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We study a Dirac neutrino mass model of Davidson and Logan. In the model, the smallness of the
neutrino mass is originated from the small vacuum expectation value of the second Higgs of two Higgs
doublets. We study the one-loop effective potential of the Higgs sector and examine how the small vacuum
expectation is stable under the radiative correction. By deriving formulas of the radiative correction, we
numerically study how large the one-loop correction is and show how it depends on the quadratic mass
terms and quartic couplings of the Higgs potential. The correction changes depending on the various

scenarios for extra Higgs mass spectrum.
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I. INTRODUCTION

The smallness of the neutrino mass compared with the
other quarks and leptons is one of the mysteries of nature.
Recently, a new mechanism generating small Dirac mass
terms for neutrino has been proposed [1-3]. The similar
mechanism generating the small neutrino Dirac mass term
for the TeV seesaw mechanism is also proposed in [4] and
phenomenology is studied in [5,6]. There are also models
with radiatively generated Dirac mass term in [7,8]. The
interesting feature of the model proposed in [1,2] is the tiny
vacuum expectation value for an extra Higgs SU(2) doublet
[9]. The small neutrino mass is realized without introduc-
ing tiny Yukawa coupling for neutrinos. A softly broken
global U(1) symmetry guarantees the tiny vacuum expec-
tation value for the extra doublet. In addition to the small
softly breaking mass parameter, the mass squared parame-
ter for the extra Higgs is chosen to be positive so that the
light pseudo Nambu-Goldstone bosons due to the softly
broken global symmetry do not appear. This is a contrast to
the mass squared parameter for the standard model like
Higgs boson.

In the present paper, we study the global minimum of the
tree level Higgs potential by explicitly solving the sta-
tionary conditions. There are many studies of the tree level
Higgs potential of general two Higgs doublet model
[10-15]. (See also [16] for recent review of two Higgs
doublet model). It has been shown that the charge neutral
vacuum is lower than the charge breaking vacuum [10].
Also, the vacuum energy difference of two neutral minima
was derived [12,14]. We make use of the results and
identify the vacuum of the present model. When the U(1)
symmetry breaking term is turned off, the tree level Higgs
potential and the phase structure of the present model is
rather similar to the model with Z, discrete symmetry
[17,18]. In contrast to Z, symmetric case, it is essential
to keep the soft breaking term when finding the true
vacuum. If we set the symmetry-breaking term at zero,
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then the order parameter corresponding to the softly bro-
ken U(1) symmetry becomes redundant parameter and can
not be determined. We treat the soft breaking term as small
expansion parameter and obtain the vacuum expectation
values and the vacuum energies in terms of the parameters
of the Higgs potential.

The constraints on the parameters of the model for
which the desired vacuum can be realized are derived
and they are rewritten in terms of Higgs masses and a
few coupling constants, which can not be directly related
to the Higgs masses. These constraints are fully used when
we study the radiative corrections to the vacuum expecta-
tion values numerically.

Beyond the tree level, we study the radiative correction
to the Higgs potential and the vacuum expectation values
of Higgs. Since the neutrino masses are proportional to the
vacuum expectation value of one of Higgs, one can also
compute the radiative corrections to neutrino masses. As
already noted in [1], the radiative correction to the softly
breaking mass parameter is logarithmically divergent and
it is renormalized multiplicatively. We derive the formulas
for the one-loop corrected vacuum expectation values for
two Higgs doublets by studying one-loop corrected effec-
tive potential. The corrections are evaluated numerically
by exploring the parameter regions allowed from the
global minimum condition for the vacuum. We show how
the radiative corrections change depending on the extra
Higgs spectrum. The radiative corrections are also eval-
uated for the case that a relation among the coupling
constants is satisfied.

The paper is organized as follows. In Sec. II, we derive
the condition for the desired vacuum being global mini-
mum. In Sec. III, one-loop effective potential is derived,
and one-loop corrections to the vacuum expectation values
are obtained in Sec. IV. In Sec. V, the corrections are
evaluated numerically for various choices of parameters
of the Higgs potential. Section VI is devoted to summary
and discussion.
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II. MODEL FOR DIRAC NEUTRINO WITH A TINY
VACUUM EXPECTATION VALUE

The model of the Dirac neutrino is proposed in [1].
In [1], two Higgs SU(2) doublets are introduced,

_ 1 ¢}+i¢%) :i<¢§+i¢§>
i ﬁ(dﬁﬂqﬁi" Y=\ g rigt) Y

where ®,’s vacuum expectation value is nearly equal to
the electroweak breaking scale and the second Higgs
@, has a small vacuum expectation value, which gives
rise to neutrino mass. The Higgs potential in [1] is:

Viee = Z( 2P, + 2L (@*@)2)—(mlzq>fq>2+ﬂc)

i=1,2
+ A3(D D) (DI D) + Ayl DT D, 2. )

U(1)" charge is assigned to the second Higgs. The U(1)’
global symmetry is broken softly with the term m3,. In
this paper, we introduce the following real O(4) repre-
sentation for each doublet, because this parametrization
is convenient when computing the one-loop corrected
effective potential.

b1 b} —¢1

. o1 ¢3 <4 b1
i = ¢% . Ps= ¢§ . = _q;? 3)

i b3 b7

Using the notation above, the tree level effective poten-
tial introduced in Eq. (2) can be written as:

Vtree =

" (i a101)) )

where one can choose m?, real and positive. With the
notation of Eq. (3), the softly broken global symmetry
U(1)’ corresponds to the following transformation on ¢4:

