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Chapter 1

Introduction

1.1 Outline of this thesis

The nonlinear Schrödinger equation}
i∂tu+Δu = λ‖u‖p 1u, t � [0,∈ ), x � R

n,

u(0, x) = u0(x), x � R
n.

(1.1.1)

appears as relevant model in great various physical phenomena: for example,
nonlinear waves such as propagation of a laser beam, water wave, plasma wave
(e.g. [22]).

On the other hand, (1.1.1) has been extensively studied in the mathematical
literatures (e.g. [3]). In genaral, since Schrödinger equation is often ill-posed in
other than L2 based spaces, in fact, the linear Schrödinger equation is ill-posed
in C∈ (see Section 5.2 in [15]), most of the mathematical literatures for (1.1.1)
are investigated under L2 based spaces.

The important property of Schrödinger equations is that Schrödinger oper-
ator U(t) = eitΔ has a smoothing effect of a solution. The effect is described as
Lp-Lp∞estimate

\U(t)φ\Lp ≥ Ct n( 1
2

1
p )\φ\Lp∞

for 1 ≥ p∞≥ p ≥ ∈ . Hence, from Lp-Lp∞ estimate, we obtain so-called
“Strichartz’s estimate” to play an important role to show the existence of the
solution for (1.1.1) (see Section 2.1).

Moreover, (1.1.1) has some of conservation laws. The typical conservation
laws are as follows:

The conservation law of the mass

\u(t)\L2 = \u0\L2 ,

The conservation law of the energy

E(u(t)) := \ u(t)\L2 +
2λ

p+ 1
\u(t)\p+1

Lp+1 = E(u0),

The conservation law of the momentum

P (u(t)) := Im

⋂
Rn

ū(t) u(t)dx = P (u0),

4



The pseudo conformal conservation law

\(x+ 2it )u(t)\2L2 +
8t2λ

p+ 1
\u(t)\p+1

p+1

= \xu0\2L2

4λ(n(p 1) 4)

p+ 1

⋂t

0

s\u(s)\p+1
p+1ds.

The aim of our study is to investigate how conservaton laws play a role in a
behavior of the solution of various nonlinear Schrödinger equations.

Generally, we take two steps to construct a time global solution for the
Cauchy problem of (1.1.1) (see [3]). The first step is to construct a time local
solution to Duhamel’s integral equation by combining a contraction argument
with Strichartz’s estimate. The next step is to extend the solution to the time
global solution by using conservation laws of the mass and the energy.

Moreover, by applying the conservation law of the momentum, we can get a
observation of a variance \xu\2L2 (see Section 2.5.4). Also, the pseudo conformal
conservation law is essential for a observation of the asymptotic behavior of the
solution of (1.1.1) (See Section 2.5.3). Hence, to investigate (1.1.1), it is very
important to obtain conservation laws.

For example, we obtain formally the conservation law of energy by multi-
plying the equation (1.1.1) by ūt, integrating over Rn, and taking the real part.
There are basically two methods to justify the procedure above. One is that
solutions is approximated by a sequence of regular solutions, using the continu-
ous dependence of solutions on the initial data. The other is to use a sequence
of regularized equations of (1.1.1) whose solutions have enough regularities to
perform the procedure above (see Section 2.4). However, these two methods in-
volve a limiting procedure on approximate solutions. Instead, for (1.1.1), Ozawa
[19] derives conservation laws of the mass and the energy by using additional
properties of solutions provided by Strichartz’s estimates.

Next, we consider defocusing nonlinear Schrödinger equations in dimension
n ≥ 4. }

i∂tu+Δu = f(‖u‖2)u, t � [0,∈ ), x � R
n,

u(0, x) = u0(x), x � R
n,

(1.1.2)

The unknown function u has the following non-vanishing boundary condition:

‖u(x)‖2 ↑ ρ0 as ‖x‖↑ ∈ ,

where ρ0 > 0. The nonlinear term f is assumed to be defocusing as follows:

f(ρ0) = 0, f∞(ρ0) > 0. (Hf )

(1.1.2) describes various physical backgrounds such as Bose-Einstein conden-
sation, superfluidity, and nonlinear topics (dark soliton, optical vortices) (see
[17], [20]). Because of the boundary condition, we can not consider (1.1.2) in
L2 based spaces, namely it is difficult to investigate (1.1.2). Two important
model cases for (1.1.2) have been extensively studied both in the physical and
mathematical literatures: the Gross-Pitaevskii equation (where f(r) = r 1,
ρ0 = 1) and the so-called “cubic-quintic” Schrödinger equation (where f(r) =
(r ρ0)(3r 2a ρ0), 0 < a < ρ0).
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Here, we focus on Gross-Pitaevskii equation}
i∂tu+Δu = (‖u‖2 1)u, t � [0,∈ ), x � R

n,
u(0, x) = u0(x), x � R

n.
(1.1.3)

Since Béthnel-Saut [2] proves that the Caucy problem (1.1.3) is globally well-
posed in 1 + H1 for n = 2, 3, many mathematican have been studied (1.1.3).
In particular, for n = 2, 3, Gérard [21] proves the global wellposeness of (1.1.3)
for large data in

Eρ0 = }u � H1
loc(R

n); u � L2(Rn), ‖u‖2 ρ0 � L2(Rn)〈

with p0 = 1.
Furthermore, Gallo [8] proves that for n ≥ 4, (1.1.2) under suitable assump-

tions on f is globally wellposed in Eρ0 .
In this thesis, for the equation (1.1.2) in n = 2, 3, 4, we derive the conserva-

tion law for time local solutions without approximating procedure. Instead of
that, we use Ozawa’s idea [19]. Note that when n = 1, because H1 ↪↑ L∈ , Gallo
[8] derived it without approximating procedure, and that for n ≈ 2, Gallo [8]
derives it using the approximate argument (see a proof of Threorem 3.1.4). We
follow Ozawa’s idea, however, we can not derive the conservation law only by
Ozawa’s idea, due to the nonlinear term and the space of solutions. We derive
the conservation law to combine Ozawa’s idea with decomposing the nonlinear
term f(‖u‖2)u as

f(‖u‖2)u = χ(Dx)(f(‖u‖2)u) +
n∫

j=1

(1 χ(Dx))Pj(Dx)∂xj (f(‖u‖2)u),

where χ � C∈0 (Rn) is a cutoff function and Pj(ξ) = iξj/‖ξ‖2, by applying the
method for the decomposition of Schrödinger operator in Gérard [9] (See Lemma
3.1.3). Moreover, note that we can decompose u0 � Eρ0 as u0 = φ + w0 such
that φ � E satisfying the following condition (1.1.4) and w0 � H1 (see Lemma
3.1.4):

φ � C∈b (Rn), φ � H∈ (Rn)n, ‖φ‖2 ρ0 � L2(Rn). (1.1.4)

Our main result in this thesis is as follows:

Theorem 1.1.1. Let n = 2, 3, 4. Let ρ0 > 0, and f � C2(R+) satisfying (Hf ).
Moreover, we assume that there exist α1 ≈ 1, with a supplementary condition
α1 < α≤1 if n = 3, 4 (α≤1 = 3 if n = 3, α≤1 = 2 if n = 4) such that

DC0 > 0, s.t. ∃r ≈ 1, ‖f (k)(r)‖≥ C0r
α1 1 k (k = 1, 2). (H∞α1

)

Let φ be a function satisfying

φ � C2
b (R

n), φ � H2(Rn)n, ‖φ‖2 ρ0 � L2(Rn). (H∞φ)

Let w � C([0, T ], H1(Rn)) be a mild solution of the integral equation

w(t) = U(t)w0 i

⋂t

0

U(t t∞)F (w(t∞))dt∞
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for some w0 � H1 and T > 0, where F (w) := Δφ+ f(‖φ+ w‖2)(φ+ w).
Then F(w(t)) = F(w0) for all t � [0, T ], where

F(w) :=
⋂
Rn

‖ (φ+ w)‖2dx+

⋂
Rn

V (‖φ+ w‖2)dx,

and

V (r) :=

⋂r

ρ0

f(s)ds.

Moreover, as a corollary to the main result, we can deduce a globally well-
posedness of (1.1.2). Due to Theorem 1.1.1, we can remove a technical assump-
tion of the nonlinear term. We have the following result:

Corolary 1.1.1. Let n = 2, 3, 4. We assume that f and φ satisfy the same
assumptions as in Theorem 1.1.1, with a supplementary assumption as f sat-
isfying (Hα2) for some α2 � R with α1 α2 ≥ 1/2. Then (1.1.2) is globally
well-posed in φ +H1(Rn). That is, for any w0 � H1(Rn), there exist a unique
w � C(R, H1(Rn)) such that φ+w solves (1.1.2) with the initial data w(0) = w0.
Moreover, for any T > 0, the flow map w0 ∀↑ w (H1 ↑ C([0, T ], H1)) is Lips-
chitz continuous on the bounded sets of H1(Rn). The energy F(w) is conserved
by the flow.

This thesis is organized as follows: In Chapter 2, we present previous works of
the nonlinear Schrödinger equation (1.1.1). First, we give the representation of
a solution of the linear Schrödinger equation and Strichartz estimates. Next, we
consider a local wellposedness of (1.1.1) in some of L2 based spaces. Moreover,
we derive exactly various conservation laws of (1.1.1). Finally, we state global
behaviors for solutions of (1.1.1), given by applying conservation laws.

Chapter 3 is devoted to present previous works for defocusing nonlinear
Schrödinger equations with non-vanishing boundary conditions (1.1.2). First,
we state that for n = 2, 3, (1.1.3) is globally wellposed in 1 +H1 with a large
initial data, proven by [2]. Secondly, we present that [9] proves the existence
of energy solution for (1.1.3) with a large initial data. In particular, we in-
troduce methods to decompose the element of Eρ0 , and observe an action of
Schrödinger operator in Eρ0 . Finally, we show that for n ≥ 4, (1.1.2) under
suitable assumptions on f is globally wellposed in Eρ0 by [8].

In Chapter 4, we introduce a new method to derive conservation laws of
the mass and the energy for (1.1.1) by using additional properties of solutions
provided by Strichartz’s estimates proven by [19].

Chapter 5 is devoted to introduce the main result of this thesis. First, we
present the main result, and that we can improve the result of [8] by applying
the main result. Next, we give estimates of the nonlinear term and results of
the time-derivative term needed for the proof of the main result, respectively.
Finally, we prove the main result.

In Appendix, we present the notation and some of results, used in this thesis.
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Chapter 2

Basic results of nonlinear
Schrödinger equations with
power type nonlinearity

2.1 Fundamental properties of linear Schrödinger
equations

In this section, we consider the Cauchy problem for the linear Schrödinger equa-
tion }

i∂tu+Δu = 0, t � [0,∈ ), x � R
n,

u(0, x) = u0(x), x � R
n,

(2.1.1)

where u(t, x) : [0,∈ ) ∗ R
n ↑ C and the initial data u0 is a complex valued

function on R
n. S(t) denotes the fundamental solution of (2.1.1), that is

S(t) =
1

(4πit)n/2
e

i x 2

4t . (2.1.2)

The solution of (2.1.1) is described as

u = S(t) • u0 = U(t)u0,

where U(t) is Schrödinger operator eitΔ. For (2.1.1), we have the following
result:

Theorem 2.1.1 (e.g. [23]). Let s � R and u0 � Hs(Rn). Then there exists a
unique solution u = U(t)u0 of (2.1.1) with

u � C([0,∈ ), Hs(Rn)) { C1([0,∈ ), Hs 2(Rn))

Note that for some f � C(R, Hs), a solution of the Cauchy problem}
i∂tu+Δu = f, t � R, x � R

n,

u(0, x) = 0, x � R
n

(2.1.3)
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is described as

u(t) = i

⋂t

0

U(t s)f(s)ds.

Thus, for the Cauchy problem}
i∂tu+Δu = f, t � [0,∈ ), x � R

n,

u(0, x) = u0, x � R
n,

(2.1.4)

we obtain the following result:

Theorem 2.1.2 (e.g. [23]). Let s � R and u0 � H1(Rn). Let f � C(R, Hs).
Then there exists a unique solution

u = U(t)u0 i

⋂t

0

U(t s)f(s)ds

of (2.1.4) with

u � C([0,∈ ), Hs(Rn)) { C1([0,∈ ), Hs 2(Rn)).

We present smoothing properties for the solution of Schrödinger equations.

Proposition 2.1.1 (e.g. [3]). Let p � [2,∈ ). Then

\U(t)ϕ\Lp(Rn) ≥ (4π‖t‖) n( 1
2

1
p )\ϕ\Lp∞(Rn)

for all ϕ � Lp∞(Rn) and t �= 0.

Combining Proposition 2.1.1 with Hardy-Littlewood-Sobolev inequality and
duality argument, we get some of estimates called Strichartz’s estimates. We
need the following definitions to mention them:

Definition 2.1.1. (i) A positive exponent p∞is called the dual exponent of p
if p and p∞satisfy 1/p+ 1/p∞= 1.

(ii) A pair of two exponents (p, q) is called an admissible pair if (p.q) satisfies
2/p+ n/q = n/2, p ≈ 2 and (p, q) �= (2,∈ ).

Strichartz’s estimates are described as the following Theorem:

Theorem 2.1.3 (Strichartz’s estimates, e.g. [3]). The following properties
holds:

(i) For every ϕ � L2(Rn), the function t ∀↑ U(t)ϕ belongs to

C(R, L2(Rn)) { Lq(R, Lr(Rn))

for any admissible pair (q, r). Furthermore, there exists a positive constant
C such that

\U(×)ϕ\Lq(R,Lr) ≥ C\ϕ\L2

for all ϕ � L2(Rn).
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(ii) Let I →R be an interval. (p1, q1) and (p2, q2) denote admissible pairs. Let
t0 � Ī. For any f � Lp∞1(I, Lq∞1), the function

t ∀↑ Φf (t) =

⋂t

t0

U(t s)f(s)ds

belongs to
C(Ī , L2(Rn)) { Lp2(I, Lq2(Rn)).

Furthermore, there exists a positive constant C not depending on I such
that

\Φf\Lp2 (I,Lq2 (Rn)) ≥ C\f\
Lp∞1 (I,Lq∞1 (Rn))

for all f � Lp∞1(I, Lq∞1(Rn)).

Corolary 2.1.1 (e.g. [3]). Let s � R and I →R be an interval. (p1, q1) and
(p2, q2) denote admissible pairs. Let t0 � Ī. Then

(i) for any ϕ � Hs(Rn),

\U(t)ϕ\L| (R,Hs(Rn)) ≥ C\ϕ\Hs(Rn),

\U(t)ϕ\Lp1 (R,Bs
q1,2(R

n)) ≥ C\ϕ\Hs(Rn).

(ii) for any f � L1(I,Hs(Rn)),((((⋂t

t0

U(t τ)f(τ)dτ

((((
L| (I,Hs(Rn))

≥ C\f\L1(I,Hs(Rn)).

(iii) for all f � Lp∞1(I, Bs
q∞1,2

(Rn)),((((⋂t

t0

U(t τ)f(τ)dτ

((((
Lp2 (I,Bs

q2,2(R
n))

≥ C\f\
Lp∞1 (I,Bs

q∞1,2
(Rn))

.

S (Rn) = S denotes a Schwartz space on R
n. We state a factorization of

U(t) called Dollard decomposition.

Proposition 2.1.2 (e.g. [3]). For any φ � S ,

U(t)φ = M(t)D(t)SM(t)φ,

where

M(t) = e
i x 2

4t , D(t)ψ =
1

(2it)n/2
ψ
) x
2t

(
.

Proof. Using

S 1[exp( it‖ξ‖2)] = 1

(2it)n/2
e

i x 2

4t , S 1[f ×g] = 1

(2π)n/2
f̌ • ǧ,

we calculate

U(t)φ = S 1 exp( it‖ξ‖2)S φ
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= (2π) n/2S 1[exp( it‖ξ‖2)] • φ
=

1

(4πit)n/2
e

i x 2

4t • φ

=
1

(4πit)n/2

⋂
Rn

e
i x y 2

4t φ(y)dy

=
1

(4πit)n/2

⋂
Rn

e
i( x 2 2x∗y+ y 2)

4t φ(y)dy

=
1

(4πit)n/2

⋂
Rn

e
i x 2

4t ×e ix∗y
2t ×e y 2

4t φ(y)dy

= e
i x 2

4t
1

(2it)n/2
1

(2π)n/2

⋂
Rn

e i( x
2t )×y ×

)
e

y 2

4t φ(y)

[
dy

= e
i x 2

4t
1

(2it)n/2
S [e y 2

4t φ]
) x
2t

(
= M(t)D(t)SM(t)φ.

This completes the proof.

2.2 Local wellposedness of nonlinear Schrödinger
equations with power type nonlinearity

In this section, we consider the Cauchy problem for the nonlinear Schrödinger
equation }

i∂tu+Δu = λ‖u‖p 1u, t � [0,∈ ), x � R
n,

u(0, x) = u0(x), x � R
n,

(2.2.1)

where, λ � R, p > 1, u(t, x) : [0,∈ ) ∗ R
n ↑ C and the initial data u0 is a

complex valued function in R
n. In what follows, f(u) denotes λ‖u‖p 1u. We

present some of local wellposeness results of (2.2.1)

Theorem 2.2.1 ([24]). Let 1 < p < 1+4/n. Let (q, r) be some admissible pair.
For any u0 � L2, there exists T > 0 such that there exists a unique solution

u � C([0, T ];L2) { Lq
loc((0, T );L

r)

of (2.2.1). Moreover, u depends continously on u0 in L2. Namely, there exists
T0 > 0 depending only on \u0\L2 such that if }u0,n〈∈n=1 →L2 satisfying u0,n ↑
u0 in L2 as n ↑ ∈ , then there exist un � C([0, T0], L

2) such that corresponding
solutions of (2.2.1) with u(0) = u0,n for n large enough, satisfying

sup
tD[0,T0]

\un(t) u(t)\L2 ≥ C\u0,n u0\2 ↑ 0

as n ↑ ∈ , where C is a positive constant not depending on \u0\L2 .

Proof. We show that the map

Φ(u) = U(t)u0 iλ

⋂t

0

U(t s)(‖u‖p 1u)(s)ds
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is a contraction mapping in

XT = }v � C([0, T ], L2) { Lσ((0, T ), Lp+1);

\v\L|T L2 + \v\Lσ
TLp+1 ≥ 3C0\u0\L2 =: M〈 ,

d(v1, v2) = \v1 v2\Lσ
TLp+1

with σ = 4(p+1)/n(p 1). First, using Strichartz estimate and Hölder inequal-
ity, we estimate that for all u � XT ,

\Φ(u)\L|T L2 + \Φ(u)\Lσ
TLp+1

≥ \U(t)u0\L|T L2 +

((((⋂t

0

U(t s)(‖u‖p 1u)(s)ds

((((
L|T L2

+ \U(t)u0\Lσ
TLp+1 +

((((⋂t

0

U(t s)(‖u‖p 1u)(s)ds

((((
Lσ

TLp+1

≥ 2C0\u0\L2 + C
((‖u‖p 1u

((
Lσ∞

T L(p+1)/p

≥ 2C0\u0\L2 + C\u\p
Lσ∞p

T Lp+1

≥ 2C0\u0\L2 + CT δMp (δ :=
n

4

)
1 +

4

n
p

[
)

≥M

if T is sufficiently small depending only on \u0\L2 , which Φ(v) � XT holds.
Similarly, we see that for any u, v � XT ,

d(Φ(u),Φ(v)) = \Φ(u) Φ(v)\Lσ
TLp+1

≥
((((⋂t

0

U(t s)}(‖u‖p 1u)(s) (‖v‖p 1v)(s)〈ds
((((
Lσ

TLp+1

≥ C
((‖u‖p 1u ‖v‖p 1v

((
Lσ∞

T L(p+1)/p

≥ C
(((‖u‖p 1 + ‖v‖p 1)‖u v‖((

Lσ∞

T L(p+1)/p

≥ CT δ(\u\p 1
Lσ

TLp+1 + \v\p 1
Lσ

TLp+1)\u v\Lσ
TLp+1

≥ CT δMp 1d(u, v)

≥ 1

2
d(u, v)

if T is sufficiently small depending only on \u0\L2 , which Φ is the contraction
mapping in XT . In conclusion, we get a local L2 solution u of (3.1.5).

We show that for all admissible pair (q, r), u � Lq
TL

r. Using Strichartz’s
estimate and

u = U(t)u0 iλ

⋂t

0

U(t s)(‖u‖p 1u)(s)ds,

we can compute

\u\Lq
TLr ≥ \U(t)u0\Lq

TLr +

((((λ⋂t

0

U(t s)(‖u‖p 1u)(s)ds

((((
Lq

TLr

≥ C0\v0\L2 + CT δ\u\pLσ
TLp+1
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≥ C0\v0\L2 + CT δMp 1\u\Lσ
TLp+1 ,

which implies u � Lq
TL

r.
Next, we show the uniqueness of the solution. We denote a corresponding

solution of (2.2.1) with v(0) = u0 by v � C([0, T ];L2) { Lσ
loc((0, T );L

p+1). We
define t1 by

t1 = sup}t � [0, T ], u(s) = v(s) a.e. for all s � [0, t]〈 .

If t1 = T , then we get the desired cliam. We assume t1 < T . From Strichartz’s
estimate and Sobolev embedding, it holds that

\u v\Lσ([t1,t2],Lp+1)

≥
((((λ⋂t

0

U(t s)(‖u‖p 1u ‖v ‖p 1v)(s)ds

((((
Lσ([t1,t2],Lp+1)

≥ C
((‖u‖p 1u ‖v ‖p 1v

((
Lσ∞([t1,t2],L(p+1)/p)

≥ C(t1 t2)
δ(\u\p 1

Lσ([t1,t2],Lp+1) + \v\p 1
Lσ(([t1,t2],Lp+1))\u v\Lσ([t1,t2],Lp+1)

for all t2 � (t1, T ]. If t2 satisfies

C(t1 t2)
δ(\u\p 1

Lσ([t1,t2],Lp+1) + \v\p 1
Lσ(([t1,t2],Lp+1)) < 1,

then we get
\u v\Lσ([t1,t2],Lp+1) = 0,

which yields u = v a.e. on [t1, t2]. This contradicts the definition of t1.
Finally, we show a continuous dependence. Let }u0,n〈∈n=1 →L2 such that

u0,n ↑ u0 in L2 as n ↑ ∈ . Then, there exists n0 � N such that if n ≈ n0, then

\u0,n\L2 ≥ 2\u0\L2 (2.2.2)

Hence, from (2.2.2), it follows that there exists T0 > 0 uniformly for n such
that un � C([0, T0], L

2) of (2.2.1) with un(0) = u0,n. Note that there exists a
constant C > 0 such that

\u\Lσ
T0

Lp+1 + sup
n→n0

\un\Lσ
T0

Lp+1 ≥ C\u0\L2 . (2.2.3)

Furthermore, using Strichartz’s estimate and (2.2.3), we estimate

\un u\L|
˜T
L2 + \un u\Lσ

˜T
Lp+1

≥ 2C0\u0,n u0\L2

+ CT̃ δ(\un\p 1
Lσ

˜T
Lp+1 + \u\p 1

Lσ
˜T
Lp+1)\un u\Lσ

˜T
Lp+1

≥ 2C0\u0 ũ0\L2

+ C(\u0\L2)T̃ δ(\un u\L|
˜T
L2 + \un u\Lσ

˜T
Lp+1).

If T̃ is sufficiently small depending only on \u0\L2 , then it follows that

\un u\L|
˜T
L2 + \un u\Lσ

˜T
Lp+1 ≥ 2C0\u0,n u0\L2 .

13



Repeating the above procedure, we get

\un u\L|T0
L2 ≥ C\u0,n u0\L2 ↑ 0

as n ↑ ∈ . Note that we can recover the interval [0, T0] thanks to (2.2.3). This
completes the proof.

Remark 2.2.1. Exactly, in the above proof, we show that the map Φ is the
contraction mapping in

X̃T = }v � L∈ ((0, T ), L2) { Lσ((0, T ), Lp+1);

\v\L|T L2 + \v\Lσ
TLp+1 ≥ 3C0\u0\L2 =: M〈 ,

d(v1, v2) = \v1 v2\Lσ
TLp+1 .

By Theorem 2.1.3, we can prove that the solution u belongs to C([0, T ], L2) {
Lσ((0, T ), Lp+1).

From now on, we put α(n) = 1 + 4
n 2 if n ≈ 3 and α(n) = ∈ if n = 1, 2.

Theorem 2.2.2 ([16]). Let 1 < p < α(n). Let (q, r) be a some admissible pair.
For any u0 � H1, there exists T > 0 such that there exists a unique solution

u � C([0, T ];H1) { Lq
loc((0, T );W

1,p+1)

of (2.2.1). Moreover, u depends continously on u0 in H1

Proof. We show that the map

Φ(u) = U(t)u0 iλ

⋂t

0

U(t s)(‖u‖p 1u)(s)ds

is a contraction mapping in

XT = }v � C([0, T ], H1) { Lσ((0, T ),W 1,p+1);

\v\L|T L2 + \v\Lσ
TW 1,p+1 ≥ 4C0\u0\H1 =: M〈 ,

d(v1, v2) = \v1 v2\Lσ
TLp+1

with σ = 4(p + 1)/n(p 1). First, combining Strichartz estimate with Hölder
inequality and Sobolev embedding, we deduce that for all u � XT ,

\Φ(u)\L|T L2 + \Φ(u)\Lσ
TLp+1

≥ \U(t)u0\L|T L2 +

((((⋂t

0

U(t s)(‖u‖p 1u)(s)ds

((((
L|T L2

+ \U(t)u0\Lσ
TLp+1 +

((((⋂t

0

U(t s)(‖u‖p 1u)(s)ds

((((
Lσ

TLp+1

≥ 2C0\u0\L2 + C
((‖u‖p 1u

((
Lσ∞

T L(p+1)/p

≥ 2C0\u0\L2 + C\u\p
Lσ∞p

T Lp+1

≥ 2C0\u0\L2 + CT 1/σ∞p\u\pL|T H1

14



≥ 2C0\u0\L2 + CT 1/σ∞pMp

≥M/2

if T is sufficiently small depending only \u0\H1 . Hence, it follows from Strichartz
estimate, Hölder inequality and Sobolev embedding that

\ Φ(u)\L|T L2 + \ Φ(u)\Lσ
TLp+1

≥ \U(t) u0\L|T L2 +

((((⋂t

0

U(t s) (‖u‖p 1u)(s)ds

((((
L|T L2

+ \U(t) u0\Lσ
TLp+1 +

((((⋂t

0

U(t s) (‖u‖p 1u)(s)ds

((((
Lσ

TLp+1

≥ 2C0\ u0\L2 + C
((‖u‖p 1 u

((
Lσ∞

T L(p+1)/p

≥ 2C0\ u0\L2 + C\u\p 1
L|T Lp+1\ u\

Lσ∞p
T Lp+1

≥ 2C0\ u0\L2 + CT δ\u\p 1
L|T H1\ u\Lσ

TLp+1

≥ 2C0\ u0\L2 + CT δMp (δ :=
n+ 2 (n 2)p

2(p+ 1)
)

≥M/2

if T is sufficiently small depending only on \u0\H1 . Thus Φ(v) � XT holds.
Similary, it holds that for all u, v � XT ,

d(Φ(u),Φ(v)) = \Φ(u) Φ(v)\Lσ
TLp+1

≥
((((⋂t

0

U(t s)}(‖u‖p 1u)(s) (‖v‖p 1v)(s)〈ds
((((
Lσ

TLp+1

≥ C
((‖u‖p 1u ‖v‖p 1v

((
Lσ∞

T L(p+1)/p

≥ C
(((‖u‖p 1 + ‖v‖p 1)‖u v‖((

Lσ∞
T L(p+1)/p

≥ CT δ(\u\p 1
L|T Lp+1 + \v\p 1

L|T Lp+1)\u v\Lσ
TLp+1

≥ CT δ(\u\p 1
L|T H1 + \v\p 1

L|T H1)\u v\Lσ
TLp+1

≥ CT δMp 1d(u, v)

≥ 1

2
d(u, v)

if T is sufficiently small depending only \u0\H1 , that is Φ is the contraction
mapping inXT . In conclusion, we get a localH1 solution u of (3.1.5). remaining
assertions follow easy from way similar to Theorem 2.2.1.

