Structural topology optimization with strength and heat
conduction constraints

Akihiro Takezawa®*, Gil Ho Yoon”, Seung Hyun Jeong®, Makoto Kobashi¢,
Mitsuru Kitamura®

@ Division of Mechanical Systems and Applied Mechanics, Institute of Engineering,
Hiroshima University, 1-4-1 Kagamiyama, Higashi-Hiroshima, Hiroshima, Japan
bSchool of Mechanical Engineering, Hanyang University, 222 Wangsimni-ro,
Seongdong-gu, Seoul, Korea
¢Graduate School of Mechanical Engineering, Hanyang University, 222 Wangsimni-ro,
Seongdong-gu, Seoul, Korea
4 Department of Materials Engineering, Graduate School of Engineering, Nagoya
University, Furo-cho, Chikusa-ku, Nagoya, Japan

Abstract

In this research, a topology optimization with constraints of structural strength
and thermal conductivity is proposed. The coupled static linear elastic and
heat conduction equations of state are considered. The optimization problem
was formulated; viz., minimizing the volume under the constraints of p-norm
stress and thermal compliance introducing the gp-relaxation method to avoid
the singularity of stress-constraint topology optimization. The proposed op-
timization methodology is implemented employing the commonly used solid
isotropic material with penalization (SIMP) method of topology optimiza-

tion. The density function is updated using sequential linear programming
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(SLP) in the early stage of optimization. In the latter stage of optimization,
the phase field method is employed to update the density function and obtain
clear optimal shapes without intermediate densities. Numerical examples are
provided to illustrate the validity and utility of the proposed methodology.
Through these numerical studies, the dependency of the optima to the target
temperature range due to the thermal expansion is confirmed. The issue of
stress concentration due to the thermal expansion problem in the use of the
structure in a wide temperature range is also clarified, and resolved by intro-
ducing a multi-stress constraint corresponding to several thermal conditions.
Keywords: Topology optimization, Stress constraints, Heat conduction,

Thermal expansion, Sensitivity analysis

1. Introduction

Static strength and heat conduction are two important issues in the design
of mechanical structures. When strength is insufficient to support an applied
load, a structure can suffer serious damage or break completely in the worst
case. When heat conduction is insufficient for heat to dissipate from a certain
heat source, the temperature may increase until there is injury to users or
damage to surrounding devices. These criteria must sometimes be discussed
together for one mechanical part. For example, automotive engine blocks
are a typical structure requiring (1) strength supporting the load generated
by an explosion and loads from mechanical movements of the internal and
external parts and (2) heat conduction to release heat from an explosion to
the air for the sake of efficient running. On the other hand, recent small

electric devices containing central processing units, which can be a serious



heat source, have similar requirements. Because of the limited space of such
a device, the shell must perform the structural role of supporting the electric
part from external loads and the role of a heat sink to release heat generated
by the central processing unit into the open air simultaneously. Moreover,
the two performance criteria are closely related through the phenomenon of
thermal expansion.

Recently, topology optimization (TO) [1, 2] has greatly assisted the de-
velopment of novel mechanical structures because it enables fundamental
shape optimization even for a complicated physical problem in topology.
The strength of a structure is usually evaluated as a nominal stress that
must not exceed a certain limit. To prevent these failures, a practical engi-
neering approach is to calculate the nominal stress values of a structure of
interest employing the finite element method (FEM) and to confine them to
a certain maximum value by changing the geometry or the material of the
structure.

Constructing a TO that minimizes volume subject to stress constraints
has been regarded as a very difficult problem for many reasons, includ-
ing the singularity issue and the local behavior of the stress constraints
3, 4,5,6,7, 89, 10, 11, 12, 13, 14, 15, 16]. First, according to previous
research, discontinuities arise when a design variable of the solid isotropic
material with penalization (SIMP) method converges to zero to simulate
non-structural regions (“void” regions). When the design variables of some
finite elements converge to zero, the stresses of the corresponding elements
converge to finite values. If the stress of these elements reaches the specified

stress limit, the elements will remain as a structural member to satisfy the



stress constraint. From a structural point of view, however, the stress values
of the finite elements simulating the non-structural regions should be zero;
i.e., no structure and no stress. Thus, the global optima can be obtained
only by eliminating such elements. A local optimal topology with members
violating the stress constraint is called a singular optimum. Such singularity
of optima in TO was first observed by Sved and Ginos [17] using a sim-
ple three-bar truss example under multiple loading conditions. Cheng and
Jiang [18] then determined that the fundamental reason for this observation
were the discontinuities of the stress constraints at the zero cross-sectional
area. There have been many solutions and relaxation methods proposed to
avoid singular optima and obtain a global optimum numerically such as the
epsilon relaxation method [4, 5], the gp-relaxation method [7, 8], and the
relaxed stress indicator method [10]. Introducing TO methodology without
intermediate density like the level-set method or evolutionary TO is also an
effective way to avoid singular optima [6, 11].

