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Abstract 
 
  In order to confirm the reliability of particle size measurement technique and 

to prepare standard reference particles for calibrating particle size measurement 

devices, experimental and theoretical studies have been conducted about the 

uncertainty region of particle size measurement for the general particle size 

distribution. A new theoretical equation to calculate fundamental uncertainty 

region in the case that the maximum and minimum particle sizes are known, is 

derived based on Tschebyscheff theory. The uncertainty regions calculated based 

on the proposed method are applied to poly-disperse particles and a picket-fence 

distribution composed of two kinds of nearly mono-disperse particles. 

  For the poly-disperse particles, the uncertainty region increases with the 

increase in particle diameter. For the picket-fence distribution composed of two 

kinds of nearly mono-disperse particles, the uncertainty region increases around  

the intermediate particle diameters between the two kinds of particles. 

Numerical simulation of uncertainty region for the picket-fence distribution 

has also been carried out. The uncertainty region decreases with the increase in 

sample size or the decrease in geometric standard deviation. 
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1 .   I n t r o d u c t i o n  

P a r t i c l e  s i z e  d i s t r i b u t i o n  i s  m e a s u r e d  b y  v a r i o u s  m e t h o d s  s u c h  

a s  m i c r o s c o p i c  m e t h o d ,  l a s e r  d i f f r a c t i o n  a n d  s c a t t e r i n g  m e t h o d ,  

d y n a m i c  l i g h t  s c a t t e r i n g  m e t h o d ,  e l e c t r i c a l  s e n s i n g  z o n e  m e t h o d  

a n d  l i q u i d  s e d i m e n t a t i o n  m e t h o d .  T h o u g h  t h e  l a s e r  d i f f r a c t i o n  

a n d  s c a t t e r i n g  m e t h o d ,  d y n a m i c  l i g h t  s c a t t e r i n g  m e t h o d  a n d  

e l e c t r i c a l  s e n s i n g  z o n e  m e t h o d  h a v e  t h e  a d v a n t a g e  o f  s h o r t e r  

m e a s u r e m e n t  t i m e  a n d  g o o d  r e p e a t a b i l i t y ,  t h e y  n e e d  c o m p l i c a t e d  

c a l i b r a t i o n  b y  d i r e c t  m e t h o d ,  b e c a u s e  t h e s e  m e t h o d s  a r e  n u m b e r  

b a s e d  m e a s u r e m e n t s .  I n  o r d e r  t o  c a l i b r a t e  s u c h  p a r t i c l e  s i z e  

m e a s u r e m e n t  d e v i c e s  i n  m a s s  b a s i s ,  i t  i s  n e c e s s a r y  t o  p r e p a r e  

s t a n d a r d  r e f e r e n c e  p a r t i c l e s .  A s  f o r  t h e  r e f e r e n c e  p a r t i c l e s ,  

s p h e r i c a l  p a r t i c l e s  h a v i n g  a  s i z e  r a n g e  a p p r o p r i a t e  t o  t h e  

r e s o l u t i o n  o f  t h e  m e a s u r e m e n t  t e c h n i q u e  a r e  p r e f e r a b l e .  Y o s h i d a  

e t  a l .  s t u d i e d  o n  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n s  o f  t h r e e  k i n d s  o f  

p o l y - d i s p e r s e  s p h e r i c a l  g l a s s  b e a d s  ( M B P 1 - 1 0 ,  M B P 3 - 3 0 ,  

M B P 1 0 - 1 0 0 )  b a s e d  b o t h  o n  i m p r o v e d  t y p e  s e d i m e n t a t i o n  b a l a n c e  

m e t h o d  ( m a s s  b a s e  m e a s u r e m e n t )  a n d  m i c r o s c o p i c  m e t h o d  

( n u m b e r  b a s e  m e a s u r e m e n t )  w i t h  s a m p l e  s i z e  l a r g e r  t h a n  1 0 0 0 0  

p a r t i c l e s  ( 1 ,  2 ) .  T h e s e  r e f e r e n c e  p a r t i c l e s  a r e  r a n g e d  f r o m  1  m  

t o  1 0 m ,  3  m  t o  3 0  m ,  a n d  1 0  m  t o  1 0 0  m ,  r e s p e c t i v e l y .  

R o u n d  r o b i n  t e s t s  a r e  a l s o  c a r r i e d  o u t  o n  t h e  t w o  k i n d s  o f  

s p h e r i c a l  p a r t i c l e s  ( M B P 1 - 1 0 ,  M B P 1 0 - 1 0 0 ) ,  a n d  t h e  r e s u l t s  a r e  

r e p o r t e d  b y  M o r i  e t  a l .  ( 3 ) .   

I n  o r d e r  t o  r e p r e s e n t  p a r t i c l e  s i z e  d i s t r i b u t i o n  o b t a i n e d  b y  
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m i c r o s c o p i c  m e t h o d ,  u n c e r t a i n t y  r e g i o n  o f  t h e  m a s s  b a s e  

d i s t r i b u t i o n  s h o u l d  b e  c a l c u l a t e d .  O n  t h i s  p u r p o s e ,  M a s u d a  e t  a l .  

d e r i v e d  a n a l y t i c a l  e q u a t i o n  t o  c a l c u l a t e  t h e  n e c e s s a r y  s a m p l e  s i z e  

u n d e r  k n o w n  f u n d a m e n t a l  u n c e r t a i n t y  r e g i o n  a n d  v i c e  v e r s a  ( 4 ,  5 ) .  

H o w e v e r ,  t h e  o r i g i n a l  t h e o r y  i s  t h o u g h t  t o  b e  a p p l i e d  o n l y  f o r  t h e  

l o g - n o r m a l  d i s t r i b u t i o n .   

I n  t h e  r e a l  m i c r o s c o p i c  c o u n t i n g  p r o c e s s ,  t h e  d a t a  o f  p a r t i c l e  

s i z e  d i s t r i b u t i o n  w i t h  t h e  m a x i m u m  a n d  m i n i m u m  s i z e  f o r  t h e  

g e n e r a l  p a r t i c l e  s i z e  d i s t r i b u t i o n  i s  u s u a l l y  o b t a i n e d .  I n  s u c h  a  

c a s e ,  t h e  u n c e r t a i n t y  r e g i o n  o f  t h e  g e n e r a l  s i z e  d i s t r i b u t i o n  

s h o u l d  b e  c o n s i d e r e d ,  b u t  t h i s  p r o b l e m  h a s  n o t  b e e n  c l e a r l y  

s o l v e d .  