Remark 2.2.2. For H1 solution u � C([0, T ], H1) with initial data u0 � H1,
it holds that u � C1([0, T ], H 1). Indeed, putting t0 � [0, T ], using Sobolev
embedding and a continous dependence, we obtain that

\f(u(t)) f(u(t0))\H 1 ≥ \f(u(t)) f(u(t0))\
L

p+1
p

≥ C(\u(t)\p 1
Lp+1 + \u(t0)\p 1

Lp+1)\u(t) u(t0)\Lp+1

≥ C(\u\p 1
L|T H1 + \u\p 1

L|T H1)\u(t) u(t0)\H1
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↑ 0

as t ↑ t0, and

\Δu(t) Δu(t0)\H 1 ≥ \u(t) u(t0)\H1 ↑ 0

as t ↑ t0. Hence, it follows from the equation (2.2.1) that

\∂tu(t) ∂tu(t0)\H 1 ≥ \f(u(t)) f(u(t0))\H 1 + \Δu(t) Δu(t0)\H 1

↑ 0

as t ↑ t0, which implies u � C1([0, T ], H 1).

Remark 2.2.3 (see [3] and [16]). For H1 solution u � C([0, T ], H1) with initial
data u0 � H1, the following results hold:

(i) if u0 � H2, then u � C([0, T ], H2),

(ii) if u0 � Σ, then u � C([0, T ],Σ),

where Σ = }f � H1; xf � L2〈 .
Next, we present a locall wellposedness result for Hs solutions of (2.2.1).

Theorem 2.2.3 ([4]). Let 0 < s < min}1, n/2〈 and 1 < p < 1 + 4/(n 2s).
Let (γ, ρ) be a admissible pair defined by

ρ =
n(p+ 1)

n+ s(p 1)
, γ =

4(p+ 1)

(p 1)(n 2s)
. (2.2.4)

For any u0 � Hs, there exists T > 0 such that there exists a unique solution

u � C([0, T ];Hs) { Lγ
loc((0, T );B

s
ρ,2)

of (2.2.1). Moreover, u depends continously on u0 in Hs.

Proof. First, note that the following Lemmas holds:

Lemma 2.2.1 ([4]). Let 0 < s < 1. Let ρ > 1 satisfying (2.2.4). f(u) denotes
λ‖u‖p 1u. Then

\f(u)\Bs
ρ∞,2

≥ C\u\pBs
ρ,2

(2.2.5)

\f(u) f(v)\Lρ∞≥ C(\u\p 1
Bs

ρ,2
+ \v\p 1

Bs
ρ,2

)\u v\Lρ (2.2.6)

for all u, v � Bs
ρ,2(R

n).

Proof. Noting that σ = (p 1)ρ∞ρ/(ρ ρ∞) = n(p+1)/(n 2s), Hölder inequality
implies

\‖u‖p 1v\Lρ∞≥ \u\p 1
Lσ \v\Lρ . (2.2.7)

From (2.2.7), it follows that for any y � R
n,

\f(u)(× y) f(u)(×)\Lρ∞≥ C(\u(× y)\p 1
Lσ + \u\p 1

Lσ )\u(× y) u(×)\Lρ

≥ C\u\p 1
Lσ \u(× y) u(×)\Lρ .
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Therefore, using Lemma 6.2.5 (ii), we get

\f(u)\Ḃs
ρ∞,2

≥ C\u\p 1
Lσ \u\Ḃs

ρ,2
. (2.2.8)

Thus, Combining (2.2.7) with Lemma 6.2.5 (i), (2.2.8), we compute

\f(u)\Bs
ρ∞,2

≥ C(\f(u)\Lρ∞+ \f(u)\Ḃs
ρ∞,2

)

≥ C(\u\p 1
Lσ \u\Lρ + \u\p 1

Lσ \u\Ḃs
ρ,2

)

≥ C\u\p 1
Lσ \u\Bs

ρ,2
. (2.2.9)

Here, s < n/2 implies ρ ≈ 2. Thus, Lemma 6.2.4 yields Bs
ρ,2(R

n) ↪↑ Hs,ρ(Rn).
Since s < n/2 implies sρ < n, by using Gagliardo-Nirenbreg inequality, we
obtain Hs,ρ(Rn) ↪↑ Lp(Rn) for all p � [ρ, n(α+ 2)/(n 2s)]. These imply

Bs
ρ,2(R

n) ↪↑ Ln(p+1)/(n 2s)(Rn). (2.2.10)

Combining (2.2.9) with (2.2.10), we get (2.2.5). Similarly, it follows from Hölder
inequality, (2.2.10) and (2.2.7) that

\f(u) f(v)\Lρ∞≥ C(\u\p 1
Ln(p+1)/(n 2s) + \v\p 1

Ln(p+1)/(n 2s))\u v\Lρ

≥ C(\u\p 1
Bs

ρ,2
+ \v\p 1

Bs
ρ,2

)\u v\Lρ .

This complete the proof of (2.2.6).

We back to the proof of Theorem 2.2.3. We show that the map

Φ(u) = U(t)u0 iλ

⋂t

0

U(t s)(‖u‖p 1u)(s)ds

is a contraction mapping in

XT = }u � C([0, T ], Hs) { Lγ((0, T ), Bs
ρ,2)

\u\L|T Hs ≥M, \u\Lγ
TBs

ρ,2
≥M〈 ,

d(u, v) := \u v\L|T L2 + \u v\Lγ
TLρ ,

where, M = 2C1\u0\Hs . First, combining Strichartz estimate with Hölder
inequality, Sobolev embedding, we deduce that for all u � XT ,

\Φ(u)\Lγ
TBs

ρ,2

≥ \U(t)u0\Lγ
TBs

ρ,2
+

((((λ⋂t

0

U(t s)(‖u‖p 1u)(s)ds

((((
Lγ

TBs
ρ,2

≥ C1\U(t)u0\Lγ
THs,ρ +

((((λ⋂t

0

U(t s)(‖u‖p 1u)(s)ds

((((
Lγ

TBs
ρ,2

≥ C1\u0\Hs + C\‖u‖p 1u\
Lγ∞

T Bs
ρ∞,2

≥ C1\u0\Hs + CT (4 (p 1)(n 2s))/4\u\p
Lγ

TBs
ρ,2

≥M
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if T is sufficiently small depending only on \u0\Hs . Similary, since

\Φ(u)\Lγ
TBs

ρ,2
≥M,

Φ(v) � XT holds. Moreover, it follows that for all u, v � XT ,

d(Φ(u),Φ(v))

= \Φ(u) Φ(v)\L|T L2 + \Φ(u) Φ(v)\Lγ
TLρ

≥
((((λ⋂t

0

U(t s)}(‖u‖p 1u)(s) (‖v‖p 1v)(s)〈ds
((((
L|T L2

+

((((λ⋂t

0

U(t s)}(‖u‖p 1u)(s) (‖v‖p 1v)(s)〈ds
((((
Lγ

TLρ

≥ C
((‖u‖p 1u ‖v ‖p 1v

((
Lγ∞

T Lρ∞

≥ C
(((‖u‖p 1 + ‖v‖p 1)‖u v‖((

Lγ∞

T Lρ∞

≥ CT δ(\u\p 1
Lγ

TBs
ρ,2

+ \v\p 1
Lγ

TBs
ρ,2

)\u v\Lγ
TLρ (δ = (4 α(n 2s))/4)

≥ CT δMp 1d(u, v)

≥ 1

2
d(u, v)

if T is sufficiently small depending only on \u0\Hs , which Φ is the contrac-
tion mapping in XT . In conclusion, we get a local Hs solution u of (3.1.5).
Remaining assertions follow easy from way similar to Theorem 2.2.1.

2.3 The derivation of various conservation laws
for nonlinear Schrödinger equations with power
type nonlinearity

We present a method to derive formally the various conservation laws for (2.2.1).
We can obtain formally the conservation law of the mass \u\L2 by multi-

plying the equation (2.2.1) by u, integrating over Rn, and taking the imaginary
part as follows:

0 = 2 Im(i∂tu+Δu λ‖u‖p 1u, u)L2

= 2 Im(i∂tu, u)L2

= 2Re(∂tu, u)L2

=
d

dt
\u(t)\2L2 .

Next, We can obtain formally the conservation law of the energy E(u) by mul-
tiplying the equation (2.2.1) by ∂tu, integrating over R

n, and taking the real
part as follows:

0 = 2Re(i∂tu+Δu λ‖u‖p 1u, ∂tu)L2

= 2Re(Δu, ∂tu)L2 + 2Re(λ‖u‖p 1u, ∂tu)L2
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= 2Re( u, ∂t u)L2 + 2Re(λ‖u‖p 1u, ∂tu)L2

=
d

dt
E(u(t)),

where

E(u) = \ u\2L2 +
2λ

p+ 1
\u\p+1

Lp+1 .

Also, we can obtain formally the conservation law of the moumentum P (u) by
multiplying the equation (2.2.1) by ū, integrating over Rn, and taking the real
part as follows:

0 = 2Re i∂tu+Δu λ‖u‖p 1u, u
〈
L2

= 2Re(i∂tu, u)L2 2Re(λ‖u‖p 1u, u)L2 =
d

dt
P (u(t)),

where

P (u) = Im

⋂
Rn

u udx.

Finally, we present a method to obtain formally the conservation law of the
pseudo conformal conservation law

\(x+ 2it )u(t)\2L2 +
8t2λ

p+ 1
\u(t)\p+1

p+1

= \xu0\2L2

4λ(n(p 1) 4)

p+ 1

⋂t

0

s\u(s)\p+1
p+1ds. (2.3.1)

First, by multiplying the equation (2.2.1) by ‖x‖2u, integrating over R
n, and

taking the imaginary part, we deduce that

0 = 2 Im(i∂tu+Δu λ‖u‖p 1u, ‖x‖2u)L2

= 2 Im(i∂tu, ‖x‖2u)L2 + 2 Im(Δu, ‖x‖2u)L2

=
d

dt
\xu(t)\2L2 2 Im

⋂
Rn

u× (‖x‖2u)dx

=
d

dt
\xu(t)\2L2 2 Im

⋂
Rn

u×(2xu+ ‖x‖2 u)dx

=
d

dt
\xu(t)\2L2 4 Im

⋂
Rn

u×xudx. (2.3.2)

Combining

∂tu×xu = ×((∂tu)xu) n(∂tu)u (∂tu)x× u

with divergence Theorem, we compute

d

dt
Im

⋂
Rn

u×xudx

= Im

⋂
Rn

u×x∂tudx+ Im

⋂
Rn

∂tu×xudx
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= Im

⋂
Rn

u×x∂tudx+ Im

⋂
Rn

×((∂tu)xu)dx

n Im

⋂
Rn

(∂tu)udx Im

⋂
Rn

(∂tu)x× udx

= 2 Im

⋂
Rn

u×x∂tudx n Im

⋂
Rn

(∂tu)udx. (2.3.3)

Note that combining

2Re

⋂
Rn

( u×x)× udx

= 2Re

⋂
Rn

n∫
k=1

∂k

⎞⎠ n∫
j=1

xj∂ju

⎧〈 ∂kudx

= 2Re

⋂
Rn

n∫
k=1

⎞⎠∂ku+
n∫

j=1

xj∂j,ku

⎧〈 ∂kudx

= 2Re

⋂
Rn

n∫
k=1

‖∂ku‖2dx+
n∫

k,j=1

xj∂j,ku×∂kudx

= 2\ u\2L2 + 2Re

⋂
Rn

n∫
k,j=1

xj∂j,ku×∂kudx

with

A := 2Re

⋂
Rn

n∫
k,j=1

xj∂j,ku×∂kudx

= 2Re

⋂
Rn

n∫
k,j=1

∂ku×∂j xj∂ku
〈
dx

= 2Re

n∫
j=1

⋂
Rn

n∫
k=1

‖∂ku‖2dx 2Re

⋂
Rn

n∫
k,j=1

∂ku× xj∂j,ku
〈
dx

= 2n\ u\2L2 A,

we deduce that

2Re

⋂
Rn

( u×x)× udx = (2 n)\ u\2L2 .

Hence, using (2.3.3) together with

2 Im

⋂
Rn

u×x∂tudx

= 2Re

⋂
Rn

u×x(Δu λ‖u‖p 1u)dx

= 2Re

⋂
Rn

u×xΔudx 2Re

⋂
Rn

λ u×x‖u‖p 1udx

= 2Re

⋂
Rn

( u×x)× udx
λ

p+ 1

⋂
Rn

x× (‖u‖p+1)dx
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= (2 n)\ u\2L2

2nλ

p+ 1
\u\p+1

Lp+1

and

n Im

⋂
Rn

(∂tu)udx = n Im

⋂
Rn

i(Δu λ‖u‖p 1u)udx

= nRe

⋂
Rn

(Δu λ‖u‖p 1u)udx

= nRe

⋂
Rn

u× udx nRe

⋂
Rn

λ‖u‖p 1uudx

= n\ u\2L2 nλ\u\p+1
Lp+1 ,

we obtain

d

dt
Im

⋂
Rn

u×xudx

= (2 n)\ u\2L2

2nλ

p+ 1
\u\p+1

p+1 ( n\ u\2L2 nλ\u\p+1
p+1)

= 2\ u\2L2 +
λn(p 1)

p+ 1
\u\p+1

p+1 (2.3.4)

= 2

)
\ u\2L2 +

2λ

p+ 1
\u\p+1

p+1

[
2λ

p+ 1
\u\p+1

p+1 +
λn(p 1)

p+ 1
\u\p+1

p+1

= 2E(u0) +
λ(n(p 1) 4)

p+ 1
\u\p+1

p+1. (2.3.5)

Concatenating (2.3.5) and

h(t) := \(x+ 2it )u(t)\2L2 +
8t2λ

p+ 1
\u(t)\p+1

p+1

= \xu(t)\2L2 + 4t2\ u(t)\2L2 + 2Re

⋂
Rn

2it u(t)×xu(t)dx+
8t2λ

p+ 1
\u(t)\p+1

p+1

= \xu(t)\2L2 + 4t2E(u0) 4t Im

⋂
Rn

u(t)×xu(t)dx,

we get

h∞(t) =
d

dt
\xu(t)\2L2 + 8tE(u0) 4 Im

⋂
Rn

u(t)×xu(t)dx

4t
d

dt
Im

⋂
Rn

u(t)×xu(t)dx

= 8tE(u0) 4t
d

dt
Im

⋂
Rn

u(t)×xu(t)dx

= 8tE(u0) 4t

)
2E(u0) +

λ(n(p 1) 4)

p+ 1
\u(t)\p+1

p+1

[
=

4λ(n(p 1) 4)

p+ 1
t\u(t)\p+1

p+1. (2.3.6)

In conclusion, we see that

\(x+ 2it )u(t)\2L2 +
8t2λ

p+ 1
\u(t)\p+1

p+1
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= \xu0\2L2

4λ(n(p 1) 4)

p+ 1

⋂t

0

s\u(s)\p+1
p+1ds.

2.4 Justification of the derivation of conserva-
tion laws

In this section, we justify the method to derive conservation laws of the mass
and the energy for H1 solutions of nonlinear Schrödinger equation (2.2.1) as in
Section 2.3. To Justify the method, we present two approximating arguments.

2.4.1 Justification of the derivation of conservation laws
by Sequence of regularized equations whose solu-
tions have enough regularities

In what follows, let ρ � C0(R
n) with 0 ≥ ρ ≥ 1, ρ(x) = 0 if ‖x‖≈ 1,

∑
Rn ρ(x)dx =

1. We denote ρε(x) =
1
εn ρ

x
ε

〈
by ρε.

We consider the Cauchy problem for the nonlinear Schrödinger equation}
i∂tuε +Δuε = ρε • f(ρε • uε), t � [t0 T, t0 + T ], x � R

n,

uε(t0, x) = (ρε • u0)(x), x � R
n.

(2.4.1)

For (2.4.1), we have the following result:

Theorem 2.4.1 (e.g. [23]). Let 1 < p < α(n) and 0 < ε < 1. For all u0 � H1,
there exists T > 0 such that there exists unique solution

uε �
∈̃

j=1

C1([t0 T, t0 + T ], Hj) (2.4.2)

of (2.4.1) with

\uε\L| ([t0 T,t0+T ],H1) ≥ 2\u0\H1 . (2.4.3)

Moreover, denoting a solution of (2.2.1) replacing u0 to u(t0) by
u � C([t0 T, t0 + T ], H1), for 2 ≥ q ≥ α(n) + 1,

sup
tDIT

\uε(t) u(t)\Lq ↑ 0 (2.4.4)

as ε ↑ 0.

Proof. From now on, Lp
t0X denotes the Banach space Lp([t0 T, t0+T ], X) for

p � [1,∈ ] and a Banach space X.
We show that the map

Φ(uε) = U(t)(ρε • u0) i

⋂t

0

U(t s)ρε • f(ρε • uε)(s)ds

is a contraction mapping in

Xt0 = }v � C([t0 T, t0 + T ], H1) { Lσ((t0 T, t0 + T ),W 1,p+1);
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\v\L|t0H1 + \v\Lσ
t0

W 1,p+1 ≥ 4C0\v0\H1 =: M〈 ,
d(v1, v2) = \v1 v2\Lσ

t0
Lp+1

with σ = 4(p+ 1)/n(p 1). By Housdorff Young’s inequality, since we have

\ρ0 • u0\H1 ≥ \u0\H1 ,

\ρε • v\Lq ≥ \v\Lq

for all v � Lq with q ≈ 1, we can show that Φ is the contraction map in the way
similar to Theorem 2.2.1. Indeed, combining Strichartz’s estimate with Hölder’s
inequality and Sobolev embedding, we deduce that for all uε � XT ,

\Φ(uε)\L|t0L2 + \Φ(uε)\Lσ
t0

Lp+1

≥ \U(t)ρε • u0\L|t0L2 +

((((⋂t

0

U(t s)(ρε • f(ρε • uε))(s)ds

((((
L|t0

L2

+ \U(t)ρε • u0\Lσ
t0

Lp+1 +

((((⋂t

0

U(t s)(ρε • f(ρε • uε))(s)ds

((((
Lσ

t0
Lp+1

≥ 2C0\ρε • u0\L2 + C \ρε • f(ρε • uε)\Lσ∞
t0

L(p+1)/p

≥ 2C0\u0\L2 + C \f(ρε • uε)\Lσ∞
t0

L(p+1)/p

≥ 2C0\u0\L2 + C\ρε • uε\p
Lσ∞p

t0
Lp+1

≥ 2C0\u0\L2 + C\uε\p
Lσ∞p

t0
Lp+1

≥ 2C0\u0\L2 + CT 1/σ∞p\uε\pL|t0H1

≥ 2C0\u0\L2 + CT 1/σ∞pMp

≥M/2

if T satisfies CT 1/σ∞pMp ≥ 2C0\ u\L2 . Hence, it follows from Strichartz’s
estimate, Hölder’s inequality and Sobolev embedding that

\ Φ(uε)\L|t0L2 + \ Φ(uε)\Lσ
t0

Lp+1

≥ \U(t) (ρε • u0)\L|t0L2 +

((((⋂t

0

U(t s) (ρε • f(ρε • uε))(s)ds

((((
L|t0

L2

+ \U(t) (ρε • u0)\Lσ
t0

Lp+1 +

((((⋂t

0

U(t s) (ρε • f(ρε • uε))(s)ds

((((
Lσ

t0
Lp+1

≥ 2C0\ (ρε • u0)\L2 + C \ (ρε • f(ρε • uε))\Lσ∞
t0

L(p+1)/p

≥ 2C0\ρε • u0\L2 + C \ρε • f(ρε • uε)\Lσ∞
t0

L(p+1)/p

≥ 2C0\ u0\L2 + C \ f(ρε • uε)\Lσ∞
t0

L(p+1)/p

≥ 2C0\ u0\L2 + C
((‖ρε • uε‖p 1 (ρε • uε)

((
Lσ∞

t0
L(p+1)/p

≥ 2C0\ u0\L2 + C\ρε • uε\p 1
L|t0

Lp+1\ρε • uε\Lσ∞p
t0

Lp+1

≥ 2C0\ u0\L2 + C\uε\p 1
L|t0

Lp+1\ uε\Lσ∞p
t0

Lp+1
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≥ 2C0\ u0\L2 + CT δ\uε\p 1
L|t0

H1\ uε\Lσ
t0

Lp+1

≥ 2C0\ u0\L2 + CT δMp (δ =
n+ 2 (n 2)p

2(p+ 1)
)

≥M/2

if T satisfies CT δMp ≥ 2C0\u\L2 . Thus Φ(uε) � XT holds. Similary, it holds
that for all uε, vε � XT ,

d(Φ(uε),Φ(vε))

= \Φ(uε) Φ(vε)\Lσ
t0

Lp+1

≥
((((⋂t

0

U(t s)ρε • }f(ρε • uε) f(ρε • vε)〈ds
((((
Lσ

t0
Lp+1

≥
((((⋂t

0

U(t s)}(‖ρε • uε‖p 1ρe • uε)(s) (‖ρε • vε‖p 1ρε • vε)(s)〈ds
((((
Lσ

t0
Lp+1

≥ C
((‖ρε • uε‖p 1ρε • uε ‖ρ ε • vε‖p 1ρε • vε

((
Lσ∞

t0
L(p+1)/p

≥ C
(((‖ρε • uε‖p 1 + ‖ρε • vε‖p 1)‖ρε • uε ρε • vε‖

((
Lσ∞

t0
L(p+1)/p

≥ CT δ(\ρε • uε\p 1
L|t0

Lp+1 + \ρε • vε\p 1
L|t0

Lp+1)\ρε • (uε vε)\Lσ
t0

Lp+1

≥ CT δ(\uε\p 1
L|t0

Lp+1 + \vε\p 1
L|t0

Lp+1)\uε vε\Lσ
t0

Lp+1

≥ CT δ(\uε\p 1
L|t0

H1 + \vε\p 1
L|t0

H1)\uε vε\Lσ
t0

Lp+1

≥ CT δMp 1d(uε, vε)

≥ 1

2
d(uε, vε)

if T satisfies CT δMp 1 ≥ 1/2, that is Φ is the contraction mapping in XT .
In conclusion, we get a local solution u of (2.4.1). Uniqueness of the solution
follows easy from way similar to Theorem 2.2.1.

Next, by Duhamel principle, we can transform the equation (2.4.1) to a
integral equation

uε = U(t)(ρε • u0) i

⋂t

0

U(t s)ρε • f(ρε • uε)(s)ds. (2.4.5)

Multiplying (2.4.5) by ∂α
x for all multi-index α, we get

∂α
x uε = U(t)(∂α

x ρε • u0) i

⋂t

0

U(t s)(∂α
x ρε • f(ρε • uε))(s)ds,

which impies

uε �
∈̃

j=1

C([t0 T, t0 + T ], Hj). (2.4.6)

By the equation (2.4.1), this yields (2.4.2) (see Remark 2.2.2).
Next, we show (2.4.3). Using (2.4.5), we obtain

\uε\L|t0H1 ≥ \U(t)(ρε • u0)\L| H1 +

((((⋂t

0

U(t s)ρε • f(ρε • uε)(s)ds

((((
L|t0

H1
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≥ \ρε • u(t0)\H1 + C0\ρε • f(ρε • uε)\
Lσ∞

t0
W

1,
p+1
p

≥ \u(t0)\H1 + C0\f(ρε • uε)\
Lσ∞

t0
W

1,
p+1
p

≥ \u(t0)\H1 + CT 1/σ∞pMp + CT δMp

≥ 2\u(t0)\H1 ,

if T satisfies CT 1/σ∞pMp + CT δMp < \u(t0)\H1 .
Finally, we show (2.4.4). we estimate that

\u uε\Lσ
t0

Lp+1

≥ \U(t)(u0 ρε • u0)\Lσ
t0

Lp+1

+

((((⋂t

0

U(t s)(f(u) ρε • f(ρε • uε))(s)ds

((((
Lσ

t0
Lp+1

≥ \u ρε • u0\L2 + \f(u) ρε • f(ρε • uε)\
Lσ∞

t0
L

p+1
p

≥ \u ρε • u0\L2

+ \f(u) ρε • f(u)\
Lσ∞

t0
L

p+1
p

+ \ρε • f(u) ρε • f(ρε • uε)\
Lσ∞

t0
L

p+1
p

≥ \u ρε • u0\L2

+ \f(u) ρε • f(u)\
Lσ∞

t0
L

p+1
p

+ \f(u) f(ρε • uε)\
Lσ∞

t0
L

p+1
p

≥ \u ρε • u0\L2

+ \f(u) ρε • f(u)\
Lσ∞

t0
L

p+1
p

+ CT δ(\u\p 1
L|t0

H1 + \uε\p 1
L|t0

H1)\u ρε • uε\Lσ
˜T
Lp+1

≥ \u ρε • u0\L2

+ \f(u) ρε • f(u)\
Lσ∞

t0
L

p+1
p

+ CT δ(\u\p 1
L|t0

H1 + \uε\p 1
L|t0

H1)\u ρε • u\Lσ
˜T
Lp+1

+ CT δ(\u\p 1
L|t0

H1 + \uε\p 1
L|t0

H1)\u uε\Lσ
˜T
Lp+1

≥ \u ρε • u0\L2

+ \f(u) ρε • f(u)\
Lσ∞

t0
L

p+1
p

+ CT δ(\u\p 1
L|t0

H1 + 2p 1\u(t0)\p 1
H1 )\u ρε • u\Lσ

t0
Lp+1

+ CT δ(\u\p 1
L|t0

H1 + 2p 1\u(t0)\p 1
H1 )\u uε\Lσ

t0
Lp+1 .

Therefore, if T is small enough depending on \u\L|t0H1 and \u(t0)\H1 , then we

obtain

\u uε\Lσ
t0

Lp+1 ≥ \u ρε • u0\L2

+ CT δ(\u\p 1
L|t0

H1 + 2p 1\u(t0)\p 1
H1 )\u ρε • u\Lσ

t0
Lp+1

↑ 0
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as ε ↑ 0. Applying Strichartz’s estimate and Gagliardo-Nirenberg’s inequality,
this implies (2.4.4).

Using Theorem 2.4.1, we can prove exactly the following result:

Proposition 2.4.1 (e.g. [23]). Let u0 � H1. (q, r) denotes some admissible
pair. Let T > 0. Assume that u is a corresponding solution of (2.2.2) satisfying

u � C([0, T ];H1) { Lq
loc((0, T );W

1,r).

Then, it holds that

E(u(t)) = E(u0),

\u(t)\L2 = \u0\L2

for all t � [0, T ], where

E(u) = \ u\2L2 +
2λ

p+ 1
\u\p+1

Lp+1 .

Proof. We take t0 � [0, T ]. By applying Theorem 2.4.1, there exists T̃ � (0, T )
such that there exists a solution

uε �
∈̃

j=1

C1([t0 T̃ , t0 + T̃ ], Hj)

of (2.4.1) replacing u0 to u(t0). Namely, uε satisfies (2.4.3) and (2.4.4). In what

follows, we put I
˜T = [t0 T̃ , t0 + T̃ ]. Multiplying the equation (2.4.1) by uε,

integrating over Rn, and taking imaginary part, we caluculate

0 = 2 Im(i∂tuε +Δuε ρε • f(ρε • uε), uε)L2

= 2 Im(i∂tuε, uε)L2 2 Im(ρe • f(ρε • uε), uε)L2

=
d

dt
\uε(t)\2L2 2 Im(f(ρε • uε), ρε • uε)L2

=
d

dt
\uε(t)\2L2 ,

which yields
\uε(t)\L2 = \uε(t0)\L2 = \ρε • u(t0)\L2

for all t � I
˜T . Combining (2.4.4) with ρε • u(t0) ↑ u(t0) as ε ∞0, when ε ∞0,

we deduce

\u(t)\L2 = \u(t0)\L2 (2.4.7)

for all t � I
˜T .