Second, as the nominal stress values of all finite elements of interest must
be constrained, from a computational point of view there are too many con-
straints to efficiently solve the optimization problem with a dual optimizer.
As the computational cost for sensitivity analysis and sub-optimization in-
creases, one must resort to approximation methods and other remedies. One
such method is the constraint selection method, which selects only active
stress constraints and calculates their sensitivity values. Recently, methods
of representing a stress measure (sometimes called a global stress measure)
have been proposed [9, 10, 14, 16]. In these approximation methods, rather

than considering all the constraints, one or several global constraint func-



tions indirectly reflecting the behaviors and effects of the locally defined
stress constraints are used. As only some constraint values and the corre-
sponding sensitivity values are calculated, it becomes important to choose an
appropriate form for the approximated global stress measure. Until now, the
proposals have been the p-norm approach or the Kreisselmeier—Steinhauser
(KS) approach [9, 10], a global stress measure based on boundary curvatures
[14] and a global stress measure based on stress gradients [14, 16]. More-
over, the stress criterion represented as a functional over the whole domain
is useful for sensitivity analysis using the adjoint method [19].

On the other hand, the heat conduction optimization problem has been
handled from the early age of TO as a benchmark problem [2, 20, 21]. Steady-
state heat conduction problems are the most basic problems [22, 23, 24, 25].
Starting with them, further research handling more practical engineering
problems such as the multi-loading problem [26] or heat dissipation on a
surface [27] were proposed. Incidentally, thermal optimization problems were
actively researched also for the heat conduction problem (e.g., [28, 29]).

Structural and thermal problems are closely related through the phe-
nomenon of thermal expansion. TO is greatly helpful for this kind of mul-
tiphysics problem because the design difficulty comes from the mechanical
complexity. In previous studies, the structural stiffness or strength was opti-
mized under various thermal conditions, such as stiffness maximization under
fixed temperature [30, 31, 32], stress minimization under a design-dependent
temperature field [33] and compliance minimization [34, 35]. As the latest ex-
ample, stress-constrained optimization under fixed temperature was proposed

by Deaton and Grandhi [36]. In the context of multi-objective optimization,



optimization for uniform stress and heat flux distributions [37] and maxi-
mization of both stiffness and heat conduction [38] have been studied. Note
that the structural and thermal coupling problem was actively discussed also
for the optimal design of a thermal actuator (e.g., [39, 40]). However, despite
the large quantity of existing research, stress-constrained optimization un-
der a design-dependent temperature field considering the thermal expansion
effect remains an open problem.

In this research, according to the practical requirement of the mechani-
cal structure mentioned first, TO under strength and thermal conductivity
constraints was constructed. As the strength and heat conductivity criteria,
p-norm and thermal compliance were introduced respectively in handling
the stress-constrained optimization in a design-dependent temperature field.
This work is organized as follows. The coupled static linear elastic and heat
conduction equations of state are first considered. The proposed methodol-
ogy is implemented employing the commonly used SIMP method of TO. The
relationship between the physical properties of the material and the density
function is defined and the sensitivity of the objective function with respect
to the density function is calculated. The gp-relaxation method that avoids
the singularity of the stress constraint is then introduced. The optimization
problem is then formulated; viz., minimizing the volume under the p-norm
von Mises stress and thermal compliance constraints. The density function is
updated using sequential linear programming (SLP) in the early stage of the
optimization. In the latter stage of the optimization, the phase field method
(PFM) [15, 41] updates the density function to obtain clear optimal shapes

without intermediate densities. We provide numerical examples to illustrate



the validity and utility of the proposed methodology.

2. Formulation

2.1. Equations of state

Initially we consider the equations of state pertaining to the linear elastic
problem including the thermal expansion effect and heat conduction problem.
Let us consider a linear elastic domain () with fixed displacement boundary
I',o and fixed temperature boundary I'rg, where there are surface force t
and surface heat flux h at the boundaries I'y and I'y, shown in Fig. 1. Other
boundaries are traction free and thermal insulation. Ignoring time-dependent
effects, only the equilibrium state is considered, and all materials are assumed
to be isotropic. The basic equations of state for structural and thermal

conduction are

~V.o(u) =0, (1)

u =0 on Iy, (2)
—V - (kVT) =0, (3)
T =T, on Ty, (4)

where u is a displacement vector, o is a stress tensor, T' is temperature, T
is the prescribed temperature on I'yg and k is heat conductivity.

In the thermoelastic phenomenon, o is coupled by the equations

oc=Cle—ew), (5)



where

e =5 {Vut(Vu)}, (6)

€th(T> = 7(T - Tref)6; (7>

where € is a strain tensor, &, is a thermal strain tensor, C is an elastic
tensor, v is a thermal expansion coefficient, T, is a reference temperature
of thermal expansion, and & is Kronecker’s delta. We reformulate Eqgs. (1)

and (3) to their weak form to solve them by FEM:

a(u, 1) = o(T, 1) + I;(@), for u € V(Q), Ya € V(Q) (8)
b(T,T)=1,(T), for T € H'(Q), VT € Hy(Q) (9)

where
V={ve H Q)" |v=0o0nTy} (10)
a(u,u) = Qz‘s(u)Ce(ﬁ)dx (11)
(T, @) = /Q ean(T)Ce(@)dz, (12)
(@) = /F tiids, (13)
€th(T) = "}/(T - Tref)(sv (14)
b(T,T) = / VT . VTdz, (15)

Q

In(T) = /F nTds, (16)

where € is the analysis domain, ~ indicates a test function, t is a surface force

vector on the boundary I'y, h is surface heat flux on the boundary I',, V(Q2)



is a space of admissible displacements, H'(Q) is a Sobolev space, H}(Q) is
the sub space of functions of H'({2) that are zero on I'rg, N is the space
dimension and T, is the reference temperature of thermal expansion.

