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Abstract. Weighted energy estimates including the Keel, Smith and Sogge estimate is
obtained for solutions of exterior problem of the wave equation in three or higher dimen-
sional Euclidean spaces. For the solutions of the Cauchy problem, which is corresponding
to the free system in scattering theory, the estimates are given by using the ideas introduced
by Morawetz and summarized by Mochizuki for the Dirichlet problem in the outside of
star shaped obstacles. From the estimates for the free system, the corresponding estimates
for exterior domains are given if it is assumed that the local energy decays uniformly with
respect to initial data, which depends on the structures of propagation of singularities.
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1 Introduction

Let @ C R” (n > 3) be an exterior domain of a bounded obstacle @ = R" \ Q.
Assume that the boundary 92 is C*° and compact, and 2 is connected. Consider
the following mixed problem of the usual wave equation:

(0% — Mu(t,x) = f(t,x) inR x Q,
Bu(t,x) =0 on R x 092, (1.1)
u(0,x) = fi(x), du(0,x)= fo(x) on¢,

where the boundary operator 8B is given by Bu(f,x) = u(t, x) (the Dirichlet
condition) or Bu(t,x) = g—'ﬁ(r,x) = 27=1 V) (x)a‘%(t,x) (the Neumann con-
dition). In the above, v(x) = “(v1(x), v2(x), v3(x)) is the unit outer normal vec-
tor of Q2 at x € 0 pointing into the outside of Q2. Since @ is compact, we
have @ C Bp, for some fixed constant Rp > 0, where Br, = Bg,(0) and
Bro(a) = {x € R" | |x —a| < Ro}.
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1218 M. Kawashita and H. Sugimoto

The main purpose of this paper is to consider weighted energy estimates of
L?-type for solutions of problem (1.1). In [10], Keel, Smith and Sogge proposed
a new approach to obtain existence theorems of non-linear wave equations. In this
approach, a weighted energy estimate for critical case is essentially used. This es-
timate is called Keel, Smith and Sogge estimate (cf. Proposition 2.1 in Keel, Smith
and Sogge [10], or for selfcontaindness let us refer the estimate of the case [ = 1
in Theorem 1.1 or Corollary 2.2). In line with this new idea, various existence
theorems of non-linear wave equations for the Cauchy problems and the Dirich-
let boundary problems are investigated (see e.g. [3, 9, 15, 16] and the references
therein).

In the case of the Dirichlet problem in exterior domains it can be expected
to have existence theorems for solutions of non-linear wave equations for smooth
initial data if the local energy of the solutions of the corresponding linearized wave
equation decays sufficiently fast. These are also investigated by many authors
([9, 15, 16] and the references therein). In these works, one of the key estimates
is weighted energy estimates of L2-type in the space variable for the solution of
linear equation in exterior domains.

In this paper, weighted energy estimates of L2-type including the Keel, Smith
and Sogge estimate in exterior domains in R” (n > 3) are given if the local en-
ergy of the solutions of the corresponding linear equations decays fast uniformly.
To describe them, let us introduce the function spaces H™(Q2) = {v € H” () |
% € L2(Q) for 1 < |a| < m,limyo0r 2 frs\xISZr [v(x)|?dx = 0} (m =
1,2,...). Concerning the boundary conditions, we put H}B” (Q) ={ve H"(Q) |
Bv = 0onadQR} form = 2 or m = 1 and the case of Bv = v on 012, and
H ﬂ%? (Q) = HY() for the case of the Neumann boundary condition. For initial

data { f1, fo} € H}B(Q) x L?(2) and inhomogeneous data f € L1 (R; L?(R2)),

loc
problem (1.1) has the unique solution u(¢,x) € C(R; H'(Q)) with d,u(t,x) €
C(R; L?(Q)). For any domain D C R”, we put

1
e(t,x;u) = §{|8tu(t,x)|2 + |qu(t,x)|2} and E(u, D,t) = /De(t,x;u)dx.

Let us introduce the following uniform decay rate p,, r(¢) of the local energy
of solutions u(¢, x) of (1.1) with zero inhomogeneous data f(z, x) = 0:

E@. Q0 Br.0) + 1) 22005,
“vxfllhzqm(g) + I|f2||%.1m(9)

Pm,R(t) = sup{

0 # f1, /> € C§°(2 N Bg) such thatu € C®(R xﬁ)},
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where R > 0 is a constant satisfying @ C Bg, m > 0 is an integer. Note that
Do, Rr(?) is the uniform decay rate in the sense of Morawetz [23].

In this paper, from now on, we say that a pair ( f1, f2, f) of the data satisfies the
compatibility condition of order m if and only if the unique solution u of (1.1) with
fi € H"THQNHG(Q), fo € H™(Q), f € (]S Wile ' (R H" 17 (Q))
belongs to (L, C/(R: H™T17/(Q)) with d,u € (Lo C/(R: H™ /().
In the definition of p,, r(¢), we put the compatibility conditions of infinite or-
der for the data ( f1, f2, f) (with f = 0). But this is not necessary. We only need
the one of order m.

For solutions u(z, x) of (1.1), we define the weighted L2-energy W;(¢;u) by

Wi (t;u) = /Ot/;z(l + |x|)_le(s,x;u)dxds

t
—1—//(1—|—|x|)_(l+2)|u(s,x)|2dxds.
0JQ

The purpose of this paper is to give estimates of W;(¢;u) for solutions of (1.1) if
local energy decays sufficiently fast. For the uniform decay rate p,, g(f) of the
local energy, we assume that

(E1) there exists an integer m > 0, a constant Ro > 0 and a function p,, €
C([0, 00)) N L1(]0, 00)) such that P Ro+Ro ) < pm() (t = 0).

To state our main theorem we introduce the following notations:

1-/
&’ 0<1I<1,
Lo
(1) = log(1 + 1), =1,

max{l,({ — )71}, [>1.

Theorem 1.1. Assume that n > 3 and (E1) is satisfied. Then there exists a constant
C > 0 such that

t 2
Wi(tsu) < qu(t>{||vxf1||%,m(m + | L2l Fpmegy + ( /0 £ G, -)||Lz<g>ds)

m—1 1 t . 2
+ Cm(z Z/O ”a_{—i_kf(sy ')”Hmlk(gz)ds) }

k=0,=0
(t =0,1 > 0and (f1, f2, f) satisfies the compatibility condition of order m),

where Cy, is the constant defined by Co = 0 and C,, = 1 form > 1.
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Note that the case of / = 1 in the estimate in Theorem 1.1 is the Keel, Smith
and Sogge estimate.

Let us mention about the decay rate p,, gr(¢) before going to handle our con-
cerned estimates in Theorem 1.1. Many authors investigated the decay rate p,, gr ()
from the point of view in scattering theory. The case of m = 0 is different from the
other cases. For the Dirichlet problem, Morawetz [22] shows po g(1) = O(t™!)
as t — oo if the obstacle @ is star shaped. In this line, serial works of Ikehata
makes the argument simpler and remove the restriction that the support of the ini-
tial data is compact (see e.g. Ikehata [6] and the references therein).

Morawetz [23] also gives an interesting result and argument that we can ob-
tain por(t) = O(e™®") for some o > 0 if the space dimension n > 3 is
odd and we a priori know pgo r(f) — 0 ast — oo. In the case of the Neu-
mann boundary condition, this interesting result is also valid. Note that in this
argument, Huygens’ principle is essentially used. Hence the space dimension n
should be odd. For even dimension, it is expected that we can get the estimate
po.r(t) = O(t~2m=1). For even n > 4, the estimate po.r(t) = O(t—2(—1)
is given in [8], and for even n > 2 the same estimate is obtained by Vodev [30].
In [8], the translation representation of the scattering theory of Lax and Phillips
[11] are essentially used to decompose the waves. This idea is originally intro-
duced by Melrose [12] to show the same estimate for the case of non-trapping
obstacles as is in the next paragraph. Note that in [30], Vodev introduces a new
approach via analyzing “cutoff resolvents”, and also show the following uniform
estimate: E(u, 2 N Br,t) = O(™2").

In the case of m = 0, decay estimates of po,gr(¢) are closely connected with the
non-trapping property of singularities of the solutions of problem (1.1). If we have
a trapping ray of geometrical optics, we have no decay property of po g(¢). This
is shown in Ralston [26]. On the other hand, as is in Vainberg [29], Morawetz,
Ralston and Strauss [24], Melrose [12] and Ralston [27], if all singularities near
the obstacle escape far away within fixed finite time, we have the estimates of
po.r(t) stated above. Melrose and Sjostrand [13, 14] show that all singularities
propagate along the generalized broken rays introduced in [13, 14]. Thus Mel-
rose and Sjostrand reduced analytical conditions about non-trapping obstacles to
geometrical conditions.

On the other hand, in the case of m > 0, Walker [31] shows that p;, gr(¢) — 0
ast — oo if m > 0. Hence the problem is how fast it decays. About this, let us
introduce the work of Ikawa [4, 5] for the case of the Dirichlet boundary condition.
In [4], Ikawa shows that for m > 5, p,, r(t) = O(e~*") with some fixed constant
o > 0if n = 3 and O consists of two strictly convex bodies. Further in Ikawa [5],
the case that n = 3 and O consists of finitely many convex bodies is considered.
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If the convex hull of each two bodies does not intersect with the other bodies and
some additional condition holds, then Ikawa [5] obtains p, r(1) = O(e™%") for
m > 2. Note that if all these bodies are balls and they separate each other well, the
additional condition is satisfied.

