) By (o, w) = (q 20+ D 2; 20D Eqgy (o, w) By (d, 2), (5.4.4)
( +24+2( k—i—l)(w/z) 2(k+1)) ( i2(w/z)i1; —2(k+1))oo
E(j,i)(oé, Z) NF (6(11))) (Z:F2+2 k+1)(w/z)i1 2(k+1))w(g¥2(w/z)i1;23*2(’“*1))00
x A (e(w) B (0, 2), (5.4.5)
£2 (4 / 2)EL: 2D (22 () 2)EL: p) o ,
By (e, 2) % (fw) = Ejﬂgwfziﬂ; Zzwﬂﬁwg;gﬁw%ﬂ;iiw A (f(w) By (o, 2),
(5.4.6)
F2 (k1) (4 / )£ 20541 ,
E(jii)(a/’z) AR (e(w)) = Egi2+(k+1)gw§23i 2(k+1);oo AP (e (w))E(ik) (o, 2), (5.4.7)
2+ (k1) (g / 2)F ),
Ejyy(a,2) A (f(w)) = EZ;(’““)Ew;z)ﬂ kﬂ);m AR (f(w) B (o, 2). (5.4.8)

Definition 5.4.2. [53] For k € Z~o. We define the level-k + 1 quantum Z-operators by
AF(e(2)) = Bk, a,2) 2% (2)

AM(f(2) = Bk, o/, 2)Z7 (2)

where
E(k, a,z) = E(_k)(—a z) (k)< z)

Ak(a—n) n
= exp (Z WZ ) exp <_

n>0

E(k,d,z) = E(;)(—o/, Z)E(J];)(—o/, 2)

AF O/—n n AF a;z —n
= exp <— Z Mz > exp (Z [A(kcn)])z > , (5.4.10)

n>0 n>0
k+1
ZE(z) =Y ZF(a). (5.4.11)
=1

Since A¥(e(z)) and AF(f(z)) satisfy the defining relations of U(M,(g[g), we find that Z%(z)
satisfy the following relations [53]:
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5.4 Quantum Z-algebra structure of level-k + 1 realization

Theorem 5.4.2. [53]

gP+h)ZH(2)=ZT(2)g(P+h), g(P)ZT(2)=2Z"(2)9(P—<Q,P >), (5.4.12)
g(P+h)Z (2)=Z (2)9(P+h—<a,P+h>), g(P)Z (2)=2Z (2)g(P), (5.4.13)
d, Z%(2)] = ngi( ), (5.4.14)
[A* (o), 25 (w)] = 0, (5.4.15)
(Ki)Z—i- ) :F2(k+1)Z+( ) AF (Ki)7 Ak(Ki)Z—(Z) _ qu(k-i-l)Z—(Z) AF (Ki),
(5.4.16)
w/z; ¢?*+) z/w; ?* ) o
z(q2(+q2(k+1/w/qz q2(k11))wzi(z)zi(w) =-w (QQELQ(’“H/ Z/fu e kJ)rl))OOZi(w)Zi(z), (5.4.17)
2 (k+1) gy /50 21 - 2H(k+1) 5 Jgp: 24Dy
((qq_2+(k+1 11]//z7qq k+1)))ooz+(z)z (w) — ((qq_2+ k+1 Z//w,qq k+1)))ooZ (w)Z*(2)
= _1q_1 (Ak(K—)5(q—<k+1>z/w) — Ak(K+)5(q(k+1)z/w)> . (5.4.18)

Proof. See [52].
From Definition 5.4.2, Theorem 5.3.1 and Theorem 5.2.2 with ¢) =1®---®c®---® 1, we

express the level-k + 1 quantum Z-operators as follows

k+1
ZE ¢ (a, 2) € (o z)E&)(a,z)

><(1®---®6 ®e_2Q®~--®€_2Q)

(1@ @ ghg @t g gh g g g (T )
k+1
ZE 5 (a z)&j(a,z)E(';)(a’,z)

x(e_2Q®-~~®e Wee?®1---01)

N T P z_hq(c(i+1)+"'+c(k+1))h 21 ® 1)Zq—(c(i+1)-|-...-|-c(lc+1))7
where
C(l>n .
¢ (a,2) = ex S 1@ @2l et g g g g
; p . 1— g20n
n>
V2
®p Oé—n _(c(z+2 +C<k+1))n®1.”®1+_..+1®...®117_O‘I—)Z}Zn>
¢ ) = exp ( q—q ) {1®...®LMQ(C@)JF"*C(MU)"®1---®1
n>0 1— qQC n
(C<z+2)+ ekt 1--- 01+ 4+1®--- on -n
®1 ®L-@lt-+1@- - ® 75}
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5.5 Integrable condition of qu(;[g)—module

_ e
S:i (Oé,Z): eXp( q_q Z{ _26(1)nqc n®1®1
n>0
o, (D 4@y
+1®mq XK1l 1 4---
—pq
o (D) e (i-1)
11R-® ; . _Zc(i—l)n L e e L S P |
—Pq
a, M =1y pp0)
+1®_‘_®mq—(c +te )n+c n®1“'®1}zn
—q
e
§i (o, 2) = exp(q—q Z{ _26(%61‘3 "®1---®1
n>0
pnagl (D —c@n
—prq
n ./ . i
ey L g g 1 g
—prq
o (1) 42 (i=1) ()
+1®...®1%q(c +c@tote +c )n®1_“®1}z—n )
—q

5.5 Integrable condition of Uq,p(;[z)-module

The integrable representation was defined in [34] as the locally nilpotancy of Chevally generators
on the highest weight module of the affine Lie algebra sly. The quantum analogue of this condi-
tion appeared in [10]. In this section we will investigate the elliptic analogue of the integrability

condition.

Theorem 5.5.1. For k > 1. On the level-k + 1 integrable module Vi1 (A, p) of U, 7p(5[2) we
obtain a quantum analogue of the condition of integrability (an elliptic analogue of the Wheel

condition) as

Erya(z) = D(e(2)) A (e(2q%)) -+~ AF (e(zg”" D)) = 0 (5.5.1)
Fiva(z) = DY(f(2) A (f(zg72™)) -+ AP (f(zg72FTV)) = 0. (5.5.2)

In order to show the proof of Theorem 5.5.1, we need the following OPE relations for e(z)
and f%(z) in the expansion of AF(e(2)) and AF(f(2)) respectively.

Lemma 5.5.2. Seti < j. For ¢'(2)

' ) —2w., —2A*(c) ' )
e'(z)e! (w) = (g - )oc ce'(z)e! (w) :, (5.5.3)

(¢>%;pg=28"(9))

N (222 2 (2 pg 22 )
el(z)e! (w) = 2 B 2 T RYNT cel(2)e! (w) =, (5.5.4)
(q L2 ) e (*%5pq )oo
‘ A —2-24F(c)  w.  —20F(c) A A
el (z)e'(w) = (g Py P4 )ox cel(z)et(w) :. (5.5.5)

(22050 p; pg=205()) o

o1



5.5 Integrable condition of qu(;[g)—module

For fi(z)
£ i) = m P i) (55.6)
() (w) = (;qipgijo (fq:qq<(>;t° PP w) (5.5.7)
P2 ) = m )W) - (5.5.8)

Proof. This follows from Proposition 5.2.3.
Proof. Let us show the proof of (5.5.1). From the comultiplication (5.3.2) in Theorem
5.3.1, we have the following product on Vj11(\;, p) for some positive integer N over all possible

decompositions

Z e (’Zil)ei2 (ZiQ) el (ZZ'N)v
7:1’.” 7/L‘N€{17”. ’k+1}
where ¢ = 1.
From the relations (5.5.3)-(5.5.5) in Lemma 5.5.2, one can show that for z; , /z;, = ¢* all
terms in (5.5.9) are zero except for those with indices i; > -+ > ix41. Suppose N =k + 2 and
Zij1 /% = ¢?, then for m # n there is i,, = i,. Thus we get the first condition of integrability.

Similarly one can prove the §xi2(2) case.

Theorem 5.5.3. &,11(2) and Fiy1(2) give the following vertex operators

& — . Ak<0¢n) —kn _—n | . — — _
1(2) =6(perexp [ Y =g | (19K @K @@ K)

[
X(€a®--~®€a)(2’h+l®--~®Zh+l)(qkh®q(k_l)h®~--®1)q 2,

(5.5.9)
_ . Ak(a%) kn_—n | . (74 + +
Frr1(2) = 6(p.q)y : exp Zi[n] ¢ (KoKt e oKt ol)
n#0
XD ® ea)(z—h-‘rl @ ® z—h+1)(q(k+1)h ® q(k)h R ® qh)q_7<k+1>2<k+2>7
(5.5.10)
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5.5 Integrable condition of qu(;[g)—module

where

-2 —2(A(c)) A(c —2(AD () +(2i-1)). ., —2(AD) ()
&(p,q). = P4 11 Joo

(g~ pq
(q2pq 2(A(e)). ipqT }IH q pq —2(AW) (e)+(2i— 1)) Z(A(j)(c)))oo

— — i+1) YNGR o g AliHl-1) _oAliFl—1)
2—1—2qu PINS (c) pq 2N (c)) 2+2]pq 2N (c);pq 2N (c))

% H (q 0o (q 00
o (@ 2Jpq‘m(’”)(c),zoq‘m(””(c))oo (g2 2ipg=200H () pg=2A0H(e)) 7

k—1k—j g2 2i72(c<1)+-~+c(j))). q72(c(1)+“-+c(j)))oo

pv f - — _ j
HH 2-2i—2(c(M) 4. +C(J))) g 2(0(1)+ +C(J>))oo

k—1 k-l _2+2]pq_2A(b+l)(c) pq_QA('iJrl)(C))

% H H (g ~ (g 0
2y (@2 pg2tO; pgm2 AT o (g2 pg 2B pg 2N

c o A(i+l—1) L YNGERY
2+2qu 2\ (c)’pq 2/ (c))
)

Proof. See [52].

Proposition 5.5.4. On Vj11(\i, i), the vertex operators Exy1(z) and Fyy1(2) satisfy the fol-

lowing q-difference equations

Epi(2q®) =AM exp ( (@—q "> rFa, “12)”)

n>0

X Epp1(2) AF (") exp ( (¢g—q ZAk an) (g 2)” ) ,  (5.5.11)

n>0

Fieri(zq®) = A%g ") exp | ( ( ¢—q ")) AMal,) (¢ )" )

n>0

X Fp1(2) OF (gD exp ( q—q Z AR (a k"'lz)_") . (5.5.12)

n>0
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Chapter 6

Elliptic bosons of qup(ngD)

The elliptic bosons ozj,m(a;{m) are the (co-) roots type Heisenberg generators appears in Uy ().
There is another type of elliptic bosons, the fundamental weight type A, appeared in [1,21]
for the level-1 (¢ = 1) sly and in [24] for level-1 g. Al are used to construct the derivation
operators d of the level-1 irreducible highest weight representation of U, ,(g). Also, the elliptic
bosons L7 of type of the orthogonal basis can be constructed explicitly and in turn they are
used to realize the L operators and the vertex operators.

In this chapter we review an explicit construction of the elliptic bosons of the fundamental
weight type A, and the orthogonal basis type ELT for 9= 07(11) for arbitrary level ¢. The level-1
bosons Azn and Eni%j are used to realize the derivation operator d which appear in subsection
4.2. The elliptic currents k4;(z) associated with the orthonormal basis type Eﬁj are used
to redefine the elliptic current w]i(z) The elliptic currents k4;(z) are expected to play an
important role to construct an L-operator of qup(C,(Ll)). In section 6.1, we give definitions of the
arbitrary level ¢ fundamental weight type Al and the orthogonal basis type EX for qup(Cl(l))
and their commutation relations. In section 6.2 we find the elliptic currents k4 ;(z) and calculate
commutation relations among &, k+;(2) and the generators of qup(C’l(l) ). These results are

published in [53].

6.1 Definition

Let us set n = —tg/2 (t = (long root)?)/2, where g =n + 1,t = 2,7 = —(I+1). Let a;,, be the
elliptic bosons of the simple root type as in sec.2.3.1. We define the fundamental weight type
elliptic bosons A?, (1<j<l,meZy) by

: [em] 1 —p™
[im, AL] = —5i,j5m+n,07 1—pm

g (1<i, <) (6.1.1)
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6.1 Definition

Note that using the matrix B(m) = ([b; jm])i<i j<i, we have [24]

l

Ad, = (B(m) ™ ijckm.

k=1

Solving (6.1.1) we obtain

J
Al =Cy, <(q(n+j) + g~ (rtam Z k] g m
k=1

-1
+ [im] D (@I 4 R gt mlon, | (1< G <T-1),
k=j+1

1-1
Al =qc,, <Z[km]akm + [[Qn;j][lm]al,m> )
k=1

Here

[m]
[m]2[2nm]

We then divide AZn into two terms and define the elliptic bosons Erjﬁj of the orthogonal basis

Con =

type as follows.

Al =&t 467 (6.1.2)
+5 _ _+jm i m Al m
ngqu Chm n kaakmiz 77+k +akm q_q_l
(1<j<i-1)
(6.1.3)
1
A= —— (gl 1), 6.1.4
] ) (6.1
-1 o
Exl = MO [ ™ kmlogm £ —2 | (6.1.5)
el qa—4q
Proposition 6.1.1.
ajm = *mPq—g HET —E), (1<j<i-1) (6.1.6)
= [mPa—ah) (¢ - a el (6.1.7)
Proposition 6.1.2. The following relations hold.
q:I:m . 1 . .
Efl=x 1 Al gEi-—4 — (¢ AL — AT (6.1.8)
where 2 < j <1 —1. In addition, we have
1
Eil = iqm — ((qm + qu)qimAin — Ai,f) . (6.1.9)



6.2 The elliptic currents k4 ;(z)

Remark. The level-1 case i.e. ¢ =1, the C’l(l) type relation is different from those given in [24].
At least the formulas seem to be reversed. Our definitions and relation are valid for arbitrary
level c.

Although the expressions of ELT are complicated depending on the types of the affine Lie

algebras, their commutation relations are rather universal:

Theorem 6.1.3. For 1 < j, k <[ the following commutation relations hold.
[em][nm][2(n + 1)m] L=p" em
— ¢ 1)?[mP[2nm][(n + 1)m] 1 — p*™

+im . .
| (9™ m] & g7~ ], 1.11)

EXT EX) = bpmin , 6.1.10
[ ] 0T ( )

emllpm]  [rm]

g%jjg;ll:j ::F(Sm n 1
| V= Fomin o B G — g (2] o]

, , ek 1—pm _
E29, £2¥) = Fsgn(k — J)Fminoq e Drtk—sym____lomllm] o,
[ ] gn( 3)0mn,0q m(q — ¢ )[m]2[2nm] 1 _p*mq
(6.1.12)
[E57, EFF] = Fomn,og T TRI™ [em] [z LB o, (6.1.13)

m(q — q~')[m]*[2nm] 1 — p*m
where

+ (>7),

— (I <j).

Proof. Straightforward calculation using Proposition 6.1.2 and (6.1.1).

sgn(l —j) =

Proposition 6.1.4. For 1 <i<I[,1<j<Il—1, the following commutation relations hold

] cm L—p™ —cm m
[tim, E37] = im(qng —]q—m) . Zimq (qT™0sj — 0ij-1) (6.1.14)
[cm] 1—pm

[,m, EXl =+ @@ +q )iy — 0ig—1)  (6.1.15)

m(q™ —q~ ™) 1 —p*m
From (2.3.16) and (2.3.17) we also obtain the following relations.

Proposition 6.1.5. For 1 <:<[—1,1<75<],

m

[Em'sei(2)] = jEm(qm —g )1 prm ej(2)(q*" 85— di15), (6.1.16)
[ 2™ m
[0, fi(2)] = S pr—— q_m)fj(Z)(qi dij — 0i=1,5), (6.1.17)
qfcmzm 1— pm e m .
€' ei(2)] = jEm(qm — )1 prm ej(2) (@ (@™ +q )01 — 0i1y), (6.1.18)
+I 2™ +m,/ m —m
[Em s [i(2)] = Sy prr—— q,m)fj(Z)(q (@™ +q ™)1 — di-1,5)- (6.1.19)

6.2 The elliptic currents k. ;(2)

Let us set

—1 aj, - .
Pi(z) = exp{ (¢ —q )%ﬁ]’;pmz my (6.2.1)
m
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6.2 The elliptic currents k4 ;(z)

Then the elliptic currents wjj-[ (z) in Definition 2.3.1 can be written as
V(g 72) = Kf0(2), W5 (q%2) = K 4(pg°2). (6.2.2)

Let us introduce the new currents k;(z) (1 < j <) associated with &L by

20, _ o —1)2 4
kij(z) = :exp —ZWW%&W 3 (6.2.3)
m#0

Then from Proposition 6.1.1 we have the following decompositions.
Proposition 6.2.1. For1 < j <!l —1 we have

VYi(z) = kyi(2)kiy)(gz)” Vi k() T (J+1)(q_1z) : (6.2.4)

hi(z) = tkulg t2)kal(gz) " (6.2.5)

Now let us introduce the functions 5t (z), which appear associated with the elliptic dynamical
R-matrices [40]:

) = {623 {q %2 H{d®2} {p&%/ 2} {p/2H{pse?/ 2 H{psa %/ 2}
{3 {zH{e®2Heq 22y {9/ {pe%q 2 /2 Hpe?/2}

(6.2.6)

where ¢ = ¢~ {2} = (2;p,£?) . The following Theorem indicates a deep relationship between

k+;j(2)’s and elliptic dynamical R-matrices.

