Size Improvements In Unit Root Tests
For Time Series
With Serially Correlated Errors

MITSUHIRO ODAKI

Abstract
This paper proposes a few nonparametric tests to reduce severe size distortions in the
Phillips-Perron tests. It is shown that these lead to noticeable improvements by including terms

that slowly converge to zero in asymptotic approximations.

1 Introduction

The unit root tests proposed by Phillips (1987) and Phillips and Perron (1988) (the pp tests) are widely
used to cope with data generating processes (DGPs) with serially correlated errors. At the same time, many
articles including Perron and Ng (1996) and Haldrup and Jansson (2008) have pointed out that their sizes
are significantly distorted even under a sample size as large as 500. It is clearly recognized that a kernel
estimator is needed in the test construction and that its slow convergence to the true value is the main cause
of such distortions. Some modifications using the parametric kernels in Perron and Ng (1996) above are
restrictive, in the sense that the results were not generally satisfactory.

The purpose of this paper is to propose testing methods that reduce such size distortions in wide-ranging
DGPs. The tests proposed are elaborated so that the distributions of the terms that involve slow convergence
to zero, as in the pp tests, become nuisance parameter free. Adopting the asymptotic distributions evaluated
by the inclusion of these, instead of the limiting distributions, more accurate approximations to the true
finite distributions are obtained, resulting in noticeable size improvements. The properties in relation to
the asymptotic powers are similarly derived. Simulation results indicate that the tests exhibit desirable size

performances in many DGPs.

2 DGP and test statistics

Let {u,} be a stochastic process generated by
w=c + > Yjey Y j'l <0 Fv>3, 1)
=1 j=1

where {g,} is i.i.n. (0, o) with ¢ >0. Following the convention for unit root testing, the DGP is given as

Yo = Ye—1 + H1 + Uy, vi>1, (2)
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under the null (H;) and
Ye=pY—1 + po + tur + uy, 0<|pl <1, Vit >1, (3)

under the alternative (H,), where x; are constants, and let yy,"**, yr be observations with the assumption that
Yo = Op(l)
For the construction of the test statistics, put

T T
A:ZAyt/T7 /‘l:zytfl/T7
= s
T
(fio, fn) = (ZAytgt/T> Gr' (fio, fin) (Z Yo 1g2/T> Gr'
t=2 =2
where g, = (1, — 1) and G; = X!_,g,g!/T, and put
Aﬂt;z‘ = Ayt - éi;h gt—l;i = Y1 — Cis, 1=1,2,3,

where 6'1;, = 51;, = 0, 6‘2;, = ﬁ, 52;, = /1, 6’3;, = /20 + (f - 1)/21 and 53;, = ﬂo + (t - 1)/11 AlSO, let ,bi: 1= 1, 2,
3, be the OLS coefficients of y,-; from the three standard regression models for y, in the unit root tests,

corresponding to the no drift, demeaned, and detrended cases respectively, and put

T
Qir = Y (e — piver — (L — pi) Gy — Ciy) Aforis/T

=3
T
—pi (1 = pi) Y AGi-1ifie—14/T.
=3
Moreover, we need a type of kernel estimator with a bandwidth parameter as in the pp tests. Let {S;} be a

sequence of positive integers, such that limy—...S/T"* =0 and lim;—.. T"*/S; =0, and define f’,-;T;ST as

. Sr T
Pi;T;ST = Z Z Agt;iAgt*j;i/T-
J=2t=j+2

The test statistics proposed are now given as

St At/ T — Pirssy — Qur
T 12 (o
(Zt:2Ayt1/T+2P7«TST+2Q’LT> (Zt 2 Ui 12/T)

]\/[i;T;ST =

1/2°
MI;T; 5, 1s defined only for the case #; =0 under Hy and up = 1y = 0 under H,, and MN;S, is not defined unless
w1 =0, whereas M. r.s, is defined without assuming such a restriction. Apart from QA,-;T, the forms of M. 7.,

are similar to those of the pp test statistics if the residuals are replaced by their corresponding differences

(including the demeaned and detrended variants) and the truncated kernel is adopted.

3 Asymptotics

Define the statistics Nj.r.s, as
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Nigeg, = Yisem-1/T — Pris, — Rir
4TS — - 172 -
(ZtTZZ /T + 2PT¢5T> (ZtT:Q nia/T? — Ri;T)

t—1 D Sr—1 T > >
where 11 = Y521 €n, Prisy = 2750 Y €6/ T, Rir = Rir =0,

1/2°

T T -1 T
Rir = <Z Etgz{;t/Tl/2> <Z gi;tgg;t/T> <Z gi;mtl/TS/2> )
t=2 =2 )

-1

T T T
Ri;T = <Z TItlgg;t/T3/2> <Z gztg:t/T> (Z gi%tntl/T3/2> )
t=2

t=2 t=2

with g»,, =1 and g4, = (1, (¢ —1)/T). Also, put p, = Cov(y,, ¥,-1)/V(y,) under H,. We shall now establish

some asymptotics.

Theorem 1: Suppose that y, is generated by (2)/(3). Then:
(1) Under H,,

A:{i;T;ST = 7i;T;ST + Op(Til/Q)’ = 1’ 2: 3
(i) Under H,,
T2 AA{Z'?T?ST = (1/\/5) (1-p)(1— py) + OP(T71/2)7 i=1,23

The proof of the theorem is in the Appendix.

We propose to adopt the lower percentiles of the finite sample distributions of N;.r.s, at each T and S; for
the critical points of the tests by M;.r.s,, noting that Sy is given and that the finite sample distributions are
nuisance parameter free.' This provides accurate approximations to those of the true distributions. As seen
in (ii) of Theorem, the tests are also consistent.