Moreover, multiplying the equation (2.4.1) by ∂tuε, integrating over Rn, and
taking the real part, we compute

0 = 2Re(i∂tuε +Δuε ρε • f(ρε • uε), ∂tuε)L2

= 2Re( uε, ∂t uε)L2 + 2Re(f(ρε • uε), ∂t(ρε • uε))L2

=
d

dt

)
\ uε\2L2 +

2λ

p+ 1
\ρε • uε\p+1

Lp+1

[
,
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which implies

\ uε\2L2 +
2λ

p+ 1
\ρε • uε\p+1

Lp+1

= \ (ρ̃ε • u(t0))\2L2 +
2λ

p+ 1
\ρ̃ε • u(t0)\p+1

Lp+1 (2.4.8)

for all t � I
˜T , where ρ̃ε = ρε • ρε. By (2.4.3), (2.4.4) and Sobolev embedding,

we obtain that∥∥∥\ρε • uε\p+1
Lp+1 \ u\p+1

Lp+1

∥∥∥
≥
⋂
Rn

∥∥‖ρε • uε‖p+1 ‖ρ ε • u‖p+1
∥∥dx

+

⋂
Rn

∥∥‖ρε • u‖p+1 ‖u‖p+1
∥∥dx

≥ C \ρε • uε\pLp+1 + \ρε • u\pLp+1

〈 \ρε • uε ρε • u\Lp+1

+ C \ρε • u\pLp+1 + \u\pLp+1

〈 \ρε • u u\Lp+1

≥ C \uε\pLp+1 + \u\pLp+1

〈 \uε u\Lp+1

+ C\u\pLp+1\ρε • u u\Lp+1

≥ C
)
\uε\pL| (I

˜T ;H1) + \u\pL| (I
˜T ;H1)

(
\uε u\Lp+1

+ C\u\pL| (I
˜T ;H1)\ρε • u u\Lp+1

≥ C
)
\u(t0)\pH1 + \u\pL| (I

˜T ;H1)

(
\uε u\Lp+1

+ C\u\pL| (I
˜T ;H1)\ρε • u u\Lp+1

↑ 0

as ε∞0. Similarly, we get∥∥∥\ρ̃ε • u(t0)\p+1
Lp+1 \ u(t0)\p+1

Lp+1

∥∥∥↑ 0

as ε∞0. Furthermore, we deduce from (2.4.3) and (2.4.4) that

uε(t) ↑ u(t) weakly in H1 as ε∞0,
\ u(t)\L2 ≥ lim inf

ε′ 0
\ uε(t)\L2 ,

\ (ρ̃ε • u(t0))\L2 ≥ \ u(t0)\L2

for any t � I
˜T . We show that uε(t) ↑ u(t) weakly in H1. From (2.4.3) and

Theorem 6.2.2, it follows that there exist }εn〈∈n=1 → (0,∈ ) with εn ∞0 and
v � H1 such that uεn ↑ v weakly in H1 as n ↑ ∈ . By (2.4.4), uε ↑ u in L2

as ε∞0. Therefore, we deduce that

‖〉u v, ϕ|S∞∗ S ‖≥ ‖〉u uεn , ϕ|L2∗ L2‖+ ‖〉uεn v, ϕ|H1∗ H 1‖
↑ 0

as ε∞0, which implies u(x) = v(x) a.e.x � R
n, where S∞= S∞(Rn) denotes the

space of tempered distributions on R
n. Hence, we obtain that uεn ↑ u weakly

in H1 as n ↑ ∈ . Putting }ϕm〈∈m=1 →S such that ϕm ↑ ϕ in H 1, we have

‖〉uε u, ϕ|H1∗ H 1‖≥ ‖〉uε uεn , ϕ ϕm|H1∗ H 1‖
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+ ‖〉uε uεn , ϕm|L2∗ L2‖
+ ‖〉uεn u, ϕ|H1∗ H 1‖

≥ (\uε\H1 + \uεn\H1) \ϕ ϕm\H 1

+ (\uε u\L2 + \u uεn\L2) \ϕm\L2

+ ‖〉uεn u, ϕ|H1∗ H 1‖
↑ 0

as ε ∞0 and n, m ↑ ∈ . Note that ε, n and m is independent of each other.
Thus, this implies uε(t) ↑ u(t) weakly in H1 for all t � I

˜T . Furthermore, By
Thereom 6.2.1, we can give \ u(t)\L2 ≥ lim infε′ 0 \ uε(t)\L2 . In conclusion,
it follows from (2.4.8) that if ε∞0, then

E(u(t)) ≥ E(u(t0)) (2.4.9)

for any t � I
˜T . Thus, taking t1 � I

˜T , when we consider the Cauchy problem for
(2.4.1) replacing u0 to u(t1), if T is sufficiently small ( by using \u\L|T H1 , we

set T̃ again ), then we can take the same T̃ as the existence time of the solution.
Hence, in the same way as above, we have

E(u(t0)) ≥ E(u(t1)). (2.4.10)

By E(u(t)) ≥ E(u(t0)) for any t � I
˜T , this contradicts (2.4.10). Therefore,

(2.4.9) yields
E(u(t)) = E(u(t0))

for all t � I
˜T . In conclusion, for any t0 � [0, T ), there exists T̃ > 0 such that

\u(t)\L2 = \u(t0)\L2 , E(u(t)) = E(u(t0))

for all t � I
˜T . Using the proof by contradiction, we deduce that

\u(t)\L2 = \u0\L2 , E(u(t)) = E(u0)

for any t � [0, T ]. This completes the proof.

2.4.2 Justification of the derivation of conservation laws
Applying the continuous dependence of solutions on
the initial data

We present the other method to justify the calculation to derive the conservation
law of the mass and the energy for H1 solution of (2.2.1) as in Section 2.3.

Let u0 � H1. Let u be a corresponding solution u � C([0, T ], H1) of (2.2.1)
with u(0) = u0 as in Theorem 2.2.2. We remark that u � C([0, T ], H1) satisfies
the continuous dependence on the initial data. Then, there exists }u0,n〈∈n=1 →
H2 such that u0,n ↑ u0 in H1 as n ↑ ∈ . Moreover, combining Remark 2.2.3
with the continuous dependence, there exist un � C([0, T ], H2) such that a
corresponding solution of (2.2.1) with un = u0,n if n is sufficiently large.

For each un, we can execute the calculation to derive the conservation of the
mass and the energy as in Section 2.3. That is, we obtain

\un(t)\L2 = \u0,n\L2 , E(un(t)) = E(u0.n)
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for all t � [0, T ] and each n � N. Using the continuous dependence and Sobolev
embedding, we deduce that for any t � [0, T ],

‖\un(t)\L2 \ u(t)\L2‖≥ \un(t) u(t)\L2

≥ \un u\L|T L2 ↑ 0

as n ↑ ∈ , and

‖E(un(t)) E(u(t))‖≥ ∥∥\ un(t)\2L2 \ u(t)\2L2

∥∥
≥ C
∥∥∥\un(t)\p+1

Lp+1 \u( t)\p+1
Lp+1

∥∥∥
≥ (\un\L|T H1 + \u\L|T H1)\un u\L|T H1

+ (\un\p 1
L|T H1 + \u\p 1

L|T H1)\un u\L|T H1

↑ 0

as n ↑ ∈ . Thus, for any t � [0, T ],

\u(t)\L2 = \u0\L2 , E(u(t)) = E(u0)

hold.

Remark 2.4.1. Actually, to obtain the mass consevation law for H1 solutions
of (2.2.1), we don’t need the approximating arguments as in Section 2.4.1- 2.4.2.
However, for L2 solutions, we need the similar argument.

2.5 Global behavior of nonlinear Schrödinger equa-
tions with power type nonlinearity

In this section, we consider a global behavior of nonlinear Schrödinger equation
(2.2.1).

2.5.1 Globall wellposedness results

First, we present results for global wellposedness of (2.2.1).

Theorem 2.5.1 ([24]). Let 1 < p < 1 + 4/n. Let u0 � L2. Assume that (q, r)
is some admissible pair. Let u � C([0, Tmax), L

2) { Lq
loc((0, Tmax), L

r) be the
corresponding maximal solution of (2.2.1) in Theorem 2.2.1. Then Tmax = ∈ .
Moreover u � L∈ ([0,∈ ), L2).

Proof. Obviously, the consrvation law of the mass implies the desired assertion.

Theorem 2.5.2 ([16], cf. [23]). Let 1 < p < α(n). Let u0 � H1. Assume that
(q, r) is some admissible pair. Let u � C([0, Tmax), H

1) { Lq
loc((0, Tmax),W

1,r)
be the corresponding maximal solution of (2.2.1) in Theorem 2.2.2. If λ > 0, or
λ < 0 and p < 1 + 4/n, then Tmax = ∈ . Moreover u � L∈ ([0,∈ ), H1).
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Proof. Assume that Tmax < ∈ . Combining the conservation of energy and mass
with Gagliardo-Nirenberg inequality, we see that

\ u(t)\2L2 ≥ E(u0) + C\u(t)\p+1
Lp+1

≥ E(u0) + C\ u(t)\θ(p+1)
L2 \u(t)\(1 θ)(p+1)

L2

≥ E(u0) + C\ u(t)\θ(p+1)
L2 \u0\(1 θ)(p+1)

L2 , (2.5.1)

where θ = n(p 1)/2(p + 1). Noting that θ(p + 1) = n(p 1)
2 < 2, there exists{M > 0 depending only on \u0\H1 such that \ u(t)\L2 ≥ {M for all t � [0, Tmax).

From the conservation law of mass, this implies that there exists M > 0 depend-
ing only on \u0\H1 such that

\ u(t)\H1 ≥M

for all t � [0, Tmax). We choose t0 � [0, Tmax). we can construct the corre-
sponding solution u1 with u1(0) = u(t0) as in Theorem 2.2.2. Indeed, we can
show that there exist T > 0 such that there exists a solution u1 � XT of (2.2.1)
replacing u0 with u(t0), where

XT = }v � C([t0, t0 + T ], H1) { Lσ((t0, t0 + T ),W 1,p+1);

\v\L| ([t0,t0+T ];L2) + \v\Lσ([t0,t0+T ];W 1,p+1) ≥ 4C0\u(t0)\H1 ≥ 4C0M〈 ,
d(v1, v2) = \v1 v2\Lσ

TLp+1

with σ = 4(p+ 1)/n(p 1). Note that T depends only on M . Furthermore, we
denote the solution u(1) on [0, T ] of (2.2.1) by

u(1)(t) =

}
u(t) if t � [0, t0],

u1(t t0) if t � [t0, T ].

Again, Combining the conservation of energy and mass with Gagliardo-Nirenberg
inequality, by estimating \ u(1)(t)\2L2 in the same way as (2.5.1), we implies
that

\ u(1)(t)\H1 ≥M

for all t � [0, T ]. Note that repeating the procedure similar to the above, we can
continue to take the same T > 0 as the time of existence of the solution. This
follows a contradiction of Tmax < ∈ . Namely, Tmax = ∈ . Also, by the above
argument, it is clear that u � L∈ ([0,∈ ), H1).

2.5.2 Blow-up results

We use the virial identity as follows to prove the finite time blow-up of (2.2.1).

Proposition 2.5.1 (virial identity, [11]). Let u0 � Σ. Let u � C([0, T ],Σ) be a
corresponding solution of (2.2.1) with u(0) = u0. Then it holds that

\xu(t)\2L2 = \xu0\2L2 + 4t Im

⋂
Rn

u0 ×xu0dx

+ 4

⋂t

0

⋂s

0

}
2\ u(s)\2L2 +

λn(p 1)

p+ 1
\u(s)\p+1

Lp+1

〈
dτds

for any t � [0, T ).

30



Proof. First, integrating (2.3.2) from 0 to t, we get

\xu(t)\2L2 = \xu0\2L2 + 4

⋂t

0

Im

⋂
Rn

u(s)×xu(s)dxds. (2.5.2)

Moreover, integrating (2.3.4) from 0 to s, we deduce that

Im

⋂
Rn

u×xudx = Im

⋂
Rn

u0 ×xu0dx

+

⋂s

0

}
2\ u(τ)\2L2 +

λn(p 1)

p+ 1
\u(τ)\p+1

p+1

〈
dτ. (2.5.3)

Combining (2.5.2) with (2.5.3), we obtain the virial identity.

Remark 2.5.1. To justify the above proof, we need a regularization argument
(see Secion 6.5 of [4]).

Applying the virial identity, we can show the finite blow-up result of (2.2.1)
as follows:

Theorem 2.5.3 ([11], cf. [23]). Assume that λ < 0 and 1 + 4/n ≥ p < α(n).
Let u0 � Σ. Let u � C([0, T ],Σ) be a corresponding solution of (2.2.1) with
u(0) = u0. If E(u0) < 0, then Tmax < ∈ . Moreover, the solution u of (2.2.1)
blows up in finite time. Namely, it holds that

lim
t↓Tmax

\ u(t)\L2 = ∈ .

Proof. Assume that Tmax = ∈ . Using the virial identity and the energy con-
servation law, since λ < 0 and p ≈ 1 + 4/n, we estimate

\xu(t)\2L2 = \xu0\2L2 + 4t Im

⋂
Rn

u0 ×xu0dx

+ 4

⋂t

0

⋂s

0

}
2E(u0) +

λ(n(p 1) 4)

p+ 1
\u\p+1

p+1

〈
dτds

= \xu0\2L2 + 4t Im

⋂
Rn

u0 ×xu0dx

+ 4t2E(u0) +

⋂t

0

⋂s

0

4λ(n(p 1) 4)

p+ 1
\u\p+1

p+1dτds

< \xu0\2L2 + 4t Im

⋂
Rn

u0 ×xu0dx+ 4t2E(u0)

=: Q(t)

for all t > 0. Here, Q(t) is a quadratic function of t. In addition, because of
E(u0) < 0, the cofficient of t2 is nagative. Hence, there exists T0 > 0 such
that \xu(t)\L2 < 0 for any t > T0. This is a contradiction. Therefore, we have
Tmax < ∈ .

Next, we assume limt↓Tmax \ u(t)\L2 < ∈ . In particular, this implies

lim inf
t↓Tmax

\ u(t)\L2 < ∈ .

31



Using the conservation law of mass, since inft>t0 \ u(t)\L2 is a mononical in-
creasing, there exist M > 0 and a sequence }tk〈 →[0, Tmax) such that tj ↓ Tmax

and \u(tj)\H1 ≥ M for all j � N. Therefore, by Theorem 2.2.2, there exists
TM > 0 such that (2.2.1) replacing u0 to u(tk) has a solution on [tk, tk + TM ].
Note that we can take TM uniformly for k. Hence, putting k0 � N such that
Tmax tk0 < TM , applying Theorem 2.2.2 again, (2.2.1) replacing u0 to u(tk0)
has a solution on [tk0 , tk0 + TM ], which contradicts the definition of Tmax. This
completes the proof.

2.5.3 Application of the pseudo conformal conservation
law

We state an application of the pseudo conformal conservation law.

Theorem 2.5.4 ([3]). Let λ > 0. If u0 � Σ and if u � C([0,∈ ), H1) is a
coresponding solution of (2.2.1), then the following properties hold:

(i) If p ≈ 1 + 4
n , then for any r � [2, α(n) + 1] (but, r � [2,∈ ] if n = 1,

r � [2,∈ ) if n = 2), it holds that

\u(t)\Lr ≥ C‖t‖ n( 1
2

1
r ) (2.5.4)

for all t � [0,∈ ).

(ii) If p < 1 + 4
n , then for any r � [2, α(n) + 1] (but, r � [2,∈ ] if n = 1,

r � [2,∈ ) if n = 2), it holds that

\u(t)\Lr ≥ C‖t‖ n( 1
2

1
r )(1 θ(r)) (2.5.5)

for all t � [0,∈ ), where

θ(r) =

}
0 if r � [2, p+ 1],
(r (p+1))(4 n(p 1))
(r 2)(2(p+1) n(p 1)) if r > p+ 1.

Proof. We show (2.5.4). If p ≈ 1 + 4/n, then putting v(t) = M( t)u, using

(x+ 2it )u = M(t)(2it )M( t)u, (2.5.6)

we transform the psudo conformal conservation law (2.3.1) to

4t2\ v(t)\2L2 +
8t2λ

p+ 1
\v(t)\p+1

p+1

= \xu0\2L2

4λ(n(p 1) 4)

p+ 1

⋂t

0

s\u(s)\p+1
p+1ds. (2.5.7)

This implies that

4t2\ v(t)\2L2 ≥ \xu0\2L2 . (2.5.8)

Combining (2.5.8) with Gagliardo-Nirenberg’s inequality, the mass conservation
law \u(t)\L2 = \u0\L2 , we calculate

\u(t)\Lr = \v(t)\Lr
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≥ C\ v(t)\n(
1
2

1
r )

L2 \v(t)\1 n( 1
2

1
r )

L2

≥ Ct n( 1
2

1
r )\xu0\ n( 1

2
1
r )

L2 \u0\1 n( 1
2

1
r )

L2

≥ Ct n( 1
2

1
r ).

This completes the proof of (2.5.4).
Next, we assume p < 1 + 4/n and t ≈ 1. Concatenating the identity (2.3.6)

and (2.5.6), we obtain

4t2E(v(t)) = E(v(1))
4λ(n(p 1) 4)

p+ 1

⋂t

1

s\u(s)\p+1
p+1ds.

Thus, putting h(t) = t2\u(t)\p+1
p+1, this implies

h(t) ≥ C +
4 n(p 1)

2

⋂t

1

1

s
h(s)ds.

Using Gronwall’s Lemma, indeed, putting

H(t) = C +
4 n(p 1)

2

⋂t

1

1

s
h(s)ds,

we deduce that
h(t) ≥ Ct

4 n(p 1)
2 .

Hence, it follows that

\v(t)\Lp+1 ≥ Ct n( 1
2

1
p+1 ). (2.5.9)

Combining (2.5.7) with (2.5.9), since p < 1 + 4/n, we compute

4t2\ v(t)\2L2 ≥ C + C

⋂t

0

s\v(s)\p+1
Lp+1ds

≥ C + Ct2
n(p 1)

2 ,

which yields

\ v(t)\L2 ≥ Ct
n(p 1)

4 . (2.5.10)

From (2.5.9), Holder’s inequality and the mass conservation law \u(t)\L2 =
\u0\L2 , it follows that for r � [2, p+ 1],

\u(t)\Lr = \v(t)\Lr

≥ C\v(t)\
2(p+1)
p 1 ( 1

2
1
r )

Lp+1 \v(t)\1
2(p+1)
p 1 ( 1

2
1
r )

L2

≥ Ct n( 1
2

1
r ).

This complete the proof of (2.5.5) if r � [2, p+ 1].
For r � (p + 1, 2n

n 2 ], Applying (2.5.9), (2.5.10) and Gagliardo-Nirenberg’s
inequality, we get

\u(t)\Lr = \v(t)\Lr

≥ C\ v(t)\
2n(r p 1)

r(2(p 1)+4 n(p 1))

L2 \v(t)\1
2n(r p 1)

r(2(p 1)+4 n(p 1))

Lp+1

≥ Ct n( 1
2

1
r )(1 θ(r)).

This complete the proof.
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2.5.4 Application of the momentum conservation law

Under the assumption as in Theorem 2.5.3, we don’t know whether \xu(t)\L2 ↑
0 as t ↓ Tmax. Applying the momentum conservation law, by the invariance of
the equation (2.2.1) under the spatial translation, we can construct a solution
of (2.2.1) such that \xu(t)\L2 � 0 as t ↓ Tmax. In detail, we have the following
result:

Proposition 2.5.2 ([3]). Suppose that u0 � Σ. Let u be a corresponding max-
imal solution u � C([0, Tmax),Σ) of (2.1.1) with the initial data u0. Then there
exists x0 � R

n such that \xu(t,×+ x0)\L2 � 0 as t ↓ Tmax.

Proof. For all x0 � R
n, we compute

\xu(t,×+ x0)\2L2

=

⋂
Rn

‖x‖2‖u(t, x+ x0)‖2dx

=

⋂
Rn

‖̃x x0‖2‖u(t, x̃)‖2dx̃

=

⋂
Rn

‖̃x‖2‖u(t, x̃)‖2dx̃+ ‖x0‖2
⋂
Rn

‖u(t, x̃)‖2dx̃ 2

⋂
Rn

x̃×x0‖u(t, x̃)‖2dx̃

= \xu(t)\2L2 + ‖x0‖2\u0\2L2 2

⋂
Rn

x×x0‖u(t)‖2dx.

Hence, it follows formally from the conservation law of the momentum that

d

dt

⋂
Rn

x×x0‖u(t)‖2dx = 2

⋂
Rn

x×x0 Re(ū∂tu)dx

= 2

⋂
Rn

x×x0 Im}ū(λ‖u‖p 1u Δu)〈dx

= 2 Im

⋂
Rn

x×x0ūΔudx

= 2 Im

⋂
Rn

(x×x0ū)× udx

= 2 Im

⋂
Rn

ū(t)x0 × u(t)dx

= 2 Im

⋂
Rn

ū0x0 × u0dx.

This yields⋂
Rn

x×x0‖u(t)‖2dx =

⋂
Rn

x×x0‖u0‖2dx+ 2t Im

⋂
Rn

ū0x0 × u0dx.

Note that we can justify the above computation by replacing x ×x0‖u(t)‖2 to

e ε x 2

x×x0‖u(t)‖2 for ε > 0 and converging ε∞0. Therefore, we get

\xu(t,×+ x0)\2L2 = \xu(t)\2L2 + ‖x0‖2\u0\2L2

2

⋂
Rn

x×x0‖u0‖2dx 4t Im

⋂
Rn

ū0x0 × u0dx
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for all t � [0, Tmax). Observe that for any t � [0, Tmax),

‖x0‖2\u0\2L2 2

⋂
Rn

x×x0‖u0‖2dx 4t Im

⋂
Rn

ū0x0 × u0dx = O(‖x0‖2)

as ‖x0‖ ↑ ∈ and the cofficient of ‖x0‖2 is positive. Thus, we implies that
\xu(t,×+ x0)\L2 � 0 as t ↓ Tmax if ‖x0‖ is sufficiently large.
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Chapter 3

Nonlinear Schrödinger
equations with
non-vanishing boundary
conditions at spatial infinity

3.1 Previous Works

In this chapter, we consider defocusing nonlinear Schrödinger equations in di-
mension n ≥ 4.}

i∂tu+Δu = f(‖u‖2)u, t � [0,∈ ), x � R
n,

u(0, x) = u0(x), x � R
n,

(3.1.1)

where u(t, x) : [0,∈ ) ∗ R
n ↑ C. The unknown function u has the following

boundary condition:
‖u(x)‖2 ↑ ρ0 as ‖x‖↑ ∈ ,

where ρ0 > 0 denotes the light intensity of the background. The nonlinear term
f is assumed to be defocusing. Namely the real-valued function f satisfies the
following assumption:

f(ρ0) = 0, f∞(ρ0) > 0. (Hf )

The aim of this chapter is to state previous works for the global wellposedness
of Cauchy problem (3.1.1) in energy space

Eρ0 = }u � H1
loc(R

n); u � L2(Rn), ‖u‖2 ρ0 � L2(Rn)〈 .
First, we consider the Cauchy problem for the Gross-Pitaevskii equation}

i∂tu+Δu = (‖u‖2 1)u, t � [0,∈ ), x � R
n,

u(0, x) = u0(x), x � R
n (3.1.2)

(that is (3.1.1) with f(r) = r 1 and ρ0 = 1). Béthnel-Saut [2] prove that the
Caucy problem (3.1.2) is globally wellposed in 1 + H1 for n = 2, 3. We state
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the result. A first strategy of the proof is that (3.1.2) is transformed as follows
to look for a solution of (3.1.2) under the form 1 + v:}

i∂tv +Δv = N(v), t � (0, T ), x � R
n,

v(0, x) = v0(x), x � R
n,

(3.1.3)

where
N(v) = ‖v‖2v + ‖v‖2 + 2Re(v)v + 2Re(v).

In a next strategy, he prove that (3.1.3) is locally well-posed in H1 by using
Strichartz’s estimates and a contraction argument for the map

Φ(v) = U(t)v0 i

⋂t

0

U(t s)N(v(s))ds. (3.1.4)

For a locally well-posedness, Béthnel-Saut [2] prove the following Theorem:

Theorem 3.1.1 ([2]). Let n = 2, 3. For any v0 � H1(Rn), there exists T > 0
such that (3.1.3) has a unique solution v � C([0, T ], H1) { L8/3([0, T ],W 1,4).
Moreover, the energy

F1(1 + v) = \ v\2L2 +
1

2
\‖v‖2 + 2Re(v)\2L2 (3.1.5)

is conserved.

Sketch of proof of Theorem 3.1.1. We show that the map (3.1.4) is contraction
mapping in the complete metric space

XT = }v � C([0, T ], H1) { L8/3((0, T ),W 1,4);

\v\L|T H1 + \v\
L

8/3
T W 1,4 ≥ 8C0\v0\H1 =: M〈 ,

d(v1, v2) = \v1 v2\L|T H1 + \v1 v2\L8/3
T W 1,4 .

First, combining

‖ N(v)‖≥ C(‖ v‖‖v‖2 + ‖ v‖‖v‖+ ‖ v‖)

with Strichartz’s estimate, Hölder’s inequality and Sobolev embedding, we de-
duce that for all v � XT ,

\ Φ(u)\L|T L2 + \ Φ(u)\
L

8/3
T L4

≥ \U(t) v0\L|T L2 +

((((⋂t

0

U(t s) N(v(s))ds

((((
L|T L2

+ \U(t) v0\L8/3
T L4 +

((((⋂t

0

U(t s) N(v(s))ds

((((
L

8/3
T L4

≥ 2C0\ v0\L2 + C
((‖ v‖‖v‖2((

L
8/5
T L4/3 + C \‖ v‖‖v‖\

L
8/5
T L4/3 + C\ v\L1

TL2

≥ 2C0\ v0\L2 + CT 1/4\ v\
L

8/3
T L4\v\2L|T H1

+ CT 1/4\ v\
L

8/3
T L4\v\L|T H1 + CT\ v\L|T L2

≥ 2C0\ v0\L2 + CT 1/4(M3 +M2 +M)
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≥M/2

if T is sufficiently small depending only \v0\H1 . Also, in the same way as above,
we get

\Φ(v)\L|T L2 + \Φ(v)\
L

8/3
T L4 ≥M/2

if T is sufficiently small depending only \v0\H1 . Therefore, we see that

\Φ(v)\L|T H1 + \Φ(v)\
L

8/3
T W 1,4 ≥M,

which yields Φ(v) � XT . Moreover, by the same estimation in the above, it
follows that the map Φ is a contraction mapping in XT . Thus, we obtain the
local solution of (3.1.3) in C([0, T ], H1).

Furthermore, we can obtain formally the conservation law of the energy
F1(1 + v) by multiplying the equation (3.1.3) by ∂tv, integrating over R

n, and
taking the real part as follows:

0 = 2Re(i∂tv +Δv (‖v‖2 +Re(v))(1 + v), ∂tv)L2

= 2Re(Δv, ∂tv)L2 + 2Re((‖v‖2 +Re(v))(1 + v), ∂tv)L2

= 2Re( v, ∂t v)L2 + 2Re((‖v‖2 +Re(v))(1 + v), ∂tv)L2

=
d

dt
F(1 + v(t)).

Note that the above procedure is justified as in Section 2.4.2. This complete
the proof.

Theorem 3.1.2 ([2]). Let n = 2, 3. For any v0 � H1(Rn), the local solution v
of (3.1.3) as in Theorem 3.1.1 extends globally with

v � C([0,∈ ), H1) { L
8/3
loc ((0,∈ ),W 1,4).

Proof. Using the energy conservation law

F1(1 + v) = \ v\2L2 +
1

2
\‖v‖2 + 2Re(v)\2L2 = F1(1 + v0),

and Sobolev embedding, we get

\ v\L2 ≥ C(\v0\H1).

Moreover, by multiplying the equation (3.1.3) by u, integrating over R
n, and

taking the imaginary part, we estimate

1

2

d

dt

⋂
Rn

‖v(t)‖2dx =

⋂
Rn

(‖v(t)‖2 + 2Re(v(t))) Im(v(t))dx

≥
)⋂

Rn

(‖v(t)‖2 + 2Re(v(t)))2dx

[ 1/2)⋂
Rn

‖v(t)‖2dx
[ 1/2

≥
√
2F1(1 + v0)\v(t)\L2 ,

which yields

\v(t)\2L2 ≥ \u0\2L2 +

⋂t

0

2
√
2F1(1 + v0)\v(s)\L2ds.
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Hence, by using Gronwall type Lemma, this implies

\v(t)\L2 ≥ \v0\L2 +
√
2F1(1 + v0)t

for any t � [0, T ]. Since we obtain the local uniformaly estimate of \v(t)\H1 ,
we can extend the local solution v to a global solution.

Since equation (3.1.2) has the energy F1(u) = \ u\2L2 + 1
2\‖u‖2 1\2L2 ,

solution space 1 +H1 is not enough. In fact, Gravejat [13] shows the existence
of a traveling wave not even to belong to 1 + L2. Hence, it was expected to
prove the existence of solution of (3.1.2) in

E1 = }u � H1
loc(R

n); u � L2(Rn), ‖u‖2 1 � L2(Rn)〈 ,
dE(u, v) = \ u v \L2 + \‖u‖2 ‖v ‖2\L2 .

After that, Gallo [7] prove a local solution of (3.1.2) in Zhidkov space

Xk(Rn) = }u � L∈ (Rn); ∂α
x u � L2(Rn), 1 ≥ ‖α‖≥ k〈

with k � N and k > n/2. Next, Goubet [12] shows the existence of a global
solution of (3.1.2) in X2(R2) if the energy F(u) is finite. Moreover, for n = 2,
3, Gérard [9] prove that The Cauchy problem (3.1.2) is the globally wellposed
in the energy space E1 as follows:

Theorem 3.1.3 ([9]). Let n = 2, 3. For any u0 � E1, there exists a global
solution u � C([0,∈ ), E1) of (3.1.2).