¢§ = 0U(1)'¢2

cos¢p —sing 0 0
sing ~ cos¢ 0 0
= . $2. (5)
0 0 cos¢p —sing
0 0 sing ~ cos¢h

¢, does not transform under U(1)’. Therefore, U(1)’ is
broken softly when m?, does not vanish. Without loss of
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generality, one can choose the vacuum expectation values of
Higgs with the form given as

0 vsinBsina cosd’
0 —wvsinBsinasing’
= s = ) 6
(1) vcosf (o) vsinBcosa cosd’ 2
0 —wvsinBcosa sind’

where the range for 0’ is [0, 277) and the range for 8 and « is
[0,Z]. We call the four order parameters as ¢; =
(v, B, @, 0"),(I = 1,2,3,4). When m,, vanishes, by taking
¢ = 0" in Eq. (5), one can rotate ' away in Eq. (6). For the
most general case, in total, there are four independent order
parameters when U(1)’ symmetry is broken.

For completeness of our discussion, we give the con-
straints on the quartic couplings from condition that the
tree level potential is the bounded below[1,10,19]:

A >0, Ay >0, @)
- ‘\/)\1/\2 = /\3, (8)
- \//\I)lZ = )\3 + A4. (9)

In addition to the conditions on the quartic terms, one can
constrain the parameters, including the quadratic terms so
that the desired vacuum satisfies the global minimum con-
ditions of the potential. About the global minimum of the
tree potential, it was shown that the energy of charge
neutral vacuum is lower than that of the charge-breaking
vacuum [10]. We therefore set o zero. We also require the
vacuum expectation value of the second Higgs is much
smaller than that of the first Higgs, which implies that tan3
is small. In terms of the parametrization in Eq. (6) with
a = 0, the potential can be written as

Vtree(vr B, 0/) = A(B)‘U4 + B(B’ 01)v2’ (10)

where
Ay Az A
A(B) = cos4,8 + == 2 2 gin* B + (4 + f)coszﬁsinzﬁ,
m?, m,
B(B, 0') = C052,8 + 0% > 22 5in? B — m?, cos@’ cos/3 sinB.

(an

We first find the global minimum of V... The stationary
conditions aaVT =0 =1,2,4), are written as

v(2Av? + B) = 0, (12)

2y — sin2 (1 —2 F1rp) CoS2B + ry — rir3 e
ryc08°28 + (ry + 1) cos2B + ry

m?, sind’ sin23 = 0, (14)

where r;(i = 1 ~ 4) are defined as,
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mi, — m M A
ry = , ry = ,
! m%l + m%2 2 )\1 + /\2 - 2)\3 - 2/\4 (15)
AL Ay 4+ 2A5 4 20 m?, cosd’
r; = , ry = —F—"5".
3 )ll + )tz - 2)\3 - 2/\4 4 m%l + m%z

The stationary conditions in Eq. (12) and (13) correspond
to Eq. (36) of [14]. Here we solve them explicitly by
treating the soft breaking term m, as perturbation. The
nonzero solution for v? in Eq. (12) is written as
B
v = ——

2A
mi, +m3, 1+ r cos2B — 2rysin2f
AL+ Ay — 2434 cos?2B + ry + 2rycos2B’
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where /\34 == )\3 + )14.
obtains,

Substituting it into V.., one

(m%l + m%z)z
2(A + Ay — 2A3)
(1 + rycos2B — 2r, sin2B)?
cos?2 + 2r, cos2B + ry

Vtree = Vmin ==

7)

For nonzero m?, and sin2f, the solution of Eq. (14) is
sinf’ = 0. One still needs to find 8 among the solutions
of Eq. (13), which leads to the minimum of V,;,. We
solve Eq. (13) and determine 3 by treating r4(m?,) as a
small expansion parameter. One can easily find the

(16)  approximate solutions as:
|
. A2 .
(1)sinB = |m§2A1]_m,;2%1A34|, cost = sign(m3s,A; — m?, Asy),
Aym? .
(2)cospB = m cosf’ = sign(m?3 Ay — m3,A3y), (18)
(3) cos23 = m? (Ayg+Ay)=m2, (A3 + 1) + 0(,,4).

m3 (= Ay Ay)+md, (= Ay +Ay)

Corresponding to each solution, (1) ~ (3) of Eq. (18), the vacuum expectation value v* and the minimum of the potential

are obtained.

( 2mj, 2 2 mlz 2 mll m?z’"%l
(1)< A +2A1(m22 m“) m, A —m? Az 2)\1 LA —mi Ay )

2
(02, Vi) = { @)= 2 + 2250, = i) (s A) Pt ), (19)

ALy /\7

The leading terms of the vacuum expectation values agree
with those obtained in Z, symmetric model [18]. If
sin23 = 0, then r, must be vanishing and cosf’ =
from Eq. (13) and (14). The vacuum energies of the non-
zero sin2 B solutions are shown in Tables 1. In Table II, the
vacuum energies of the solutions with sin28 = 0 are
summarized.

Next, we derive the constraints on the parameters so that
the solution corresponding to (1) in Table I becomes the

TABLE I. Classification of the solutions with nonzero sin23
of the stationary conditions of Higgs potential. For (3), O(r,)
correction is not shown.