Theorem 6.2.2.

p(2) :
kij(z1)kej(z2) = m’fiy’(@)kig’(%), (1<j<),
k(@ 21)ksk(d'22) = [j:((;)) gzigz)@p)spg(z;k+z(ql22)k+j(qj21) (1<j<k=l),
2

kil 20k x(q F22) = ﬁ~+*(2) gp* Eq_ Z)(@pgz)k_k(qkm)k—](q Iz21) (1<k<j<l),

. _ Op+ -2, O,(z _ . )

ki (@ 20)k-k(q " E22) = 7 2) @p*gz @p)(qui kor(a " ea)kej(d2) (G # k),
(ddz (g E50) — P () ©p (67267 12)0,(¢7 €71 2) ©pe (g%2)0,(2)
Pl 2085 = ) 0, (2T 12)0, (226 12) 0,-(2),(q )

xk_j(q 7 €z2)k;(¢" 21),
where z = z1/z2 and pT*(2) = pt(2)|popr-

Proof. Straightforward calculation using Theorem 6.1.3.

In addition from Proposition 6.1.5, we obtain:
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6.2 The elliptic currents k4 ;(z)

Proposition 6.2.3. For1 <:i<[—1

meﬂz%(m (1<j<,

@ * q*C:Flz -
(Mej—l(@)kij(zﬂ 2<j<l),
p

kij(z1)en(22) = ex(22)ksj(z1)  (k#4,7—1),

kij(21)ej(z2) =

kij(z1)ej-1(22) =

22
i (21) 5 (22) = G)Zé:(](ji))fj(ZQ)kij(zl) 1<j<),
:I:lz
kij(21)fj-1(22) = gzggzgzgfj—l(@)kij(zl) (2<j <),

kij(z1) fe(22) = fu(z2)ka;(21) (k#j,5—1).
In addition, we have

. er(z2)k4i(21),

Op- (g~'2)
quCilz)elil (22)k+1(21),

919*(
kyi(z1)ej(z2) = ej(2z2)kyi(21) (G#L1-1),
O,(¢™2)
kii(z1) fi(z2) = mﬁ(zz)kﬂ(zl),
+1,
k() s (2) = G2 foa (b )
kii(21)fj(22) = fi(z2)bsi(z1) (G #L1-1).

The elliptic bosons EET and their elliptic currents k4 ;(2) are useful to realize the L-operators

and the vertex operators for qu(@(ll)) as well as deformation of the W-algebras.
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Chapter 7

Discussions

Elliptic quantum algebra U, ,(g) had been widely researched in mathematics and physics,
whereas its Z-algebra structure had not yet been studied so much. In this dissertation we
have investigated the Z-algebra structure and how we can use it to construct the irreducible
U, »(8)-module. We also have studied the higher level representation of U, ,(sly) and its in-
tegrable condition by using the elliptic Drinfeld coproduct and the level-1 representation of
Uq7p(f/!\[2). Finally, we have showed an explicit construction of another type of elliptic bosons for
Ugp(C})-

First result. We have found the dynamical quantum Z-algebra Z; associated with the
generic level-k module of the elliptic quantum algebra U, ,(g) for general untwisted affine Lie al-
gebras g. This result is a quantum dynamical analogue of Lepowsky-Wilson’s Z-algebra [47]. We
have derived the defining relations among the generators of Z; as well as the relations between
its generators and those of U, ,(g). The dynamical quantum Z-algebra turns out to be a tool to
construct the induced U, ,(g)-modules of general level. We have discussed the irreducibility of
Uq.p(g)-module is governed by the dynamical quantum Z-algebra. We have given the example
of level-1 irreducible dynamical quantum Z-algebra modules for Al(l)7 Bl(l)7 Dl(l), Eél), Eél), Eél)
and constructed the corresponding Uy ,(g)-modules. The first result was discussed in Chapter 3
and 4 and published in [53].

According to this result , it is natural to search the dynamical quantum Z-algebra associated
to Uq,p(ﬁ(”) for twisted affine Lie algebras (). Find the representation of Uy,p for twisted and
untwisted affine Lie algebras. Another problem can be considered is finding the explicit basis of
the irreducible dynamical quantum Z-algebra modules. Define the Uquv(ﬁ(r)) by the associated
Z-algebra and construct the screening operators of deformed W-algebra.

Second result. We have constructed the higher level (integral [10,13,45,46]) representation
of U(M,(g[g) by using the elliptic Drinfeld coprodct [43] and the level-1 realization of U(M,(g[g)
[53]. We have found the elliptic analogue of the condition of integrability of the constructed
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Discussions

representation. The realization of the dynamical quantum Z-algebra for level-k 4 1 is presented.
This result is presented in Chapter 5 and is published in [52].

A direct open problems: what are the higher level representations of the elliptic quantum
group U, ,(g) for g = sly and in sequence for other types of twisted and untwisted affine Lie
algebras?, find the Hopf algebroid structure of Uq,p(ﬁ(”) for twisted affine Lie algebras g(") and
compute the correlation functions of the vertex operators by using the condition of integrability.

Third result. For arbitrary level, we have defined the fundamental basis type elliptic boson
Al 1,21,24] for Uq7p(C’T(L1)). We have derived the associated orthonormal basis type &’ and the
elliptic currents k+;(2). Several commutation relations are calculated among Ab, &L kij(2),
and the generators of Uq7p(C7(11)). The level-1 A7, is used in defining the derivation operator d
of the highest weight representation of U, ,(g) [53]. &L and k+j(z) are useful in realization the
L-operators, vertex operators and deformed W-algebra associated with Uy, (g). This result is
written in Chapter 6 and published in [53].

By those resulted structures, redefine the defining relations of Uq,p(CS)) in the sense of
analytic continuation by using the elliptic currents k4;(z) to construct the half currents of
Uq7p(C,(11)) and the L-operators. Define the H-Hopf algebroid structure in term of the L-operators
and find the vertex operators as an intertwining operators of the qu(Cg))—modules of generic
level. Find the free field realization of the possible levels of the vertex operators. According to

my knowledge, the fundamental basis type elliptic boson Agn, the orthonormal basis S,%j and

the elliptic currents k4;(z) for twisted elliptic quantum algebra have not been studied yet.
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Abstract A new definition of the elliptic algebra U, ,(g) associated with an untwisted
affine Lie algebra g is given as a topological algebra over the ring of formal power series
in p. We also introduce a quantum dynamical analogue of Lepowsky-Wilson’s Z-algebras.
The Z-algebra governs the irreducibility of the infinite dimensional Uy, , (g)-modules. Some
level-1 examples indicate a direct connection of the irreducible U, ,(g)-modules to those
of the W-algebras associated with the coset g® g D (§)giag With level (r — g — 1, 1) (g:the
dual Coxeter number), which includes Fateev-Lukyanov’s WB;-algebra.
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1 Introduction

The algebra Uy, ,(g) is an elliptic analogue [1, 2] of the quantum affine algebra U, (g) in
the Drinfeld realization [3]. There are two types of the elliptic quantum groups, the ver-
tex type and the face type [4, 5]. Deriving the L-operators [2, 6, 7] and introducing the
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104 R.M. Farghly et al.

Hopf-algebroid structure [8—10] Uy, ,(g) is now recognized as a face type elliptic quantum
group. R

Originally Uy, ,(g) with p = g*" was derived for sl, = s[(2, C) [1] as a deformation of
the screening currents of the coset conformal field theory (CFT) ;[2 @ ;[2 ) (?lz)d,-ag with
level (r—k—2, k) [11-16] instead of considering a deformation of U, (;[2) itself. Such coset
CFT is known to be realized in terms of the level-k free boson and the Zk—pelgafermion [17],
or the Z-algebra [18] associated with the level-k standard representation of slp!. It was then
crucial in [1] to realize that the level-k boson should be deformed both g- and elliptically
[19] whereas the Zj-parafermion gets only a g-deformation to obtain consistent relations
for the generators in Uy, (s13).

In [2], a realization of U, ,(g) for general untwisted affine Lie algebra g was given by
modifying the Drinfeld realization of the quantum affine algebra U, (g). However its struc-
ture associated with the quantum Z-algebras has not yet been discussed so far. The purpose
of this paper is to address this subject. The general theory of the Z-algebra was studied by
Lepowsky and Wilson [18] and by Gepner [20] in the representation theory of affine Lie
algebras and in CFT, respectively. Its quantum deformation and application to the represen-
tations of U, (g) was partially investigated in [1, 21-24]. A construction of the coset CFT
associated with the general g was also given [25] in terms of the generalized parafermions.
We extend these studies to the elliptic algebras Uy, ,(g). In particular, we define a dynamical
analogue Z; of the quantum Z-algebras and show that the level-k highest weight repre-
sentations of U, ,(g) are realized in terms of Z; and the level-k elliptic bosons. It is then
shown that the irreducibility of the infinite dimensional U, , (g)-modules is governed by the
Zr-modules as in the affine Lie algebra cases [18].

On the other hand, it was conjectured [1, 2] that the Uy, ,(g) provides an algebra of the
screening currents of the deformation of the W-algebras associated with the cosetg @ g D
(8)diag With level (r — g — 1, 1). For the simply-laced g, such deformed W-algebras have
been realized in [26-28], and in particular for the ;[N case the conjecture has been estab-
lished by an explicit comparison of the free field realizations [7, 26, 27, 29]. However for
the non-simply laced g, deformation of the coset type W-algebras has not yet been studied
at all. One should note that the coset type W-algebras associated with the non-simply laced
g are different from those obtained by the quantum Hamiltonian reduction. See for example
[30]. We investigate this issue further by giving an explicit realization of the level-1 irre-
ducible highest weight representations of U, ,(g) forg = Al(l), Bl(l), Dl(l), Eél), E;l), Eél).

We show that at least for Al(l) and Dl(l) the level-1 elliptic currents e;(z) and f;(z) coin-
cide with the screening currents of the deformed W -algebras obtained in [26-28]. We also
show that the irreducible representations of Uy, ,(g) is naturally decomposed into a direct

sum of the irreducible W-algebras of the coset type for g = Al(]), Bl(l), Dl(l) . This suggests
in particular an existence of a deformation of Fateev-Lukyanov’s WB;-algebra [31] as the
commutant of the screening operators provided by the level-1 elliptic currents e;(z) and
fj (z) of Uq,p(Bl(]))-

It is also worth to mention that the coset type W-algebras describe a critical behavior of
the face type elliptic solvable lattice models [32, 33]. Correspondingly the U, ,(g) provides
an algebraic framework to formulate the lattice model itself in the spirit of Jimbo and Miwa
[34]. This has been established for sl in [1, 2, 7, 10, 35, 36] by constructing the L-operator

IThe difference between Z-algebra and Parafermion is whether one adds zero-modes of the bosons to it or
not.
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and introducing the Hopf algebroid structure. In order to construct the L-operator of U, (g)
and also to get a realization of a generating function of the deformation of the W-algebras,
it is crucial to introduce new types of elhpt1c bosons, which we call the fundamental weight

type AJ and the orthonormal basis type 5 distinguishing from the usual ones o ;, (oz m)
corresponding to the simple (co-)root and appearing as generators of U, ,(g). An 1dea of
such bosons has already appeared in [26-28]. We give an explicit construction of them for

o~

g = Afll), B,(ll), C,(ll), D(l) As a check we calculate the commutation relations among Em i
as well as among the elliptic currents k+;(z), the generating functions of gm] , and show
that they have a universal form. See Theorem 5.3 and 5.7.

This paper is organized as follows. In section 2, we define the elliptic algebra U, ,(g) as
a topological algebra generated by the elliptic Drinfeld generators. This is a new definition
of U, »(g) given independently of U, (g) unlike the previous one in Appendix A in [2].
In section 3, we define a quantum dynamical analogue Zy, of Lepowsky and Wilson’s Z-
algebra associated with the level-k U, ,(g)-module V and its universal counterpart Z.
The irreducibility of the level-k highest weight representation of U, ,(g) is shown to be
governed by the Z;-module. In section 4, we give a simple realization of Z in terms of the
quantum (non-dynamical) Z-algebra associated with the level-k U, (g)-module and define
a standard representation of Uy, ,(g). We provide some level-1 examples of the standard
representations and discuss their relation to the deformation of the W-algebras. In section
5, we give a construction of the new elliptic bosons of the fundamental weight type and the
orthonormal basis type and derive various commutation relations.

2 Elliptic Algebra U, ,(g)
2.1 Definition

Letg = X 1(1) be an untwisted affine Lie algebra associated with the generalized Cartan
matrix A = (a,‘j) i,je{0yul, I ={1,---,1}. We denote by B = (bi_,'), bij = d,-a,-j the
symmetrization of A. We take d; = 1 (i € I) for the simply laced cases, d; =1 (1 <i <
I—1), d = 1/2 for BV andd; =1 (1 <i <l—1), dj =2forC;". Letq = " € C[[A]]
andsetq; = ¢ di Let p be an indeterminate.

Leth = h®Cd, h = h @ Cc, h = ®;c;Ch; be the Cartan subalgebra of §. Define
8, Ao, a; (i €I) €bh*by

<aj,hj>=aj;, <6,d>=1=<Ag,c>, (2.1)
the other pairings are 0. We also define A; (i € I) € h* by
<Ai,hj>= 8.
We set h* = @;c;CA,;, E* =h*®CAg, Q = Bjc;Zej and P = @i ZA;. Let N =1+ 1
for X; = A;, = [ for B;,C;, D;, = 7 for Eg¢, = 8 for E7, Eg, = 3 for G,, = 4 for

Fy4 and consider the orthonormal basis {§; (1 < j < N)} in RY with the inner product
(§j, &) = & k. For A;, we also set

I+1

Ei=¢& — l+1Z§J (2.2)

We define_: € = £ j for A; and = §; for other X;. The simple roots «; and the fundamental
weights A; (I < j < [) can be expressed as a linear sum of €; [37, 38]. We follow
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Kac’s conventions. We define hej € f_) (j € I) by < €, he_/. >= (¢,€;) and hy € [_) for
o = Zj cjej, ¢ € Cby hy = Zj cjhe;. We regard h @ bh* as the Heisenberg algebra by

[héjv Ek] = (Ejv Gk), [h€j7 h6k] = O = [éj’ Ek]' (23)

In particular, we have [h, ax] = ajx. We also set hi = h;\j.

In order to treat the dynamical shifts in the face type elliptic algebra systematically, we
introduce another Heisenberg algebra generated by P, and Qg (a, B € h*) satisfying the
commutation relations

[Péj’ QGk]:(Ejvék)a [PEjaPGk]:O:[QEj’ Qék]- (24)

We also set
[P o] = [0 0l =0, [P, U] =0, U@I=0 2.5)

where P, = ZjCjPéj for a = Zj cjej. We set Py = ®;e1CP;, Qp = ®;e1CO;
Pj = PonYa P/ = Pz, and Qj = Qu;. Q) = Q[-\jy. Hereoe;./ =2u;/(aj, aj).

For the abelian group Rg = Z?’:l ZQq;, we denote by C[R ] the group algebra over
C of Rp. We denote by e“ the element of C[R¢] corresponding to @ € R¢. These e*
satisfy e?ef = ¢*+P and ()1 = 7. In particular, ¢ = 1 is the identity element.

Now letus set H = h & Pf-) = Zj C(Pe; + he;) + Zj CPe; + Cc and denote its dual
space by H* = E* ® Qj. We define the paring by Eq. (2.1), < Qq, Pg >= (a, p) and
< Qu,hg >=< Qy,¢c >=< Qy,d >=0=<a, Pg >=< 6, Pg >=< Ao, Pg > . We
define F = M g~ to be the field of meromorphic functions on H*. We regard a function of
P+ hA= Zj aj(Pe; + he;), P = Zj bjPe; and c, f: f(P + h, P,c), as an element in
Fby f(wW=f(<u,P+h><u, P> <u,c>)forue H".

