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1. Introduction:
A Mmulti-head finite automaton



Multi-head finite automaton (MFA)

e It is a simple classical model of an acceptor for
a formal language.

e [t consists of a finite-state control, an input
tape, and k read-only heads (MFA(k)).

nput tape
>iplalala|b|bla|<
Heads: hSA th hQT

q Finite-state control




Past studies on reversible MFAS

e A two-way reversible MFA was introduced, and
Its basic properties were shown. [Morita, 2011]
e [ he class of two-way reversible MFAS is exactly
characterized by the class of deterministic (and
reversible) logarithmic space. [Axelsen, 2012]
e A one-way reversible MFA was studied, and its
accepting capability was investigated.
[Kutrib, Malcher, 2012]



Formal definition of a two-way MFA (k)

M: (Q727k757[>7<]7QO7A7R)

a honempty finite set of states

a honempty finite set of input symbols
a number of heads (k € {1,2,... })

left and right endmarkers (>, <1 € ¥)

THeES VATRO
2

the initial state (gg € Q)

a set of accepting states (A C Q)
a set of rejecting states (RC Q, ANR=10)
a transition relation, which is a subset of

Q X ((2 U {Dv <]})k U {_1707

1}7) x @



The transition relation § of an MFA(k)

e § iS a set of “triples” of the form [p, x, ¢].

p : a present state (p € Q)

x : symbols read (x € (XU {>,<})F), or
shift directions (x € {—1,0,+1}%)

g : a next state (¢ € Q)

e [p, s, q] is called a read-rule if s € (XU {>, <})*.
e [p, d, ¢] is called a shift-rule if d € {—1,0, +1}*.

Note: Quintuple formulation is also used: [p, s, d, ¢]



Determinism of an MFA M
e An MFA M is called a deterministic MFA iff

Vry=I[pxql €6 Vro=1[p xqdleo
((r1#m AN p=p) =
(X Q/ {_17 O) _I_l}k A X/ € {_17 Oa _l_]-}k
N x F x"))
e It means that for every pair of rules r1 and r»,
If the present states of them are the same, then

(1) r1 and r» must be read-rules, and
(2) the symbols x and x’ must be different.



Reversibility of an MFA M
e An MFA M is called a reversible MFA iff

Vri=I[px4q €0, Vro=I[p,x¢les
((ri1#Er A gq=¢) =
(x € {-1,0,4+1} A ¥ ¢ {-1,0,4+1}"
A X#X’))

e It means that for every pair of rules r1 and r»,
If the next states of them are the same, then
(1) r1 and r» must be read-rules, and

(2) the symbols x and x’ must be different.



Notations for deterministic and reversible
MFAS

DMFEA: Irreversible and deterministic MFA.
RDMFA: Reversible and deterministic MFA.
DMFA(k): DMFA with k heads.
RDMFA(k): RDMFA with k£ heads.

Note: We do not consider a nondeterministic MFA
hereafter.



Example: An RMFA(2) that accepts all
strings of length 2™ (m = 0,1,...) [Morita, 2011]
Mom = ({q0,91;---,95,9a,qr},{1},2,00m, >, <, q0,{qa}, {qr})

52777, - {.QO7 >7l>]7 O _l_] q17
:Q].a .Da 1]7 O _l_] q1.7 :Q:IJ :[>7 <]]7 +7 _]7 QQ:7
:QQ7 171 ) :07_]7 Q3:7 ZQQ7 1al>7 :_7+]7 Q4:7
:QQn :<]7 l>]7 07 0]7 qr]7
:Q37 17 1] 1 +7 _]7 q2:7 ZQ37 17 [>:7 = O] -7
:q47 17 1] 1 _ _I_] qé]-.a ZQ47 l> 1-7 _] q21,
-Q57 D7[>]7 O O] qal; -Q57 1 [> ) O O] qr] }

e M-m divides n by 2 repeatedly and checks if the
remainders are all Os till the dividend becomes 1.

