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Abstract

We study the global existence and decay estimates for nonlinear wave
equations with a space-time dependent dissipative term in an exterior
domain. The linear dissipative effect may vanish in a compact space
region. Moreover the nonlinear terms need not to be divergence form.
For getting the higher order energy estimates, we introduce an argument
using the rescaling. The method is useful to control derivatives of the
dissipation coefficient.
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1 Introduction

Letn>1,d>2and Q = IRd/C’)7 where O is a star-shaped domain with a smooth
and compact boundary 0{2. Moreover we assume that O contains the origin. In
this paper, we consider the initial-boundary value problem for nonlinear wave
equations with the space-time dependent dissipative term:

(02 — A+ B(t,2)0)u(t,z) = F(Ou,d*u) (t,z) € [0,00) x Q,
(DW) w(0,2) = up(x), Ou(0,z) = u1(z) x €,
u(t,z) =0 (t,x) € [0,00) x 09,

where u = (u',--- ,u"), V = (04, ++ ,0x,) and 0 = (0;, V). The initial data
(ugp,u1) belong to HY(Q) x HL=1(Q) and satisfy the compatibility condition
of order L — 1. H(Q) is the Sobolev space in Q. We make the following
assumptions for the space-time dependent damping coefficient matrix B(t,z) =

(B;vq (t, x))p,qzl,m n

(B0) B,q belong to B>([0, 00) x ), where B> is the function space of smooth
functions with bounded derivatives.

(B1) B(t,x) is nonnegative definite in [0, 00) X .

(B2) 0:B(t, ) is nonpositive definite in [0, 00) x .



(B3) There exist by > 0 and R > 0 such that

> Buglts@)mpng = boln* (¢ € [0,00), 2] > R,y € R").

p,q=1

By the assumption (B3), dissipative term works on |z| > R. This means that
the dissipative effect may vanish in a compact space region.

We treat quadratic nonlinear terms. In what follows, 9y means 9, and 9;(j =
1,2,---,d) means 0,,. Assume that F' is of the form

) )

F(Ou,0%u) = [ Fi(0u) + Y > (0u)da0p’ ,

j=10<a,b<d

which satisfy
C?Jb = C?'(iz’ (1)
IDEF ()] < Capy [ OP 7ol (e e R xR, Ja|<L—1)  (2)

and
IDECH(E)] < Cap [P OP27 17l (¢ e R* xR, o] <L—-1)  (3)

for some p; > 2 (I = 1,2). The main objective of this paper is to prove the
global existence and decay estimate to (DW).

In the case that the coefficient function B vanishes, (DW) become the non-
linear wave equations. Then it is well known that no matter how small the initial
data, there do not exist globally defined smooth solutions in general (e.g.[3], [5],
[7]). If F has the ”Null condition” then (DW) has a global smooth solution for
sufficiently smooth and small the initial data (e.g.[8], [15]).

In the case that the coefficient function B = Const > 0, there are many re-
sults ([6], [10] etc.). For the case of linear or semilinear version, it is known that
the asymptotic profile of the solution to (DW) is given by the corresponding
solution of heat equation (e.g. [13], [14] etc.). Such a property is called the dif-
fusion phenomenon. Recently, there are many research concerning the diffusion
phenomenon for the nonuniform dissipation. When the dissipation depends on
space variable B = B(z), Todorova and Yordanov consider like B = (1 + |z|)~"
to linear and semilinear version in [16]. They show that if 0 < < 1 then the
solution to (DW) have some decay estimates, indeed Wakasugi [17] confirms the
diffusion phenomenon recently. When the dissipation depends on time variable
B = B(t), Wirth [19] proves that if tB(t) — +o00 and B € L' then the solution
to (DW) satisfies the decay estimate like corresponding solution to heat equa-
tion. On the other hand, Mochizuki [11] considers the scattering for the free
wave equation when B depends on time-space variable. He prove that if there
exist £, € L' and small ¢ such that

B(t,z)| < e€(|al) +n(t), &n=0, & <0, €2 <2¢"



then the solutions to (DW) close to the free wave equation. We remark that
|B(t,x)| < (1+)~%(1+|z|)~", a+ B > 1is a sufficient condition of above the
conditions.

Now we consider the nonuniform dissipative term which doesn’t decay near
infinity but vanishes in a compact region. Nakao [12] gets the energy decay
estimates like F(u(t)) = O((1+ t)~!) when B depends on space variable only,
where E(u(t)) is the standard energy of wave equations. Furthermore, Ikehata
[2] get the decay estimates as ||u(t)||2L2(Q) =0((1+t)"Y) and E(u(t)) = O((1 +
t)~2) with an additional condition for the initial data. Those results mostly
deal with the linear and the semilinear problem. For quasilinear version with
divergence form, Nakao [12] considers the equation

O2u — div{o(|V?u|)Vu} + a(z)dsu = 0, (4)

where o is a smooth function like o(z) = (1 + |z|)~2. Then the nonlinearity
order p satisfy p > 3. Besides, the author of the present paper deals with
p = 2 and proves the decay estimates in [18]. Moreover there is no result
when B depend space-time variables. In this paper, we assume the space-time
dependent dissipation B effective near the space infinity, even if the nonlinear
terms F' have no "null condition” and ”divergence form”.

First, we get the global existence as follows:

Theorem 1.1. Let L > [g] + 3. Then there exists a small constant § > 0 such
that if the initial data (ug,u) € H®(Q) x HE=Y(Q) satisfy the compatibility
condition of order L — 1 and

([ (w0, wi)ll e (@) x mE-1(0) <9, (5)

then there exists a unique global solution to (DW) in ﬂf;ol CI([0,00); HE=I(Q)N
Hg(2)) N CH([0,00); L2(9)).

In the proof of Theorem 1.1, we use higher order energies (see for instance
[5],[15]) and the rescaling (see section 2). Note that if B = Const > 0, we
can prove theorem 1.1 under the assumption |[(Vuo,u1)|| gr-12) x gr-1q) < 0
instead of (5), i.e. the smallness of |uo||z2(n) is also needed for the case of

nonuniform dissipative term.
Next, we also prove the decay estimate as follows:

Theorem 1.2. In addition to the assumptions in Theorem 1.1, we assume (H1)
and (H2).

(H1) [|do(-){B(0)uo + u1}||r2(0) < .
(#12) [ 9036 oyds < v,
0

where dg : R* — R is defined by



Ll (d>3),
dO(l’){muog(Au) (d=2) (6)

with a constant A satisfying inf,ecq A|lx| > 2. Furthermore if d = 2, we also
assume (H3).

(H3) There exists M such that suppug Usuppu; C {z € Q: |z| < M},

Then the global solution u to (DW) satisfy following estimates:

L—-1
D 1@ u(t), 0 ()3 () i1y < Eo(L+6)7" (7)
1n=0

and
1(Vu(t), ()72 x L2 < Eo(1+1)72, (8)

where Ey is a constant depend on (ug,u1) and M.

Theorem 1.2 is the decay estimate which correspond to the result of Ikehata
[2].

The paper is organized as follows. In section 2 we prepare some known lem-
mas and the rescaling function. In section 3 we prove the high energy estimates
to (DW) and the theorem 1.1. In the proof, the rescaling argument plays an
important role. In section 4 we prove the Theorem 1.2.

2 Preliminaries

We consider the rescaling to (DW). Let u be the solution to (DW). We define
v(t,x) = A u (A, Az) (A > 0), then v satisfies

fv(t,x) — Dou(t,x) = A{97u (A, Az) — Au (AL, Az) }
= —AB (M, \x) 0pu (M, Ax) + AF(Ou(t, \x), O%u(Mt, Axr))
= —AB(\t,\x) Ouu(t,z) + Fx(0v(t,z),0%v(t, x)),

where (Fy);(dv,0%v) = (F))i(0v) + > 0 (00)0.0pv7 and Fy(0v) =
j=10<a,b<d

A (Ov).
So v is the solution to the following initial-boundary value problem (DW),:

(02 — A + By(t,2)0;)v = F\(dv,0%v) [0,00) x Qy,
(DW) v(0,2) = vo(z), Ow(0,z) = v1(x) x € Ny,
v(t,z) =0 (t,z) € [0,00) x 0N,

where Q) = {z : Az € Q}, By(t,z) = AB (M, \z),v0(x) = A tug(Ax),v1(x) =
ui(Az). Then B, satisfy following (B1),-(B3), instead of (B1)-(B3).



(B1), B (t,x) is nonnegative in [0, 00) X Qy,
(B2), 9:Ba(t,x) is nonpositive in [0, 00) x Qy,
(B3)x There exist by > 0 and R > 0 such that

n

R
Z (B/\(tvm))pqnpnq > )\b0|77\2 (t € [07 OO), |x‘ 2 Xvn € Rn)'

p,q=1

Furthermore B) satisfies
(B4), [[0“BallL([0,00)x05) < AF0YB]| Loo ((0,00) x ) -

We consider (DW), instead of (DW). Throughout this paper, ||-|l, = || ||zr(q,)>
|-l =1l - |y and (-, ) stands for L?(Qy)-inner product.

First, we introduce some known results. First we prepare following lemmas
for estimating nonlinear terms.

Lemma 2.1 (Sobolev’s lemma). There exists a constant C > 0 such that

1flle < CAIFIL (g0 (F € HER @),

Lemma 2.2 (Elliptic estimate). There exists C > 0 such that for any ¢ €
H™(Q,) N HY(Q\) with an integer m > 2, we have

> IIVeplla < CalllA@l m—2 + [ Vell2).

|a]=m
Next, we prepare the Poincare type inequality associated with Bj.

Lemma 2.3 (Poincare type inequality). There exists a constant Cy; > 1/4 such
that
113 SATICUS Baf) + AT2CiIVEl (f € Ho(),A > 0). (9)

Proof. We define U, = {z € Q, : || < r}. Using Poincare inequality, we obtain
the following estimate:

[ t@Pa < [ [Vi@Pa (e @),
T U,
Let f € H(2)) and p € C§°(RY) be a function satisfying 0 < p < 1,p(z) =
1(jz| < 1), p(z) = 0(|z| > 2) . We define py(z) = p(/\—lg) for A > 0, then because
of pxf € H}(Uzr) we have

By

115 = [ In@f@Pde+ [ 0= n@P)fe)Pd

Qx

- / o () £ ()| 2d + / (1~ [pr (@) () Pz
Usr

R
|‘T‘27



4R?
< 5[ Ne@sePs [ ek
Uzp || >4
4R2 2 2 4 > 2 2
< 5 Vor@) Pl @Pde + =5 [ loa@) PV (@) Pde
%S‘ﬂf% 2R

4R?
< @RIV +) [ I+ ST [ 195w
‘1|27 Qx
4R%|| V|2, + 1 4R?
< BBty )+ vz
Hence we get (9). O

Finally, we introduce Hardy inequality and Gagliardo-Nirenberg inequality.
We need these in the proof of Theorem 1.2 in section 4.

Lemma 2.4 (Hardy inequality; see for instance [1]). Let d > 2. There exists a
constant C > 0 such that any f € H}(Q)) satisfies

S
do

Lemma 2.5 (Gagliardo-Nirenberg inequality). Assume 1 < ¢ < d and % =

L_ é. Then there exists a constant Cy > 0 such that

LAl < CAIVFlle - (f € C5° ()

< GV 2,
2

where dy is defined by (6).

3 Energy estimates

In this section, we give a proof of the high order energy estimates.
First we introduce some notations. The energy F(v(t)) and the higher order
energies Z,,(v(t)), Z(v(t)) are defined by

E(v(t)) = %{Ilatv(t)H% +IVe@)|3}, (10)
L-1-m
Zn(®) = Y {IVOF 0@ + 108 0@} (0<m<L—1) (11)
=0

and L
Zw(t) =Y Zm(v(t)). (12)

m=0
We sometimes omit ¢ or v(t). Note that |[v]|3 + Zr_1(v) = [[(v,0:0)||3L yrz—

holds. The following result concerning local existence is standard:



Proposition 3.1 (Local existence; for instance [4] or [12]). Let L > [4]+3 and
assume that Oy is smooth. Furthermore we assume the initial date (vg,v1) €
HE(Q))x HE=1(0) satisfies the compatibility condition of order L—1 associated
with the (DW)x. Then there exists a unique local solution to (DW)y in

L—1
XT = () C7(0,T): HY () N Hg () () CH([0,T); LA()),
7=0

where T depend on ||(vo,v1)|| e xpr-1-
We define the function spaces X! and Xj as follows:
Xy ={veX" @3+ Z((t) <6 (0<t<T)}
and
Xs={veX>*: lo(t)||2 + Z(v(t)) < 6% (0<t< 00)}.
This section, we prove the following proposition:

Proposition 3.2. There exist 0 < A < 1 and § = d(N\) such that the local
solution v € XI' to (DW), satisfies

()13 + Z(v(1)) +/0 Z(v(s))ds < Call(vo, v1) [Fe s prr1- (13)

If Proposition 3.2 holds, then we can prove Theorem 1.1. Indeed, using
Proposition 3.1 and Proposition 3.2, we can prove the unique global existence
theorem to (DW), by standard continuation argument. Furthermore we put
u(t,z) == (A1, A7), it is easy to see u satisfies the statement of Theorem
1.1.

In order to show Proposition 3.2, we only need the estimates of Zy. Indeed
we can prove the next lemma (see for instance [5].).