To obtain a local solution of (3.1.2) in E1, Gérard [9] use the contraction
argument and Strichartz’s estimate in a similar way. The key Lemmas for the
proof of Theorem 3.1.3 are as follows:

Lemma 3.1.1 ([9], cf. [8]). Eρ0 →X1(Rn) +H1(Rn).

Proof. Using a cutoff function χ � C0(C) with χ(z) = 1 (‖z‖ ≥ ∇
2ρ0) and

χ(z) = 0 (‖z‖≈ ∇3ρ0), we decompose u � Eρ0 as

Eρ0 � u = χ(u)u︸ ︸︷
=:u1

+(1 χ(u))u︸ ︸︷
=:u2

.

Since ‖χ(u)‖= 1 if ‖u‖≥ ∇2ρ0 and ‖χ(u)‖= 0 if ‖u‖≈ ∇3ρ0, we deduce that

\u1\L| ≥
√
3ρ0.

Moreover, ‖u‖≈ ∇2ρ0 in supp(u2) implies

‖u2‖≥ ‖(1 χ(u))u‖≥
︷

2

ρ0
‖‖u‖2 p0‖,

which yields
\u2\L2 ≥ C\‖u‖2 ρ0\L2 .

On the other hand, we see that

u1 = (∂zχ(u) u+ ∂z̄χ(u) ū)u+ χ(u) u
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= (χ(u) + u∂zχ(u)) u+ u∂z̄χ(u) ū,

u2 = ( ∂zχ(u) u ∂z̄χ(u) ū)u+ (1 χ(u)) u

= (1 χ(u) u∂zχ(u)) u u∂z̄χ(u) ū.

Therefore, putting A(χ) := 1 + supuDC ‖u∂z̄χ(u)‖+ supuDC ‖u∂zχ(u)‖, it follows
that

\ u1\L2 + \ u2\L2 ≥ A(χ)\ u\L2 .

This complete the proof.

Lemma 3.1.2 ([9]). For n = 2, 3, 4. Eρ0 +H1 →Eρ0 .

Proof. For any v � Eρ0 and w � H1, (v + w) � L2 is trivial. Next,

‖v + w‖2 ρ0 = ‖v‖2 ρ0 + 2Re(v̄w) + ‖w‖2

implies

\‖v + w‖2 ρ0\L2 ≥ \‖v‖2 ρ0\L2 + 2\vw\L2 + \w\2L2 . (3.1.6)

Hence, from Lemma 3.1.1, (3.1.6) and Gagliardo-Nirenberg inequality, it follows
that

\‖v + w‖2 ρ0\L2 ≥ \‖v‖2 ρ0\L2 + C(1 +
√
F(1 + v))(\w\L2 + \w\L4) + \w\L2 .

In conclusion, it holds that Eρ0 +H1 →Eρ0 .

Lemma 3.1.3 ([9]). U(t): X1 +H1 ↑ X1 +H1. Moreover, U(t)(Eρ0)→Eρ0 .

Proof. By the unitarity of U(t) in H1, we may assume f � X1 without loss of
generality. First, we decompose U(t)f as

U(t)f = f + U(t)f f.

Let χ � C∈0 (R) be a cutoff function satisfying 0 ≥ χ ≥ 1, χ(s) = 1 (‖s‖≥ 1 and

χ(s) = 0 (‖s‖≈ 2). Next, We factorize e it ξ 2

as

e it ξ 2

1 =
d∫

j=1

gj(t, ξ)ξj ,

where

gj(t, ξ) := itχ(t‖ξ‖2)ξj
⋂1

0

e ist ξ 2

ds+
1 χ(t‖ξ‖2)

‖ξ‖2 ξj(e
it ξ 2

1) = O(‖t‖1/2)

uniformly in ξ � R
n. Thus, using the equality in the above, we deduce that

\U(t)f f\L2

= \S 1[(e it ξ 2

1)f̂ ]\L2

= \S 1[
d∫

j=1

gj(t, ξ)ξj f̂ ]\L2

≥ C‖t‖1/2\ f\L2 .

40



Since we have (U(t)f) � L2, we obtain U(t)f � X1 +H1.
Furthermore, combining Lemma 3.1.1 with Lemma 3.1.2, U(t)f � X1 +H1

for all f � X1 +H1, we obtain that for all u � Eρ0 ,

U(t)u = u︸︸︷
DEρ0

+(U(t)u u)︸ ︸︷
DH1

→Eρ0 .

This complete the proof.

Finally, Gallo [8] has considered the Cauchy problem for (3.1.1). He proved
the following Theorem:

Theorem 3.1.4 (Theorem 1.1 in [8]). Let n ≥ 4 and ρ0 > 0. Assume that
f � Ck(R+) (k = 3 if n = 2, 3, k = 4 if n = 4) satisfying (Hf ), and there exist
α1 ≈ 1, with a supplementary condition α1 < α≤1 if n = 3, 4 (α≤1 = 3 if n = 3,
α≤1 = 2 if n = 4), and α2 � R with α1 α2 ≥ 1/2 such that

DC0 > 0, DA > ρ0 s.t.

⎩⎝⎝⎪⎝⎝⎨
∃r ≈ 1,

} ‖f∞∞(r)‖≥ C0r
α1 3 if n = 1, 2, 3,

‖f∞∞∞(r)‖≥ C0r
α1 4 if n = 4,

(Hα1)}
if α1 ≥ 3/2, V is bounded from below,
if α1 > 3/2, ∃r ≈ A, rα2 ≥ C0V (r),

(Hα2
)

where V (r) :=
∑r
ρ0

f(s)ds. Then for any function φ satisfying

φ � Ck+1
b (Rn), φ � Hk+1(Rn)n, ‖φ‖2 ρ0 � L2(Rn), (Hφ)

(3.1.1) is globally well-posed in φ + H1(Rn). Namely, for any w0 � H1(Rn),
there exists an unique w � C([0,∈ ), H1(Rn)) such that φ + w is the solution
to (3.1.1) with the initial data w(0) = w0. Moreover, The solution depends
continuously on the initial data w0 � H1. Furthermore, F(φ+w(t)) = F(φ+w0)
for all t � [0,∈ ), where

F(φ+ w) =

⋂
Rn

‖ (φ+ w)‖2dx+

⋂
Rn

V (‖φ+ w‖2)dx.

Gallo [8] decompose the element of Eρ0 as follows:

Lemma 3.1.4 (Proposition 1.1 in [8]). For any u0 � Eρ0 , there exist φ � E
satisfying the following condtion (3.1.7) and w0 � H1 such that u0 = φ+ w0:

φ � C∈b (Rn), φ � H∈ (Rn)n, ‖φ‖2 ρ0 � L2(Rn) (3.1.7)

Proof of Lemma 3.1.4. Using the cutoff function χ � C0(C) with χ(z) = 1
(‖z‖≥ 1) and χ(z) = 0 (‖z‖≈ 2) and ρ � C0(R

n)(
∑
Rn ρ = 1), we decompose u0

as

u0 = χ(u0)u0 + (1 χ(u0))u0

= ρ • (χ(u0)u0)︸ ︸︷
Eρ0

satisfying (3.1.7)

+(χ(u0)u0 ρ • (χ(u0)u0)) + (1 χ(u0))u0︸ ︸︷
DH1

This complete the proof.
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For n ≥ 4, Gallo [8] prove the globally well-posedness of (3.1.1). We state the
result for n = 2, 3, 4. A first strategy of the proof is that (3.1.1) is transformed
as follows to look for a solution of (3.1.1) under the form φ+ w.}

i∂tw +Δw = F (w(t)), t � [0,∈ ), x � R
n,

w(0, x) = w0(x), x � R
n,

(3.1.8)

where
F (w) := Δφ+ f(‖φ+ w‖2)(φ+ w).

In a next strategy, he proves that (3.1.8) is locally well-posed in H1 by using
Strichartz’s estimates and a contraction argument for the map

Φ(w) = U(t)w0 i

⋂t

0

U(t s)F (w(s))ds,

in the space
XT := L∈T H1 { Lp

TW
1,q

equipped with its natural norm

\w\XT := \w\L|T H1 + \w\Lp
TW 1,q ,

where a pair (p, q) is a admissible pair defined as (p, q) := (6/n, 6) for n = 2,
3, (p, q) := (2, 4) for n = 4. We remark that Gallo [8] takes (p, q) := (4, 4) for
n = 2. Note that our choice also works for getting local existence of solution to
(3.1.1).

To prove that Φ is a contraction mapping in XT , we need some of estimates
for nonlinearity F (w).

Lemma 3.1.5 ([8]). Let T > 0. For any w � XT , there exist

F1(w) � L∈T L2, F2(w) � L∈T Lq∞

such that
F (w) = F1(w) + F2(w).

Moreover it follows that

\F1(w)\L1
TL2 + \F2(w)\Lp∞

T Lq∞

≥ CT (1 + \w\L|T L2) + CT 1/p∞(\w\2L|T H1 + \w\max(2,2α1 1)
L|T H1 ),

where C is a positive constant depending on T .

Lemma 3.1.6 ([8]). Let T > 0. For any w � XT , there exist

G1(w) � L1
TL

2, G2(w) � Lp∞

T Lq∞.

such that
F (w) = G1(w) +G2(w).

Moreover it follows that there exists θ > 0 such that

\G1(w)\L1
TL2 + \G2(w)\Lp∞

T Lq∞

≥ CT (1 + \ w\L|T L2)

+ C(1 + \ w\L|T L2)(T 1/p∞\w\L|T H1 + T θ\w\max(1,2α1 2)
XT

),

where C is a positive constant depending on T .
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Lemma 3.1.7 ([8]). Let T > 0. For any w1, w2 � XT , decomposing f(‖φ +
w‖2)(φ+ w) as Lemma 5.2.1, it follows that there exist θ0 > 0 and θ1 > 0 such
that

\F1(w1) F1(w2)\L1
TL2 + \F2(w1) F2(w2)\Lp∞

T Lq∞

≥ CT\w1 w2\L|T H1 + C\w1 w2\L|T H1

∗ (T θ0(\w1\L|T H1 + \w2\L|T H1) + T θ1(\w1\L|T H1 + \w2\L|T H1)max(1,2α1 2)),

where C is a positive constant depending on T .

Lemma 3.1.8 ([8]). Let T > 0. For any w1, w2 � XT , decomposing f(‖φ +
w‖2)(φ+ w) as Lemma 5.2.2, it follows that there exist θ2 > 0 and θ3 > 0 such
that

\G1(w1) G1(w2)\L1
TL2 + \G2(w1) G2(w2)\Lp∞

T Lq∞

≥ CT\ (w1 w2)\L|T L2

+ CT 1/p∞(1 + \w1\L|T H1 + \w2\L|T H1)max(1,2α1 2)\w1 w2\L|T H1

+ CT θ2\w1 w2\XT
(\w1\max(1,2α1 2)

XT
+ \w2\max(1,2α1 2)

XT
)

+ CT θ3\w1 w2\XT
(1 + \w1\L|T H1 + \w2\L|T H1)

∗ (\w1\max(0,2α1 3)
XT

+ \w2\max(0,2α1 3)
XT

),

where C is a positive constant depending on T .

For locally well-posedness, Gallo [8] proves the following Theorem:

Theorem 3.1.5 ([8]). Let n = 2, 3, 4. Let ρ0 > 0, and f � C2(R+) satisfying
(Hf ). Moreover, we assume that there exist α1 ≈ 1, with a supplementary
condition α1 < α≤1 if n = 3, 4 (α≤1 = 3 if n = 3, α≤1 = 2 if n = 4), and α2 � R

with α1 α2 ≥ 1/2 such that (Hα1) and (Hα2). Let φ be a function satisfying
(H∞φ).

Then for any R > 0, there exists T (R) > 0 such that for any w0 � H1 with
\w0\H1 ≥ R, there exists an unique solution w � XT (R) of the integral equation

w(t) = U(t)w0 i

⋂t

0

U(t t∞)F (w(t∞))dt∞. (3.1.9)

Moreover w � C([0, T (R)], H1).
If w̃ � C([0, T ], H1) solves (3.1.9) for some T > 0, then w̃ � XT , and

w̃ � XT is the unique solution to (3.1.9) in C([0, T ], H1).
Also the flow map is locally Lipschitz continuous on the bounded sets of H1,

indeed for any R > 0, there exists T (R) > 0 such that for any T∞� (0, T (R)]
and w0, w̃0 � H1 with \w0\H1 ≥ R and \w̃0\H1 ≥ R, corresponding solutions
w, w̃ � XT∞of (3.1.9) satisfy the following locally Lipschitz continuity:

\w w̃\XT∞
≥ C\w0 w̃0\H1 , (3.1.10)

where C is a positive constant depending on \w\XT∞
and \w̃\XT∞

. Especially,
for the same constant C,

\w w̃\L|
T∞

H1 ≥ C\w0 w̃0\H1 .
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Proof of Theorem 3.1.5. For any R > 0, we take w0 � XT with \w0\H1 ≥ R.
We show that the map

Φ(w) = U(t)w0 i

⋂t

0

U(t s)F (w(s))ds

is a contraction mapping in

X̃T := }w � XT ; \w\XT ≥ R+ 1〈 ,
\w\

˜XT
:= \w\XT

.

Combining Lemma 3.1.5 with Lemma 3.1.7, Strichartz’s estimate and Holder’s
inequality, we deduce that for any u � XT ,

\Φ(w)\
˜XT

= \Φ(w)\L|T H1 + \Φ(w)\Lp
TW 1,q

= \Φ(w)\L|T L2 + \Φ(w)\Lp
TLq + \ Φ(w)\L|T L2 + \ Φ(w)\Lp

TLq

≥ \w0\L2 + CT (1 + \w\L|T L2)

+ CT 1/p∞(\w\2L|T H1 + \w\max(2,2α1 1)
L|T H1 )

+ \ w0\L2 + CT (1 + \ w\L|T L2)

+ C(1 + \ w\L|T L2)(T 1/p∞\w\L|T H1 + T θ\w\max(1,2α1 2)
XT

)

≥ \w0\H1 + CT (1 + \ w\L|T H1)

+ CT 1/p∞(\w\2L|T H1 + \w\max(2,2α1 1)
L|T H1 )

+ C(1 + \ w\L|T L2)(T 1/p∞\w\L|T H1 + T θ\w\max(1,2α1 2)
XT

)

≥ R+ CT (1 +R+ 1) + CT 1/p∞((R+ 1)2 + (R+ 1)max(2,2α1 1))

+ C(1 +R+ 1)(T 1/p∞(R+ 1) + T θ(R+ 1)max(2,2α1 1))

≥ R+ C(R)T γ1 (γ1 := min(1, 1/p∞, θ))

≥ R+ 1

if we take T = min(1, (1/C(R))1/γ1), which implies Φ(w) � X̃T . Similarly, for

all w1, w2 � X̃T , we estimate that

\Φ(w1) Φ(w2)\XT

= \Φ(w1) Φ(w2)\L|T L2 + \Φ(w1) Φ(w2)\Lp
TLq

+ \ Φ(w1) Φ(w2)\L|T L2 + \ Φ(w1) Φ(w2)\Lp
TLq

≥ CT\w1 w2\L|T L2 + C(\w1 w2\L|T L2 + \w1 w2\Lp
TLq )

∗ (T θ0(\w1\L|T H1 + \w2\L|T H1) + T θ1(\w1\L|T H1 + \w2\L|T H1)max(1,2α1 2))

+ CT\ (w1 w2)\L|T L2 + T 1/p∞(1 + \w1\L|T H1 + \w2\L|T H1)max(1,2α1 2)

∗ \w1 w2\L|T H1

+ CT θ2\w1 w2\XT
(\w1\max(1,2α1 2)

XT
+ \w2\max(1,2α1 2)

XT
)

+ CT θ3\w1 w2\XT
(1 + \w1\L|T H1 + \w2\L|T H1)

∗ (\w1\max(0,2α1 3)
XT

+ \w2\max(0,2α1 3)
XT

)
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≥ CT\w1 w2\L|T H1 + C\w1 w2\XT

∗ (T θ0(2(R+ 1)) + T θ1(2(R+ 1))max(1,2α1 2))

+ CT 1/p∞(1 + 2(R+ 1))max(1,2α1 2)\w1 w2\XT

+ CT θ2\w1 w2\XT
(2(R+ 1)max(1,2α1 2))

+ CT θ3\w1 w2\XT (1 + 2(R+ 1))(2(R+ 1)max(0,2α1 3))

≥ C(R)T γ2\w1 w2\XT
. (γ2 := min(1, θ0, θ1, θ2, θ2, 1/p

∞))

≥ 1

2
\w1 w2\ ˜XT

If we take T := min(1, (1/2C(R))1/γ2). Thus, we complete the proof of the
local existence of a solution u of (3.1.9). To get remaining assertions, we wish
referring to Gallo [8].

Proof of Theorem 3.1.4. We show the existence of the global solution. The local
solution φ + w of (3.1.8) as in Theorem 3.1.5 has the conservation law of the
energy

F(φ+ w) =

⋂
Rn

‖ (φ+ w)‖2dx+

⋂
Rn

V (‖φ+ w‖2)dx.

In fact, when (n, k) = (1, 1), (2, 2), (3, 2) or (4, 3), F : Hk(Rn) ↑ Hk(Rn) is
locally Lipshitz continuous. Hence, Gallo [8] proves the results as follows:

Theorem 3.1.6. (Theorem 2.1 in [8], cf. Chapter 4 in [5]) Let (n, k) = (1, 1),
(2, 2), (3, 2) or (4, 3). Let f � Ck+1(R+) satisfying (Hf ) and φ satisfying (Hφ).
For every w0 � Hk(Rn), there exists T≤(w0) > 0 such that there exists a unique
solution w � C([0, T≤), Hk(Rn)) of the intergral equation (3.1.9).

If T≤ < ∈ , then \w(t)\Hk ↓ ∈ as t ↓ T≤. Moreover if w0 � Hk+2(Rn),
w � C([0, T≤), Hk+2(Rn)) { C1([0, T≤), Hk(Rn)).

Lemma 3.1.9. (Lemma 3.1 in [8]) Let (n, k) = (1, 1), (2, 2), (3, 2) or (4, 3). Let
f � Ck+1(R+) satisfying (Hf ) and φ satisfying (Hφ). w � C([0, T≤), Hk(Rn))
denotes the solution of intergral equation (3.1.9) with w0 � Hk(Rn) as in The-
orem 3.1.6. Then for any t � [0, T≤(w0)), F(φ+ w(t)) = F(φ+ w0).

Combining Theorem 3.1.6 with Lemma 3.1.9 and approximating the initial
data w0 � H1 as a sequence }w0,n〈∈n=1 →Hk such that w0,n ↑ w0 in H1 as
n ↑ ∈ , we can prove the energy conservation law (see Chapter 5 in Gallo [8]).

Thus, Combining the condition (Hα2) with Gronwall type Lemma, we obtain
time local uniformaly estimate of \w(t)\H1 . In conclusion, we can construct a
time global soluton of (3.1.8) (see chapters 2 and 5 in Gallo [8]).

Remark 3.1.1. In Gallo [8], to prove Theorem 3.1.5, we need the assump-
tion f � C2(R+) and (Hα1). Moreover, to prove Theorem 3.1.4, we need the
assumption f � Ck(R+) (k = 3 if n = 2, 3, k = 4 if n = 4), (Hα1) and (Hα2).

From Theorem 3.1.5, a local solution of (3.1.8) is constructed as the following
Theorem:
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Theorem 3.1.7. Let n = 2, 3, 4. Let w0 � H1. Let T > 0 and let w be a mild
solution of the integral equation (3.1.9) with w � C([0, T ], H1). Then, for any
t0 � [0, T ], there exists v(t0) � H 1 such that

w(t0 + h) w(t0)

h
↑ v(t0) in H 1 as h ↑ 0.

Moreover, denoting v(t0) by ∂tw(t0), w is a solution of (3.1.8), indeed w satisfies

(i) i∂tw(t) + Δw(t) = F (w(t)) in H 1 for all t � [0, T ],

(ii) w(0) = w0.

Remark 3.1.2. From Eρ0 +H1 →Eρ0 and

φ+ w = φ+ w0 w0 + w = u0 + (w w0) � Eρ0 +H1,

it follows that the solution φ+ w given by Theorem 3.1.4 belongs to Eρ0 .
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Chapter 4

The new method to derive
conservation laws for
nonlinear Schrödinger
equations with a power
type nonlinearity

4.1 Ozawa’s idea

In this chapter, we consider the Cauchy problem for the nonlinear Schrödinger
equation }

i∂tu+Δu = λ‖u‖p 1u, t � [0,∈ ), x � R
n,

u(0, x) = u0(x), x � R
n,

(4.1.1)

where, λ � R, p > 1, u(t, x) : [0,∈ ) ∗ R
n ↑ C and the initial data u0 is a

complex valued function in R
n. In what follows, f(u) denotes λ‖u‖p 1u.

We present a new method to derive the conservation laws of (4.1.1). To derive
the conservation laws, we need to use the approximating argument as in Section
2.4. However, for (4.1.1), by using additional properties of solutions provided
by Strichartz’s estimates without using approximating argument, Ozawa [19]
derives conservation laws of the charge and the energy as follows:

Proposition 4.1.1 ([19]). Let (q, r) be some admissible pair. Let u � Lq([0, T ], Lr)
be a mild solution of the intergral equation

u(t) = U(t)u0 iλ

⋂t

0

U(t s)(‖u‖p 1u)(s)ds (4.1.2)

for some u0 � L2 and T > 0. Then \u(t)\L2 = \u0\L2 for any t � [ T, T ].

Proposition 4.1.2 ([19]). Let (q, r) be some admissible pair. Let u � Lq([0, T ], Lr)
be a mild solution of the intergral equation (4.1.2) for some u0 � H1 and T > 0.

47



Then E(u(t)) = E(u0) for any t � [ T, T ], where

E(u) = \ u\2L2 +
2λ

p+ 1
\u\p+1

Lp+1 .

Proof of Proposition 4.1.1. For all t � [0, T ], we obtain

‖‖u(t)‖‖2L2

= ‖‖U( t)u(t)‖‖2L2

= ‖‖u0‖‖2L2 2 Im

)
u0,

⋂t

0

U( s)f(u(s))ds

[
L2

+

((((⋂t

0

U( s)f(u(s))ds

((((2
L2

. (4.1.3)

The second term on the RHS of (4.1.3) satisfies the following equality:

2 Im

)
u0,

⋂t

0

U( s)f(u(s))ds

[
L2

= 2 Im

⋂t

0

〉
U(s)u0, f(u(s))

∑
ds, (4.1.4)

where combining Strichartz estimates with f(u) � Lq∞

T L
r∞, the time integral of

the scalar product is understood as the duality coupling on (Lq
TL

r) ∗ (Lq∞

T L
r∞)

with (q, r) = (4(p+1)/n(p 1), p+1). For the last term on the RHS of (4.1.3),
using Fubini’s theorem and (4.1.2), we get((((⋂t

0

U( s)f(u(s))ds

((((2
L2

= 2Re

⋂t

0

〉
f(u(s)),

⋂s

0

U(s s∞)f(u(s∞))ds∞

⎛
ds,

= 2 Im

⋂t

0

〉
f(u(s)), u(s) + i

⋂s

0

U(s s∞)f(u(s∞))ds∞

⎛
ds,

= 2 Im

⋂t

0

〉
f(u(s)), U(s)u0

∑
ds,

= 2 Im

⋂t

0

〉
U(s)u0, f(u(s))

∑
ds. (4.1.5)

Combining (4.1.3) - (4.1.5), we complete the proof.

Proof of Proposition 4.1.2. Acting on (4.1.2), for all t � [0, T ], we obtain

‖‖ u(t)‖‖2L2

= ‖‖ U( t)u(t)‖‖2L2

= ‖‖ u0‖‖2L2 2 Im

)
u0,

⋂t

0

U( s) f(u(s))ds

[
L2

+

((((⋂t

0

U( s) f(u(s))ds

((((2
L2

. (4.1.6)

48



The second term on the RHS of (4.1.6) satisfies the following equality:

2 Im

)
u0,

⋂t

0

U( s) f(u(s))ds

[
L2

= 2 Im

⋂t

0

〉
U(s) u0, f(u(s))

∑
ds, (4.1.7)

where combining Strichartz estimates with f(u) � Lq∞

T L
r∞, the time integral of

the scalar product is understood as the duality coupling on (Lq
TL

r) ∗ (Lq∞

T L
r∞)

with (q, r) = (4(p+1)/n(p 1), p+1). For the last term on the RHS of (4.1.6),
Fubini’s theorem implies((((⋂t

0

U( s) f(u(s))ds

((((2
L2

= 2Re

⋂t

0

〉
f(u(s)),

⋂s

0

U(s s∞) f(u(s∞))ds∞

⎛
ds, (4.1.8)

where the time integral of the scalar product is understood as the duality cou-

pling on (Lq∞

T L
r∞) ∗ (Lq

TL
r). Concatenating (4.1.6) - (4.1.8), we compute

\ u(t)\2L2

= ‖‖ u0‖‖2L2 2 Im

⋂t

0

〉
U(s) u0, f(u(s))

∑
ds

+ 2Re

⋂t

0

〉
f(u(s)),

⋂s

0

U(s s∞) f(u(s∞))ds∞

⎛
ds

= ‖‖ u0‖‖2L2 + 2 Im

⋂t

0

〉
f(u(s)), U(s) u0

∑
ds

+ 2 Im

⋂t

0

〉
f(u(s)), i

⋂s

0

U(s s∞) f(u(s∞))ds∞

⎛
ds

= ‖‖ u0‖‖2L2 + lim
ε′ 0

2 Im

⋂t

0

〉
(1 εΔ) 1 f(u(s)), u(s)

∑
ds,

where the last equality in the above holds by using (4.1.2). Taking the duality
coupling between the equation (4.1.1) and (1 εΔ) 1f(u) on H 1 ∗ H1 and
using Im}〉(1 εΔ) 1f(u), f(u)| 〈 = 0, we obtain

Im
〉
(1 εΔ) 1 f(u), u

∣
= Im} i

〉
(1 εΔ) 1f(u), ∂tu

∣ 〈 .
From these equalities, we can show

\ u(t)\2L2

= ‖‖ u0‖‖2L2 lim
ε′ 0

2Re

⋂t

0

〉
(1 εΔ) 1f(u(s)), ∂tu(s)

∑
ds

= ‖‖ u0‖‖2L2 2Re

⋂t

0

〉
f(u(s)), ∂tu(s)

∑
ds. (4.1.9)
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Note that in the above, the time integral of the scalar product in the last line is

understood as the duality coupling on (Lq∞

T W
1,r∞) ∗ (Lq

TW
1,r). From (4.1.9),

we can continue as follows:

\ v(t)\2L2 = ‖‖ u0‖‖2L2

⋂t

0

d

ds

)
2λ

p+ 1
\u(s)\p+1

Lp+1

[
ds

= ‖‖ u0‖‖2L2

2λ

p+ 1
\u(t)\p+1

Lp+1 +
2λ

p+ 1
\u0\p+1

Lp+1

since we can show that

d

ds

)
2λ

p+ 1
\u(s)\p+1

Lp+1

[
= 2Re〉f(u(s)), ∂tu(s)| in L1(0, T ). (4.1.10)

We can justify the equality (4.1.10) above by combining the way to the proof of
Lemma 5.1 of [18] with Lemma 6.2.3. This completes the proof.

Remark 4.1.1. By using the method [19], we can derive the mass and energy
conservation law not to use the approximating agrument as in Chapter 2.4.