 T h i s  p a p e r  p r e s e n t s  a  n e w  e q u a t i o n  t o  e s t i m a t e  t h e  u n c e r t a i n t y  

r e g i o n  o f  t h e  g e n e r a l  s i z e  d i s t r i b u t i o n  i n  t h e  c a s e  t h a t  t h e  

m a x i m u m  a n d  m i n i m u m  p a r t i c l e  s i z e s  a r e  k n o w n .  A n d  t h e  

e q u a t i o n  i s  a p p l i e d  t o  t h e  t w o  c a s e s ;  ( 1 )  p o l y - d i s p e r s e  p a r t i c l e s  

a n d  ( 2 )  p i c k e t - f e n c e  s i z e  d i s t r i b u t i o n  c o m p o s e d  o f  t w o  k i n d s  o f  

n e a r l y  m o n o - d i s p e r s e  p a r t i c l e s .  T h e  n u m e r i c a l  s i m u l a t i o n  i s  a l s o  

c a r r i e d  o u t  t o  e x a m i n e  t h e  r e l i a b i l i t y  o f  t h e  p r o p o s e d  n e w  m o d e l .  

T h e  m e t h o d  p r o p o s e d  m a y  b e  a p p l i e d  t o  t h e  u n c e r t a i n t y  

e s t i m a t i o n  o f  p a r t i c l e  s i z e  d i s t r i b u t i o n  f o r  t h e  r e f e r e n c e  

p a r t i c l e s .   

 

2  M e a s u r e m e n t  o f  p a r t i c l e  s i z e  d i s t r i b u t i o n  b y  m i c r o s c o p i c  

m e t h o d  
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 M e a s u r e m e n t  o f  p a r t i c l e  s i z e  d i s t r i b u t i o n  w a s  c a r r i e d  o u t  f o r  

t h e  s p h e r i c a l  g l a s s  p a r t i c l e s .  F i g u r e  1  s h o w s  a  p h o t o g r a p h  o f  t h e  

p a r t i c l e s  t a k e n  b y  s c a n n i n g  m i c r o s c o p e  ( S E M  S - 2 4 0 0 ,  H i t a c h i ,  

C o . ,  L t d . ) .  T h e  m a g n i f i c a t i o n  w a s  s e t  t o  5 0 0 .  B a s e d  o n  t h e  S E M  

p h o t o g r a p h s ,  t h e  p a r t i c l e  s i z e  w a s  m e a s u r e d  m a n u a l l y  b y  m a r k i n g  

a  s u i t a b l e  s i z e d  c i r c l e  o n  e a c h  p a r t i c l e .  I n  o r d e r  t o  e l i m i n a t e  

c o u n t i n g  e r r o r  n e a r  t h e  f r a m e  b o r d e r - l i n e ,  s i z e  m e a s u r e m e n t  w a s  

c a r r i e d  o u t  o n l y  t o  t h e  p a r t i c l e s  h a v i n g  t h e  c e n t e r  p o s i t i o n s  

i n s i d e  t h e  s c r e e n  b a s e d  o n  I S O  1 3 3 2 2 - 1 .  T h e  t o t a l  s a m p l e  s i z e  

w a s  3 9 , 5 0 0  a n d  p a r t i c l e  s i z e  d i s t r i b u t i o n  r a n g e s  f r o m  3  t o  3 0 m .  

O b t a i n e d  d a t a  o f  t h e  s i z e  d i s t r i b u t i o n  i s  s h o w n  i n  T a b l e  1  a n d  

F i g . 2 .  D e t a i l s  o f  t h e  c o u n t i n g  p r o c e d u r e  a r e  i n d i c a t e d  i n  o u r  

p r e v i o u s  p a p e r  ( 6 ) .  H o r i z o n t a l  b a r s  s h o w n  i n  t h e  f i g u r e  w i l l  b e  

e x p l a i n e d  l a t e r .  

 

3  E s t i m a t i o n  o f  u n c e r t a i n t y  r e g i o n  f o r  t h e  g e n e r a l  s i z e  

d i s t r i b u t i o n  

 I n  o r d e r  t o  e s t i m a t e  t h e  u n c e r t a i n t y  r e g i o n  f o r  t h e  g e n e r a l  s i z e  

d i s t r i b u t i o n ,  i t  i s  n e c e s s a r y  t o  o b t a i n  t h e  r e l a t i o n s h i p  b e t w e e n  

c u m u l a t i v e  d i s t r i b u t i o n  b a s e d  o n  v o l u m e  a n d  t h a t  b a s e d  o n  c o u n t .  

T h e  d a t a  o f  g e n e r a l  p a r t i c l e  s i z e  d i s t r i b u t i o n  o b t a i n e d  b y  u s e  o f  

t h e  m i c r o s c o p e  i s  s h o w n  i n  T a b l e  2 .  F o r  t h e  p a r t i c l e  d i a m e t e r  

f r o m  x i  t o  x i + 1 ,  n i  p a r t i c l e s  a r e  d e t e c t e d  a m o n g  t h e  t o t a l  s a m p l e  

s i z e  o f  N .  T h e  f r e q u e n c y  d i s t r i b u t i o n s  b a s e d  o n  n u m b e r  a n d  

v o l u m e  a r e  i n d i c a t e d  a s  q 0 , i Δ x i  a n d  q 3 , i Δ x i ,  r e s p e c t i v e l y .  T h e  
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c u m u l a t i v e  d i s t r i b u t i o n  b a s e d  o n  n u m b e r  i n  t h i s  s i z e  r a n g e  i  i s  a s  

f o l l o w s :  
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     ( 1 )  

T h e  u n c e r t a i n t y  r e g i o n  f o r  t h e  s i z e  r a n g e  i  i s  g i v e n  b y  E q . ( 2 )  

b a s e d  o n  I S O - 1 4 4 8 8 .  
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w h e r e  u  i s  t h e  p a r a m e t e r  a n d  1 . 9 6  f o r  9 5 %  r e l i a b i l i t y  l e v e l .  

O n  t h e  o t h e r  h a n d ,  t h e  c u m u l a t i v e  d i s t r i b u t i o n  b a s e d  o n  v o l u m e  

i n  t h e  s i z e  r a n g e  i  i s  a s  f o l l o w s :  
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                ( 3 )  

T h e  v a l u e  o f  n i  i s  s h o w n  a s  t h e  f o l l o w i n g  e q u a t i o n s .  