For the case where ¢, is not distributed as Gaussian, it is easily shown that the asymptotic distributions
of 87 "*T"*Pr.g, become N(0, o*) since X7_; 16, sand X7 ¢¢,_; are independent as j, # j,. In many
cases, from this and the well-known results based on Brownian motions, the distributions of N,-;T; s, from
Gaussian ¢, will be expected to be good approximations to those derived from non-Gaussian &,.

We do not theoretically argue the issue of determining an optimal S, given that the automatic criteria in
Andrews (1991) etc. are not applicable to the truncated kernel. However, letting S;.7 be Sy minimizing

T
| Y AGiAgi—sp—1i/ (T — St = 3)]
t=Sr+3
over F as a set of one satisfying the condition given above, it may lead to a practical selection. In the simulation
results in the subsequent section, we will also include the results for such S’T.

The asymptotics under local alternatives are also not dealt with since they are not simply formulated and
should be approached only by altering p or by ¥, noting that the behavior of y, is close to that of an /(0) if (2)
is true but |1 + X2, y| is small.

_75_



4  Simulation

In this section, we suppose that u, is generated by ARMA(1, 1), i.e., u, = bu,_; + &, + cg,_; with o =1 and
yo=up=0, and we calculate the sizes and powers of the tests proposed in several DGPs. All calculations
were made in Gauss, and the number of iterations was 70,000.

Only a part of the results for M.y, is reported.” F is set to {5,"--, 10} when 7'=200 and to {9,"--, 14}
when T = 500.

As observed in Tables 2 and 3, the tests proposed exhibited entirely satisfactory performances, although
the power performances tend to be worse as Sy increases. We also note that the case where b is close to — 1

led to results such as those in a local alternative case.

TABLE 1
Lower 5 % Points of

the Finite Sample Distributions of Ny.7.s,

T =200

=500

ST:5

Sr=10

ST:5

Sr=10

-1.801543

-1.695338

-1.874812

-1.818321

5 Concluding remarks

We have been established that the nonparametric tests proposed in this paper achieve noticeable
size improvements in the unit root tests with serially correlated errors. The test statistics proposed are
constructed on the basis of the #-statistic, and those on the basis of the normalized OLS statistic will be
easily constructed as in the pp tests, and will be shown to possess similar asymptotics. We will also leave
the issue on how kernels other than the truncated one can construct similar tests and achieve similar results

to future research.

TABLE 2
Size of the tests (5% nominal size) as y; =0
Test\ DGP b=-02 b=-02 b=-05 5b=0 b=05 b=08
¢c=08 ¢=-02 =02 ¢=0.5 c=02 ¢=-05

T =200
Sr=5 0.05 0.054 0.048 0.052 0.05 0.026
M., Sr=10 0.049 0.056 0.051 0.049 0.052 0.047
Sr=8.r 0049 0.051 0.047 0.05 0.052 0.044

T =500
M,.p, Sr=5 0.052 0.049 0.048 0.051 0.05 0.023
Sr=10 0.052 0.05 0.051 0.051 0.053 0.044
Sy=8.,  0.051 0.048 0.05 0.05 0.053 0.049
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Power of the tests (5% nominal size) as o= ;=0

TABLE 3

Test\ DGP =-02 b=-02 b=-05 5H=0 b=05 b=08
¢=08 ¢=-02 ¢=02 ¢=05 ¢=02 ¢=-05
T=200andp =0.95
S;=15 0.636 0.608 0.587 0.641 0.668 0.475
M5 Sr=10 0478 0.511 0.482 0.481 0.523 0.543
S;=38., 0524 0.555 0.531 0.526 0.57 0.545
T=200andp =0.92
S;=5 0.845 0.811 0.788 0.852 0.894 0.768
M5 — Sr=10 0572 0.658 0.598 0.576 0.642 0.721
S;=8., 066 0.751 0.699 0.658 0.71 0.758
7=500and p =0.95
Sr=5 0.997 0.984 0.989 0.997 0.998 0.987
Ms  Sr=10  0.959 0.921 0.94 0.961 0.98 0.987
Sr=381.r 0.902 0.914 0.914 0.903 0.926 0.973
T =500 and p =0.92
Sr=5 1.0 0.996 0.998 1.0 1.0 1.0
My, Sp=10 0962 0.949 0.951 0.966 0.988 0.998
S;=38., 0877 0.947 0.919 0.877 0.906 0.981
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FOOTNOTES

! These depend upon S; only via Py, as the term being concerned with the slow convergence to zero (see
Table 1), and the limiting distributions are the same as those of the Dickey-Fuller test.

? The full report is also available from the author upon request.
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Appendix

Proof of Theorem 1: First, fori =1, 2, 3, put

T
Pi;T;ST = Z Z Agt;iAgtij;i/Tg

j=1t=j+2
~ T
Qi;T - (1 - /31)2 ZA§t71;iﬂt71;i/T-
t=3
Also, note that

(yt — PilYs—1 — (1 - ﬁi)éi;t - éi;t)Agt—l;i/T

1= 1M

T
AGJiAGe—13/T + (1 — f;) ZA?jtfl;i?jtfl;i/Ta

t=3

~
Il
w

since
Yo — Piver — (1= pi) Gy — Cin
= Ay + (1 = pi)ys—1 — (1 — pi) G — Ci
Ay; — Gy + (L = pi) (Y1 — Cin)
= Ay + (1 = pi) 14

by the definitions of Ay,.; and y,;.,. Based on this, we can rewrite M,-;T; s, as

Z? QAgt'igt 11/T - E'T‘ST — Qi'T
1/2
(Z?:2Aytl/T+2‘P1TS1 +2Q’LT> (Z;Qyt 12/T)