Lemma 3.3. For any A > 0 there ezist 0 = §(N\) and Cy > 0 such that a local
solution v € X} to (DW)y satisfy the following estimates:

Z(v(t)) < CxZo(v(t)) (t€[0,T)) (14)

and

Z(v(t)) < CxZr(v(t)) (t€0,T)). (15)

Proof. Let v € X! is a solution to (DW),. First, we prove (14). For 1 < m <
L — 1, it hold that

L—1-m
a 1
Zm= Y SIVOrolz+ Y 08V 5+ (108 ol
n=0 2<|a|<m+1
L—1—-m
D> JoETu13 + Zs

p=0 2<|a|<m+1



Using Lemma 2.2 and (DW),, we get

L—1—m L—1—m

S vl <on Y (10 vl + 01Vol)

p=0 2<|a|<m+1 n=0
L—1—-m

<O Y (10820 + 108 (BA) By s + 100 Fa s + 0 0]B)
pn=0

It is easy to see that

L—1—-m L—-1-m
SO s € Zrs Y 01V < Zo
pn=0 =0
and
L—1—m
> 110F (BrOw) 3m—1 < CxZm-1.
n=0

Furthermore applying Lemma A.1 and Lemma A.2 to the nonlinear terms, we
get
Zn(v(t)) < CrZo(v(t)) + CaZn-1(v(t))) + CAZ(v(1))
< CrZo(v(t)) + CaZm—1(v(t))) + CAS* Z (v(t)).

Therefore we obtain inductively that

L—1
Z(t) = 3 Zu(0(t)) < CrZo(v(t)) + Cr3*Z(u().
m=0
Choosing 6 small enough such that §2 < %, we get (14).
Next, we prove (15). Using the same way as for the proof of (14), for
0 <m < L — 3, we have

L—-1-m
Zm= Y {IVOFI + 10 0l |
pn=0
1 L—1-m L—1-m
=Y Vool + D2 (VO il + 10l + Y 1108 03
pn=0 pn=2 p=1
< CZp_2(v)
L—-1-m
+C Y (||vaff2m||§,m+||vaff2(BAatv)||§im+\|va;‘*2FAH§{,,L)
pn=2
L—-1-m
+C > (108 vl + 108 (Brdw) e + 10 FallFn )
p=1



<C\(Zr-2+ Zimi1 + Zimsa +6°2).

1
Similarly we can get Z;_o < C\Zp_1 + C\62Z because Z IVorul| gr—2 +

pn=0
lOwull -2 < ||Vul gz-1 + 2||0pu]| gz—1. Thus it follows that

L-1

Zw(t) =Y Zm(v(t)) < CrZr-1(v(t) + Cr6>Z(v(t)).

m=0

Choosing ¢ small enough depend on A, we get (15). This completes the proof
of Lemma 3.3. O

We consider the estimates of Zy(v(t)).

Lemma 3.4. Let p < L —1 and A < 1. Then there exists a constant C > 0
such that a local solution v to (DW)y satisfies

%E(@fv) + (0, Brot o) < CNZo(v) + (000,01 Fy),  (16)
d 1

A0, 00T ) + S (0w, Baof o)} + IVOf o3 — of Tol3 (17)

< CN*Zp(v) + (0, O 1)

and for any K > 0, it holds that

d
(08 v, [ Vo) (18)
’ 2 _ /
Qa 2 Qx 2
1 K
< f/ h-olo - Volul?dS + = (01, Byol o)
2 Jaq, 4

N | Bl Lo ([0,00) x ) b5 R

o V01013 + CAZo(w) + (0F'Fs, 105 Vo)),

where o is the outward pointing unit normal vector of 0y,

R
o ={ B TSR @ = ol (19

and [h; Vg : RY — R™ is defined by
([h; VQ])Z($> = h(.’L‘) : v.gl(m) (i=1,2,-- 7”)

for any g : R* — R™.



Proof. Let 0 < p < L —1 and A < 1. First, we prove (16). Applying 9}" to
(DW) and taking inner product it by 8" u, we have

& p(@po) + @1, Bagp ) (20)

= Z <5> <aé’«+1v,a£/B)\aéufu+1v> + <a#+1’l1, a#F)\>,

1<v<u
where we use
Hv=0 on 0. (21)

Note that even if u = 0, (20) holds in the sense of the first term in the right-hand
side to be zero. Since A < 1, the definition of Zy and condition (B4), imply
that

- > (“)@é‘“v,at”BAa#”“v>§czo 3" 110¢ Ballee < CA2Zy,
1<0<p VY 1<v<p

thus we obtain (16).
Second, we prove (17). Applying 94" to (DW) and taking inner product it
by 0f'u, we have

d 1
{0, 00T ) + S (0w, B o)} + [IVOf o3 — 10 oll3

1
= (0f'v, 0 *0) + (0f'v, B0 ) + | VOf vl + 5 (0f'v, 0 Br0f )
1
== X (M) @tormar i + S0t 0ot + 0ol E)
1<v<p v
< C/\2Z0 + <8#U,8£LF)\>,
where we use assumption (B2),. It means that (17) holds.

Finally, we prove (18). Applying 8¢ to (DW), and taking inner product
(DW) by [h; VOL'v] we obtain

(0120, [h; VO] — (A, [h; VH]) + (BAOF T o, [h; VOl u])  (22)

= Z (5) (8 BAO" "1, [h; VOlv)) + (91 Fy, [h; VOI'v]).

1<v<p
Noting
Volvk = o -Volvka  on 00y, (23)
we obtain
d = ,
(0120, [h; Vo)) — %(Bfﬂu [h; VOlv]) = — Z Z ok, 0r R i da
i=1 k=17

1 1
:—7/ h- V|08 P de = 7/ divh|oF T |2 da
2 Jo, 2 Jo,

10



and

— (A0 v, [h; VO v])

n

k=12

d n
- 1
= E g / 0,0l 9,08 v ik da 4 h-V|Volv|*dx
Q)\ 2 Q)\

i,j=1k=1

f/ h-olo-Voiv|?dS
1193\

d n
, 1
= E E / 0,0l 0,08 v 0, hI d — f/ divh|Voiv|?dx
Q)\ 2 Q/\

i,7=1k=1

1

”/ h-alo-Voiv|?dsS.
2 Joa,

Therefore we get from (22) that

a

1
GO o Vo) + 5 [ (ol — Vot )divhds

Qx

d n
+ Y3 o;0rto0t v o0 da

ij=1k=1"

= 1 [ hoolo VorePds - (Bt [ Voru)
2 Joq,
_ E <5> <8Q/B)\82‘—v+111, [h; VB#v]) + <8#F/\7 [h; va#vb.
1<v<p

Now we remark that

ahi o / TiTj
g = 0udlle) + /()=

J
divh(z) - cﬁ?(lm\) +¢' (2],
= OT and  ||Vh|ls < 2bo.

Using (25) and ¢'(r) < 0, we obtain
d n '
SN>0| o0t oot o da
i,j=1k=1"x
d n

d n
= ZZ/ |8i8é‘1]k|2¢dx—|— Z Z/ 8ja#vkaiaéka¢/«CU|;|
2 Qx

i=1 k=1 i,j=1k=1

11

oy
L da

= Z Volor -V (h - VOIvF)dr — Z/ o - Volvrh - volvkds
= Joa,



||

- 1
= / |vafv\2¢dx+2/ |z - VOl'v¥|? ¢ —dx
QA k=1 QA

V

> /Q {¢+ |z|¢'}| VO v|?d.

These estimates and (24) imply that

& o+, (b vor) (26)
/ n ’
Q, 2 Q, 2
<! / h-olo - Vorv|?dS — (Bxd" v, [h; VO v))
15193\

=2
-y (‘:) (07 BAOI ™", [h; VOIv]) + (OFFy, [hy VOF)).
1<v<p

Let we estimate for the right side of (26). We calculate

|(BAOF T 0, [h; VOrv) | = [(v/Bad" v, \/Bylh; VOrv])| (27)
K . 1
< T IVBA 0l + 21V Balhs Vopl 3
K " " HB||L°° 0,00) X2 b2R2 N
< 01 e, Brop i) 4 TR Va3,
3 (")w:BAaf”“v, hs Vol (28)
1<o<p VY
< Y 10 Ballsclhllsc 0 ol [ VOl V2 < CAZ.
1<v<p

where we use (B1)y, (B4), and (25). Combining estimates (26) - (28), we get
(18). This completes the proof of Lemma 3.4. O

We define G(v(t)) by

L—-1
Gt) = L zofoiey) + 2D AR (29)
bo(2d—1) %2 . & et .
+ WS e, Ba@ofo) + 3 @1 (o), s Vol u(e),
pn=0 n=0

where

Cibo(2d—=1)
2 ) b

8
Cp = max {41)03 + B 5 (0,00) x2) by B % bo} . (30)

12



Lemma 3.5. There exists a constant 0 < A < 1 such that the local solution v
to (DW), satisfies

d bo

ZG () + 15 Zo(v(1)) (31)
1 L—-1 L—-1
<>y / heolo - Voiv|*dS + Cx Y (91 Fx, 0/ v + 0f'v + [h; VOj'v]),
2 n=0 G0N n=0
whereC’A:%—i—W—i—l,

Proof. Let p < L—1and K > $. Calculating K x (16) + W x (17) 4+ (18),

we have

d 1

P20 1) gt o) (32)
bo(2d — 1)
8

@', Boto) + (01 o, vt |
2d—1 /
+ K(@f“v,B;ﬂf“@ . bO( Cfl )Ha#-i-lv”% +/ <d¢ +2|$|¢ ) |aél«+1v|2dl,
Qx

K B| 10 (10.00) x ) A R?
< Bopro, mopriy 4 Pl W0l g,

1 2d -1 1
+ - h-olo-Voiv|?dS + CA\*Z, (K + bo(2d — 1) + )
2 oo, 1 A

bo(2d — 1
+ 22D apal+

Qx

2d —1
o (10 BP0 ) G o+t s o+ e ot

Using (B3),, K > %, ¢ >0 and

we obtain

bo(2d — 1
Koo Byop o) - P jore o+
Qs

/

K 2d -1
g
Ao K bo(2d —1 d—1
—|—/ ( of_ b ) + d)) |04 |2 da
>\ 2 4 2
K b
> Biorvio oty + ot (33)

13



and

bo(2d — 1)
2D jopal+ [

Qx

2d —1 2 —
— / (bo( d—1) + ( d)b()) |Voiv|*da
U% 4 2

bo2d=1) , (1=d) bR /12 bo 2
bRt = B0 o2,
+/|xz§( T T ) VOl = FlVorel;

@A g opafan (34)

Combining (32), (33) and (34), we have

4 {KE(afv) + w@f%, d!'v)
dt 4
WD ot Brot) + (0 o, o) |

bo 1
+ 104 0]|5 + (VoL vll5}

- | Bl £ (0,00) x 2) b R
- AK

1
||vafv||§+f/ h- olo - Vorv2ds
2 Jaq,

+ CN*Zy(v) (K + W + i)
bo(2d — 1)

. <K+ U 1) (O Fy, 0w+ 9l + [h; VL)),

Let K = % and sum up p from 0 to L — 1. Then we get

d b
- G)+ goZo(v) < CAZo(v)
1 L—1 L—1
+3 > h-olo- Voo’ dS + Cx > (0 Fx, 0/ v + 0f'v + [h; VO['v]),
n 0 8Q>\ MZO

where we use (30). We choose small A such that CA < % Then we obtain

d bo
G (0) + 12 Zo(v)

L-1 L-1
1 _
<3 E / h-alo - Volv|?dS + C g (01 Fy, 08w 4 0o + [h; VOiv)).
p=0 0% n=0

This completes the proof of Lemma 3.5. O

We choose A so small that Lemma 3.5 may hold. Next Lemma shows the
estimates of the nonlinear terms.
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Lemma 3.6. Let u < L—1. Then there exists a constant C'\ > 0 such that the
local solution v € X} to (DW), satisfies

1 n d ) -
(010, 0 F) < C\6Zo — 3 oy pr /Q X 0 00" 0 Dy il (Ov)dx (35)

i,j=11<a,b<d

" 1d , A
A1, G g+l § 00
+ i ;:1 Sd o, O 'Oy T v ¢ (Ov)d,

O, 0l Fy) < CriZo+ Y Y % / OB S (B)dz (36)
Qx

i,j=10<b<d

and

([h; VOLv], O Fy) < CA5Z0+C')\5/ \h-o||o - VOlv|2dS (37)
SI93N

- d i j 0b
+ Z Z %/Q h - NV oyv' 0y Opv? i (Ov)dx.
i,j=10<b<d A

Proof. We may assume that 6 < 1. First, we prove (35). Using Lemma 3.3 and
Lemma A.1, we have

(01, OFE) < (|0 T o|o]|0F Frlle < CA6Z < Ch6Zy.

Furthermore we calculate that

n

>y / T A (b (00) g Opv” )
Qx

i,j=10<a,b<d

= > (5) >y /Q A DY 040007 O (cF (D)) dar

0<v<p—1 3,7=10<a,b<d

-y O 9 9,7 0, (c22 (O) ) da

i,j=10<a,b<d”

— Z Z (Q)fﬂaaviafabvjc?f(@v)dx

i,j=10<a,b<d”

+ Z Z 8a(afﬂviafabvjc?f(@v))dx

i,j=10<a,b<d”

=N+t Y. Y % / 0} 0av' 0 By 0y (2 (D) ) dar
Qx

i,j=10<a,b<d

- 1d % j .ab
— Z Z 5% /m Of 040" 0 Oy’ ¢ (Ov)dx

i,j=10<a,b<d

15



+ Z Z dt 8;‘“1)”8;‘8171;%?}(6@)@

1,j=10<b<d

=Ji+Ja+ s - Z L 3 dt O} 0,00} O ¢t (D) dx

4,j=11<a,b<d 5
n
+ Z 2dt/ oty Z@““chf(av)dm
i,j=

We can estimate |Ji| < C\6Zy (k = 1,2,3) from Lemma 3.3 and Lemma A.2.
Therefore we get (35).