1,01 QNn  ,   )( 1,02,02 QQNn  ,   )( 2,03,03 QQNn  ,   

)( 1,0,0  iii QQNn ,  )( 1,0,0  nnn QQNn          ( 4 )  

S u b s t i t u t i n g  E q . ( 4 )  i n t o  E q . ( 3 ) ,  t h e  f o l l o w i n g  e q u a t i o n  i s  

o b t a i n e d .  
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T h e  u n c e r t a i n t y  r e g i o n  o f  t h e  c u m u l a t i v e  d i s t r i b u t i o n  i s  

c a l c u l a t e d  a s  f o l l o w s :  
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F o r  t h e  l a s t  s i z e  r e g i o n  n ,  s u b s t i t u t i n g  i = n  i n t o  E q . ( 5 - 1 ) ,  t h e  

f o l l o w i n g  e q u a t i o n  i s  o b t a i n e d .  
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T h e n ,  e a c h  t e r m  o f  E q . ( 7 )  i s  z e r o  f o r  t h e  l a s t  s i z e  r e g i o n .  

0
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Q

Q
  ( j = 1 ~ n )              ( 9 )  

S u b s t i t u t i n g  E q . ( 9 )  i n t o  E q . ( 6 ) ,  t h e  u n c e r t a i n t y  r e g i o n  o f  t h e  l a s t  

s i z e  r e g i o n  i s  z e r o .  

      0,3 nQ                   ( 1 0 )  

T h e  m a x i m u m  u n c e r t a i n t y  r e g i o n  f o r  t h e  s i z e  r a n g e  i  i s  o b t a i n e d  

a s  f o l l o w s :   
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   ( 1 1 )  

I n  o r d e r  t o  c a l c u l a t e  iQ ,3 ,  t h e  e v a l u a t i o n  o f  1,0Q  i s  n e c e s s a r y .  

F o r  t h e  g e n e r a l  s i z e  d i s t r i b u t i o n ,  t h e  u n c e r t a i n t y  r e g i o n  i s  g i v e n  

b y  t h e  f o l l o w i n g  e q u a t i o n  b a s e d  o n  T s c h e b y s c h e f f  t h e o r y .  
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w h e r e  Q 0 , i
*  i n d i c a t e s  t h e  t r u e  c u m u l a t i v e  d i s t r i b u t i o n  o n  c o u n t  
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b a s e .  T h e r e f o r e ,  t h e  u n c e r t a i n t y  r e g i o n  iQ ,0  i s ;   

N

)Q-(1Q
4.47 i0,i0,

,0 iQ         ( 1 3 )  

F u r t h e r ,  t h e  u n c e r t a i n t y  r e g i o n  ix  o f  t h e  g e n e r a l  d i s t r i b u t i o n  

f o r  s i z e  r a n g e  i  i s  c a l c u l a t e d  b y  t h e  f o l l o w i n g  e q u a t i o n .  

i

i

i q

Q
x

3,

,3
                   ( 1 4 )  

B y  u s e  o f  E q s . ( 7 ) , ( 1 1 ) , ( 1 3 )  a n d  ( 1 4 ) ,  t h e  u n c e r t a i n t y  r e g i o n  o f  

p a r t i c l e  d i a m e t e r  f o r  t h e  g e n e r a l  s i z e  d i s t r i b u t i o n  i s  f u l l y  

d e t e r m i n e d .  

 

4  C a l c u l a t i o n  o f  u n c e r t a i n t y  r e g i o n  

4 - 1  P o l y - d i s p e r s e  p a r t i c l e s  

 

  I n  o r d e r  t o  e v a l u a t e  t h e  u n c e r t a i n t y  r e g i o n  f o r  t h e  g e n e r a l  s i z e  

d i s t r i b u t i o n ,  c a l c u l a t i o n  w a s  f i r s t l y  c a r r i e d  o u t  f o r  t h e  

p o l y - d i s p e r s e  p a r t i c l e s .   

F i g u r e  2  s h o w s  t h e  c u m u l a t i v e  d i s t r i b u t i o n  b a s e d  o n  t h e  d a t a  o f  

T a b l e  1 .  T h e  d a t a  s h o w s  l o g - n o r m a l  d i s t r i b u t i o n  w i t h  m a s s  

m e d i a n  d i a m e t e r  x 5 0 , 3 = 1 2 . 8 m  a n d  s t a n d a r d  d e v i a t i o n  s x = 0 . 4 0 5 .  

T h e  s o l i d  l i n e  i n d i c a t e s  t h e  c a l c u l a t e d  l o g - n o r m a l  d i s t r i b u t i o n .  

T h e  c a l c u l a t e d  u n c e r t a i n t y  r e g i o n  b a s e d  o n  t h e  e q u a t i o n s  

o b t a i n e d  i n  t h e  p r e v i o u s  s e c t i o n  i s  a l s o  i n d i c a t e d  i n  t h e  f i g u r e .  

T h e  u n c e r t a i n t y  r e g i o n  i n d i c a t e d  b y  h o r i z o n t a l  b a r  a t  s e v e r a l  

p o i n t s  s h o w s  t h a t  t h e  u n c e r t a i n t y  r e g i o n  i n c r e a s e s  a s  t h e  p a r t i c l e  
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d i a m e t e r  i n c r e a s e s .  T h i s  t r e n d  i s  t h e  s a m e  a s  i n  o u r  p r e v i o u s  

p a p e r  ( 6 ) .  

 

4 - 2  P i c k e t - f e n c e  d i s t r i b u t i o n s  c o m p o s e d  o f  t w o  k i n d s  o f  n e a r l y  

m o n o - d i s p e r s e  p a r t i c l e s  

 I n  o r d e r  t o  c a l c u l a t e  t h e  u n c e r t a i n t y  r e g i o n  o f  p i c k e t - f e n c e  

d i s t r i b u t i o n s  c o m p o s e d  o f  t w o  k i n d s  o f  n e a r l y  m o n o - d i s p e r s e  

p a r t i c l e s ,  a  m o d i f i e d  s i z e  d i s t r i b u t i o n  w i t h  m a x i m u m  a n d  

m i n i m u m  p a r t i c l e  s i z e  b a s e d  o n  l o g - n o r m a l  d i s t r i b u t i o n  i s  

c o n s i d e r e d .        