t state tape t state tape
0O 4q >1/1|1(1]1|1]1]1|< 0O g |[>1|1]1|1/1(1|1|1|1(1|<
A A
40 qa (>(1(1 /11|11 ]1|1|< 36 4 >|1|1|1(1|1(1|1|1}]1]|1|<
A A
A A



An RDMFA can be realized as a garbage-less
reversible logic circuit

e A rotary element (RE) is a reversible logic ele-
ment with 2 states and 4 symbols. [Morita, 2001]
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2. Converting a deterministic MFA
INto a reversible one



A DMFA(k) is simulated by an RDMFA(k)

Theorem 1 For any DMFA(k) M, we can con-
struct an equivalent RDMFA(k) MT. Hence,

LIRDMFA(k)] = L[DMFA(k)].

Remark: ﬁ[RDlI\/IFA(k)] E[DlI\/IFA(k)]
[Kutrib, Malcher, 2012]

Notation:

L[M]: The class of languages accepted by M.
1MFA: A one-way MFA



Assumptions on DMFA for proving Theorem 1

(M1) The initial state gqp does not appear as the
third component of any rule in 9.

(M2) All the accepting and rejecting states are
halting states.

(M3) Every states other than the initial state ap-
pears as the third component of some rule in o.

(M4) The DMFA performs read and shift opera-
tions alternately.

(M5) Each head must not go beyond the endmark-
ers both in forward and backward computation.

It is easy to modify a DMFA to satisfy them.



Proof outline of Theorem 1
e RDMFA(k) MT traverses a computation graph

of M using additional states.
()

@)
A case M halts. A case M loops.

Note: Each node represents a configuration of M. But,
here, only a state of the finite-state control is written.



Traversing a computation graph reversibly

e MT has the following states for each q of M.
q is for the forward simulation.

qj iIs for the backward simulation, where
7 Is used to distinguish the incoming edges.

Irreversible transitions of M.



The case M halts in an accepting state (1)

MT starts to traverse the computation graph from
the initial configuration of M.



The case M halts in an accepting state (2)

mqa

If M enters an accepting state qa, then M1 keeps
the fact by the states of the form q.



The case M halts in an accepting state (3)

MT finally goes back to M's initial configuration in
the accepting state cj%.



The case M halts in a non-accepting state (1)

MT starts to traverse the computation graph from
the initial configuration of M.



The case M halts in a non-accepting state (2)
f Va

Since M does not enter an accepting state, MT
uses only the states without * '



The case M halts in a non-accepting state (3)

MT finally goes back to M's initial configuration in
the rejecting state q%.



The case M loops (1)

MT starts to traverse the computation graph from
the initial configuration of M.



The case M loops (2)

<—qé
@

q2 qs3

D

Though it is not a tree, MT finally goes back to
M’s initial configuration in the rejecting state q%.
This is because an RDMFA always halts.



An RDMFA always halts

Lemma 1 [Morita, 2011] If M is an RDMFA,
then M eventually halts for any input w.

Note: Here, we assume the condition (M1) that the initial
state qo of M does not appear as the third component of
any rule of M (i.e., go has no predecessor state).



Example of an irreversible DMFA(3)

he following irreversible DMFA(3) Mp accepts all
strings whose length is a prime number.

MD — (Q7{1}73757[>7<]7q07{qa}7{ })
Q — {QO,Q17---7Q16,Qa}
6 = A{lgo,[>,>,>],a1], [g1,[0,4+,0],q2], g2, [>,1,>],q3], g3, [0, +,0], ga],