Second, we prove (36). Using Lemma 3.3 and Lemma A.1, we have
(080, 01 Fy) < ||0Fv|2|0F Fx|l2 < Cx6Z < C\6Zo.
Furthermore we calculate that

Z > /a“ O (2 (80) D O ) dix

4,j=10<a,b<d

= > ()Z > / "0y 0,007 01 (c§) (Ov))da

o<v<pu—1 4,7=10<a,b<d

-3 0a OV O Oy’ 2 (Dv)

i,j=10<a,b<d”’

- Z > afviafabvj B (c22(0v))d

1,7=10<a,b<d

+ Z > - /Q A 00" 9} Opv? ¢ (Qv) da

i,j=10<b<d
n d . '
=Js+Js+Js + Z Z % / 'O Dy ) (D) da
i,5=10<b<d Ox

We can estimate |Ji| < C\6Zy (k = 4,5,6) from Lemma 3.3 and Lemma A.2.
Therefore we get (36).

Finally, we prove (37), Using Lemma 3.3 and Lemma A.1, we have
([h; YOy, 0 Fx) < [[Bllocl VO v ]l2]l0f Fall2 < CA6Z < Cr6Zo.
We calculate that

Z Z h - VO O (¢} (00) 00 Oy ) dae

1,j=10<a,b<d

= > Z > h - VO 0 04,0507 0) ™ (22 (0) ) dar

0<v<p—1i,j=10<a,b<d” A

16



-y / h - VO 0} 0yv7 0y (¢l (D)) da
Qax

i,j=10<a,b<d

— Z Z / Ouh - V@fviafabvjci;’(av)dm
Qx

i,j=10<a,b<d

n 1 , ,
+Y) 5 | e V(e (00)0) 0av' Of O da

i,j=10<a,b<d = /A

n 1 . LM 9, 0 @
DY 2/m<dwh>a#aav28é Oy iy (Du)d

i,j=10<a,b<d

+ Z Z / oah - VO 9} 0pv7 P (Ov)dS

i,j=11<a,b<d”

B 1 / h - 00 0,0 0 Dy’ 2t (9v)dS
2 Joq,

i,j=11<a,b<d

n d , ,
>0 o / h - VO 9 9,07 ¢ (0v) da
i,j=10<b<d Qx
=Jr+ Jg+ Jg + Jig + J11 + Ji2 + Ji3
+ Z Z %/Q h- V@fv’@f@bv]c%’(av)dz.

i,j=10<b<d

We can estimate |Jx| < C\6Zy (k=7,8,9,10,11) from Lemma 3.3 and Lemma
A.2. Moreover using (23) and

190l @0r) < CAOVI faga)s o = CAOVI aga),, < CRZ()

Q)
(the second inequality follows from a trace theorem, see for instance:[9]), we get
n
BSOS el @lieny [ Iheolle Voras
i,j=11<a,b<d 92

< de/ |h-ollo-Volv?dS  (k=12,13).
15195\

Therefore we get (37). This completes the proof of Lemma 3.6. O
We define G as follows:

L—-1 n
G(t) =G(t) +Cr > Y % > O D" O O 2 (Dv) da
pu=01i,j=1 1<a,b<d”
1

— 7/ 8f+1vi8{g‘+lvjcgf(8v)dx
2 Ja,
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{ 'O Oy ¢ (Ov)da + h- V@fviﬁfabvjc?f(ﬁv)dx}
0<b<d Qx Qx

Then the following lemma holds.

Lemma 3.7. Let v € X! be the solution to (DW)y and X is sufficiently small
to hold the Lemma 3.5. Then there exist a 6 = 6(\) such that v satisfy

LE00) + s Zow(B) <0 (1€ [0,7) (38)

and
G(o(t)) =y o3 + Zo(v(t)) (¢ €[0,T)), (39)

where comparability constant is independent of §,t and T

Proof. First, we prove (38). Using Lemma 3.5 and Lemma 3.6, we obtain

d ~
%G(’U(t)) + 7Z0

L-1 L-1
1
< Cr6Zo+ = Z/ h-alo - Volv|?dS + C\6 Z/ |h-ol|o - VOl'v|*dsS.
2 s IO =0 15195N
Because of R%/Q, is star shaped, it holds that h - o < 0 on 9€,. Then we can

choose ¢ sufficiently small depend on A such that (38) holds.
Next, we prove (39). It follows from (9) that

L—-1
2d — 1
W=D 5™ (o o) (40)
pn=0
bo(2d — 1) <= [ A c
0 - Lo 12 1 +1 112
< R Y Lot + SHier ol
n=0
bo(2d — 1) <= [ 1 1 C
0 - 1
< MRS {J0ro. st + fivarols + SHiortulg
bo(2d —1) = ., L Cib(2d —1)
~ T ;)(@ v, B>\8t ’U> + TZO
and
L—-1 L-1 boR
0
> (0 e, s Voru))| < 3 10f T ol VO vllalbllee < = Zo. (41
n=0 n=0
Using (40), (41), (30) and Lemma 2.3, we have
G(v) (42)

18



L-1

1/C Cibo(2d — 1 bo(2d — 1
(ZObORl 0(4 )>Z0+O( T )Z@fv,Bkafv)

pn=0
boR bo(2d — 1) =
0 0 -
> TZO + 16 /L§:O<afvv Bdj'v) > Ca(||v]l3 + Zo)-

On the other hand, Lemma 2.1, Lemma 3.3 and Lemma A.2 imply that

< 11020 0" [121|0f Oy i (w)|2 < Cr8Zo,

ij

/ 04 9,v" 0l Opv? ¢} (Ov) da
Qx

ut+1l i au+1l_ 5 00
; o oy T e (Ov)d
A

< [0+t 2|0 0T e () ]2 < Cad o,

< [19F 0" [|2110} By 3} (9v) 12 < Cx6Zo

v O Oy ¢ (D) da i

Qx

and

h - VOl Ol Oyv 28 (Ov)dx

ij

< 1Rl [V 0" [12]|0f Bpv? €15 (9w) |2 < CxdZo.

Qx
Since these estimates and (42) imply that we can choose § = 0()\) to hold
G(v) > Cr(|lvl|3 + Zo). Tt is clear that G(v(t)) < Ci(|[v]|3 + Zo) is true. Thus
it holds that (39). This completes the proof of Lemma 3.7. O

Proof of Proposition 3.2

Let X and ¢ be sufficiently small to hold Lemma 3.5 and Lemma 3.7. Integrating
(38) over [0,t], we have

() + 5 / Zo(o(s))ds < G(u(t))li—o-
Since (39) imply that

(113 + Zo(v(t)) + /0 Zo(v(s))ds < Cx(llvoll3 + Zo(v(t))le=o),

furthermore using Lemma 3.3, we get (13). This completes the proof of Propo-
sition 3.2.

4 Decay Estimates

In this section, we prove Theorem 1.2. In what follows, A and ¢ be sufficiently
small to hold Theorem 1.1. Let v € X be the solution to (DW),. Since (38)
implies

bo

G(o(1)) < G(u(t) = 55 (1+ ) Zo(v(1)).

| =

L0+ DE0)) = Gn) + (1 +1)

Y

t
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Integrating the above estimate over [0, ¢] and using (39), Lemma 2.3 and Propo-
sition 3.2, we obtain

@+ {llo@I3 + Z ()} + /0 (14 5)Z(v(s))ds (43)

< Call(vo, v1) 172 e +CA/ (v(s), Ba(s)v(s))ds.
0

We want to the estimate for the second term in the right-hand side in (43). As
is in Tkehata [2], we consider indefinite integral of v. We define

w(t,x):/o v(s,x)ds. (44)

Then w satisfies
(02 — A+ By(t,7)0)w
_ /Ot @Brv+ F)ds+ BaOuotvr (ba) €0,00) x Dy (450
w(0,z) = 0,0w(0, z) = vo(x) z € Qy,
w(t,z) =0 (t,x) € [0,00) x OR.
We remark that dyw = v and E(w(t)) is well-defined in [0, c0).
Lemma 4.1. We assume that following (H1)x and (H2), hold:

(H1)x [|do(-){Bx(0)vo + v1}]]2 < o0,
(H2), / " do(-)8BA(8) s < oo,

where dy is defined in (6). Then it holds following (i) and (ii).

(1) When d > 3, there exists a constant Eg = Eo(vg,v1) such that
t
/ (v, Byv)ds < FEy (46)
0

(ii) When d = 2, we assume also that (H3)x holds.

(H3), There exists M > 0 such that suppvy Usuppv; C {z € Q : |z| < &}
Then there exists Cx pr > 0 such that

t t 2
/<U,Bw>dsgck,MH(vo,vl)nzLxHL1+0A7M{/ <1+S)st} .
0 0
(47)
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Proof. Taking inner product (45) by dyw, we have

L Blw(®)) + (w(t), Ba(t)o(t))

dt
= (Qyw(t), BA(0)vg + v1) + <8tw(t),/0 OBy (s)v(s)ds) + <6tw(t),/0 F\ds).

Integrating above equality over [0, ¢], we obtain

E(w(t))+/ (v(s), Bav(s))ds < *HUon (w(t), Bx(0)vo + v1) (48)
/ (Orw(s / OBy (r dr)ds—i—/o <(’9tw(s),/os Fydr)ds
= ool +(4) + (B) + (©).
First, we estimate (A). Using Lemma 2.4, we get

(A) = (w, Bx(0)vg + v1) < ({Bx(0)vo + v1 |2

Jai
do(') 2
1
< Chl[Vellz|ldo(-){Bx(0)vo + vi |2 < JE(w(®)) + Cxlldo(-){Br(0)vo + vi}3,
In particular, if suppuvg U suppv; C {x € Q,]|z| < M/A} then we have

1d(-){Bx(0)vo + vi}ll5 < Cxarll(vo, v1) 70 o

Second, we estimate (B). Using (H2), and (13), we calculate

(B) = /0 (Dw(s), /0 9B (r)o(r)dr)ds

= w(t)7/0 atB)\U(s)ds>—/o (w(s), O Ba(s)v(s))ds

do(-)

t
< Cx sup [[Vw(s)[l2 sup Hv(S)Hz/ [do(+)0: Bx(s)|oods
0<s<t 0<s<t 0

< C sup
0<s<t

sup IIU(S)Ilz/0 1o ()0 Bx(s)l oo ds

2 0<s<t

2

IN

L sup B(w(s ))+Cxoiggt|v(5)§{/o ”dO(')atB)\(s)oodS}

4 g<s<t

1
< ¢ sup B(w(s)) + Cxll(wo, v0) 372 prr-1-
0<s<t

Finally, we estimate (C). When d > 3, using Lemma 2.5, we have

/ 8tw/ Fydryds = { /F,\ds / (w, F)\)ds
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¢ 2
<2 sup ||w )| 20 / |1 Ex]| 2 24 ds< — sup E(w(s))+ Cx {/ ||F>\||2dds} .
<t 0 d+2

Using Lemma 2.1, (13) and p; > 2 (I = 1,2), we obtain

t t
L IR asas < 0 [ 2uds < Calon. o) oo (49)

(since d > 2 we have > 1.). Therefore we get

d+2

1
(C) < 5 sup E(w(s)) + C|l(vo, v1) |32 prr-
0<s<t

On the other hand when d = 2, using Lemma 2.5 and Holder inequality, we
have

(0) = /Ot(atm/os Fydr)ds = (w,/ot Fyds) — -/0t<w,F>\>ds

t
w\s
v (5| s
EIN
where r € (2.00), * + 2

4L =Tandl=1—1 From the assumption (H3), and
the finite speed of propagation, it holds that

suppu(t) Usuppdyu(t) C {x € Qy : |z] < M/X+2t} (¢t € [0,00)). (50)

t
-|P&d$

< C) sup
0<s<t

< () sup
i 0<s<t

Thus using (50) and considering the same way of (49), we get

t t
/ - [ Fx]lrds < C)\,M/ (14 s)Zo(v(s))ds.
0 0

Furthermore using Lemma 2.4 and Hoélder inequality, we obtain

\% 1 d
V()| =T ] = eivate| ] ez
-1/l I |- 12l -1l do 2 -
1 do 1
<cuvus (|7 + | sl )
where g = 2. RememberOgZQ,\ and r > r(1 —¢gp) > 2, we get
vl (|75 + =] rp=s ] ) < e

Above estimates and Lemma 3.3 imply that
t
(C) < Cx . sup ||Vw(s)||2/ (1+8)Z(v(s))ds
0<s<t 0
1 2

<L sup Blw(s) + O {/Ot(l—l—s)Z(v(s))ds} .

T 4 o<s<t

Combining estimates for (A), (B),(C) and (48), we get (46) and (47). This
completes the proof of Lemma 4.1. O
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Remark 4.2. If F\ has divergence form, we can prove (i) even if d = 2. Then
we do not need to assume (H3)y (See for instance: [18].).

Proof of Theorem 1.2

It is easy to see that if {(ug, u1 ), B} satisfy (H1), (H2) and (H3), then {(vo,v1), Ba}
satisfy (H1),, (H2), and (H3)) respectively. Therefore when d > 3, combining
(43) and (46), we get

(1+t){||v(t)|\§+Z(v(t))}+/0 (1+5)Z(v(s))ds < Eo(vo,v1).  (51)

The above estimate means (7).
When d = 2, combining (43) and (47), we get

L+ {llo@)I3 + Z(w(t)} + /O (1+5)Z(v(s))ds

scA,Mn(vo,m)nzLxm1+0A7M{ / <1+s>Z<v<s>>ds} |

The above estimate and ||(vo, v1)||3z z—1 < 62 imply
H(t) < Caad® + (H(1))?,

where H(t) = fot(l + 5)Z(v(s))ds. Because of H(0) = 0, we can choose a small
0 depend on X and M such that H(t) < Cy a (t € [0,00)). Therefore we obtain

(1+t){IIU(t)H§+Z(v(t))}+/O (1+8)Z(v(s))ds < Canll(vo, v1) 1372 -1 +C3 -

This means (7). This completes the proof of (7).

Next, we prove (8). We calculate
% (L+t)°E(v(t)} = 2(1+t)E(v(t)) — (L+1)*(9v, BAOw) + (1 +t)(dyv, Fi).