Even for the transmisson problem, Cardoso, Popov and Vodev [2] give the same
estimate as that of the non-trapping case stated above if the phase speed of the
inside medium is greater than that of the outside one. Hence, if this is the case,
thanks to the work of Cardoso, Popov and Vodev [2], we can obtain the same result
as Theorem 1.1 by the similar argument in Section 5. On the contrary, in the case
that the phase speed of the inside medium is less than that of the outside one, Popov
and Vodev [25] show the existence of the sequence of the resonances approaching
to the real axis. Thus we cannot expect to have such decay estimates, nor have
any polynomial bound for p,, r(?). Finally, let us mention an interesting result of
Burq [1] that for every obstacle, the upper bound p,, gr(t) = O((log(l + ¢)™™)
is given. Even in the cases of no polynomial bound for p,, r(f), the method of
Burq [1] gives the above logarithmic bound. Unfortunately, this bound seems to
be too weak to obtain the weighted energy estimates in Theorem 1.1.

In Sections 2 and 3, we consider the weighted energy estimates for the solutions
of the case of the Cauchy problem or that of the Dirichlet boundary condition in
the exterior of star shaped obstacles (9. These are considered as free systems in
scattering theory. In Section 2, we state the estimates for free space case. In our
approach, as is in Theorem 1.1, we need to see how the coefficients of the estimates
depend on / (I # 1) explicitly. Using this information we show the estimate for
I = 1, that is the Keel, Smith and Sogge estimate. This argument is given in
Section 2.

For the Keel, Smith and Sogge estimate, in the whole Euclidean space R”,
Hidano and Yokoyama [3] give precise arguments and investigations about the
estimate itself and the scaling invariant version of the estimate. For star shaped
obstacles, the estimate is also obtained in Metcalfe and Sogge [16] by using the
argument of Morawetz [22] for estimating decay of the local energy. Thus some
parts of these cases have already been shown. Still in Section 3, we give a proof
of these estimates since we can see how the argument developed by Morawetz and
Mochizuki explains well why the estimates hold. As another reason, to obtain The-
orem 1.1, we need to have L2-type estimates in time integral for inhomogeneous
data f(z,x) in (1.1) (cf. Theorem 4.1). For the purpose, we use the argument of
Morawetz and Mochizuki mentioned above.

In the context of scattering theory, Mochizuki develops the idea of Morawetz
[22] to show various energy decay estimates (cf. Mochizuki [18, 19] and Mochi-
zuki and Nakazawa [20, 21]). These correspond to the case of / > 1 in the estimate
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of Theorem 1.1 for star shaped obstacles. In the case of the Cauchy problem, as
is in Mochizuki [17], the estimates for / > 1 correspond to the smooth operator
estimate introduced by Kato [7]. Thus the estimates for / > 1 are implicitly
well known in scattering theory. We can also show the estimate for / = 1 if
we choose the multiplier in [19] and [20] in a proper way. But we do not use
this approach since for the Cauchy problem, it seems to be difficult to perform
integration by parts to obtain necessary identities. To obtain the estimates for the
Cauchy problems (cf. Section 3.1), we use rather simple multiplier with parameters
studied in Sugimoto [28]. One of the advantages of our choice of the multipliers
is to see why the case [ = 1 is critical explicitly.

The estimates given in Theorem 1.1 are of L !-type in time variable . To handle
the perturbed system, we have to control L2-type integrals in time variable. This
means that for the solutions of the free systems, we need to have L2-type esti-
mates in time variable. In Section 4, these estimates are given (cf. Theorem 4.1).
In these estimates, since we take L2-type integrals in time, we have to put some
weight to the space variables. Hence the arguments to obtaining these estimates
are more complicated than those in Section 3 since we need the weights for the
space variables x. Last in Section 5, using the estimates for free systems, we show
Theorem 1.1. As we can see in the proof, these estimates for perturbed systems
can be obtained if we have the estimates for free systems and the uniform decay
estimates about local energy for perturbed systems.

2 Weighted energy estimates for free systems

Let us consider the case of the Dirichlet boundary condition or the Cauchy problem
(i.e. the non-obstacle case). In these cases, the Morawetz identity is used to obtain
weighted energy estimates. As is in Morawetz [22], we consider the following
problem:
(0% — Mu(t,x) = f(t,x) inR x Q,
u(t,x) =0 onR x 092, (2.1)
u(0,x) = fi(x), d:u(0,x) = fo(x) onQ.
Here we assume that the obstacle @ = R” \ Q satisfies one of the following
conditions:
(H) the obstacle O is star shaped with respect to a point xo € @

or

(C) the obstacle O is empty.
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Note that condition (C) means the case of the Cauchy problem for the whole Eu-
clidean space R”.

We shall state weighted energy estimates separately as considering cases of the
weights though they can be given simultaneously as is in Theorem 1.1.

Theorem 2.1. Assume that n > 3 and the obstacle O satisfies (H) or (C). Then
there exists a constant C > 0 such that for any | > 0, [ # 1,

t t
/ / (1 + |x])Pe(s, x;u)dxds + [ / (1 + |x])"Y*Du(s, x)|?dxds
0JQ 0JQ

t 2
§CQI(I){E(U,910)+ (/(; ||f(S,)||L2(Q)dS) }

From Theorem 2.1, we have the weighted energy estimate with the weight
(1 + |x|)~1, that is the Keel, Smith and Sogge estimate.

Corollary 2.2. Assume that n > 3 and the obstacle O satisfies (H) or (C). Then
there exists a constant C > 0 such that for any t > 0

¢ t
—1 . -3 2
/O/Q(l + |x])"e(s, x;u)dxds +/0/;2(1 + |xD) 7 u(s, x)|“dxds

t 2
< Clog(l + t){E(u, Q,0) + (/0 ||f(s,-)||L2(Q)ds) }

The proof of Theorem 2.1 is given in the following section. In the rest of this
section, using Theorems 2.1, we show Corollary 2.2.

Proof of Corollary 2.2. Tt suffices to show the estimate in the case of t > 2 — 1.
For fixed t > e2—1, choose / as [ = 1—(log(1+1))~L. Since t > e?>—1 we have
1/2 <1 < 1and (14 1)~} = e. Hence from the fact (1 + |x|)™* < (1 + |x|)~*,
Theorem 2.1 implies that

/t/ (1 + |x])"Ye(s, x;u)dxds < Clog(l + 1)I(z), (2.2)
0J/Q
where
t 2
1) = {E<u, 2.0 + ( [ 16 a@s) . @3)

Since it follows that (1 + |[x[)~¢*2 > (1 + [x])73 (0 </ < 1, x € R"), from
Theorem 2.1, the argument for (2.2) implies

[t/ (1 + |x])"3Ju(s, x)|*dxds < C log(1 + t)I(z).
0JQ

This completes the proof of Corollary 2.2. o
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3 Weighted energy estimates from the Morawetz identity

In this section, we give a proof of Theorem 2.1. If condition (H) holds, by transla-
tion, we can assume that xo in condition (H) is just the origin, i.e.

v(x) - x <0 (x €0Q). (3.1

3.1 The Morawetz identity and basic estimates

We begin with stating the Morawetz identity.

Proposition 3.1. For any v € 1OC(R x Q) and a scalar valued function F €
C2(R™ \ {0}), we have the following identity:

Re[ (x Vv + — )(82 A)v]
= 8,(X(t,x; v)) + div(Y (¢, x;v)) + Z(¢, x;v)

(3.2)
—1
+ (2_1div(Fx) — nTF)(|8lv|2 — [Vov]?) + F|Vy]?
+ Re[(Vx F - Vxv)x - Vi1,
where
- n—-1—
X(t,x;v) = Re[F(x)atv(t,x)(x -Vyu(t, x) + v(t,x))],
Y(,x;v) = 2_1(|va|2 — |8tv|2)Fx
-1 -1
—Re [F(x-VxU)va—l— nTFviU— n |v|2VxF],

Z(t,x;v) = —%(AF)(x)w(r,x)P.

In (3.2), the case that ' = 1 is the original Morawetz identity given in [22]
to show the decay estimate E(u, QNBg,t) = O(t~!). This argument is sum-
marized by Mochizuki (cf. Mochizuki [19], Mochizuki and Nakazawa [21], and
the references therein). In these works, basically the multiplier /' is chosen as
F(x) = |x|7'¢(]x|) with an appropriate function ¢ satisfying ¢(0) > 0.

Asisin [19] for example, this choice of the multiplier makes the identity simple,
however, it seems to be difficult to handle the case of the Cauchy problem. Hence
in what follows, for 0 < § < 1,0 < f and 0 < [ we choose F in (3.2) as
F(x) = (8 + |x|28)~1/2,

Lemma 3.2. For F(x) = (§ + [x[?#)71/2(0 <8 <1,0 < B, 0 <), we have
(1) 27 div(Fx) = 51 F =~ F(0)(8 + |x12P) x| + LF (),
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(2) (ViF - Vyiv)x - Vo0 = —IBF (x)(8 + |x[2#)~1|x|?P ||x|71x - vxv}z,
(3) AF(x) = —IBF(x)(S + [x|?A)~ xPE"DIn — I — 2 + 880 + 2)(8 +
|x|28)~1}.

Proof. Since dx, F(x) = —IBx; F(x)(8+ |x|28) =1 x|2B=1) we have div(Fx) =
x-VyF +nF = —IBF(x)(8 + |x|*#)~1|x|?8 + nF. This implies (1). Statement
(2) is obvious.