Mirs, =

1/2

under both Hy and H;. Moreover, put

Q,Z) =1+ Z w}u U’;(Ll) = - Z 7/)], Uy = 27/);11)@ h
h=1 h=0

j=h+1

with respect to ; in (1). (1) can be then converted to
u=Pe + v — Vg, (4.1)
which in turn leads to

t—1

Dup=1Um_1 + v — vo. (4.2)
h=1

(1) It follows immediately from (2) that
Yi— 1—Zuh (t— D + wo Vit>1. (4.3)

It is now obvious from the ergodicity property of u, and the assumption y,= O,(1) or O(1)(i.e., the initial

condition) that

T T
S wyo/T =Ty, (Z “t/Tl/z) = 0,(T?).
t=2 t=2

For the case u; =0, it is easily seen that

ZAUH% 11/T = ;Ut Zuh )T + Oy(T 12y, (4.4)
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noting that
t—1

Af = Ay = wy, Ye—1,1 = Ye—1 = Z up + Yo,
h=1

T T
> uyo/T =Ty, (Z ut/T1/2> = 0,(T?).
t=2 t=2

We also have

t—1
ZAyt zyt 1 z/T Zut Z Un /T Ki;T7 i = 27 3: <A5)
h=1
T -1 .
Zyt 1/ T2 =3 (3 un)?/T? = Ky, i=1,2,3, (4.6)
t=2 h=1
where
_ T T t-1
Rar = (Su/T") (0= 0/T) (S m)/T2)
=2 t=2 h=1
. T t-1
Ror = {0( w)/TP (T - 1)/},
=2 h=1
~ T
K3;T = {Zm (1, T) T1/2} {Z ( ) 1,t— 1) /T}_l
t=2
T 1 t—1
x {Z< -1 >(Z ur) [ T2},
t=2 \ T h=1
. T el 3/2 1 t—1 o
far = 0w (1) s (L) (L) m
t=2 h=1 T = T
T 1 t—1 t
(L) S
t=2 \ T h=1
These are derived from (2), (A.3) and the facts that AJ,., and 3, 1., are residuals from the regression models
Ayt = ﬂ+et;27 t:27”'7T~,
Y1 = fi + €, t=2,---,T,

respectively and similarly Ay,.5 and y, ;.5 are residuals from the regression models

Ay, = fo+ (t— 1) + eps, t=2,---T,
ﬂo—’—(t_l)/\zl‘i‘ét;g./ t:27T

Yt—1

respectively. Recall again that Ay,.q.; and J,.1.;, i =1, 2, are not defined unless ¢, =0. Also, for i =2, 3, we
regard ;-1 u, in (A.5) or (A.6) as one satisfying

t—1
Doun =V + vy (4.2)
h=1

since any regression above vsnishes v.

Next, turn to the derivation of some asymptotics. It can be easily checked that
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M=

(ve — vi_1) /Tl/2 = OI,(T_l/Q)7

-+
U
¥

M=

(t—1) (v — ve1) /T2 = O,(T~12), (4.7)

o~
|l
¥

M=

(Ut - Ut—l) 77t71/T

t=2
T T-1
= thm—l/T - ZUtm/T
t=2 t=1
T-1 T—-1 T-1
= vyt )T — Y vyt /T + venr—1 /T — > vier/T — vom /T
t=2 t=2 t=1
T—1

vr_nr—1 /T — Z vie /T — vomp /T

t=1

T-1
— Z Utét/T -+ OP(T71/2)7

t=1

ie.,
T T-1
Z(Ut — V1) /T = — Z v /T + Op(T_1/2)7 (4.8)
t=2 t=1

with the notice that Ev,e, = y{o* (and therefore 21— {v,e,/T = y'o*+ 0T '?),

M=

(Ut—l - vt—2) 77t—1/T

t=3
T T-1
th 1M1 /T — th /T
t=3 t=2
r-1 T-1 T—1
= V17— 1/T - Z’l}t 1Mt— 1/T + vr_nr— 1/T — Zyt 1€t/T — Ulnl/T
t=3 t=3 =2

’UT,17]T,1/T — Z ’Utflét/T — 1}17]1/T = Op(T_l/Q),

t=2

ie.,

T
Z Vi1 — v2) 1 /T = Op(T -2, (4.9)
t=3

Note that some asymptotics for overdifferenced series are different from those for 7(0) series. It is also
trivial that

T T
S 0/ T3? = 0,(T7/?), St —1)v/TY? = 0,(T7/?). (4.10)
t=2 t=2

Moreover, we have
T . T
St /T =0,(1), Dt = Dma /T = 0,(1), (4.11)
t=2 t=2
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ivt,l/T?’/Q =0,(T™), i(t — V)1 /T? = 0,(T7). (4.12)

-
||
o

pi — 1=0,(T™"), i=1,2,3, (4.13)

noting that these are the well-known asymptotics for 7(0) and /(1) series and the results derived in
connection with the pp tests (see Hamilton (1994, p. 486 and pp. 504-512) e.g.).
From (A.1) and (4.2), (A.7) and (A.12), it is led to that

Far = 0 (e/TPHE - D/THY ner/T7) + 0,07
Rar = 6 (3 0o/ TH = D/THE 0 /197 + O,
Rar = vt tye (L) e () o my
x {Z( e/ + 0,0,
Fr = vt (1) s () (15
x{Z( )+ 0
ie.,
Kir = Rir + O,(T7™Y?),  Kip = Rip + O,(T7V?), i=1,2,3. (4.14)

and it follows immediately from (A.1), (A.2), (A.8) and (A.10) that

t—1

w (> up)/T

h=1

M=

-+
||
¥

(Yer + vy — ve—1) (Y1 + v—1 — wo) /T

Il
\Mq

-
||
¥

T T
= ’lp2 ZE{’/t,l/T + ¢ Zﬁt’l}tfl/T
t=2

T
'HZJZ v — V) et /T — T7 1/21)0{22 (Ve + vy — v 1)/T1/2}
=2

t=2

T
+ Z(Ut - Utfl)Utfl/T
t=2
T T-1
= 1/)226% /T — 1/)th€z/T+ZUz—vt D1 /T 4 Oy(T 1/2)7
t=2 t=1 t=2
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MH

i lh /T2

-+
||
V)