F i g u r e  3  s h o w s  t h e  r e l a t i o n s h i p  b e t w e e n  c u m u l a t i v e  

d i s t r i b u t i o n  a n d  a  p a r a m e t e r  g  d e f i n e d  b y  t h e  f o l l o w i n g  e q u a t i o n .  

              
g

xx
g

ln

lnln 
              ( 1 5 )  

T h e  p a r a m e t e r s  g 0  a n d  g 1  i n  F i g . 3  c o r r e s p o n d  t o  t h e  m i n i m u m  a n d  

t h e  m a x i m u m  p a r t i c l e  d i a m e t e r s ,  r e s p e c t i v e l y .  T h e  s o l i d  l i n e  

s h o w s  t h e  p e r f e c t  l o g - n o r m a l  d i s t r i b u t i o n  a n d  t h e  d o t t e d  l i n e  

i n d i c a t e s  t h e  c u m u l a t i v e  d i s t r i b u t i o n  t r u n c a t e d  b y  t h e  m i n i m u m  

a n d  t h e  m a x i m u m  p a r t i c l e  s i z e s .  T h e  u n d e r s i z e  i n  t h i s  c a s e  i s  

r e p r e s e n t e d  a s  f o l l o w s :  

    g＜ g 0       0)( gQ                ( 1 6 - 1 )  

     g 0 ≦ g≦ g 1    


d
M

gQ
g

g 









0 2
exp

2

11
)(

2

   ( 1 6 - 2 )  

      g＞ g 1        1)( gQ                ( 1 6 - 3 )  

w h e r e    M = M 0 + M 1 = 1 - U 0 - U 2                ( 1 6 - 4 )  

F i g u r e  4  s h o w s  s c h e m a t i c a l l y  t h e  c o r r e s p o n d i n g  t r u n c a t e d  
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f r e q u e n c y  d i s t r i b u t i o n .  

g＜ g 0       0)( gq                ( 1 7 - 1 )  

     g 0 ≦ g≦ g 1     









2
exp

2

11
)(

2g

M
gq


      ( 1 7 - 2 )  

      g＞ g 1         0)( gq                ( 1 7 - 3 )  

D u e  t o  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n  t r u n c a t e d  b y  t h e  m i n i m u m  

s i z e  a n d  t h e  m a x i m u m  s i z e ,  M  i s  s m a l l e r  t h a n  u n i t y .  I n  o r d e r  t o  

c a l c u l a t e  t h e  u n c e r t a i n t y  r e g i o n  o f  p i c k e t - f e n c e  d i s t r i b u t i o n  

c o m p o s e d  o f  t w o  k i n d s  o f  n e a r l y  m o n o - d i s p e r s e  p a r t i c l e s ,  t h e  

t r u e  p a r t i c l e  s i z e  d i s t r i b u t i o n  i s  r e p r e s e n t e d  b y  t h e  f o l l o w i n g  

e q u a t i o n s .  W h e n  t h e  t w o  k i n d s  o f  n e a r l y  m o n o - d i s p e r s e  p a r t i c l e s  

t h a t  f o l l o w s  E q s . ( 1 6 ) , ( 1 7 )  a r e  u n i f o r m l y  m i x e d  w i t h  N 1  a n d  N 2  

p a r t i c l e s ,  t h e  p a r a m e t e r  g  a n d  m i n i m u m  a n d  m a x i m u m  p a r t i c l e  

d i a m e t e r s  a r e  a s  f o l l o w s :  

    
1,

1,3

1 ln

lnln

g

xx
g




      
2,

2,3

2 ln

lnln

g

xx
g




    ( 1 8 )  

 )ln(exp 1,max,1max,1 1,3 ggxx  ,  )ln(exp 1,min,1min,1 1,3 ggxx    ( 1 9 - 1 )  

)ln(exp 2,max,2max,2 2,3 ggxx  ,  )ln(exp 2,min,2min,2 2,3 ggxx   ( 1 9 - 2 )  

w h e r e  g 1  a n d  g 2  a r e  t h e  p a r a m e t e r  g  o f  p a r t i c l e  1  a n d  2 ,  

r e s p e c t i v e l y .  I n  E q s . ( 1 8 )  a n d  ( 1 9 ) ,  t h e  m a s s  m e d i a m  d i a m e t e r  o f  

p a r t i c l e  1  a n d  2  a r e  r e p r e s e n t e d  b y  1,3x  a n d  2,3x ,  r e s p e c t i v e l y .  

I n  t h i s  s i m u l a t i o n ,  i t  i s  a s s u m e d  t h a t  t h e  m a x i m u m  p a r t i c l e  

d i a m e t e r  o f  p a r t i c l e  1  i s  s m a l l e r  t h a n  t h e  m i n i m u m  p a r t i c l e  

d i a m e t e r  o f  p a r t i c l e  2 .  

          min,2max,1 xx                  ( 2 0 )  

T h e n ,  t h e  c u m u l a t i v e  d i s t r i b u t i o n  a n d  f r e q u e n c y  d i s t r i b u t i o n  i s  
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r e p r e s e n t e d  b y  t h e  f o l l o w i n g  e q u a t i o n s :  

x＜ x 1 , m i n         0)(3 gQ                 ( 2 1 - 1 )  

    x 1 , m i n ≦ x≦ x 1 , m a x    


d
M

x
gQ

g

g 









min,1 2
exp

2

1
)(

2
1

3    ( 2 1 - 2 )  

    x 1 , m a x ＜ x＜ x 2 , m i n     13 )( xgQ                  ( 2 1 - 3 )  

    x 2 , m i n ≦ x≦ x 2 , m a x    


d
M

x
xgQ

g

g 









min,2 2
exp

2

1
)(

2
2

13  ( 2 1 - 4 )  

x 2 , m a x ＜ x         1)(3 gQ                 ( 2 1 - 5 )  

T h e  f r e q u e n c y  d i s t r i b u t i o n  i s  d e f i n e d  a s  f o l l o w s :  

x＜ x 1 , m i n         0)(3 gq                     ( 2 1 - 6 )  

x 1 , m i n ≦ x≦ x 1 , m a x   









2
exp

2

1
)(

2
1

3

g

M

x
gq


           ( 2 1 - 7 )  

x 1 , m a x ＜ x＜ x 2 , m i n   0)(3 gq                      ( 2 1 - 8 )  

x 2 , m i n ≦ x≦ x 2 , m a x   









2
exp

2

1
)(

2
2

3

g

M

x
gq


           ( 2 1 - 9 )  

x 2 , m a x ＜ x       0)(3 gq                       ( 2 1 - 1 0 )  

I n  t h e  s i m u l a t i o n ,  t h e  f o l l o w i n g  p a r a m e t e r  v a l u e s  a r e  u s e d  i n  t h e  

c a l c u l a t i o n .  

       U 0 = 0 . 0 1 ,  U ２ = 0 . 0 1 ,   μm11,0 x ,   μm32,0 x          

T h e  c o u n t  m e d i a n  d i a m e t e r s  o f  p a r t i c l e  1  a n d  2  a r e  s e t  t o  b e  1m  

a n d  3 m ,  r e s p e c t i v e l y .   