We show (3). From the form of dx; F(x), it follows that

IXPF7IVe F = —1B(5 + |x|*8) 7! x|, (3.3)

which implies AF = |x|2Fdiv( —IB8(5 + |x|?#)7!|x |2 x) — 2|x|2x - Vi F +
F~1(V,F)?. Note that from (3.3) it follows that F~1(V,F)? = (IB)*>F(§ +
1x)28)721x |28 |x|>B =D and |x|2x - Vo F = —IBF (8 + |x|*#)~1|x|2B~D. Com-
bining them with the equality

div(~IB(|x*2)7 |x P x)
= —1BIx (6 + 1xPP) ! 6 PPV {n + 2885 + |x )71,
we obtain (3) of Lemma 3.2. This completes the proof of Lemma 3.2. o
From (3.2) and Lemma 3.2, it follows that

v) (2 — A)v]
= 0;X(t,x;v) +divY + Z(t, x;v)

+ F()(1 =18 + 818 + |x[*P) V)e(t, x; v)

+IBF () + [x1P2) " x PP {|Vaw]? — | |x [ x - Vo)

n—1

Re[F(x-in+

(3.4)

We have the following basic estimate from identity (3.4):

Proposition 3.3. Assume that n > 3. For star shaped obstacles with respect to
the origin, every solutionu € CO(R; H'(Q)), d,u € C°(R; L?(R)) of equation
(2.1) satisfies the following estimate:

t t
// F(x)(l—lﬂ+8[ﬂ(8+|x|2ﬁ)_1)e(s,x;u)dxds+// Z(s,x;u)dxds
0JQ 0JQ

< Il,ﬂ(t;u,S)—/;zX(t,x;u)dx+/S2X(O,x;u)dx

foranyt>0,1>8§>0,8>0and! >0,

AUTHOR'S COPY | AUTORENEXEMPLAR



AUTHOR'S COPY | AUTORENEXEMPLAR

1226 M. Kawashita and H. Sugimoto

where F(x) = (§ + |x|*#)~1/2 and

K g(t;u,8) = /Ot/Q F(x)(1—IB +8IB(S + |x|2ﬂ)_1)e(s,x;u)dxds, (3.5

n

Lg(t;u,8) = Re/Ot/Q F(x)(x-qu(s,x) + glu(s,x))f(s,x)dxds.

Ifu € CO(R; H'(R™)), 3,u € CY(R; L2(R™)) is a solution of the Cauchy prob-

lem of the wave equation in the whole space R", we also have the estimate given
by replacing Q2 with the whole space R" in the above estimate.

Proof. First we consider the case of the Dirichlet problem. Putting v = u in (3.4),
and integrating (3.4) over [0, ] x €, we obtain

t
Il,lg(t;u,S):/ X(t,x;u)dx—/ X(O,x;u)dx+// divYdxds
Q Q 0JQ
t
+// Z(s,x;u)dxds + Ky g(t;u,d)
0JQ

t
By~ B
+1p [ [ (P0G + 16091
x {|Vxul? — ||x|_1x . qu|2})dxds.

In the case of the Dirichlet condition, it follows that Vyu(t, x) = v(x)d,u(z, x)
on R x d2. Hence as is in Morawetz [22], integrating by parts and using (3.1) we

have
t t
/ / divYdxds = / / v(x)-YdSxds
0JQ 0 JoQ
1! 2
= —— Fv-x|dyu|“dSxds
2 Jo Joo
> 0.
From this estimate and the fact that |V v|? — ’|x|_1x . va|2 > 0, we obtain

Proposition 3.3 in the case of the Dirichlet condition.

Next consider the case of the Cauchy problem. Let B.(0) = {x € R” | |x]| < &}.
If this is the case, replacing Q with R” \ B,(0), we follow the same argument
as in the case of the Dirichlet condition, and take the limit ¢ — 0. When we
take the limit, every term not containing derivatives of F converges to the inte-
gral over [0, ¢] x R”. Thus it suffices to show the following limits for the terms
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containing derivatives of F':

t t
/ / div¥dxds = — / / X YdSyds >0 (s —0), (3.6)
0 JR"\B,(0) o JaB.(o) x|

t t
/ / Z(s,x;v)dxds — / / Z(s,x;v)dxds (e—=0). 3.7
0 JR"\ B, (0) 0o JR”

We give a proof of (3.6). From the definition of Y and the estimate of the
derivatives of F, it is enough to show

t
/ / |VxF||u(s,x)|2deds
0 B:(0)

¢
SC// |x|2‘3_1|u(s,x)|2deds (3.8)
0 JAB:(0)

t
< Ce?h1 / / lu(s, x)[2dSxds — 0 (e — 0).
0 J3B.(0)

To show (3.8), we use the fact that f] € HléC(R”) for any f; € H'(R") and
Hardy’s inequality
[Py ¢ [ 19 AP, (39)

where © = © or Q@ = R”. Note that (3.9) holds only in the case that n > 3. For
f1 € HY(R"), the trace theorem implies that f; € L?(3B,(0)), and there exists a
C > 0 such that for any € > 0

/ f1(0)2dSy = & / | fi(cw)2dSe
9B, (0) dB1(0)

<! / {e2(V f1) ()2 + | f1(ex) 2 }dx.
B1(0)

Changing the variables in the above estimate, we have

/ 1) Sy < Ce™! / (21(Ve P + AP dx. (3.10)
dB:(0) B (0)

From Hardy’s inequality (3.9), it follows that

/ | fi(x)Pdx < CSZ/ x| 72 f1(x))Pdx < CEZ/ [V fi(x)Pdx.
B:(0) B:(0) R”?
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Combining the above estimate, (3.10) and noting that V,u € C°(R; L?(R?)) we
obtain (3.8) in the following way:

¢
gzﬁ—I// lu(s, x)|?dSxds
0 JoB.(0)
t
§C82‘B// |Veu(s, x)[?dxds — 0 (¢ — 0).
0 JR”2

Hence we have proved (3.6).
For (3.7), from the definition of Z and the estimate of the derivatives of F, it
suffices to show that

t
/ / |x|2ﬂ_2|u(t,x)|2dxds -0 (6—0).
0 JB(0)

This limit can be obtained by the same argument as in the proof of (3.8). Hence
we have (3.7). Thus in the case of the Cauchy problem, we have shown Proposi-
tion 3.3. |

We need estimates of the weight F(x) = (8§ + |x|?#)~!/2 used in Proposi-
tion 3.3.

Lemma 3.4. Forany 1 > § > 0, B > 0 and [ > 0, we have the following estimate:
G+ xP)? = g + IxD7,
where C; g(8) = min{1, (1 + 8)2@8~1 §5@B-1)y
Proof. We put ¢(r) = (8 + r)"B (8 + r2#)~1/2 (r > 0). Since
¢'(r) = 1B(8 + r)"B=1 (s + r?P)~1/27 1 1 — p2P71Y

for 0 < B < 1/2, it follows that

0(r) = p(1) = (1 + 8P (1 +8)7/2 = (1 + 82D,
For § = 1/2, we have ¢(r) = 1 (r > 0). For 8 > 1/2, noting that

L E+n® s+ )k |
o) = 6+ r2B)I2 ~ (728§ 1 1)1/ -1 o)

and (0) = §/8s~1/2 = 85(25_1), we have proved Lemma 3.4. ]
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Weighted energy estimates for wave equations in exterior domains 1229

We introduce the following notations:
K{D(tu.8) = //(5+ X8 e(s, x;u)dxds,
(2)(t u,8) = /0/9(5 + |x|)" DB e(s, x:u)dxds, (3.11)
Z{ ) (t:u.8) = /t/ S+ |x)"IHDB 2BV (s, x)|2dxds,  (3.12)

Z(z)(t u,8) = //(5 + x) DB 2B Dy (s, x)|Pdxds. (3.13)

From (3.5) and Lemma 3.4, it follows that forany # > 0,/,8 > 0and 0 < § < 1
Kip(t:u.8) = Cpp(8)(1 —IB) K ) (t:u.8) + Cryn g (B)SIBK ) (1:u. ).
In the estimate of Proposition 3.3, the weighted L2-norms of u(t, x) are con-

tained in the term consisting of the integral of Z. To pick up these terms defined
by (3.12) and (3.13), we essentially need n > 3.

Lemma 3.5. Assume that n > 3. There exists a constant C > 0 such that for any
1>6§>0,8>0and! >0withlf <1

/t/ Z(s,x: u)dxds > M{C,Hﬂ(&u —1B)Z})(t:u.8)
0Ja 4
+8C14a 8 (O)BU +2)Z (15, 3)}

From this estimate, we also have

¢
// Z(s,x;u)dxds > 0.
0JQ

Proof. Sincen > 3, wehaven —If —2 > 1—1[8 > 0. Hence by the definition of
Z(t,x;u) and (3) of Lemma 3.2, we have

(n l)lﬁ{

Z(t, x;u) > (1= 1B)F(x)(8 + |x[*2) x| 2D u(r, x)[?

+ 8B+ DF (G + |1 2) 2 PO Dt 0.
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1230 M. Kawashita and H. Sugimoto

From Lemma 3.4, it follows that

ZUVﬁM)ZEz;fﬂﬁ{mm{La-+&@f@54{5@f@ﬂ4w
|X|2(ﬂ_1)|u(t,x)|2
(1+ |x|)C+28
n min{l, (1 + 8§) 3 @B-D, 5”“74(2/3—1)}
|X|2('B_1)|u(l‘, x)|2}
(14 |x)+o8

x(1=1p)

x 8B(I + 2)

Integrating the above inequality over [0, ¢] x 2, we obtain Lemma 3.5. o

Summing up the above arguments, we obtain the following proposition:

Proposition 3.6. Assume that n > 3. For star shaped obstacles with respect to
the origin, every solution u € CO(R; HY(Q)), d,u € C°(R; L*(RQ)) of equation
(2.1) satisfies the following estimate:

n—1
(=19 CLaOR .8 + " 5 CL 0012 s )|
@) ;. n—1 @),
18] Cra g KD + "1+ DBCL )2 000

5Il’ﬂ(t;u,S)—/QX(t,x;u)dx+/;2X(O,x;u)dx
foranyt >0,1>8§>0,8>0and! > 0withlf < 1.

Ifu € CO(R; H'(R™)), 3,u € CY(R; L2(R™)) is a solution of the Cauchy prob-
lem of the wave equation in the whole space R", we also have the estimate given
by replacing Q2 with the whole space R" in the above estimate.