We use the following notations.

qn _ q—n n -n n
nl=——, li=——=, [n)j = ———,
— 1 1 1
-4 qi —4; q4j —4;

[n];! = [n);i[n — 17; - - - [1];, [m] __ mlt
;- [nli!

nJ; [m —nl;!’
oo = [ [ =xg"), (1.0 =[] (1 —xq"t™,

n=0 n,m=0

©,(2) = (25 P)oo(P/7: P)oo(P; P)oo-
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Definition 2.1 The elliptic algebra U, ,(g) is a topological algebra over F[[ p]] generated
by Mu«, ejm, fim, O‘Xn’ K;.—L, (j€el,me Z,n € Zxp), d and the central element c. We

assume K ji are invertible and set

ej@=) ejmz ", [iD=) fimz ",

mez mez
+(,-5 + -1 a}/,_" n -1 pna}/ﬂ —n
W = K7 e () X 2 oo 10—y B0 k).
n>0 n>0
1 paj 1 o
_, ¢ - . _ j,—n ) _ j.n _
w] (q2Z)—KJ eXp(- (QJ_q] )rg(:)il—pn Z”)eXP((QJ_q] )’Z(:)l—pnz ”)

Note that ‘ﬁf (z) are formal Laurent series in z, whose coefficients are well defined in the

p-adic topology. We call e;(z), fj(z), ¥ ,i(z) the elliptic currents. The defining relations
are as follows. For g(P), g(P + h) € My,

g(P+h)ej(z) =ej(2)g(P+h), g(Plej(z) =¢ej(2)g(P— < Qq;,P>), (2.6
8P+ fi(@) = fi(x)g(P+h— <aj, P+h>), g(P)fjx)=fijx)eglP), 2.7

[g(P), o, 1 =[g(P+h),e,]1=0, (2.3)
g(P)KT = K7g(P— < Qu;, P >), (2.9)
g(P+h)K: =Kig(P+h—< Qq;, P >), (2.10)
d,g(P)]=1[d,g(P+h)]=0, (2.11)
9 9
[d,a},1=na/,, [d,ej)]= _Za_zej(Z)’ ld, fi(2)] = —Zifj (2), (2.12)
KFejx) =q ej()KE, Krfi) =q " fi()KF, (2.13)
[0 @ 1 = Smn.0 Lagjmlitem); 1= p” -, (2.14)
s I m 1 _ p*m
ijmli 1—p" _
(o), (@] = L P g o) @15
s m 1 _ p*m
[0 £ ()] = —%szj(z), (2.16)
(¢%iz2/z1; p¥) (¢%iz1/22; p¥)
2 o (z1)ej(z2) = — o (22)ei(z1), (2.17
! (P*q_b"fzz/m;P*)ooe Gea) = = (p*q~iz1/z; P*)ooe](ZZ)e w0 @10
—bij . _bij .
R oy = R ey sy
(pa”iza/z15 p) (pq”iz1/z25 p)
8i,j e ¢
lei (), £ (@] = —L— (86~ 21/2)¥} (4722)

qi — 4;
— 8 a /v (477 2)). 2.19)
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> Il (P*0°20w) /20 0m) P*) o

(P*a 20 () /20(m): P*) o,

€S, 1<m<k<a
% Xa:(—l)s [a] [1 (g™ w/zo0m: 7)o [] (P*q" 20w /w3 P¥)
s=0 S ; 1<m<s (P*q—bijw/Za(m); p*)oo st lemea (p*q—bijza(m)/w; p*)oo

X e (Zg(1)) -+ - €i(Zo(s))ej(w)ei (Zo(s+1)) * - - €i (2o (@) = 0, (2.20)

Z 1—[ (pq_ZZa(k)/Za(m);p)oo

(P4%20() /26 m); P) oy

oeS, 1<m<k<a
XXQ:(—I)S[“] ] (Pg "1/ 20 0m): P)o I1 (Pg " zo0m /Wi p)
=0 S i s (Pa"iw/zo(my: P) st lemea (Pg" zomy /w; p)

X fi(zo) -+ [i (2o ) [i (W) fi (Zo(s+1) - fi(Zo@@) =0 (@ # j,a=1—a),
(2.21)

where p* = pg=2¢ and 8(z) = ) ,.;2". We also denote by Ué,p@ the subalgebra
obtained by removing d.

We treat the relations (2.12), (2.15)—(2.21) as formal Laurent series in z, w and z;’s. In
each term of Egs. (2.17)—(2.21), the expansion direction of the structure function given by
a ratio of infinite products is chosen according to the order of the accompanied product

bji —
of the elliptic currents. For example, in the L.h.s of Eq. (2.17), 4 f,f,z/ 2P ghould
(p*q "V z2/21:P )00

(q" 21/22:P)os
(p*q” " 21 /22:pM)oo
In each term in Eq. (2.20), the coefficient function is expanded in zyx)/Zom) (M < k),
W/Zo(m) (M < s) and z5(m)/w (m > s + 1). All the coefficients in z;’s are well defined in
the p-adic topology.

Remark. In [1, 2, 35, 36], assuming that g is a transcendental complex number satisfying
lg| < 1, we wrote (2.17), (2.18) as

be expanded in z7/z1, whereas in the r.h.s should be expanded in z1/z3.

210,: (g% 22/21)ei(z1)e (22) = =220 e (¢ 21 /22) e (z2)ei (21),
210,(q P z2/21) fi(21) fi(22) = =220, (q P21 /22) i (22) fi (21),

in the sense of analytic continuation.

Let U, (g) be the quantum affine algebra associated with g in the Drinfeld realization
[3]. See Appendix A. U, ,(g) is a natural face type (i.e. dynamical) elliptic deformation of
U, (g) in the following sense.

Theorem 2.2
Uq,p@/pUq,p@ = (F ®c Uq @)ﬂC[RQ]
Here the smash product § is defined as follows.

gP,P+mx®e" - f(P,P+hy®e
=g(P,P+h)f(P—<a, P> P+h—<a+wi(x),P+h>)xy®e’

where wi(x) € b* s.t. g"xq™" = =V > x forx, y € Uy(@), f(P),g(P) €T, e, ef e
Cl[Rol
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Proof At p = 0, the relations for «}, , e;(z), fj(z) (2.12)-(2.21) coincide with those

jm’
for al.Y m x;.r (z),xj_ (2) (6)—(11) of Uq@. Therefore from Egs. (2.6)—(2.10), one has the
isomorphism
ej@ > xt@e %, fi@ @, KEe gl Ve %, Y, v al, mod pUy,@.

]
2.2 H-algebra U, ,(9)

Let A be a complex associative algebra, H be a finite dimensional commutative subalgebra
of A, and M4+ be the field of meromorphic functions on H* the dual space of H.

Definition 2.3 (#-algebra) An H-algebra is an associative algebra A with 1, which is

bigraded over H*, A = @ Aqp, and equipped with two algebra embeddings w;, i, :
o, fEH*
M= — Ago (the left and right moment maps), such that

w(Ha=aw(Tuf), wu(Ha=auTgf).  aeAwp. feMy,
where T, denotes the automorphism (Taf)()») = f(k + o) of Myx.

Proposition 2.4 U = U, ,(g) is an H-algebra by

U= P Uup

o,feH*

Uup = {x c U‘ gPHhxg= P+ — g<oP+h>,
gFxq P =qg=PP=x VP +h P c H}

and p, by : F — Uy o defined by
w(f)=f(P+h,p) eFllpll,  n(f)=f(P, p*) eFlpll.

2.3 Dynamical Representations

Let us consider a vector space ) over F, which is H-diagonalizable, i.e.
Y = @ V)\.,M? V)\.,M — {U ey | qP+h ‘v :q<)\,P+h>v’
A pueH*
gt v=qg*P>v VP +h, P c H}.
Let us define the H-algebra Dy y of the C-linear operators on )V by
Duv= P Duvw.
o,feH*

f(P+X=Xf(P+h+<a,P+h>),
(P, v)epg = | X € EndcV J(PYX =Xf(P+ < B, P>), :
f(P)’ f(P +h) € F? X - V)»,,u - V)\.+(X,M+ﬁ

Dy, = (A
w (o= f< ki P+h>pu, ow V(= fl<p, P>, ph,
fE My, v e V)»,,LL'
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Definition 2.5 We define a dynamical representation of Uy, ,(g) on V to be an H-algebra
homomorphism 7 : U, ,(§) — Dpg,y. By the action 7 of U, ,(g) we regard V as a
Uy, p(8)-module.

Definition 2.6 For k € C, we say that a U, ,(g)-module has level k if ¢ act as the scalar k
on it.

Remark For the level-0 representations, Definition 2.5 is essentially the same as in [8], by
identifying P and P + h with A and A — y h, respectively. This definition is valid also for
the non-zero level cases [10].

Definition 2.7 For w € C, we set
Vo={veV| —d-v=wv}

and we call V,, the space of elements homogeneous of degree w. We also say that X € Dy y
is homogeneous of degree w € C if

[—d, X] = 0wX

and denote by (Dy ), the space of all endomorphisms homogeneous of degree w.

Definition 2.8 Let H, NV, NV_ be the subalgebras of Uy, ,(g) generated by ¢, d, Kl.ﬂE (i€
I),bya), (i€l,nelZ=g),enic€l,nels= fin (i€l neZsg) andby Otl.\f_n (ie

N7
I,n€Z-0), ei—n (i €l,ne’l-g), fi—n (i €1,n e Zxp), respectively.

Definition 2.9 For k € C, » € bh* and u € H*, a (dynamical) U, ,(g)-module V (%, 1)
is called the level-k highest weight module with the highest weight (A, ), if there exists a
vector v € V(A, i) such that

V()\,M):Uq’p@'v, N+'U:0,

c-v=kv, f(P)-v=f(<u,P>v, f(P+h)- -v=f(<t P+h>).

We define the category & in the analogous way to the classical affine Lie algebra case
[18].

Definition 2.10 For k € C, ¢ is the full subcategory of the category of Uy, ,(g)-modules
consisting of those modules V such that

(i) )V haslevel k
() V= |_| Ve
weC
(iii)  For every w € C, there exists ng € N such that for all n > ng, V4, = 0.

Since TNy C |, Zo (Dh,v)n, any level-k highest weight U, ,(g)-modules belong to
k. -
3 The Dynamical Quantum Z-Algebras

In this section we introduce a quantum and dynamical analogue Z; of Lepowsky-Wilson’s
Z-algebra associated with the level-k U, ,(g)-modules and define a category ©; of the
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Zr-modules. Each representation of Z; in ®j turns out to be a dynamical analogue of
the quantum Z-algebra derived by Jing [23] from the level-k representation in the U, (g)
counterpart of ®y. See sec.4.1. We also provide the Serre relations (3.23) which are not
written in [23] explicitly.

3.1 The Heisenberg algebra U, ,(H)

Let Uy, »(H) be the subalgebra of U, ,(g) generated by &/, (i € I,n € Z4o) and c. It is
convenient to introduce the simple root type generators « , and oz;. . defined by o, =
1 — p*m

[dj]oz;{m and “;',m =1 o qg™ojm, (j €I, mz0). From Egs. (2.14), (2.15), (2.16),
we have
[biim][cm] 1 —p™ __
[(X,'7m, Otj,n] =Y " 1— p*mq CmSm—l—n,Oa (3-1)
[bjjm][cm] 1 — p*"
[Oé;m, Ol;-’n] = Y m 1 — pm Cm(Sm—l—n,O’ (32)
[bjjm][cm]
(@i m, )] = —— 8100, (3.3)
[bijjm] 1 —p™
[etim, €j(2)] = ———— g e @), (3.4)
[bjjm] 1 — p*™
[er o [ = ===~ o g 2" fi(2). (3.5)

Let Uy, ,(H4) (resp. Uy, ,(H_)) be the commutative subalgebras of U, ,(#) generated
by {c,ain(i € I,n € Z-¢)} (resp. {a; —,(i € I,n € Z~()}). We have

Uy p(H) = Uy y(H Uy p(Hy).

Let C1y be the one-dimensional U, ,(#H)-module generated by the vacuum vector 1
defined by

c-lpy =kl in 1y =0 (n > 0).
Then we have the induced U, ,(#)-module
Farx =Uqg p(H) ®u, ,#,) Cli.
We identify F x with a polynomial ring Cle; —,, (i € I,m > 0)] by
c-u=ku, oj_p-u=ua;_uu,

[bijnllkn] 1 —p" _;, 0
Oli,n'M:Z " 1—p*”q naaj’_”u (n>0)

J

foru € Claj —y (i € I,m > 0)].
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3.2 The dynamical quantum Z-algebra Zy,

Let k € C* and (V, ) € €. We call nU, ,(H) C (Dpy,v)oo the level-k Heisenberg

algebra. We define the following vertex operators in (D g y)oollz, 1.

70 (j,+n)
E*(aj,z) = exp <:I:Z#z¢">, Ei(a},z)=exp (:FZ
n>0 n>0

These satisfy the following relations.

Proposition 3.1
(q—b,-‘,-+2kw/z; q2k) ( “bijw/z; p )

E+ i) E_ i e
(ai, )E™ (o), w) (g% w/z; q2k) (¢ w/z; P)

E*(af. &) (e ) = (T o470/ D)o
(g"w/z; q%) (a7 w/z: p),
(" w/z: %)
(q b’/+kU)/Z q )
(g7 w/z: g2
(¢ " w/z: g%)
(02 w/2)* 1 g2) (g0 (/) p)

(g TPtk (w /)% qZk)oo(q:Fbij(w/Z):l:l; p*)oo

E_(oz],

E+(a,, 2)E™ (a w)

E™ (o}, w)ET (0, 2),

E (e, 2)E” (otj, w) = E™(aj, wE*(af, 2),

E* (o, 2)ej(w) =

(¢ (w/2)*"; ¢*) (g5 (w/2)*!; p)

+(. _
E (Oli’ Z)f](w) = (q:Fbij (U)/Z)il; qzk)oo(qq:bij (U)/Z):H; p)oo

/ (q:f:blj—i—k(w/z):l:l’ q2k) /
E* (0. z)ej(w) = (qEEw/o)*; g2%) ej (W) E*(), 2),
(q:Fb,]—l-k(w/Z):I:l’ q2k)oo
E*(q;, 2) fi(w) = 4 Eh TR (/7). q2k)oo fi (w)E*(a;, 7).

Definition 3.2 We define Z5°(z; V) € Dy vllz, 211 by
Zf(z; V) = E™(a), 2)7(ej(2) ET (), 2),
Z7(z;V) = E~ (@}, 97 (fj(2)ET (&}, 2).

/
n(ozj’in)

[kn]

w)E (¢ 2),

2 i (w)E=(af, 2),

chn) .

CE (o), wET (2, 2),

(3.6)

(3.7)

(3.8)

(3.9)

e (w)EE (0, 2),

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
(3.15)

for j € I and call them the dynamical quantum Z operators associated with (V, w) € €.

Note that due to the truncation property of the grading of V € & w.r.t —d, ZJﬂE (z; V) are

well defined i.e. the coefficients Zji,n (V) of Z‘fji V) = ez Zi W)z~

" in z are well

defined elements in (Dp y), for all n € Z. For the sake of 51mphclty of the presentation,

we often drop 7 to denote the elements in Dy .

From the defining relations of U, ,(g), we obtain the following relations of the

dynamical quantum Z operators.
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Theorem 3.3

gP+mZ" (V) = 2z V)g(P +h),

g(P)ZF(z:V) = 2T (z: V)g(P— < Qu;. P >), (3.16)
gP+mnZ (;V)=Z2 (z:V)g(P+h— <a;, P+h>),
g§(P)Z (2 V) = Z; (z; V)g(P), (3.17)
9
[d, 27 V] =—2—Z5 (5 V), (3.18)
az
[eims ZF (w3 V)] =0, (3.19)
KFZf@V) =q™Zf @ VKT K27 @ V) =" 2] @ VK] (3.20)
@ w200 x o ow o (aTPzwig®) oy L
Tz e ) S T e 1 I GV
(3.21)
(qb,»,-+kw/z; q2k)oo . - (qbij-l-kz/w; qzk)oo - .
w2 g 1 B O T T i 1 W VEEY)
8ij _
= —L— (K7 8(a7 2/w) - K[ 8(g"2/w)). (3.22)
qi — 4;
3 @ 20 1)/20m): 7)o

0€S, 1<m<l<a (q_2+k:FkZU(l)/Za(m)§ C]2k)oo

bl’j +kFk

a . G-
XZO(_I) |:?:| 1_[ I bij+kFk

i 1imes @

—b;j+k¥k

w/zo(m); q2k)oo 1—[ (q Zo(m)/U); q2k)oo
W/ Zo(my; 4% oo (@b 2 ) Jw; 42 oo
xZilL(Zga); V). Zl-:l:(Zo'(s); V)Z;_L(w; V)Zii Zos+1): V) - -+ Zi:t(Zo'(a); V)=0

(i #j, a=1—a;). (3.23)

s+1<m<a

Proof The relations (3.17) and (3.18) follow from Eqs. (2.6)—(2.10) and (2.12), respec-
tively. Let us show the relation (3.19). For m > 0, we have

(i s Z;r(z; W = [dim, E7 (@), 2)]lej @QET (@), 2) + E7(aj, D)lcim, ¢;(D)ET (2}, 2).