(Ym—1 + vo1 — U0)2 /T2

Il
\MH

~
||
N

T
USRI — T2y, (z nu/T3/2> + o,
t=2

t=2

T
= W30 /T? + O (T

t=2

ie.,

Z;ut(iuh)/T = 226,57],5 JT — ¥ ZUtEt/T

+ i (v = vee1)ve1 /T + Oy(T 1/2)-, (4.15)
=2
T i T
S (/17 = 4 /T 4 O (4.16)
t=2 h=1 =2

with the notice that 34-} u, following from 7, .20 1.3 in (A.D) or (A.6) satisfies

M=

(Z YUTE = g2 SR TR + 0T,

t=2

-+
||
¥

which follows from the cancellation of vy mentioned in connection with (4.2)".
Note that (A.14) to (A.16) are also the standard results derived from the asymptotics for /(0) and /(1)

above. Similarly,

T T
ZAgt;l/T = ZU?/T,
t=2 t=2

S AT~ z;u?/T s (gm/Tlﬂ) (- 1)1}
= Zu JT + O,(T™1),

éAﬂig/T = iu?/T - T-l{fjut (1, Q) TV
X{i<il)( )y {z(i> J712)

= Zu JT + O,(T71),
ie.,

T T
SOAGT =3"ul/T + Oy(T7"),  i=1,23 (4.17)
t=2 t=2
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In view of the regression models above and (A.7), it is also straightforward to establish that
ﬂ — T71/22 + Op(Tfl) ﬂ =10 4 TI/Qw 4 OP(T71/2)7

under the assumption of x; =0. Moreover, noting that

E(L)0 T mr (4 52) o

it is derived similarly that

fio =1 + TV + O,(T7Y),

fu=T7%2% + Oy(T?),

fio = yo + T4y + O,(T7V?),
fin =+ TV, + 0,(T%?)

where
T
2= Y e /T,
s=2

T
wo= Zns,l/T?’ﬂ,
5=2
T T )
2o = p{AY /T — 6> (s —1)e,/T%?},
5=2

s=2

T T
o= {123 (s —1)e/TY? — 6 Y e, /T,
5=2 s=2

T T
by = {43 na /T = 6 3 (s — 1)nea /T2,

s=2 s=2
A z . 5/2 a 3/2
Wy = {12 > (s = 1)ney/T 6 Y ne1/T%?}.
s=2 s=2

As another standard asymptotic for /(0) and (1), we have

T
ZAgtfl;igtflgi/T = Op(l) i = 1,2,3

t=3

(A.20) will be shown as follows: Recalling (2), (A.3) and the definitions of Ay,_,.;and y,-1 ;, i.e.,

-1
A1 = Ay = w1, Y11 = Y1 = Z Up + Yo,
h=1
-1
Af10 =AYy — f=w—1 — £, G2 =Y—1 — f= Zuh + Yo — [,
h=1

Af1s=Ay1 — fio — E—2)u =w—1 + 1 — fio — (t —2) fis,

-1
Gtz =Y — o — =D => wp+yo+ (=1 — fio — (t—1) fun,
h=1
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and using (A.1), (A.2)/(4.2)", (A.7), (A.9), (A.10) to (A.12) and (A.18) to (A.19), it is led to that

T
> AG1abi1a/T

t=3
T -1

= Zutfl (Zuh =+ yo> /T
t=3 h=1
T

= (et + vier — via) (V-1 + Vi1 — vo + yo) /T
=3

T T T
= ¢’ > eam/T + ¥ Zﬁt—lvt—l/T + Z(Ut—l — vy /T

t=3 =

o~

T
+9 Y (vie1 — Vo) M- 1/T+{Z Ve + vy — v2) [T} (Yo — o)

t=3 t=3

= ¢ ZEt—mt—l/T + 9 th—lvt—l/T + Z(Ut—l — Vo)1 /T + Op(T71/2)
=3 =3 =3

= OP(1)7

T
Z A§t71;2§t71;2/T

= i(ut—l - 1) <§uh + oy — ;1) /T

t=3 =
T
=Y (uH — T35 4+ Oy ) <Z up — T + OP(TUQ)) /T
t=3
T t—1 T T t—1
= S u (O w)/T — o > ur /T — 23 (O wn)/T*?
t=3 h=1 t=3 t=3 h=1
T T t—1 T
+ 3" 20/T + O,(TH YO un)/T — O (T HTY?w Y (1/T) + O,(T™)
t=3 t=3 h=1 t=3
T t—1 T T t—1
= Y ua (O wn)/T — @ S w /T = 23 (D w,)/T??
t=3 h=1 t=3 t=3 h=1
+ 2 + O,(T?)
T
= Z(wﬁt 1+ v = Vo) (Y + vea) /T
t=3
T T
—p Y /T — 23 /T + 20 + O, (T71?)
t=3 t=3
= 0y(1),

T
> A s 13/T
t=3

T

= (w1 4 py — fio — (t —2) fu1)
=3

x (Zuh bt (6= D = o = (6= D) /T

h=1

~..
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Il
M=

(wer = T725 — T2 (= 2) 4 + O,(T7))