Moreover, we remark that applying the method [19], for the equation (4.1.1),
we can derive the conservation law of the momentum and the pseudo conformal
conservation law for time local solutions without approximating procedure (see
Fujiwara-Miyazaki [6]).
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Chapter 5

The energy conservation
law for nonlinear
Schrödinger equations with
non-vanishing boundary
conditions at spatial infinity

5.1 Introduction in this chapter

In this chapter, we consider defocusing nonlinear Schrödinger equations in di-
mension n ≥ 4.}

i∂tu+Δu = f(‖u‖2)u, t � [0,∈ ), x � R
n,

u(0, x) = u0(x), x � R
n,

(5.1.1)

where u(t, x) : [0,∈ ) ∗ R
n ↑ C. The unknown function u has the following

boundary condition:
‖u(x)‖2 ↑ ρ0 as ‖x‖↑ ∈ ,

where ρ0 > 0 denotes the light intensity of the background. The nonlinear term
f is assumed to be defocusing. Namely the real-valued function f satisfies the
following assumption:

f(ρ0) = 0, f∞(ρ0) > 0. (Hf )

In this chapter, for the equation (5.1.1) in n = 2, 3, 4, we derive the conser-
vation law for time local solutions without approximating procedure. Instead
of that, we use Ozawa’s idea [19]. Note that when n = 1, because H1 ↪↑ L∈ ,
Gallo [8] derived it without approximating procedure, and that for n ≈ 2, Gallo
[8] derive it using the approximate argument (see a proof of Theorem 3.1.4). We
follow Ozawa’s idea, however, we can not derive the conservation law only by
Ozawa’s idea, due to the nonlinear term and the space of a solution. We derive
the conservation law to combine Ozawa’s idea with decomposing the nonlinear
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term by applying the method for the decomposition of Schrödinger operator in
Gérard [9] (see Lemma 3.1.3). Moreover, we remove some of technical assump-
tions of the nonlinearity necessary to derive the conservation law. Our main
result in this thesis is as follows:

Theorem 5.1.1. Let n = 2, 3, 4. Let ρ0 > 0, and f � C2(R+) satisfying (Hf ).
Moreover, we assume that there exist α1 ≈ 1, with a supplementary condition
α1 < α≤1 if n = 3, 4 (α≤1 = 3 if n = 3, α≤1 = 2 if n = 4) such that

DC0 > 0, s.t. ∃r ≈ 1, ‖f (k)(r)‖≥ C0r
α1 1 k (k = 1, 2). (H∞α1

)

Let φ be a function satisfying

φ � C2
b (R

n), φ � H2(Rn)n, ‖φ‖2 ρ0 � L2(Rn). (H∞φ)

(Note that such function φ is called as a regular function of finite energy.) Let
w � C([0, T ], H1(Rn)) be a mild solution of the integral equation

w(t) = U(t)w0 i

⋂t

0

U(t t∞)F (w(t∞))dt∞ (5.1.2)

for some w0 � H1 and T > 0, where F (w) := Δφ+ f(‖φ+ w‖2)(φ+ w).
Then F(w(t)) = F(w0) for all t � [0, T ], where

F(w) :=
⋂
Rn

‖ (φ+ w)‖2dx+

⋂
Rn

V (‖φ+ w‖2)dx,

and

V (r) :=

⋂r

ρ0

f(s)ds.

Remark 5.1.1. Gallo [8] proves the energy conservation law under f � Ck(R+)
(k = 3 if n = 2, 3, k = 4 if n = 4) satisfying (Hf ), (Hα1) and (Hα2) for some
α1 ≈ 1 and α2 � R with α1 α2 ≥ 1/2, and φ satisfying (Hφ), but we can prove
it under f � C2(R+) with (Hf ) and (H∞α1

) for some α1 ≈ 1, and φ with (H∞φ).

Remark 5.1.2. For proofs of the a priori estimate of f(‖φ+w‖2)(φ+w) (that
is Lemmas 5.2.1 - 5.2.4, and Lemmas 4.1 - 4.4 in Gallo [8]) and boundedness of
H1 norm of w on bounded intervals (that is Lemma 3.3 in Gallo [8]), we need
that there exists Cα1 > 0 such that for any r ≈ 0,

r1/2‖f (k)(r)‖≥ Cα(1 + rmax(0,α1 (2k+1)/2)) (k = 1, 2), (5.1.3)

where 1 ≥ α1 with the same supplementary condition in Theorem 3.1.4. If
3/2 < α1 ≥ 2, then we can not obtain (5.1.3) from (Hα1) or (Hα2). Therefore
by replacing (Hα1) with (H∞α1

), we deduce (5.1.3) from (H∞α1
) only. To show

(5.1.3), we do not need (Hα2). That is, Theorem 3.1.5 can be shown only
assuming (H∞α1

). To show only the local existence Theorem, we do not need
(Hα2).

Moreover, as a corollary to the main result, we can deduce a globally well-
posedness of (5.1.1). Due to Theorem 5.1.1, we can remove a technical assump-
tion of the nonlinear term. We have the following result:
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Corolary 5.1.1. Let n = 2, 3, 4. We assume that f and φ satisfy the same
assumptions as in Theorem 5.1.1, with a supplementary assumption as f sat-
isfying (Hα2) for some α2 � R with α1 α2 ≥ 1/2. Then (5.1.1) is globally
well-posed in φ +H1(Rn). That is, for any w0 � H1(Rn), there exist a unique
w � C(R, H1(Rn)) such that φ+w solves (5.1.1) with the initial data w(0) = w0.
Moreover, for any T > 0, the flow map w0 ∀↑ w (H1 ↑ C([0, T ], H1)) is Lips-
chitz continuous on the bounded sets of H1(Rn). The energy F(w) is conserved
by the flow.

5.2 The estimates of nonlinear terms

In what follows, we put F̃ (w) = f(‖φ + w‖2)(φ + w). Applying directly the
decomposition of F (w) that Gallo [8] gave, we can deduce the following decom-

positions for F̃ (w). Note that we can show Lemmas 5.2.1 - 5.2.4 by applying

the same method to F̃ (w) as corresponding Lemmas for F (w) in Gallo [8]. The
statements of Lemma 5.2.1 and Lemma 5.2.3 is slightly different from these
Lemmas in Gallo [8]. Therefore we only prove them.

Lemma 5.2.1. Let T > 0. For any w � XT , there exist

F̃1(w) � L∈T L2, F̃2(w) � L∈T Lq∞

such that
F̃ (w) = F̃1(w) + F̃2(w).

Moreover it follows that

\F̃1(w)\L|T L2 + \F̃2(w)\L|T Lq∞

≥ C(1 + \w\L|T L2) + C(\w\2L|T H1 + \w\max(2,2α1 1)
L|T H1 ),

where C is a positive constant depending on T . Also for the same decomposition
of F̃ (w) in the above, we have F̃2(w) � Lp

TL
2 and

\F̃2(w)\Lp
TL2 ≥ C(\w\2L|T H1 + \w\max(2,2α1 1)

XT
),

where C is a positive constant depending on T . Thus F̃2(w) � Lp
TL

2.

Lemma 5.2.2 ([8]). Let T > 0. For any w � XT , there exist

G̃1(w) � L∈T L2, G̃2(w) � Lp∞

T Lq∞.

such that
F̃ (w) = G̃1(w) + G̃2(w).

Moreover it follows that

\G̃1(w)\L|T L2 + \G̃2(w)\Lp∞

T Lq∞

≥ C(1 + \ w\L|T L2)

+ C(1 + \ w\L|T L2)(\w\L|T H1 + \w\max(1,2α1 2)
XT

),

where C is a positive constant depending on T .
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Lemma 5.2.3. Let T > 0. For any w1, w2 � XT , decomposing f(‖φ+w‖2)(φ+
w) as Lemma 5.2.1, it follows that

\F̃1(w1) F̃1(w2)\L|T L2 + \F̃2(w1) F̃2(w2)\L|T Lq∞

≥ C\w1 w2\L|T H1 + C\w1 w2\L|T H1

∗ ((\w1\L|T H1 + \w2\L|T H1) + (\w1\L|T H1 + \w2\L|T H1)max(1,2α1 2)),

where C is a positive constant depending on T .

Lemma 5.2.4 ([8]). Let T > 0. For any w1, w2 � XT , decomposing f(‖φ +
w‖2)(φ+ w) as Lemma 5.2.2, it follows that

\G̃1(w1) G̃1(w2)\L|T L2 + \G̃2(w1) G̃2(w2)\Lp∞

T Lq∞

≥ C\ (w1 w2)\L|T L2

+ C(1 + \w1\L|T H1 + \w2\L|T H1)max(1,2α1 2)\w1 w2\L|T H1

+ C\w1 w2\XT
(\w1\max(1,2α1 2)

XT
+ \w2\max(1,2α1 2)

XT
)

+ C\w1 w2\XT
(1 + \w1\L|T H1 + \w2\L|T H1)

∗ (\w1\max(0,2α1 3)
XT

+ \w2\max(0,2α1 3)
XT

),

where C is a positive constant depending on T .

Proof of Lemma 5.2.1. We decompose f(‖φ+ w‖2)(φ+ w) as

f(‖φ+ w‖2)(φ+ w) = F̃1(w) + F̃2(w), (5.2.1)

where

F̃1(w) := f(‖φ‖2)(φ+ w) + 2Re[φ̄w]f∞(‖φ‖2)φ,
F̃2(w) := }f(‖φ+ w‖2)(φ+ w) f(‖φ‖2)(φ+ w)〈 2Re[φ̄w]f∞(‖φ‖2)φ.

According to Lemma 4.1 in Gallo [8], by the assumption (H∞φ) and f(‖φ‖2) � L2,
we deduce that

\F̃1(w)\L|T L2 ≥ C(1 + \w\L|T L2), ‖F̃2(w)‖≥ C‖w‖2(1 + ‖w‖)max(0,2α1 3),

Therefore for all t � [0, T ], we estimate that

\F̃2(w(t))\Lq∞≥ C\‖w(t)‖2(1 + ‖w(t)‖)max(0,2α1 3)\Lq∞

≥ C\w(t)\2
L2q∞+ C\w(t)\max(2,2α1 1)

Lq∞max(2,2α1 1)

≥ C\w(t)\2H1 + C\w(t)\max(2,2α1 1)
H1 .

Hence, we deduce that

\F̃2(w)\L|T Lq∞≥ C\w\2L|T H1 + C\w\max(2,2α1 1)
L|T H1 .

In conclusion, we get

\F̃1(w)\L|T L2 + \F̃2(w)\L|T Lq∞
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≥ C(1 + \w\L|T L2) + C(\w\2L|T H1 + \w\max(2,2α1 1)
L|T H1 ).

Next, we show F̃ (w) � Lp
TL

2. We apply an interpolation method (see
Lemma 4.2 in Gallo [8]). Thanks to Hölder’s inequality and Gagliardo-Nirenberg’s
inequality, we estimate

\F̃2(w)\Lp
TL2 ≥ C\w\2

L2p
T L4 + \w\max(2,2α1 1)

L
pmax(2,2α1 1)

T L2max(2,2α1 1)

≥ C\w\2L|T H1 + \w\max(2,2α1 1)
Ls

TW 1,r , (5.2.2)

where we choose the pair (s, r) such that

≤ If 1
2

1
n ≥ 1

pmax(2,2α1 1) (which means that H1 ↪↑ Lpmax(2,2α1 1)),

then (s, r) = (∈ , 2).

≤ If 1
2

1
n > 1

pmax(2,2α1 1) ,

then r > 2 and

(i) 2
s + n

r = n
2 (which means that (s, r) is an admissible pair),

(ii) 0 ≥ 1
r

1
n ≥ 1

pmax(2,2α1 1) (which gives the Sobolev embedding

W 1,r ↪↑ Lpmax(2,2α1 1)),

(iii) 1
pmax(2,2α1 1) ≈ 1

s (which gives Ls
T ↪↑ L

pmax(2,2α1 1)
T ).

Such the choice of s and r is possible if and only if s and r satisfy the following
inequality:

n

2
1 ≥ 2 + n

pmax(2, 2α1 1)
. (5.2.3)

Indeed, if (5.2.3) is true, then it is sufficient to choose

n

r
�
]
n

2

2

pmax(2, 2α1 1)
, 1 +

n

pmax(2, 2α1 1)

{
.

Moreover, since H1 ↪↑ Lpmax(2,2α1 1) if n = 2 or if n = 3 and 1 ≥ α1 ≥ 2 or if
n = 4 and 1 ≥ α1 ≥ 3/2, we consider that n = 3 and 2 < α1 < 3 or n = 4 and
3/2 < α1 < 2. Since 2 < r < 3 and (s, r) is an admissible pair, we can choose

θ̃ � (0, 1) satisfying

1 θ̃

2
+

θ̃

q
=

1

r
,

1 θ̃

∈ +
θ̃

p
=

1

s
.

Thus, using interpolation method,

\w\Ls
TW 1,r ≥ C\w\1 ˜θ

L|T H1\w\˜θLp
TW 1,q

≥ C(\w\L|T H1 + \w\Lp
TW 1,q )

= C\w\XT
. (5.2.4)

From (5.2.2) and (5.2.4), we deduce that

\F2(w)\Lp
TL2 ≥ C(\w\2L|T H1 + \w\max(2,2α1 1)

XT
).

Thus, we get F (w) � Lp
TL

2.

55



Proof of Lemma 5.2.3. we use the decomposition (5.2.1) again. As is in Gallo
[8], we also have

‖F̃1(w1) F̃1(w2)‖≥ C‖w1 w2‖,
‖F̃2(w2) F̃2(w2)‖≥ C‖w1 w2‖(‖w1‖+ ‖w2‖)(1 + ‖w1‖+ ‖w2‖)max(0,2α1 3).

Therefore we deduce that

\F̃1(w1) F̃1(w2)\L|T L2 ≥ C\w1 w2\L|T L2 .

Moreover let

(q1, q2) :=

⎩⎝⎝⎪⎝⎝⎨
(2, 3) if n = 2, or n = 3 and α1 ≥ 2,)

q

q 1 max(1, 2α1 2)
,

q

max(1, 2α1 2)

[
if n = 3 and 2 < α1 < 3 or n = 4,

with 1
q∞=

1
q1

+ 1
q2
. Since if n = 3 and 2 < α1 < 3 or n = 4, then H1 ↪↑ Lq1 , for

all t � [0, T ], we estimate

\F̃2(w2(t)) F̃2(w2(t))\Lq∞

≥ C\w1(t) w2(t)\L2q∞(\w1(t)\L2q∞+ \w2(t)\L2q∞)

+ C\w1(t) w2(t)\Lq1\‖w1(t)‖+ ‖w2(t)‖\max(1,2α1 2)

Lq2 max(1,2α1 2)

≥ C\w1(t) w2(t)\L2q∞(\w1(t)\L2q∞+ \w2(t)\L2q∞)

+ C\w1(t) w2(t)\Lq1\‖w1(t)‖+ ‖w2(t)‖\max(1,2α1 2)
Lq

≥ C\w1(t) w2(t)\H1(\w1(t)\H1 + \w2(t)\H1)

+ C\w1(t) w2(t)\H1(\w1(t)\H1 + \w2(t)\H1)max(1,2α1 2).

In conclusion, we get

\F̃ (w1) F̃ (w2)\L|T L2+L|T Lq∞

≥ CT\w1 w2\L|T L2 + C\w1 w2\L|T H1

∗ ((\w1\L|T H1 + \w2\L|T H1) + (\w1\L|T H1 + \w2\L|T H1)max(1,2α1 2)).

Remark 5.2.1. For Lemma 5.2.2 and Lemma 5.2.4, decomposing F̃ (w) as

F̃ (w) = G̃1(w) + G̃2(w), (5.2.5)

where

G̃1(w) = f(‖φ‖2) (φ+ w) + 2Re[φ̄ (φ+ w)]f∞(‖φ‖2)φ,
G̃2(w) = 2Re[(φ+ w) (φ+ w)]f∞(‖φ+ w‖2)(φ+ w) 2Re[φ̄ (φ+ w)]f∞(‖φ‖2)φ

+ }f(‖φ+ w‖2) (φ+ w) f(‖φ‖2) (φ+ w)〈 ,

we can prove the assertions in Lemma 5.2.2 and Lemma 5.2.4 from way similar
to proof of Lemma 3.1.6 and Lemma 3.1.8 in Chapter 3.
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Remark 5.2.2. Let T > 0. Lemma 5.2.1 and Sobolev embedding H1 ↪↑ Lq, im-
ply that for any w � C([0, T ], H1) and t � [0, T ], F (w(t)) � H 1. Furthermore,
for any t0 � [0, T ], Lemma 5.2.3 yields

\F (w(t)) F (w(t0))\H 1 ≥ C\w(t) w(t0)\H1

↑ 0 as t ↑ t0,

where C is a positive constant depending on \w\L|T H1 . To show it, for w �
C([0, T ], H1), it suffices to put w1(s) = w(t) and w2(s) = w(t0) in Lemma 5.2.3
(0 ≥ s ≥ T ). Thus we also obtain F (w) � C([0, T ], H 1).

In the proof of the main result, we use the following Lemma:

Lemma 5.2.5. For any η � L2 + Lq∞, it follows that

\χ(Dx)η\H1 ≥ C\η\L2+Lq∞. (5.2.6)

Moreover for any η � S∞(Rn) with η � L2 + Lq∞, we obtain

\(1 χ(Dx))η\H1 ≥ C\ η\L2+Lq∞. (5.2.7)

Note that if X and Y are Banach spaces, then X + Y is a Banach space
equipped with the norm

\v\X+Y := inf}\v1\X + \v2\Y : v = v1 + v2, v1 � X, v2 � Y 〈 .

Proof of Lemma 5.2.5. For any η � L2 + Lq∞, There exist η1 � L2 and η2 � Lq∞

such that η = η1 + η2. Q(ξ) denotes (1 + ‖ξ‖2)χ(ξ). Also, Q(ξ) satisfies (6.2.1)
since χ � C∈0 (Rn). Therefore, using Fourier multiplier Theorem, we obtain

\χ(Dx)η\H1 = \Q(Dx)η\H 1

≥ \Q(Dx)η1\L2 + \Q(Dx)η2\Lq∞

≥ C (\η1\L2 + \η2\Lq∞) .

Therefore, we deduce that

\χ(Dx)η\H1 ≥ C\η\L2+Lq∞.

Next, for any η � S∞(Rn) with η � L2 + Lq∞, there exist (ζj1(w))j=1,×××,n � L2

and (ζj2(w))j=1,×××,n � Lq∞such that η = ζ1 + ζ2. Using Pj(ξ) := iξj/‖ξ‖2
(ξ := (ξj)j=1,×××,n � R

n), we have

(1 χ(Dx))η = (1 χ(Dx))
n∫

j=1

Pj(Dx)∂jη

=

n∫
j=1

(1 χ(Dx))Pj(Dx)ζ
j
1 +

n∫
j=1

(1 χ(Dx))Pj(Dx)ζ
j
2 .

Fourier multiplier Theorem implies

\(1 χ(Dx))η\H1+W 1,q∞
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≥
n∫

j=1

\(1 χ(Dx))Pj(Dx)ζ
j
1\H1 +

n∫
j=1

\(1 χ(Dx))Pj(Dx)ζ
j
2\W 1,q∞

≥ C\ζ1\L2 + C\ζ2\Lq∞.

Thus we get

\(1 χ(Dx))η\H1+W 1,q∞≥ C\ η\L2+Lq∞.

5.3 Regularities of time-derivative term

In this section, we shall show properties of the time-derivative term ∂tu.

Lemma 5.3.1. Let n = 2, 3, 4, and let (p, q) := (6/n, 6) for n = 2, 3, (p, q) :=
(2, 4) for n = 4. Let w be a solution of equation (3.1.8) belonging to C([0, T ], H1)
for some T > 0 with the initial data w(0) = w0 � H1. Then for any 0 < ε <
T∞< T ,

(i)

((((w(×+ h) w(×)
h

∂tw(×)
((((
C([ε,T∞],H 1)

↑ 0 as h ↑ 0,

and

(ii)

((((w(×+ h) w(×)
h

∂tw(×)
((((
Lp((ε,T∞),W 1,q)

↑ 0 as h ↑ 0.

Proof. Note that equation (3.1.8) implies

∂tw = i(Δw F (w)). (5.3.1)

We show (i) and (ii) using (5.3.1).
Proof of (i). Note that from Theorem 3.1.7, for any 0 ≥ t ≥ T , ∂tw(t) � H 1

exists in strong sense. Hence, it suffices to show continuity of ∂tw(t) on [0, T ].
Clearly,

\Δw\H 1 ≥ \ w\L2 , (5.3.2)

which yields Δw � C([0, T ], H 1). Using (5.3.1), (5.3.2) and Remark 5.2.2, we
obtain

∂tw � C([0, T ], H 1).

Hence, it follows that for all t0, t � [0, T ],

w(t) w(t0) =

⋂t

t0

∂tw(s)ds in H 1. (5.3.3)

We take 0 < ε < T∞< T . For all t0 � [ε, T∞] and sufficiently small h � R,((((w(t0 + h) w(t0)

h
∂tw(t0)

((((
H 1

≥ 1

‖h‖

∥∥∥∥∥
⋂t0+h

t0

\∂tw(s) ∂tw(t0)\H 1ds

∥∥∥∥∥
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≥ sup
s t0 ≥ h

\∂tw(s) ∂tw(t0)\H 1 .

Since t ∀↑ ∂tu(t) � H 1(Rn) is uniformly continuous on [0, T ], we obtain (i).
Proof of (ii). Since W 1,q∞(Rn) ↪↑ L2(Rn) and w � C([0, T ], H 1) and φ sat-
isfies (Hφ), we clearly get

Δw � Lp([0, T ],W 1,q) and Δφ � Lp([0, T ],W 1,q). (5.3.4)

Moreover, using Sobolev embedding and duality argument, we conclude L2 ↪↑
W 1,q. Thus Lemma 5.2.1 yields

F (w) � Lp([0, T ],W 1,q). (5.3.5)

Therefore, concatenating (5.3.1), (5.3.4) and (5.3.5), we obtain

∂tw � Lp([0, T ],W 1,q).

Let t0 � [0, T ]. By (5.3.3), for any t � [0, T ],

w(t) w(t0) =

⋂t

t0

∂tw(s)ds in ∪∞(Rn),

where ∪(Rn) and ∪∞(Rn) denote Schwartz space on R
n and the space of tempered

distributions on R
n, respectively. Using Hölder’s inequality, we get((((⋂×

t0

∂tw(s)ds

((((
Lp([0,T ],W 1,q)

≥
((((⋂×

t0

\∂tw(s)\W 1,qds

((((
Lp([0,T ])

≥
]⋂T

0

(t t0)
p/p∞
)⋂t

t0

\∂tw(s)\pW 1,qds

[
dt

{1/p

≥ T 1/p∞

]⋂T

0

)⋂t

t0

\∂tw(s)\pW 1,qds

[
dt

{1/p

≥ T 1/p∞

)
T ∗
⋂T

0

\∂tw(s)\pW 1,qds

[ 1/p

≥ T\∂tw\Lp
TW 1,q .

Therefore, for all t0 � [0, T ],

w(×) w(t0) =

⋂×
t0

∂tw(s)ds in Lp([0, T ],W 1,q). (5.3.6)

Combining (5.3.6) with Strichartz’s estimate, in a way similar to the preceding
argument, for all 0 < ε < T∞< T , we obtain((((w(×+ h) w(×)

h
∂tw(×)

((((
Lp([ε,T∞],W 1,q)

≥
(((((1h
⋂×+h

×

\∂tw(s) ∂tw(×)\W 1,qds

(((((
Lp([ε,T∞])
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=

}⋂T∞

ε

∥∥∥∥∥1h
⋂t0+h

t0

\∂tw(s) ∂tw(t0)\W 1,qds

∥∥∥∥∥
p

dt0

〈1/p

≥ h1/p∞ 1

}⋂T∞

ε

)⋂t0+h

t0

\∂tw(s) ∂tw(t0)\pW 1,qds

[
dt0

〈1/p

= h1/p∞ 1

}⋂h

0

)⋂T∞

ε

\∂tw(t0 + s) ∂tw(t0)\pW 1,qdt0

[
ds

〈1/p

≥ sup
0≥s≥h

)⋂T∞

ε

\∂tw(t0 + s) ∂tw(t0)\pW 1,qdt0

[ 1/p

↑ 0 as h ↑ 0.

This completes the proof of Lemma 5.3.1.

5.4 The proof of the main result

Since Schrödinger operator U(t) becomes bounded operator from φ + H1 to
itself (see Lemma 3.1.3), we can obtain

φ = U(t)φ i

⋂t

0

U(t t∞)Δφdt∞.

Combining the above equality with (5.1.2), we get

φ+ w(t) = U(t)(φ+ w0) i

⋂t

0

U(t t∞)F̃ (w(t∞))dt∞, (5.4.1)

where F̃ (w) := f(‖φ + w‖2)(φ + w). From now on, we deduce the proof in a
way similar to Ozawa [19]. Acting on (5.4.1), we obtain

‖‖ (φ+ w(t))‖‖2L2

= ‖‖ U( t)(φ+ w(t))‖‖2L2

= ‖‖ (φ+ w0)‖‖2L2 2 Im

)
(φ+ w0),

⋂t

0

U( t∞) F̃ (w(t∞))dt∞
[

L2

+

((((⋂t

0

U( t∞) F̃ (w(t∞))dt∞
((((2
L2

. (5.4.2)

The second term on the RHS of (5.4.2) satisfies the following equality:

2 Im

)
(φ+ w0),

⋂t

0

ei( t∞)Δ F̃ (u(t∞))dt∞
[

L2

= 2 Im

⋂t

0

〉U(t∞) (φ+ w0), (F̃ (w(t∞)))|dt∞, (5.4.3)

where the time integral of the scalar product is understood as the duality cou-

pling on (L1
TL

2 { Lp
tL

q) ∗ (L∈T L2 + Lp∞

T Lq∞) with (p, q) = (6/n, 6) if n = 2,
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3, (p, q) = (2, 4) if n = 4. For the last term on the RHS of (5.4.2), Fubini’s
Theorem implies((((⋂t

0

U( t∞) (F̃ (w(t∞)))dt∞
((((2
L2

= 2Re

⋂t

0

〉
(F̃ (w(t∞))),

⋂t∞

0

ei(t∞ t∞∞)Δ (F̃ (w(t∞∞)))dt∞∞

⎛
dt∞, (5.4.4)

where the time integral of the scalar product is understood as the duality cou-

pling on (L∈T L2+Lp∞

T Lq∞) ∗ (L1
TL

2 { Lp
TL

q). Concatenating (5.4.2) - (5.4.4), we
compute

\ (φ+ w(t))\2L2

= ‖‖ (φ+ w0)‖‖2L2 2 Im

⋂t

0

〉U(t∞) (φ+ w0), (F̃ (w(t∞)))|dt∞

+ 2Re

⋂t

0

〉
(F̃ (w(t∞))),

⋂t∞

0

U(t∞ t∞∞) (F̃ (w(t∞∞)))dt∞∞

⎛
dt∞

= ‖‖ (φ+ w0)‖‖2L2 + 2 Im

⋂t

0

〉 (F̃ (w(t∞)), U(t∞) (φ+ w0)|dt∞

+ 2 Im

⋂t

0

〉
(F̃ (w(t∞))), i

⋂t∞

0

U(t∞ t∞∞) (F̃ (w(t∞∞)))dt∞∞

⎛
dt∞

= ‖‖ (φ+ w0)‖‖2L2 + lim
ε′ 0

2 Im

⋂t

0

〉(1 εΔ) 1 (F̃ (w(t∞))), w(t∞)|dt∞,

where the last equality in the above holds by using (5.4.1). Taking the duality

coupling between the equation (5.1.1) and (1 εΔ) 1 (F̃ (w)) on H 1 ∗ H1

and using Im}〉(1 εΔ) 1F̃ (w), F̃ (w)| 〈 = 0, we obtain

Im〉(1 εΔ) 1 (F̃ (w)), w| = Im} i〉(1 εΔ) 1F̃ (w), ∂tw| 〈 .

From these equalities, we can show

\ (φ+ w(t))\2L2

= ‖‖ (φ+ w0)‖‖2L2 lim
ε′ 0

2Re

⋂t

0

〉(1 εΔ) 1F̃ (w(t∞)), ∂tw(t∞)|dt∞

= ‖‖ (φ+ w0)‖‖2L2 2Re

⋂t

0

〉F̃ (w(t∞)), ∂tw(t∞)|dt∞. (5.4.5)

Note that in the above time integral of the scalar product in the last line is un-

derstood as the duality coupling on (L∈T H1+(L∈T H1+Lp∞

T W 1,q∞))∗ ((L1
TH

1){
(L1

TH
1 { Lp

TW
1,q)) by applying the idea used Lemma 3 in Gérard [9] (see

Lemma 3.1.3), that is, we decompose F̃ (w) as

F̃ (w) = χ(Dx)F̃ (w) +
n∫

j=1

(1 χ(Dx))Pj(Dx)∂xj F̃ (w),
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where χ � C∈0 (Rn) is a cutoff function such that 0 ≥ χ ≥ 1, χ(ξ) = 1 for ‖ξ‖≥ 1
and χ(ξ) = 0 for ‖ξ‖≈ 2, and Pj(ξ) = iξj/‖ξ‖2.

We show (5.4.5). It follows from Theorem 3.1.7, Lemma 5.2.1, 5.2.2, 5.2.5
and 5.3.1 that∥∥∥∥⋂t

0

〉F̃ (w(t∞)), ∂tw(t∞)|dt∞
∥∥∥∥

≥
⋂t

0

‖〉χ(Dx)F̃ (w(t∞)), ∂tw(t∞)|‖dt∞+
⋂t

0

‖〉(1 χ(Dx))F̃ (w(t∞)), ∂tw(t∞)|‖dt∞

≥ \χ(Dx)F̃ (w)\L|T H1\∂tw\L1
TH 1

+ \(1 χ(Dx))F̃ (w)\
Lp∞

T (H1+W 1,q∞)
\∂tw\Lp

T (H 1| W 1,q).