This vanishes due to Eq. (3.4) and

_ [bijm] 1 —p"
[etim, E™ (@), )] = ——~ l_pmq”%%

where p* = pg K. Similarly, [ ., Z; (z; V)] = 0 follows from Eq. (3.5) and

[bijm] 1 — p*™"
1—pm

m_m

[ims E™ (@ )] =

The case m < 0 can be proved in a similar way.
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The relation (3.21) follows from

2z V)Zj(w; V)
= E (2, 2)ei()E (i, 2)E~ (o), w)ej (w)E™ (aj, w)
(@R /2 ) so (g TP w /2 pF oo
(@2 ¢ s (@ w/ 25 pF)o
@)z ™) o (@M w /7 pFeo
(g7 w2 g s (TP w /23 PP oo
3 w (q"1 2w /z; ¢**) oo (%1 2/ w; p*)oe
C2(— g Pw/2) (q P R w/z; %) eo (prq Pz /w; oo
xE~ (i, 2)E~ (o, w)ej(w)e; () ET (i, ) ET (j, w)
w( =g 7hiz/w) (PR w; g2 (g w ) z; %) oo (g Vi 2 /wi pF) e
T (=g Piw/) (@P R w; g2 (g R w /2 %) o (qP 2/ ws peo
xE (aj, wye;(w)E™ (o, 2) EY(aj, w)e; (2)E™ (e, 2)
w (@Y z/w; ¢ oo (g% w /25 ¢) o0
T @ w; ) (g P w23 4o

E™ (0, 2)ei (D E™ (aj, w)ET (e, 2)ej (w)E™ (o, w)

bij+2k

E™(ai, 2)E™ (aj, wej (@)e;(w)EY (aj, ) EY (aj, w)

bl'j +2k

ZiwsVZT (@ V).

We also derive (3.22) as follows.

@"i*w/z ¢ o Ly ~(w:
(g liitkw/z; CIZk)ooZi @ENZ; V)
b;j+k . 2koo
B ((qq—biﬁlzuw//zz’;qqZk))oo E™ (a1, 2)ei ) E (@, ) E™ (o). w) £ (w) ET (o, w)

= E~ (., )E~ (&, wei () f;(w) E¥ (e, ) E¥ (e, w)
— — 81” _ _
= B (@i, ) E~ (@}, w) [fj(w)ei SR (3 (a7 =) v @w)
=5 (4" 2) v @™ w)) | B @ 0 EF @ w.
Then use
vE(@T W) = KFE (o, ¢ w) ' ET (0, w) T E N (o, g TFw) TV ET (o, w) !

and the property of the delta function.
To prove the Serre relation (3.23) for Z;L (z) we use Egs. (3.14) and (3.19) and obtain

¢i(z) = E(a;, ) Z (2 V) (3.24)
where we set
E(e,2) = E- (1,207 E¥ (e, 27"
From Eq. (3.6), we have
E(ai, ) E(aj, w)

_ @ w/24%)00(q%2/w: 7o (P*qPw/2 PN (PP 2/ w3 PP
(q*w/z; 400 (q%2/w; ¢%) oo (P*q*w/z; P*)oo(P*q 22/ W; P*) oo

E(aj, w)E(a;, 2).

(3.25)
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Next note that (2.20) is equivalent to

I (P*q%21)zm: P oo I (p*q%izi Jw; p*) oo

0=
(P*q™2/2ms P¥oo | 2,2, (P* 7021 /Wi P¥)o

l<m<l<a

S (P*q %21/ 2m; PHoo (P*q*20()/20m)i PT)oo
(P*q%2/zm; P)oo (P*q 7226y /20m)s PF)oo

oesS, I<m<l<a
(r_l(m)>a_1(k)

a bl . —Uj; .
o Z(—l)s [a] 1—[ (p*(]_b-’”U)/Za(m)’ Mo (P*q b.,]ZU(m)/w’ P
e s (P*q™"w/2om)s P*)oo (P*q7 2 (m)/ W3 P*)oo

b

Ll<m<s

xei(Zo(1)) - €i(Zo(s))ej(W)e; (Zo(s+1) - - - €i (Zo(a))-

Substitute (3.24) into this, and move all E(«;, z;) and E(«;, w) to the left. Then we get

o= TJ (P*a*z1/zm; P*)oo I (p*q"izi /w; p*)oo
(P*q™221/2ms PHoo | 2,2, (P21 /w; PP

1<m<l<a

S| (P*a %2/ 2m; PHoo (P*@*200)/20m)i PT)oo
(P*q%2/zm; P oo (P*q 261y /2o (m)s PF)oo

UESg l1<m<lI<a
o~ lm)y>o—1k)

x Xa:(—l)s [a] [1 (P g% w /2o my; P oo (P G700 20 (my /W3 PF)oo
$=0 S Ji s PR/ 20013 oo (P47 20 0m) /W5 P

b

XS(ZO(I)a s Zo(s)y w, Zo(s+1)s " Za(a))
X Z 2o V) 2 2o ts)s VIZT Wi VIZT o413 V) -+ 2 (o@s V),
(3.20)

where we set

8(Z0'(1)7 5 2o (s)s w, Zo(s+1)s " s Za(a))

= E(a;, Z0(1)) - - E(@i, Zo(s)) E(aj, W) E(@;, Zo(s+1)) - - E(®iy Zo(a))-
Then moving E(a, w) to the left end by Eq. (3.25), we have

E(Zo(1)s 5 Zo(s)s Ws Zo(s+1)> ** > Za(N))
1 (@7 w/z00): 4%*) (6% 206y /w3 %) o, (P*a™
12y (@7 W/2000: 4%) (a7 20y /w3 ) o (P*a" W/ za iy P¥) o (PPa™

xXe(W, Zo(1)s "+ » Zo(a))-

biiw ) z4a); p*)oo(p*qb"f Zo iy /Wi P¥) o

bj 2o )/ W; p*)oo

Substituting this into Eq. (3.26), we can factor out e(w, z5(1), * - - » Zo(a)) from Z?:o- Then
exchanging the order of E(«;, z;)’s by Eq. (3.25), we have

e(W, Zo (1), * » Zo(a))
-] (@ 22/2m3 4°) o (@20 ) /20 m3 47°) 5 (P07 21/ 2m5 P¥) 50 (072 P 20 /20m)s P¥) o
vematza (@P2/2m14%) (0722000 /20m): 4%) o (P*a722/2m: P*) oo (PP 201) /20 m)s P¥) o

o1 (m)>t7*l (k)

Xg(w7 217 T Z(l)‘

@ Springer



116 R.M. Farghly et al.

Substituting this into Eq. (3.26), we can factor out e(w, z1, - - - , Z4) completly from ) ves,:
Multiply

b

I (q%z1/zm: %) 0o I (g zn Jw; ¢%) o0

(@221 /7m; %) 0 (q% zm Jw; ¢%) 0

b

1<m<l<a 1<m<a

and drop the overall factor depending on p*, one gets the desired relation. One can prove
the Zj_ (z; V) case in the same way. ]

Definition 3.4 For k € C* and (V, ) € &, we call the H-subalgebra of Dy y gener-
ated by ZE (D), Kl.i (i € I,m € Z), My~ and d the dynamical quantum Z-algebra 2y,

i,m
associated with (V, ).

3.3 The universal algebra Z

Using the relations in Theorem 3.3, we define the universal dynamical quantum Z-algebra
as follows.

Definition 3.5 Let me (i € I,m € Z) be abstract symbols. We set Zl.jE (z) =
Y mez mez_m. We define the universal dynamical quantum Z-algebra Zj, to be a topolog-
ical algebra over F[[¢?X]] generated by z* Kl.jE (i el,meZ),d, Mg~ subject to the

i,m’

relations obtained by replacing ZijE (z; V) by Zl.lL (z) in Theorem 3.3.

We treat the relations as formal Laurent series in z, w and z;’s in a similar way to those
of Uy, (@) in section 2.1. The defining relations are well-defined in the g**-adic topology.

Proposition 3.6 Z; is an H-algebra with the same ;, |4, as in Uq,p@.

Note that for (V, ) € € we extend 7 to the map = : Zy — Dpy by n(me) =
me (V). Then V is a Z;-module by 7.

Definition 3.7 For k € C*, we denote by D the full subcategory of the category of Z-
modules consisting of those modules (VV, o) such that

(i) W has level k.
() W =|l,ec Wo, Where W, ={w e W | —o(d)w =oww }
(iii)  For every w € C, there exists ng € N such that for all n > ng, W,4, = 0.

Let us consider (V, ) € €. Following Lepowsky and Wilson [18], we define the
vacuum space 2y by

Qu={veV|n@))v=0 Viel, neZ-g}.

From Theorem 3.3, Qy is stable under the action of Zy,. For a morphism f : )V — V' in
¢, we have

f(Qy) C Qyr.
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Proposition 3.8 For (V, ) € &, there is a unique representation o of Zy on Q2 such that
(Qy,0) € Dy,

o(K")=n(K), o(Z,)=2.,0) Viel.mel

We hence define a functor 2 : & — Dy by
QWV,m) =(Qy,0), Q)= fla, : Qy — Q.
3.4 The functor A
We define a reverse functor A : ©; — & as follows. Let W, o) € Dy be a Z;-module.
We define U, ,(#H)-module Ind VY by requiring «; ,, - VW = 0 and
IndW = U, ,(H) ®u, ) W-

Let F,  be the level-k Fock module defined in section 3.1. We have a natural isomorphism
Fouk®@cW =ZInd Wby (u®1r) Qw — u®@w [18]. We thus identify the U, ,(#)-module
Ind W with Fy x ®c W, with the action 7w of Uy, ,(H)

() =1Qc, JT(Kii) =1 ®G(Kl~i), T (im) = Aim ® 1.

For (W, 0) € Dy and Ind W = Fy x ®c W, we define ¢/, (2), f/(z) € Dpmawllz, z~'1]
by

¢i(2) = E"(aj, ) 'ET(ej, 97 ® (2] (2)),
fi@ =E (@), 'EY (), 27 ® 0 (2 (2)).

These are well-defined elements of Dy gy [[z z_l]]. By a similar argument to the proof
of Theorem 3.3 one can show that e;. (z) and f J/ (z) satisfy the defining relations of Uy, ,(9)
with ¢ = k. We hence extend 77 : U ,(H) = Dy maw tom : Uq,p@ — Dy mdw as an
H -algebra homomorphism by

m(ej(2)) = €j(2), 7(fj(2) = fj(2),
7d)=d®1+1Qac(d).

By construction, the latter map is uniquely determined.

Proposition 3.9 For (W, o) € Dy, there is a unique level-k Uy, ,(g)-module (Ind W, 7r) €
.

We thus reach the following definition.

Definition 3.10 We define a functor A : ®; — & by

i AW,o)=IndW, )
(il)  For a morphism f : W — W in Dy, define A(f) : Ind W — Ind W' to be the
induced Uy, ,(H)-module map. Then A(f) is a U, ,(g)-module map.

We obtain the following theorem analogously to the case of the affine Lie algebras [18].
Theorem 3.11 For k € C*, the two categories € and Dy are equivalent by the functors

Q& = Dpand A : Dy — €. In particular, the level-k Uq,p@—module Ind W =
Fax @c W € € is irreducible if and only if VV € Dy is an irreducible Zi-module.
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4 The Induced U,, ,(g)-Modules

In this section we give a simple realization of the dynamical quantum Z-algebra Z; in
terms of the quantum Z-algebra Zj associated with U, (g) and construct the level-k induced
U, p(8)-modules. We also give some examples of the level-1 irreducible representations.

4.1 The quantum Z-algebra Z associated with U, (g)

One can apply the arguments similar to those in sections 3.1-3.3 to the quantum affine
algebra U,(g) in the Drinfeld realization and define the corresponding quantum Z-
algebras Zy associated with the level-k Uq@-module V [23] and the universal one Zj.
See Appendix A. We also denote by Cy and Dy the U, (g) counterparts of the categories €
and Dy.
Comparing the defining relations of Z; with those of Z;, we obtain the following
isomorphism.
Proposition 4.1 We have the isomorphism
Zr = (F®c ZiClRol
as an H-algebra by
+ + Qo - -
ZLm > Z e T, ZLm = Z

Kl.jE — ql.qchie_Q“-f (ielmelZ), dw—d,

where Z;-tm denotes the generators in Zj (Definition A.3).

Theorem 4.2 For (W, o) € Dy and generic v € b*, there is a dynamical representation o
of Zx on Wh o(n) := (F®c W) ®c eQﬂC[RQ] such that Wy, o(1), 0) € & and

G(Zj:m) :5(sz)®e—Qaj, G(ZJ_,m) :6(Zj_,m)®1’
o(K)=6(q;")®e %, o =d®1+1 P,
where Py denotes a C-linear operatoron 1 ® eQi CIR o] such that

[1® Ps,0(Z],)]1=0.

Proposition 4.3 The representation Wy o), o) of Zy is irreducible if and only if W is
an irreducible Z-module.

From this and Theorem 3.11, we obtain:
Proposition 4.4 For a Zy-module (W,5) € Dy and generic n € b*, let Wy, o(1), o)
be the Zy-module constructed in Theorem 4.2 and Ind Wy o) = Fox ®c Wh, (1) be
the level-k induced Uq,p@—module given in Proposition 3.9. Then (Ind Wy o(w), ) is
irreducible if and only if (W, ) is irreducible.
4.2 Examples of the irreducible representations
We here give some examples of the level-1 irreducible induced representations of U, ,(g)

oftypesg= A", DIV, E", ESV EL" and B{".
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4.2.1 The simply laced case :

Let C[Q] be the group algebra of the root lattice Q = ®; Za; with the central extension:
e = (=)D (i, j e ).

Let us consider the fundamental weight A, of g with 0 < a < [ for Al(l), a=0,1,1—-1,1

for Dl(l), a=20,1,2for Eél), a=20,1 for Egl), a = 0 for Eél).

Theorem 4.5 [23, 39] An inequivalent set of the level-1 irreducible Z, (9)-modules is given
by W(Ay) = e2aC[Q), on which the actions of ch (z) are given by
Zj[(z) = ¢F%i 7T 4.1)
with
Z:l:hieﬂ:ajel-\a — Z:I:(C\ll-v,()lj-Fl_\a)e:l:O{je[_\a (l,] c I)
Then for generic i € h*, we have from Theorem 4.2 a level-1 irreducible Z; (g) module
Wh 0(Aa, 1) := (F ®c W(A,)) ® e27C[R o] with the action given by
Zi=2f@® %, Z (0)=Z@®l (4.2)

Then from Proposition 4.4 we obtain:

Theorem 4.6 A level-1 irreducible highest weight representations of Uy, ,(g) is given by
V(Mg + w1, ) :=Ind Wy o(Ag, 1) with the highest weight (Ag + 1, ():

V(Aa+ 1, 1) = Fat @ Wi o(Aa 1) = ) Fyc(Aas 1),
Y,keEQ

where
Fyx(Ba, 1) = F Q¢ (Fo1 ® ePe7) @ Qi

The highest weight vectoris 1] ® eha @ Q. The derivation operator d is realized as

[
d = Z N“+—Z(P +2)P’——Z((P—I-h)]+2)(P+h)J

j=1

N =

.MN l\.)l*—‘
§|5

N

21— pHm
__ AJ’
]lpqa’mm

1me

J >0

wherer,r* € C*, and A,];i are the fundamental weight type elliptic bosons given in Sec.5.1.

One can easily calculate the character of V(A, 1):

—d—<¥(a)
Chy gt = TV g = Z ChF, «(Aap)»
Y.kEQ
1

n(g)!
Here c(W(g)) =1 <1 — g(g—ﬂ)>, and 7(gq) denotes Dedekind’s n-function given by

rr*

g T Ir et p) = Ratiity +e+ P

Chr, (Agp) =

n(q) Zqﬁ(q;q)oo-
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One should note that the character ch r,, (A,..) coincides with the one of the Verma module
of the W (g)-algebras for g = A;, Dy, E¢, E7, Eg with the highest weight h = ﬁ |r(u +
k4 p)—r*(Ag+ i +y 4+« +p)|* and the central charge ¢(W(g)). In fact, for g = Al(l) case,
for example, one can construct an action of the deformed W (A;) algebra on F, , (Ag, 1)
explicitly.

Theorem 4.7 [26, 27] For p = ¢* and p* = pq~2 = ¢*", i.e. r* = r — 1, the deformed
W (A))-algebra acts on F¢ (A; + w, ) by

Aj@ =exp | > (@" =g ™A - p"™E (@D e pTT (<<,
m##0
@)= Y A @A) Ay g A =n <),

1§j1<"'<jn§l

Here &, 7 denotes the orthonormal basis type elliptic boson given in Eq. (5.3), and :
denotes the normal ordering of the enclosed expresszon such that the operators &, el for
m < 0 are to be placed to the left of the operators Emj for m > 0. In addition, the level-1
elliptic currents ej(w) and fj(w) of Uq,p(Al(l)) obtained from Proposition 3.9,Eqgs. (4.1)
and (4.2) are the screening currents of the deformed W (A;)-algebra, i.e. they commute with
T,,(z) up to a total difference.

See also [2, 7, 29]. A similar statement is valid also for the deformed W (D;) [28] and
Uq,p(Dl(l)). We also expect that for r € Z- ( satisfying r > g+ 1 and for a level-(r —g — 1)
dominant integral weight i, the space F), (A4, u) becomes completely degenerate with
respect to the action of the corresponding deformed W (g)-algebra [26-28], although the
E¢ 7.3-type deformed W algebras have not yet been constructed explicitly. In order to get
the irreducible module one should make the BRST-resolution in terms of the BRST-charge
constructed from the half currents of U, ,(g). An explicit demonstration for the Agl) case
has been discussed in [35].