~+
Il
w

t—1
X (Z w, — TY? g — T2 (t — 1)y + Op(T1/2)> /T
h=1

T t—1 T T
= Zut,l(Zuh)/Tfﬁ/O Z’thfl/T’l/2 — Zt—lut 1/7—‘3/2
t=3 h=1 t=3 t=3
T t-1 T t—1
— 2 3 un) /T — 23 (= 2) (X wn) /TP + O,(T7?)
t=3 h=1 t=3 h=1

+ XTj(T—l/Zzo + T2 (= 1) &) (T4 + T7Y2 (t = 1)1 ) /T

t=3

Il
M=

(Yer1 + vimr — viea) (V1 + veer) /T

=3
T T
— g Y e /T — apaiy (¢ — )egr /T
=3 =3
T ‘ T
—do Dom /TP = 2 Do (t = 2Qmy /T + Op(T~?)
=3 =3
+ 2ot + (1/2) (Zoty + Z11do) + (1/3) 2110y + O, (T713)
= Oy(1).
(A.20), together with (A.13), ensures that
Qir = Op(T"?), i=123. (4.21)
On the other hand, it is easily shown that
St T
o> (u + wy) /T = Op(SeTV?),
j=1t=j+2
St T
Z Z 22/71 = OP(ST)7
Jj=1t=j+2

T SZI i (t—=1) (u + wj) /T = OP(STT’l/Z)./

J=lt=j+2
-1 . 2
Sy (0 + o 21) /T =0,(50).
j=1t=j+2

Recalling again that

Afji = wy,
Ajijo = wy— fi=w_j — T2 4+ 0T,
Afjs = w—j + 1 — fio — (t—j—1)fn
= ey — T V23 — TV (#) 2+ 0,(T7Y),

these results lead to
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Sr T

> D AUAG /T
j=11=j+2

St T

= Z Z utut,j/T,

j=1t=j+2

St T
Z Z AgtﬁAgt—j;Z/T

j=1t=j+2
Sy T
= > > ww /T —T 1/2A{Z Z u + u—j) [T}
j=1t=j+2 j=1t=j+2
Sy T
—1 Z Z 22/T + Op(T—l)7
j=1t=j+2
Sy T
Z Z Agt;iiAgtfj;S/T
j=lt=j+2
St T
= > > wuy/T -T2 Ao{z Z u + uj) [T}
j=1t=j+2 j=1t=j+2
-T73%3 {E Z (t—jd—Duw + (t=1)uy)/T}
j=1t=j+2
-1 t—j—1
+71" {Z Z <Zo+ §><50+j7731>/T}
= T T
Jj=1t=5+2
+0,(T7),
ie.,
N St T
Pirsr =Y. > wuj/T + Op(SrT™Y)  i=1,2,3. (4.22)
j=1t=j+2

Recall that limy—.. S;/T"* =0, which implies that O (ST~ Y is smaller than O O T “12). We also see from
(A.1) that

St T
> > wu/T

j=1t=j+2

St T St T
= U3 X aay/T+v ) > alvy —vj)/T

j=1t= J'+2 j=1t=j+2

+wzz _Utlft]/T

j=1lt=j+2

St T

+ Z Z (’Ut — ’Utfl)(’Ut,]' — ’Ut,j‘,l)/T. <A23>
j=1t=j+2

It is obvious that
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es01 /T + /T + -+ + es,0 /T = Op(S°T7),

’UTET_l/T + ’UTET_Q/T 4+ o 4+ UTGT—ST—H/T = OP(S%/QTil).

Recalling that v, = 5w\ e, _ , with

¢}(L1) =(=1) > >R[] < oo forv >3,
h=1

i=h+1

which implies that y\" = o(h?) for sufficiently large 4, it is asserted that

T
Z UtEt_ST/T

t=Sr
= Euer g, + Op(T7 V%) =thg0 + O,(T?)
= 0o(Sp?) + O,(T71?) = 0,(T'7),

T

Z Ut(vtfsT - vt,sT,1)/T

t=S7

= Bu(ves, — tisp1) + Op(T %) = O(S57) + O,(T™12) = 0,(T?),

which are in turn followed by

Sr T
(0 Z Z Gt(Ut—j - vtfj—l)/T
j=1t=j+2
T T
= 9 Z€tvt—1/T -9 ZGtUt—2/T
t=3 t=3
T T
+w Z EtUt,Q/T — ¢ Z Eﬂ)tfg/T
t=4 t=4

T T
+9 thvt—zs/T - thvt—4/T +oee
t=5 t=5

T T
+ Z Et'Ut—ST+1/T -9 Z €tUt75T/T
t=Sr+1 t=57+1
T T
+¢ Y quis, /T = Y euig,1/T
t=Sr+2 t=57+2
T T
= 9 ZEtUtfl/T - Z €tUt—ST71/T
t=3 t=S7+2
— (301 /T + e /T + -+ + egpp1v1/T)

= OP(T_1/2)7

Sr T
) Z Z (v — v1)e—; /T

Jj=1t=j+2

T T-1
= 9 thet—l/T — Z UtQ/T
t=3 t=2
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T-1

T
+ U > v o/T — b Y ve /T
=1 =3
T T-1
+ ZUth—S/T - Z vier—o/T + -
=5 =41

T 71
+U > vesp/T — ¥ Y vie-gpq2/T

t=S7+1 t=Sr
T T-1

+ Z Vg, [T — 1 Z Vi€—sp41/T
t=S7+2 t=S7+1
-1 T

= -9 Z veee/T + Z Vs /T

t=2 t=Sp+2

+ (vpep—1/T + vpep_o/T + -+ 4 vper_s,41/T)
-1

= _11/) Z UtEt/T =+ Op(T’il/Q)7
t=2

St T
Do (= vy — vj)/T
j=1t=5+2
T —1
= vt(vt—l - 'Ut—2)/T - Ut(Ut - 'Ut—l)/T

~

~
w
-
||
N

~
_

Ut(UpQ - 'Ut73)/T - Ut(vtfl - Ut72)/T

+
M=

o~
Il
S

+
M=
TIM

Vi(vg—3 — v—a)/T — V(g — v—3)/T + -+

t=5 t=4
T T-1
+ Z V(V—spi1 — Viegy)/T — Z Ut (Ve—spr2 — Viespt1)/T
t=Sr+1 t=Sr
T T-1
+ Z Ve(Vi—gp — Vi—sp—1)/T — Z Ve(Vem$pt1 — Ve—sp)/T
t=Sr+2 t=Sp+1
T-1 T
= - ve(vy — v)/T + Z Ve(Ve—syp — Vt—gp—1)/T
t=2 t=S7+2