Integrating the above equality over [0,t], we get

(1+1)2E(v(t)) + /Ot(l + 5)%(0yv, BrOyv)ds

< E(v(0)) + 2/0 (1+s)E(v(s))ds + /0 (1 + 5)%(0sv, F)ds

t ot
< E(v(0)) + 2/ (1 + 8)Zods + Oy { sup (1+ 8)2E(v(s))} / (1+ 8)Zods
0 0<s<t 0
t t 2 1
< E(v(0)) + 2/ (14 8)Zods + C), {/ (1+ S)Zods} + = sup (1+5)?E(v(s)).
0 0 2 0<s<t
Using the above estimate and (7), we obtain (8). This completes the proof of
Theorem 1.2.
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A Estimates of nonlinear terms

We show the estimates of the nonlinear terms F.

Lemma A.1. Letv € X(ST, 0 <1 and|a| < L—1. Then there exists C > 0
such that R
0% Fx(Ov(t))ll2 < CaZ(v(t)) (t €[0,T]). (52)

Proof. If |a| = 0, it is easy to see from Lemma 2.1 that we prove (52). Let
1 <la| < L —1. From the chain rule, we have

O“Fy(dv)
=\ Z Cal,--- oy Z Diljl e Diljlﬁ‘(av)aalajlv“ e 8‘”@-,1}“,
a1+ toa=a 1<ig, i <n
0<j1, i1 <d
where D;; = Dg,;. When I > 2, we choose 2 < ¢; < 00 (i = 1,2, -+ ,[) satisfying

1

11 1 1 L—1—|a
E —=— and -<—4 ———" 53
— qr 2 27 d (53)

Then it holds that
10°Fr (905
<O 3 IDijy - Diji F(00) | ol|0%1 05,07 -+ 071007 |2

a1+t op=a 1<ip, i <n
0<j1,++ 41 <d

l
<Gy Yo oo r=t IT 0% 0, 0% g,

a1+ Fay=a 1<iy,--,ij<n k=1
0<j1,+,d1<d

l
p1—l
SCNED DI G il | N PR
a1t tap=a HL2 k=1
max {l,py}

<SCa(Z(v)) 2 <CaZ(v),

where we use the generalized Holder inequality and a well known embedding

lemma like L? C H* (2 < ¢ < 00, 5 < %—1—5). Indeed it holds from L > [d/2]+3

that

l
1 L-1—|ap) 1 1 1-L -1
S L1 R (2 ) P SR O g

2{2 d } 5 =t ){2+ d}_ da =

k=1

thus we can choose ¢, satisfying (53). When [ = 1, we should choose ¢; = 2.

This completes the proof of Lemma A.1. O

Lemma A.2. Letve X, 6<1,1<|a|<L, || <L-1andla+p| < L+1.
For any i,j,a and b, it holds that

10007 (¢ (9w)) |2 < CaZ(v)
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Proof. First, we assume |8| = 1. Then we have

10°0' 0 (e (Qo)ll2 < 19%0ll2 Y | Duncf (90)0° O™l

1<k<n
0<i<d

< Cll0*vl|2[10v]|22 |07 Dv]|oe < CA(Z(0))F < CAZ(v).

In the same way, we can prove when g = 0.
Next, we assume || > 2. In the same way as the proof of Lemma (53), we
obtain

10°0" 07 (5 (v)) |2

<C Z Z ||8anDi1j1 - Digjy Cij (61])6518 v 8]’1’”“ ”2
Bit-Hfi=p 1Si1, i sn
0<j1, - ,5;<d
<c > S IDig - Dingy(00) oo 00010y, 0% - - 08,0

ﬁl++6l26 1<iy, - ,ij<n
0<j1,-+ 4y <d

l
<c > S Javfme o= gevi|, T 10%05, 0% |1

Bit++pi= [31<11 ‘HS" k=1
0<j1, 4y <d

l
SSCNED DI UL vl A PR | (e PR

B1+-+p1=p5 k=1
max{l+1, }
< OZTETEET < 02w,
where we choose 2 < 1, < 0o (k=0,1,---,1) satisfying

l
1 1 1 _1 L-—laf 1_ 1, L—|Bl-1
i_1 1.1 d —<— 422 WPRZ 0 g k<.
) 2 St an ot y (1<k<)

[\

(54)
Indeed it holds from L > [d/2] + 3 that

1 L—Ja| ~~(1 L—1—|BJ) 1 _1 1(1-L) 1 _ —31+2
Z_ oz - WRIV N T e
2 d +k§_:1{2 d st tas g <Y

IN

thus we can choose g satisfying (54). This completes the proof of Lemma
A2 O
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Abstract

In this paper, we study a Cauchy problem for quasilinear wave
equations with dissipative term in Sobolev space HY x HY=! (L >
[d/2] 4+ 3). The coefficients of the dissipative term depends on space
variables and may vanish in some compact region. In order to control
the derivatives of the dissipative coefficients, we introduce a rescaling
argument. Using the argument, we obtain a global existence theorem
and decay estimates with additional assumptions for the initial data.
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space variable coefficients, time decay estimates
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1 Introduction

In this paper, we consider the following Cauchy problem for quasilinear wave
equations with nonuniform dissipative term in R? (d > 1) :

(DW) (0} — A+ B(2)0,)u(t,r) = Nu,u](t,z), (t,z)€[0,00) x R?,
u<07 (L’) - U()(l’), 8tu(07x) = ul(x)7 LS Rda
where u = (u!,u?,--- ,u?) is a vector valued function, Au(t,z) = (Aul, Au?,

,Aud), O = (Ot Opu?, - -+ Owu?) and OPu = (0?ul, 02u?, - -+ O%u).
The initial data (ug,u;) in (DW) belong to HY x HE™! where H” is the
Sobolev space in R%. The coefficient function B(r) is d x d symmetric matrix-
valued function and quasilinear term Nu, v](t, x) is defined by

Nlu,v] = (N[, v])iz10... 4 ( Z N* 9y muav)>

J,k,l,mn=1 i=1,2,-,d

1



For B and N, we make the following assumptions:

(BO) B(z) = (Bpy(x))pg=1.2. a4 is d X d symmetric matrix-valued function
whose components belong to B>, where B> is a function space of
smooth functions with bounded derivatives.

(B1) B(z) is nonnegative, i.e.

d
> Bulx)nmg =0 (n,x € RY).

p,g=1

(B2) There exist by > 0 and R > 0 such that

d
> Byg(@)npng = boln* (Jz| > R,n € RY).

p,q=1

(NO) N e R (i, 4,k l,mn=1,2,---,d) .

Imn

Imn min Inm

(i7j7k7lam7n: 1727"' 7d)

If we assume B = const > 0, there are many results (see [3], [7], [9], [10]
etc.). For general quasilinear version including N, Racke [13] shows that there
exists a unique global solution and decay estimates when the initial data are
sufficiently smooth and small. On the other hand, the global existence is not
obvious when B is not positive constant. Indeed if B vanishes, (DW) becomes
the quasilinear wave equations. Then it is well known that no matter how
small the initial data, there does not exist globally defined smooth solution
in general (e.g.[6]). However if the nonlinear term N has ”Null Condition”,
then (DW) has a global smooth solution for sufficiently smooth and small
initial data (e.g. [1], [8], [14]).

There are some results for nonuniform dissipative term which satisfies
(B1)-(B2) ([2], [5], [11], [12] etc.). In particular, Nakao [12] obtains a global
existence when the nonlinear term have second order derivatives. He assume
that the order of the nonlinear term p satisfies p > 3. In this paper, we treat
the case of p = 2, i.e. the quasilinear term N|u,u| is a quadratic function.
In order to treat the quadratic case, we introduce a rescaling argument and
energy norms for controlling higher order derivatives. There norms are used
for the nonlinear wave equations.

We prove the following global existence theorem:



Theorem 1.1. Let L > Ly = [d/2] + 3. Then there exists a small constant
6 > 0 such that if the initial data (ug,uy) € HY x H*™! satisfies

HU’OH?{LU + Hul“iﬁmfl < S, (1)
then there exists a unique solution to (DW) in Ni_C?([0,00); H*7).

We note that L > Ly = [d/2] + 3 is reasonable. Because we use the
assumption to obtain a local solution in usual sense (see [10], [12], [16]).
Furthermore the assumption is necessary to estimate the quasilinear term
for the purpose of extending the solution. Indeed using product estimate
(proposition 2.2) and embedding (proposition 2.1), we calculate as

10 Omu0nu) [ o2 < C{ IVl 2|V ulloo + I Vulloo | Vullpro—2 §
< ClIVullge-1 [Vl gro-r < ClIVullf-

(see lemma 5.1).

We also remark that the smallness of |lug||z2 is needed to estimate the
higher order derivatives of nonuniform dissipative term as V*(B(z)u) (see
lemma 5.2). Indeed if B = Const > 0, we can prove theorem 1.1 under the
assumption || Vo2 1 + [[ur]|%z,-1 < 6 instead of (1).

We show the decay estimates with the additional assumptions as follow:

Theorem 1.2. In addition to the assumptions in theorem 1.1, we assume
that one of the following (H1)-(H3) is held:

(H1) d > 3 and there exists 1 < p < % such that Bug + uy € LP,

(H2) d >3 and |- |[{Bug + w1} € L?,
(H3) d=1or2, |- |{Buy+u} €L and/ B(z)up(x) + uy(x)dx = 0.
R4

Then for any (0 < pu < L—Ly), there exists a constant Ey > 0 depending on
(uo, u1) such that the global solution u to (DW) satisfies following estimates:

1OF w) s + 108 () Fpmimn < Eo(1+1)727, (2)
VO u()ll3 + 10 u(t)]I3 < Eo(1+1¢)~%72, (3)
1o u(t)[I2 < Eo(1+ )7 (4)

Furthermore if L > Lg, it holds that

1Au(t)]l; < Eo(1+1)". (5)



Ikehata [5] treats the linear or semilinear cases and obtains the result
corresponding to theorem 1.2 with the assumption (H2). Thus theorem 1.2
means that even for the quasilinear case, the same type decay properties as
in [5] are held. For the proof, we use the method which is introduced in [5].
However, to estimate the quasilinear term, we use the time weighted higher
order estimates (see §4).

In this paper, the rescaling argument plays an important role (for the
definition of the scaling, see §2). We have to control terms include V#B(x)
to calculate the higher order energy estimates. Using a usual way, we need
the smallness of |[VPB(z)||s or delicate calculation. However, using the
rescaling, we can control the smallness of ||[V?B(z)||o by a scale parameter.
Therefore we can expect to prove the higher order energy estimates with
simple argument.

2 Preliminaries

Throughout this paper, || - ||, and || - ||z stand for the usual LP(R?)-norm
and H'(R%)-norm. Furthermore, we adopt

9./)=2_ | J'@g'(@)de

as the usual L?(R%)-inner product.
We consider the rescaling to (DW). Let u be the solution to (DW). We

1
define v(t,z) = T (At, Ax) (A > 0), then v satisfies

Ou(t,x) — Aou(t,z) = M Ofu (A, Az) — Au (M, Ax)}
= —AB(\z)Owu (A, Ax) + AN[u, u] (A, \x)
—AB (Az) w(t, ) + Nv,v|(t, z).

Thus v is the solution to the following Cauchy problem (DW),:

(07 — A+ By(2)9,)v(t,z) = N[v,v](t,z), (t,x) € [0,00) x RY,
(DW), { v(0,2) = vo(x), Ow(0,2) = vy(x), z € Re

where By(z) = AB (Az) ,vo(z) = ug(Ax) /X, v1(x) = ui(Azr). Now B, satisfies

(B1), Ba(z) is nonnegative.



(B2), There exist by > 0 and R > 0 such that

d
R
> (Ba)pg(@)mpmg = Z AByq (A) 1png = Abo|n|® (|fv| > ME Rd>

p,q=1 p,q=1

instead of (B1) and (B2). Furthermore B, satisfies
(B3), IV*Billoo < APV B
We consider (DW), for A < 1 instead of (DW).

We introduce the known results. First, we use the following two lemmas
for estimating the nonlinearity terms. For the proof, see for example [16]
section 13.

Lemma 2.1. There exists a constant C > 0 such that
I£le <IN 141

Lemma 2.2. Let k € Z and b,c € Z% satisfy |b] + |c| = k. There exists
C > 0 such that

IVPrVeglla < Cllf sl VP gllz + CIV*fllallglloo

Cll.f oo llgllzzs + ClLF e gl

Next, we prepare the Poincare type inequality of By for the proof of global
existence.

<
<

Lemma 2.3. (Poincare type inequality) There exists a constant Cy > 1/4
such that

CI Cl 2
Il < -0 By + 53 IVl (A>0) (6)

Proof. We define U, = {x € RY||z| < r}. Using Poincare inequality (see [4]),
we obtain the following estimate:

(@) P < 12 / V£ ()
Uy U,

Let p € C°(R?) be a function satisfying 0 < p < 1, p(x) = 1(|x
0(lz] > 2) . For any f € H'(R?) and A > 0 we define p,(z)
because of pyf € H} (U%) we have

1), pla)
= p(%), then

I3 = / lpa(x |d:c+/Rd(1— |pa(2)1?) f () [2dx

5



R
|z|> by

- A(2)f (2)da 1 — |pa(2)|?) f(x)|*dz
/MRIPUM +/ (1= Ipa(@)P)f (@)

AR?
< 55 [ V@@l [ i@
|z| <28 || >4
4R? 4R?
< = In@P @R+ S | @ISRl
A* JBqpl<2r X Sl
+ [P
|z >
< (RIVAIL+1) [ If@Pde+ Sy /!Vf )2da
|$‘Zj
AR?|Vpl2 +1 4R2
< WWolt L gy 2w g
boA
Hence we get (6). O

Finally, we introduce Hardy inequality and Gagliardo-Nirenberg inequal-
ity. For the proof, see for example [15] appendix A.