Remark. In Theorem 4.7, we assumed p = ¢? in order to make a connection to the
deformed W (A;)-algbera. The same relation arises naturally when one considers the finite
dimensional representations of the universal elliptic dynamical R matrices [5, 40].

4.2.2 The Bl(l) case

We follow the work [41] and its quantum analogues [42, 43] with a slight modification in
the Ramond sector according to [44]. Let e (i € I) be the generators of the group algebra
C[ Q] with the following central extension.

Y% = (— 1)(051',06,/)-%-(065 N ICTREPLIPC

As before we regard h; (i € I) as an operator such that

Z:I:hieozj — Z:I:(otiv,aj)eotjzzth,-

We also need the Neveu-Schwartz (N S) fermion {V,|n € Z + %} and the Ramond (R)
fermion {WV,|n € Z} satisfying the following anti-commutation relations.

{"I"m’ "I"n} = 5m—}—n,O-/\/'(qm + q_m)
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with N = 1/(q% —|—q_%).We define

FNS—cCw W 5---1, FR=cCv_,, v, ..]

[\J
[\S/[O%)

and their submodules Feven (reps. FNS odd ) generated by the even (reps. odd) number of

W_,,’s. One should note that for the R fermion W2 = N and {V,,, ¥} = 0 for m # 0. So
we have two degenerate vacuum states 1 and Wp1. We hence consider the extended space

FR=FRgC?
and realize the R-fermions by
~ 1 0 =~ 1 01
v, =Y, ®(O 1) (m € Zo), lI’0=/\/2(1®(1 0))-

Note that {¥,,, U, } = Sm-n. 0N (@™ +q™™). We set

FR=FK,, ® G) & FLs®C (_11)

The action of W,, on FV5 is given by
Wy -u=VY_nu, W - u = Wy, u} (m € Z=y),
where u € FNS, whereas @m acts on FR as

_ 10 o 01
\y_m.u(g)v:\ll_mu@(o _1)v(m€Z>0), \Do.u®v:u®<l O)v’

1 0
lIJm u ®U - {\pm,u}® (0 1) v (m € Z>O)a

where u € .7?R, v e C2.
Let us define the fermion fields W5 (z) and WX (z) by

W = Y w ek =) W
neZ+% nel
One can derive the following operator product expansions.
V(¥ (w) =¥V (w): + < V(¥ (w) >,

where

@) (z—w)
(z—qw)(z—q~'w) for NS
<V V¥ (w) >=
(z—w)(z+w)
(z—qw)(z—q~'w) forR.

Then the quantum Z-algebra Z; (Bl(l)) is realized as follows [23].
£(,) = pFai Ehi+1 .
ZE@) = “z (I<i<i—1),

Zl:l: (Z) Nl/z \If(z)eio” :Izdlhl-f—dl
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There are three irreducible Z (Bl(l))-modules given by

W(Ag) = FNS @ C[Qo] ® FVS @ C[Qple
W(AD) = FNS @ C[Qole™ @ FVS @ C[Q],
W(A) = FR @ C[Qle™ = FR @ C[Qyle™ @& FR @ C[Qple™ T,

where Qg denotes the sublattice of Q generated by the long roots. For generic u € h* and
a=0,1,1,weset Wy o(Ag, 1) = (FRc W(AL)) ® eQﬁC[RQ]. From Proposition 3.9

we have the following three level-1 irreducible U, , (él(l))—modules with the higest weight
(Ag + 1, p):

V(Ag + 1, ) = Fo1 ®c Wha,o(Aa, 1)

= P P Fycbamw.

VGQO KE€Q Aemax(Aq)
mod QO+C8

where

Faoyux(Do, ) =F Q¢ (Fo,1 @ FNS ® ') ® ¢ Qi+
FaryweBo, 1) =F Qc (Fai ® F¥S @ eA1+7/) ® e Qi+,
FaryicAr, 1) =F @c (Fut @ FNS @ eM117) @ Qi
Faoyw (A, 1) =F &c (Fo1 ® FNS ®e’) @ e,
Faryu (A 1) =F ®c (Fau ® FR@ M1 @ e Qi

Far—ayu (A1, ) =F @c (.7:0[,1 ® FR el_\1+l_\1+y) ® eQite

The highest weight vectors are given by 1® 1 ® 1 ®e2i for V(Ag+u, 1), 1®1 @l ®eQi
for V(A1 +p,w)and 1 @1 Q® )

It is also easy to calculate the characters of these modules:

& el ® e for V(A + p, ), respectively.

—d-w
Ry A gtip) = 0V Atd T H = Y chE (A

remax(Aq)
mod Q0+(C8
y€Qq.keQ

20(21—1)

rrE

where cyy = (I + %) (1 ) is the central charge of the WB; algebra by Fateev and

Lukyanov [31], and the derivation operator d is realized as

[ l l
1 . o 1 o1 .
d = —52_:hjhf SN N Y (P AP = Y (P A+ (P R,

j=1 j=1
! *1m
« _ m* 1—p j v mg? +q7?)
N® = Z [m] 41 — q 05] —mAm, N~ = Z q" g v, ¥,
j=1meZ-y m=>0
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where r, r* € C*, and Ai;i are the fundamental weight type elliptic bosons of the type B;
given in Sec.5.1, ¥,, denotes W,, on FV5 and W,, on FR. We obtain:

hypgtuw = Y. ChFhg)s
remax(Aq)
mod Qy+Cs
y€Qq.keQ
1
P ‘r(u+f<+p) r*(M+K+V+p)}
Ch]:AOyK(AO ") _CA q-4rr ’
1

5 ——|rte+p)- At +p)|
CthlyK(AO ) _CA q rr 5
1
5 ‘r(u—}—K—!—p) r*(A1—|—/L+K—|—]/+,O)‘
ChFy, yulhy) = CA q2rr’ ’

1
2y ‘r(u+x+p) r*(u+t€+)/+p)}
Ch]:AOyK(Al ) _CA q-=rr ’
1
. —|r(@tetp)- r* Rttty -5
ChFy, y(hrp) = CA q ;

1

. — |r(atr+p)- PRttty +5)|
q

ch = A
]:Alfal,)/,K(Alvl‘L) — YA~

where

a3
e =eht = ((—a%i ) + (a%59),).

A A q .
€Ay = Chr—a —2 7 )l(_q7Q)oo-

> semar(ha) ChF, (A, coincides with the character of the Verma modules of the WB;-
mod Q(+Cs

algebra with the highest weight & = er(ﬁ +k+p)—r*(Ag+p+y +x+ 0)|? and
the central charge cy with r, ¥* = r — 1 € C being generic.

Conjecture 4.8 There exists a deformation of the WB;-algebra such that

i) its generating functions commute with the level-1 elliptic currents e;(z) and f;(z) of
Uq,p(BZ(l)) modulo a total difference, i.e. ej(z) and f;(z) at c = 1 are the screening
currents of the deformation of the WBy-algebra,

ii) forgenericr and p € b*, F; ¢ (A4, p) is an irreducible module of the deformation
of the WB;-algebra.

Remark All the algebras W (g) appearing in section 4.2.1 and WB; in this subsection are the
W-algebras associated with the coset Xl(l) @ Xl(l) ) (Xl(l))ﬂﬁalg with level (r — g — 1, 1).
In particular, the WB; is different from the one obtained from the quantum Hamiltonian
reduction of the affine Lie algebra Bl(l). The W-algebras associated with such coset describe
the critical behavior of the face type solvable lattice models introduced by Jimbo, Miwa and
Okado [33].
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S Elliptic Bosons of Various Types

In this section we introduce elliptic bosons of the fundamental weight type A,J,; and the
orthogonal basis type &x7 for Uy p(@.09 = Al(l), Bl(l), Cl(l), Dl(l). The level-1 bosons A},

and Srf 7 are used to realize the derivation operator d and the generating function of the
deformed W (A;)-algebra, respectively, in section 4.2.

5.1 Definition

Let us set n = —rg/2 (t = (long root)?/2).

|A$ll) Br(zl) Cr(zl) Dr(zl)
gin+12n—1 n+1 2n-2
| 1 1 2 1
n| =5t = 0+ D~

Let «; ,, be the elliptic bosons of the simple root type as in section 2. We define the

fundamental weight type elliptic bosons A;, (1 < j <I,m € Zi+p) by

~ [em] 1 — p™
[oti s A] = —5i,j3m+n,07 —

g~ " (A =i j=D. 6.1

Note that using the matrix B(m) = ([b;, jm])1<;, j<i, we have [28]

l
A=Y (Bm)™ijaem.

k=1
Solving Eq. (5.1) we obtain the following.
For Al(l),
, j I
A = Co | 120+ jym] ) [kmlogm + [im] D (20 + kymlegm (1=<j=<.
k=1 k=j+1
For Bl(l),

j l
Ajy = Co | (@™ + g~ D™ N kmlag i + Lim] Y (@™ 4+ g7
k=1 k=j+1

I=j=D.
For C",

J
Ay = Con | (@)™ 4 g7 Y Tk o
k=1

[—1
+ [jml Y @O+ g Iy - Ljmlew | (1< <11,
k=j+1

[—1
I Aml
Am = Cn (];[km]ak,m + [2m] [lm]al,m) .
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For Dl(l),
. J 1-2
A = Co | (g™ 4 =™ kmog i + [jm] Y (g™ + g~ Oy,
k=1 k=j+1

+iml—1m+am) | (A=j=1-2),

-2
-1 _c, (Z em oty m + %([lm]az Lm + [ = 2)mla m))
k=1

= Cn, (Z k]t m + [—]]([(1 — 2)mlai—1m [lm]al,m)> :

Here
1 (1)
Cp = ——— forA,
[m]2[2nm]
_ bl g™ e p,
[m]2[2nm] Lot el

We then devide Af;, into two terms and define the elliptic bosons Enjf 7 of the orthogonal
basis type as follows.

For Al(l),
Ay =Ex + &7, (5.2)
i
+) im_ C
Em’ = iqif'"# gy Tkmlewm + Y _[2n+ Omlagw | (5.3)
k=1 k=j

for 1 < j <. Itis convenient to define 53,[ @+ by

A Z[km]ak m (5:4)
For Bl(l),
Al =& + &, (5.5)
En’ =g Co | ™ Tkmlesem £ > [0+ k)t m (5.6)
k=1 k=j
for 1 < j <. Here we set
[m]+ 1
q—q
We also define
&Y = @@“ + &0, (5.7)
" m] '
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For C\",
Al gy g (5.8)
j—1 -1 o
+; i s
Em’ = q " Cp | g™ Tkmlom £ Y [0+ K)ml g, £ ——
k=1 k=) -4
(I<j=si-1D, (5.9)
1
I _ +I —1
A, = pr— En +ED, (5.10)
-1
EE = ¢*mCy (g Y Tkl £ —22 ). (5.11)
— q-q
For Dl(l),
AL =&V + &7, (5.12)
_ ' j—1 -2 |
Em’ = q="Co [ @™ Y lkmleem £ Y 101+ K)mly ot &= ——— (@11 + m)
k=1 k=) -4
(l1=<j=1-2), (5.13)
-2 Fnm
+(1-1) _ q
7D =cy, (Z[km]ak,m + —— (1w + az,m>> : (5.14)
=1 q9—49
-2 1
Exl =g Cp | Y _Tkmlam F — (" 1 — g " U m) | - (5.15)
=1 q9—49
Proposition 5.1
ojm = Mg —q )Ex —qT"EZIT), (5.16)
where 1 < j < for Al(l), 1<j<l-—1for Bl(l), Cl(l), Dl(l), and
arm = [mlg"? —q " g " PES — g2 for BV, (5.17)
= mPPg—q Y (q’"s,;’ — q—me,;l) forcV, (5.18)
= +[mPP(qg — g NEED —gFmET)  for DY. (5.19)
Proposition 5.2 The following relations hold.
+1 q*" 1 +j 1 +m 4] j=1
. _
Gl =t e & =t (q*ah — Al 520

where2 < j <lfor AV, 2 < j<iforBV,2<j<l—1forCVand2<j<1-2
for Dl(l). In addition, we have

I+1
1 ~ -
EFD =g———al, Y g*UTmg =0 fora’,  (521)
9" —4 =1
1
En' = o (@ +a7mq* Al — A7) forcl”, (5.22)
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and

1 + -1 + [ -2
pTp= (q*m At +q*mal, — 4l (5.23)
1 £om gl 4l-1 (1)

21D = 4

Efl =+

Remark The level-1 case i.e. ¢ = 1, the Al(l) type relation was given in [26, 27] and the
Dl(l) type was essentially given in [28], where parameters g and ¢ should be identified with
our p*% = p%q—l and p%, respectively. However the Bl(l) and Cl(l) cases are different

from those given in [28]. At least the formulas for Bl(l) and C l(l) seem to be reversed. Our
definitions and relations are valid for arbitrary level c.

Although the expressions of Snﬂf J are complicated depending on the types of the affine
Lie algebras, their commutation relations are rather universal:

Theorem 5.3 For 1 < j, k <, the following commutation relations hold. For Al(l),

S — [em][2n+ Dm]  1—-p™ _
E &N =16, EF 1= o (525
[Em n ] [Em n ] m+n,0m(q _ 61_1)2[7’1’1]3[2771’”] 1 — p*mq ( )
. . . [cm] 1—p" _
gztj’ 5:|:k = F(sgn(k—j)2n+k—j)m cm’
[ &™) = Omin.0d m(g — g OimP2gm) 1— pon !
(5.26)
~ ; [cm] 1—p" _
gij’ g$k — 5 +Q2n+j+k)m cm 597
[ m n ] m-+n,04 m(q _ q_l)[m]z[znm] 1 — p*m q ( )
For 8V, ¢V, D",
; ; 2 1 1—p™
[5n:/|l:J’ gni]] _ 5m+n’0 [Cm][nm][ (Tl + )I’l’l] P qicm’ (528)

m(qg — g~ 2 [mPR2ym][(n + DHm] 1 — p*m

+jm
g~ Mlemllnm]  [pm] (it jym F(j—m
m[m}?(q — q=1)*[2nm] [p*m] <q ml=q Mm]*) ’

L
[En” s Ed?1 = Fémino

(5.29)
' . —ntk—j [em][nm] 1-p" .
[g,fl’gnik] = Fsgn(k — )8 0q TS k= Dntk=j)m cm.
o= onenod m(g — g~ DimP2gm] T— pr
(5.30)
j ; [em][nm] 1—p" _
[(C/’n:/ll:J’ (C/';Fk] — 5m i £(n+j+kym cm (531)
Fomtn0 mg —q HimPgm) 1— p?
Here
: + (> )),
sgn(l — j) = .
gn(l — j) {_ (<))
Proof Straightforward calculation using Proposition 5.2 and Eq. (5.1). 0

Proposition 5.4 For 1 <i <, the following commutation relations hold.
[cm] 1—p"

. +jq _
[az,magn ]_im(qm—q_m)l—p*m

g (g8 — 8ij—1) (5.32)
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where 1 < j < for Al(l), Bl(l), 1<j<l—1for Cl(l), 1<j<Il-2for Dl(l). In addition,

[cm] 1—p"

ey _
i, &) = 2 — g 1 p

a " GT"(G" +q 7" — 8i1-1) for C7,
(5.33)

and

[cm] 1 —p"

gDy _
i, &0 = — gy 1

q "G +q T8 — 8ii—2),
(5.34)
[em] 1—p"
m(@™ —q=") 1 —=p™

[etim, £ =+ g " (g — 8i-)  for D).
(5.35)
From Egs. (2.15) and (2.16) we also obtain the following relations.

Proposition 5.5 Forl1 < j </,

) —cm m 1 — pm
(37 ej(2)] = % (3,” _Zq 1o ;’m /(G 8; — i1 ), (536)
(€5, fi()] = :me,(z)(qima,-, J—8im1)) (5.37)

where 1 <i < for Al(l), Bl(l), 1 <i<l—1for Cl(l), 1 <i<l-2for Dl(l). In addition,

—cm _m

q "z l—p
m(@™ —q=") 1 —=p™

[EX ej(2)] =+ e; (g™ (@™ + g™ — 8i-1.)
(5.38)
= Fi@@ G + g™ —81-1.;) forCY,

(5.39)

an

g:l:l’ . —
€ 1@ = Fpe

and

q—cmzm 1 — pm

(5.40)

[ @@ 8- +q "8 — 81—2,j),  (5.41)

[E£07D, ¢;(2)]

+

gE=1 ¢ _ 2"
[ m fJ(Z)] :Fm(qm —qg™m)

q "z 1—p"
@ =g T e a0 = 81 ). (542)

Zm
ppTp— L @ (¢"81; —8-1;)  for DV, (5.43)

[gnfl, ej(Z)] ==

[EE, fi@]=F

@ Springer



Elliptic Algebra Uy, ,(¢) and Quantum Z-algebras 129

5.2 The Elliptic Currents k+ ;(z)

Let us set

_ o _
vi(z) =rexpq(qg—q") E 1_]Zmp’"z my (5.44)
m#0

Then the elliptic currents wji (z) in Definition 2.1 can be written as
Vi@ =K i@, ¥i(g722) = K; v(pg¢2). (5.45)

Let us introduce the new currents k+;(z) (1 < j <) associated with 5;&, J by

2(, _ —1)2 .
kij(z) = texpl ). ] l(q_ 1 ) prEN T (5.46)
m#0

and in addition we define ko (z) for Bl(l) by

_ _ —1
ko(z) = k_i(q™ 22 (g™ %2) =1 k(g P2) (g ?2) ™ - (5.47)
Then from Proposition 5.1 we have the following decompositions.