+ {vr(vr—1 —vr—2)/T + vr(vr—g —vr_3)/T + -

+or(vr-sp+1 — vr-s;)/T}

T
= - vy — ve)/T + Z V(Vi—sy — Vimgp—1)/T
t=S7+2

|
-

~

M)

+

<

—_ o~

T(VUr-1 — UTfsT)/T

|

= — Ut(’Ut —_ vt—l)/T =+ Op(Til/Q),

t=

M

These results, together with (A.23), lead to
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St T
> > wu /T

j=1t=j+2
St T
= ) > aay/T
j=1t=j+2
T-1 T-1
7¢ thﬁt/T Z’Ut V¢ — Vi1 /T + 0) ( 1/2). (A24)
= t=2

By combining (A.24) with (A.15), we attain to

T t—1 Sr T
2w un)/T =30 > ww /T
t=2 h=1 Jj=1t=75+42

= 1/)2261&% JT — thﬁt/T + Z — 1) /T + OH(T 1/2)

—1/12 Z Z EtEt,]’/T
J=1t=j+2
T-1

71
+ Y we/T + 3 vi(ve = v1)/T + Op(T7?)
=2

t=2

= ¢ Zﬁtﬁt /T — P? Z Z €€/ T

Jj=1t=75+2
+v161/T + vpvr_ 1/T — 3T + 0,(T 1/2)

= o ZEtﬂt /T — Y° Z Z ae—;i/T + Op(T 1/2)

Jj=1t=75+2
ie.,
T -l
2w wn)/T — Z Z ;)T
t=2 h=1 j= lt—j+2
= Zﬁt'ﬂt 1/T 1/) Z Z €€ ]/T + O( 1/2). <A25)
j=1t=7+2
In view of (A.1) again,
T
S u;p/T
t=2
a 2
= (Yer + ve — vea)” /T
=2
T T
= > /T + Z vy — v1)?/T + 20 > e(vy — v1)/T
t=2 t=2

T
= q? Zef/T + 2 va/T -2 thvt_l/T + 2 thUt + Op(Tfl/Q).
=2 =2 =2 t=2

Combining this with (A.24) leads to
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Zuf/T + 2 Z Z wug—; /T

Jj=1t= ]+2

T
= Z /T+22v /T — Qvat,l/T+2w ST v + O, (T2
=2 =2 =2

+2’¢)2 Z Z Gtét,]'/T
j=1t=j+2
T-1

T-1
—2¢th€t/T—2thvt—vt1/T+O( 1/2)
t=2

t=2

= o2 22/T+2¢ Z Zetetj/TJrO( —12),

j=1t=j+2
ie.,
T

St T
SNu /T +23 > wuj/T

=2 j=1t=j+2

T St T
= P23 T + 297 5 S e /T + O, (T7V3). (4.26)
t=2

j=1t=j+2

Using (A.4) to (A.6), (A.14), (A.16), (A.17), (A.2]), (A.22), (A.25) and (A.26), we can easily derive that

T
ZAgt;igt—l;i/T - ]Di;T;ST - Qi;T

t=2
= ¢? Zetm T — 3? Z Z /T — V* Ryr + O,(T71/?)
Jj=1t=75+2
= ¢’ {Z en-1/T — Prs, — Rir},
t=2

T 1/2 , 1/2
(Z Aﬂii/T + 2Pi;T:ST + QQi;T> <Z gfl;i/T2>

t=2 t=2

T St T /2 o\ 2
= wQ ZE?/T + 2 Z Z Etﬁt,j/T (ZT}?l/TQ — Ri;T)
=2

j=1t=j+2 t=2
+0,(T71?)
T 12 , o 1/2
= ¢? (Z &/T + QPT:ST> (Zﬁt21/T2 - Rz‘;T) + 0,(T717).
=2 =2

Considering the forms of M,.r.s, in the first part of the proof, the proof for (i ) is completed.
(ii) Put

_ 1 P _ 1

Mo = Ho — Ha H1 = 77— M1,
L—p (1 —p)? 1—p

y —p n 1

U, = € v,

" 0-pa-pB) " T 1-pB "

wy = ——— € + U — Vs,
1—»p

where B stands for the backward operator, i.e., Bv, = v,_,. Since (1—= B)1=0,(1— B)t=1and
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1 N —p(1l = B)
1—pB 1—p (1-p@1-pB)

it follows from (3) and (A.1) that

1
y = m(/to+tu1+ut)
S A L —el=B)
B T L T L TR (R R
1
+m(’l/)€t+(1—3)’01)
= — t
1 p/l0+ I K 1 p)2M1
1
b et (L B)w)
T A P
= l_pﬂo l—p'ul (1—,0)2M1
+ + (- B){ P Ly
— v
1" (1—p(L—pB)  1—pB "
i.e.,
Yo = fo + oy + wy,
therefore,

Ay, = i1 + Aw,.