Lemma 2.4. Let d > 3. There exists a constant C' > 0 such that any
f € H! satisfies

f
1|, < crvsie @
2
Lemma 2.5. Assumel < g <d and }D = %—é. Then there exists a constant
C > 0 depend on p,q,d such that
lgll, < ClVyllq- (8)

3 Global existence

In this section we prove theorem 1.1. First we define some notations. For
any h,g: R? — R? we define [h; Vg] : R? — R? as follows:

([h; Vg])l(x) = h(x) . Vgl(x) (z =1,2,--- ,d).
The energy E(u(t)) and higher order energies E(u(t)) of u are defined by

E(u(t)) = %{Hatu(t)H% + [ Va(t)|l5} (9)
and
Er(u(t)) = Y E(V'u(t)). (10)
la|]<L—1



Moreover we define
) d
N oulty= Y N / i (t, )0’ (£, )0t (¢, 2)dz (1)
d
i,5,k,l,m,n=1

and

Er,(u(t)) = Ep_ (0fu(t) + Y N[OV, 0V u,ul(t).  (12)

la]<L—pu—1
The function spaces X5 and X are defined by
Xsr = {uen_,C7([0,T); H* )| Ery(u(t)) <6* (0<t<T)} (13)
and
= {u e Nl C7([0,00); H* )| E,(u(t)) < 6> (0<t<oo)}. (14)
Let Lo < L<L,pu<L—Lyand XA > 0, we define Gz ,(v(t)) below.

Gru(v(t)) (15)
= Qo) + 2D v, o )
la|<L—p—1
Jo2dZ 1) > OV (t), BAOIV o (t))
la|<L—p—1
+ Y (AT (), (b VOVl (1)),
la|<L—p—1
where
Co = max{(boRd2 + %) x 4, d, 2| Bl|sb2R? x bﬁ} (16)
and (e r < §) )
o ={ B U8 M) =solla), (1)

We need the energy estimate to prove the global existence.

Lemma 3.1. Let Ly < L < L and n < L — Ly. There exists a constant
C > 0 such that for any 0, \,T > 0 and a local solution v € Xsr to (DW),
satisfy

d bo

G (0(1) + 2By, (0 o(t)) (18)

7



c 2|| B|oc b2 R
< ACEp ,(0/0(t) + Dr,u(v(t)) + ”HTO
0

where Cy > 0 is the constant give in (16), and

Ep_(07v(t)),

SNhol=

Dy, (0(t) = B2 (d"v(t)) (Z EZ (0 o(t))E _V<a;’v<t>>) (19

The proof of the lemma 3.1 is given in section 5. In what follows, assuming
lemma 3.1, we derive the energy estimates for (DW),.

3.1 Energy estimate

We prove the higher order energy estimates of (DW),.

Lemma 3.2. Let Ly < L < L and w< L—Ly. There exists C > 0 such that
if 6, A > 0 are sufficiently small, then the local solution v € Xsr to (DW),
satisfies

SN0 + 5 B (000(1)} < G000 (1) (20)

1
< C{\[ofv ()13 + 1 Er-u(Ov(t)}-
Proof. Let v € X;sp. First it holds that

1

S B (OF0(0) < By (o0) < 3By (000(1). 1)

Because

Z N[OV, 9"V, v)(t)

la|<L—p—1

< C ) IVe@llsl VoVl

la|<L—p—1

< X VU (g, VT

la|<L—p—1
< 6CE (@),
we choose ¢ sufficiently small depend on d and N, then we get (21). It follows

from lemma 2.3 that

> (@EVu(t), 0 V(1)) (22)

la|<L—-p—1



IN

> { v+ S vols)

la|<L—p—1

IN

{Qwvwa%wv%w>

|la|<L—p—1
1 a a
F IV Ol + et veuto

20, ”
NGO

IN

1
T2 (OV(t), BV u(t) +
la|<L—p—1

Using

boR

||h||oo < T and HVhHoo < 2by, (23)

we get

> (Ot [h VOVl (1))

la|<L—p—1

g
M-

IA
(1=
S
=
*
<
S)
=
<
D
=
<
S)
=
=
=
8

AN
Q,
)

/—/%
6
=

+

—

<
S
M:

N | —
<
D
=
<4
)
-
=

—
=
8

< B (0(D).

Using (21), (22), (24) and (16) we have

Co

Gr.(w(t) = < (— — boRd? — Ciby(2d — 1)

>)praww>
Y. (9rVu(t), BV u(t)

la|<L—p—1

ORI By etato)

> OV (L), BV u(t)).

la|<L—p—1

A\ 2 2
bo(2d — 1)
LT

1
> — | boRd>
_)\(OR +

bo(2d — 1)
LT

9



So there exists a constant C such that v satisfies
1
A

la|<L—-p—1
Furthermore using (25) and lemma 2.3, we have

i

C
loFu)l3 < SHBadfv(t), o v() + 15 IVayvll3

A
G

IN

la|]<L—p—1

IN

A -
la|]<L—p—1
2C,C

< TGZ,;L(U@))-

Y (BhEV(L), 01V (L)) +

2C,

)\2

SEr @)+ Y (0EV u(t), BV u(t)) < CGy,(u(t)).

Ep_, (07 v(t))

From (25) and (26), there exists a constant C' > 0 such that v satisfies

é {A||afv(t)||§ + %EL_u(ﬁfv(t))} < Gru(v()).

On the other hand using (21), (22) and (24) , we get

Gru(v(t))
o L (3G, Ciby(2d - 1)
A\ 2 2

3b(2d — 1)
+ 16 —
la|<L—p—1

C 1

< T EL-u(00(t) + Ol Balles >
la|]<L—p—1

C

< XEEfu(a#U(t))+)‘C||afv(t)”§'

+ bORdQ) Er_,(0Mv(t))

> OV u(t), BAOIVu(t))

[EAIGI[F

(25)

(26)

2_01( 3 (B,\afvav(t),ﬁfvav(t»+%ELM(afv(t)))

(27)

(28)

So combining (27) and (28), we get (20). This completes the proof of lemma

3.2.

]

Lemma 3.3. Let Ly < L < L. There exist sufficiently small constants \
and 6 such that if v € Xsr is a local solution to (DW)y then v satisfies

d bo

Gro(v(t)) + < Er(v(t)) <0.

dt B0 8

10

(29)



Proof. Let v € Xsr be a local solution to (DW),. From (16), C, satisfies
Cp > d. Thus using lemma 3.1 for = 0 and

Dy o(v() = B2, (90'0(1)) B (9fv(t)) < SE(9l'v (1)),

d b ) 2|| B|| b3 R?
0 %) Brtwe) + DRI gy oy,
0
From (16), we also obtain
2Bl R _ b
Co -8
We choose sufficiently small constants A and ¢ such that

) bo
V< 2
cr+3) <2,
then we have p ;
SGLo(w(0) + LB (0(0) < 0.

This completes the proof of lemma 3.3. O]

Corollary 3.4. Let Ly < L < L, and \ and § be sufficiently small constants
in lemma 3.3. Then there exists a constant C* depending on \ such that for
any T > 0 and a local solution v € Xsr to (DW)y satisfy

\Iv(t)\!§+EL(v(t))+/0 Er(v(s))ds < C*{|lv(0)[[3 + Er(v(0))}  (30)
and

O Fz0 + 100 @101 < C{N0(0) 7120 + 10O Fze- 3 (31)

Proof. The estimate (31) is verified by (30). Thus we should prove (30).
Integrating (29) over [0,t] we, get
b t

Gro(wt) + ¢ [ Eulv(s))ds < G, fo(0). (32)
0

Then using lemma 3.2, there exists a constant C' > 0 such that

GOI@IE + 5B} + 3 [ Bilo(s)ds < COIOI + §E0(0),

We rearrange coefficient and define C* depend on A, it holds that (30).
O

11



3.2 Global existence

The following local existence theorem is known (see [10], [12], [16]).

Lemma 3.5. Let L > Lo = [d/2] + 3, A > 0 and (vo,v1) € H* x H-L.
For any sufficiently small constant € > 0 there exist constants 0 < ty and
0 <n <1 such that if

lvoll7rze + lorllzrz0-1 < e (33)

then (DW)y has a unique local solution v € NE_ C([0,to]; H7) and the v
satisfies
Er,(v(t) <& (0<t<ty). (34)

Using lemma 3.5 and corollary 3.4, we can prove a global existence theo-

rem for (DW),.

Theorem 3.6. Let L > Ly = [d/2] + 3, X and ¢ are sufficiently small
constants. There exists a small constant 6* > 0 such that if the initial data
(vo,v1) € HE x HE=Y satisfy

lvoll7zo + lonllrzo— < 0%, (35)
then (DW)y has a unique global solution v € X.

Proof. Let A and § > 0 are sufficiently small constants for which corollary
3.4 holds. Furthermore let 0 < ¢ <9, 0 <ty and 0 < n <1 be the constants
given in lemma 3.5. Now we define

2
. ne
5* - 2’ Y
min {775 c }

where the constant C* is given in corollary 3.4. We assume that (vg,v;) €
HE x HI=1 satisfy

||’U0||§{L0 + ||U1||12LIL071 < oF.

Lemma 3.5 yields that there exists v € NF_(C7([0, t]; H*~7) such that v is a
unique local solution to (DW), and satisfies

Er,(v(t) <e* <8 (0<t<ty).
Because of v € X;,, and corollary 3.4, it holds that

(@120 + 10O ze-1+ < C{Ilvollzzo + lvrllfzo1} < me® (¢ € [0,%0]).

12



Thus we can use lemma 3.5 in ¢ = 3. The solution v is uniquely extended
to N C7([0, 2to); H*7) and satisfies

Er(v(t) <e® <6 (0<t<2t).
Because of v € X;9, we can use corollary 3.4 again. Then v satisfies
(O ze0 + 10O e+ < C{llvollzzo + ll0rllzzo-1 3 < e (€ [0,2t0)).

Thus we can use lemma 3.5 in ¢ = 2t .
Repeating this argument, we can uniquely extend v to a global solution
to (DW), , furthermore the v satisfies

Ep,(v(t) < 6° (t €10,00)).

This completes the proof of theorem 3.6. O

Proof of theoreml.1

Let \ and 6* are the small constants in theorem 3.6. We define 6 = \¢+1§*
and assume the initial data (ug,u1) € HY x HL™1 satisfy

o220 + [[tn]|%z0-1 < 0.

Now we define 1
vo(z) = Xuo()\x), vi(x) = uy(Ax),

then (vg,v1) satisfy
lvollZrzo + Vil 7zo—

=Y el / Vouoa) s+ S A% [ [Veus (An) P
R4 R4

la|<Lo la|<Lo—1

= Z /\2(“|_1)_d/d |V uq(x)|?dx + Z )\2|“|_d/d VU, (x)|*dx
R R

la|<Lg la|<Lo—1

< Y [ FwePde s Y [ 9t )Pds)

la|<Lg la|<Lo—1

= N ol + a1} < 6

From theorem 3.6, there exists a unique global solution v to (DW), in
OJLZOC'J([O, o0); H*77). We define

t
u(t,x) = v <X’ ;) ,

13



then u € ﬂfZOCj([O, 00); H*7) and the u satisfies (DW).
As regard to uniqueness, if u and v’ are solutions to (DW) then rescaling
functions wy and u) are solutions to (DW),. From theorem 3.6 we got the

uniqueness of (DW),, so we obtain uy = u), thus u = u'.
[

4 Decay Estimates

The goal of this section is to show theorem 4.1. We say that f satisfies the
property (H1), (H2)" or (H3)' if and only if

(H1)" d > 3 and there exists 1 < p < dZ—fQ such that f € LP,

(H2) d >3 and |-|f € L?,
(H3) d=1lor2,|-|feL'and [ f(z)dz=0.
Ra

We prove the decay estimates for (DW), as follow:

Theorem 4.1. In addition to the assumptions in theorem 3.6, we assume
that Byvg + vy satisfies one of the (H1)-(H3). Then for any i (0 < i <
L — Ly), there exists a constant Ey depending on X\, vy and vy such that the
global solution v € X5 to (DW), satisfies

(1+t)2”1{\|3§'v(t)!\3+ELi(afv(t))}+/0t(1+8)2”lELz(afv(S))dS < Eo (36)
and
(1+t)*2E(div(t)) + /Ot(l + 5)2 201 (s), B0 T (s)) < Ey.  (37)
Using theorem 4.1, we can prove theorem 1.2.

Proof of theorem 1.2

We assume that theorem 4.1 is true. From theorem 1.1 there exists a constant
¢ such that if the initial data (ug,u;) satisfies

ol + e |Fzg—1 <6,

14



then (DW) has a unique global solution u € Nf_;C?([0, 00); H*™/). Now we
1
define v = Xu()\t, Az) then v satisfies

(02 — A+ By(2)9,)v(t,z) = N[v,v](t,z), (t,x) € [0,00) x RY,
U(O,ZE) - Uo(fL’)7 8tw(0,x) = Uy, UES ]Rda

W) {

where vy(z) = juo(Az) and vi(x) = wi(Azx). If Bug + u; satisfies (H1),
(H2) or (H3), then Byvy+ vy satisfies (H1), (H2)" or (H3)’. Thus we can
use theorem 4.1. For any p (0 < pu < L — Ly), there exists a constant E
depending on A, vy and vy such that v satisfies

107 v(7)13 + Er—u(0)'v(7)) < Eo(L+7)"*"

and
E(9}v(r)) < Bo(1+7) 72

1
Replacing v(t, z) = Xu()\t, Az) and t = A7, we get (2) and (3).

Using (2) and lemma 2.1, the estimate (4) is clear. Thus we prove (5).
Let Ly < L. The global solution u to (DW) satisfies

[Aut)llz = [107u(t) + dpu(t) — N[u, u(t)] (38)
< 07wz + 19ru(®) |2 + [ Nu, u](t)]]2-

Because of Ly < L, we can use (2) and (3) to u = 1. Then we obtain
10ull3 < Eo(1+1)77,

107 ull < Eo(1+)~"

Furthermore using (2) and (3), we obtain

d
INw,ddOIF < D NGl 108t 0" I3
i,5,k,l,m,n=1
< COIVAu)EIVu®)l;
< CELy(u(t)) E(u(t))
< CEo(1+ t)fg.
Thus the estimate (5) holds from (38). O
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4.1 Proof of theorem 4.1
Let v be the global solution to (DW), and define

w(t,x):/o v(s, x)ds. (39)

Then w satisfies
Qtw(t,x) — Aw(t,z) + Ba(z)dw(t, x)
t
_ / N, o)(7,2)dr + Bx(@)vo(x) + v (x), (t,2) € [0,00) x RY,
0
w(0,z) =0, 0,w(0,x) = vy(x), r € R
(40)
We remark dyw = v and Ep,_1(w(t)) are well-defined in [0, 00) because of
corollary 3.4.