Proposition 5.6
V(@) = kyj@kern(qz) =k (@) k(@ ) (5.48)

where 1 < j <1 —1 for A(l) 1 <j<l—1for Bl(l), Cl(l) and Dl(l). In addition,

WD) = kpu@kolg™%2) =k ko(¢V?2) - for BV, (5.49)
= k(g 2)koi(q) ™" forcV, (5.50)
= kyi-y@ki(q7'2) T = ke gy @ k() for DIV.(5.51)

Now let us introduce the functions 57 (z), which appear associated with the elliptic
dynamical R-matrices [40]:

2 2 -2 2
N Ut | e SR VS A 1V 2k tor 4D .
P {221z} {pE2q2/z}{pq?/z} A 652
_ {62} {22 }{422} {p&* /2 p/eH pea® /2 {psa 2 /2) for BV, cV, pV,

- {82 Hea 2 Hea22) (pesz){pe2a2/2) pa2/z)

(5.53)
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where £ = ¢, {z} = (z; p, £)so. The following Theorem indicates a deep relationship
between k ;(z)’s and elliptic dynamical R-matrices.

Theorem 5.7
-
kij(z1)kyj(z2) = p~+—(Z)kj:j(22)kij(Zl)v (I=<j=D,
Pt (2)
. 5% (2) © (g 22)® .
ke (@ ankon(ghey) = 2D O @ DOy ko, giz) (1<j<k<D,

1) ©,(2)0,(q22)

F14(2) ©pe (g 22)0,(2)
PH(2) Op(2)0,(g%2)

AT(2) ©p (g 22)0,(2)
P (2) Op(2)0,(g%2)
() O (qH26712)0, (g% E712) O+ (722)0,(2)
pTW) Op (g2 E712)0, (g% 26712) ©,:(2)O (g7 %2)

kew(@ ™ z2k_j(@ 1) (I<k<j<D,

k_j(q  z0)k_k (g *z) =

ki j (@' z20)k_i (g Ez0) = kok(q *e)kyj(qlz1) (G #K),

k_j(q ' Ez)k1 (g’ 1),

ki j(qlz0)k-j(q I Ez2) =

where z = z1/z2 and pT*(z) = /3+(z)|p,_>p*. In addition, for Bl(l) we have

W) O+ (g722)0,(q%2)0,+(q2)O 5 (g '2)
pHu) ©,:(q?2)0,(q22)O (¢~ 12)O,(g2)
P ©p (a0, ()
pH () ©p(2)0,(q~22)

pH () ©,+(2)0,(g%2)
pt W) ©p(q22)0,(2)

ko(z1)ko(z2) = ko(z2)ko(z1),

1-1/2 1-1/2

kyi(q'z1)ko(qg' " ?20) = o' Pk (gl ) (1< j <D,

k_j(Eq ™ z0)ko(qg' ™1 ?20) = ko(q' ™" P2)k_j(Eqz1) (1 <j<D.

Proof Straightforward calculation using Theorem 5.3. [
In addition from Proposition 5.5, we obtain:

Proposition 5.8

®p* (g™ “2)
®p* (q _C:FZZ)

®p* (‘]_C:FIZ)
®p* (q—cjzlz)
kij(z1)er(z2) = ex(z2)k+j(z1) k#j,j—1),

ktj(z1)ej(z2) = ej(z2)k+;(z1) (I<j=D,

ktj(zi)ej—1(z2) = ej—1(z2)k+j(z1) 2=<j=D,

®,(q z) .
kii(z1)fi(z2) = ﬁf,-(zz)kijm) (1<j<D,
+j\K1)Jj—-1\K2 ®p(q:FIZ) J—1K2)R£j L] =] =)

kij(z1) fi(z2) = fi(z2)k+j(z1) k#j,j—1
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for AV B with1 <i <1, ¢V with1 <i <1—1, D" with 1 <i <1—2. In addition,
we have

®p* (q—c—i-lz)@p* (q—c—i-l—lz)
®p* (q—c—i-l—ZZ)@p* (q—c—H—HZ)
ko(q' ' Pz1)ej(z2) = ej(zko(g' " ?z)) (1< j=<l-1),
©,p(q' 20, (¢ '2)

©,(q'2)0,(q'12)
ko(q'™"%21) fi(z2) = fi(@ko(q' ™ 21) (1< j<i-1) for BV,
O, (g *12)
®p(g~¢F32)
O, (g F12)
®p* (q—cjzlz)
kii(z1)ej(z2) = ej(z2)k+i(z1) (J#LLI-1),

1-1/2

ko(q' " ?z1)e(z2) = e1(z2)ko(q'~?z1),

ko(q'~"%z1) fi(zo) = fiz)ko(q' ™ ?2y),

kii(z1)ei(z2) = ei(z2)k+i1(z1),

k+i(z1)er—1(z2) = ej—1(z2)k+(z1),

0,(qT2)
kxi(21) fi(z2) = mﬁ@kﬂ(zl),
N ®p(qilz)
k:l:l(Zl)fl—l(ZZ) = mﬁ—l(&)kil(m),
kii(z1) fj(z2) = fj(z)ks(z1) (£ L1—1) forc\V,
®p+(q™2)

kiq-1)(z1)ej(z2) = ej(z2)k+q—1)(z1) (=L1-1),

®p* (q—c:|z2z)
®p (g~ Flz)

_— e k . ,

0, (q—=12) 1—2(z22)k+q-1)(21)
k+q—1(z1)ej(z2) = ej(z2)k+q—1)(z1) (G#L1-1,1-2),
®p* (q_C:FlZ)
®p* (q_CZF3Z)
®p (g~ Fl2)
®p* (q_C:HZ)
k+1(z1)ej(z2) = ej(z2)k+1(z1) (J#L1-1),

0,(¢T%2) .
%]‘j(zz)kia—l)(zl) (J=0L1-1),

k+q—1)(z1)ei—2(z2) =

kti(z1)e(z2) = e1(z2)k+i1(z1),

kii(z1)er—1(z2) = ej—1(z22)k+(z1),

kiq-1)(z1) fj(z2) =

® ( +1 )
k+q—1)(z1) fi—2(22) = %ﬁ—z(&)kia—l)(m),
kirq—1)(z1) fj(z2) = fj(22)k+q-1)(z1) (J#LI-1,1-2),
0,¢q"
k+i1(z1) fi(z2) = %ﬁ(zz)kﬂ(a),
_ 0,*2)
kiI(Zl)fl—l(Zz) = mﬁ—l(&)kil(m),
kai(z) fi(z2) = fi(@kar(z)) (G #L1—1) for DV
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The elliptic bosons E,f /" and their elliptic currents k+;(z) are useful to realize the L-
operators and the vertex operators for U, ,(g) as well as deformation of the W-algebras.
We will discuss this subject in separate papers.

Acknowledgments H.K is supported by the Grant-in -Aid for Scientific Research (C) 22540022 JSPS,
Japan. R.ML.F is grateful to the Egyptian government for a scholarship.

Appendix A: The Drinfeld Realization of U, (g)

Let g be an untwisted affine Lie algebra.

Definition A.1 The quantum affine algebra U, (g) in the Drinfeld realization is a unital C-

algebra generated by q (h € ), al 0 (z €l, neZyimcel) d and the central
element c. We set

@)= xi,a " (6)

mez

n>0
%i(z) = qi_hi exp ( - qz Z al —n% ) : (8)
n>0

The defining relations are as follows.
lg;",d1 =0, [d, ain] = najn, [d xE] = nxk, )
9" aj1=0. gy =g " i(z)ql , (10)

laijnlilen); _
N A (11)
[, 3t @] = L elnizny (). (12)

_ laijnli , _
(a7, %} ()] = ———=2"x; (2), (13)
(z — ¢ w)xF (@) (w) = (g7 — w)xT (w)x; (), (14)

_ i, 2 2 Z _
it @y = 2 (37 D )nta ) = 5(¢* e ) as)
l i

INCON [’j] X Go() - X o)X W Eosn) - X (Go@) = 0,

oeS,; s=0
(i #Jj, a=1-—a). (16)

For k € C, we define the category Cy of the level-k U, (g)-modules in the same way as
¢ of Uy, p(g) in section 2. Let a; , = [d; ]a (i € I,n € Zx) be the simple root type
level-k Drinfeld bosons. They satisfy

[b;jn]lkn]

—k
q |n|3n+m,0-
n

[ai,m aj,m] =
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For (V, ) € Cy, we define the Z-operators associated with the level-k U, (g)-module V by

ZF(z; V) = exp :FZ%Q%”‘%” 7 (x°(2)) exp :I:Zn(a’]”) Fkn ,—n

The coefficients Zl.in(V) of Zl.i V)=, ZjE (V)z7" in z are well defined elements
in EndcV.

Theorem A.2 The Z-operators Z (z; V) satlsfy the same relations in Theorem 3.3 except
for Eqs (3 16), (3.17) with replacement Z (z; V), ajm, d and Ki by Zi(z V),ajm, d
and q j !, respectively.

Remark This theorem is essentially due to Jing [23]. However, in [23] no Serre relations are
written explicitly. There are also some misprints in Theorem 2.2 in [23]:

o (1—gTw/z ) ~lleD/K ould be read as (1—-qTw/z )(a’la’)/k
e (1-qTz/w ) 2 Sl *D% should be read as (1 — ¢¥z/w )(a’|a’)/k
o (1—w/z )(“l'“ DK Should be read as (1 — w/z ) o Gl
° —z/w )(a’mj)/k should be read as (1 — z/w ) (alla’)/k

Definition A. 3 For k € C* and (V, ) € Cg, we call the subalgebra of Endcy generated
by Z w(V), ql (i € I,m € 7Z) and d the quantum Z-algebra Zy associated with (V, 7).
We also define the universal quantum Z algebra Z; as a topological algebra over C[[g?¥]]
in the same way as Z in Definition 3.5. We denote the generators in Z; by Z;L:m (jel).
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Higher level representation of the elliptic quantum group
Uy p(slz) and its integrability

Rasha MOHAMED FARGHLY
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ABSTRACT. By using an elliptic analogue of the Drinfeld coproduct, we construct

the level-k + 1 representation of the elliptic quantum group Uy p(sl2) from the
level-1 highest weight representation. The quantum Z-algebra of level-k + 1 is
realized. We also find the elliptic analogue of the condition of integrability for
higher level modules constructed by the Drinfeld coproduct. This also enables us to

express AP (e(2)) AF (e(2q%)) - - AF (e(2¢* N 1)) and AF(f(2)) AF (f(272)) - - &F
(f(zq—2(N=1)) as vertex operators of the level-k + 1 bosons.

1. Introduction

Lepowsky and Primic [15] studied the condition of integrability of higher
level representation of the affine Lie algebra sl Ding and Feigin [1], Ding and
Miwa [3] studied the quantum integrable condition and the g-parafermion of
U, (sly) by using the Drinfeld coproduct [1] for the Drinfeld realization of U, (sly)
[4]. The universal R matrix R, associated with the Drinfeld coproduct is given
in [2] for U,(g) for general untwisted affine Lie algebra g. In [11, 8], Jimbo,
Konno, Odake, Shiraishi gave an elliptic analogue U, ,(g) of the Drinfeld real-
ization of U,(g). In particular in [8], the authors introduced the elliptic analogue

of the Drinfeld coproduct for Uq7p(;[2). Konno [13] defined the H-Hopf algebroid
structure [5, 6, 10] of U, p(sl2) in term of the coproduct of the L—operator of

Uqﬂp(sAlg) and defined the associated elliptic quantum group qup(f/)\[g). Farghly,
Konno and Oshima [16] gave a new definition of U, ,(g) as a certain topologi-
cal algebra over the ring of formal power series in p and studied the dynamical
quantum Z-algebra structure associated with the level-k highest weight repre-
sentation of Uy ,(g). Also the authors constructed the induced U, ,(g)-module
from the dynamical quantum Z-module. The level-1 standard representations of
Uy p(9) forg = Al(l), Dl(l), eV, EW BN and Bl(l) were also given. The purpose
of this paper is to construct the higher level realization of the elliptic algebra
Uq7p(;[2) from its standard level-1 realization [16] by using the elliptic Drinfeld
coproduct [8, 14]. The higher level elliptic currents are expressed in term of
the level-1 currents. In particular, we obtain the level-k + 1 Heisenberg algebra,
then we introduce the vertex operators E(l;)(a, z), E(j]i)(o/, z) and we define the

2010 Mathematics Subject Classification. Primary 12A34, 98B76; Secondary 23C57.
Key words and phrases. Elliptic quantum group, Quantum affine algebra, Integrable
module.
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level-k + 1 quantum Z-operators from the level-k + 1 elliptic currents. Also,
we give the elliptic analogue of the quantum integrable condition for level-k + 1
integrable module of U, ,(sly).

This paper is organized as follows. In section 2, we define the elliptic al-
gebra Uq7p(5A[2) in term of the elliptic Drinfeld generators. We use the Drinfeld
coproduct to define the H-Hopf algebroid structure on qu(;b) and formu-
late it as an elliptic quantum group. Also we recall the level-1 realization of
Uq7p(5A[2) following [16]. In section 3, we show a construction of the level-k + 1
realization(k € Z~¢) of Uq7p(,;[2) using the level-1 realization of Uq,p(;\b). Also,
we give a realization of the level-k + 1 Z-algebra. In section 4, we present the
elliptic analogue of quantum integrable condition for any level-k + 1 integrable
module of U, ,(sly).

2. Elliptic quantum group U(M,(;[g)

In this section we expose the definition of the elliptic quantum group U, ,, (5A[2)

and the level-1 realization of U, ) (5A[2) which we are going to use in the following
sections.

2.1. Definition of Uq,p(g[g)[lfi]. Let h = b @& Cd, h = Ch @ Ce be the Cartan
subalgebra of sly. Define §, Ao, € h* by

(ah) =2, (6,d) =1= (Ao, 0), (2.1)
the other pairings are 0. We also define A; € h* by
(A1, h) =1

We set h* = CAg @ CA1, Q = Za and P = ZA,.

We introduce another Heisenberg algebra generated by P and ) with the
pairing (P, Q) = 1. Now let us set H = H@ CP and denote its dual space by
H* = h* & CQ. We define the paring by equation (2.1), and (Q,h) = (Q,c) =
(Q,d) =0 = (a,P) = (0, P) = (Ao, P). We define F = My~ to be the field
of meromorphic functions on H*. We regard a function of P+ h , P and c,
f=f(P+h,P,c), as an element in F by (1) = f({u, P + h), (i, P), (s, )) for
we H*.

We use the following notations.

[n] = %, (2; @)oo = nl:[o(l —zq"),
(@, )00 = J] (1=2q"t™),  ©p(2) = (2:0)oo(P/2 P)oc (P D)o
n,m=0

DEFINITION 2.1. [16] The elliptic algebra Uq’p(f/!\[g) is a topological alge-
bra over F|[p]] generated by M+, €m, fin, n,(m € Zyn € Zyy), K*,d and the
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central element c. Let

()= emz™,  f) =3 fmr "

meZ mez
YT (z) = K" exp (—(q ), 101_;71 (qu)n>
n>0
X exp ((q —q "> fia;n (qu)n> :
n>0
Ve = K e <—<q —rh Y (qu>n>
n>0
X exp <(q —q Y. 1 fnpn (ZQ‘S)‘"> .
n>0

We call e(2), f(2),F(2) the elliptic currents. They are formal Laurent series

in z. The defining relations are

g(P +h)e(z) = e(z)g(P +h), g(P)e(z)

[9(P), ] = [g(P + h),am] =0,
g(P)K* = K*g(P —(Q, P)),
g(P+h)K* = K*g(P+h—(Q,P)),
[d,g(P +h,P)] =0,
0

4 0n) = e, [de(z)) = ~2e(e), [d f()] = —=1(2),

0z
K*¥e(z) = qF?e(2)K*, K*f(2) = ¢ f(2) KT,
2mlom] 1 p™

[Olm, Oln] = 6m—|—n,0 = T —cm
_Peml1-pm

[, e(2)] = Tl e(2),

o 7] =~ 22,

m
) (¢*22/215P") oo
(p*q=222/ 215D )

(¢%21/22;p") oo
P*q 221/ 22,0 ) oo

e(z1)e(z) = —z2(

(4 %22/213P) o0 @ e
Mo mi T T TR G o) T D)

= = e(z)g(P - <Q9P>)a
g(P+h)f(2) = f(2)g(P+h—(a,P+h), g(P)f(z) = f(2)g(P),

e(z2)e(21),

© o N o Ov ks W
~— Y N~ N~ Y~

(2.13)

(2.14)
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1
)

le(z1), f(22)] = — (‘5(q_621/z2)¢_(q%2’2) - 5(QCZ1/22)¢+(61_%2’2)) ;

(2.15)

where p* = pq~2¢ and §(z) = Z z".
ne
2.2. Hopf algebroid structure of Uq,p(;[g). Here we follow [13, 12, 14] to

present the Hopf algebroid structure on Uy ,(sly) using the Drinfeld coproduct
of Uy p(sl2) [8].