Since w, is mean zero, weakly stationary and ergodic by definition, it follows that forj =0, 1,

M=

(Awej+we)/T? = 0,(1),

M=

~
||
¥

t

||
¥

similarly to (A.12). This ensures that

T T
> Ajeabie-1a/T = Awpwy_y /T + Op(T7?),

t=2 t=2

T T
ZAgt;igt—l;i/T = ZAwtwt—l/T + Op(T_l)> 1=2,3,

t=2 t=2

T T
th?—l;i/T = Zw?—l/T + OP(T_1)7 i = 172737
t=2

t=2

(t-1) (Awny +wi) [T = O,(1),

(4.27)

(4.28)

» Sty

(4.29)

(4.30)

(4.31)

in view of (A.27) and (A.28) and recalling that Ay,., and 3,1 . are residuals from the regression models

Ayt = /\20 + ét;0;27 t:27"'7T7
Ym1 = fl + G2, t=2,---,T,
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respectively and similarly Ay, 3 and y, - .3 are residuals from the regression models

Ay = i + (t— Dfiog + Euogs,
fro + (=g + &as, t=2,--,T,

Yt—1

respectively. Recall again that Aj,.; and J,—1.,, i = 1, 2, are not defined unless x; = 0. Using similar arguments

to those used for (A.20) and (A.22) in the proof of (1), we also have

T T

ZAgt—l;igt—l;i/T = ZAwtflwtfl/T + Op(T_1)7 i=1,2,3, (4.32)

t=3 t=3

5 St T

Pirsy =Y. > AwAw,_;/T + O,(SrT7") i=1,23. (4.33)
j=1t=j+2

Moreover, put R(0) = ¥ () and R(1) = Cov(y,, y,-1), and it is obvious from (A.27) that R(0) = Ew; and

R(1) = Ew,w, . By the weak stationarity and ergodicity of w, again,

T

ST Awwe /T = Ry(0) — Ry(1) + O,(T'3), (4.34)
t=3

T

S wiy /T = Ry(0) + Op(T7V?), (4.35)
t=2

pi=p + O,(T7?), i=1,2,3. (4.36)

Recalling the definitions of O,.; in the first part of the proof and putting (A.32), (A.34) and (A.36) together,
it is derived that

Qur = (1= P {R,(0) — R,(D} + 0,7, i=123. (437)

On the other hand, it is straightforward to check that

St+2
Z Awtwt_l/T = OP(STT71)7

t=2

St+2
Y. Aw/T = Oy(SeT ™),

t=2

T
Z Awtz/T = Op(STT_l),

t=T—Sr
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S St+2

Z Z AwAwy_; /T

J=lt=j+2
St+2 St+2 St+2
= Z Ath'l_Ut_l/T + Z Athwt_z/T + Z Ath’LUt_g/T
t=3 t=4 t=5
Sr+2
+ -+ Z A'UJtAU)t_ST/T
t=S7+2

= AwzAwy/T + Awy(Aws + Awy) /T + Aws(Awy + Awz + Awy)/T
+ o 4 Awgy o (Awg, 1 + - + Awy)/T

= Awglwy — w)/T + Awilws — w)/T + Aws(wy — wy)/T
+ o+ Awgpyo(wspn — wi) /T

= 0,(S;T7Y)

noting again that lim;—... S7/7"*=0. These lead to

T
Z Awtwt,l/T

t=2
T St+2
= Z Awtwt,l/T + Z Awtwt,l/T
t=S7+3 t=2

T
= Z Awtwt,l/T + Op(STT71)7

t=S7+43

Sr T
Z Z Athwt_]-/T

j=lt=j+2
Sy T Sr Sr+2
= Z Z A’LUwat,J/T + Z Z Aw,Awt,J/T
j=1t=Sr+3 Jj=1t=j+2
St T
= > > AwhAw /T + Oy(SrT™Y)
j=1t=Sr+3
T Sr
= Y Aw (z Awu) IT + 0,(5T)
t=S7+3 Jj=1
T
= > Aw(wiy — wig1)/T + Op(ScT7H),
t=S87+3
Consequently,

T St T
ZAwtwt_l/T — Z Z Athwt_j/T

t=2 j=1t=j+2

T T
= Z Awtwt_l/T — Z Awt(wt_l — wt—ST—l)/T + OP(STTil)

t=S7+43 t=S7+3

T
= Y Awaws,1/T + Oy(SrT7)

t=S7+3
= EFAwwi_g,1 + Op(Tfl/Q) + Op(STT*I)
= 0(S}) + O(T7?) + 0,(SrT™") = O,(T72),
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ie.,

Similarly,

r Sr T
ZAwtwt,l/T — Z Z AwAw,_;/T = Op(T_l/Z).

J=1 t=+2
St+2 T
SN Awi/T + > Aw/T = 0,(SrT ),
t=2 t=T-Sr
St Sr+2 St T
Z Z A’U}wa,‘fj/T + Z Z Athwt,j/T
j=1t=j+2 j=1t=T—-S8p
St+2 St+2 St+2

Z Athwt,l/T + Z Athwt,Q/T + Z A’U_)tA’UJt,g/T
t=3 t=4 t=5

St+2 T
+ - 4+ Z Athwt,ST/T + Z A'U_)tAUthl/T
t=Sr+2 t=T-St

T T
+ Z Athwt,g/T + Z Ath’UJt,;;/T

t=T—St t=T—Sr

T
+ -+ Z Athwt,ST/T

t=T— S

AwszAwe /T + Awy(Aws + Awq)/T + Aws(Awy + Aws + Awy)/T
+ o Awgpa(Awspsa + -+ Awy) /T