We prove the energy estimate of w under the assumption which Byvg+ vy
satisfies one of the (H1)'-(H3)'. We prepare the next lemma.

Lemma 4.2. Let f € HLo™1 satisfies one of the (H1)'-(H3)'. Then for any
g € H*~1 there exists a constant Ey depending on f such that

(9, f) < EolIVgllpro-. (41)

Proof. First we assume that f satisfies (H1)’. Then f € L% because
feHM L cL®and fe P (1<p< %). On the other hand, it holds
from lemma 2.5 that

91l 22, < ClIVll2.

Thus using Holder inequality, we get
(9, 1) < W 22 lgll, 22, < CUFIL 20 IVl < CUFIL 20, IVl rrro0—-

Ld+2 d+2 d+2

This means (41).
Next we assume that f satisfies (H2)'. Then using lemma 2.4, we get

(g, 1) < I - [l

< - 1flVgllz < O £ 121V gl rrzo-=.
2
Thus we have (41).

Finally we assume that f satisfies (H3)’. Because of g € HLo~! ¢ C1(R?)
, we have

lg(z) —g(0)| =

Ly 1
/ @W’@d‘)‘: / x-V9<9x>d9’su|uv9||m 8.0.0.
0 0

16



Then using / f(z)dx =0, we obtain

| (o) = g0nsta)is| < [ l(g() = g0}l 5 (@)l

< Vgl / allf@)ldz < Vgl I 11

(g, Nl =

Thus we get (41). O

We need the estimate [;° [Jv(t)[|3dt < oo. In order to prove this property,
we use the idea in Tkehata [5].

Proposition 4.3. In addition to the assumptions theorem 3.6, we assume
Byvy + vy satisfies one of the (H1)-(H3)'. Then there exists a constant
Ey depending on A\, vy and vy such that the global solution v € X5 to (DW),
satisfies

/0 lo(s)|2ds < Eo, (¢ € [0,00)). (42)

Proof. Let v be the global solution to (DW), and w be defined by (39). Using
(40), we have

Sy aw(t)
= Z (0,V w(t), 02V w(t)) — Z (O, Viw(t), AV w(t))

la|<Lo—2 la|<Lo—2

=— ) @V w(t), V(Brdaw(t)))

la|<Lo—2
+ Z (8tV“w(t),/tV“N[v,v]dT>+ Z (O, VOw(t), V4(Byvg + v1))
lal<Lo—2 lal<Lo—2
== ) (@ w(t), B,V w(t)))

la|]<Lo—2

- > Z( ) (B, Vw(t), VP Byd, YV tw(t)))

1<|a|<Lo—2 b<a
b#£0

+ Z %W“w(lﬁ)’/OV“N[v,v]dT)— Z (Vew(t), VEN v, v](t))

la|<Lo—2 la|<Lo—2

LY L), v B+ ).

la|<Lo—2

17



Then integrating it over [0,t], we get

Epga(w(t)+ Y / (Ve(s), BA\V®(s))ds (43)

\a|<L072 0

gl = S (5) [0, 7B e

1<al<Lo—2 b=a

+ Z (Vew( /V“ v, v](s)ds)

IN

la|<Lo—2
t
- Z /(V“w(s),V“N[ ))ds + Z (Vaw(t), V(Bavg + v1))
la|<Lo—2"0 la|<Lo—2

1
= §HvoH§{L072 + Al 4+ Ay + Az + Ay

We estimate from A; to Ay. Using lemma 2.3, (B3), and smallness of A,
we get

Al s 5 () [ I T BT o s

1<|a\<L0 2 b<a

< wC S S [T T )
1<]a|<Lp—2 b<a
< / IVeu(s)|ds + AC Y / 1Voo(s)|2ds
1<\a|<L0 2 o
t
< o/ Eyy-o(v(s))ds

+NC > Z{/ (Vo= (s), B\V*0(s))ds

1<|al<Lo—2 bSe
t
+/ vaab’l)(S)H%dS}
0

/ (V(s), BA\V®(s))ds.

0

< 0/0 ELO(U(S))dS—I—%l

la|<Lo—2
Next we define

M(t) = sup Er,—1(w(s)). (44)

0<s<t

18



Using M (t) and lemma 2.2, we have

| Ao
t
S N (O OXCR BT
la|<Lo—2 0
d t
= Z Z fon’f@// Vew' (1), V(00 (5) 00" (s5))dxds
la|<Lo—2 li.j.klLmn=1 R4
d t
= > > N / OV W' () V(D (5)9, 0" (5))dads
la|<Lo—2 li,j,k,Lm,n=1 0 JRd
d
<o Y / 9Vl > 190 (5)0,0(5))llads
la|<Lo—2 7,k;mmn=1
< o)} / Ep, (v(s))ds
and
| As|
t
= ) / (Vew(s), VAN v, v](s)ds)
la|<Lo—2 70
d t
< Z Z N;gf;// Vew'(8)0,V* (00 (8)0,0" (s))dxds
la|<Lo—2 |i.jkLmn=1 R
d t
- Y Y N / AV W (5)V* (Ot (5)0n0* () )ddls
la|<Lo—2 li,jk,lmmn=1 0 JRrd
d
< C Z ||VVa s)|l2 Z [V (Ot (5) 0" (5)) | 2ds
la|]<Lo—2"0 jkamn=1
<

é/ELO

Using lemma 4.2, we get

Ay

(w(t),Byvg +v1) + Y
Eo|[Vo®)lgro=+ )

(V@w(t), V(Bavg + v1))

1<]a|<Lo—2

IV w(@)[2|V* (Bxvo + v1)ll2

1<]a|<Lo—2
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1 1
< EyER_ (w(t)) < Ej + ZELO,l(w(t)),

where Ey depend on A, vy and v;. Corollary 3.4 implies that there exists a
constant C* > 0 such that

/O Epy(v(s))ds < C*{[lv(0)]13 + E, (v(0))}.

From (43) and the estimates of A; - Ay, it holds that

(NI
—~
IS
ot
~—

Er,_1(w(t)) + Z / (V%(s), B\V®0(s))ds < Ey+ Eo(M(t))>.

la|]<Lo—2"©
From (45) we have
M(t) < Ey+ Eo(M(t))2  (t €[0,00)).

It means that M (t) is bounded in [0, 00). Thus it holds from (45) that

| tw(e) Bruts)ds < o (46)

Finally using (46), lemma 2.3 and Corollary 3.4, we have

t
/M@ng—/ ), Byo(s %+i/WUMd<—+—
0

Thus we get (42). O
Let prove theorem 4.1 by the induction. First we prove for i = 0.

Theorem 4.4. In addition to the assumption theorem 3.6, we assume that
Byvg + vy satisfies one of the (H1)-(H3)'. Then there exists constant Ey
depending on A\, vy and vy such that the global solution v € X5 to (DW),
satisfies

(L+t) {llo@®)]5 + Er(v }+/ (1+s)EL(v(s))ds < Ey (47)

and
(1+1)*E(v(t)) + /0 (14 5)*(9v(s), Bxoyw(s)) < Ep. (48)

20



Proof. First we prove (47). Using lemma 3.3 for L = L, we obtain

d d
SAI+ DGO} = Gro(w(®) + (1+1) 2 Cro(u(t)

< Gro(v(t)) — WEL(U@)‘

Integrating it over [0, ¢] and using lemma 3.2, we get

(12:t) {/\Hv(t)Hg + %EL(U(t))} T %/O (1+5)Er(v(s))ds

< C{)\Hv( )||2+iEL +>\/ lo(s)12ds + /tEL(v(s))ds}.

Then there exists a constant Ey which depends on A, vy and v; such that
(L+t) {llv@®)]5 + Er(v }+/ (1+ s)EL(v(s))ds (49)

t
< FEy+ Eo/ |v(s)]|5ds + EO/ Ep(v(s))ds.
Using proposition 4.3 and corollary 3.4, we get
(L+t) {Ao@®)|5 + EL(v }+/ (14 s)EL(v(s))ds

< Eo+ Ej+ EC{[[v(0)]l; + Er(v(0))}.

Rearranging Ej if we need, we get (47).
Next we prove (48). It holds that

(14 t)°E(v(t))} (50)

= 2(1+ 1) E(u(t))

t
= 2(1+1)E(v(t)) (@), (b)) — (Gp(t), Du(t))}
= 2(1+0)E(v(t) — (1 +1)*(9v(t), Bx&:v(t)) (1+6)*(0p(t), Nlv, v](t)).

Using (50) and

we get
AU+ P EE)} + (4P @a(0), Bda®) 6

21



< 21+ HEW®) + C(1+ t)2E2(v(t)EL(v(t)).
Now we define

My(t) = sup (1 + s)*E(v(s)). (52)

0<s<t

Integrating (51) over [0,00) and using (47), we obtain
(1+t)E(v(t)) + /0 (14 5)*(0v(s), BxOyv(s))ds (53)

< E(U(O))+2/0(1+s)E(v(s))ds+C’/(1+s)2E;(v(s))EL(v(s))ds

0

IA

E((0)) + 2 /0 (14 ) E(u(s))ds + C(Mo(t))? /0 (14 8)Ep(v(s))ds
< o+ Eo(Mo(1))3.

From (53) we have
Mo(t) < Eo + Eo(Mo(t))?,

which means that M(t) is bounded in [0, 00). Therefore it holds from (53)
that

(14+1)*E(v(t)) + /0 (14 5)*(0v(s), Bxoyw(s)) < E.
Thus we get (48). O

Next assuming the decay estimate of div for 0 < i < p — 1, we show the
decay estimate of 9/'v. For the purpose, we need the following lemma:

Lemma 4.5. In addition to the assumption theorem 3.6, we assume that
Byvo + vy satisfies one of the (H1)'-(H3)'. Let 1 < < L — Ly and assume
that for any 0 < i < u—1 estimates (36) and (37) in theorem 4.1 hold. Then
there exists a constant Ey depending on \,vy and vy such that the global
solution v € X5 to (DW), satisfies

bo

&Gt + 2

p Ep_(0fv(t)) < Eg Y Epy(0fv(t))(1+1) 2071 (54)

v=1
if X\ and 0 in theorem 3.6 are chosen small enough.

Proof. From (18) in lemma 3.1 and the assumption of induction, it follows
that

Dy u(v(t)) = B}, (04 <ZE O v(0) B}, (0} ()))
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< 5Equ(3fv(t))+E£ (ZE (O "v(t) Ef_, (0} ()))
1 (=L 1 ?
< 25EL—M(8#v(t))+4—5( E; (07 "o(t)) E_V((?t”v(t))>
v=0
pn—1
< 2B, (O'0(t) + 4= Y Eug (O v(t) Ery (9 v(t))
v=0
Eo =
< 20EL (0 o(t) + Z—(SO D B (0T o) (1417
v=0
_ L MEO - —2(p—v)—1
= 20E; (0" ZEL,,av N(141) .

The above estimate and lemma 3.1 imply that

d o .
77 GLn(0() + 5 B (9 v(1)) (55)

2|| B| o b2 R?
: BB g, gt

Co
2 2|| B|| oo bR R?
AC + 5C+ | Bllocbo Er_ . (0"(t))
A Co

CE
-2 ZEL SOV (1)) (1 + )21

< ACEL@0Mv() + Sy () +

<

From (16), it follows that

2Bl R _ bo

Co 8"

Choosing A and 0 > 0 in theorem 3.6 sufficiently small enough if necessary,
we obtain

20C bo
AC + — < Z

From these estimates and (55), it holds that there exists a constant Ej such
that

d bo - v —2(u—v)—
EGL,M(U@)) + 3 —Ep_,(0f(t)) < Ey ;EL—y(atU(t))(l I e
This means (54). Hence we obtain lemma 4.5. O
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We complete to prove theorem 4.1. When ¢ = 0 we already proved (the-
orem 4.4), thus we assume 1 < u < L — Ly and for any 0 < i < p — 1 satisfy
theorem 4.1. The goal is to show (36) and (37) to i = p.

First we prove (36) for i = p. Lemma 4.5 yields that

d 2p+1
S+ DG () (56)

= @ D Cro0) + (14 % G ()

< @uA DA+ O*Gru(o(t) - (1+ t)Q““%OEL—u(@fv(t))

+Ey i Ep_ (00o(t)(1+ ).

v=1
Integrating (56) over [0, t], we get

(L4 0 (o(t) + %/ (L4 8P B (9Fo(s))ds (57)

< Guu(w0) + Gut 1) [ (148G os)ds

5y /0 (14 82 By (00(s))ds.