2.2.1. H-Hopf algebroid. Let 2 be a complex associative algebra, §) be a finite
dimensional commutative subalgebra of 2(, and 9« be the field of meromorphic
functions on $* the dual space of .

DEFINITION 2.2 ($)-algebra). An $-algebra is an associative algebra 2

with 1, which is bigraded over $*, A = @ a3, and equipped with two algebra

a7ﬁe‘6*
embeddings puy, b : Mg — Aoo (the left and right moment maps), such that

Ml(f)a:aﬂl(Ta]?)v Mr(f)azaﬂr(TﬁfAL a Ema,@: femﬁ*a

where Ty, denotes the automorphism (T f)(A) = f(A+ «) of M.

DEFINITION 2.3. An $-algebra homomorphism is an algebra homomor-
phism m: A — B between two $H-algebras A and B such that for o, € $H*

~ ~

7(Aag) C Bag, m(u(f)) =uf(f), w(u(f)) = ul ().

The tensor product A®RB = @ (A®B)ap = @ ( @ (Aay @, .
a,BeEN* a,pEN* yeH*
B, 3)) is again an $)-algebra with the multiplication (a ®b)(c®d) = ac®bd. The

tensor product ®gn, . refers to the usual tensor product modulo the following
rule:

pA(Pacb=a@uf (fb, aecAbeB,feMy.. (2.16)

The unit object ® in the category of f)-algebras is an algebra of automor-
phisms Mg — Ng-

D= {Z FiTs,

fi € My-, B €9} = P Doa (2.17)

aen*

where Dpa = {fT-o | f € Mg+, a € H*} and the moment maps pP, e
Mg+ — Doo are defined by ,ul@(f) =u2(f) = fT.

DEFINITION 2.4.  An $)-Hopf algebroid is an $)-algebra A equipped with two
$9-algebra homomorphisms: coproduct I\ : A — A®RA, counite : A — O and a



Higher level representation of the elliptic quantum group Uq,p(ﬁ[g) 5

C-linear map: antipode a : A — A. A\, e, a satisfy the following

(A®id) o A = (id®A) o A (2.18)
(e®id) o A = (id®e) o A (2.19)
mo (id®a) o A(z) = p(e(x)1), Vee A (2.20)
m o (a®id) o A(z) = p,(Ta(e(z)1)), Vo € Ayg. (2.21)

m: ARA — A refers the multiplication and e(x)1(x € A) refers the action of
the operator e(x) on the constant function 1 € Mig-.

2.2.2.  H-Hopf algebroid structure of U = Uq7p(5A[2).

PROPOSITION 2.5. U = Uq’p(sA[g) is an H-algebra by

U= P Uas

afEH
Uap = {“" < U‘ ¢ ragm T = gl Py qPagml = 0P

VP + h,P € H}
and py, pr 2 F— Upo defined by

w(f) = f(P+hp) €F[ll,  ue(f) = f(Pp*) € Fp]).

The tensor product UQU = @ (URU)qp is an H* bigraded algebra.
a,fEH*
The H-algebra ® of the shift operators is

]/C; € My-, o EH*}

0= {Z ﬁTai

with the bigraded structure and the moments map as in Definition 2.2.
In [13], Konno defined the Hopf algebroid structure on Uy ,(slz) by the co-

product of L-operator. Here we define the Hopf algebroid structure on Uy ,(sl2)
by the Drinfeld coproduct [8, 14].

THEOREM 2.6. [14] The elliptic algebra Uq7p<,;\[2) has an elliptic analogue
of the Drinfeld coproduct A\ : U, ,(sla) — U, p(sla)@U, »(sl2), the counit e :
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U, p(sly) = D and the antipode a : U, (sly) — Uy p(sl)

Ag°) = ¢°®q°, A(q") = ¢"@q" (2.22)
AW (2)) = pE (T )@t (T 2) (2.23)
A(ur(f))—lwr(f),ﬁ( () = ()&l (2.24)
Ale(2) = e(g=® 2B~ (% 2) + 18e(2) (2.25)
A(f(2) = F(2)81 + oF (T 2)8 F(zq") (2.26)
£(q) = 1,e(t(2)) = e(y(2)) = 1 (2.27)
e(ur () = eu(f)) = fTo (2.28)
e(e(z)) =e(f(2)) =0,e(apn) =0 (2.29)
alg?) = ¢ a* () = vE () (2.30)
alir () = () alua(F)) = o () (2.31)
ale(z)) = —¢~(2q2) 'e(q°z) (2.32)
a(f(2) = —F(@° =)t (2q5) ! (2.33)

Namely, the maps A\, e are algebra homomorphism and a is an anti-algebra ho-
momorphism satisfying the relations (2.18)-(2.21) in Definition 2.4. Therefore

the H- algebra Uq’p(f/a\[g) with A\, e,a is an H-Hopf algebroid.

PROOF. Let’s check (2.19)

c

m o (e®id) o Ae(z)) = m(e®id) o (e(qfcmz)@qp*(q T 2) + 1®e(2))

— mo (ele(g” 2) B (=T 2) + 18e(2))
= 1m o (1656(2)) = 6(2),
(2)

mo (id®e) o A(e(2)) =m(id®€)0(( U@V (0”7 2) + 18e(2))

= mo (e(elg™ ™)) Be( (e(q™ 7 )2)) + 18e(e(2)))
= mo(e(2)B1) = e(2).

For (2.20)

mo(id®a)oAe(z) =mo(id®a)o(e(g e 2)BY (g% 2) + 1&e(=))
= mo (e(alg™™)2)Ba(w (alg*F)2)) + 15a(e(2)))
_ e(qC(z)z)q/;_(q#z)_l B ¢+(q_#2)_1e(qc(2)z) —0
= wi(e(e(2))1).

We call the H—Hopf algebroid (U, ,(sly), H, Mg~ i, i, 10, €, a) the ellip-
tic quantum group Uy ,(sls).
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From (2.24), a straight forward calculation shows the following relation

A(“l(:)):“l@ém(:). (2.34)
e (f) pr(f) - pr(f)

2.3. Level-1 highest weight representation of Uq,p(glg).

DEFINITION 2.7. [16] Let $, My, N_ be the subalgebras of Uq,p(glg) gen-
erated by c,d, K* | by a,, (n € Z=q), en (n € Z>¢), fn (n € Z=o) and by
a_p (n € Zso), e—p (N € Zso), f-n (n € Z>q), respectively.

The Heisenberg algebra U, ,($)) is a subalgebra of Uq7p(5A[2) generated by
O, (m # 0) and c. From defining relations of Uy ,(sls), we have

m

[2m]fem] 1 - p

[,y Q] = m I T 40,0, (2.35)

[0 0] = [2mn£cm] 11__];: gm0, (2.36)

s y] = 25 (2.37)
| pem

where o, = ",y (M #£0).

1—pm

DEFINITION 2.8. Fork e C, a Uq7p(;[2)—m0dule V(A p) is called the level-
k highest weight module with the highest weight (A, ), if there exists a highest
weight vector v € V (A, u) such that

V) =Ugp(shh) -v, Ny -v=0,
c-v=kv, f(P)-v=f((u,P))v, f(P+h) v=f((\P+h)o.

DEFINITION 2.9. Define Ay(a=0,1) € b* by
<Aaa h> = 5(1,17 <Aaa C> = 5(1,07

and the other pairings are 0.
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THEOREM 2.10. [16] For a = 0,1. Define V(Ay + p, 1) = € (F &c
v,KkEN
(Foi @ et @ eWrtn). Let p: U, p(sla) — End(V (Mg + p, 1)) by

p¥T(2)) =q e exp <—(q —a ) —pl((i_pnn) (zq%)”>

n>0
Xexp( Zp o a” 2q%) —n) (2.38)
n>0
“ () = ohe=2Q oxp [ — LN Peleen) 1
p(¥~(2)) =¢q p((q q )n>O 1 ( ))
o 1 p(an) —i\-n
XeXp(q q _pn( ) ) (2.39)
ple(z)) =: exp ( Z Pl Oén s | e htl
n#0
p(f(z)) =:exp ( p([zj/”)z_” ey Th Tl (2.40)
n#0

where Fy, 1 is the polynomial ring Cla_,, (m > 0)]. For u € Cla_,, (m > 0)]

plc) - u=u, pla_,) uv=a_yu,

2njn] 1 —p* _,, 0O
o) u= BARLLD (0D

Then V(Ay + p, ) is the level-1 irreducible highest weight module of qup(ﬁAlg)
with the highest weight (Ag + p, p) and the highest weight vector vg = 1 ® 1 ®
Aa Q
et e,

For convention, we will drop p to refer the elements in End(V (A, + pp)).
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PROPOSITION 2.11. The level-1 elliptic operators satisfy the following re-
lations

oty = LAZI M B etu: 2
o et = U EPL e (2.42)
7)) = ((qqf £ (;qip;;; ) w) (2.43)
Fet () = (Zlf—f]j;): Pt (w) (2.4
Pty = LB e (@S aya) . (0.05)

(®2:p07 %) 0 (¢72%5P)00

where ¢ acts on V(Ag + p, 1) by 1.

3. Higher level representation of qu(;[g)

In this section we show a construction of the higher level realization of
Uq,p(sl2) by using the Drinfeld coproduct of the elliptic quantum group Uy ,(sl2).
Also, we will present the associated Z-operators.

3.1. Higher level representation of Uq,p(sA[g). For k > 0,\; € b*,u ¢
H*(i € {0,1,--- ,k+1}). Let’s consider a tensor product of k + 1 copies of the
level-1 highest weight modules V (A, + u, p)(a = 0,1)

Vierr (i) = V(A ) + /L(l)’“(l))®"'®v(/\a<i>+M<”vﬂ(”)
®V(Aa(i+1) + ,u(i+1)7 M(l+1)) & V(Aa(""“l) + :u(k+1)7 :u(kJrl))a
(3.1)

such that oV, ... a**1 € {0,1} and take i of a’s as 0 and k41 —1i of a’s as 1.

THEOREM 3.1. The space Vi41(Ai, i) is the level-k + 1 module of Uq,p(glg)
with the highest weight

k+1 ‘ k+1 '
Niott) = (Mo + (k+1—i)Ar + > u@ " )
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by the action

62(2) =1 Q- 1 ® e(zq—(c(i"'l)+...+C(k:+1)))
_ (B Gy o (kD)
X (Zq (5=—+ NI ))

_ _ Ut L G43) 4y (kD) (k+1>
Q1 (zq (=it ¢ +ck+1)) QYT ( ’
(3.2)
k1
AF(f(2) =D Fi(2),
i=1
i _<D (D o
Fiz) = ¢H (2" T ) @ YT (2T >>®---
®¢+( —(C(l)—l- +C(z 2)_|_c(l 1) )®f( (1)+ —I—C(Z 2)+C (i— 1)))
QL -®1, (3.3)
(21 o(3) 4 (k1) W(1) | (34 o(A) 4 o(k+1)
AF (= (2)) :@/’i(zqﬂE o )(X)@/Ji(ijF ke
®1/}i(zq (1)+c<2)ic(4>+c<5>;“c<k+1) o --®wi(zq_M),

(3.4)
where ¢V =1® - @c®@---®1 and ¢ acts on V(Ao + p®, 1) as 1.

In order to show the proof of Theorem 3.1, we need the following OPE rela-
tions for e?(z) and f*(z) in the expansion of A¥(e(z)) and A*(f(2)) respectively.

LEMMA 3.2. Seti < j. Fore'(z)

) j (q_2w7pq_2Ak(c))oo 1 ;
[ Vi — z .ol J .
e'(z)e’ (w) (@2 pg 257 ce'(z)e! (w) -, (3.5)
—949:0) . 90 2w k(e
(q72+2¢7 L g2 o (g2 pg 287 ()

J J — L J .
€ (Z)e (w) - (q2+26(j)%;q2c(j))oo (q2w pq 2Ak(c))oo . € (Z)e (w) .y

z

(3.6)
‘ —22AF () w. . —2AF(c) ' '
el (2)¢ () = (fQQ_w@pp; s e w) (37)
For fi(z)
£ () = ((w—%jo PP ) (3.
. —2w. 2c0)
PP () = ALz W50 Doy iy

(@2%5P)o (220> )0
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(2P D)oo

M () fH(w) (3.10)

) f (w) =
Proor. This follows from Proposition 2.11.

PROOF. Proof of Theorem 3.1. We can check directly that AF(e(2)),
NE(f(2)) and AF(p*(2)) satisfy the defining relations of the elliptic algebra
Ug,p(slz2).

Let’s show that AF(e(2)

1

e satisfies (2.13). By using the tensor product rules,
relations (3.5)-(3.7) and (2.

)
6), we have

k
(¢*225pg 229 i i
21 (q_qu_QAk(c) z? ;pq_gAk(c))oo A (6(21)) A (6(22))
k
(q2 zz’pq—ZA (c))oo k+1 . k+1 '
=4 <q—2pq—2Alk(C) EY L pq 205 @) Ze’(zl) Z‘Iej(@)
— =
o (1-q22) (P25 pg~ 2" ) % o ()e
(1=a*%) (q72pg 22" () 2 pg228()) o £
k
(*25pq 2279
T2 (¢~ 2pg 22O 2 pg =257 _
y ’il —q22) (¢ 22 (PP P ) ¢ () ()
7 7 — 7 7 2 1
S 1 1 —q 22;) (q2+20 zf’qQC )oo <q 2+42c z;’qQC )oo
k
(1-¢*2) (¢?2;pg =22 () o oo
+21q7° — 2 e’ (22)e(21)
(1 =g 22t) (¢ 2pg= AR 2 pg=288(e)) ;

( 221, pq—QA (c))
29 )

= —Z2
(q2pg=2AM (@) 2L, pg=28%())
—2 ZQ k41
21 (]- —q
—¢*= Qzl Zej z2)e
“2 Z2 1<j

_ k —
(Zl)(l_q 222) f (722 2,2 ) o (#4222 ) ¢ (22)ef(21)
- —_ —_ i 1 —_ i 7 2 1
2 (1=q723) S (PP 2567 oo (07272725 6% oo

222) k+1

5 (1—g?2 -
R ZGJ(Zz)GZ(Zl)

2 (1 - q_2z_;) i>j
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The factor
_ k _
EN G 2) i (4777 2™ oo (7 207 )
2 (1=q722) 52 (@207 oo (7212 2507 )
Ay ki:l (0722:¢* oo (€7 256 )
20 (PP ) (077250% )
becomes 1 on account of the notation @q2c(i) (21/22) = —(zl/zg)@qgcm (z2/21).

Similarly, we can show that A*(f(z)) realizes (2.14).
Also, we can prove that AF(e(z)) and A*(f(2)) satisfy (2.15)

(AR (e(21)), AF(f(22))]
- (5<q—“<c>z—1>w—<qc§” %) - 6<q20“>—“<c>ﬂ>w+<q—“?zQ>)

q—4q z2 22

—_ _ (2) 3) ... (k+1) _ _c(k+1)
R~ (z1q~ T TV AT o @ (g )

e N T RN o) P
(6<q 2D L0 Py (= ARy (At ALy
Z9 z2

G-
=)

)

&
q

_ qfl

_ekD (D (R
X1/1+(q 5 ("W +te )Zz>).

Then use the property of the delta function and (3.4).

Denote by v*+t1) € Vi, 1(\, i) the tensor product of the highest weight
vectors in the tensor factors in relation (3.1). We calculate the highest weight
by using the action of M- (2.34) on v*+1) as follows

ke JP) e
= (f(P+h)> !
f(<lu(1) + 0@ 4.4 M(k+l)7P>)

_ (k+1)
f(iho + (K +1—=0)Ay + p®) + p@) 4 oo 4 kD P 4 )

v

We also obtain the comultiplication formula A¥ of boson operator a, (n # 0)
from AF (T (2)).
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COROLLARY 3.3. For k> 1,n# 0. The boson operator is

_ey,

(I-p")g
1— panQC(l)n
(1= g+
1— pnq—2(0(1)+c(2))n

AF (o) = @111+ Qa,1---®1

1o, ®1---®1

(1 . pn)q—(c(1)+c(2)++c<1_1))n

oot ®l-Qa,®1---®1

1— pnq—Q(c(l)+c(2)+...+c(i—1))n

] (1) (2) (k)
( pn)q (C ¢ ¢ )n
+ PR +

1— pnq_2(c(1)+C<2)+"‘+C(’“))n ®1l--® Oy (311)

where ) =1Q - Qc®@---® 1.