3.2 Proof of Theorem 2.1

We choose a cutoff function v € Cg°(R") with ¥ (x) = 1 (for |x| < 1),
¥ (x) = 0 (for |x| > 2), and put ¥ g(x) = ¥ (R~ 'x). We consider the solutions
ug)(z, x) and ug) (¢, x) of the following equations respectively:

@2 — M (1, x) = Yr(x) £ (1, x) iR x Q.
u?@w)=0 onR x 32, (3.14)
w0, x) = yr() /i), 310, x) = Yr(x) fo(x) onQ
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Weighted energy estimates for wave equations in exterior domains 1231

and

@2 — Mu'P (e, x) = (1 = Yr()) f(1,x) nRxQ,

uD(t,x)=0 on R x 9%,
(2) (3.15)
0,x) = (I = ¥r(x)) f1(x) on €,
atu%’(o,x) = (1= Y&() /() on Q.
Note that from the property of the finite propagation speed, we have
suppu'y)(1,) C {x € R" | x| < 2R +1}, (3.16)
suppu'?(r,) C{x e R" | R—1 < |x[} (3.17)

since supp ¥y r C {x € R" | |x] < 2R} and supp(1 — ¥g) C {x e R* | R < |x|}.
We also note that there exists a constant C > 0 such that

E@Y,2,0)< CEM,Q,0) (R>0,j =1,2). (3.18)

To show this, we use the fact that R < |x| < 2R if V¥ (R™1x) # 0. From this,
we have

E(u%),Q,O) <2E(u,2,0)+ 4 sup |Vxlﬂ(x)|2/Q |x|_2|f1(x)|2dx.

xeR”

This estimate and Hardy’s inequality (3.9) imply (3.18).

First we give estimates of ug)(t, x). For this, we use Proposition 3.6. We begin

with considering the term of X (¢, x; ug)).

Lemma 3.7. There exists a constant C > 0 such that for any B > 0 and | > 0
withIf < 1

'/ X(t,x; ug))dx
Q

where 1(t) is introduced in (2.3).

<CQR+O"I(t) (t=0,R>0),

Proof. Since for 1 > § > 0, 8, [ > 0, it follows that |x|F(x) = |x|(§ +
|x|?8)~ 1/2<|x|(|X|2ﬂ) 112 — |x)1= 18 , we have

X(t U] < x| Fldg (0| (Va0 + = 2 el e e,

< ' e 0, 01 (1@ e, 0]+ " 0
(3.19)
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1232 M. Kawashita and H. Sugimoto

Hence noting (3.16), (3.9) and /8 < 1, we obtain

‘/ X(t, x;ulydx| < CeR+ 0" ELY, Q,1). (3.20)
Q

Since the usual energy estimate implies
t 2
EuP 1,2 < E@ . 2,0) + c(/o Il £(s. -)||L2(Q)ds) (t >0,R>0),
(3.21)

combining (3.21), (3.20) with (3.18), we obtain Lemma 3.7. O
For the term 1; g(z; ug), 8), using the argument for (3.19), we have

t
g9 = [ 1 o £ 5,00 (1950 5,00

n
+

—1
. e~ D s, x)|)dxds

t
=R+ [ [ 160l (1 0]
0
-1
+ n—lxl_llugel)(s,xﬂ)dxds.
2
Hence Hardy’s inequality and (3.21) yield

2
Lp;ulY,8) < CQR+1)!™ lﬂ{E(u Q.,0) + (/ Il £ (s. )||L2(Q)ds) }
(3.22)

From Lemma 3.7, (3.22) and Proposition 3.6, there exists a constant C > 0 such
that

(1 —lﬂ){clﬂ(S)K( (t; u(l) 8)+lﬁCl+2ﬂ(5)Z( (t; u(l) 8)}
+81ﬁ{C1+2,B(5)K,(,2‘3(t;u(1) 8)+ B +2)C,+4/3(5)Z( s )} (3.23)

<CQR+0)"PI@)

foranyz,R >0,1>6>0,8>0and/ > 0 with /[ < 1.
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Weighted energy estimates for wave equations in exterior domains 1233

For ug) (z, x) we have the following estimate:

Proposition 3.8. There exists a constant C > 0 such that

//e(s X; u(z))dxds+a// |x|2(ﬁ—1)|ug)(s’x)|2dde
Q@ (84 [x))« (8 + |x[)*+28

<Ct(R—-1)"%I(t) 0<a,B,0<8<1,0<t<R).

Proof. Fort with0 <t < R, from (3.17), u(z)(t,x) = 0 for |[x| < R —t. Since
G+ xD™*<(R—1t)"* 0 <a,|x] > R—1)we have

t
//(8—|— |x|)_°‘e(s,x;u%))dxds
0J/a
t
= // 6+ |x|)_“e(s,x;ug))dxds (3.24)
Q\Br—(0)
t
< (R—t)_“/ EWR,Q,s)ds.
0

From (3.21) and (3.18), it follows that

s 2
E(ug)’g’s) < E(ug),g,o) + (/0 (1 —‘/fR(‘))f(Sa')”LZ(Q)dS)
<CI(s) (0<s<t),

which yields

e(s, x; u(z) !
—a 2
// dxds <C(R-1) [ E(s,up’,Q)ds
Q

(8 + [xe (3.25)

<Ct(R—1)"%I@).
Since we also have (§ + |x[)~ @28 |x|28 < (5 + |x)™® < (R—1)"% (a > 0)

for |x| > R —t, noting Hardy’s inequality (3.9) and using the argument for (3.25),
we obtain

t
Ct
/ / (8 + |x)~@F2D | x PED D (5, x) Pdxds < ———1(t).  (3.26)
0Jo (R—1)*

From (3.25) and (3.26), we have Proposition 3.8. O
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Now we show Theorem 2.1. Noting C; g(8§) < 1 (/, 8 > 0), from (3.23) and
Proposition 3.8, we have

(1= 1B){Crp O K (@:1.8) + 1BCrin ) Z[)1:0.8)}

+51ﬁ{c,+2,9(5)1<,ﬁ(z u.8) + B +2)Cria g Z (111, 5)}
< CIO{QR+ 1) 4 1(R—1)}
0<B,1,0<6=<1,I<1,0<t<R).

In the above estimate, we choose R by R = 2t + 1. Since it follows that (2R +
OB L t(R—0)™ =450 +1(1 +1)7!8 <6(1 4+ 1) 7!#, we have

(1= 1B){CLp@® K (1:u.8) + 1BCriz 5 (2] ) (1:u.8)}
+51ﬂ{c,+2ﬂ(5)1< (t:.8) + B +2)Cria p () 2} (t:u 5)} (3.27)

<CIOA+0)" 0<B,1,0<§<1,18<1,0<1).

We choose an arbitrary 1 < [y < 2. For this lg, let 8 = (lp — 1)/2 (< 1/2),
I = 7' and § = Bin (3.27). In this case, noting CrpgB) =1+ ﬂ)l’(ﬂ—l/Z)
(1/ > 0), |x|2(ﬂ—1)(ﬂ + |x|)—(1+4ﬂ) >(1+ |x|)—(3+2,3) =(1+ |x|)—(lo+2) and
(1 + x)~0+28) < (B + |x[)~(+28), we have

e ute, ) S5(1-28)
//n<1+|x|>'o //9(1+|x|)zo+zdx ﬂ<1+ﬂ) 202D 1),

Note that the constant C > 0 in the above estimate is independent of 8 with
11 1
0< B <1/2 Since (1+ )22 = (1+ ) 11+ h)#}2 - e? (B — 0), it
1,1
follows that supg.g<1/2(1 + ;8)5(3_2) < o0o. Hence we have

e(s, x; u) |u(s, x)[?
f / (1+|x|)’o / /g<1+|x|)’o+2 s

1) (1<lo<2).

(3.28)

=

lo

For Iy > 2, noting (1+ |x|)~% < (1+|x|)~2 and using (3.28), we have a constant
C > 0 such that

e(s, x; u) (s, x)|2
/ /;z 1+ |x|)lo / /Q 1+ |x|)lo+2dXdS <CI(t) (lop=2).
(3.29)
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Weighted energy estimates for wave equations in exterior domains 1235

Ifo <ly <1, weuse (327)as B > 0,1 = lp/B > 0 and § = min{l, §}.
In this case, since C; g(8) > 1/2 for B > 1/2, C; 5(8) > {(1 + B)~V/B}lo/2 for
0 < B < 1/2, we have a constant C > 0 such that C; g(§) > C forany 0 < S8
and 0 < [y < 1 with [ = [p/B. Thus, there exists a constant C > 0 such that for
any 8 >0

‘ 2(8—1) 2
// e(s, x;u) — "~ dxds + Iy / Al fus, )l dxds
o Ja (1 + |xfo (1 + |x|)lo+28
1-lo
1—1y

From (3.29), (3.28) and the case of B = 1 in (3.30), to finish the proof of Theo-
rem 2.1, it suffices to show that there exist constants 0 < ag < 1 and C > 0 such
that

(3.30)

t 2(8-1) 2 C( ¢ 1-ly

[ i e K

(1 + |x|)lo+28 1-1p
fort > 0,0 <y < ap, 0 < B. Note that Hardy’s inequality (3.9) yields
[ 0,

o (14 |x]lo

1(t) (3.31)

xds
=C t Ve (1 + [x)70/2u(s, x)) |*dxds
19
{// e(s, x; u)
Q (1 + |x| )10
—lo/2) |2 2
+/0/Q|vx((1 + |x[)7 ) | Tu s, x)| dxds}.

This estimate, (3.30) and the estimate |x|2# (1 + |x]|)™2# < 1 imply (3.31) since
we have

12 |x|—2

T A+ xR

X 2

IV (14 [x])77/2) [ < |=(lo/2)(1 + |x])~0/21

[x]

Thus we have Theorem 2.1.