By considering the Direcret boundary conditions in Egs. (2) and (4), Egs.
(8) and (9) can be solved with respect to state variable u and 7. Note that
the coupling only exists in the structural equation in Eq. (8). Thus, there
is weak coupling and a definite solution can be obtained by solving Egs. (8)

and (9) separately in sequence.

Figure 1 is about here.

2.2. Topology optimization

The TO method is used to optimize the geometry of the domain 2, be-
cause this method can perform fundamental optimizations over arbitrary
domains including shape and topology; viz., the number of holes. The fun-
damental idea is to introduce a fixed, extended design domain D that includes

a priori the optimal shape (2, and the use of the characteristic function

1 if X € Qopt
x(x) = (17)
0 if x ebD \ Qopt

Using this function, the original design problem of €2 is replaced by a material
distribution problem incorporating a physical property, x4, in the extended
design domain D, where A is an arbitrary physical property of the original

material of €2. Unfortunately, the optimization problem does not have any



optimal solutions [21]. A homogenization method is used to relax the solu-
tion space [1, 21]. In this way, the original material distribution optimization
problem with respect to the characteristic function is replaced by an opti-
mization problem of the “composite” consisting of the original material and a
material with very low physical properties (e.g., Young’s modulus or thermal
conductivity), mimicking voids with respect to the density function. This
density function represents the volume fraction of the original material and
can be regarded as a weak limit of the characteristic function. In the op-
timization problem, the relationship between the material properties of the
composite and the density function must be defined. The most popular ap-
proach, which sets a penalized proportional material property [42, 43], is the
SIMP method. In this paper, employing the concept of the SIMP method,
the relationships between the three material properties of the composite used
in thermoelectric analysis (i.e., Young’s modulus F and thermal conductiv-
ity k) and the density function are set according to a simple equation with

the penalized material density:

E* = p"P E,, (18)
k* = pPk,, (19)

with
0<px) <1, xe, (20)

*

where the superscript suffix * signifies that the material property relates
to the composite, the subscript suffix , signifies that the material property
relates to the original material, and pg and p; are positive penalization pa-

rameters.
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Note that the thermal expansion coefficient v is also a physical property
that can be determined by the density function p. However, if we set v as
the function of p, thermal expansion in Eq. (7) is affected by the density
function doubly from the heat conduction effect and thermal expansion and
the optimization problem becomes more complex. To avoid this, we set v as

a fixed coefficient independent of p as done in [39, 40].

2.3. gqp-relazation method for the singularity issue

In this research, we introduce the von Mises stress oyy as the stress

criterion formulated as

1
5{(09696 - Uyy)Q + (Uyy - 022)2 + (022 — 0:(:9[:)2

+ 3(2a§y + 2052 + 202 )}

A fundamental issue of the stress-constrained volume minimization TO of
continua is the so-called “singularity phenomenon” [4, 5, 44]. This comes
from the discontinuous nature of the stress when the density function tends
to zero, which corresponds to voids. Although the stress constraint becomes
meaningless in the void in principle, numerical optimization algorithms can-
not reach this point because the stress constraint might be violated as the
density function is reduced. Thus, the stress constraint becomes discontinu-
ous at zero density.

To resolve this issue, some methodologies relaxing the discontinuity, such
as the epsilon relaxation method [4, 5] and the gp-relaxation method [7, 8],
have been proposed. We introduced the gp-relaxation method in this research

to resolve the singularity issue. In this methodology, the stress constraint is
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formulated as
ovm — Ploatow < 0, (22)

where

q < pE, (23)

and ¢ is a positive parameter and o,y is the allowable stress. According to
this formula, the stress constraint can be kept feasible as the density function

tends to zero. That is, the stress constraint vanishes in the void region.

2.4. Global stress criterion

When considering the structural optimization problem of ensuring the
maximum stress is lower than the specified allowable stress with a minimum
volume or weight, the straight-forward formulation is the minimization of the
volume under the maximum-stress constraint. In this case, the maximum-
stress location can jump to a different place during the optimization. That
is, the constraint can be discontinuous through the optimization process and
the convergence of the optimization problem could seriously be worse. To
prevent this issue from arising, we introduced the so-called p-norm global
stress criterion or KS approach [9, 10] which was used in our previous study

[15]. In this approach, the stress criterion is formulated as

et ={ [ <UVM>pdx}’1’ , (24

where p is the stress norm parameter. As the parameter p — oo, (opn)
approaches max(ovy), and as the parameter p — 1, (opn) approaches “Av-

erage value of oyyr X Volume of Q7. If a large value was set for the parameter

12



p, an efficient optimization would be achieved since the approximated stress
constraint approaches the original maximum stress constraint. However, the
smoothness of the function is reduced by the large p, and more iterations
are needed until convergence than in the case of small p. The relationship
among the parameter p, solution quality and convergency is clearly presented
in [10]. An appropriate value of p must set under the trade-off relationship
between solution quality and convergency.

Finally, including the gp-relaxation form of the stress constraint in Eq.