PRrROOF. Based on the relations (2.16), (2.38)-(2.39) and (3.4) in Theorem
3.1 , we can write

Fla_ Ak ()
AP (2)) = AF(g e ) exp (—(q - %(zq2)”>

n>0 pn
nAE (o ~k (e
< exp (<q ) 1%;””)@2“)—") NCEE)
n>0
n k a._ N
D7 () = A¥(ghe ) exp <—<q — Y p—f_(pn 2 <zq-2”>">
n>0
k o Ak (e
X exp ((q—ql)ZAl_(—];‘n)(qu())”>, (3.13)
n>0

where AF(qFhe=2@) = (¢*"e29)®- - ® (¢T"e2%). These imply Corollary 3.3.

The operators A*(a,)(n # 0) give a level-k+1 realization of the Heisenberg
algebra U, ,(9).

PROPOSITION 3.4. The operators AF(a,,)(n # 0) and ANF(c) satisfy

2m|[AF(c)m 1—pm AR (m
(8%, B¥an)] = B B O
(3.14)
2m] 1—pm

m 1— pmq—QAk(c)m

(A (), A (e(2)] = | CLICYN IR

(3.15)

[Qm] 1 — pmq—2Ak(c)m

[AF (), AR (f(2))] = — g Emam AR (f(2)).

m 1—pm
(3.16)
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3.2. Z-algebra. Here we give a realization of the level-k + 1 Z-algebra. The
form of the vertex operators in [16] section 3 led us to introduce E(j,z)(oz, z) and

E(ik)(o/, z) in the following definition.

DEFINITION 3.1. By using the level-k + 1 elliptic bosons AF(a,)(n # 0),
we define the vertex operators

(k)(a z) = exp (iz ﬁﬂ,g?”) 7

n>0

Ak (o
+ :I:n Fn
E(k)(oz z) = exp (ZF E ’“(c ) ,

n>0
which are formal Laurent series in z with coefficient in EndVii1 (A, p).

The following proposition is a consequence of the commutation relations
(3.14)-(3.16) in Proposition 3.4 with A¥(¢) acts as the scalar k + 1.

PROPOSITION 3.5. E(j,z)(oz, z) and E(j;)(a’, z) satisfy the following relations:

(¢ 220 D /2 D) (g 2w/ 2 pg 2 F D)) o

(220D / z; 241D o (¢Pw /23 pg =2k +D) ) o

xE(_Ic)(a,w)E(z)(a,z), (3.17)

(¢ 2w/z ** ) o (¢Pw /2 p) o

(Pw/2 D) o (¢ 2w /25 p) o

xE@)(a’,w)E&)(a',z), (3.18)
2+ (k+1) 2(k+1)

+ (¢ w/zq Joo i +

gy (e, 2) By (o, w) = (g 2T Dy /2 2R+ D) E gy (s w) By (e, 2),

(3.19)

E(J;)(oz, 2)Egy(a,w) =

E(+k) (o, 2)Ey, (o, w) =

fors (@ w/z g2 )
(k) (2441 ) 2 2(RF1) (k)

(o, z)E(k)(a w) = (v, w)E(j;c)(o/, z),

(3.20)
( +242(k+1) (w/ ) q2(k+1))oo
(w/z)%; g2+ oo
w/z)E; pg— 2+
quEQEw?Z; pq—Q(k‘-H); Ak( (w ))E(j]z)(a,z%

(3.21)

B (,2) A (e(w)) =

(k (qF2+2(k+1)

(¢ (w/2)F5 %) o (¢ (w/2) %5 p) oo
(q72(w/2)*1; 2* D)  (¢F2(w/2)FL p)oo
x Ak (f(w))E(k)(a z), (3.22)

B (of,2) A% (f(w)) =
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F2+(k+1) (1 / 2 :I:l’ 2(k+1) )
E(i)(a Z) Ak (6(w)) - Egi2+(k+1)2w§23i1 q2(1<;+1)§ Ak ( ( ))E(k)(a 7Z)7

(3.23)
F2H (k1) (4 /) EL: 264D
By (e, 2) A% (f(w) = EZ:t2+(k+l)Ew;Z;:|:1;Zz(lﬂ—l);oo AR (f(w)EG (a, 2).
(3.24)

DEFINITION 3.2. [16] For k € Z~o. We define the level-k + 1 quantum
Z -operators by

AM(e(2)) = Bk, a, 2) 27 (2)
AM(f(2)) = E(k, o' 2)Z7 (2)

where
E(k,a,z) = E(_k)(—a,z)EZ;)(a,z)
e[S 2N ) (e Afan)
B p(z Ak ()n] ) p( 2 AR )
(3.25)
E(k, o, 2) = E(_k)(—a',z)E(J;:)(—a’, z)
AP(al,))
- (Z e )e"p ( T )
(3.26)
k+1
ZE5z) = Y ZE(2). (3.27)

Since AF(e(z)) and AF(f(z)) satisfy the defining relations of qu(f/:\[g), we
find that Z*(z) satisfy the following relations [16]:

THEOREM 3.6. [16]
g(P+h)Z7(2) = ZT(2)g(P + h),g(P)Z7 () = Z"(2)9(P — (Q, P)),

(3.28)
g(P+h)Z (2)=2Z (2)9(P+h—(a,P+h)),9(P)Z" (2) = Z (2)9(P),
(3.29)
d, Z*(2)] = —Z%Zi(z), (3.30)
[A* (o), ZF (w)] = 0, (3.31)
AMKE)ZH(2) = P ZF (2) AF (KF),
AME*)Z7(2) = ¢?F D Z7 (2) AV (KF), (3.32)
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(g7 2w/ 2z; ¢+ o
(22 Dy [z, 2D

(g 22/w; *F+Y) o
(22D 2 Jup; 2R+ D))

z 7E(2) 7% (w) =

Z*(w)Z*(z),

(3.33)

(P Dy ) z; 2D
(q—Q—‘,—(k:—i-l)w/z; q2(k‘+1))oo
(q2+(k:+1) . 2(k+1))oo

Z/’LU,q — + —
_(q—2+(k+1)z/w;q2(k+1))ooz (w)Z"(2) =

. —1q_1 (Ak(K_)é(q_(kH)z/w) — Ak(KJr)(S(q(kH)z/w)) .

Z7(2)Z2™ (w)

(3.34)
PROOF. Let us show the relation (3.31). For m > 0, we have
(A (), 27 (w)] = [A (o), B,y (0, w)] AF (e(w)) Efy, (o, w)
FEG (0,0)[AF (am), A (e(w))] B (0 w).
This vanishes because of (3.15) and

2] L—pm

k — _ —(k+1)m w™
(A (ozm),E(k)(oz,w)] = T g 2w (k+1) E(k)(a w).
By the same way, from relation (3.16) and
[Qm] 1— pmq—2(k+1)m I
[Ak( ) (k)(a w)] m 1—pm q(k+1) w E(k)(@/aw)7

we get [AF(al)), Z~ (w)] = 0.
Similarly, the case m < 0 can be proved.
To prove the relation (3.33), we use equations (3.17) and (3.21) and obtain

ZT(2)ZF (w)
E(k)(oz,z) Ak( ( ))E(j;)( z) (k)(a w) Ak( (w))E(JZ)(a,w)
(q_2+2(k+1)w/z; qz(k+1 )oo(q w/Z,pq_Q(k+1))oo
_ (@22t Dy /2, 264D (q2w/z; pg 2R+ D)
X E (o, 2) AF (e(z))E&c)(a,w)E&)(a,z) AF (e(w ))E(J;:)( w)
(@* D (w/2); 2“““)) (¢°(w/2)pg > * 1)
(g (w0 /2); 2 ) oo (g2 (w/ 2): pg 20D )
xE(k)(a, z)E(k)(oz, w) AF (e(2)) AF (e(w))E&)(a, z)E&;)(a, w).

Since AF(e(z)) satisfy the defining relations of Uq7p(£'/!\[2) and again use (3.21),
we get the desired relation.
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We also derive (3.34) as follows.

(q2+(k+1)w/z; q2(k‘+l))oo
(2D z; 2(k+1))
(@ Vw /2?0 ) o
= (q*2+(k+1)w/z;q2(k+1))oo
XE(_)<O‘7Z) NF <6<Z))E(+)< )E(k)(a w) AF (f(w ))E(k)(a w)
— Bj,(a,2)F M(a w) AF (e(2)) AF (F(w)) B (0, 2) B (ol w)
=B (Oéu 2)E™ (o, w) [AR(f(w)) A% (e(2))

<q (k+1) Z) Ak (¢—>(q(k+1)/2w)

=0 (a®2) A8 @)D 2w)]| B (0, 2) B (o w).

Z%(2) 2 (w)

In the second equality, we used the relation (3.19). In the third equality we used

the defining relation of qu(;b) between AF(e(2)) and AF(f(w)).
By using

Ak(lbi)(qq:(k—i_l)mw) _ Ak(Ki)E(k) (a’ q:F(kH)w)_lE(k) (O/, q:|:1/2w>—1

x BV (o, " F D w) T EF (o, T Pw)
and the property of the delta function, we obtain relation (3.34).

From Definition 3.2, Theorem 3.1 and Theorem 2.10 with ¢ =1®--- ®
c®---® 1, we express the level-k + 1 Z-operators as follows

k+1
Zt(z) = Z B (@, 2)e; (@, 2)e] (a,2) B (@, 2)

X(l@"'@Ga®€_2Q®-"®6_2Q)

X(l Q- ® th_(c(i+1>+...+c(k+l))h ® qh Q- ® qh)
xzq_(c(i+1>+”‘+c(k+l))

k+1

2= 3 Epa )l (@ (@) By ()

X(e—QQ®...®€—2Q®e—0‘®1...®1>
x(g @ @q g T T g g 1)

xzq_(c(i+1>+.,.+c(k+1))
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where
e, (o, 2) =
-1 Oé_nqc(i)n _(c(i+1)+m+c(k+1))n
exp | (g —Q>Z{1®'~®—26(i)nq ®1---®1
n>0 1= q
+1®---® Iin_a;ﬁ- G N A L S U=
Pra_n |

to+1® @ T— 1) )

. (a,2) =
C(i)+...+c(k+1) n
n>0

Q@ —n q*<c(i“)+~--+c(’“*”>" @1---®1
p

(679 _
4 1® - n
toetles e ) )

_ _co(D
fi (o, 2) = eXp( q—q Z{ n_2c<1)nqc "®lo®1

n>0
/

(0%
+1® ;"q—(c(l)—m(z))" Rl Q14+

1 — png —2c¢(@)n
1@ 1 _aq’;:(i)nq_(c(1>+...+c<i—1>)n+c<i)n 21 ® 1}2”)
Fla,2) = exp ( Z{ _20(1)nq—c(1)” R1---®1
nso L P
+1® %q(cm‘“ Ml @t
18- ® — pf;i;%c(i_l)nq(c<1>+...+c<i—2>_c<i—1>)n 21 @1
+1R®R---® N _z/;c(i)n (e 4@ g =D 4 D)y 21 ® 1}z_n)

4. Integrable condition of U, ,(sl;) module

In this section we show that the products €x(z) = A¥(e(2))AF(e(zg?)) - - -AF
(e(2q? VD)) and Fx (2) = AF(f(2) AF (F(zq72)) - AF (F(zq~ 2N D)) give the
integrable condition for the level-k 4+ 1 U, ,(sl2) module at N = k + 2, namely
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the nilpotent condition. Then at the same time we show that the products
¢n(z) and Fn(z) at N = k+1 give certain vertex operators associated with the
level-k + 1 module of U, ,(sl2).

THEOREM 4.1. Fork > 1. On the level-k+ 1 integrable module Vi1 (X, i)

of Uq,p(sAlg), we obtain a quantum analogue of the condition of integrability (an
elliptic analogue of the Wheel condition) as

Cural) = OHE B (o) ) =0 (4
Firo(z) = AF(F(2)) AF (f(zq72™)) - AF (f(2g2FHD)) =

On the other hand, €x11(2) and Fx+1(2) give the following vertex operators

Cr1(z) =
Ak
&(p,q)e : exp Z—Mq"mz‘” (10K 9K ®---©K")
S )
X(ea ® e ® ea)(zh_l—l ® e ® Zh+1)
<" @tV g .. g1 T, (4.3)

Sr+1(2) =
NE(a!
S(p,q)s : exp Z ( n)qk”z_" (KtToKt®---9Kt®l)
=
X(ea ®-® ea)(z—h-l—l ®R-® Z—h+1)
x (gF DR @ gk @ @ gh)g (k+1)2<k+2>7 (4.4)

where
(g~ 2pg (A1) pg=2(A(D))
&(p,q)e = (2 Z2(A()): pg—2(B(e)
¢*Pq” ;g )oo
pg— 28 (O+@i=1), 2D (@)
joliml (q pg~ 2L ()+(2i=1); pg=2(2 ()

k—1 k— l 2+2]pq_2A(+)(C) pq_zA(i-H)(c))oo
X H H (@2 pg—2D0 (), pg—2800 ()

(q2+szq’mwfl)“);pq’m(i%l)(c))m

(q72+2qu72A(i+l*1)(c);pq72A(i+l*1)(c)) ’

oo
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k—1k—j <pq2_2i_2(c(1)+...+c(j))).pq_z(c(l)_._..._i_c(j)))oo
S(p.q)r = : o :
) —2—-2i—2(cW4-.4c@)). ), —2(cV) ... 4-c()
im0 iy (pg 222k et)) pgm (et ) o
k—1 k—l _ _oAG+D _o A+l
y H 2+2qu 2N (c) 2N (c))
2148 (q2+2ipg—2A0F0 (o), pq—QA(H-l)(c))
j<l=11=
(q2+2gpq—2a<z+l 1>(c) —2A<1+l_1)(c))oo

(q—2+2qu—2A(z+l ) (c) : pq—QA“‘H—l) (e) )oo

PROOF. Let us show the proof of (4.1). From the comultiplication (3.2)
in Theorem 3.1, we have the following product on Vj41(\;, p) for some positive
integer N over all possible decompositions

Z € (2,)€" (2i,) - €™ (2iy ), (4.5)

i, iNE{L, e kA1)

where ¢ = 1.
From the relations (3.5)-(3.7) in Lemma 3.2, one can show that for z; /2, =
q? all terms in (4.5) are zero except for those with indices iy > -+ > ipy1. Sup-
pose N =k + 2 and ziHl/zij = ¢2, then for m # n there is i,, = i,. Thus we
get the first condition of integrability. Similarly one can prove the Fri2(2) case.
For the vertex operator €;1(z), since the term with ¢; > -+ > i1 in (4.5)
is not zero, we have

Cri1(2) = e(2q") @ e(2" ) (207 2) @ e(2g" DY (2¢" 2 )y (2¢"7)
®--@e(2) (2q7) - (% 2).

We used relations (2.42) and (2.45) in Proposition 2.11 to write each factor of
the tensor product in a normal order form. Then we get

Cr1(2) = 6(p,0). (e(24")® : e(zg" v (2" 3)
@ e(2¢" ) (24" )Y (24" )
@ @ie(2)(2g}) (@) ). (46)

Substitute (2.39) and (2.40) from Theorem 2.10 into the above relation and use
(3.11), we get the desired relation (4.3). Relation (4.4) can be proved in a similar
way.
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PROPOSITION 4.2.  On Vj41(\;, 1), the vertex operators €y y1(z) and Fr11(2)
satisfy the following difference equations

Crr1(2¢®) = AP (") exp ((q - Ak(a—n)(qk“@")
n>0
X €p1(z) AF (¢"1) exp (—(q —q > Ak(&n)(€lk+12)_"> ,

n>0

(4.7)

Sr1(2¢%) = A g™ ") exp <(q ) A’“(a’_n)(qk“@n)

n>0

XFr1(2) AF (¢ "D) exp (—(q —q > A’“((%%)(qr’”lzr)_") :

’ (4.8)

By means of an elliptic analogue of the Drinfeld coproduct, we have found
the higher level module of the elliptic quantum group Uy, (sly).

A highest weight slo>-module is called integrable if the Chevally generators
are locally nilpotent on this module [9]. Proposition VI.5 in Ref. [15] shows
that on the level-k standard glg—module, the currents z,(z) are nilpotent op-
erators at k + 1, x4,(2)**!1 = 0. The authors in [1, 3] found the nilpotent
condition for Uq(sA[g) integrable module. Here we obtained the elliptic ana-

logue of the nilpotent condition for Uq,p(sfy\lg) module. In quantum case, the

vertex operators z7%(z) in [1] satisfy certain ¢-difference equations x7%(z¢?) =
m+1 3(m+1) —3(m+1)

AFP¢THzq 2 )2t (2) AR (aq™ =), 278 (2¢?) = Afd(eg 2 )a7F(2) AF
w_l(zqi(n?l) ), where ¢(z) and v(z) are the generating functions of the bosons
a—_pn,an(n € Zsg) respectively. We found the elliptic analogue of these g-
difference relations. It is clear that the operators AF(¢)*(z)) do not appear
on the both sides of €1 1(z) and Fr+1(2) in (4.7) and (4.8) respectively unlikely
in quantum case because the operators A* (1% (2)) (3.12)-(3.13) are exponential
functions of both annihilation operator AF(a,) and creation operator A*(a_,,)

with p factors.

The authors in [7] compute the correlation function of U, (sly) perfect vertex
operators using the wheel condition. We expect that we can make a similar
application in the elliptic case.
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