4 L2-type estimates for inhomogeneous data

The estimates given in Theorem 2.1 and Corollary 2.2 are estimates of L!-type in
t for the inhomogeneous data f(¢, x). For removing assumption (H) (or (C)) intro-
duced in Section 2, we need estimates of L2-type in ¢ for the inhomogeneous data
f(t, x). In this section, we prepare these estimates to obtain the main theorem.
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Theorem 4.1. Assume that n > 3 and the obstacle O satisfies (H) or (C). Then
there exists a constant C > 0 such that for any | > 0 andt > 0

t
//(1 + [xD)"Pe(s, x;u)dxds
0JQ
t
[ @ )P RED s, Pdxds
0JQ

t
fCCH(Z){E(u,Q,O)-i-/(;/;Z(] +|x|)2|f(S,X)|2dXdS}.

Thus we can also obtain L2-type estimates in ¢. Instead of that, however, we
need a weight in x.

In the rest of this section, we show Theorem 4.1. Note that the case [ = 1 is
given by the argument in the proof of Corollary 2.2. Hence we show the case that
1>0,1#1.

We begin with showing the following estimate:

Lemma 4.2. For Fy(x) = (14+|x|?2)™1/2 with 1.1, > 0and v € C(R; H'(RQ)),
we have

n—1

t X _ 2
/O/QFl(x))bc—l-va(s,x)-l-mv(s,x) dxds

t
5// F1(x)|Vyv(s, x)|>dxds
0JQ

1 !
+(n 2)11131// F1()(1 + [x)2P0) 1 x2B1=D |y (s, x) [2dxds.
0Ja

Proof. We follow the argument given on page 472 of Morawetz, Ralston and
Strauss [24]. Calculating the term

2F1(x) Re (|x]|72(x - Vxv)(s, x)v(s, X))
= F1(0)|x[x - Va(Jv(s, x)I?)
= div(|v(s, x)|* F1(x)|x|2x) — |v(s. x)|2div(Fy (x)]x|>x)
= div(|v(s, x)|2 F1 (x)]x] 72x)

+ FL0)lx 2 (L1 + [x PP~ x 28 — (n — 2)) Ju(s, x) 2,

AUTHOR'S COPY | AUTORENEXEMPLAR



AUTHOR'S COPY | AUTORENEXEMPLAR

Weighted energy estimates for wave equations in exterior domains 1237
we obtain
X n—1 2
Fi)] 2 - Vo, ) + (s, )|
|x] 2|x|

= F1(x) =

2
-Vev(s,x)| + %{div(h)(s, x)|?Fy (x)|x|_2x)

x|

+ (s, ) PF@) X211+ [x PP~ x PP — (n - 2))

+n
2

1|v(s,x>|2F1(x)|x|—2}.

Since (n —1)/2—(n—2) = —(n —3)/2 < 0 forn > 3, it follows that

2

X n—1
Fl(x) m : va(s,x) + 2|x|

v(s, x)

n

< ) |Ver(s 0 + T div((s, 0 Fr () x| x)

4.1)
n—

1
S 06 OPFr )l i1+ x PP~ 2D

+

(/1,1 =0,n > 3).

Now we consider the case of star shaped obstacles. If this is the case, from (3.1)
we have

t
// div(|v(s, x)[> F1 (x)|x| x)dxds
0% 4.2)

t .
=f/ (s )2 F o) P s ds < 0.
0 JoQ |x|?

Hence we obtain the estimate in Lemma 4.2 by integrating (4.1) over [0, f] x .

In the case of the Cauchy problem, it suffices to show inequality (4.2) in the
case that @ = R”. Choose ¢ € C ([0, 00)) satisfying ¢(s) = 0for0 < s < 1,
@(s) = 1fors > 2and ¢'(s) > 0 (0 < s). For any ¢ > 0, integration by parts
implies

/t[ g0(8_1|x|)div(|v(s,x)|2F1 (x)|x|_2x)dxds
0 JR”?

t
= —/ / e x|@ (e x])|v(s, x)|* F1(x)|x|2dxds <0 (& > 0).
0 JR”
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From Hardy’s inequality (3.9), the integrated function div(|u(s, x)|* Fy (x)|x|2x)
is integrable in [0, #] x R”. Thus, taking the limit as ¢ — 0, we have estimate (4.2).
This completes the proof of Lemma 4.2. |

As is in the proof of Theorem 2.1, using the solutions u R)(t x)andu R)(t x) of

(3.14) and (3.15) we decompose the solution u(¢, x) of (2.1) by u = g) g).
Since we have Theorem 2.1, we can assume that the initial data f; and f5 in
(1.1) vanish.

Lemma 4.3. We have the following estimate:
Lp@u$P.8) < @R+ 0 /L@)
1/2
< AKD)_ el 1) + (=122 P )}
t>0,R>0,6,1>0,I<1,1>6§>0),
where L(t) is defined by
t
L(t) = / / (1 + [xD?| f(s,x)>dxds.
0JQ

Proof. Since |x|F(x) = |x|(§ + |x|?8)™" < |x|(|x[*#)~1/2 = |x|'~!B, for any
1>6>0,8>0and! > 0with B <1, (3.16) and Schwarz’s inequality imply

Ipu.8) < / i ((1+|x|)—

i P00 + S
< I F(1 + |x|>|wa(s’x>|)dxds

< QR4 lﬂ\/ﬁ{//(aﬂxn T

ug)(s,x)

qu)(S x)

2 1/2
)dxds} .

We choose 1 = 1/2,/ =4andv = u%) in Lemma 4.2. In this case, we have
Fi(x) = (14 |x)72 and Fy(x)(1 + [x|?P)~ x2Br=D = (1 + |x])73|x|7"
Hence Lemma 4.2 implies that

X —1
— - Vxu(s, x) + 2 —u(s, x)

/ot/sz(l D 2]

Lroe(s,x,u) 3 x| Hu(s, x)|?
< L + o ”// A

+ =
2|x|

2
dxds
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Weighted energy estimates for wave equations in exterior domains 1239

From (3.11) and (3.13), we have

e(s,x,u)
K(2) _,(t:u, 1)_//52(1+|x|)2d xds,

(4.3)
1 2
Zf;,l(t;u, 1) = / deds,
: oo (I+|x))
which completes the proof of Lemma 4.3. o

The argument for (3.20) and the usual energy identity for solution of (3.14)
imply

'/ X(t,x; u(l))dx
Q

From the above estimate and (4.3), it follows that

(t>0,R>0,B,1>0I8<1,1>8>0).

<CQR+0)'" ’5// 10,4 (s, )[[YR(x) f (5, x)|dxds.

‘/ X(t,x;u ))dx
Q

4.4)

Now we choose § = 1/2,] = 2 and § = 1 in the estimate in Proposition 3.6.
Then noting Cr g(1) = 1 (I’ > 0), Lemma 4.3 and (4.4), we have

K2 wu D) + 20l )

/2
§C\/L(t){K§2_l(t;u(1) D+ 22 @u) 1)} ,
which yields
KP) e, 1)+z( LeuP oy <cLe) @ =0).

Combining the above estimate, Lemma 4.3, (4.4) with Proposition 3.6, we have
the following estimate for u R)(t X):

Proposition 4.4. Assume that n > 3 and the obstacle O satisfies (H) or (C). Then
there exists a constant C > 0 such that for any 8,1 > Owith[f <1,1>§ > 0,
R>0andt >0

(1= 1B){CLp@®K ) :u.8) + 1BCr1a g BV Z )14 )}
+51ﬂ{cl+2,ﬂ(5)1<(2)(z uQ.8) + (1 +DPCriap®)Z (1 u(l),S)}

<CQR+0)"L@).
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Next we give an estimate of ug) (¢, x). Noting (3.21) with E(u,$2,0) = 0 and
f(t,x) = (1 —yr(x))f(t, x) and using Schwarz’s inequality, we have

E . Q.5) <s /0 11 =YRO) S (@) F2qydT (O =5 =0).

This estimate and (3.24) yield

//e(”” ds < /n(l @R d
o G+ S—(R VRO ® 24

0<t<R0<a0<é<1).
Using the fact that R < |x| if (1 — ¥ gr(x)) # 0, we have

0= VRO gy < R [ 1xPIA 0,

From these estimates, there exists a constant C > 0 such that

e(sxu Ct?
// dxds < — L) 0<t<R,0<a0<d§<l).
Q

(6 + IXI)"‘ T (R—1)*R?
4.5)
Note that we also have
t 2(8-1),,(2) 2 Ct?
// x| lug” (s, x)] dxds < — " 10
6+ |x|)°‘+2ﬂ (R—1)*R? (4.6)

0<t<RO<ap0<d6=<1)

by the argument for (4.5) since the estimate (§+|x|)~@T28)|x|28 < (§+|x|)~® <
(R—1)7% (e = 0) for |x| = R — ¢ and Hardy’s inequality (3.9) imply

e PEDRR (s, 02 c N
dxds < —M8M — E ,Q2,8)ds.
// ¥ x))+2f X s_(1+R—t)“/o (up s)ds

Now we show Theorem 4.1. As is in Section 3, noting C; g(§) < 1 (8,1 > 0)
and choosing R = 2¢ + 1 in Proposition 4.4, (4.5) and (4.6), we obtain

(1= 1B){CLp @K (1:u.8) + IBCriz (D Z] ) (1:u.8)]

+ 818 Cria g G)KW10,8) + (L + DBCria g O Z7) 15w, 6)) 47

<CA+0)"Lt) ¢=0,1>8>0,8>0).