≥ C(\F̃1(w)\L|T L2 + \F̃2(w)\L|T Lq∞)\∂tw\L|T H 1

+ C(\G̃1(w)\Lp∞

T L2 + \G̃2(w)\Lp∞

T Lq∞)\∂tw\Lp
T (H 1| W 1,q). (5.4.6)

Furthermore, by using a similar argument to the above and Lebesgue conver-
gence Theorem, we deduce that

lim
ε′ 0

⋂t

0

〉(1 εΔ) 1F̃ (w(t∞)), ∂tw(t∞)|dt∞=
⋂t

0

〉F̃ (w(t∞)), ∂tw(t∞)|dt∞,

which yields (5.4.5).
From (5.4.5), formally, we can continue as follows:

\ (φ+ w(t))\2L2 = ‖‖ (φ+ w0)‖‖2L2

⋂t

0

∂

∂t

)⋂
Rn

V (‖φ+ w(t∞)‖2)dx
[
dt∞

= ‖‖ (φ+ w0)‖‖2L2

⋂
Rn

V (‖φ+ w(t)‖2)dx+

⋂
Rn

V (‖φ‖2)dx,

since a formal argument implies

∂

∂t

)⋂
Rn

V (‖φ+ w(t)‖2)dx
[

= 2Re〉F̃ (w(t)), ∂tw(t)| .

Hence, to justify the argument above, we need to show the following Lemma.

Lemma 5.4.1.

⋂
Rn

V (‖φ+ w(×)‖2)dx �W 1,1((0, T ))

and

∂

∂t

)⋂
Rn

V (‖φ+ w(t)‖2)dx
[

= 2Re〉F̃ (w(t)), ∂tw(t)|A∗ B in L1((0, T )),

where A := (H1 + (H1 +W 1,q∞)), B := (H 1 { (H 1 { W 1,q)).

Proof. Put I = (0, T ) for simplicity. Moreover, E (I) and E ∞(I) denote the
Fréchet space of C∈ functions I ↑ C compactly supported in I and the space
of distributions on I, respectively. Note that as is in Gallo [8], from (Hf ), the
mapping w ∀↑ V (‖φ+w‖2) become a bounded operator from H1(Rn) to L1(Rn).
Thus, for any ϕ � C∈0 (0, T ), we have〉

∂

∂t

⋂
Rn

V (‖φ+ w‖2)dx, ϕ
(
∩∞(I)∗ ∩ (I)
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=

〉 ⋂
Rn

V (‖φ+ w‖2)dx, ∂tϕ
(
∩∞(I)∗ ∩ (I)

=

⋂
I

)⋂
Rn

V (‖φ+ w(t)‖2)dx
[
∂tϕ(t)dt.

Take 0 < ε < T∞< T such that supp(ϕ)→[ε, T∞]. Using Lebesgue convergence
Theorem, we compute⋂

I

)⋂
Rn

V (‖φ+ w(t)‖2)dx
[
∂tϕ(t)dt

= lim
h↑ 0

} ⋂T∞

ε

)⋂
Rn

V (‖φ+ w(t)‖2)dx
[

ϕ(t+ h) ϕ(t)

h
dt

〈

= lim
h∞↑ 0

}⋂T∞

ε

)⋂
Rn

V (‖φ+ w(t+ h∞)‖2) V (‖φ+ w(t)‖2)
h∞

dx

[
ϕ(t)dt

〈

=

⋂
I

2Re〉F (u(t)), ∂tw(t)|A∗ Bϕ(t)dt.

We need to justify the limiting procedure of the last line in the above. Since
(∂/∂z̄)(V (‖z‖2)) = F̃ (‖z‖) for any z � C, it follows that∥∥∥∥⋂

Rn

V (‖φ+ w(t+ h)‖2) V (‖φ+ w(t)‖2)
h

dx 2Re〉F̃ (w(t)), ∂tw(t)|A∗ B

∥∥∥∥
≥
∥∥∥∥⋂

Rn

2Re

)⋂1

0

∂V

∂z̄
(‖φ+ w(t) + θ(w(t+ h) w(t))‖2)dθ

∗ (w(t+ h) w(t))

h

[
dx 2Re〉F̃ (w(t)), ∂tw(t)|A∗ B

∥∥∥
≥ 2

∥∥∥∥⋂
Rn

)⋂1

0

)
∂V

∂z̄
(‖φ+ w(t) + θ(w(t+ h) w(t))‖2) F̃ (w(t))

[
dθ

∗ (w(t+ h) w(t))

h

[
dx

∥∥∥∥∥
+ 2

∥∥∥∥∥
⋂
Rn

F̃ (w(t))
(w(t+ h) w(t))

h
dx 〉F̃ (w(t)), ∂tw(t)|A∗ B

∥∥∥∥∥
≥ 2

∥∥∥∥⋂
Rn

)⋂1

0

)
F̃ (w(t) + θ(w(t+ h) w(t))) F̃ (w(t))

(
dθ

∗ (w(t+ h) w(t))

h

[
dx

∥∥∥∥∥
+ 2

∥∥∥∥∥
〉
F̃ (w(t)),

(w(t+ h) w(t))

h

⎛
H 1∗ H1

〉F̃ (w(t)), ∂tw(t)|A∗ B

∥∥∥∥∥
=: 2L1 + 2L2. (5.4.7)

The estimation of L1. Choose the cutoff function χ � C∈0 (Rn) such that 0 ≥
χ ≥ 1, χ(ξ) = 1 for ‖ξ‖≥ 1 and χ(ξ) = 0 for ‖ξ‖≈ 2. Using χ(Dx), we decompose
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L1 as follows:

L1 ≥
∥∥∥∥⋂

Rn

)⋂1

0

χ(Dx)
}
F̃ (w(t) + θ(w(t+ h) w(t))) F̃ (w(t))

√
dθ

∗ (w(t+ h) w(t))

h

[
dx

∥∥∥∥∥
+

∥∥∥∥⋂
Rn

)⋂1

0

(1 χ(Dx))
}
F̃ (w(t) + θ(w(t+ h) w(t))) F̃ (w(t))

√
dθ

∗ (w(t+ h) w(t))

h

[
dx

∥∥∥∥∥
=: K1 +K2.

From now on, Lp
[ε,T∞]X denotes the Banach space Lp([ε, T∞], X) for p � [1,∈ ]

and a Banach space X.
The estimation of K1. By Lemma 5.2.3, we get

\F̃ (w(×) + θ(w(×+ h) w(×))) F̃ (w(×))\L|
[ε,T∞]

L2+L|
[ε,T∞]

Lq∞

≥ \F̃1(w(×) + θ(w(×+ h) w(×))) F̃1(w(×))\L|
[ε,T∞]

L2

+ \F̃2(w(×) + θ(w(×+ h) w(×))) F̃2(w(×))\L|
[ε,T∞]

Lq∞

≥ C\w(×+ h) w(×)\L|
[ε,T∞]

L2 + C\w(×+ h) w(×)\L|
[ε,T∞]

H1

∗ }(\w(×+ h)\L|
[ε,T∞]

H1 + \w(×)\L|
[ε,T∞]

H1)

+ (\w(×+ h)\L|
[ε,T∞]

H1 + \w(×)\L|
[ε,T∞]

H1)max(1,2α1 2)〈
≥ C\w(×+ h) w(×)\L|

[ε,T∞]
H1 + C\w(×+ h) w(×)\L|

[ε,T∞]
H1

∗ (\w\L|T H1 + \w\max(1,2α1 2)
L|T H1 )

≥ C\w(×+ h) w(×)\L|
[ε,T∞]

H1(1 + \w\L|T H1 + \w\max(1,2α1 2)
L|T H1 )

≥ C\w(×+ h) w(×)\L|
[ε,T∞]

H1 , (5.4.8)

where C depends on the norm \w\XT of the space XT .
X[ε,T∞] denotes L

∈
[ε,T∞]H

1 { Lp
[ε,T∞]W

1,q. Using the estimate similar to (5.2.6) and

(5.4.8), we obtain⋂T∞

ε

K1dt

≥
⋂T∞

ε

)⋂1

0

(((χ(Dx)
}
F̃ (w(t) + θ(w(t+ h) w(t))) F̃ (w(t))

√(((
H1

dθ

∗
(((((w(t+ h) w(t)

h

(((((
H 1

[
dt

≥ C

⋂1

0

)
\F̃1(w(×) + θ(w(×+ h) w(×))) F̃1(w(×))\L|

[ε,T∞]
L2

+\F̃2(w(×) + θ(w(×+ h) w(×))) F̃2(w(×))\L|
[ε,T∞]

Lq∞

(
dθ
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∗
((((w(×+ h) w(×)

h

((((
L|

[ε,T∞]
H 1

≥ C

⋂1

0

\w(×+ h) w(×)\X[ε,T∞]
dθ

((((w(×+ h) w(×)
h

((((
L|

[ε,T∞]
H 1

≥ C\w(×+ h) w(×)\X[ε,T∞]

((((w(×+ h) w(×)
h

((((
L|

[ε,T∞]
H 1

.

By Lemma 5.2.4, we have

\ F̃ (w(×) + θ(w(×+ h) w(×))) F̃ (w(×))\
L|

[ε,T∞]
L2+Lp∞

[ε,T∞]
Lq∞

≥ \G̃1(w(×) + θ(w(×+ h) w(×))) G̃1(w(×))\L|
[ε,T∞]

L2

+ \G̃2(w(×) + θ(w(×+ h) w(×))) G̃2(w(×))\Lp∞

[ε,T∞]
Lq∞

≥ C\w(×+ h) w(×)\L|
[ε,T∞]

H1

+ C(1 + \w(×+ h)\L|
[ε,T∞]

H1 + \w(×)\L|
[ε,T∞]

H1)max(1,2α1 2)

∗ \w(×+ h) w(×)\L|
[ε,T∞]

H1

+ C\w(×+ h) w(×)\X[ε,T∞]
(\w(×+ h)\max(1,2α1 2)

X[ε,T∞]
+ \w(×)\max(1,2α1 2)

X[ε,T∞]
)

+ C\w(×+ h) w(×)\X[ε,T∞]
(1 + \w(×+ h)\L|

[ε,T∞]
H1 + \w(×)\L|

[ε,T∞]
H1)

∗ (\w(×+ h)\max(0,2α1 3)
X[ε,T∞]

+ \w(×)\max(0,2α1 3)
X[ε,T∞]

)

≥ C\w(×+ h) w(×)\X[ε,T∞]
, (5.4.9)

where C depends on \w\XT
. Using the estimate similar to (5.2.7) and (5.4.9),

we have

K2 ≥
((((⋂1

0

(1 χ(Dx))
}
F̃ (w(t) + θ(w(t+ h) w(t))) F̃ (w(t))

√
dθ

((((
H1+W 1,q∞

∗
((((((w(t+ h) w(t))

h

(((((
H 1| W 1,q

≥
⋂1

0

((((1 χ(Dx))
}
F̃ (w(t) + θ(w(t+ h) w(t))) F̃ (w(t))

√(((
H1+W 1,q∞

dθ

∗
((((((w(t+ h) w(t))

h

(((((
H 1| W 1,q

≥ C

⋂1

0

)
\G̃1(w(t) + θ(w(t+ h) w(t))) G̃1(w(t))\L2

+\G̃2(w(t) + θ(w(t+ h) w(t))) G̃2(w(t))\Lq∞

(
dθ

∗
((((w(t+ h) w(t)

h

((((
H 1| W 1,q

.

Hence, we get⋂T∞

ε

K2dt
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≥ C

((((⋂1

0

)
\G̃1(w(×) + θ(w(×+ h) w(×))) G̃1(w(×))\L2

+\G̃2(w(×) + θ(w(×+ h) w(×))) G̃2(w(×))\Lq∞dθ
((((

Lp∞

[ε,T∞]

∗
((((w(×+ h) w(×)

h

((((
Lp

[ε,T∞]
(H 1| W 1,q)

≥ C

⋂1

0

)
\G̃1(w(×) + θ(w(×+ h) w(×))) G̃1(w(×))\L|

[ε,T∞]
L2

+\G̃2(w(×) + θ(w(×+ h) w(×))) G̃2(w(×))\Lp∞

[ε,T∞]
Lq∞

[
dθ

∗
((((w(×+ h) w(×)

h

((((
L|

[ε,T∞]
H 1| Lp

[ε,T∞]
W 1,q

≥ C

⋂1

0

\w(×+ h) w(×)\X[ε,T∞]
dθ

((((w(×+ h) w(×)
h

((((
L|

[ε,T∞]
H 1| Lp

[ε,T∞]
W 1,q

≥ C\w(×+ h) w(×)\X[ε,T∞]

((((w(×+ h) w(×)
h

((((
L|

[ε,T∞]
H 1| Lp

[ε,T∞]
W 1,q

.

Thus, we obtain⋂T∞

ε

L1dt =

⋂T∞

ε

K1dt+

⋂T∞

ε

K2dt

≥ C\w(×+ h) w(×)\X[ε,T∞]

∗
⎞⎠((((w(×+ h) w(×)

h

((((
L|

[ε,T∞]
H 1

+

((((w(×+ h) w(×)
h

((((
Lp

[ε,T∞]
W 1,q

⎧〈 .

(5.4.10)

The estimation of L2. It follows from Lemma 5.2.1, Lemma 5.2.3 and Lemma
5.2.5 that for almost all t � [ε, T∞],

L2 ≥
∥∥∥∥∥
〉
χ(Dx)F̃ (w(t)),

w(t+ h) w(t)

h
∂tw(t)

⎛
H1∗ H 1

∥∥∥∥∥
+

∥∥∥∥∥∥∥
〉
(1 χ(Dx))F̃ (w(t)),

w(t+ h) w(t)

h
∂tw(t)

⎛
(H1+W 1,q∞)

∗ (H 1| W 1,q)

∥∥∥∥∥∥∥
≥ \χ(Dx)F̃ (w(t))\H1

((((w(t+ h) w(t)

h
∂tw(t)

((((
H 1

+ \(1 χ(Dx))F̃ (w(t))\H1+W q∞

(((((w(t+ h) w(t))

h
∂tw(t)

((((
H 1| W 1,q

≥ C
)
\F̃1(w(t))\L2 + \F̃2(w(t))\Lq∞

(((((w(t+ h) w(t)

h
∂tw(t)

((((
H 1

+ C
)
\G̃1(w(t))\L2 + \G̃2(w(t))\Lq∞

(
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∗
)((((w(t+ h) w(t)

h
∂tw(t)

((((
H 1

+

((((w(t+ h) w(t)

h
∂tw(t)

((((
W 1,q

[
.

Hence, we deduce that⋂T∞

ε

L2dt

≥ C
)
\F̃1(w)\L1

TL2 + \F̃2(w)\L1
TLq∞

(((((w(×+ h) w(×)
h

∂tw(×)
((((
L|

[ε,T∞]
H 1

+ C
)
\G̃1(w)\Lp∞

T L2 + \G̃2(w)\Lp∞

T Lq∞

(
∗
⎞⎠((((w(×+ h) w(×)

h
∂tw(×)

((((
L|

[ε,T∞]
H 1

+

((((w(×+ h) w(×)
h

∂tw(×)
((((
Lp

[ε,T∞]
W 1,q

⎧〈 . (5.4.11)

In conclusion, concatenating (5.4.7), (5.4.10) and (5.4.11),∥∥∥∥∥
⋂T∞

ε

⋂
Rn

)
V (‖φ+ w(t+ h∞)‖2) V (‖φ+ w(t)‖2)

h∞

[
ϕ(t)dtdx

⋂T∞

ε

(Re〉F̃ (w(t)), ∂tw(t)|)ϕ(t)dt
∥∥∥∥∥

≥ 2

⋂T∞

ε

L1‖ϕ(t)‖dt+ 2

⋂T∞

ε

L2‖ϕ(t)‖dt

≥ C\w(×+ h) w(×)\X[ε,T∞]

∗
⎞⎠((((w(×+ h) w(×)

h

((((
L|

[ε,T∞]
H 1

+

((((w(×+ h) w(×)
h

((((
Lp

[ε,T∞]
W 1,q

⎧〈
+ C
)
\F̃1(w)\L1

TL2 + \F̃2(w)\L1
TLq∞

(((((w(×+ h) w(×)
h

∂tw(×)
((((
L|

[ε,T∞]
H 1

+ C
)
\G̃1(w)\Lp∞

T L2 + \G̃2(w)\Lp∞

T Lq∞

(
∗
⎞⎠((((w(×+ h) w(×)

h
∂tw(×)

((((
L|

[ε,T∞]
H 1

+

((((w(×+ h) w(×)
h

∂tw(×)
((((
Lp

[ε,T∞]
W 1,q

⎧〈 .

Noting Lemma 5.3.1 and the fact that a local Lipschitz continuity (3.1.10) in
Theorem 3.1.5 yields

\w(×+ h) w(×)\X[ε,T∞]
≥ C\w(‖h‖) w0\H1
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↑ 0 as h ↑ 0,

we obtain〉
∂

∂t

⋂
Rn

V (u)dx, ϕ

(
∩∞∗ ∩ (I)

= 2

⋂
I

Re〉F̃ (w(t)), ∂tw(t)|ϕ(t)dt.

Since the estimation (5.4.6) means Re〉F̃ (w(t)), ∂tw(t)| � L1(I), we complete
the proof of Lemma 5.4.1.

In conclusion, by Lemma 5.4.1, we complete the proof of the main result. �
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Chapter 6

Appendix

6.1 Notation

We present the notations used throughout this thesis.

≤ Let R+ = [0,∈ ).

≤ for a function f in R
n, we defined the Fourier transform S [f ] = f̂ of f by

f̂(ξ) =
1

(2π)n

⋂
Rn

e ix×ξf(x)dx.

Moreover, we denote the inverse Fourier Transform S 1[f ] = f̌ of a func-
tion f in R

n by

f̌(x) =
1

(2π)n

⋂
Rn

eix×ξf(ξ)dξ.

≤ For p � [1,∈ ], let Lp(Rn) = Lp be the Banach space in R
n defined by

Lp = }f : R
n ↑ C (measurable); \f\Lp < ∈ 〈

equipped with the norm

\f\Lp =

⎩⎝⎝⎪⎝⎝⎨
)⋂

Rn

‖f(x)‖pdx
[ 1/p

if p < ∈
esssup
xDRn

‖f(x)‖ if p = ∈ .

≤ For m � N ∩ }0〈 and p � [1,∈ ], let Wm,p(Rn) = Wm,p be the Banach
space in R

n defined by

Wm,p = }f � Lp; \f\Wm,p < ∈ 〈

equipped with the norm

\f\Wm,p =
∫
α ≥m

\∂α
x f\Lp .
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≤ For a Banach space X, T > 0 and p � [1,∈ ], Lp
TX denotes the Banach

space Lp([0, T ], X) equipped with its natural norm.

≤ Let U(t) be the Schrödinger operator eitΔ.

≤We denote by f(u) the nonlinearity λ‖u‖p 1u.

≤We put α(n) = 1 + 4
n 2 if n ≈ 3 and α(n) = ∈ if n = 1, 2.

≤ we define Σ = }f � H1; xf � L2〈 .
≤ For the interval I →R, E (I) and E ∞(I) denote the Fréchet space of C∈

functions I ↑ C compactly supported in I and the space of distributions
on I, respectively.

≤S (Rn) = S denotes a Schwartz space on R
n.

≤S∞(Rn) = S∞is the space of tempered distributions on R
n.

≤ For s � R and p � [1,∈ ], Let Hs,p(Rn) = Hs,p be the generalized Sobolev
space in R

n defined by

Hs,p = }f � S∞; S 1[(1 + ‖ξ‖2) s
2 f̂ ] � Lp〈

equipped with the norm

\f\Hs,p = \S 1[(1 + ‖ξ‖2) s
2 f̂ ]\Lp .

≤ For s � R, let Hs(Rn) = Hs be the generalized Sobolev space in R
n

defined by
Hs = }f � S∞; (1 + ‖ξ‖2) s

2 f̂ � L2〈
equipped with the norm

\f\Hs = \(1 + ‖ξ‖2) s
2 f̂\L2 .

≤ For s � R and p, q � [1,∈ ], Let Bs
p,q(R

n) = Bs
p,q be the inhomogeneous

Besov space in R
n defined by

Bs
p,q = }f � S ; \f\Bs

p,q
< ∈ 〈

equipped with the norm

\f\Bs
p,q

= \ψ • f\Lp +

⎩⎝⎝⎝⎝⎪⎝⎝⎝⎝⎨

⎞⎠ ∈∫
j=1

2jsq\φj • f\qLp

⎧〈 1/q

if q < ∈

sup
j>0

2sj\φj • f\Lp if q = ∈ .

where }φj〈 jDZ is the Littlewood-Paley decomposition, and ψ̂(ξ) = 1∫
j>0 φ̂j(ξ).
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≤ For s � R and p, q � [1,∈ ], Let Ḃs
p,q(R

n) = Ḃs
p,q be the homogeneous

Besov space in R
n defined by

Ḃs
p,q = }f � S ; \f\Ḃs

p,q
< ∈ 〈

equipped with the norm

\f\Ḃs
p,q

=

⎩⎝⎝⎝⎝⎪⎝⎝⎝⎝⎨

⎞⎠ ∈∫
j= ∈

2jsq\φj • f\qLp

⎧〈 1/q

if q < ∈

sup
jDZ

2sj\φj • f\Lp if q = ∈ .

6.2 The results used in this thesis

We explain the results used in this thesis.

Functional Analysis

Definition 6.2.1. Let (X, d) be a complete metric space. We say that the map
Φ : X ↑ X is a contraction mapping in X if there exists α � (0, 1) such that

d(Φ(f),Φ(g)) ≥ αd(f, g)

for any f , g � X.

Theorem 6.2.1 (Banach’s fixed point Theorem). (X, d) be a complete metric
space. Φ denotes a contraction mapping in X. Then there exists a unique fix
point u � X of Φ. That is, there exists a unique u � X such that F (u) = u.

Lemma 6.2.1. Let X be a Banach space. Let x � X and a sequence }xn〈n=1 →
X. If xn ↑ x weakly in X as n ↑ ∈ , then the sequence }xn〈n=1 is bounded in
X, and it holds that

\x\X ≥ lim inf
n↑ ∈

\xn\X .

Lemma 6.2.2. Let X be a Banach space. }xn〈∈n=1 denotes a sequence in X.
If X is reflexive, then there exists a subsequence }xnk

〈∈k=1 such that converges
weakly in X.

Lemma 6.2.3. Let X and Y be Banach spaces such that Y ↪↑ X and X≤ ↪↑ Y ≤

with dense embedding, where X≤ and Y ≤ denote the dual spaces of X and Y ,
respectively. Then if a bounded sequence }ϕn〈∈n=1 →Y satisfies ϕn ↑ 0 in X
as n ↑ ∈ , then for any f � Y ≤, 〉ϕn, f |Y ∗ Y ′ ↑ 0 as n ↑ ∈ .

Real analysis

Theorem 6.2.2 (Fourier multiplier Theorem, e.g. [21]). Let 1 < p < ∈ . For
some integer s > n/2, suppose that m(ξ) � Cs(Rn√}0〈) { L∈ (Rn). Assume
also that for all multi-index α with ‖α‖≥ s, there exists a positive constant Cα

such that

‖∂α
ξ m(ξ)‖≥ Cα‖ξ‖ α . (ξ � R

n √}0〈) (6.2.1)

Then, there exists a positive constant C depending on p, Cα, d, s such that

\m(Dx)f\Lp ≥ C\f\Lp .
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Besov space

Lemma 6.2.4. Let 1 < p < ∈ and s � R. Then

Bs
p,min(p,2) ↪↑ Hs,p ↪↑ Bs

p,max(p,2).

Especially, Bs
2,2 = Hs and Ḃs

2,2 = Ḣs.

Lemma 6.2.5. (i) If s > 0, then \u\Bs
p,q
⊂ \u\Lp + \u\Ḃs

p,q
.

(ii) If 0 < s < 1, then

\u\Ḃs
p,q
⊂

⎩⎝⎝⎝⎪⎝⎝⎝⎨
)⋂∈

0

)
t s sup

y ≥t

\u(× y) u(×)\Lp(Rn)

[ q
dt

t

[ 1/q

if q < ∈ ,

sup
t>0

sup
y ≥t

\u(× y) u(×)\Lp(Rn) if q = ∈ .
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1. Introduction

In this paper, we consider defocusing nonlinear Schrödinger equations in dimension n � 4⎧⎨⎩ i
∂u

∂t
+ Δu + f

(|u|2)u = 0, t ∈ (0, T ), x ∈ R
n,

u(0, x) = u0(x), x ∈ R
n,

(1.1)

where u(t, x) : (0, T ) × R
n → C. The initial data u0 has the following boundary condition:

∣∣u0(x)
∣∣2 → ρ0 as |x| → ∞,

where ρ0 > 0 denotes the light intensity of the background. The nonlinear term f is assumed to be defocusing.
Namely the real-valued function f satisfies the following assumption:

f(ρ0) = 0, f ′(ρ0) < 0. (Hf )

E-mail address: h-miyazaki@hiroshima-u.ac.jp.

http://dx.doi.org/10.1016/j.jmaa.2014.03.055
0022-247X/© 2014 Elsevier Inc. All rights reserved.
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Eq. (1.1) with non-vanishing initial data at infinity appears as a relevant model in various physical problems:
for example, Bose–Einstein condensation and superfluidity (see [1,5,6]), and nonlinear topics (dark solitons,
optical vortices) (see [9,7]). Two important model cases for (1.1) have been extensively studied both in the
physical and mathematical literatures: the Gross–Pitaevskii equation (where f(r) = 1−r) and the so-called
“cubic-quintic” Schrödinger equation (where f(r) = (r − ρ0)(2a + ρ0 − 3r), 0 < a < ρ0). Gallo [3] has
considered the Cauchy problem for (1.1). He proved the following theorem:

Theorem 1.1. (See Theorem 1.1 in Gallo [3].) Let n � 4 and ρ0 > 0. Assume that f ∈ Ck(R+) (k = 3 if
n = 2, 3, k = 4 if n = 4) satisfying (Hf ), and there exist α1 � 1, with a supplementary condition α1 < α∗

1
if n = 3, 4 (α∗

1 = 3 if n = 3, α∗
1 = 2 if n = 4), and α2 ∈ R with α1 − α2 � 1/2 such that

∃C0 > 0, ∃A > ρ0 s.t.

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∀r � 1,

{
|f ′′(r)| � C0rα1−3 if n = 1, 2, 3,

|f ′′′(r)| � C0rα1−4 if n = 4,
(Hα1){

if α1 � 3/2, V is bounded from below,

if α1 > 3/2, ∀r � A, rα2 � C0V (r),
(Hα2)

where V (r) :=
∫ ρ0

r
f(s) ds. Then for any function φ satisfying

φ ∈ Ck+1
b

(
R

n
)
, ∇φ ∈ Hk+1(

R
n
)n

, |φ|2 − ρ0 ∈ L2(
R

n
)
, (Hφ)

(1.1) is globally well-posed in φ + H1(Rn). Namely, for any w0 ∈ H1(Rn), there exists a unique w ∈
C(R, H1(Rn)) such that φ + w is the solution to (1.1) with the initial data w(0) = w0. Moreover, the
solution depends continuously on the initial data w0 ∈ H1.

Generally, we take two steps to construct a time global solution for the Cauchy problem of usual nonlinear
Schrödinger equations ((NLS)s) (see [2]). The first step is to construct a time local solution to Duhamel’s
integral equation by using a contraction argument. The next step is to extend the solution to the time
global solution by using conservation laws. For Cauchy problem (1.1), we follow the same steps stated
above. Thus, to get time global solutions, it is important to obtain conservation laws. We obtain formally
the conservation law of energy by multiplying Eq. (1.1) by ūt, integrating over R

n, and taking the real part.
There are basically two methods to justify the procedure above. One is that solutions are approximated by
a sequence of regular solutions, using the continuous dependence of solutions on the initial data. The other
is to use a sequence of regularized equations of (1.1) whose solutions have enough regularities to perform
the procedure above (see [8]). However, these two methods involve a limiting procedure on approximate
solutions. Instead, for (NLS)s with a local interaction nonlinearity, Ozawa [8] derives conservation laws by
using additional properties of solutions provided by Strichartz estimates. We need the following definitions
to mention it:

Definition 1.1.

(i) A positive exponent p′ is called the dual exponent of p if p and p′ satisfy 1/p + 1/p′ = 1.
(ii) A pair of two exponents (p, q) is called an admissible pair if (p, q) satisfies

2
p

+
n

q
=

n

2
, p � 2, (p, q) �= (2, ∞).