 

C a s e 1   S i m u l a t i o n  r e s u l t s  o f  g = 1 . 1  

 F i g u r e  5  s h o w s  t h e  c a l c u l a t e d  r e s u l t s  o f  c u m u l a t i v e  d i s t r i b u t i o n .  

I n  t h i s  c a s e ,  t h e  g e o m e t r i c  s t a n d a r d  d e v i a t i o n  g  f o r  e a c h  

p a r t i c l e  i s  s e t  t o  b e  1 . 1 ,  a n d  5 0 0  t r i a l s  a r e  c a r r i e d  o u t  i n  t h e  

c a l c u l a t i o n .  F o r  o n e  t r i a l ,  t h e  n u m b e r  o f  p a r t i c l e s  p r o d u c e d  f o r  
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t h e  p a r t i c l e  1  a n d  2  a r e  2 0 0 0  a n d  2 0 0 ,  r e s p e c t i v e l y .  A l t h o u g h  t h e  

g e o m e t r i c  s t a n d a r d  d e v i a t i o n  i s  r e l a t i v e l y  s m a l l ,  t h e  c a l c u l a t e d  

r e s u l t s  i n d i c a t e  t h e  u n c e r t a i n t y  r e g i o n  u n d e r  v a r i o u s  c o n s t a n t  

c u m u l a t i v e  d i s t r i b u t i o n  v a l u e s .  F o r  e a c h  t r i a l ,  t h e  m a x i m u m  a n d  

m i n i m u m  p a r t i c l e  d i a m e t e r s  a r e  d e t e r m i n e d  u n i q u e l y ,  b u t  t h o s e  

d i a m e t e r s  o b t a i n e d  d o  n o t  t a k e  t h e  s a m e  v a l u e s .  T h e n ,  i t  i s  f o u n d  

t h a t  t h e  v a l u e  o f  c u m u l a t i v e  d i s t r i b u t i o n   xQ3  f r o m  x 1 , m a x  t o  

x 2 , m i n  d o e s  n o t  s h o w  t h e  s a m e  c o n s t a n t  v a l u e  f o r  e a c h  t r i a l .   

 F i g u r e  6  s h o w s  t h e  c a l c u l a t e d  r e s u l t s  f o r  o n e  t r i a l  c a s e .  

I n  t h i s  c a s e ,  t h e  u n c e r t a i n t y  r e g i o n s  a r e  s h o w n  b y  h o r i z o n t a l  

b a r s  f o r  s e v e r a l  d i f f e r e n t  p a r t i c l e  d i a m e t e r s .  T h e  u n c e r t a i n t y  

r e g i o n  b e c o m e s  f a i r l y  w i d e  a r o u n d  x 1 , m a x  t o  x 2 , m i n .  T h e  r e a s o n s  

c o n s i d e r e d  a r e  a s  f o l l o w s :  

① T h e  a s s u m p t i o n  o f  E q . ( 2 0 ) ,  x 1 , m a x  ＜  x 2 , m i n  ,  i s  u s e d  i n  t h e  

s i m u l a t i o n ,  t h e n  s t a n d a r d  d e v i a t i o n  a r o u n d  t h e s e  r e g i o n s  t e n d s  

t o  i n c r e a s e  r a p i d l y .  T h e  i n c r e a s e  o f  s t a n d a r d  d e v i a t i o n  

i n c r e a s e s  t h e  u n c e r t a i n t y  r e g i o n  i n  t h i s  s i z e  r a n g e .   

② A r o u n d  t h e  p o i n t s  o f  x 1 , m a x  t o  x 2 , m i n ,  t h e  c u m u l a t i v e  

d i s t r i b u t i o n  o f  Q 3 , i  i s  n o t  i n d i c a t e s  a  c o n t i n u o u s  f u n c t i o n .  

T h e n  t h e  v a l u e s  c a l c u l a t e d  b y  E q s . ( 7 - 1 ) - ( 7 - 4 )  i n d i c a t e  

r e l a t i v e l y  l a r g e  v a l u e s  a r o u n d  t h e s e  s p e c i a l  s i z e  r a n g e .   

F o r  p a r t i c l e  d i a m e t e r s  f r o m  x 1 , m i n  t o  x 1 , m a x ,  t h e  u n c e r t a i n t y  r e g i o n  

i n c r e a s e s  w i t h  t h e  i n c r e a s e  i n  p a r t i c l e  d i a m e t e r .  

 F i g u r e  7  s h o w s  t h e  c a l c u l a t e d  r e s u l t s  f o r  o n e  t r i a l  u n d e r  t h e  

c o n d i t i o n  o f  N 1 = 4 0 0 0  a n d  N 2 = 4 0 0 .  C o m p a r i n g  F i g s . 6  a n d  7 ,  t h e  
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u n c e r t a i n t y  r e g i o n  i n  F i g . 7  i s  s m a l l e r  t h a n  t h a t  i n  F i g . 6 .  T h i s  i s  

d u e  t o  t h e  d i f f e r e n c e  o f  t o t a l  s a m p l e  s i z e  b e t w e e n  F i g s . 6  a n d  7 .  

F r o m  E q . ( 1 3 ) ,  t h e  u n c e r t a i n t y  r e g i o n  d e c r e a s e s  w i t h  t h e  i n c r e a s e  

i n  t o t a l  s a m p l e  s i z e .   

F i g u r e  8  s h o w s  t h e  c a l c u l a t e d  r e s u l t s  f o r  o n e  t r i a l  u n d e r  t h e  

c o n d i t i o n  o f  N 1 = 6 0 0 0  a n d  N 2 = 6 0 0 .  O t h e r  c a l c u l a t i o n  c o n d i t i o n s  

a r e  t h e  s a m e  a s  i n  F i g s . 6  a n d  7 .  C o m p a r i n g  F i g s . 6 , 7  a n d  8 ,  t h e  

u n c e r t a i n t y  r e g i o n  i n  F i g . 8  i s  t h e  s m a l l e s t  a m o n g  t h e  t h r e e  c a s e s ,  

a s  t h e  t o t a l  s a m p l e  n u m b e r  i n  F i g . 8  i s  t h e  l a r g e s t .  I t  i s  a l s o  f o u n d  

t h a t  t h e  u n c e r t a i n t y  r e g i o n  i n  a n y  c a s e s  i n c r e a s e s  n e a r  t h e  r e g i o n  

o f  p a r t i c l e  d i a m e t e r  f r o m  x 1 , m i n  t o  x 2 , m a x .  O n  t h e  o t h e r  h a n d ,  f o r  

o n e  t r i a l  c a s e  s h o w n  i n  F i g s . 6 , 7  a n d  8 ,  t h e  c u m u l a t i v e  v a l u e  f r o m  

x 1 , m i n  t o  x 2 , m a x  i n d i c a t e s  t h e  c o n s t a n t  v a l u e  o f  m i x t u r e  r a t i o  o f  x 1  

s h o w n  i n  E q . ( 2 1 - 3 ) .  F i g u r e  9  s h o w s  t h e  c a l c u l a t e d  r e s u l t s  f o r  o n e  

t r i a l  u n d e r  t h e  f o l l o w i n g  c o n d i t i o n :  