(22), the stress constraint introduced in this research is formulated:

) e

When the parameter p is not sufficiently large, there is a difference between

the p-norm stress (opy) and the maximum stress. Thus, the optimal struc-
ture obtained under the constraint in Eq. (25) might not have maximum
stress close to the allowable stress. In the case that the p-norm stress is
lower than the maximum value, the resulting structure must have maximum
stress exceeding the allowable stress and the structure is thus not sufficiently
strong. In the case that the p-norm stress is higher than the maximum value,
the resulting structure must have maximum stress less than the allowable
stress and the structure thus has excess volume [10]. However, it is difficult
to set a high value of p because it reduces the convergence performance. To
overcome this problem and obtain a structure with a small stress difference
between the p-norm and maximum stress while maintaining convergency, the

allowable stress is relaxed by introducing the coefficient w calculated in each
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iteration [10]:

w(opn) —1 <0, (26)
where
) . max O_iterfl ] )
wlter _ Qiter < (>Xi\£[1) + (1 _ Blter)wlter—l’ (27)
OPN

iter

and the superscript suffix ' represents the value in the current optimization

iter

iteration and [ is a parameter that controls the variation between w™" and

wlter— 1 )

2.5. Optimization problem
In addition to the above stress criterion, a thermal compliance [25] that
is formulated as the boundary integration of the product of the surface heat

flux and the temperature is introduced as a constraint for heat conduction:

= / hTds. (28)

Ty
Because the heat flux h is the fixed value, the thermal compliance can be sub-
stantially used as the criterion of the average temperature of the boundary.
We formulate the optimization problem as a volume minimization problem

under the stress and heat conduction constraints:
minimize V' (p) = / pdx, (29)
Q
subject to

Egs. (25) and (26)

<1 (30)
Callow
0<p<l, (31)

14



where cap0w is the allowable thermal compliance.

The advantages of including strength and thermal performance measures
as constraints are the elimination of pathological structures with densities
too low to meet the criteria of the design space [11] and the similarity with

actual design problems.

2.6. Sensitivity analysis

To perform optimizations, we used the SLP technique, which requires
first-order sensitivity analysis of the objective function and constraints with
respect to the design variable p. Since the derivation is lengthy, only the
results are shown here and the detailed derivation is presented in the Ap-
pendix.

The adjoint variables r and s are introduced to evaluate the sensitivity
of the constraints, which depends on the two state variables u and 7. The

sensitivity of the stress p-norm in Eq. (25) with respect to p is

1oy {oen)
(opn) (p) = pg(p) f(p), (32)

where

o) = | (pfg :Tfow)pda (33)

F(p) = o (”V—M) T (W) C(B)elr) — en(T)C(B)e(r) — K (p)VT - Vs,

O allow
(34)
and adjoint variables r and s satisfy the adjoint equations
P
/ P ("VM) TN e (@) dz — a1 = 0, (35)
Q quVM Omax oo

_ /Q p (UVM)p(%ZMDsth(T)dx—a(T,r)+A(q,T) =0,  (36)

quVM O max a

15



where

T
oy |20, —0y—0, 20— 0, —0, 20, — 0, — 0y 304y 30, 30

)

do 20vm 20vm 20vm OvM OVM OvM
(37)
and D is the elastic coefficient tensor.
On the other hand, the sensitivity analysis of the thermal compliance ¢, is
a self-adjoint problem. Thus, the sensitivity is calculated without introducing
an adjoint variable:

ch(p) = =K' (p)VT - VT. (38)

3. Numerical Implementation

3.1. Algorithm

The optimization is performed using an algorithm incorporating the sen-
sitivity calculation and updating the design variable with SLP and the PFM
[15, 41]. SLP is used in the early stage of optimization with the so-called
density filter [45]. The PFM is used in the latter stage of optimization to ob-
tain clear optimal shapes without intermediate densities. The optimization

algorithm is presented in Fig. 2.

Figure 2 is about here.

3.2. Phase field method for shape optimization
The PFM for shape optimization [15, 41], which is used in the latter stage
of the optimization procedure, is outlined. The method uses the identical do-

main representation and sensitivity analysis as the density function with the
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SIMP-based TO. In contrast to the ordinary SIMP method, in which the de-
sign variable is updated employing gradient-based optimization, the density
function is updated by solving the so-called Allen-Cahn partial differential
equation in the PFM:

dp

i kV2p — P'(p), (39)
with
P(p) = i@(p) +nR(p), (40)
Qp) = p*(1—p?), (41)
R(p) = p’(6p* — 15p + 10), (42)

where ¢ is the artificial time corresponding to the step size of the design
variable, P is the asymmetric double-well potential sketched in Figure 3, and
7 is a positive variable. Note that P has two minima, at 0 and 1. Because
of coupling between the diffusion and reaction terms in Equation (39), the
density function p is divided into several domains corresponding to the value
0 or 1. The so-called phase field interface corresponding to the intermediate
values 0 < p < 1 exists between these domains. The interface moves in the
normal direction according to the shape of the double-well potential. That is,
the interface evolves in the direction of the lower minimum of the potential.

Owing to the mutual effects of the double-well potential and the diffu-
sion term, the intermediate density of the optimal configuration is forced to
converge to 0 or 1 outside the resulting new phase field interface. This effect
is similar for the non-linear diffusion filtering method [46, 47]. The optimal
configuration is then updated using the interface motion like in the latter

stage of optimization.
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Some papers use the sensitivity to choose the double-well potential gap
that decides the moving direction of the phase field interface [15, 41, 48]. In
this way, the constraint is embedded in the objective function using the La-
grange multiplier method. However, to handle the constraint effectively, the
gap can be set according to the result of the SLP update [49]. Let us consider
the minimization of the objective function J(X) with an inequality constraint
g(X) < 0 with respect to a design variable vector X = [X1, X5, ..., X,)]. In
SLP, the increment AX of the design variable X is obtained as the solution

of a linear programming problem:

minimize J(X) + VJ(X)TAX, (43)

subject to
9(X) + Vg(X)TAX <0, (44)
AXjow < AX; <AX, fori=1,...n, (45)

where AX),,, and AX,, are respectively the lower and upper bounds of AX;

and the superscript suffix 7 denotes the transpose.