T
+ Z Awy (w1 — wy—gp—1)/T

t=T-Sr
Awg(w2 — wl)/T + Aw4(w3 — wl)/T + Aw5(w4 — wl)/T
T
+ o+ Awgppa(wepp — w)/T + Y Aw(wiey — wieg,—1)/T
t=T-Sr
O,(SrT™),
St St+j+2 St T
Z Z Athwt,j/T + Z Ath’LUt,j/T
j=1 t=j+2 J=1t=T—-Sr+j+2
St+3 St+4
Z AthU}t_l/T + Z Athwt_z/T
t=3 t=4
St+5 2S7+2
+ Z Athwt_g/T + 0+ Z Ath’LUt_ST/T
t=5 t=S7+2

T T
+ Z Athwt_l/T + Z Ath’LUt_g/T

t=T—-Sr+1 t=T—-Sr+2

T T
+ Z Athwt_g)/T + e+ Z Athwt_ST/T

t=T—S7+3 t=T
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leading to

AwsAwe /T + Awy(Aws + Aws)/T + Aws(Awy + Aws + Awy)/T

+ o+ Awgppa(Awsgr + -0+ Awg) /T

+ Awg,i3(Awgpqa + -+ + Aws)/T + Awspra(Awspya + -+ + Awy)/T
+ Awg,i5(Awspo + -+ 4+ Aws) /T + -+ 4+ AwygpioAws,y2/T

+ Awr_g, 1 Awr_g,. /T + Awr_grio(Awr_gp+1 + Awr_g,.)/T

+ Awr_gp3(Awr_g, 12 + Awr_gp41 + Awr_g,)/T

+ - 4 Awp(Awr—y + -+ + Awr_g,)/T

Awz(wy —w1)/T + Awy(wz — w1)/T + Aws(wy — wy)/T

+ ot Awgpia(wsprr — wi)/T + Aws,i3(wspye — w2)/T
+Aws,1a(Wsp2 — w3) /T + Aws,is5(wsy2 — wa) /T

+ o+ Awggrya(Wspge — wspi1)/T

+ Awp_gp 1 (wr—gy — wr—g,-1)/T + Awr_gpyo(wr_sp41 — wr—gp—1)/T
+ Awr_spq3(wr—gpr2 — wr—sp—1)/T + -+ + Awp(Awr_y — wp_g;—1)/T
OP(STTil)v

T
S /T
t=2
T—S7—1 Sr+2 T

SN Awi/T + Y. Aw/T + Y. Aw}/T
t=57+3 t=2 t=T—Sr
T—Sp—1

> Aw? /T + O,(SyT™)
t=S7+3
T—S7—1 T—Sp—1

S Away /T — > Awaw /T + Op(SrT ™),
t=S7+3 t=S7+3

Sr T
Z Z Athwt,j/T

Jj=1t=j+2
St T—-Sr—1 St St+2
Z Z Ath’LUt,j/T + Z Z Ath’l_Ut,j/T
j=1 t=S7+3 Jj=1t=j+2

St T
+ Z Z Ath’LUt_]'/T

j=1t=T—-Sp
Sp T—Spr—1
S5 Awu,/T + 08T
Jj=1t=S7r+3
T—-Sr—1 St

> Aw (Z Awtj) /T + Oy(SrT™)
t=Sp+43 j=1
T—-Sp—1

Z Awy(wi—y — wi—gp—1)/T + Op(SrT71),
t=Sr+3
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Sr T
Z Z Athwt_]‘/T

j=1t=j+2

Sy T—Sr—1+j Sy Sr+j+2

S Y Awdu T+ Y S Auwdw /T
j=1 t=Sp+j+3 J=1 t=j+2

St T
+ Z Z Athwt,j/T
J=1t=T—-Sp+j+2
St T—St—1+j
Z Z Athwt,j/T + OP(STTil)
J=1 t=S+j+3
St T—St—1+j
Yo > (w = wa)Aw /T + Op(SrT™)

Jj=1t=8S7+j+3

St T—Sr—1
Yo Y Awwyy — wiy)/T + O(SeT™Y)
=1 t=Sp+3
T—-S7—1

Z Awt(wHST - wt)/T + OP(STT_l).
t=S7+3

From these results we have

i.e.,

T Sr T
SN AwH/T +23 > AwAw,_;/T
=2

j=1t=j+2
T—Sr—1 T—Sp—1
Z Awtwt/T - Z Awtwt,l/T + OP(STT_l)
t=S7+3 t=S7+3
T-Sr—1
+ Y Aw(wiy — wi_g,1)/T + Op(SrT™H)
t=Sr+3
T-Sr—1
+ Z Awt(wHST — /LUt)/T + Op(STT_l)
t=S7+3
T—Spr—1
Y Aw(wis, — weesp-1)/T + Op(SrT™)
t=Sr+3

E Awi(wirs, — wimgp1) + Op(T?) + Op(SrT ™)
0(57:2) + Op(T_1/2) + OP(STT_l)

O,(T1?),
T St T
STAwHT + 23 Y AwAw, /T = O,(T71?). (4.39)
j=1t=j+2

Putting (A.29) to (A.31), (A.33), (A.35) and (A.37) to (A.39) together, it is easily established that

T
ZAgt;iQt—l;i/T - B;T;ST - Qi;T

=2

~

= —(1- P)2 {R7,(0) — R,(1)} + Op(T_l/Z)v
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T
ZAth;i/T + 2Prs, +2Qir

t=2

= (1- p)2 {Ry(o) - Ry(l)} + Og:(T_1/2)~,
therefore,
1/2

T 1/2 T
TL/2 <Z Aﬂfz,z/T -+ QPL';T:ST + 2 Qi;T) <Z @?1,1/T2>
t=2

t=2

= V2L = p){R,(0) = Ry(D}H{R,(0)}" + 0T 7).

In view of the forms of M;,r.s, and recalling that p, = R,(1)/R,(0), it is easy to establish the results required
for (ii).
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