. m? m?
(1) sinBB = O(ry) B T
)\3+/\4*m—%2)\|
11

— " miy
(2) cosB = O(r) o
Ayt Ag—dLp,
",
am =2md md, (A3 +Ay) + Am),
24 22— (A3 +44)%)

(3) cos2B = 0O(1)

L(3)(2(/\24 A3 +(Azy—A)m3, + 0(ry),

Az '"22)‘34

_ A2)n 2m11m2,)u4+/\]m22
20 A ) +0(r4) .

global minimum of the potential. Since the other cases
(2)—(5) do not have desired properties, we restrict the
parameter space so that these solutions can not be a global
minimum. Since v must have large positive vacuum ex-
pectation value, m?, must be negative. In order that the

vacuum energy of (1) is lower than that of (4),

mi Ay — m3 Azy >0, (cost’ = 1). (20)

When Eq. (20) is satisfied and the solution (1) does exist,
one can show that the vacuum energy of solution (3) is
higher than that of (1). Furthermore, when m3, > 0, the
solutions corresponding to (2) and (5) are not realized.
Then one can state the region of parameter space, which

TABLE II. Classification of the solutions with sin28 = 0.

cosf' =

@) sing = 0 -
m4

(5) cosB =0 2/32
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is consistent with the case that the vacuum (1) becomes
global minimum is
m3,
Azg > —5= Ay 20
my

m?, <0, m3, >0,
Next, we consider the case with negative m3,. In this case,
we impose the additional condition so that the vacuum

energies corresponding to (2) and (5) are higher than that
of (1):

TRy 22)
A Ay

Then, the condition for (1) is global minimum in this
case is

2
m
22
Ay,

2 2
m“ < O, m22 < 0, A34 >

) ) ! (23)
m m
A= > A =2
m3 m,
In the following sections, we explore the regions for the

parameters obtained in Eq. (21), (23), (8), and (9).

III. EFFECTIVE POTENTIAL IN ONE-LOOP
AND RENORMALIZATION

In this section, we derive the effective potential within
one-loop approximation. We introduce a real scalar fields
with eight components as ¢' = (¢, 1 @1, b3,
3, $3)7, (i = 1 ~ 8). With the notation above, the one-
loop effective action is given as

1
rler = iy IndetD™!(¢), DT =D0+Mj (24)

where M7 is the mass squared matrix of the Higgs potential,

m2, X1 0
M2 = M*¢) + t —m?, o,
g ¢ 0 m3, X 1 2ol
82V(4)
M*(¢);; = e (25)
T 00,

and where 1(0) denotes 4 X 4 unit (zero) matrix. o is

defined as
B 0 1 26)
(o8] 1 0 .

In Eq. (26), 1(0) also denotes a four by four unit (zero)
matrix. In modified minimal subtraction scheme, the finite
part of the one-loop effective potential becomes

4—d d
pne d%k
Vlloop 2 (27T)d TI'LII(]‘l2 - kz) + Vc’
1 M2 3
= M4(Ln—L — —)) 27
6472 ( T( 272 @7
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V. denotes the counterterms and the derivation of V.. can be
found in Appendix A.

IV. ONE-LOOP CORRECTIONS TO THE VACUUM
EXPECTATION VALUES

In this section, we compute the one-loop corrections to
the vacuum expectation values. Using the symmetry of the
model, in general, one can choose ¢; = (v, B, a, #’) as the
vacuum expectation values of Higgs potential. Their values
are obtained as the stationary points of the one-loop cor-
rected effective potential V' = Ve + Vijgops

Vv
— =0. (28)
do;

By denoting the vacuum expectation values as sum of

the tree level ones and the one-loop corrections to them,

0 1
o= o + ol

o) = =Ly =

, one obtains the one-loop corrections,

d Vlloop
e,

’
=00

8 2
oM

= L1 E <OT
32 2( )1.1 aQD_]

0)
o= Jii

M3,
o) (29)

x M

where M? is a diagonal 8 X 8 tree level mass squared
matrix of Higgs sector and L;; is 4 X 4 matrix given by
the second derivatives of the tree level Higgs potential
with respect to the order parameters,

a 2 Vlree

L=
dpdep,

(30)

o=0"

The diagonal Higgs mass matrix squared M% is related
to 8 X 8 Higgs mass matrix squared M7 in Eq. (25).

0"M?%,0 = M3

(M,2,+0 0 0 0 0 0 0)
0O M, O O O 000
o 0 M}y 0 0 00O
| o o o M 0 000
0O 0 0 0 My 000
o 0 0 0 0 000
o 0 0 0 0 000
\0 0O 0 0 0 00 0/

GD

where M%, is obtained by substituting the vacuum expec-
tation values to M%. O is shown in Appendix D. Since M, is
the 8 X 8 diagonal matrix which elements correspond to the
Higgs masses and zero mass of the would be Nambu-
Goldstone bosons, one may write Eq. (29) in a simple
form. The Higgs masses squared in Eq. (31) are given by
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Mi[ = —[ (A] + Ay + 643 —2X4 — cos(4B)(A; + Ay — 2(A3 + Ay))v? + (1 — cos(2B))m3, + (cos(2B) + 1)m3,

+ 2sin(2B)m3, ],

2 2 2
M; = M;,. + sz ) M ;MH = %((3)\10052(5) + 3sin?(B) Ay + A3 + A)v? + 2m3| + 2m3,),
M3, ; Mﬁ - %[{6 cos(2y)(cos?(B)A; — sin?(B)A,) + (cos(2(B + ¥)) — 3cos(2(B — v))(A; + Ay)}v?