       N 1 = 3 4 0 0 ,   N 2 = 1 0 0 0  

T h e  t o t a l  s a m p l e  n u m b e r  i n  F i g . 9  i s  t h e  s a m e  a s  i n  F i g . 7 ,  b u t  t h e  

m i x t u r e  r a t i o  o f  e a c h  p a r t i c l e  i s  d i f f e r e n t .  T h e  m i x t u r e  r a t i o  o f  

p a r t i c l e  1  i n  F i g . 9  i s  s m a l l e r  t h a n  t h a t  i n  F i g . 7 ,  t h e n  t h e  l o w e r  

c u m u l a t i v e  v a l u e  a b o u t  0 . 1 1  i n  t h e  r e g i o n  o f  f r o m  x 1 , m i n  t o  x 2 , m a x  

i s  i n d i c a t e d .  T h e  u n c e r t a i n t y  r e g i o n  i n c r e a s e s  a s  t h e  p i c k e t  f e n c e  

p r o p e r t y  i n c r e a s e s .  T h i s  e f f e c t  m i g h t  b e  t h e  r e a s o n  o f  t h e  

d i f f e r e n c e  o f  u n c e r t a i n t y  r e g i o n  b e t w e e n  t h e  t w o  c a s e s . I t  i s  a l s o  

f o u n d  t h a t  t h e  u n c e r t a i n t y  r e g i o n  i n c r e a s e s  a r o u n d  x 1 , m a x  t o  

x 2 , m i n .  
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C a s e 2   S i m u l a t i o n  r e s u l t s  o f  g = 1 . 0 5  

 F i g u r e  1 0  s h o w s  t h e  c a l c u l a t e d  r e s u l t s  o f  s i m u l a t i o n .  T h e  

s t a n d a r d  d e v i a t i o n  f o r  e a c h  p a r t i c l e  i s  s e t  t o  b e  1 . 0 5 ,  a n d  5 0 0  

t r i a l s  a r e  c a r r i e d  o u t  i n  t h e  c a l c u l a t i o n .  F o r  o n e  t r i a l ,  t h e  n u m b e r  

o f  p a r t i c l e s  p r o d u c e d  f r o m  t h e  p a r t i c l e  1  a n d  2  a r e  2 0 0 0  a n d  2 0 0 ,  

r e s p e c t i v e l y .  C o m p a r i n g  F i g s . 5  a n d  1 0 ,  i t  i s  f o u n d  t h a t  t h e  

u n c e r t a i n t y  r e g i o n  d e c r e a s e s  i n  t h e  c a s e  o f  F i g . 1 0 ,  a s  t h e  

g e o m e t r i c  s t a n d a r d  d e v i a t i o n  u s e d  i s  1 . 0 5 ,  t h a t  i s  n e a r l y  

m o n o - d i s p e r s e  p a r t i c l e s  a r e  p r o d u c e d  i n  t h i s  s i m u l a t i o n .  I t  i s  a l s o  

f o u n d  t h a t  v a l u e  o f  c u m u l a t i v e  d i s t r i b u t i o n   xQ3  f r o m  x 1 , m i n  t o  

x 2 , m a x  d o e s  n o t  s h o w  t h e  s a m e  c o n s t a n t  v a l u e  f o r  e a c h  t r i a l .  B u t  

t h e  u n c e r t a i n t y  r e g i o n  i n  F i g . 1 0  i s  r e l a t i v e l y  s m a l l e r  t h a n  t h a t  i n  

F i g . 5 .   

F i g u r e  1 1  s h o w s  t h e  c a l c u l a t e d  r e s u l t s  f o r  o n e  t r i a l  u n d e r  t h e  

c o n d i t i o n  o f  N 1 = 2 0 0 0 ,  N 2 = 2 0 0  a n d  05.1g .  

C o m p a r i n g  F i g s . 6  a n d  1 1 ,  o n l y  t h e  s t a n d a r d  d e v i a t i o n  i s  

d i f f e r e n t  t o  e a c h  o t h e r  a n d  o t h e r  c a l c u l a t i o n  c o n d i t i o n s  a r e  s a m e .  

D u e  t o  t h e  s m a l l e r  g e o m e t r i c  s t a n d a r d  d e v i a t i o n ,  t h e  u n c e r t a i n t y  

r e g i o n  i n  F i g . 1 1  i s  s m a l l e r  t h a n  t h a t  i n  F i g . 6 .  A l t h o u g h  t h e  t o t a l  

s a m p l e  s i z e  i n  F i g . 1 1  i s  2 2 0 0  a n d  t h i s  v a l u e  i s  s m a l l e r  t h a n  t h a t  

o f  6 6 0 0  i n  F i g . 8 ,  t h e  u n c e r t a i n t y  r e g i o n  i s  n e a r l y  e q u a l  f o r  t h e  

b o t h  c a s e s .  I t  i s  a l s o  f o u n d  t h a t  t h e  u n c e r t a i n t y  r e g i o n  i n c r e a s e s  

a r o u n d  t h e  r e g i o n  o f  p a r t i c l e  d i a m e t e r  f r o m  x 1 , m a x  t o  x 2 , m i n .   

T h e  p r o p o s e d  c a l c u l a t i o n  m e t h o d  o f  u n c e r t a i n t y  r e g i o n  m i g h t  
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b e  a p p l i c a b l e  t o  t h e  e v a l u a t i o n  o f  r e a l  e x p e r i m e n t a l  d a t a  f o r  t h e  

p i c k e t - f e n c e  d i s t r i b u t i o n  c o m p o s e d  o f  d i f f e r e n t  k i n d s  o f  n e a r l y  

m o n o - d i s p e r s e  p a r t i c l e s .  