Figure 3 is about here.

4. Numerical Examples

The following numerical examples are provided to confirm the validity and

utility of the proposed methodology. In all examples, the material is assumed
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as a structural steel with Young’s modulus of 210 GPa, Poison’s ratio of 0.3,
allowable stress of 358 MPa, thermal conductivity of 8 Wm™K~! and a
thermal expansion coefficient of 12.1x107°K~!. The domain is approximated
as a two-dimensional plane stress model and the thickness of the domain is
set to 1 mm. The reference temperature Tis in Eq. (14) and the fixed
temperature are set to 293 K. The optimization problem in Egs. (29)—(31)
is solved according to the algorithm set out in Fig. 2. The penalization
parameters pr and p; in Equations (18) and (19) are both set to 3. The
parameter ¢ used in gp-relaxation in Eq. (22) is set to 2. The parameter p
used in the p-norm calculation in Eq. (25) is set to 16. The positive coefficient
n in Eq. (40) is set to 10. At each iteration, we perform a finite element
analysis of the state equation and one update of the evolution equation for
the phase field function by solving the finite difference equation of the semi-
implicit scheme. The time step At is set to 0.9 times the limit of the Courant
number. All finite element analyses are performed using the commercial
software COMSOL Multiphysics for quick implementation of the proposed
methodology, and to effectively solve the equations of state and adjoint with
a multi-core processor. First-order iso-parametric Lagrange finite elements
are used throughout. The von Mises stresses are calculated at the centers
of all finite elements. The initial value of the density function is set to 1

uniformly.

4.1. Optimization of an L-shaped beam

For the first numerical example, an L-shaped beam that has sometimes
been used as a benchmark problem is considered; see Fig. 4. The domain is

discretized by a 1 mmx1 mm square mesh. Because of the stress concentra-
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tion at the reentrant corner, there should be smooth boundaries there. Note
that to prevent stress concentration in the loading region, the vertical 8000
Nm~2 load is distributed in the top region of the right arm. Surface heat
flux of 85 Wm™2 is applied to the loading point. The limit of the thermal
compliance is set to 3, corresponding to an average temperature of 300 K
at the loading boundary. The density function is first updated 200 times by
conventional SLP and then 200 times employing the SLP based PFM. The
move limits of SLP are set to 0.02 and 0.01 as absolute increment values in

the former and latter stages respectively.

Figure 4 is about here.

Figure 5 shows the optimal configuration and its von Mises stress and
temperature distributions. Figure 6 shows the convergence history of the ob-
jective function and the constraints. After the 200th iteration, the constraints
worked strictly and the volume increased as a result. Finally, the optimal
solution had clear topology satisfying both constraints. The maximum value
of von Mises stress was 360 MPa, which almost meets the requirement of

allowable stress of 358 MPa.

Figures 5 and 6 are about here.

The mechanical aspect of the obtained optimal structure is compared
with that of the optimal configurations under a single constraint. Figure

7 shows the optimal configuration of only considering the stress constraint

20



and its stress distribution and that only considering the thermal constraint
and its temperature distribution. The surface heat flux and force are set to
zero in structural and thermal optimization respectively. Other optimization

conditions are set the same.

Figure 7 is about here.

The optimal configuration only considering the stress constraint has a
nearly uniform stress distribution with a value close to the allowable stress.
On the other hand, that only considering the thermal constraint has a simple
shape to connect the heat source region and the fixed-temperature region.
The optimal configuration for the multi-constraint problem shown in Fig.
5 can be considered to have both characteristics. As a result, the stress
distribution was not uniform and the thermal root was not the shortest.
However, the structure certainly satisfies both constraints.

Comparing with Figs. 5 and 7, the optimal configuration under multiple
constraints definitely has more volume than those with a single constraint. To
satisfy the stricter constraint, more structural volume seems to be required.
To confirm this, the multi-constraint optimization is performed varying the
surface force and heat flux. Figure 8 shows optimal configurations and vol-
ume for a fixed surface force of 8000 Nm~2 and varied surface heat flux of 0,
55, 65, 75 and 85 Wm~2. Figure 9 shows the optimal configurations and vol-
ume under the fixed surface heat flux of 85 Wm™2 and varied surface forces of
0, 2000, 4000, 6000 and 8000 Nm~2. Other optimization conditions were set

the same. In both figures, more volume was required to satisfy the stricter
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constraints. All the above optimization results are summarized in Table 1

for reference.

Figures 8 and 9 are about here.