+ 4cos(2y)m?, — 4cos(2y)m3, + 8sin(2y)m?, ] (32)

where v is an angle with which one can diagonalize the 2 X 2 mass matrix for CP-even neutral Higgs. tan2+y is given as

—4m3, + 2sin2B(A3 + Ag)v?

tan2y = .
ansy (3(—=Ajcos? B + Aysin? B) + cos2B(As + Ay))v? — 2(m3, — m3,)

(33)

To compute Eq. (29), we still need to calculate O ‘xf O and L;;. They are shown in Appendix C. Using Egs. (29) and (C1),
one can find the quantum corrections for « and 6’ vanish:

aV =0, ' = 0. (34)
For vV and B, one obtains,

1 S oM M, [ or M M3,

) = — S detL’< Z[Or—a 0] _M%J( n 2/ — 1) —Lp ZI:OT 3 :I M%)J<1n
= e djj M j=1 P2 i w
2

1 [ M2 M3, S0 oM M
V= 7 2 j _
1 L P SO

JJ

)
)

(35)

where L' is

L L
L = ( 11 12 ) 36
Ly, Ly (36)

The elements of L’ are shown in Eq. (C4). Equation (35) corresponds to the one-loop exact formulas and is a main result
of the present paper. In the leading order of the expansion with respect to the symmetry breaking term m?,, the
correction to v becomes

M3 M. ( M7, M3 (. M3 M; (- M;
3 2{3A <1n—§’ - 1) + 2055 ( - 1) + (A3 + /\4)(M—§<1n—;‘ - 1) + M—g(ln—g - 1))} (37)
M H w? M H\ M

H

o) —

The Higgs masses in the formulas are the ones in the limit of m, — O,

A+ Ay,
AT

A
5 M121+ =~ m3, + =07 (38)

3
SAvh MM =md, 4

2 2
MH—mH+2

where v is related to m?, as,

%vzz —m3,. (39)

The approximate formulas for the physical Higgs masses in Eq. (38), which are valid to the limit m, — 0, agree with

the ones given in [1] except the notational difference of My and M;,. The one-loop correction to B in the leading order
expansion of m3, is given as
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B(l) =

B { ( As(As + A4)) M§+<
— 2A, — Ay — In
2|\ A M2\ "

M?,. A3+ )2\ (, M3
2 —1)+<)\2—7( 2+ A )(m—;‘—l)
M Ay M

A M2 M? M2 M?
+ <3A2 + (2r At A 1 )(A3 + A4)) ( —L ) 201 + T)(Ay + Ay) 2 ( —2 - 1)} (40)
1 o )
where
M 1‘42 A3ty 2M2 + + v
= lim Z:#_ 1) =, VA, >()13—2 i )
mr—0 B M2, — M3 v My’

Equation (40) shows that the quantum correction is also
proportional to the soft-breaking parameter m?,, which is
expected. We also note that the correction depends on the
Higgs mass spectrum and quartic couplings. The correla-
tion to Higgs spectrum is studied in the next section.

V. NUMERICAL CALCULATION

In this section, we study the quantum correction to 8 and
v numerically. As shown in Eq. (37) and (40), the quantum
corrections are written with four Higgs masses and the four
quartic couplings. Since the neutral CP even and CP -odd
Higgs of the second Higgs doublet are degenerate as M, =
M;, in the limit m, — 0 (See Eq. (38)), the three Higgs
masses (My, M4, My+) are independent. Moreover, for a
given charged Higgs mass and neutral Higgs mass, A; and
A4 are given as

2 _ 2
My A =2 Ma = My
2’ 4 2 :

A= (42)
A, and A5 are the remaining parameters to be fixed. The
lower limit of A5 obtained from Eq. (8) and (9) is written as

M?

M M N
Max( AN, — ”\/ 2 M, )<)\3 (43)
v

One can also write A; with the charged Higgs mass
formulas,
2 o 2

Ay = E(Mm — m3,). (44)
Depending on the sign of m3,, the upper bound and the
lower bound of A; can be obtained for a given charged
Higgs mass. Combining it with Eq. (43), the constraints for
positive m3, case are,

Max( My \/_2 MH\/_

2Mfi+
v?

Mz,
MM <,
v

<

(m2, > 0). (45)

When m3, = 0, in addition to the lower bound on A3, the
constraint on A, in Eq. (22) should be satisfied:

(m3, <0). (46)

Now we study the quantum corrections numerically. We
fix the standard model like Higgs mass as My =
130 (GeV). There are still four parameters to be fixed
and they are A,, A3, My, and My+. Focusing on the
Higgs mass spectrum of the extra Higgs, we study the
radiative corrections for the following scenarios for
Higgs spectrum and the coupling constants.

A. Case for M, = My-+; degenerate charged Higgs
and pseudoscalar Higgs and a relation for vanishing
quantum correction ﬁ(l)

We first study the corrections for degenerate charged
Higgs and pseudoscalar Higgs. In this case, for a given
degenerate mass, one can identify the values of coupling
constants A, and A5, for which BV vanishes. With M, =
My+, the relation for coupling constants which satisfies
BY =0is

A )
273, 2 _ a2 Y7 M2
30 My — M. My, log :; 1

M2
N M. My My log i1l
Ry R 2 2 :
3 \Miy =My My =M. My My f

(47)

The set of coupling constants (A3, A,), which satisfy the
relation Eq. (47), are shown in Table III. We note that when
A, is as large as 10, A5 is at most about 3. If A, is 1, A3 is
lies in the range 0.55 ~ 0.7.