Hence noting that Theorem 2.1 is shown by using (3.27), from (4.7), we can obtain
the estimates in Theorem 4.1 for [ # 1. This completes the proof of Theorem 4.1.
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5 Proof of Theorem 1.1

In this section, for convenience we express the solutions of problem (1.1) in the
energy space H. For initial data { f1, f>} in problem (1.1), we set f "f1, f2).
The energy space H is defined by the completion of the set { f € C°°(Q) |
B f1 = 0 on IR} by the norm

171 = 5 [ I AWE + 1P

In the case thatn > 3, H is givenby H = Hé () x L?(R2). For initial data f =
fi. o) e H = H:}R () x L?(R2) and inhomogeneous data f(¢, x) = 0, problem
(1.1) has the unique solution u € C(R; H'(2)) with d,u(t, x) € C(R; L%(Q)).
For this solution u(¢, x), we define U(¢t) by U(l)f = Y(u(t,-), d;u(t,-)). The en-
ergy conservation law implies that {U(¢)},cRr is a one parameter family of unitary
operators on H The generator L of {U(¢)},eRr is given by L f '(f2. A f1) for
[ eD(L) = H3(Q) x H'(RQ).

Note that for any initial data f = (f1, f2) € H and inhomogeneous data
f e LIOC(R; L?*(R2)), problem (1.1) has the unique solution ¥ € C(R; HY(Q))
with d;u(t,x) € C(R;L?(R2)). For this solution u(z, x), we set V(Z,f, f) =
“u(t,-), 0;u (£,-)). Then we have

v, f. f) = U(z)f+/0 Ut—s)F(s)ds in H (F(s) =40, £(s.-))). (5.1)

For the Cauchy problem corresponding to (1.1), we introduce the energy
space Hy, a one parameter family of unitary operators {Up(f)};er and its gen-
erator L¢ corresponding to H, {U(t)};ecr and L respectively. Note that in this
case, Hy = HY(R") x L2(R") and D(Lo) = H%(R") x H!(R"). For the solu-
tion u(¢, x) of the Cauchy problem corresponding to (1.1), we put Vp(¢, f , f) =
"u(t,-), 0;u(t,-)). We have

Volt. f. f) = Uo(t)f-i-/o Uo(t —s)F(s)ds in Ho (F(s) = (0, f(s,"))).

This is the same as in the case of (5.1).

We choose a cutoff function ¥ € C°°(R") with w(x) = 0for |x| < Ro + Ro/3,
¥(x) = 1for [x| > Ro + 2Ro/3. We put wU(t)f = "(Yu(t,), You(t.-)),
where u(¢, x) is the solution of (1.1) for initial data f € H and inhomogeneous
data f(z,x) = 0.

From Hardy’s inequality (3.9), Duhamel’s principle and the fact that ¥ =
near 02, we have the following lemma.
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Lemma 5.1. We have the following properties:
(1) We have yU(t) f € C(R; Hy) for f € H, and yU(t) f € CY(R; Hp) N
CO°R; D(Ly)) for f € D(L). Further, there holds

t

U0 F = U@ ) + [ Vot =90y V) fds into (< 1)
where Qy € B(H, Ho)NB(D(L), D(Ly)) is defined by satisfying the identity
0yg ="0,~[A, ¥lg).

(2) We have yUo(t) fo € C(R: H) for fo € Ho and yUo(r) fo € C'(R; H) N
CO(R; D(L)) for fo € D(Ly). Further, there holds

t

VU fo = UOW o) + [ U =904 Uo(s) fods in (o < Ho),
0
where Q. € B(Ho, HYNB(D(Lo), D(L)) is defined by satisfying the identity
Qyg ="0.—[A, ¥]g1).
From now on, for / > 0, f =(f1, f2),m € NU {0} and D C R”, we define
I/ &, Dy (= 0)and || f || ,, (D) by

) _ 0% fj41(x)|?
”f”Hm.l(D) - Z D Ecl + |X|)l

1<j+|a|<m+1
and

| f e, 0y = 1 f lH,, 0(D)-

Note that for any m € N we have D(L™) C Hy,(2) and the graph norm ||-|| p(zm)

is estimated as C,;1||f||Hm(Q) < fllp@wn =< Cull fla,, (m=0,1,2,...).
From the weighted energy estimates obtained in Theorem 2.1 and Corollary 2.2,
we have the following estimates for {Up(¢)} immediately:

Proposition 5.2. There exists a constant C > 0 such that fort > 0,1 > 0 and
g € Hy the following hold:

t
O [ 106, s = CarlEl,

t
(ii) [O I+ 1D~ Uo()Zh Ol 2y ds < Car)1El7r,

where the q;(t) are introduced in Section 1.
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We put Hp(Q) = (HS(QNH™T1(Q)) x H™(Q) (m = 0,1,2,...). Using
Proposition 5.2, we have the following estimates of higher order derivatives of the
solutions:

Proposition 5.3. For any integer m > 0, there exists a constant C(m) > 0 such
that

t
/O 1063113, @myds < ComarONE1, @n @ = 0.1 0. € Hu(R™).

Indeed, noting (7, D(Lé) = H™+ 1 (R")x H™(R"), the property 0% Up (t) =
Uo(#)05% for the free system and the fact that } 1, ||8%§||§0 < Cp ”§||12‘1m(R")’
we conclude Proposition 5.3 from Proposition 5.2.

Now we show Theorem 1.1. We begin with estimating the time integral of local
energy norms.

Proposition 5.4. Assume that n > 3 and (E1) is satisfied. Then there exists a
constant C > 0 such that fort > 0 and f € D(L™)) the following hold:

t
. 72 7112
® /0 ||U(S)f||H(sszR0+,€0(0))ds = Cllif e,

t
.. s 2 22
) [ IO 12 @y, 0085 = €1 @

Proof. We choose an arbitrary g € H,,(R"). From (2) of Lemma 5.1, it follows
that

t
a2
/0 ||U(S)(Wg)||H(QmBRO+R—O(O))dS

t
<2 z||? .
< fo VU0 iy, oS 52)

t s 2
+2/0 (/0 ||U(s_T)QwUO(T)g||H(QnBRO+R—O(0))dT) ds.

Note that for the first term on the right-hand side of (5.2), there exists a constant
C > 0 such that

I Uo(s)gllzr@nsy, 1, )
< C{”UO(S)(%;”HOQ(]R”) + ||[U0(S)§]1||L2(Qﬂ(BR0+R~0(0)\BR0(0)))}

= {1Vl o pmn) + 10+ 1 D Uo ) Ol 2 -
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Hence the case of / = 2 in Proposition 5.2 implies

¢
12 -2 N
/0 ”1//UO(S)g”H(QmBROHe"O(O))dS =< C||g||H0 (t =0,g € Hy). (5.3)

For the second term of the right-hand side in (5.2), we need assumption (E1) for
the decay rate of the local energy. Note that for any 2 € Hy we have Qyh(x) =0
for |x| < Ro, and for any ¢ € H,,(R"), it follows that Qg € D(L™) and

supp Qyg& C Bp .. Since f € D(L™) if and only if f = "(f1, f2) €
H,;,(2) and the pair ( f1, f2,0) satisfies the compatibility condition of order m,
from assumption (E1), there exists a function p € C([0,00)) N L1([0, o0)) such
that

IU@OQyhlla@ns, , z o) + IUOQyhlillL2@nB, 7 ©0)

< pONQyhla, @ (¢ >0.he Hu®R")).

(5.4)

Putting h = Uo(7)g in (5.4), and noting that Uy(1)g € H,, (R") for g € Hy (R™),
we have

IU@)QyUo()gllr@nBy, , g, @) + V) QyUo(v)gls lz2@nBy, | 2, @)
< pON0yUo(D¢llH, (@ (=0.7€R, g HnR")).

(5.5)
From (5.5), Schwarz’s inequality implies that
t s 2
[ ( / ||U(s—r)QV,Uo<r)g||H(mBRO+,€0<o»dr) ds
t N S
= [ [ p6=0de [ ps - 0lQyUa@@l, gdvds

t pt
< 1plzrqooen [ [ 26— D10y VoI, goydsdr
T

t
<121 ooy [ 109 Uo(®FIy,
Noting that
104 Us®EI, (@)

< C{IU6(@&I3,, 0, + 11+ 1+ DU @EL Ol 22 g

m,2(R)
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from the case / = 2 in Propositions 5.2 and 5.3, we have

t
| 100Uy, @7 = ClEy Gy (€ = 0.5 € Hn®). 5

The estimates (5.7) and (5.6) imply

t K 2
Uis—t Up(1)g _ondt ) ds < C||g|? ,,
/ ( [ 106 =904t m@ns, 4,0 ) < ClElmn g
(t 20,8 € Hu(R")).
Combining (5.8), (5.3) and (5.2), we obtain
t
=\ 112 =2 = n
/(; ”U(S)(wg)||H(QQBRO+[€O(0))dS =< C”g”Hm(R") (t >0,g € Hu(R")).
5.9

For the cutoff function ¥ € C % (R"), we choose ¥ € C®(R") with supp W C
R” \BRO+R /12(0) and ¥ (x) = 1 for |x| = Ro + Ro/6. For any f € D(L™),

we have Wf € Hy,(R"). Weput g = f in (5.9). Since Y g = wwf Wf it
follows that

t
N2 772 712
fo 16 P W@y g o0 = CIF T3, @ = CIF 0

(t >0, f € D(L™)).

(5.10)

Since (1 — 1/f)f € D(L™), supp(1 — 1//)]? C Bp, 1 &, from assumption (EI) and
Hardy’s inequality (3.9), there exist a function p € C°([0, 00))NL([0, 00)) and
a constant C > 0 such that

10O =) @B, gy + VOO0 =) Flill2@ns, 0
< pOIA =) Flla,@ < CrPONflm, @ =0, feDL™).