Table 1: Summary of optimization results

Surface Maximum Average

force Heat flux Volume Const. VM stress Const. temperature
Fig. No. (Nm~—2) (Wm~—2) (m3) in Eq. (26) (MPa) in Eq. (30) of I'y, (K)

Fig. 5 8000 85 3.90x1073  -1.16x1072 360.19 3.41x10~% 300.10

Fig. 7 (a) 8000 0 2.30x1073  2.61x1072 360.51 - -
Fig. 7 (b) 0 85 2.61x1073 - - 7.2x1074 300.22
Fig. 8 (a) 8000 55 2.96x107%  -2.96x1073 357.10 1.52x10~4 300.05
Fig. 8 (b) 8000 65 3.13x10™%  4.39x1073 356.75 2.13x1074 300.06
Fig. 8 (c) 8000 75 3.51x1073  -2.49x1073 357.51 2.35x1074 300.07
Fig. 9 (a) 2000 85 2.67x1073  -6.53x1073 355.67 2.33x1076 300.00
Fig. 9 (b) 4000 85 3.45x1073  -7.95x103 355.77 4.57x10~% 300.14
Fig. 9 (c) 6000 85 3.63x1073  -2.49x1073 358.69 2.78x1074 300.08

4.2. Optimization of a bridge-like structure

In the first example, since the structure was fixed at only one boundary,
the effect of thermal expansion seemed to be small. As the second example,
we consider a bridge-like structure having fixed boundaries on both sides, as
shown in Fig. 10, to study the effect of thermal expansion on the optimal
configuration. The domain is discretized by a 1 mm x 1 mm square mesh.
The loading region is set at the center of the bottom side and a vertical 40,000
Nm~2 load is distributed in this region. Surface heat flux of 100 Wm~2 is
applied to the region on the right side. The limit of the thermal compliance is

set to 6.1, corresponding to an average temperature of 305 K at the heat flux
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boundary. The density function is first updated 200 times by conventional
SLP and then 300 times employing the SLP-based PFM. The move limits of
SLP are set to 0.02 and 0.01 as absolute increment values in the former and

latter stages respectively, as in the previous example.

Figure 10 is about here.

Figure 11 shows the optimal configuration considering both structural
and thermal problems and its von Mises stress and temperature distribu-
tions. Figure 12 shows the reference optimal configurations and related
results only considering structural and thermal problems separately. The
optimal configuration shown in 11 can be regarded as intermediate of the
optimal configurations shown in Fig. 12 (a) and (c), as for the L-shaped

problem.

Figures 11 and 12 are about here.

In this example, the optimization was performed in a low-temperature
range around 300 K. Since 293 K is set as the reference temperature of
thermal expansion in Eq. (7), the effect of thermal expansion might be slight.
Thus, the optimization is next performed in a higher temperature range in
which the thermal expansion effect might be more serious. Surface heat flux
of 1000 Wm~2 is applied to the region on the right side. The limit of the
thermal compliance is set to 8.26, corresponding to an average temperature

of 413 K at the heat flux boundary. The temperature limit is set according to
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the optimization setting of the low-temperature-range problem considering
the linearity between the applied heat flux and the resulting temperature.
When only considering the thermal problem, the same optimization results
would be obtained in both temperature ranges under these settings. All other
settings are the same as in the low-temperature-range example.

Figure 13 shows the optimal configuration obtained under the above con-

ditions and its von Mises stress and temperature distributions.

Figure 13 is about here.

Clearly different topology from Fig. 12 was obtained owing to the reduc-
tion in the stress concentration due to thermal expansion. For reference, the
optimization is also performed in a high-temperature range using the first
L-shaped example. Surface heat flux of 1450 Wm~2 is applied to the loading
point. The limit of the thermal compliance is set to 4.12, corresponding to an
average temperature of 412 K at the loading boundary. Figure 14 shows the

optimal configuration and its von Mises stress and temperature distributions.

Figure 14 is about here.

Even in the L-shaped example in which only one boundary is fixed, a
shape different from that in the low-temperature range was obtained. How-
ever, since Figs. 14 and 5 have the same topology at least, the thermal
expansion effect could be more serious in the bridge-like example. The opti-
mization results for all the above bridge examples are summarized in Table

2 for reference.
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Table 2: Summary of optimization results

Surface Maximum Average
force Heat flux Volume Const. VM stress Const. temperature
Fig. No. (Nm~2) (Wm™2) (m3) in Eq. (26) (MPa) in Eq. (30) of I'y, (K)
Fig. 11 40000 100 7.00x1073  -2.75x1073 357.09 2.97x107° 305.01
Fig. 12 (a) 40000 0 3.66x1073  -9.64x1074 357.35 - -
Fig. 12 (c) 0 100 5.55x1073 - - 6.29x10~4 305.19
Fig. 13 40000 1000 7.96x1073  1.19x1073 358.43 4.13x10~4 413.17
Fig. 14 8000 1450 4.41x1073  -3.37x1073 358.37 -1.05x1073 411.57

4.8. Optimization under multi-thermal conditions

In a structure with both side fixed, as in the previous example, a design
for high temperatures might not always work well at low temperatures be-
cause the structure suffers an expansion-like force at low temperatures even
above the reference temperature range and this can be another source of
stress concentration. To confirm this, 10 heat fluxes are applied in the range
between the two heat fluxes used in the above optimizations. Figure 15 plots
the maximum von Mises stress corresponding to each heat flux in optimal
configurations of the L-shape and bridge-like examples obtained for low and
high temperature ranges. In the L-shaped example, the maximum von Mises
stress slightly increases in response to a heat flux increment for both low-
and high-temperature optima. However, in the bridge example, in addition
to the rapid increase in the maximum stress for the low-temperature opti-
mum, the high-temperature optimum has a worse stress value with the low-
est heat flux. The optimum obtained in the high-temperature range includes
high thermal expansion in its design. Thus, without thermal expansion in
a low-temperature environment, the structure suffers an expansion-like force
even at temperatures above 293 K, which is the reference temperature of

the thermal expansion. As a result, in such a structure, the optimal solu-
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tion obtained for one temperature range only worked well for the specified
temperature range. The structure designed to withstand high thermal ex-
pansion in a high-temperature environment would be damaged if the heat
was removed. The methodology might thus be impractical for actual optimal

design.