TABLE III. The coupling constants (A3, A,) which satisfy the
relation, Eq. (47) for the three degenerate masses My+ = M, =
100, 200 and 500 (GeV).

A Ay My =100) Ay (Mp+ =200) Ay (Mpy+ = 500)

0.14 0.19 0.16 0.18
0.28 0.28 0.28 0.28
0.56 0.41 0.47 0.42
1.0 0.55 0.69 0.59
10 1.8 2.8 2.0
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A/x

0.02F

100 120 140 160

" M, (GeV
1N00 4 (GeV)
]
N

-0.01f

-0.02f

FIG. 1. The quantum correction £ (gray lines) and *— 0 (black
lines) due to the nondegeneracy ofB charged Higgs and pseudo-
scalar Higgs masses. The pseudoscalar Higgs mass M, (GeV)
dependence of the quantum corrections %” (x = B, v) is shown,
while the charged Higgs mass is fixed as My+ = 100 (GeV).
The set of parameters (A3, A,) are chosen so that the correction
BY  vanishes for the degenerate case; My+ = M, =
100 (GeV). The values (A3, A,) are taken from Table III and
they are (0.19, 0.14) (solid line), (0.28, 0.28) (dashed line), (0.41,
0.56) (dotted line), (0.55, 1) (dotdashed line), and (1.8, 10)
(thick solid line).

B. Non-Degenerate case M 4, # My with the coupling
constants satisfying Eq. (47)

Next we lift the degeneracy by shifting the pseudoscalar
Higgs mass from the charged Higgs mass and study the
effect on BV and v"). The nondegeneracy of the charged
Higgs mass and the pseudoscalar Higgs mass is con-
strained by p parameter. We change the pseudoscalar
Higgs mass within the range |M, — My+| < 100 (GeV)
allowed from the electro-weak precision studies. The cou-
pling constants (A3, A,) are chosen from the sets of their
values satisfying the relation Eq. (47). In Fig. 1, we show

%” as a function of M, with charged Higgs mass My+ =

100 (GeV). When M, = 100 (GeV), the correction van-
ishes exactly. As we increase M, from 100 (GeV) (the
mass of charged Higgs), the correction becomes nonzero
and is negative. The corrections are at most about 1.3%
when A, ~ 1. By increasing M, further, we meet the point
around at M, = 200 (GeV) corresponding to that the cor-
rection vanishes again. In Fig. 2, we study the correction
B with larger charged Higgs mass case, My+ =
200 (GeV). In contrast to the case for My+ =
100 (GeV), by increasing M, from 200 (GeV) where the
correction vanishes, it increases and becomes positive. We
also note that the correction tends to be larger than the
lighter charged Higgs mass case. When A, ~ 1, increasing
the pseudoscalar Higgs mass from 200 (GeV) to
300 (GeV), the correction is about 10%. As the pseudo-
scalar Higgs mass decreases from 200 (GeV) to 100 (GeV),
the correction becomes negative for 0 < A, = 1. With
the larger value A, = 10, we meet the point around at
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*0/x
0.06F
0.041

0.021

| - My (GeV)
-0.02F.

—-0.04F

-0.06F

—-0.08F

FIG. 2. The quantum correction £— " (black

(gray lines) and wb
lines) due to the nondegeneracy otﬂ charged Higgs and pseudo-
scalar Higgs masses. The pseudoscalar Higgs mass M, (GeV)
dependence of the quantum corrections *(% (x = B, v) is shown
while charged Higgs mass is fixed as Mg+ = 200 (GeV). The
set of parameters (A3, A,) are chosen so that the correction S

vanishes for the degenerate case; My~ = M, = 200 (GeV).
The values (A3, A,) are taken from Table III and they are
(0.16, 0.14) (solid line), (0.28, 0.28) (dashed line), (0.47, 0.56)
(dotted line), (0.69, 1) (dotdashed line), and (2.8, 10) (thick solid
line).

M, = 150 (GeV) where the correction vanishes again. In
Fig. 3, we study the further larger charged Higgs mass case,
ie., My~ = 500 (GeV). With M, =~ 600 (GeV), the cor-
rection is positive and about 100%. The correction stays
small for 0 < A, = 1 when decreasing M, from 500 (GeV)
to 400 (GeV).

Oy

iy (GeV
go0 Ma GV

FIG. 3. The quantum correction £ (gray lines) and Ca) (bla k
lines) due to the nondegeneracy o‘rﬁ charged Higgs and pseudo-
scalar Higgs masses. The pseudoscalar Higgs mass M, (GeV)
dependence of the quantum corrections * ﬁ (x = B, v) is shown
while charged Higgs mass is fixed as M+ = 500 (GeV). The set
of parameters (A3, A,) are chosen so that the correction B
vanishes for the degenerate case; M+ = M, = 500 (GeV). The
values (A3, A,) are taken from Table III and they are (0.18, 0.14)
(solid line), (0.28, 0.28) (dashed line), (0.42, 0.56) (dotted line),
(0.59, 1) (dotdashed line), and (2, 10) (thick solid line).
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FIG. 4. The two dimensional surface for v() = 0.