  

C o n c l u s i o n  

T h e  u n c e r t a i n t y  r e g i o n  o f  t h e  g e n e r a l  p a r t i c l e  s i z e  d i s t r i b u t i o n  i s  

t h e o r e t i c a l l y  c o n s i d e r e d  a n d  t h e  f o l l o w i n g  c o n c l u s i o n s  a r e  

o b t a i n e d .  

 

( 1 )  T h e  u n c e r t a i n t y  r e g i o n  f o r  t h e  g e n e r a l  p a r t i c l e  s i z e  

d i s t r i b u t i o n  i s  d e r i v e d  a s  E q s . ( 6 ) - ( 1 4 )  b y  u s e  o f  

T s c h e b y s c h e f f  t h e o r y .  

( 2 )  F o r  p o l y - d i s p e r s e  p a r t i c l e s ,  t h e  u n c e r t a i n t y  r e g i o n  i n c r e a s e s  

a s  t h e  p a r t i c l e  d i a m e t e r  i n c r e a s e s .   

( 3 )  F o r  a  p i c k e t - f e n c e  d i s t r i b u t i o n  c o m p o s e d  o f  t w o  k i n d s  o f  

n e a r l y  m o n o - d i s p e r s e  p a r t i c l e s ,  t h e  u n c e r t a i n t y  r e g i o n  

i n c r e a s e s  a r o u n d  t h e  r e g i o n  f r o m  x 1 , m a x  t o  x 2 , m i n .   

( 4 )  T h e  u n c e r t a i n t y  r e g i o n  d e c r e a s e s  a s  t h e  g e o m e t r i c  s t a n d a r d  

d e v i a t i o n  d e c r e a s e s  o r  t h e  t o t a l  s a m p l e  s i z e  i n c r e a s e s .  

( 5 )  T h e  e s t i m a t i o n  m e t h o d  p r o p o s e d  h e r e  m a y  b e  a p p l i c a b l e  t o  

e v a l u a t e  t h e  u n c e r t a i n t y  r e g i o n  f o r  v a r i o u s  r e f e r e n c e  

p a r t i c l e s .  
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              N o m e n c l a t u r e  

 

g  :  p a r a m e t e r  d e f i n e d  b y  E q . ( 1 5 )                ( - )  

g i , g n :  p a r a m e t e r  d e f i n e d  b y  E q . ( 5 )               ( - )  

n i :  s a m p l e  s i z e  i n  s i z e  r a n g e  i                 ( - )  

N  :  t o t a l  s a m p l e  s i z e                        ( - )  

Q 0 , Q 3  :  c u m u l a t i v e  d i s t r i b u t i o n  b a s e d  o n  n u m b e r  a n d  v o l u m e ,  

r e s p e c t i v e l y                             ( - )  

Q 0 , i  *  :  t r u e  c u m u l a t i v e  d i s t r i b u t i o n  o f  s i z e  r a n g e  i  b a s e d  o n  

n u m b e r                                ( - )  

q 0 , q 3  :  s i z e  f r e q u e n c y  d i s t r i b u t i o n  b a s e d  o n  n u m b e r  a n d  v o l u m e ,  

r e s p e c t i v e l y                          ( - /m )  

x ,  x i  :  p a r t i c l e  d i a m e t e r  a n d  p a r t i c l e  d i a m e t e r   

i n  s i z e  r a n g e  i                         ( m )  

Δ x i  :  p a r t i c l e  s i z e  i n t e r v a l  i n  s i z e  r a n g e  i          (μ m )  

ii xx ,3,0 ,  :  m e d i a n  d i a m e t e r  o f  p a r t i c l e  i  b a s e d  o n  n u m b e r  a n d  

v o l u m e ,  r e s p e c t i v e l y                      (μ m )   

 x i  :  u n c e r t a i n t y  r e g i o n  o f  s i z e  r a n g e  i            (μ m )  

M :  p a r a m e t e r  u s e d  i n  E q . ( 1 6 - 4 )                   ( - )  

g :  g e o m e t r i c  s t a n d a r d  d e v i a t i o n     ( - )  

 

                      R e f e r e n c e s  

 

［ 1］ Y o s h i d a  H . ,  H .  M a s u d a ,  K .  F u k u i ,  a n d  Y .  T o k u n a g a :  

" P a r t i c l e  s i z e  m e a s u r e m e n t  w i t h  a n  i m p r o v e d  s e d i m e n t a t i o n  
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b a l a n c e  m e t h o d  a n d  m i c r o s c o p i c  m e t h o d  t o g e t h e r  w i t h  c o m p u t e r  

s i m u l a t i o n  o f  n e c e s s a r y  s a m p l e  s i z e ” ,  A d v a n c e d  P o w d e r  T e c h . ,  1 2 ,  

p p . 7 9 - 9 4  ( 2 0 0 1 )  

［ 2］Y o s h i d a  H . ,  H .  M a s u d a ,  K .  F u k u i ,  a n d  Y . T o k u n a g a  : " P a r t i c l e  

s i z e  m e a s u r e m e n t  o f  s t a n d a r d  r e f e r e n c e  p a r t i c l e  c a n d i d a t e s  w i t h  

i m p r o v e d  s i z e  m e a s u r e m e n t  d e v i c e s ” ,  A d v a n c e d  P o w d e r  T e c h . ,  1 4 ,  

p p . 1 7 - 3 1  ( 2 0 0 3 )  

［ 3 ］ M o r i , Y . ,  H . Y o s h i d a  a n d  H .  M a s u d a  : " C h a r a c t e r i z a t i o n  o f  

r e f e r e n c e  p a r t i c l e s  o f  t r a n s p a r e n t  g l a s s  b y  l a s e r  d i f f r a c t i o n  

m e t h o d ” ,  P a r t i c l e  &  P a r t i c l e  S y s t e m s  C h a r a c t e r i z a t i o n ,  2 4 ,  

p p . 9 1 - 9 6  ( 2 0 0 7 )  

［ 4］M a s u d a , H .  a n d  K . I i n o y a :  ” T h e o r e t i c a l  s t u d y  o f  t h e  s c a t t e r  o f  

e x p e r i m e n t a l  d a t a  d u e  t o  p a r t i c l e  s i z e  d i s t r i b u t i o n ” ,  J . C h e m . E n g . ,  

J a p a n ,  4 ,  p p . 6 0 - 6 7  ( 1 9 7 1 )  

［ 5］M a s u d a ,  H .  a n d  K . G o t o h :  “ S t u d y  o n  t h e  s a m p l e  s i z e  r e q u i r e d  

f o r  t h e  e s t i m a t i o n  o f  m e a n  p a r t i c l e  d i a m e t e r ” ,  A d v a n c e d  P o w d e r  