From (20) and (56), there exists a constant Ej depending on A, vy and v;
such that

(T+ 0> H[[or v ()3 + Er—u(8fv(t)} + /0 (14 ) EL_,(0'v(s))ds
< Eo+Eo/t(1+s)2“||6§‘v(s)|]§ds+Eo/t(l+t)2“EL_u(8t”v(s))ds
+Eo ) /0 (14 8)*E_,(8"v(s))ds. (58)

We estimate the right-side of (58). Using lemma 2.3 and (37) for i = p — 1,
we get

t
e sprares) s (59
0
Cy ' 20/ it L Ch ' 24 7 2
< 5N (1+s) (Otv(s),B,\ﬁtv(s»ds—i—F (1+ 5)*[|Voiv(s)|5ds
0 0
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CiEo 2_01 t(
DY A2,

1+ 8)*Ep_,(0f'v(s))ds.

From the assumption of induction, it follows that (36) for i = v with v < p—1
hold, which yields that

i/o (1+8)*Ep_,(0/v(s))ds < (u— 1)Ey. (60)
Using (58), (59) and (60), we obtain
L+ ) {0 v ()3 + Er—u(0/v(t))} + /0 (14 )" EL_u(0)v(s))ds

< Ey+ Ey /t(1 + 1) B, (0f'v(s))ds. (61)

We choose a constant ¢* such that 2E,(1 + ¢*)~! < 1 then we get
t
E / (14 )2 Ep_,(0v(s))ds (62)
0
t*
= EO/ (1+8)*Er_,.(0'v(s))ds
0

o / 1+ 5P ) B (0o(s))ds

*

Eq(1 +* 2p+1 1 t
o1 +#) sup Er_,(0fv(s)) + —/ (1+t)* T Ep_ . (0'v(s))ds.
2u+1 o<s<r 2 Jo

Eo(1 -+ t*)+!
o(1 +17) sup Er_,(0/v(s)) can include to E, because the con-
2p+1 0<s<t*

stant is depended on A, uy and ;. Therefore using (61) and (62), we get (36)
to 1= p.
Next we prove (37) to ¢ = u . For the solution v to (DW), holds that

4
dt
= 2u+2) 1+ )T E0M () + (1 + t)2“+2%E(afv(t))
(20 +2) (1 + )T B, (00 (t) — (146720 o(t), Bt o(t))
(14 )220 (1), 8 N, v] (1)

Now

(1+)*2E(0)v(t) }

IN

Using the above estimate and

(@ u(t), 0 Nlv, v](t)

25



I
A -
< Cllao@)s Y V)Hatvzv(t)l\oo!l@é‘ Vo(t)||2
v=0

=

< CE o) Y EL(@0o()EE (0 (1)),

<
[e=]

we obtain
C;i (L+ 1) T2E0f v (1)} + (1 + )220 o(t), B0 u(t))
< CA+ ) EL ,(8)v(t)) (63)
FO(1+ )2 E2 (9 ( ZE (O 0(1)).

Now we define
M, (t) = sup (1 + s)*T2E(0fv(s)).

0<s<t

Integrating (63) over [0,¢] and using (36) for i = v, we obtain

(1+1)* 2 E(0f v(1)) +/0 (1+ 572001 u(s), Badyu(s))ds  (64)

< @)+ 0 [ (14 B @)
*C/O (1+ 2B (0f0(s) Y B7_ (00v() Ef_,._, (@1 v(s))ds
< BOO) +C [ (1 9 B 0fu(s))ds + S ()

XZ{/(; +S2u+1E7u(au())dS
+/0 (1+ S)Q(MV)HEL(#V)@f_yv(s))ds}

From (64), we obtain

(L+ )2 B(0f (1)) + / (14 RO (s), B (s))ds (65)

D=

< Ey+ Eo(M,(1))
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Thus we have X
M, (t) < o+ Bo(M,(1))?,

It means that M,(t) is bounded in [0, c0). Thus it holds from (65) that
¢

(1+t)*2E(01(t)) + / (14 5)22(0F  u(s), BAO' M u(s))ds < E.
0

This means (37) for ¢ = p. This completes the proof of theorem 4.1. O

5 Proof of lemma 3.1

We prove lemma 3.1. First we prepare the estimates of the nonlinear term.

Lemma 5.1. (Estimates of the nonlinear term) Let Lo < L < L, 0 < p <
L — Ly. Then there exists a constant C > 0 such that for any T,d > 0,0 <
A <1 and the local solution v € X5 to (DW)y satisfy

Z N[O}V, 0V, 9](t) < CDy ,(v(t)), (66)

la|<L—p—1

> z( )@ o(0) MO T o710 < CDy (00, (07)

la|<L—p—

> (O (L), 04NV, Veul(t) < CDy L, (u(t), (68)

b+c=a
jalSL—p—1 brez

Z Z < > (0IV (1), O N[V, V| (t)) < CDy ,(v(t)) (69)
la|<L—p—1btc=a

and

Y (VO NIv,](t), [h; VOV u(t)]) <

la|]<L—p—1

where N and Dy ,, are defined by (11) and (19)

Dﬂ,u(v<t))7 (70)

> Q

Proof. First, we prove (66). Using lemma 2.1, we have

Z N[OI'V %, 8V, d,v](t)

la|<L—p—1

< O Y IVOEVH@)ll VOV ()2 V(t) |

la|<L—p—1
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< O ) IVOEVHR@)l VoV e(t) )0 )

||H[%]+2
la|<L—p—1
< CEZ ((0)EL (0o(t) L, (v(t))
< CB: (0r(t) Y Ei (@0(t)EZ, (08 u(t) = CDy,(0(t)).

Next, we prove (67). We remark that if lo| <L —p—1and 0 <v < p—1
then |a| + 1 < L — v — 1. Hence it follows that

> 3 (8)@rtven, vervr el

la|<L—p—1v=0

n—1 d
< C ) oV D Y Y 100ndy VI (0)8.01 0 (8))]2

|a\§iﬁufl v=0 j7k7l7m7n:1

< C Y otV
al

a|<L—p—1
n—1 d ‘
x> > {10000V (0)2l10n0) " (#)]|
v=0 j,k,l,m,n=1
H00y Vo (1)]12110:020% 0" (t) |0 }
1 Y 1
< CE;_ (9v(t)) {Eﬁ_y(@” v(t))EL, (0 o(t))

Il
=)

1%

n E%fy(&;’v(t))E%O((957”@(75))}

E: (o(t) B2, (0 v(t)) = CDy, (u(t)).

M=

< CEZ (9Fo(t))

Il
=)

1%

Next, we prove (68). For any |a| < L —pu—1, b+ c=a and b, c # 0 it hold
that

|0F N[V, Vol (D)l < €Y B2 (00 o () E2_ (9o(t)).  (71)

Because if |a]| < L — pu— 1, b+ c = a and b,c # 0 then we can decompose ¢
of the form: ¢ = ¢ +¢”, || = |¢|] — 1, |¢"| = 1. Then using lemma 2.1 and
lemma 2.2 we obtain

107 (010 V0" (£)0, V0™ (1)) 2
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I
C 1107 010, V" (1)L 0,V V vk (1)

<
v=0
< oZ{nv?a” ()l 72V 3 0(0)]
V2T o) 5| V20 0()] e}
<

w
C ZO {Hv2a;v(t)\|H[%]+l V205 950 (1)
VTG V20 O (0}

< cvaW DO (4], IV (D)

_(00(t)).

o=

< C Z EZ (9F " u(t)E
Similarly we obtain

18(0,, V0 0,0,V 0F) ||, < C’ZE (OFu(t) B2 (9Vv(t)).

v=0
Then we get (71). It follows from (71) that

> ) (@Vu(t), 0F N[V, VoI (1))

b+c=a
la|<L—p—1 Aps

< Y Y gV allor NIV e, Vel

b+c a
la|<L—p—1 jpiors

< CE (0 ZE (O u(1) BE_ (07 v(t)) = CDy (o(1).

Next, we prove (69). Using lemma 2.1 and lemma 2.2 we have

>y ( ) (81 (t), 9 N[V, Veul(t))
la|<L—p—1b+c=a

c DD /R dafvavia;‘al(amvbvﬂ‘anvcvk)dx

|a|<L—p—1b+e=a |i,j,k,l,mn=1

IN

=Cc > > / DOV 0 O (0 V0, V¥ )

|a|<L—p—1b+e=a |i,5,k,l,mn=1
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< C D) VUl

|a\<£ p—1

XZ{HV@“ ()|l VG 0 ()2 + IV VO 0() ]2l VO v (1) }

“w
< C O3 VATl IV 0]V VRO

la|<L—p—1

SN

< CE} (0 ZE (@ o(t) B2 (1) < CDy, (o(t)):

Finally, we prove (70).
> (VO N[, ], [h; VOIV))

la|<L—p—1

= > ()8“]\7 by, Ve, [h; VOV 0])

la|<L—p—1b+c=a

= > > ()6“]\7 b, V), [h; VOI'Vv])

b+c=a
la|<L—p—1 S

d d
>y NZ;ZZ / OB OO 00 PO, T
_1 /R4

|a| <L—p—14,3,k,l,m,n=1

— Z Z () (01 N[Vbv, V], [h; VOI'V0])

b+c=a
la|<L—p—1 s

d
2. 2. N

|a|§f,—/l 11]klmn—1

d p—1
XZ ( ) N(OmOy V07 0,0 " WP 0,01V v da
p=1 v=0
d
Z Z Nﬂﬁl OOt N v 0,07 ) WP 0,01V v da

= > Z (>8“N bv, Ve, [h; VOV ])

b+c=a
la|<L—p—1 Ao

d
ik
> 2 M
Ilmn
la|<L—p—11,3,k,l;mn=1
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d p—1
> (") /R 00,0V 0,0 VPO,V da

p=1 v=0 v
d d
DS N;;@ / OOl 0,0 P D, N
la| <L—p—1 irjok,d,m,n=1 —1 /R?

d d
-2 ) > N;,;’;Z /]R d OOl 01 0,0 WP 0,0,00'V *v'dx
=1

\a|<i—u—1 7;7j7k7l»m7n:1

= > Z()a“]\f by, Ve, [h; VOV ])

b+c=a
la|<L—p—1 Ao

d
+2 ) >N
|a| <L—p—114,3,k,l,m,n=1
d
>3
p=1 v=0

d d
> > N%Z / O DN 7 0, 0" O P D,V ' da:
]Rd

la|<L—p—114.4,klmn=1

d
- Z Z NIZ;ZZ/ OO N v 9,01V 0" O, vF WP dr

|Q|SL—M—1 i’j’kal7m7n:1

pn—1

( ) / Oy (0D V0 0,01 v*) WP, 01V i da

where we use (N1). For J, and Js, it follows from (23) that

| Ja|
d d p—1
<0 Y Y Y S 0V 0,0 9,0
|a|<L—p—114,4,k,l,;mn=1 p=1 v=0
d p—1
<0 N S S IV VO v o |7l 0,08 V0
‘a|§f/7“71 p=1 v=0
d p—1
+CS Y S IV el TR vl 7 e 08 T 0

la|<L—p—1 p=1 v=0

Q

SNo=

< CHhHooZE2 OV v(t) B, (08 v(t)) B _u(0r0(®) < D (o(?))
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and

d d
sl<C > S D 0m0tV I 00 0k 0,00V

la|<L—p—1i,jk,lmn=1 p=1

<C Y VOVl Vol Vhlwl VOV 02

la|<L—p—1
1 1 1 C
< OBL (@)} (0v() Bf, (o(1) < CD,(u(0) < Dy (0(0))
From (23) and (71), we get
nl<C > > {OENV Y, Veul, [h; VOV )|
lal<L—p—1 e
<C Y Y KONV, Ve[|l hll VO V0 5
la| <L—p—1 b+eZa
1 Lo 1 C
< CllhlloEz_, (08 v(t) Y B, (0F " v(t) Bz, (07 v(t)) < D, (v(t)).
v=0
From (71), we also have
d o
=] > >N / B, (O 01V 07 0,01V 0" ) D0 P da
la|<L—p—1ij.klmon=1 p=17/R?

d d
= > >N / OOl 01 0,01 "9,y (0, 0" hP ) da
p=1 Re

\a|§i—u—1 i)j’kylam’nzl

d d
¢ Z Z Z/ |0, 0LV 07 0,01V v 9,0, 0" hP | de
Rd

\a|§i—u—1 Z,],k,l,m,nil p:]-

d d
e Z Z Z/ |0, 01N 07 0,01V “v' 9, 0" O, hP |de
Rd

la|<L—p—11,5,kl,mn=1 p=1

<C Y varvela|Vorv ulls (IV*ulleollBllee + [IV0llocl | Vo)

la|<L—p—1

1
< 1+- | E
_C<+)\)

Hence we obtain (70), which completes the proof of lemma 5.1. O]

1

(@) R (9(0) Bz, (v(t)) <

S

> Q

Dz (v()).
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Because of dissipation effect (B2),, we are expected to decrease the en-
ergy in |x| > 1. Next lemma corresponds to this phenomenon.

Lemma 5.2. Let Lo < L < L,0 <y < L—Ly. Then there exists a constant
C > 0 such that for any T,0 > 0, 0 < A <1 and the local solution v € Xsr

to (DW), satisfy

SR )+ Y @R, BTV R) (1)

la|]<L—p—1

C>\2Ei,u(8fv(t)) + CDL”(U(t))

IA

and

% > {<8é‘V“v<t),8é‘+lvav(t)>+%<a¢vav<t),3@5vav(t)>}

la|<L—p—1
— > v+ Y VoVt (73)
la|<L—p—1 la|<L—-p—1

< OAQEE_“(E)fv(t)) + CDZ#(U(t)).