We put h= (1—1v) f . The above estimate implies

(5.11)

t
712
RGP —
t
<C /0 10 fr@ns, , 4, ) IV F sy ds

t
<C /O POl @ Pl ds.
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which yields

¢ . . o
/0 V60 =) Flansy, o0 = CIT @ (20,7 € DAM).
(5.12)

Combining the estimates (5.12) and (5.10), we obtain (i) of Proposition 5.4.
Next we show (ii). We divide the term fot U

similarly to (5.2). From (5.5), the argument for (5.8) implies

2
L2(QﬂBR0+R~0(0))dS

t s 2
[ (] 106 = 004tz l2@nn,, g o0t ds = ClElR

(t=0,g € Hu(R")).
Combining these estimates with the case / = 2 in (2) of Proposition 5.2, we obtain
t
= 2 -2 = n
/O IO 20ns,, o 0p@s = CIEIG, @y 2 0.2 € Hn®")).

Hence noting (5.11), we get (ii) similarly to (i). This completes the proof of Propo-
sition 5.4. m|

For the estimate in x far from the boundary, we have the following one:

Proposition 5.5. Assume that n > 3 and (E1) is satisfied. Then there exists a
constant C > 0 such that

t . t -
[ 16 W oy + [ 10 41D DU O 2y
<CqIfI3 @ @=0.0>0.feDLM).
Proof. We choose an arbitrary f € D(L™) and put
- t -
W) f = /0 Un(t — )0y Uls) fds.

From (1) of Lemma 5.1, we have WU(t)f = Uo(t)(Wf) + W(t)f in Hop, which
yields

t -
/0 I UG) 1y, gmyds

t - t >
<2 [ N0 W PNy eyds +2 [ W61, oy
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From Proposition 5.2 and Hardy’s inequality (3.9), the above estimate implies

t N R t o
[ U6 W oy < CartOIF Ty +2 [ IW6)F I, oy 513

Note that the same argument gives the following estimate:

t N
10+ 1D DU O s
0 (5.14)

- t >
< CaOIF I +2 [ 104170 Oy

Now we estimate W(t)f. Note that for any f € D(L), W(t)f € D(Lp) and
W(t) f satisfies

SWOT = LoW) ] + 0uU0) ] in Ho, WO)F =0

We express W(t)f as W(t)f(x) = (w1 (t,x),wa(t,x)). Then we have wy €
CO(R; HAR")NCL(R; H(R")), wo € CO(R; HY(R"))NC (R; L%(R")) and

drwy(t, x) = wa(t, x),
drwa(t,x) = Aw(t, x) — Vi - Vyu(t, x) + (Ay)u(t, x)),

where u(z, x) is the solution of (1.1) with the initial data f = '(f1. f2) and inho-
mogeneous data f(¢,x) = 0.

We put G(t,x) = —(Q2Vx ¥ - Vxu(t, x) + (Ap)u(t, x)) (= [0y U() fl2(x)).
Then we have

(82 — Mwy (2, x) = G(t, x) inR x R”,
w1(0,x) =0, 0d;wy(0,x) =0 onR",

This fact and Theorem 4.1 imply that there exists a constant C > 0 such that

t N t >
/0 IW) £ 13, ,@mds + /O I+ - D2 W) Sl O 2 gy s .

< Cq(t) /:/Rn(l + |x|)2|G(s,x)|2dxds (t=>0,1>0).

Since Qy g = "0, —[A, ¥])g = "0, —(2Vxy - Vxg1 + (AY)g1)), noting that

10y&la, < C{||§||H(sanRO+,g0(o)) + ||gl||L2(QﬂBR0+R~O(O))} (g € H),
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from Proposition 5.4, we obtain

t . . -
| 100Ul = Cf M G z0.F DA™Y 616
The fact supp G(z,) C {x € R" | Ry < |x| < Ro + Ro} implies

/ (1 + |x?|G(s. x)|?dx < (1 + Ro + R0)2/ |G (s, x)|?dx
R R (5.17)

< ClIQyUG) f I,

Combining (5.15)—(5.17), we obtain

t . 1 -
LW P s + [ 10+ 1 D726 12y

<CqOIf1},@ @=0.1=0.feDLM).

The above estimate, (5.13) and (5.14) imply the estimates in Proposition 5.5,
which completes the proof of Proposition 5.5. o

Proof of Theorem 1.1. We divide the proof into three steps.

Step 1 (the case that f = 0). We choose an arbitrary f € D(L™). Noting that
Y = 1for |x| > Rg + 2Ro/3, we have

t e
/O 1UG) 12 s

t t N
< | WO Br@nng goonds + [ VU0 Py, ryds

for any / > 0. From the above estimate, Propositions 5.4 and 5.5, we obtain

t . . -
1UG) f Nz, @45 < CaaOIf I, @ ¢ =0120,f¢eDEL™).
o 0.1(2) ()

(5.18)
Noting that

1+ 1D il 2

= Cla+1-D"2WE il @a, , f o)

1A +1- D" U il agn, (=0,
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we can similarly show the following estimate:

t - -
[ 00 LD Fl 2 yds = CartO I o

(t >0.1>0,f e D(L™).

(5.19)

Hence we have the estimate in Theorem 1.1 for the case that f(z, x) = 0.

Step 2 (the case that m = 0 with non-zero inhomogeneous data). In this case,
we can assume that the initial data f1 and f, satisfy f; = 0 and f> = 0. From
(5.1), we have

t
V@B, Nl @) < [0 WU~ $)F$) 0,0y

t
- /0 7t = U — )|y, 2y,

where j is the function defined by y(r) = 1 for t > 0, y(r) = 0 for t < 0. Thus
Minkowski’s inequality implies

t N t K 2
[ v i, wds < [ ( / i(s—r>||U(s—r)F(r)HHO_,(mdr) ds

t t—t 1/2 )
AL o )]

(5.20)

Using (5.18) with m = 0, which is a part of Theorem 1.1 and has already been
shown, we obtain

t—t
/0 UG F@)3, @4 < Carlt = DIF @@
< Cqt =D fx)2sq (7=0120).

Since g; is a non-decreasing function, it follows that

t N t 2
[ 16801 s = caw] [ 15w
0 0

which shows the estimate in Theorem 1.1 for weighted energy norms of the solu-
tions with inhomogeneous data. From (5.19), we can similarly show the estimate
of weighted L2-norm. This completes the task in Step 2.
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Step 3 (the case that m > 1). In this case, we cannot use the argument in

Step 2, since we have to handle the compatibility conditions. For f € Hp(Q2) and
£ € M7Ze Wi ([0, 00): H™ 177 (). we put F(s) = (0. f(s.)). Go = f
and G; = LGj—1 + 8{ 1F(O) (j = 1,2,...,m). In what follows, we assume
that (f1, f2, f) satisfies the compatibility condition of order m. Note that this is
equivalent to the fact that G; € D(L) (j =0,1,...,m — 1) holds.

Slnce L is skew self-adjoint, (L 4 7)~! e B(H) exists. From the fact that f €

|8 ([O 00); L?(R)), we have F € W, ([O, o0); H). Foranyk = 1,2,...,m
we put Fi(t) = (L + D)7*@; + D*71F(@) € Wt 701 ([0, 00); D(LK)) €

C™k ([0, 00); D(LF)) and g = f + Y5_, F;(0).

Lemma 5.6. For f and f as above, the following hold:
(1) We have the identity

V. F. f) = U(t)(f s FJ-<0>) -3 B
i=1 i=1

t
+ / Ut —s)(0s + I)Fn(s)ds.
0

(2) For p=1,2,...,m, we have g, € D(L?) and
> (p
(L+DPg =) ( |G-
j=o \/

(3) There exists a constant C > 0 such that || gm ||2D(L'77) <Cl,(@) (t = 1), where

2
In® = 17+ 3 Z( / 107 £, )l - p(mds) .

k=0 p=0

Proof. We consider the case of m = 1. From F; € C°(R; D(L)), it follows that
Ut —s)F(s) = (L+ DU =s)(L+ )7 F(s) = (=35 + (Ut —5))) Fi(s).
Therefore applying integration by parts to (5.1), we have

- . t
Ve f.f) =U0O + Fi1(0) — Fi1(t) +/0 U(t —5)(0s + 1) F1(s)ds.

Hence we obtain the case of m = 1. Repeating integration by parts for the above
identity, we have (1) of Lemma 5.6.

To show (2) we use induction. Since F1(0) = (L +1)"'F(0) € D(L), notmg
that Go = f € D(L), it follows that g1 € D(L) and (L + I)g, = (L + I)f +
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F(0) = G1 + Go. Thus we obtain (2) for p = 1. Assume that (2) holds for some
pwith 1 < p <m—1. Then it follows that §,+1 = gp + Fp+1(0) € D(L?) and

p
(L+DP%s1=) (f) Gp—j + (L + D71 + P F(0).
j=0

Noting that G; € D(L) (j =0, 1,...,m — 1), we have gp+1 € D(LP*!) and

(L+1)" gy =

M

Il
=

(f) (L +1)Gpj + 377/ F(0)}

(f) {Gp+1-j + Gp—j}

1 » +1
( : )Gp+1—j-
s\

Thus we have the case of p + 1, which implies (2) of Lemma 5.6.
From (2) of Lemma 5.6, it follows that g,, = f + Z;-"zl Fi(0) € D(L™) C
H,,(22) and

J

[l
~.
I Mw
(=)

S
+

J

m
Igmlp(zmy < C{IIfIIHm(Q) + 310 + I)J—IF(0)||Hm_,f<g)}
j=1
m—1

< {1l + X 107 1O o)

p=0

since (L + 1) (s + 1/ FO) @ < Cl@s + DI FO)g,_, @)
Choose y € C*®°(R) with y(r) =1 ( < 1/3)and y(¢t) =0 (¢t > 2/3). Fort > 1,
we have