. (1)
C. The correction ¥ -

In Figs. 1-3, we also show the correction %1) as functions
of M,. vV is independent of A, and does not necessarily
vanish at the same points where 8" vanishes. With A; = 2
and My+ =200 (GeV), when the pseudoscalar Higgs
mass is much larger than that of charged Higgs mass; we
find a very large correction to v. In Fig. 4, we show that the
two dimensional surface, which corresponds to v() =0,
We find that the interior of the surface corresponds to the

— 7T — T — T — T T—T—T— T

500 - b
400

300 -

M, (Gev)

200

100 | ==
100

7500

300 400

My (Gev)

200

FIG. 5. The regions of (Myg+, M,), which correspond to
(1221155 = (0,0) (dark gray), (001, 0.01) (gray), and
(0.1, 0.1) (light gray).
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region of the positive correction v) > 0, while the exte-
rior region of the surface corresponds to the negative
correction v < 0.

In Fig. 5, we have shown the regions of (My+, M,)
which correspond to that the corrections of |v"| and
|BY] have the definite values (0, 0.01, 0.1). The dark
gray shaded area corresponds to the region where both
v and B can vanish with taking account of the
conditions in Egs. (7)-(9). We note that for My+, M, >
200 (GeV), the quantum corrections vanish around the
region where the charged Higgs degenerates with the
pseudoscalar Higgs. When the corrections become larger,
the larger mass splitting of the pseudoscalar Higgs and
charged Higgs is allowed. However, as the average mass of
the charged Higgs and pseudoscalar Higgs increases, the
allowed mass splitting becomes smaller.

VI. DISCUSSION AND CONCLUSION

In this paper, the Dirac neutrino mass model of
Davidson and Logan is studied. In the model, one of the
vacuum expectation values of two Higgs doublets is very
small and it becomes the origin of the mass of neutrinos.
The ratio of the small vacuum expectation value v, and
that of the standard-like Higgs v, is tan8 = Z—f Therefore,

tan is very small and typically it is O(10~°). The small-
ness of tanfB is guaranteed by the smallness of the soft
breaking term of U(1)’.

We have treated the soft-breaking term as perturbation
and calculated, in particular, the vacuum expectation of
Higgs in the leading order of the perturbation precisely. As
summarized in Table I, only by including the soft breaking
terms, one can argue which of the local minima minimizes
the potential and becomes the global minimum. We have
studied the global minimum of the tree-level Higgs poten-
tial, including the effect of the soft breaking term as
perturbation.

Beyond the tree level, we study the quantum correction
to the vacuum expectation values and tan3 in a quantitative
way. In one-loop level, we confirmed that tree-level vac-
uum is stable, i.e., the order parameters which vanish at
tree level do not have the vacuum expectation value as
quantum correction. In one-loop level, we derived the
exact formulas for the quantum correction to S in the
leading order of expansion of the soft breaking parameter
m?,. We have confirmed not only that the loop correction to
tanf is proportional to the soft breaking term, but also
found that the correction depends on the Higgs mass
spectrum and some combination of the quartic coupling
constants of the Higgs potential. Technically, we carried
out the calculation of the one-loop effective potential by
employing O(4) real representation for SU(2) Higgs
doublets.

Dependence of the corrections on the Higgs spectrum
is studied numerically. We first derive a relation of the
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coupling constants, which corresponds to the condition
that the correction to B vanishes for degenerate extra
Higgs masses. Next, we study the effect of nondegeneracy
of the charged Higgs and pseudoscalar Higgs on the
correction. If the charged Higgs mass is as light as
100 (GeV) ~ 200 (GeV), allowing the mass difference
of charged Higgs and pseudoscalar Higgs is about
100 (GeV), the quantum corrections to both B and v
are within a few % for (A3, A,) ~ (0.5, 1). If the charged
Higgs is heavy M+ = 500 (GeV), a slight increase of
the pseudoscalar Higgs mass from the degenerate point
leads to very large corrections to 8 and v.

One can argue the size of the quantum corrections to the
neutrino mass of the model, because the ratio of the tree level
neutrino mass and one-loop correction can be written as

(1) M M
my  _ v_ + ’8_

m, v B’

(48)

where we take account of the corrections only due to Higgs
vacuum expectation values. The formulas in Eq. (48) imply
that radiative correction to neutrino mass is related to the
Higgs mass spectrum. Therefore, once Higgs mass spectrum
is measured in LHC, one can compute the radiative
correction to the mass of neutrinos using the formulas
of Eq. (48).

Vlloop = V(l) + Vc’
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Note added.—After submitting the paper, we became
aware that the stability of the model studied in this paper
was also discussed in [20]. Compared to their analysis, we
derived the one-loop effective potential taking into account
all the interactions of Higgs sector while they consider a
part of the interactions and study the stability in a qualita-
tive way. Using the effective potential, we carried out the
quantitative analysis of the quantum corrections.

APPENDIX A: DERIVATION OF ONE-LOOP
EFFECTIVE POTENTIAL

In this appendix, we give the details of the derivation of
the one-loop effective potential and the counterterm in
Eq. (27). One can split M*(¢);; in Eq. (25) into the
diagonal part and the off-diagonal part as M?*(¢);; =
M?();; — M*();;8;;. The divergent part of V., can be
easi;y computed by expanding it up to the second order of
oM-,

dk

WD“(‘SW — oymy)yDy(SM? — aymiy) ;i + ...,

(A

™ pe d'k 0—1 2 2 2
V=5 | G TriLn{(DY™ + M2()8;; + SM% — oymby}
8 4—-d d 3 i
j2 dk ot 5 “
= In{DY! + M~ —
i—1 2 f(ZW)dl n{ ii u(d))} 'ZZI 4
1 ij
where

D;' =Dy + Mi(6),

Mi+mi —k (1=i=4),
-1 (A2)
M2 +m}—k (5=i=<38
The diagonal parts of the propagators are given as,
—L - (1=i=4),
Dy =4 M (A3)
W (5 =1= 8)

In the modified minimal subtraction scheme, Feynman
integration is carried out with help of the well known
formulas of dimensional regularization

(A4)

and

dk 1
Qm)di (m? — k*)(m? — k?)