Strichartz estimates are described as the following lemma:
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Lemma 1.1 (Strichartz estimates). (See [2].) Let (p1, q1) and (p2, q2) be admissible pairs. Then

(i) for all f ∈ L2(Rn), ∥∥eitΔf
∥∥

Lp1 (R,Lq1 (Rn)) � C‖f‖L2(Rn),

(ii) let T > 0, for all f ∈ Lp′
1([0, T ], Lq′

1(Rn)),∥∥∥∥∥
t∫

−∞
ei(t−τ)Δf(τ) dτ

∥∥∥∥∥
Lp2 ([0,T ],Lq2 (Rn))

� C‖f‖
Lp′

1 ([0,T ],Lq′
1 (Rn)),

where p′
1 and p′

2 are the dual exponents of p1 and p2, respectively.

In this paper, for Eq. (1.1) in n = 2, 3, 4, we derive the conservation law for time local solutions with-
out approximating procedure. Instead of that, we use Ozawa’s idea [8]. Note that when n = 1, because
H1 ↪→ L∞, Gallo [3] derived it without approximating procedure (see Sections 2, 3 in Gallo [3]), and that
for n � 2, Gallo [3] derived it using the approximate argument (see Section 5 in Gallo [3]). We follow
Ozawa’s idea, however, we cannot derive the conservation law only by Ozawa’s idea, due to the nonlinearity
and the space of a solution. We derive the conservation law to combine Ozawa’s idea with decomposing
the nonlinear term by applying the method for the decomposition of Schrödinger operator in Gérard [4].
Moreover, we remove some of technical assumptions of the nonlinearity necessary to derive the conservation
law. Our main result is as follows.

Theorem 1.2. Let n = 2, 3, 4. Let ρ0 > 0, and f ∈ C2(R+) satisfying (Hf ). Moreover, we assume that there
exists α1 � 1, with a supplementary condition α1 < α∗

1 if n = 3, 4 (α∗
1 = 3 if n = 3, α∗

1 = 2 if n = 4) such
that

∃C0 > 0, s.t. ∀r � 1,
∣∣f (k)(r)

∣∣ � C0rα1−1−k (k = 1, 2). (H′
α1)

Let φ be a function satisfying

φ ∈ C2
b

(
R

n
)
, ∇φ ∈ H2(

R
n
)n

, |φ|2 − ρ0 ∈ L2(
R

n
)
. (H′

φ)

(Note that such function φ is called as a regular function of finite energy.) Let w ∈ C([0, T ], H1(Rn)) be a
mild solution of the integral equation

w(t) = eitΔw0 − i

t∫
0

ei(t−t′)ΔF
(
w
(
t′)) dt′ (1.2)

for some w0 ∈ H1 and T > 0, where F (w) := −Δφ − f(|φ + w|2)(φ + w).
Then E(w(t)) = E(w0) for all t ∈ [0, T ], where

E(w) :=
∫

Rn

∣∣∇(φ + w)
∣∣2 dx +

∫
Rn

V
(|φ + w|2) dx,

and

V (r) :=
ρ0∫

r

f(s) ds.
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Remark 1.1. Gallo [3] proved the energy conservation law under f ∈ Ck(R+) (k = 3 if n = 2, 3, k = 4
if n = 4) satisfying (Hf ), (Hα1) and (Hα2) for some α1 � 1 and α2 ∈ R with α1 − α2 � 1/2, and φ

satisfying (Hφ), but we can prove it under f ∈ C2(R+) with (Hf ) and (H′
α1) for some α1 � 1, and φ

with (H′
φ).

Remark 1.2. For proofs of the a priori estimate of f(|φ + w|2)(φ + w) (that is Lemmas 3.1–3.4, and Lem-
mas 4.1–4.4 in Gallo [3]) and boundedness of H1 norm of w on bounded intervals (that is Lemma 3.3 in
Gallo [3]), we need that there exists Cα1 > 0 such that for any r � 0,

r1/2∣∣f (k)(r)
∣∣ � Cα

(
1 + rmax(0,α1−(2k+1)/2)) (k = 1, 2), (1.3)

where 1 � α1 with the same supplementary condition in Theorem 1.1. If 3/2 < α1 � 2, then we cannot
obtain (1.3) from (Hα1) or (Hα2). Therefore by replacing (Hα1) with (H′

α1), we deduce (1.3) from (H′
α1)

only. To show (1.3), we do not need (Hα2).

Moreover, as a corollary to the main result, we can deduce a globally well-posedness of (1.1). Due to
Theorem 1.2, we can remove a technical assumption of the nonlinear term. We have the following result:

Corollary 1.1. Let n = 2, 3, 4. We assume that f and φ satisfy the same assumptions as in Theorem 1.2,
with a supplementary assumption as f satisfying (Hα2) for some α2 ∈ R with α1 − α2 � 1/2. Then (1.1) is
globally well-posed in φ + H1(Rn). That is, for any w0 ∈ H1(Rn), there exists a unique w ∈ C(R, H1(Rn))
such that φ+w solves (1.1) with the initial data w(0) = w0. Moreover, for any T > 0, the flow map w0 
→ w

(H1 → C([0, T ], H1)) is Lipschitz continuous on the bounded sets of H1(Rn). The energy E(w) is conserved
by the flow.

The structure of this paper is as follows. In Section 2, we introduce the previous results of Gallo [3] on
the local existence of solutions of (1.1). In Sections 3 and 4, we give estimates of the nonlinear term and
results of the time-derivative term needed for the proof of the main result, respectively. In Section 5, we
prove the main result.

Notation. For a Banach space X, T > 0 and p ∈ [1, ∞], Lp
T X denotes the Banach space Lp([0, T ], X)

equipped with its natural norm.

2. Previous results

For n � 4, Gallo [3] proved the globally well-posedness of (1.1). We state the result for n = 2, 3, 4. A first
strategy of the proof is that (1.1) is transformed as follows to look for a solution of (1.1) under the form
φ + w ⎧⎨⎩ i

∂w

∂t
+ Δw = F

(
w(t)
)
, t ∈ (0, T ), x ∈ R

n,

w(0, x) = w0(x), x ∈ R
n,

(2.1)

where

F (w) := −Δφ − f
(|φ + w|2)(φ + w).

In a next strategy, he proves that (2.1) is locally well-posed in H1 by using Strichartz estimates and a
contraction argument for the map
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Φ(w) = eitΔw0 − i

t∫
0

ei(t−s)ΔF
(
w(s)
)

ds,

in the space

XT := L∞
T H1 ∩ Lp

T W 1,q

equipped with its natural norm

‖w‖XT
:= ‖w‖L∞

T H1 + ‖w‖Lp
T W 1,q ,

where a pair (p, q) is an admissible pair defined as (p, q) := (6/n, 6) for n = 2, 3, (p, q) := (2, 4) for n = 4.
We remark that Gallo [3] takes (p, q) := (4, 4) for n = 2. Note that our choice also works for getting local
existence of solution to (1.1). For locally well-posedness, Gallo [3] proves the following theorem:

Theorem 2.1. (See Gallo [3].) Let n = 2, 3, 4. Let ρ0 > 0, and f ∈ C2(R+) satisfying (Hf ). Moreover, we
assume that there exist α1 � 1, with a supplementary condition α1 < α∗

1 if n = 3, 4 (α∗
1 = 3 if n = 3,

α∗
1 = 2 if n = 4), and α2 ∈ R with α1 − α2 � 1/2 such that (Hα1) and (Hα2). Let φ be a function

satisfying (H′
φ).

Then for any R > 0, there exists T (R) > 0 such that for any w0 ∈ H1 with ‖w0‖H1 � R, there exists a
unique solution w ∈ XT (R) of the integral equation (1.2). Moreover w ∈ C([0, T (R)], H1).

If w̃ ∈ C([0, T ], H1) solves (1.2) for some T > 0, then w̃ ∈ XT , and w̃ ∈ XT is the unique solution
to (1.2) in C([0, T ], H1).

Also the flow map is locally Lipschitz continuous on the bounded sets of H1, indeed for any R > 0, there
exists T (R) > 0 such that for any T ′ ∈ (0, T (R)] and w0, w̃0 ∈ H1 with ‖w0‖H1 � R and ‖w̃0‖H1 � R,
corresponding solutions w, w̃ ∈ XT ′ of (1.2) satisfy the following locally Lipschitz continuity:

‖w − w̃‖XT ′ � C‖w0 − w̃0‖H1 , (2.2)

where C is a positive constant depending on ‖w‖XT ′ and ‖w̃‖XT ′ . Especially, for the same constant C,

‖w − w̃‖L∞
T ′ H1 � C‖w0 − w̃0‖H1 .

Furthermore, the energy E(w(t)) is conserved for all t ∈ [0, T ].

Remark 2.1. To obtain the local existence theorem above, it seems too much to assume both (Hα1) and
(Hα2) for some α1 � 1 and α2 ∈ R with α1 − α2 � 1/2. Theorem 2.1 can be shown only assuming (H′

α1).
To show only the local existence theorem, we do not need (Hα2).

From Theorem 2.1, a local solution of (2.1) is constructed as the following theorem:

Theorem 2.2. Let n = 2, 3, 4. Let w0 ∈ H1. Let T > 0 and let w be a mild solution of the integral equa-
tion (1.2) with w ∈ C([0, T ], H1). Then, for any t0 ∈ [0, T ], there exists v(t0) ∈ H−1 such that

w(t0 + h) − w(t0)
h

→ v(t0) in H−1 as h → 0.

Moreover, denoting v(t0) by ∂tw(t0), w is a solution of (2.1), indeed w satisfies

(i) i∂tw(t) + Δw(t) = F (w(t)) in H−1 for all t ∈ [0, T ],
(ii) w(0) = w0.
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3. The estimates of nonlinear terms

In what follows, we put F̃ (w) = −f(|φ + w|2)(φ + w). Applying directly the decomposition of F (w) that
Gallo [3] used, we can deduce the following decompositions for F̃ (w). Note that we can show Lemmas 3.1–3.4
by applying the same method to F̃ (w) as corresponding lemmas for F (w) in Gallo [3]. The statements of
Lemma 3.1 and Lemma 3.3 are slightly different from these lemmas in Gallo [3]. Therefore we prove them
in Appendix A.

Lemma 3.1. Let T > 0. For any w ∈ XT , there exist

F̃1(w) ∈ L∞
T L2, F̃2(w) ∈ L∞

T Lq′

such that

F̃ (w) = F̃1(w) + F̃2(w).

Moreover it follows that∥∥F̃1(w)
∥∥

L∞
T L2 +

∥∥F̃2(w)
∥∥

L∞
T Lq′ � C

(
1 + ‖w‖L∞

T L2
)

+ C
(‖w‖2

L∞
T H1 + ‖w‖max(2,2α1−1)

L∞
T H1

)
, (3.1)

where C is a positive constant depending on T . Also for a same decomposition of F̃ (w) in the above, we
have F̃2(w) ∈ Lp

T L2 and ∥∥F̃2(w)
∥∥

Lp
T L2 � C

(‖w‖2
L∞

T H1 + ‖w‖max(2,2α1−1)
XT

)
,

where C is a positive constant depending on T . Thus F2(w) ∈ Lp
T L2.

Lemma 3.2. Let T > 0. For any w ∈ XT , there exist

G̃1(w) ∈ L∞
T L2, G̃2(w) ∈ Lp′

T Lq′
,

such that

∇F̃ (w) = G̃1(w) + G̃2(w).

Moreover it follows that∥∥G̃1(w)
∥∥

L∞
T L2 +

∥∥G̃2(w)
∥∥

Lp′
T Lq′ � C

(
1 + ‖∇w‖L∞

T L2
)

+ C
(
1 + ‖∇w‖L∞

T L2
)(‖w‖L∞

T H1 + ‖w‖max(1,2α1−2)
XT

)
,

where C is a positive constant depending on T .

Lemma 3.3. Let T > 0. For any w1, w2 ∈ XT , decomposing f(|φ+w|2)(φ+w) as Lemma 3.1, it follows that∥∥F̃1(w1) − F̃1(w2)
∥∥

L∞
T L2 +

∥∥F̃2(w1) − F̃2(w2)
∥∥

L∞
T Lq′

� C‖w1 − w2‖L∞
T H1 + C‖w1 − w2‖L∞

T H1
((‖w1‖L∞

T H1 + ‖w2‖L∞
T H1
)

+
(‖w1‖L∞

T H1 + ‖w2‖L∞
T H1
)max(1,2α1−2))

,

where C is a positive constant depending on T .
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Lemma 3.4. Let T > 0. For any w1, w2 ∈ XT , decomposing f(|φ+w|2)(φ+w) as Lemma 3.2, it follows that∥∥G̃1(w1) − G̃1(w2)
∥∥

L∞
T L2 +

∥∥G̃2(w1) − G̃2(w2)
∥∥

Lp′
T Lq′

� C
∥∥∇(w1 − w2)

∥∥
L∞

T L2 + C
(
1 + ‖w1‖L∞

T H1 + ‖w2‖L∞
T H1
)max(1,2α1−2)‖w1 − w2‖L∞

T H1

+ C‖w1 − w2‖XT

(‖w1‖max(1,2α1−2)
XT

+ ‖w2‖max(1,2α1−2)
XT

)
+ C‖w1 − w2‖XT

(
1 + ‖w1‖L∞

T H1 + ‖w2‖L∞
T H1
)(‖w1‖max(0,2α1−3)

XT
+ ‖w2‖max(0,2α1−3)

XT

)
,

where C is a positive constant depending on T .

Remark 3.1. Let T > 0. Lemma 3.1 and Sobolev embedding H1 ↪→ Lq, imply that for any w ∈ C([0, T ], H1)
and t ∈ [0, T ], F (w(t)) ∈ H−1. Furthermore, for any t0 ∈ [0, T ], Lemma 3.3 yields∥∥F (w(t)

)− F
(
w(t0)

)∥∥
H−1 � C

∥∥w(t) − w(t0)
∥∥

H1

→ 0 as t → t0,

where C is a positive constant depending on ‖w‖L∞
T H1 . To show it, for w ∈ C([0, T ], H1), it suffices to put

w1(s) = w(t) and w2(s) = w(t0) (0 � s � T ). Thus we also obtain F (w) ∈ C([0, T ], H−1).

In the proof of the main result, we use the following lemma:

Lemma 3.5. For any η ∈ L2 + Lq′ , it follows that∥∥χ(Dx)η
∥∥

H1 � C‖η‖L2+Lq′ . (3.2)

Moreover for any η ∈ S ′(Rn) with ∇η ∈ L2 + Lq′ , we obtain∥∥(1 − χ(Dx)
)
η
∥∥

H1 � C‖∇η‖L2+Lq′ . (3.3)

Note that if X and Y are Banach spaces, then X + Y is a Banach space equipped with the norm

‖v‖X+Y := inf
{‖v1‖X + ‖v2‖Y : v = v1 + v2, v1 ∈ X, v2 ∈ Y

}
.

We use the following theorem to prove Lemma 3.5.

Theorem 3.1 (Fourier multiplier theorem). (See [10].) Let 1 < p < ∞. For some integer s > n/2, suppose
that m(ξ) ∈ Cs(Rn\{0}) ∩ L∞(Rn). Assume also that for all multi-index α with |α| � s, there exists a
positive constant Cα such that ∣∣∂α

ξ m(ξ)
∣∣ � Cα|ξ|−|α| (ξ ∈ R

n \ {0}). (3.4)

Then, there exists a positive constant C depending on p, Cα, d, s such that∥∥m(Dx)f
∥∥

Lp � C‖f‖Lp .

Proof of Lemma 3.5. For any η ∈ L2 + Lq′
, there exist η1 ∈ L2 and η2 ∈ Lq′

such that η = η1 + η2.
Q(ξ) denotes (1 + |ξ|2)χ(ξ). Also, Q(ξ) satisfies (3.4) since χ ∈ C∞

0 (Rn). Therefore, using Fourier multiplier
theorem, we obtain
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∥∥χ(Dx)η
∥∥

H1 =
∥∥Q(Dx)η

∥∥
H−1

�
∥∥Q(Dx)η1

∥∥
L2 +
∥∥Q(Dx)η2

∥∥
Lq′

� C
(‖η1‖L2 + ‖η2‖Lq′

)
.

Therefore, we deduce that ∥∥χ(Dx)η
∥∥

H1 � C‖η‖L2+Lq′ .

Next, for any η ∈ S ′(Rn) with ∇η ∈ L2 + Lq′
, there exist (ζj

1(w))j=1,...,n ∈ L2 and (ζj
2(w))j=1,...,n ∈ Lq′

such that ∇η = ζ1 + ζ2. Using Pj(ξ) := −iξj/|ξ|2 (ξ := (ξj)j=1,...,n ∈ R
n), we have

(
1 − χ(Dx)

)
η =
(
1 − χ(Dx)

) n∑
j=1

Pj(Dx)∂jη

=
n∑

j=1

(
1 − χ(Dx)

)
Pj(Dx)ζj

1 +
n∑

j=1

(
1 − χ(Dx)

)
Pj(Dx)ζj

2 .

Fourier multiplier theorem implies

∥∥(1 − χ(Dx)
)
η
∥∥

H1+W 1,q′ �
n∑

j=1

∥∥(1 − χ(Dx)
)
Pj(Dx)ζj

1
∥∥

H1 +
n∑

j=1

∥∥(1 − χ(Dx)
)
Pj(Dx)ζj

2
∥∥

W 1,q′

� C‖ζ1‖L2 + C‖ζ2‖Lq′ .

Thus we get ∥∥(1 − χ(Dx)
)
η
∥∥

H1+W 1,q′ � C‖∇η‖L2+Lq′ . �
4. Regularities of time-derivative term

In this section, we shall show properties of the time-derivative term ∂tu.

Lemma 4.1. Let n = 2, 3, 4, and let (p, q) := (6/n, 6) for n = 2, 3, (p, q) := (2, 4) for n = 4. Let w be a
solution of Eq. (2.1) belonging to C([0, T ], H1) for some T > 0 with the initial data w(0) = w0 ∈ H1. Then
for any 0 < ε < T ′ < T ,

(i)
∥∥∥∥w(· + h) − w(·)

h
− ∂tw(·)

∥∥∥∥
C([ε,T ′],H−1)

→ 0 as h → 0,

and

(ii)
∥∥∥∥w(· + h) − w(·)

h
− ∂tw(·)

∥∥∥∥
Lp([ε,T ′],W −1,q)

→ 0 as h → 0.

Proof. Note that Eq. (2.1) implies

∂tw = i
(
Δw − F (w)

)
. (4.1)

We show (i) and (ii) using (4.1).
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Proof of (i). Note that from Theorem 2.2, for any 0 � t � T , ∂tw(t) ∈ H−1 exists in strong sense. Hence,
it suffices to show continuity of ∂tw(t) on [0, T ]. Clearly,

‖Δw‖H−1 � ‖∇w‖L2 , (4.2)

which yields Δw ∈ C([0, T ], H−1). Using (4.1), (4.2) and Remark 3.1, we obtain

∂tw ∈ C
(
[0, T ], H−1).

Hence, it follows that for all t0, t ∈ [0, T ],

w(t) − w(t0) =
t∫

t0

∂tw(s) ds in H−1. (4.3)

We take 0 < ε < T ′ < T . For all t0 ∈ [ε, T ′] and sufficiently small h ∈ R,

∥∥∥∥w(t0 + h) − w(t0)
h

− ∂tw(t0)
∥∥∥∥

H−1
� 1

|h|

∣∣∣∣∣
t0+h∫
t0

∥∥∂tw(s) − ∂tw(t0)
∥∥

H−1 ds

∣∣∣∣∣
� sup

|s−t0|�|h|

∥∥∂tw(s) − ∂tw(t0)
∥∥

H−1 .

Since t 
→ ∂tu(t) ∈ H−1(Rn) is uniformly continuous on [0, T ], we obtain (i).
Proof of (ii). Since W 1,q′

(Rn) ↪→ L2(Rn) and w ∈ C([0, T ], H−1) and φ satisfies (Hφ), we clearly get

Δw ∈ Lp
(
[0, T ], W −1,q

)
and Δφ ∈ Lp

(
[0, T ], W −1,q

)
. (4.4)

Moreover, using Sobolev embedding and duality argument, we conclude L2 ↪→ W −1,q. Thus Lemma 3.1
yields

F (w) ∈ Lp
(
[0, T ], W −1,q

)
. (4.5)

Therefore, concatenating (4.1), (4.4) and (4.5), we obtain

∂tw ∈ Lp
(
[0, T ], W −1,q

)
.

Let t0 ∈ [0, T ]. By (4.3), for any t ∈ [0, T ],

w(t) − w(t0) =
t∫

t0

∂tw(s) ds in S ′(
R

n
)
,

where S(Rn) and S ′(Rn) denote Schwartz space on R
n and the space of tempered distributions on R

n,
respectively. Using Hölder’s inequality, we get∥∥∥∥∥

·∫
t0

∂tw(s) ds

∥∥∥∥∥
Lp([0,T ],W −1,q)

�
∥∥∥∥∥

·∫
t0

∥∥∂tw(s)
∥∥

W −1,q ds

∥∥∥∥∥
Lp([0,T ])

�
[ T∫

0

(t − t0)p/p′
( t∫

t0

∥∥∂tw(s)
∥∥p

W −1,q ds

)
dt

]1/p
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� T 1/p′
[ T∫

0

( t∫
t0

∥∥∂tw(s)
∥∥p

W −1,q ds

)
dt

]1/p

� T 1/p′
(

T ×
T∫

0

∥∥∂tw(s)
∥∥p

W −1,q ds

)1/p

� T‖∂tw‖Lp
T W −1,q .

Therefore, for all t0 ∈ [0, T ],

w(·) − w(t0) =
·∫

t0

∂tw(s) ds in Lp
(
[0, T ], W −1,q

)
. (4.6)

Combining (4.6) with Strichartz’s estimate, in a way similar to the preceding argument, for all 0 < ε <

T ′ < T , we obtain ∥∥∥∥w(· + h) − w(·)
h

− ∂tw(·)
∥∥∥∥

Lp([ε,T ′],W −1,q)

�
∥∥∥∥∥ 1

h

·+h∫
·

∥∥∂tw(s) − ∂tw(·)∥∥
W −1,q ds

∥∥∥∥∥
Lp([ε,T ′])

=

{ T ′∫
ε

∣∣∣∣∣ 1h
t0+h∫
t0

∥∥∂tw(s) − ∂tw(t0)
∥∥

W −1,q ds

∣∣∣∣∣
p

dt0

}1/p

� h1/p′−1

{ T ′∫
ε

( t0+h∫
t0

∥∥∂tw(s) − ∂tw(t0)
∥∥p

W −1,q ds

)
dt0

}1/p

= h1/p′−1

{ h∫
0

( T ′∫
ε

∥∥∂tw(t0 + s) − ∂tw(t0)
∥∥p

W −1,q dt0

)
ds

}1/p

� sup
0�s�h

( T ′∫
ε

∥∥∂tw(t0 + s) − ∂tw(t0)
∥∥p

W −1,q dt0

)1/p

→ 0 as h → 0.

This completes the proof of Lemma 4.1. �
5. The proof of the main result

Since Schrödinger operator eitΔ becomes bounded operator from φ + H1 to itself (see Lemma 3 in
Gérard [4]), we can obtain

φ = eitΔφ − i

t∫
0

ei(t−t′)ΔΔφ dt′.

Combining the above equality with (1.2), we get
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φ + w(t) = eitΔ(φ + w0) − i

t∫
0

ei(t−t′)ΔF̃
(
w
(
t′)) dt′, (5.1)

where F̃ (w) := −f(|φ + w|2)(φ + w). From now on, we deduce the proof in a way similar to Ozawa [8].
Acting ∇ on (5.1), we obtain

∥∥∇(φ + w(t)
)∥∥2

L2 =
∥∥∇ei(−t)Δ(φ + w(t)

)∥∥2
L2

=
∥∥∇(φ + w0)

∥∥2
L2 − 2 Im

(
∇(φ + w0),

t∫
0

ei(−t′)Δ∇F̃
(
w
(
t′)) dt′

)
L2

+

∥∥∥∥∥
t∫

0

ei(−t′)Δ∇F̃
(
w
(
t′)) dt′

∥∥∥∥∥
2

L2

. (5.2)

The second term on the RHS of (5.2) satisfies the following equality:

−2 Im

(
∇(φ + w0),

t∫
0

ei(−t′)Δ∇F̃
(
u
(
t′)) dt′

)
L2

= −2 Im
t∫

0

〈
eit′Δ∇(φ + w0), ∇(F̃ (w(t′)))〉 dt′, (5.3)

where the time integral of the scalar product is understood as the duality coupling on (L1
T L2 ∩ Lp

t Lq) ×
(L∞

T L2 + Lp′
T Lq′

) with (p, q) = (6/n, 6) if n = 2, 3, (p, q) = (2, 4) if n = 4. For the last term on the RHS
of (5.2), Fubini’s theorem implies

∥∥∥∥∥
t∫

0

ei(−t′)Δ∇(F̃ (w(t′))) dt′
∥∥∥∥∥

2

L2

= 2 Re
t∫

0

〈
∇(F̃ (w(t′))), t′∫

0

ei(t′−t′′)Δ∇(F̃ (w(t′′))) dt′′
〉

dt′, (5.4)

where the time integral of the scalar product is understood as the duality coupling on (L∞
T L2 + Lp′

T Lq′
) ×

(L1
T L2 ∩ Lp

T Lq). Concatenating (5.2)–(5.4), we compute

∥∥∇(φ + w(t)
)∥∥2

L2 =
∥∥∇(φ + w0)

∥∥2
L2 − 2 Im

t∫
0

〈
eit′Δ∇(φ + w0), ∇(F̃ (w(t′)))〉 dt′

+ 2 Re
t∫

0

〈
∇(F̃ (w(t′))), t′∫

0

ei(t′−t′′)Δ∇(F̃ (w(t′′))) dt′′
〉

dt′

=
∥∥∇(φ + w0)

∥∥2
L2 + 2 Im

t∫
0

〈∇(F̃ (w(t′))), eit′Δ∇(φ + w0)
〉

dt′
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+ 2 Im
t∫

0

〈
∇(F̃ (w(t′))), −i

t′∫
0

ei(t′−t′′)Δ∇(F̃ (w(t′′))) dt′′
〉

dt′

=
∥∥∇(φ + w0)

∥∥2
L2 + lim

ε↓0
2 Im

t∫
0

〈
(1 − εΔ)−1∇(F̃ (w(t′))), ∇w

(
t′)〉 dt′,

where the last equality in the above holds by using (1.2). Taking the duality coupling between Eq. (2.1)
and (1 − εΔ)−1∇(F̃ (w)) on H−1 × H1 and using Im{〈(1 − εΔ)−1F̃ (w), F̃ (w)〉} = 0, we obtain

Im
〈
(1 − εΔ)−1∇(F̃ (w)

)
, ∇w
〉

= Im
{−i
〈
(1 − εΔ)−1F̃ (w), ∂tw

〉}
.

From these equalities, we can show

∥∥∇(φ + w(t)
)∥∥2

L2 =
∥∥∇(φ + w0)

∥∥2
L2 − lim

ε↓0
2 Re

t∫
0

〈
(1 − εΔ)−1F

(
u
(
t′)), ∂tw

(
t′)〉 dt′

=
∥∥∇(φ + w0)

∥∥2
L2 − 2 Re

t∫
0

〈
F
(
w
(
t′)), ∂tw

(
t′)〉 dt′. (5.5)

Note that in the above time integral of the scalar product in the last line is understood as the duality
coupling on (L∞

T H1 + (L∞
T H1 + Lp′

T W 1,q′
)) × ((L1

T H−1) ∩ (L1
T H−1 ∩ Lp

T W −1,q)) by applying the idea used
in Lemma 3 in Gérard [4], that is, we decompose F (w) as

F (w) = χ(Dx)F (w) +
n∑

j=1

(
1 − χ(Dx)

)
Pj(Dx)∂xj

F (w),

where χ ∈ C∞
0 (Rn) is a cutoff function such that 0 � χ � 1, χ(ξ) = 1 for |ξ| � 1 and χ(ξ) = 0 for |ξ| � 2,

and Pj(ξ) = iξj/|ξ|2.
We show (5.5). It follows from Theorem 2.2, Lemmas 3.1, 3.2, 3.5 and 4.1 that

∣∣∣∣∣
t∫

0

〈
F̃
(
w
(
t′)), ∂tw

(
t′)〉 dt′

∣∣∣∣∣ �
t∫

0

∣∣〈χ(Dx)F̃
(
w
(
t′)), ∂tw

(
t′)〉∣∣ dt′ +

t∫
0

∣∣〈(1 − χ(Dx)
)
F̃
(
w
(
t′)), ∂tw

(
t′)〉∣∣ dt′

�
∥∥χ(Dx)F̃ (w)

∥∥
L∞

T H1‖∂tw‖L1
T H−1

+
∥∥(1 − χ(Dx)

)
F̃ (w)

∥∥
Lp′

T (H1+W 1,q′ )‖∂tw‖Lp
T (H−1∩W −1,q)

� C
(∥∥F1(w)

∥∥
L∞

T L2 +
∥∥F2(w)

∥∥
L∞

T Lq′
)‖∂tw‖L∞

T H−1

+ C
(∥∥G1(w)

∥∥
Lp′

T L2 +
∥∥G2(w)

∥∥
Lp′

T Lq′
)‖∂tw‖Lp

T (H−1∩W −1,q). (5.6)

Furthermore, by using a similar argument to the above and Lebesgue convergence theorem, we deduce that

lim
ε↓0

t∫
0

〈
(1 − εΔ)−1F̃

(
w
(
t′)), ∂tw

(
t′)〉 dt′ =

t∫
0

〈
F̃
(
w
(
t′)), ∂tw

(
t′)〉 dt′,

which yields (5.5).
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From (5.5), formally, we can continue as follows:

∥∥∇(φ + w(t)
)∥∥2

L2 =
∥∥∇(φ + w0)

∥∥2
L2 −

t∫
0

∂

∂t

( ∫
Rn

V
(∣∣φ + w

(
t′)∣∣2) dx

)
dt′

=
∥∥∇(φ + w0)

∥∥2
L2 −
∫

Rn

V
(∣∣φ + w(t)

∣∣2) dx +
∫

Rn

V
(|φ|2) dx,

since a formal argument implies

∂

∂t

( ∫
Rn

V
(∣∣φ + w(t)

∣∣2) dx

)
= 2 Re

〈
F̃
(
w(t)
)
, ∂tw(t)

〉
.