Figure 15 is about here.

To generate optima that work well in both high- and low-temperature
environments for the bridge-like structure with both sides fixed, multi-stress
constraints are introduced considering both low and high heat flux condi-
tions. The equations of state are solved twice for low and high heat flux
and two stress criteria are obtained. The optimization is performed until
both constraints are satisfied. Using the design example shown in Fig. 10,
two heat fluxes, 85 and 1450 Wm™=2, are applied separately. The tempera-
ture limit is set to 8.26 only considering a high heat flux condition. Other
conditions are the same as in the previous example.

Figure 16 shows the optimal configuration and its von Mises stress dis-
tributions for the two heat flux conditions. The topology is the same as
for the optimal configuration in the high-temperature range shown in Fig.
13, and the stress limit was certainly satisfied under both conditions. This

optimization result is summarized in Table 3.

Figure 16 is about here.
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Table 3: Summary of optimization results

Surface Maximum Average
force Heat flux Volume Const. VM stress Const. temperature
(Nm~—2) (Wm~?) (m3) in Eq. (26) (MPa) in Eq. (30) of Ty, (K)
40000 1000 8.18x1073  2.31x102 358.34 -2.19%10-3 412.10
100 - 2.75%1073 358.62 - 304.91

The maximum stress is checked using 10 intervals of heat flux as in Fig.
15 although it is trivial considering the linearity of the thermal expansion.
Figure 17 plots the maximum von Mises stress corresponding to each heat
flux. The methodology introducing multiple stress constraints for high and
low temperatures simultaneously can be said to work well for thermal stress

relaxation in the range between two low and high temperatures.

Figure 17 is about here.

5. Conclusion

In this study, we developed a topology optimization (TO) under strength
and heat conductivity constraints. The coupled static structural and thermal
equations of state were considered and the optimization problem was then
formulated; viz., minimizing the volume under the stress and thermal compli-
ance constraints. The proposed optimization methodology was implemented
employing the commonly used SIMP method of TO. The density function
was updated using SLP in the early stage of the optimization. In the latter
stage of the optimization, the PFM updates the density function to obtain

clear optimal shapes without intermediate densities.
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The optimization was successful for arbitrary two-dimensional shapes and
structural and thermal conditions. In general, more volume was required for
stricter constraints. In terms of the stress constraint, different shapes were
obtained according to the resulting temperature of the optimal result owing
to the effect of thermal expansion. In particular, this effect became more
serious for the structure with both sides fixed. This kind of structure also
had the drawback that it did not work well outside of the optimized temper-
ature range in the case of either high- or low-temperature optimization. We
also confirmed that this issue could be resolved by introducing multi-thermal
conditions and stress constraints corresponding to both low- and-high tem-
perature environments. A novel structure having good heat conductivity
preventing damage from thermal expansion or compression in a wide tem-

perature range could be obtained.

Appendix A. Sensitivity analysis

In this appendix, a detailed derivation of the sensitivities in Eqgs. (34)
and (38) the adjoint equations in Eqgs. (35) and (36) is outlined according to
the procedure described in Chapter 5 of [50]. We define the general objective
or constraint function of a linear static thermoelastic problem as J(p) =
fQ j(p,u,T)dz. The derivative of this function in the direction 6 is then

(J'(9),0) :/Qj/(qb)deJr/

Q

_ /Q 7(6)0da + /Q J'(u)vde + /Q (T Tdz,

§(u)(w'(), 0)dz + / F(THT(6),0)da

Q

(A1)
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where u = (u/(¢),0), T = (T'(¢),0). Setting adjoint states r and s as test
functions of the weak-form equations of state in Eqgs. (8)-(16), the Lagrangian

is formulated as

L6, 0T, s) = /Q j(w, T)da-+a(u, r)—a(T, r)—I(r)+ AT, s)— L(s). (A.2)

Using this expression, the derivative of the objective function can be ex-

pressed as
50.0) = G0 Tirs.0) + (G0 T ) (w(0).6) )
+(Gron T, (r6.0)

oL oL i oL r
= <%(¢7 u, T, r, 5)79> + <%<¢7 u, T,I‘, $)>u> + <8_T(¢auaT7r7 8)?T>

(A.3)

Consider the case where the second and third terms are zero. These terms

are calculated as
oL g B B
<a—u,u> = /ﬂ] (w)udz —a(u,r) =0, (A.4)

oL - _ _ _
<—7T> = /j’(T)wa —o(T,r)+ A(s,T) = 0. (A.5)
or Q
When the adjoint states r and s satisfy the above adjoint equations, the

second and third terms of Eq. (A.3) can be ignored. On the other hand, the

derivatives of Eq. (8) with respect to p in the direction @ are

da(u,r) + a(i,r) — (T, r) — do(T,r) = 0, (A.6)
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where

da(u,r) = /Qs(u)C’(ng)s(r)dx (A7)
da(T,r) = en(T)C'(¢)e(r)0dz. (A.8)
The derivatives of Eq. (9) are

dA(T, s) + A(T, s) =0, (A.9)
where

JA(T, 5) = / W (VT - Vsdz. (A.10)

Substituting Egs. (A.9) and (A.10) into Egs. (A.4) and (A.5) and com-

bining the equations, it follows that

/j'(u)udx - / §(T)Tdx
O Q (A.11)
=da(u,r) — da(T,r) + dA(T, a).