H Bf’f(o, ) ”Hm—l—z’(sz)

t
- H— /0 05 (x()07 £ (s.))ds

Hm—l—p(Q) (521)
L et
< max( @) + 2201 Y [ 1076 sy
k=0

Combining these estimates, we obtain (3) of Lemma 5.6. O
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Now we give the estimate for f(; IV (s, f . ) ||12110 , (Q)ds. It suffices to consider
the estimate for + > 1 since for0 <t < 1, we can obtain the estimate from the
usual energy inequality for problem (1.1). From (1) of Lemma 5.6, we have

t e
[ VG T s

t || m 2
<C {/ 1U)Em 1 Fr, (s + / Y Fi(s) ds (5.22)
0 O llj=1 Ho /()
t K} 2
+/ / U(s —1)(0; + 1) Fp(t)dt dsy.
o llJo Ho,(2)

From (5.18) and (3) of Lemma 5.6, the first term on the right-hand side of (5.22)
is estimated by

t
[ N0, @i = Cartln) (2 0.0 20,041, fa. f) € D@,
(5.23)

where (f1, f2, f) € Dm(2) means that ( f1, f2, f) satisfies the compatibility
condition of order m.
For the second term on the right-hand side of (5.22), since || F; (s)| x, ;@) <

1Fj ) () < 105+ T F() A, @) < C Z;,;}) 105 £ (s. ) m—1-r(g)
we have

/t 2
0

ds
Hp ()

> Fi(s)
j=1

m—1 t
<C Y [ 1276 mornayds
p=0

m—1

t
<Y sup 02 £(s. )l gmor-rcay /0 102 5.l g1y ds.

p=0 0<s<t

Replacing y in the proof of (5.21) with the function s > y(s — (¢ — 1)), from the
same argument as for (5.21), we have

1 t
97 £ (s <cy /0 1925 (5. M prm—1-n (s
k=0

) HH’"—I—P(Q) =

t>1,0<s<t—-1/2,p=0,1,...,m—1).
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Using 1 — x(s) in the above, we can see that the above estimate also hold for
t —1/2 < s <t. Combining the above estimates, we obtain

t m m—1 1 t 2
/ S Fi(s) ds<CY Z(/ ||ag’+kf(s,-)||Hm_l_p(g)ds)
0 flj=1 p=0k=0 "0

2

Hyp ()
m—1 ) .
(t= 1,/ €[ W0, 00); H™ 7 ())).

/=0 (5.24)

We consider the third term on the right side of (5.22). Since (d; + 1) Fiu(t) =
(L+1)™™(d; + )™F(r) € L. ([0,00); D(L™)), from (5.18) and the mono-
tonicity g, it follows that

—t
/o |U(s) (97 + I)Fm(f)||%10,,(sz)ds

< Cqi(t = D)@ + DFn (@)%, )
< Cqi())|@x + D™ F (D) 30

m—1 1

<Caq) Y Y 13 F @) m1-ngy:

p=0 k=0
Hence the argument for obtaining (5.20) implies that

[

2

ds
Hy 1 (R2)

([ /2 2 (525)
5{/0 (/0 IIU(s)(ar+1)Fm(r)||§10’l(mds) dT}

< Cqi(t)Im(1).
Combining (5.22)—(5.25), we obtain

/S Us —1)(0c + 1) Fp(v)dr
0

t -
[ V6 oy s = Cart o)

(t>0,1>0,(f1. f2. f) € Dm(R)).

From (5.19), we can similarly show the estimate for

t >
/0 1+ 1 D2 Gs, £, IO gyds.

Thus we have finished Step 3. This completes the proof of Theorem 1.1. |

AUTHOR'S COPY | AUTORENEXEMPLAR



AUTHOR'S COPY | AUTORENEXEMPLAR

1254 M. Kawashita and H. Sugimoto

Remark. We consider the following uniform decay rate p,, r(¢) of the local en-
ergy of solutions u(¢, x) of (1.1) with zero inhomogeneous data f(z, x) = 0:

E(u7 QN BR’[) + ||Ll(l, ')”iz(ﬂﬂBR)

IV 1 ey + 12y

Pm,R(1) = SUP{

0%# f1, f2€ CP(QN BR), f1 € H};(Q)}

In the definition of the rate p,, gr(?), we do not care about the compatibility con-
dition, but for the rate pp, g(¢) in (E1) it is considered. This is the difference
between them. Note that p,;, r(f) < pm r(?) is obvious, however for large m,
Dm,r(t) does not seem to be coincide with py, g(¢). The lack of the compatibil-
ity condition may produce singularities which contain energy remaining near the
boundary. This may cause slowness of p, r(?).

In the case of m > 0, the argument of Walker [31] for showing p,, r(¢) — 0
as t — oo also implies that p,, r(#) — 0 as ¢ — oo. Hence this rate also decay.
Note that the decay rates p,, gr(¢) and py, r(¢) are also defined for non-integers
m > 0. Note also that for m < 1/2, we have py, r(t) = pm,r(¢) since we do not
have boundary values of functions belonging to H™(£2) in the trace sense. From
this fact and the interpolation theorems, we can also have estimates for p,, gr(¢).

In the results of Ikawa [4, 5], which is introduced in Section 1, the solutions
with compatibility conditions for the case of the Dirichlet condition are treated.
This corresponds to considering the decay rate p,, r(f). Recall the estimate of
Ikawa [5], that is, pm gr(t) = O(e~*") with m > 2 for some & > 0. From this, it
follows that

1U@) fllao@nBr) + IUO f1il72 @50
< Cem (LAl ga4m @y + 12l g ) (5.26)

(/i € Hy™™(Q), f> € Hg'(Q),supp /1 Usupp f> C R N Bg)

for m > 2 since the rate p,, gr(¢) contains the compatibility condition and we have
HOH"” ()xHJ (2) € D(L™) (m € NU{0}). From the energy conservation law,
we also have estimate (5.26) for m = 0. Hence the interpolation theorem implies
that the estimates replaced e %! in (5.26) with e~"**/2 also hold for 0 < m < 2,
m # 1/2,3/2. Noting that the set {(f1, ) € H | fi,/f> € Cé’o(ﬁﬂ BR)
and f] € H}),(Q)} is dense in H!T™(Q)xH™(R) if 0 < m < 1/2, we obtain
Pm,R(t) = pm r(t) = O(e=me/Dt) for 0 < m < 1/2. Form > 1/2, we also
have py r(t) < P1-8)/2,rR(t) = 0(e~(=8)a/D1) for 0 < § < 1. Thus, in this
case, we still have exponential decay estimates for the uniform decay rate p,, gr(?).
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Now we consider the condition obtained by replacing p, r(f) to pm r(?)
in (E1). If we assume that this condition holds, then the argument for (5.18) and
(5.19) imply that

t o t N
/o 1UG) 2, ,@ds + /0 11+ 1D~ D[U(s) T ()2 ds

<CaOlfld, @ @=0.120 f¢cHn(S).

Note that in this argument, we do not use the compatibility conditions. Hence from
the argument for Step 2 of the proof of Theorem 1.1, it follows that there exists a
constant C > 0 such that

t t
f / (1 + |xD) 7 e(s, x;u)dxds +/ / (1 + |x)" D (s, x)[Pdxds
0JQ 0JQ

t 2
< qu(r){nvxfl ey + | ol + ( / ||f(s,~>||Hm(mds) }

(t>0,01>0,f1 € H"T (QNHE(Q), f» € H™(Q),
f € LE([0,00), H™())).

Thus, we can avoid the derivatives for . Instead, we need one more spatial deriva-
tive than those in Theorem 1.1.

6 Appendix

Proposition 6.1. We have the following identities:
(i) Re[F(x-Vy0)(07 — A)v]
=Re[3,(0;vF (x - VxV)) + (Vx F - Vxv)x - V7]
+ F|Vyv? + 27 div(Fx) - (|0:v]* — [Vxv]?)
+ diV{2_1(|va|2 — |8,v|2)Fx
—Re[F(x-V,0)Viv)]},
(i) Re[Fv(37 — A)v]
= Re [9;(d;vFV)] — div{Re [ FvV,v] — 27 v|?V, F}
— F(|0:v]* = |Vxv]?) =27 (A F)v].
Proof. First we compute the term 8%vF (x - V4v). Since

IZVF (x - Vx¥) = 37 (3, vF (x - VyD)) — 0;vF (x - Vi dv),
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we have
Re [B%UF(X . Vxﬁ)] = Re [8;(8,vF(x . in))] —271Fx. Vx(|8tv|2)
= Re[3;(0;vF (x - V40))] — div(2™' F|d;v[>x) (6.1
+ 27 N div(Fx)|0,v|%.

For the second term, since

n n
Av-F(x-Ved) =Y 0 (0,0 F(x - Va0)) = Y 0,0 - 0y (F(x - VD))
ji=1 ji=1

= div(F(x - VxT)Vxv) — Vxv - Vi F(x - Vi0)
n n
=Y Flox;v)* =Y 0, vFx - Vi (0x,v),
j=1 j=1
it follows that
Re[Av- F(x - Vx¥)] = div(Re[F(x - Vx0)Vxv]) —Re[Viv - Vi F(x - V<D)]
— FIVv|> =27 Fx -V (|Vev|?)
= diV(Re [F(x . VxU)va]) —Re [va -V F(x- in)]
— F|Vyv]? — 27 div(| V< v|* Fx)
+ 27 div(Fx)| Vv !?.
(6.2)

Subtracting (6.2) from (6.1), we have proved (1) of Proposition 6.1.
‘We show (2). Note that

2vFv = 0;(0;vFV) — Fd,;v9;v = 9,(3;vFv) — F|av|*.  (6.3)

Since Av-Fv = Z?:l dx; (8x_/.v-Fi)—Z;-1=1 dx; v(dx; F)i—z;?:l dx; VFOx; 0
we have

n
Re[Av - FU| = div(Re[FvV,0]) =271 Y " 0y, Foy, |v|* — F|Vxv]?
ji=1

(6.4)
= div(Re[FvVy1]) — 27 div(|v[*Vx F)
+ 27 W|PAF — F|V,v|%.
Subtracting (6.4) from (6.3), we obtain (2) of Proposition 6.1. O
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