Proof. Let Ly < L < L and 0 < p < L — Ly. First we show (72). We
calculate

d - d d -
= — HUx7a uxra mra
B () = Z BV () + Z NIV, 0V 0, v](8).
la|<L-—p—1 la|<L—p—1
) (74)
For the second terms of (74), for any |a| < L — u — 1, we need the following

equality:
(P, OF N[V, v]) (75)

pn—1
= <a£u+lva’l}, N[&#V“’U’ UD —+ Z (5) <8tu+lvav’ N[a:vav7 aéu_VUD
v=0
d

-y N / T 0y (D V0 Oy
R4

Imn
i,7,k,l,m,n=1

pn—1
+> (5) (0PI, N[0YV 0, 01" v))
v=0

d
= - > NZ / 9,0 9,,0! Vo 9,0  d:
R4

Imn
i,7,k,l,m,n=1
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_|_
5

14

(1) o9 vloy v oot

Il
o

N = x
S

d
5 ngm/ 0,0V ' 0,,01'V I 0 v  da
i,7,k,l,m,n=1 Re

d

Imn

L1
2

(]

Nj* / 9,019,817 8,0  da
Rd

i,5,k,l,m,n=1

pn—1
3 (1) 09, Norve, o)
v=0

N[OV v, 01V v, Oyv]

~ 1
———N][0)'V,0;'V v, v] + B

= NI
Lea

14

+ (“ ) (1'%, N[0V V%, 91 v)]),

o

v=

where we use (N1). To handle the first terms of (74), we apply 9,'V* to
(DW),. We get

oIV — NIV Y + VBT = Y <a> O N[V'v, V], (76)

b
b+c=a
which yields that
d oa
> —EB0IV™) (77)

la|<L—p—1

= = > (T, VB Y))
la|<L—p—1

b Y (e gt v,

la|<L—p—1b+c=a

Combining (74), (75), (77) and lemma 5.1, we get

d d -
= Y SE@VY+ Y NIV, 0V 0, 0]

la|<L—p—1 la|<L—p—1
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+ Y ¥ (Z) (01 V%, O N[V, Veu))

=2 ) (AT, 0NV )+ Y N[OV, 0V, O]

la|<L—p—1 la|<L—p—1
p—1
42 B (orttvay, N7V, 9~ o))
v t
la|<L—p—1v=0
= — > (T, VY(BOTY))

la|<L—p—1

FY X ()@ v

la SL—p—1 bre=a

b,c#0
+ ) N[OV, 0V, 0]
la|<L—p—1
p—1 "
+2 ) Z(V><af+1vav,N[a;vav,af—”v}>

IN
|
(]

oLV, V(B ) + CDp . (v).

Since for A < 1, we have

— D (AT, VB ))
la|<L—p—1
= — Y (Y, BTV M)

la|]<L—p—1

- 2 Z(Z)<8#“V“v,VbBA<x>6é‘“va-”v>

la|]<L—p—1 b<Se

=
< = Y @V, BT V)
la|<L—p—1
+C Y D IV BAllsllOr T Vo]0V
jal<L-p-1 s
< - Z (Y0, ByOEIV ) + ONE;_, (91').

la|<L—p—1

Thus we obtain (72).
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Next we prove (73). Using (76) and lemma 5.1 (69), we have

d 1
- > <afvav,af+1vav>+§ > {9V, BV ) o(79)

la|]<L—p—1 la| <L—p—1
= Y {lorTIV 3 + (0, 0V ) + (9 Ve, By V) )
la|<L—p—1

Yo VIR - Y IVarvel;

la|<L—p—1 la|<L—p—1

-y <Z> 01V, VP B\ V) + CDr ().
b<a
b#0

IN

For A <1, we have

> Z( >\ (8%, VP B O V)|

la|<L—p—1 b<“

= > Z( ) (01, VP BT v ty)]

1<la|<L—p—1 b<a

IN

DS ( )||V”BAI|OOHﬁé‘V“vle@é‘“V“vaz < NCE;_,(0l),

1<la|<L—p—1 b<a

which yields (73) from (79). This completes the proof of lemma 5.2. O

We can’t expect the effect of dissipation in |z| < £ since By (z) may not
strictly positive. So we use the local energy decay property in (DW),. We
lead the estimate which corresponding this property by using the argument
of Nakao[11] and Ikehatal[5].

Lemma 5.3. Let Ly < L < L, 0 < n < L — Ly. Then there ezists a
constant C' > 0 such that for any K,T,0 > 0, 0 < A < 1 and the local
solution v € X5 to (DW)y satisfy

d 1 a L a
| Z 1<a#+ Veu(t), [h; Vo Voo 1)) (80)
" Z / {d¢+|x|¢ } ’awlva (t, m)‘ dx

la|<L—p—1
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D N R R (AR

) 2
la|<L—p—1
., C
< ACEL,(9fv(D) + 5D, (v(t))
K ) ) 2|| B|| sob2 R
D R e
a|<L—p—

where ¢ = ¢(|x]), h are defined by (17).

Proof. Let |a| < L—pu—1. We apply 9/'V to (DW), and take inner product
the equation by [h; VO,'V*] we obtain

(012, [h; VOV ™)) — (ADFV, [h; VOI'V]) (81)
+(VA( By 0), [h; VOIVW]) = (0FVN v, 0], [h; VOIVW]).

Noting (81),

(012, [h; VOV )

d d
d .
= OV, [ VOV ) =Y > | otvethioort v ikde
k=1 i=1 /R?
d 1 d d
RSN ENCARIEED IS / 0,01V PR d
k=1 i—=1 Y R?
d 1
= — (VW [h; VOV + = [ 0TV P divhda
dt 2 Rd

and

— (AGV(t), [h; VIV u(t)])
d
= [ VoIVt V(00! V b )dx
ik=1Y/R?
d d
— Z VoIVt . Vhioorvavkde + Z / Vo'Vt . vo,0 vt hide
ikh=1 Y/ R? ih—=17 R

d d
. 1 )
= E / @afvavkajh@iafvavkdx + 5 E / @-|V€9fvavk|2md$
R4 i k=1 R4

i7j7k:1

d
: 1
— Z / 0,01 V* 0, 0,0!'V vrdr — = | |V A divhda,
Rd 2 Rd

1,5,k=1
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we obtain
d

1
(O, [hy VIV ]) + 5 / 0TV o Pdivhda (82)
dt 2 R4

d
1 .
—5 / VoIV |*divhdx + Z 0,;0!'NV v*0,h'0,0!'V vF da
R4 ijh=1YR?
= —(VUB\"), [h; VOIV)) + (0FVN v, ], [h; VO V).
Now we remark that it holds that
0h1 X

e di;¢(|z]) + ¢'(lzl) ™ (83)
and
divh(z) = dg(|z]) + |z]¢(Jz]) (z € RY). (84)
Furthermore using ¢'(r) < 0 we get
d
> / ;01" “u* 919,01V vk d
ij k=17 R?
d d .
-y / DOV popov e+ Y | 00Vt g orvetdo
j k=17 R? i4,k=1 R4 |l’|
a 1
- / VOV o Ppdr + Y / lz - VOIVOr 2~ dz
R? o J Rd ||
> [ {0+ el vorvepas.
Rd
This estimate and (82) imply that
i(@f“vav, [h; VOI'V)) + / (¢ + [21¢) 0P V)2 da
dt R4 2
d /
+ /Rd {(b + |z|¢' — ng—T\xkb} VoIV | dax (85)

< (BT, [hy VOV u(t)])
_ Z (Z) <VbB,\8£“+1va_b'U, [h, Vafvavb + (8#V“N[v, ’U], [h, V@fvav])

b<a
b#£0

Let estimate for the right side of (85). First, since B, is a nonnegative
symmetric matrix, there exists a nonnegative symmetric matrix Sy such that
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S3 = Bx. Using (B3), and (23), for any |a| < L —p—1 and K > 0 we
obtain

(BrO TV, [hy VOV 0)) |

(AT, S\[h; VOV )|

K 1
< ZHS@‘“V“UH% + 2 lISAA; Vorvel|;
K 1
= Z(@;‘“vau, B\ V) + = ([0 VOV o], Bylh VO Vo)
K 1
< Z@é‘“V“U,Bx@é‘“V“w+EHBAHoloHiOHV@#V“vH%
K Bl b2 R?
< <a““va BA8§‘+1V%>+H’L\—KORHV8§‘V%H§.
So it holds that
— ) (BT, [h VYV OL)) (86)
la|<L—p—1
K . 2| B||sob2R?
< Z Z@“*lv v, ByOI'T V) + HQ—KOELH@%).
la|<L—p—1
Second, using (B3), and , for A <1 we have
<b) (VPBO' Vb, [h; VOI'V)) (87)
\a|<L u—1 Z;g
d
< <b> Z vb (BA)i 0l TV 0,01V v da
‘a|<L n—1 Z;g i,5,k=1
d
- <b) > IV Ballsc 070 o[ |09 0f '
\a|<L pu—1 Z;S 1,5,k=1

< )\CEE,H(Q“/M )
We already got the estimate of (0}'V*Nlv,v], [h; VO,'V%]) in lemma 5.1.
Combining estimates (85), (86), (87) and (70), we get (80). This completes
the proof of lemma 5.3. n
Proof of lemma 3.1

Let K = 2. Calculating K x (72) + @ x (73) 4 (80) we get

d a a
S GLu(v) + > {K(0FV 0, B[t V) (88)

la|<L—p—1
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bo(2d — 1
0= Doy + |

Rd

bo(2d — 1) ;o do+|xl¢f poa
+ Z /Rd (OT+¢—I—|$|¢ ——) VoIV | da

/
d¢ +2|x|¢ |8f+lvav|2dx}

. 2
la|<L—p—1
X2bo(2d — 1 bo(2d—1) 1
< C()\zK + % + )\)Ei_u(aﬁ)) + C(K + ¥ + X)DLM(U)
K . . 2| B| oo b2 R2
+ Z (01, B! V() + U—KOEZ_M(&{%}).
la|<L-p—1
From (17), it holds that
R (r<%)
0= L, (3 (#)
Using (B2),, (89), K > % and ¢ > 0, we obtain
2d — 1
K@, Bap o) - 2D oty (90)
/
w [ o
Rd 2
2d—1) db
> gwﬁlvav, Byol ') + / (——bo( Ci ) + 70) 0P V2 d
jal<

R
MoK by(2d — 1 d—1
+/|| R( ; — of 1 )+ 5 ¢)|8§‘+1V“v|2dx
IZy

K b
> SOV, BT V) + Zllof T V()3

for any |a| < L — pu — 1. Since we have

/ (bo(2<i— D 6+ |z|o — CM“FTW) VoIV dr (91)
Rd

— db
= / bo(2d — 1) + by — _0) VoIVl da
|z|< 4 2

+/ (bo(zd —1) B (d—1) bOR> VOV
z>2

4 2 Az
bo(2d — 1)  bo(d—1) a2
( 1 5 Vo'V u|*dx

> 20 VOV + /

|| > £

b
> IVorvels
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The estimates (88), (90) and (91) imply

d K b
ZCL )+ DD SOV, BTV )+ DB, (0f)
la|<L—p—1
A2bo(2d — 1 bo(2d—1) 1
< C(NK + Aho(2d 1) N E;_, (') + C(K + ¥ + ) Di,u(v)
K 2|| Bl b2 R?
T D> (AT, BTV ) + HL\%EL_M(&{%). (92)
la|<L—-p—1

Finally using A < 1, K = ¢ and (9/""'V(t), B0/ ' Vou(t)) > 0, we get
(18), which completes the proof of lemma 3.1. O

Acknowledgement

The author is deeply grateful to Mishio Kawashita for constructive comments
and warm encouragement.

References

1]

2]

R. Agemi, Global existence of nonlinear elastic waves, Invent. Math. 142 (2000),
225-250.

Ruy C. Charao, Ryo Ikehata, Decay of solutions for a semilinear system of elastic
waves in an exterior domain with damping near infinity, Nonlinear Anal. 67 (2007),
no. 2, 398-429.

P. M. N. Dharmawardane, T.Nakamura and S.Kawashima, Global solutions to quasi-
linear hyperbolic systems of viscoelasticity, Kyoto J. Math., 51 (2011) , no. 2 ,467-483.

D. Gilbarg, N. Trudinger, Elliptic Partial Differential Equations of Second Order,
2nd ed., Springer, New York, 1983

R. Ikehata, Fast decay of solutions for linear wave equations with dissipation localized
near infinity in an exterior domain, J. Differential Equations 188 (2003), 390-405.

F. John, Blow-up for quasilinear wave equations in three space dimensions, Comm.
Pure Appl. Math. 34 (1981), no. 1, 29-51.

S. Kawashima, M.Nakao and K. Ono, On the decay property of solutions to the
Cauchy problem of the semilinear wave equation with a dissipative term, J. Math.
Soc. Japan 47 (1995), no. 4, 617-653.

S. Klainerman, The null condition and global existence to nonlinear wave equations,
Lectures in Applied Math., 23 (1986), 293-326.

A. Matsumura, On the Asymptotic Behavior of Solutions of Semi-linear Wave Equa-
tions, Publ. RIMS, Kyoto Univ.12 (1976), 169-189.

41



[10]

[11]

[12]

A. Matsumura. Global existence and asymptotics of the solutions of the second-
order quasilinear hyperbolic equations with the first-order dissipation, Publ. Res.
Inst. Math. Sci. 13 (1977/78), no. 2, 349-379.

M. Nakao, Energy decay for the linear and semilinear wave equations in exterior
domains with some localized dissipations, Math. Z. 238 (2001), no. 4, 781-797.

M. Nakao, On global smooth solutions to the initial-boundary value problem for
quasilinear wave equations in exterior domains, J. Math. Soc. Japan 55, (2003), no.
3, 765-795

R. Racke, Nonhomogeneous nonlinear damped wave equations in unbounded domains,
Math. Methods Appl. Sci. 13 (1990), no. 6, 481-491.

T. Sideris, Nonresonance and global existence of prestressed nonlinear elastic waves,
Ann. of Math. (2), 151 (2000), 849-874.

T. Tao, Nonlinear Dispersive equations, Local and Global Analysis, CBMS Regional-
Conference Series in Mathematics. Providence, RI: AMS, 2006.

M. E. Taylor, Partial Differential Equations III: Nonlinear FEquations, 2nd Ed.,
Springer, 2010.

42