T e c h n o l . ,  1 0 ,  p p . 1 5 9 - 1 7 3  ( 1 9 9 9 )  

［ 6］Y o s h i d a ,  H . ,  Y .  M o r i ,  H .  M a s u d a  a n d  T .  Y a m a m o t o :  “ P a r t i c l e  

s i z e  m e a s u r e m e n t  o f  s t a n d a r d  r e f e r e n c e  p a r t i c l e  c a n d i d a t e s  a n d  

t h e o r e t i c a l  e s t i m a t i o n  o f  u n c e r t a i n t y  r e g i o n ” ,  A d v a n c e d  P o w d e r  

T e c h n o l . ,  2 0 ,  p p . 1 4 9 - 1 4 9  ( 2 0 0 9 )  
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F i g u r e  C a p t i o n  

 

T a b . 1   P a r t i c l e  s i z e  d i s t r i b u t i o n  d a t a  

T a b . 2   D a t a  t a b l e  o f  g e n e r a l  p a r t i c l e  s i z e  d i s t r i b u t i o n   

Fig.1  Photograph of reference particles measured by SEM 

      (MBP3-30) 

Fig.2  Particle size distribution indicated on log-normal sheet 

Fig.3  Corrected distribution with known maximum and minimum particle 

size 

Fig.4  Truncated frequency distribution with known maximum and minimum 

particle size 

Fig.5  Simulation results of cumulative distribution composed of two kinds 

of nearly mono-disperse particles   

(N1=2000, N2=200, 500 trials) 

Fig.6  Simulation results of cumulative distribution composed of two kinds 

of nearly mono-disperse particles  

(N1=2000, N2=200, one trial)  

Fig.7  Simulation results of cumulative distribution composed of two kinds 

of nearly mono-disperse particles  

(N1=4000, N2=400, one trial)   

Fig.8  Simulation results of cumulative distribution composed of two kinds 

of nearly mono-disperse particles  

(N1=6000, N2=600, one trial)  

Fig.9  Simulation results of cumulative distribution composed of two kinds 

of nearly mono-disperse particles  
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(N1=3400, N2=1000, one tr ial) 

Fig.10  Simulation results of cumulative distribution composed of two kinds 

of nearly mono-disperse particles  

(N1=2000, N2=200, 500 trials,  g =1.05) 

Fig.11  Simulation results of cumulative distribution composed of two kinds 

of nearly mono-disperse particles  

(N1=2000, N2=200, one trial ,  g =1.05) 

 

 



Table 1    Particle size distribution  data
xi-1～xi[μm] ni[-] q0[-/μm] q3[-/μm] Q3[-]

0～1 0 0.000 0.000 0.000
1～2 0 0.000 0.000 0.000
2～3 3 0.000 1.188E-06 1.188E-06
3～4 373 0.009 4.055E-04 4.066E-04
4～5 3000 0.076 0.007 0.007
5～6 5322 0.135 0.022 0.030
6～7 6149 0.156 0.043 0.073
7～8 5686 0.144 0.061 0.133
8～9 4709 0.119 0.073 0.207
9～10 3678 0.093 0.080 0.287
10～11 2858 0.072 0.084 0.371
11～12 2054 0.052 0.079 0.450
12～13 1606 0.041 0.080 0.529
13～14 1103 0.028 0.069 0.598
14～15 780 0.020 0.060 0.658
15～16 592 0.015 0.056 0.714
16～17 445 0.011 0.051 0.765
17～18 325 0.008 0.044 0.809
18～19 241 0.006 0.039 0.848
19～20 177 0.004 0.033 0.881
20～21 114 0.003 0.025 0.906
21～22 94 0.002 0.024 0.930
22～23 59 0.001 0.017 0.947
23～24 57 0.001 0.019 0.965
24～25 39 0.001 0.015 0.980
25～26 14 0.000 0.006 0.986
26～27 7 0.000 0.003 0.989
27～28 5 0.000 0.003 0.992
28～29 5 0.000 0.003 0.995
29～30 0 0.000 0.000 0.995
30～31 0 0.000 0.000 0.995
31～32 2 0.000 0.002 0.996
32～33 1 0.000 0.001 0.997
33～34 0 0.000 0.000 0.997
34～35 0 0.000 0.000 0.997
35～36 0 0.000 0.000 0.997
36～37 0 0.000 0.000 0.997
37～38 1 0.000 0.001 0.999
38～39 1 0.000 0.001 1.000

total 39500 1.000 1.000



size range    interval   number    count ratio   mass ratio
(μm)         (μm)        (-)              (-)                (-) 
x0-x1 Δx1 n1 q0,1Δx1 q3,1Δx1
x1-x2 Δx2 n2 q0,2Δx2 q3,2Δx2
x2-x3 Δx3 n3 q0,3Δx3 q33Δx3
xi-1-xi Δxi ni q0,iΔxi q3,iΔxi
xn-1-xn Δxｎ nn q0,nΔxn q3,nΔxn

Table  2    Data  table of general particle size distribution



Fig.1   Photograph of reference particle measured

by SEM (MBP 3-30）
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Fig.2    Particle size distribution indicated on log-normal sheet
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Fig.3   Corrected distribution with known maximum and 

minimum particle sizes
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Fig.4   Truncated frequency distribution with known  

maximum and minimum particle sizes
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Fig.5   Simulation results of cumulative distribution composed  of two
kinds of nearly mono-disperse particles (N1=2000, N2=200, 500 trials) 



Particle diameter   x [m]

N1=2000
N2=200
σg=1.10

Q
3(

x)

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

1

0
0.1 1 10

Fig.6   Simulation results of cumulative distribution composed  of two
kinds of nearly mono-disperse particles (N1=2000, N2=200,  one trial) 
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Fig.7   Simulation results of cumulative distribution composed  of two
kinds of nearly mono-disperse particles (N1=4000, N2=400,  one trial) 
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Fig.8  Simulation results of cumulative distribution composed  of two
kinds of nearly mono-disperse particles (N1=6000, N2=600,  one trial) 
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Fig.9    Simulation results of cumulative distribution composed  of two
kinds of nearly mono-disperse particles (N1=3400, N2=1000,  one trial) 
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Fig.10   Simulation results of cumulative distribution composed  of two
kinds of nearly mono-disperse particles (N1=2000, N2=200, 500 trials, σg=1.05) 
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Fig.11   Simulation results of cumulative distribution composed  of two
kinds of nearly mono-disperse particles (N1=2000, N2=200, one trial, σg=1.05) 