Hence, to justify the argument above, we need to show the following lemma.

Lemma 5.1.
∫

Rn V (|φ + w(·)|2) dx ∈ W 1,1((0, T )) and

∂

∂t

( ∫
Rn

V
(∣∣φ + w(t)

∣∣2) dx

)
= 2 Re

〈
F̃
(
w(t)
)
, ∂tw(t)

〉
A×B

in L1((0, T )
)
,

where A := (H1 + (H1 + W 1,q′
)), B := (H−1 ∩ (H−1 ∩ W −1,q)).

Proof. Put I = (0, T ) for simplicity. Moreover, D(I) and D′(I) denote the Fréchet space of C∞ functions
I → C compactly supported in I and the space of distributions on I, respectively. Note that as is in Gallo [3],
from (Hf ), the mapping w 
→ V (|φ + w|2) becomes a bounded operator from H1(Rn) to L1(Rn). Thus, for
any ϕ ∈ C∞

0 (0, T ), we have

〈
∂

∂t

∫
Rn

V
(|φ + w|2) dx, ϕ

〉
D′(I)×D(I)

=
〈

−
∫

Rn

V
(|φ + w|2) dx, ∂tϕ

〉
D′(I)×D(I)

= −
∫
I

( ∫
Rn

V
(∣∣φ + w(t)

∣∣2) dx

)
∂tϕ(t) dt.

Take 0 < ε < T ′ < T such that supp(ϕ) ⊂ [ε, T ′]. Using Lebesgue convergence theorem, we compute

−
∫
I

( ∫
Rn

V
(∣∣φ + w(t)

∣∣2) dx

)
∂tϕ(t) dt

= lim
h→0

{
−

T ′∫
ε

( ∫
Rn

V
(∣∣φ + w(t)

∣∣2) dx

)
ϕ(t + h) − ϕ(t)

h
dt

}

= lim
h′→0

{ T ′∫
ε

( ∫
Rn

V (|φ + w(t + h′)|2) − V (|φ + w(t)|2)
h′ dx

)
ϕ(t) dt

}

=
∫
I

2 Re
〈
F
(
u(t)
)
, ∂tw(t)

〉
A×B

ϕ(t) dt.
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We need to justify the limiting procedure of the last line in the above. Since (∂/∂z̄)(V (|z|2)) = F̃ (|z|) for
any z ∈ C, it follows that∣∣∣∣ ∫

Rn

V (|φ + w(t + h)|2) − V (|φ + w(t)|2)
h

dx − 2 Re
〈
F̃
(
w(t)
)
, ∂tw(t)

〉
A×B

∣∣∣∣
�
∣∣∣∣∣
∫

Rn

2 Re

( 1∫
0

∂V

∂z̄

(∣∣φ + w(t) + θ
(
w(t + h) − w(t)

)∣∣2) dθ
(w(t + h) − w(t))

h

)
dx

− 2 Re
〈
F̃
(
w(t)
)
, ∂tw(t)

〉
A×B

∣∣∣∣∣
� 2

∣∣∣∣∣
∫

Rn

( 1∫
0

(
∂V

∂z̄

(∣∣φ + w(t) + θ
(
w(t + h) − w(t)

)∣∣2)− F̃
(
w(t)
))

dθ
(w(t + h) − w(t))

h

)
dx

∣∣∣∣∣
+ 2
∣∣∣∣ ∫
Rn

F̃
(
w(t)
) (w(t + h) − w(t))

h
dx − 〈F̃ (w(t)

)
, ∂tw(t)

〉
A×B

∣∣∣∣
� 2

∣∣∣∣∣
∫

Rn

( 1∫
0

(
F̃
(
w(t) + θ

(
w(t + h) − w(t)

))− F̃
(
w(t)
))

dθ
(w(t + h) − w(t))

h

)
dx

∣∣∣∣∣
+ 2
∣∣∣∣〈F̃
(
w(t)
)
,

(w(t + h) − w(t))
h

〉
H−1×H1

− 〈F̃ (w(t)
)
, ∂tw(t)

〉
A×B

∣∣∣∣
=: 2L1 + 2L2. (5.7)

The estimation of L1. Choose the cutoff function χ ∈ C∞
0 (Rn) such that 0 � χ � 1, χ(ξ) = 1 for |ξ| � 1

and χ(ξ) = 0 for |ξ| � 2. Using χ(Dx), we decompose L1 as follows:

L1 �
∣∣∣∣∣
∫

Rn

( 1∫
0

χ(Dx)
{

F̃
(
w(t) + θ

(
w(t + h) − w(t)

))− F̃
(
w(t)
)}

dθ
(w(t + h) − w(t))

h

)
dx

∣∣∣∣∣
+

∣∣∣∣∣
∫

Rn

( 1∫
0

(
1 − χ(Dx)

){
F̃
(
w(t) + θ

(
w(t + h) − w(t)

))− F̃
(
w(t)
)}

dθ
(w(t + h) − w(t))

h

)
dx

∣∣∣∣∣
=: K1 + K2.

From now on, Lp
[ε,T ′]X denotes the Banach space Lp([ε, T ′], X) for p ∈ [1, ∞] and a Banach space X.

The estimation of K1. By Lemma 3.3, we get

∥∥F (w(·) + θ
(
w(· + h) − w(·)))− F

(
w(·))∥∥

L∞
[ε,T ′]L

2+L∞
[ε,T ′]L

q′

�
∥∥F1
(
w(·) + θ

(
w(· + h) − w(·)))− F1

(
w(·))∥∥

L∞
[ε,T ′]L

2

+
∥∥F2
(
w(·) + θ

(
w(· + h) − w(·)))− F2

(
w(·))∥∥

L∞
[ε,T ′]L

q′

� C
∥∥w(· + h) − w(·)∥∥

L∞
[ε,T ′]L

2 + C
∥∥w(· + h) − w(·)∥∥

L∞
[ε,T ′]H

1

{(∥∥w(· + h)
∥∥

L∞
[ε,T ′]H

1 +
∥∥w(·)∥∥

L∞
[ε,T ′]H

1

)
+
(∥∥w(· + h)

∥∥
L∞

[ε,T ′]H
1 +
∥∥w(·)∥∥

L∞
[ε,T ′]H

1

)max(1,2α1−2)}
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� C
∥∥w(· + h) − w(·)∥∥

L∞
[ε,T ′]H

1 + C
∥∥w(· + h) − w(·)∥∥

L∞
[ε,T ′]H

1

(‖w‖L∞
T H1 + ‖w‖max(1,2α1−2)

L∞
T H1

)
� C
∥∥w(· + h) − w(·)∥∥

L∞
[ε,T ′]H

1

(
1 + ‖w‖L∞

T H1 + ‖w‖max(1,2α1−2)
L∞

T H1

)
� C
∥∥w(· + h) − w(·)∥∥

L∞
[ε,T ′]H

1 , (5.8)

where C depends on the norm ‖w‖XT
of the space XT .

X[ε,T ′] denotes L∞
[ε,T ′]H

1 ∩ Lp
[ε,T ′]W

1,q. Using the estimate similar to (3.2) and (5.8), we obtain

T ′∫
ε

K1 dt �
T ′∫

ε

( 1∫
0

∥∥χ(Dx)
{

F̃
(
w(t) + θ

(
w(t + h) − w(t)

))− F̃
(
w(t)
)}∥∥

H1 dθ

∥∥∥∥w(t + h) − w(t)
h

∥∥∥∥
H−1

)
dt

� C

1∫
0

(∥∥F̃1
(
w(·) + θ

(
w(· + h) − w(·)))− F̃1

(
w(·))∥∥

L∞
[ε,T ′]L

2

+
∥∥F̃2
(
w(·) + θ

(
w(· + h) − w(·)))− F̃2

(
w(·))∥∥

L∞
[ε,T ′]L

q′
)

dθ

∥∥∥∥w(· + h) − w(·)
h

∥∥∥∥
L∞

[ε,T ′]H
−1

� C

1∫
0

∥∥w(· + h) − w(·)∥∥
X[ε,T ′]

dθ

∥∥∥∥w(· + h) − w(·)
h

∥∥∥∥
L∞

[ε,T ′]H
−1

� C
∥∥w(· + h) − w(·)∥∥

X[ε,T ′]

∥∥∥∥w(· + h) − w(·)
h

∥∥∥∥
L∞

[ε,T ′]H
−1

.

By Lemma 3.4, we have

∥∥∇F
(
w(·) + θ

(
w(· + h) − w(·)))− ∇F

(
w(·))∥∥

L∞
[ε,T ′]L

2+Lp′
[ε,T ′]L

q′

�
∥∥G̃1
(
w(·) + θ

(
w(· + h) − w(·)))− G̃1

(
w(·))∥∥

L∞
[ε,T ′]L

2

+
∥∥G̃2
(
w(·) + θ

(
w(· + h) − w(·)))− G̃2

(
w(·))∥∥

Lp′
[ε,T ′]L

q′

� C
∥∥w(· + h) − w(·)∥∥

L∞
[ε,T ′]H

1

+ C
(
1 +
∥∥w(· + h)

∥∥
L∞

[ε,T ′]H
1 +
∥∥w(·)∥∥

L∞
[ε,T ′]H

1

)max(1,2α1−2)∥∥w(· + h) − w(·)∥∥
L∞

[ε,T ′]H
1

+ C
∥∥w(· + h) − w(·)∥∥

X[ε,T ′]

(∥∥w(· + h)
∥∥max(1,2α1−2)

X[ε,T ′]
+
∥∥w(·)∥∥max(1,2α1−2)

X[ε,T ′]

)
+ C
∥∥w(· + h) − w(·)∥∥

X[ε,T ′]

(
1 +
∥∥w(· + h)

∥∥
L∞

[ε,T ′]H
1 +
∥∥w(·)∥∥

L∞
[ε,T ′]H

1

)
× (∥∥w(· + h)

∥∥max(0,2α1−3)
X[ε,T ′]

+
∥∥w(·)∥∥max(0,2α1−3)

X[ε,T ′]

)
� C
∥∥w(· + h) − w(·)∥∥

X[ε,T ′]
, (5.9)

where C depends on ‖w‖XT
. Using the estimate similar to (3.3) and (5.9), we have
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K2 �
∥∥∥∥∥

1∫
0

(
1 − χ(Dx)

){
F̃
(
w(t) + θ

(
w(t + h) − w(t)

))− F̃
(
w(t)
)}

dθ

∥∥∥∥∥
H1+W 1,q′

×
∥∥∥∥ (w(t + h) − w(t))

h

∥∥∥∥
H−1∩W −1,q

�
1∫

0

∥∥(1 − χ(Dx)
){

F̃
(
w(t) + θ

(
w(t + h) − w(t)

))− F̃
(
w(t)
)}∥∥

H1+W 1,q′ dθ

×
∥∥∥∥ (w(t + h) − w(t))

h

∥∥∥∥
H−1∩W −1,q

� C

1∫
0

(∥∥G̃1
(
w(t) + θ

(
w(t + h) − w(t)

))− ∇G̃1
(
w(t)
)∥∥

L2

+
∥∥G̃2
(
w(t) + θ

(
w(t + h) − w(t)

))− ∇G̃2
(
w(t)
)∥∥

Lq′
)

dθ

×
∥∥∥∥w(t + h) − w(t)

h

∥∥∥∥
H−1∩W −1,q

.

Hence, we get

T ′∫
ε

K2 dt � C

∥∥∥∥∥
1∫

0

(∥∥G̃1
(
w(·) + θ

(
w(· + h) − w(·)))− G̃1

(
w(·))∥∥

L2

+
∥∥G̃2
(
w(·) + θ

(
w(· + h) − w(·)))− G̃2

(
w(·))∥∥

Lq′ dθ
)∥∥∥∥∥

Lp′
[ε,T ′]

×
∥∥∥∥w(· + h) − w(·)

h

∥∥∥∥
Lp

[ε,T ′](H−1∩W −1,q)

� C

1∫
0

(∥∥G̃1
(
w(·) + θ

(
w(· + h) − w(·)))− G̃1

(
w(·))∥∥

L∞
[ε,T ′]L

2

+
∥∥G̃2
(
w(·) + θ

(
w(· + h) − w(·)))− G̃2

(
w(·))∥∥

Lp′
[ε,T ′]L

q′
)

dθ

×
∥∥∥∥w(· + h) − w(·)

h

∥∥∥∥
L∞

[ε,T ′]H
−1∩Lp

[ε,T ′]W
−1,q

� C

1∫
0

∥∥w(· + h) − w(·)∥∥
X[ε,T ′]

dθ

∥∥∥∥w(· + h) − w(·)
h

∥∥∥∥
L∞

[ε,T ′]H
−1∩Lp

[ε,T ′]W
−1,q

� C
∥∥w(· + h) − w(·)∥∥

X[ε,T ′]

∥∥∥∥w(· + h) − w(·)
h

∥∥∥∥
L∞

[ε,T ′]H
−1∩Lp

[ε,T ′]W
−1,q

.

Thus, we obtain
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T ′∫
ε

L1 dt =
T ′∫

ε

K1 dt +
T ′∫

ε

K2 dt

� C
∥∥w(· + h) − w(·)∥∥

X[ε,T ′]

×
(∥∥∥∥w(· + h) − w(·)

h

∥∥∥∥
L∞

[ε,T ′]H
−1

+
∥∥∥∥w(· + h) − w(·)

h

∥∥∥∥
Lp

[ε,T ′]W
−1,q

)
. (5.10)

The estimation of L2. It follows from Lemma 3.1, Lemma 3.3 and Lemma 3.5 that for almost all t ∈ [ε, T ′],

L2 �
∣∣∣∣〈χ(Dx)F̃

(
w(t)
)
,

w(t + h) − w(t)
h

− ∂tw(t)
〉

H1×H−1

∣∣∣∣
+
∣∣∣∣〈(1 − χ(Dx)

)
F̃
(
w(t)
)
,

w(t + h) − w(t)
h

− ∂tw(t)
〉

(H1+W 1,q′
)

×(H−1∩W −1,q)

∣∣∣∣
�
∥∥χ(Dx)F̃

(
w(t)
)∥∥

H1

∥∥∥∥w(t + h) − w(t)
h

− ∂tw(t)
∥∥∥∥

H−1

+
∥∥(1 − χ(Dx)

)
F̃
(
w(t)
)∥∥

H1+W q′

∥∥∥∥ (w(t + h) − w(t))
h

− ∂tw(t)
∥∥∥∥

H−1∩W −1,q

� C
(∥∥F̃1
(
w(t)
)∥∥

L2 +
∥∥F̃2
(
w(t)
)∥∥

Lq′
)∥∥∥∥w(t + h) − w(t)

h
− ∂tw(t)

∥∥∥∥
H−1

+ C
(∥∥G̃1
(
w(t)
)∥∥

L2 +
∥∥G̃2
(
w(t)
)∥∥

Lq′
)

×
(∥∥∥∥w(t + h) − w(t)

h
− ∂tw(t)

∥∥∥∥
H−1

+
∥∥∥∥w(t + h) − w(t)

h
− ∂tw(t)

∥∥∥∥
W −1,q

)
.

Hence, we deduce that

T ′∫
ε

L2 dt � C
(∥∥F̃1(w)

∥∥
L1

T L2 +
∥∥F̃2(w)

∥∥
L1

T Lq′
)∥∥∥∥w(· + h) − w(·)

h
− ∂tw(·)

∥∥∥∥
L∞

[ε,T ′]H
−1

+ C
(∥∥G̃1(w)

∥∥
Lp′

T L2 +
∥∥G̃2(w)

∥∥
Lp′

T Lq′
)

×
(∥∥∥∥w(· + h) − w(·)

h
− ∂tw(·)

∥∥∥∥
L∞

[ε,T ′]H
−1

+
∥∥∥∥w(· + h) − w(·)

h
− ∂tw(·)

∥∥∥∥
Lp

[ε,T ′]W
−1,q

)
. (5.11)

In conclusion, concatenating (5.7), (5.10) and (5.11),

∣∣∣∣∣
T ′∫

ε

∫
Rn

(
V (|φ + w(t + h′)|2) − V (|φ + w(t)|2)

h′

)
ϕ(t) dt dx −

T ′∫
ε

(
Re
〈
F̃
(
w(t)
)
, ∂tw(t)

〉)
ϕ(t) dt

∣∣∣∣∣
� 2

T ′∫
ε

L1
∣∣ϕ(t)
∣∣ dt + 2

T ′∫
ε

L2
∣∣ϕ(t)
∣∣ dt

� C
∥∥w(· + h) − w(·)∥∥

X[ε,T ′]
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×
(∥∥∥∥w(· + h) − w(·)

h

∥∥∥∥
L∞

[ε,T ′]H
−1

+
∥∥∥∥w(· + h) − w(·)

h

∥∥∥∥
Lp

[ε,T ′]W
−1,q

)

+ C
(∥∥F̃1(w)

∥∥
L1

T L2 +
∥∥F̃2(w)

∥∥
L1

T Lq′
)∥∥∥∥w(· + h) − w(·)

h
− ∂tw(·)

∥∥∥∥
L∞

[ε,T ′]H
−1

+ C
(∥∥G̃1(w)

∥∥
Lp′

T L2 +
∥∥G̃2(w)

∥∥
Lp′

T Lq′
)

×
(∥∥∥∥w(· + h) − w(·)

h
− ∂tw(·)

∥∥∥∥
L∞

[ε,T ′]H
−1

+
∥∥∥∥w(· + h) − w(·)

h
− ∂tw(·)

∥∥∥∥
Lp

[ε,T ′]W
−1,q

)
.

Noting Lemma 4.1 and the fact that a local Lipschitz continuity (2.2) in Theorem 2.1 yields

∥∥w(· + h) − w(·)∥∥
X[ε,T ′]

� C
∥∥w(|h|)− w0

∥∥
H1

→ 0 as h → 0,

we obtain 〈
∂

∂t

∫
Rn

V (u) dx, ϕ

〉
D′×D(I)

= 2
∫
I

Re
〈
F̃
(
w(t)
)
, ∂tw(t)

〉
ϕ(t) dt.

Since the estimation (5.6) means Re〈F̃ (w(t)), ∂tw(t)〉 ∈ L1(I), we complete the proof of Lemma 5.1. �
In conclusion, by Lemma 5.1, we complete the proof of the main result. �
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Appendix A

Proof of Lemma 3.1. We decompose −f(|φ + w|2)(φ + w) as

−f
(|φ + w|2)(φ + w) = F̃1(w) + F̃2(w), (A.1)

where

F̃1(w) := −f
(|φ|2)(φ + w) − 2 Re[φ̄w]f ′(|φ|2)φ,

F̃2(w) := −{f(|φ + w|2)(φ + w) − f
(|φ|2)(φ + w)

}
+ 2 Re[φ̄w]f ′(|φ|2)φ.

According to Lemma 4.1 in Gallo [3], by the assumption (H′
φ) and f(|φ|2) ∈ L2, we deduce that

∥∥F̃1(w)
∥∥

L∞
T L2 � C

(
1 + ‖w‖L∞

T L2
)
,

∣∣F̃2(w)
∣∣ � C|w|2(1 + |w|)max(0,2α1−3)

.

Therefore for all t ∈ [0, T ], we estimate that
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∥∥F̃2
(
w(t)
)∥∥

Lq′ � C
∥∥∣∣w(t)

∣∣2(1 +
∣∣w(t)
∣∣)max(0,2α1−3)∥∥

Lq′

� C
∥∥w(t)

∥∥2
L2q′ + C

∥∥w(t)
∥∥max(2,2α1−1)

Lq′ max(2,2α1−1)

� C
∥∥w(t)

∥∥2
H1 + C

∥∥w(t)
∥∥max(2,2α1−1)

H1 .

Hence, we deduce that ∥∥F̃2(w)
∥∥

L∞
T Lq′ � C‖w‖2

L∞
T H1 + C‖w‖max(2,2α1−1)

L∞
T H1 .

In conclusion, we get∥∥F̃1(w)
∥∥

L∞
T L2 +

∥∥F̃2(w)
∥∥

L∞
T Lq′ � C

(
1 + ‖w‖L∞

T L2
)

+ C
(‖w‖2

L∞
T H1 + ‖w‖max(2,2α1−1)

L∞
T H1

)
.

Next, we show F̃ (w) ∈ Lp
T L2. We apply an interpolation method (see Lemma 4.2 in Gallo [3]). Thanks

to the Hölder inequality and Gagliardo–Nirenberg’s inequality, we estimate∥∥F̃2(w)
∥∥

Lp
T L2 � C‖w‖2

L2p
T L4 + ‖w‖max(2,2α1−1)

L
p max(2,2α1−1)
T L2 max(2,2α1−1)

� C‖w‖2
L∞

T H1 + ‖w‖max(2,2α1−1)
Ls

T W 1,r , (A.2)

where we choose the pair (s, r) such that

• If 1
2 − 1

n � 1
p max(2,2α1−1) (which means that H1 ↪→ Lp max(2,2α1−1)), then (s, r) = (∞, 2).

• If 1
2 − 1

n > 1
p max(2,2α1−1) , then r > 2, and

(i) 2
s + n

r = n
2 (which means that (s, r) is an admissible pair),

(ii) 0 � 1
r − 1

n � 1
p max(2,2α1−1) (which gives the Sobolev embedding W 1,r ↪→ Lp max(2,2α1−1)),

(iii) 1
p max(2,2α1−1) � 1

s (which gives Ls
T ↪→ L

p max(2,2α1−1)
T ).

Such the choice of s and r is possible if and only if s and r satisfy the following inequality:

n

2
− 1 � 2 + n

p max(2, 2α1 − 1)
. (A.3)

Indeed, if (A.3) is true, then it is sufficient to choose

n

r
∈
[

n

2
− 2

p max(2, 2α1 − 1)
, 1 +

n

p max(2, 2α1 − 1)

]
.

Moreover, since H1 ↪→ Lp max(2,2α1−1) if n = 2 or if n = 3 and 1 � α1 � 2 or if n = 4 and 1 � α1 � 3/2, we
consider that n = 3 and 2 < α1 < 3 or n = 4 and 3/2 < α1 < 2. Since 2 < r < 3 and (s, r) is an admissible
pair, we can choose θ̃ ∈ (0, 1) satisfying

1 − θ̃

2
+

θ̃

q
=

1
r

,
1 − θ̃

∞ +
θ̃

p
=

1
s

.

Thus, using interpolation method,

‖w‖Ls
T W 1,r � C‖w‖1−θ̃

L∞
T H1‖w‖θ̃

Lp
T W 1,q

� C
(‖w‖L∞

T H1 + ‖w‖Lp
T W 1,q

)
= C‖w‖XT

. (A.4)



Author's personal copy

H. Miyazaki / J. Math. Anal. Appl. 417 (2014) 580–600 599

From (A.2) and (A.4), we deduce that∥∥F2(w)
∥∥

Lp
T L2 � C

(‖w‖2
L∞

T H1 + ‖w‖max(2,2α1−1)
XT

)
.

Thus, we get F (w) ∈ Lp
T L2. �

Proof of Lemma 3.3. we use the decomposition (A.1) again. As is in Gallo [3], we also have∣∣F̃1(w1) − F̃1(w2)
∣∣ � C|w1 − w2|,∣∣F̃2(w2) − F̃2(w2)
∣∣ � C|w1 − w2|(|w1| + |w2|)(1 + |w1| + |w2|)max(0,2α1−3)

.

Therefore we deduce that ∥∥F̃1(w1) − F̃1(w2)
∥∥

L∞
T L2 � C‖w1 − w2‖L∞

T L2 .

Moreover let

(q1, q2) :=

{
(2, 3) if n = 2, or n = 3 and α1 � 2,

( q
q−1−max(1,2α1−2) , q

max(1,2α1−2) ) if n = 3 and 2 < α1 < 3 or n = 4,

with 1
q′ = 1

q1
+ 1

q2
. Since if n = 3 and 2 < α1 < 3 or n = 4, then H1 ↪→ Lq1 , for all t ∈ [0, T ], we estimate

∥∥F̃2
(
w2(t)

)− F̃2
(
w2(t)

)∥∥
Lq′ � C

∥∥w1(t) − w2(t)
∥∥

L2q′
(∥∥w1(t)

∥∥
L2q′ +

∥∥w2(t)
∥∥

L2q′
)

+ C
∥∥w1(t) − w2(t)

∥∥
Lq1

∥∥∣∣w1(t)
∣∣+ ∣∣w2(t)

∣∣∥∥max(1,2α1−2)
Lq2 max(1,2α1−2)

� C
∥∥w1(t) − w2(t)

∥∥
L2q′
(∥∥w1(t)

∥∥
L2q′ +

∥∥w2(t)
∥∥

L2q′
)

+ C
∥∥w1(t) − w2(t)

∥∥
Lq1

∥∥∣∣w1(t)
∣∣+ ∣∣w2(t)

∣∣∥∥max(1,2α1−2)
Lq

� C
∥∥w1(t) − w2(t)

∥∥
H1

(∥∥w1(t)
∥∥

H1 +
∥∥w2(t)

∥∥
H1

)
+ C
∥∥w1(t) − w2(t)

∥∥
H1

(∥∥w1(t)
∥∥

H1 +
∥∥w2(t)

∥∥
H1

)max(1,2α1−2)
.

In conclusion, we get∥∥F̃ (w1) − F̃ (w2)
∥∥

L∞
T L2+L∞

T Lq′

� CT‖w1 − w2‖L∞
T L2 + C‖w1 − w2‖L∞

T H1

× ((‖w1‖L∞
T H1 + ‖w2‖L∞

T H1
)

+
(‖w1‖L∞

T H1 + ‖w2‖L∞
T H1
)max(1,2α1−2))

. �
References

[1] M. Abid, C. Huepe, S. Metens, C. Nore, C.T. Pham, L.S. Tuckerman, M.E. Brachet, Gross–Pitaevskii dynamics of
Bose–Einstein condensates and superfluid turbulence, Fluid Dynam. Res. 33 (2003) 509–544.

[2] T. Cazenave, Semilinear Schrödinger Equations, Courant Lect. Notes Math., vol. 10, New York University, Amer. Math.
Soc., Providence, RI, 2003.

[3] C. Gallo, The Cauchy problem for defocusing nonlinear Schrödinger equations with non-vanishing initial data at infinity,
Comm. Partial Differential Equations 33 (2008) 729–771.

[4] P. Gérard, The Cauchy problem for the Gross–Pitaevskii equation, Ann. Inst. H. Poincaré Anal. Non Linéaire 23 (5)
(2006) 765–779.

[5] V.L. Ginzburg, L.P. Pitaevskii, On the theory of superfluidity, Zh. Eksp. Teor. Fiz. 34 (1958) 1240, Sov. Phys. JETP 7
(1958) 858.

[6] E. Gross, Hydrodynamics of a superfluid condensate, J. Math. Phys. 4 (1963) 195–207.



Author's personal copy

600 H. Miyazaki / J. Math. Anal. Appl. 417 (2014) 580–600

[7] Y.S. Kivshar, B. Luther-Davies, Dark optical solitons: physics and applications, Phys. Rep. 298 (1998) 81–197.
[8] T. Ozawa, Remarks on proofs of conservation laws for nonlinear Schrödinger equations, Calc. Var. Partial Differential

Equations 25 (3) (2006) 403–408.
[9] D.E. Pelinovsky, Y.A. Stepanyants, Y.S. Kivshar, Self-focusing of plane dark solitons in nonlinear defocusing media, Phys.

Rev. E 51 (1995) 5016–5026.
[10] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton University Press, Princeton, New

Jersey, 1970.