11
div 167% €

(A5)

whd

with é =1 —log4m and € = 2 — 4. The divergent part of
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4 8
1
{Z(Ml?,. +m)?+ > (M%+ mgz)Z} -
i=1 i=5

6472 e

8
Z (6M* — m}y0);j(6M? — m3y0)) i,
i#j=1

m_ _ 1
Vi = 647 e

4 8
= () S M) e 3 M)+ 2ty + ) = M) — o (M) — )]
i=1 =5

1

= a7 "

The trace of Eq. (A6) is calculated in Eq. (B6) and (B11) of Appendix B, and the result is,
1
Vi) = —m[m%l{ml(cbfcbl) + 2245 + A)(@F D)L+ mL 12025 + A) (D D)) + 64,(DF D,)}]
Zm%2
6472

8m41'2 + 4(m‘1‘1 + méz)
6472

(1202 + 4430 + 422 + 222 (DT D)2 + (1242 + 4A30,4 + 422 + 222)(DI D)2

+ [2A5 + 42,)(D D, + DI D))] -

- 647725[
(120043 40 4y + 822 + 422 + 120,45 + 44,4 (D @) (@I D))
+ (4A Ay + 16454, + 8A2 + 4A2A4)|<I>f<1>2|2]. (A7)

Now the counterterms for the one-loop effective potential are simply given by changing the sign of the divergent part of
Eq. (A7),

v, = -V = Te[ M), (A8)

6472

Using Eq. (A8) and (A4), one can derive the finite part of the one-loop effective potential given in Eq. (27).

APPENDIX B: DERIVATION OF EQ. (A7)

In this section, we present the derivation of Eq. (A7). We start with the quartic interaction terms of the Higgs potential,

@M (5 52V 2 (S 0V (S 2 )(S
= (Ze) Rz e - 4<§¢’>(,§¢~’>
+ %((fﬁﬁ’s T horps T P37 T Pups)* + (b1 + b3ps — Pachs — bachr)?). (B1)

By taking the derivatives of V®, one can obtain the mass squared matrix M?(¢). One first computes the first derivative of
V® with respect to ¢;,

f%z( = d’?)z% +5 Ssdi 5H(d1s + brps + 3y + ucbs)bisa
A (D106 + d3bs — Prbs — duh)(81:b6 — 825 + 831 — S4ih7)h (I=i=4) (B2)
99 %2(2?:5 ¢?>2¢i + %%Z}Ll ‘f’? + %{(ﬁbﬂﬁs + hrpe + P37 + Padg)diy

L+ (D16 + d3bs — prbs — duh7)(— 85,5 + Sgipy — 714 + 5:3)} 5=i=3).

The second derivatives are given as
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%(517 i d)%"‘zﬁbjd’i)"‘%éij(zg:sd’%)+%{¢j+4d’i+4

(816 — 62jps + 8355 — 84;7)(81;h6 — B2 ps + 83,5 — 84;7)}, (I1=ij=4),
A3 +%{¢i+4¢j—4 T b 8isa i Praa T (= 85;py + 8jp1 — 87bs + Bgjb3)

X (81ip6 = 02ips5 + 033 — O4ip7) T (P1ps + P3bg — brps — Puhy)

X (81;06; + 83,08 — 02;05; — 541‘57]')}, (I1=i=4,5=j=38),

92V
A0, ] Adid; +%{¢i—4¢j+4 T34 1014 jPrPraat (81j6 — Bajps + 83,5 — 84jh7)
X(=8sipy + 86ip) — 87ib4 + 83ih3) + (1 s + P3ps — Dops — uchy)
X (81380, + 83,04 — 3285, ~ dusd)| (5=i=81=j=4)

%(51721%:5 b+ 2¢j¢i) + %50‘( = ¢%)
+%{¢j—4¢i—4 +(=8sjpo+ 86jp1 — 874 + 83;¢h3)

[ X (=85;¢y+ 861 — 87,4 + 85:3)}, (5=1i,j=8).
(B3)
With Eq. (B3), the diagonal sums of M? are given as
4 4 8 8
SML=30D ¢2 20> pF+ A D p2 =61, DD + (45 + 2A,) D] Dy, (1=i=<4),
=1 i=1 i=5 i=5
8 8 4 4
SML=30D ¢2 20> pF+ A D p2 = 61,DID, + (44; + 2A,) D] D), (5=i=28). (B4)
i=5 i=5 i=1 i=1
The counterterm in Eq. (A8) includes the following contribution:
Tr[(M*(¢) — mi,o)(M*(p) — miyo )] = THM*(P)M*(¢) — 2miy o\ M?] + 8mi,. (BS)

The second term of Eq. (B5) is proportional to
Tr[m} o\ M?] = 245 + 44 (b1 s + hacps + 3br + bacpgm?, = (245 + 4A)(D D, + OID))md,. (B6)

The first term of Eq. (B5) can be decomposed as

4 4 38 8
Tr [M*(p)M*(¢)] = Z M*(¢);;M*();; + 22 ZM2(¢)ijM2(¢)ji + z M*();;M* (). (B7)

ij=1 i=1j=5 ij=5

Each term of Eq. (B7) is given as

4 4 4 8 8 4
S M), M), 3A%(Z ¢%)2 IS Y @ Am{z B2S B2+ (brbs + bab + bsby + badhs)
Q=1 i=1 =1 j=5 i—s =1