Substituting Eq. (A.11) into Eq. (A.1) yields
J'(0) = '(¢) + ()" C'(¢)e(r) — en(T)C'(p)e(r) + &' (¢)VT - Vs. (A.12)

Substituting the function f(p) in Eq. (33), which is a part of the p-
norm, into Egs. (A.4), (A.5) and (A.12), the sensitivity in Eq. (34) and
adjoint equations in Egs. (35) and (36) are obtained. On the other hand,
substituting the thermal compliance in Eq. (28) into Eqs. (A.4) and (A.5),
it follows that

a(a,r) =0, (A.13)
L(T) — a(r,T)+ A(s,T) = 0. (A.14)



Since the result of Eq. (A.13) is r = 0, the second term of Eq. (A.14) can be

ignored. Equation (A.14) then equals Eq. (A.9) when its result is s = —T.

Thus, this is the self-adjoint problem. Substituting Eq. (28), r = 0 and

s = —T into Eq. (A.12), the sensitivity in Eq. (38) is obtained.
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A linear elastic domain with surface force and heat flux.
Flowchart of the optimization algorithm.

Outline of the double-well potential used in the PFM.
Design domain of the L-shaped structure.

(a) Optimal configuration considering both stress and thermal con-

straints and its (b) von Mises stress and (c) temperature distributions.

6. Convergence history of the objective function and constraints.

10.
11.

12.

(a) Optimal configuration only considering the stress constraint and
(b) its stress distribution. (¢) Optimal configuration only considering
the thermal constraint and (d) its temperature distribution.

(a), (b) and (c) Optimal configuration considering both stress and ther-
mal constraints obtained under various thermal conditions. (d) Com-
parison of volume in each figure.

(a), (b) and (¢) Optimal configuration considering both stress and ther-
mal constraints obtained under various force conditions. (d) Compari-
son of volume in each figure.

Design domain of the bridge-like structure.

(a) Optimal configuration considering both stress and thermal con-
straints and its (b) stress and (c) temperature distributions for the
bridge example.

(a) Optimal configuration only considering the stress constraint and
(b) its stress distribution. (c) Optimal configuration only considering

the thermal constraint and (d) its temperature distribution.
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. (a) Optimal configuration considering both stress and thermal con-
straints under a high heat flux and its (b) stress and (c¢) temperature
distributions.

. (a) Optimal configuration considering both stress and thermal con-
straints under a high temperature condition and its (b) stress and (c)
temperature distributions.

. Maximum von Mises stress for various heat fluxes of the optimal con-
figuration of the (a) L-shape structure and (b) bridge-like structure.
The dotted line indicates the allowable stress.

. (a) Optimal configuration considering both stress and thermal con-
straints under multi thermal conditions and its stress distributions un-
der (b) low heat flux and (c) high heat flux.

. Maximum von Mises stress for various heat fluxes of the optimal con-
figuration obtained under multi-thermal conditions. The dotted line

indicates the allowable stress.
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Figure 1: A linear elastic domain with surface force and heat flux.
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Figure 2: Flowchart of the optimization algorithm.
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Figure 3: Outline of the double-well potential used in the PFM.
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Figure 4: Design domain of the L-shaped structure.
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(a) (b) ()

Figure 5: (a) Optimal configuration considering both stress and thermal constraints and

its (b) von Mises stress and (c¢) temperature distributions.
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Figure 6: Convergence history of the objective function and constraints.
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() (d)

Figure 7: (a) Optimal configuration only considering the stress constraint and (b) its stress
distribution. (c) Optimal configuration only considering the thermal constraint and (d)

its temperature distribution.
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Figure 8: (a), (b) and (¢) Optimal configuration considering both stress and thermal
constraints obtained under various thermal conditions. (d) Comparison of volume in each

figure.
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Figure 9: (a), (b) and (c¢) Optimal configuration considering both stress and thermal
constraints obtained under various force conditions. (d) Comparison of volume in each

figure.
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Figure 10: Design domain of the bridge-like structure.

(a) (b) ()

Figure 11: (a) Optimal configuration considering both stress and thermal constraints and

its (b) stress and (c) temperature distributions for the bridge example.
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() (d)

Figure 12: (a) Optimal configuration only considering the stress constraint and (b) its
stress distribution. (c) Optimal configuration only considering the thermal constraint and

(d) its temperature distribution.

(a) (b) ()

Figure 13: (a) Optimal configuration considering both stress and thermal constraints under

a high heat flux and its (b) stress and (c) temperature distributions.
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(a) (b) (c)

Figure 14: (a) Optimal configuration considering both stress and thermal constraints under

a high temperature condition and its (b) stress and (c¢) temperature distributions.
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Figure 15: Maximum von Mises stress for various heat fluxes of the optimal configuration

of the (a) L-shape structure and (b) bridge-like structure. The dotted line indicates the

allowable stress.
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(a) (b) (c)

Figure 16: (a) Optimal configuration considering both stress and thermal constraints under
multi thermal conditions and its stress distributions under (b) low heat flux and (c) high

heat flux.
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Figure 17: Maximum von Mises stress for various heat fluxes of the optimal configuration

obtained under multi-thermal conditions. The dotted line indicates the allowable stress.
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