+(p 16 + P33 — Paps — dup7)?} + /\3)l4<28: ¢,~2)2 + A%(g (Iﬁ%)z + %‘%(g qﬁf)z

i=5
= 12A2(DT D)2 + (124, A5 + 44, 1) (DT D) (DI D)) + 4, 24| DT D, |2
+ (4304 + 423 + 20D)(D] D,)2 (B8)
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4 8

8 4 4 4
S M) M), = RS 2 ¢ + 2A3A4{Z bibies S G101s+ (D16 — baps + byhs — ¢4¢7)2}
i=5 =1 i=1 i=1

1j=5

XNe e o 4 2 )
FSZ 203+ AT bibis) 20106 = 9abs + 9y~ ddr
= j= =
= (423 + 22T D (@I Dy) + (BAs A4 + 4A3)| D] D, (BY)
8 8 2 8 4 4 8
> M) 0) = 3T ) + 30T BT 6+ AT 0 07+ (6165 + dad + bsbr + dudh)
i,j=5 i=5 i=5  j=I i=1  j=5
4 2 4 2 \2/48 2
T (P1ds + P3ps — Prps — ¢4¢7)2} + /\3)‘4<Z ¢12> + A%(Z ¢l2> + 74<Z 9{’12)
i=1 i=1 i=1
= 120X DI D)2 + (122,45 + 42,1 (DT D)) (DI D,) + 44,0, DT D, 2
+ (4304 + 423 + 22 (DT D)2, (B10)
From Egs. (B8)—(B10), one obtains,
THM2 ()M ()] = (1202 + 42304 + 423 + 222 (DT D)2 + (1223 + 4A304 + 422 + 222)(DID,)?

+ (124145 + 44 Ay + 8A2 + 42 + 120,05 + 40,0, (DT D)) (D] D,)
+ (AA A4 + 16A304 + 842 + 44,1, | DT D, 2. (B11)

Using Egs. (B4)—(B6) and (B11), one can derive Eq. (A7).

APPENDIX C: [07 23£.0];; AND Ly,

In this appendix, we show [OT%O] ;; and L;;, which are needed to calculate one-loop corrections to the order

parameters ¢§‘) in Eq. (29). [OT%—’:ZIZ 0];; I =1,2,3,4) are given as

2 2
[07% 0] 0. [07%700] -0 (eld

T+ A + 645 = 204 — cos(4B)(A; + Ay — 2(A3 + Ay)))
T+ Ay + 645 = 204 — cos(@B)(A; + Ay — 2(A3 + Ay)))
T+ Ay + 625 + 644 — cos(@B)(A; + Ay — 2(A3 + Ay))) , (€2
12{A,cos?ysin? B + cos?Bsin?yA;} + (3cos2(B — y) — cos2(B + y) + 2)(A5 + Ay)
12{A,cos? Bcos?y + sin?Bsin?yA,} + (—3cos2(B — y) + cos2(B + y) + 2)(A; + Ay)
and
Apcos?(B) — sin*(B)A; — cos(2B)(A; + Ay)
_ Aycos?(B) — sin*(B)A; — cos(2B)(A; + Ay)
[oTa—MZol = 28028 Aacos*(B) = sin?(B)A; — cos2B)(As + Ay) ©
M 325008%(y) = 3sin*yA; + 555 (SIn(2(B + 7)) — 3sin(2(B — ¥)) (A3 + A4)
=3 c08*(y) + 3sin*(y)A; — m(sin(Z(ﬁ + ) = 3sin(2(8 = ¥))(A; + Ay)

055002-12



QUANTUM CORRECTION TO THE TINY VACUUM ...

PHYSICAL REVIEW D 85, 055002 (2012)

Next, we show L;; in Eq. (30). Note that L;; is symmetric L;; = Lj; and its nonzero elements are:

Ly, = cos?Bm?, + sin? Bm3, — 2 cos(B) sin(B)m?, + %[3v2{)\10054(ﬂ) + sin?(B8)(2(A5 + Ag)cos?(B) + sin?(B) A1)},

cos4d cos2
Ly = vz{— 1 '3(/\, + A — 245 + A))v? + 1 '8(/\2 — A)v? + 2m?, sin2 B — cos2B(m?, — m%z)},
sind 8 PR 2 2 : 2 2
Ly, =1L, =vi— 2 (A] + Ay = 2(45 + Ay))v* + 3 sin2B(A; — Ap)v* — 2my, cos2B — sin2B(my, — m3,)
— 1 2 o 2 2 o 2 4 2
Liy; = _gv sin(28)(v* sin(2B8) A4 — mlz)r
Ly = v? cos(B) sin(B)m3,. (C4)
APPENDIX D: ORTHOGONAL MATRIX O IN EQ. (31)
Here we show the orthogonal matrix O in Eq. (31).
0 —sinf 0 0 0 0 cosB O \
—sinf 0 0 0 0 cosB 0 0
0 0 0 siny  cosy 0 0 0
0 0 — sin 0 0 0 0 cos
0= P . P (D1)
0 cosf3 0 0 0 0 sinf3 0
cosf 0 0 0 0 sinf3 0 0
0 0 0 cosy —siny 0 0 0
K 0 0 cosf3 0 0 0 0 sinf3 )
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