[q47 [l>717l>]7Q5]7 [Q57[+a_7+]JQ6]7 [q67[17171]7q5]7 [q67[17[>71]7q7]a
[Q67[<]7171]7q9]7 [q67[<]7[>71]7Q9]7 [q77[07+7_]7q8]7 [q87[17171]7q7]7
lgs, [1,1,1>], g5],  [go, [0, +, —],q10l; [g10, [, 1,>], qual; [g10, [ 1, 1], qaa],
[q117[_7+a_]7q13]7 [q127 [_a 07 0]7 q13]7 [q137 [17 1? 1]7 q11]7 [q137 [17 17 [>]7 q12]7
[q137 [[>7 17 [>]7 Q3]7 [q147 [Oa +7 0]7 q15]7 [q157 [<]7 <], [>]7 qa]7 [q157 [<]7 17 [>]7 q16]7
[QIG) [07 ) 0]7 QIO] }

t state tape
11111111 |<

0 9o

> | \/

273 4a

vV
—
—
—
—
—
—
—
A

> >



An RDMFA(3) MQ; that simulates Mj

My = (Q,{1},3,8%,>,<,90, {5}, {45}

QT — {Q7E]\a ql,q‘l | qAE Q} U { anQ%o>q13,§§,§%o>§%3 }

5t = d1U---UdgUd U---UJs Uy Uy

01 — { [qla [07 +7 O]a q2]7 [q37 [07 +7 0]7 q4]7 [Q57 [+7 R +]7 Q6]7 [q77 [07 _|_7 _]7 qS]7
[q97 [07 +7 _]7 Q%OL [Qll, [_7 +a _]7 Q%B,]a [q127 [_7 07 0]7 q13]7 [q147 [07 +a 0]7 q15]7
[q167 [Oa R O]) C110] }

02 — {[qoa[l>7l>7[>]7ql] [q27[[>717[>] q3 ] [q47[[>717[>]7Q5]7 [Q67[17171]7Q5]7

[Q67[17[>71]aQ7]7 [Q67[<]7171] Q9] [Q67[<]7[>71]7Q9]7 [QS7[17171]>Q7]7
lgs, [1,1,>],95], lq10,[<,1,>], qa], [q10,[<, 1, 1], q11], [g13, (1,1, 1], q11],
[q13, [1,1,>], q12], [q13,[>,1,>] q3], [q15,[< <, >, ¢al, [Q15,[<,1,l>] qi6] }

63 = {l[q3,[0,—,0],¢il, lq;,[0,—,01,43], la¢,[—,+,—],q3], [4d,[0,—,+], 4],
[Q%Oa [O +] dqg ] [Q107 [O + O] Q16] [q13> [+ +] q11] [q137 [+ O O] q12]
[q:1L51 [O O] Q14] }

6s = {lap, [> >0l gl lag, [> 1,01 65) 165, [>, 1] q15], [ag, [, 1,221, 4al,
las, [1,1,1], gg], 95,11, 1,0)q8], o7, (1,0, 1], ge), 97, (1, 1,1, g,
[Q97[<]a171] q ] [Q$7[<|7|>71]7q:é]7 [q:lll7[<]7171]aQ%O]7 [Q%17[17171]7Q%3]7
[Q127 [17 17|>] C]13] [q]1_47 [<]7 1al>]7(h1_0]7 [q]1_67 [<]7 17l>]7QJ1_5]7 [q%7 [<]7<7l>]7QJ1_5]}

0s = {la1,[>,>, 1], 1], g3, [>, >, < an], - [ade, [< <5 <5 g6l }

6 = i1bhxdllpxged} (=1, 5)

56 — {[qQa[l> >, [>] Q] [q27[l> >, 1] Q] ?[Q15a[<]7<]7<]]aQJl_5]}

ga - j%[}qaa[o 0 O] (,]\a:al]}



Simulating the DMFA M, by the RDMFA M}

Mp:

Mg:

t state tape
0 4q > 11 <
A
A
A
273 Yqa |> 11 <
A
A
A
t state tape
0 4 |> 1 <
A
A
A
2016 g |> 1|1 <
A
A

t state tape
0 4 |> 1111 1<
A
A
A
32 q10 |> 11111 |<
A
A
36 410 > 11111 <
A
A
t state tape
0 4 |> 111(1]1|<
A
A
A
118 ¢ 1[1]1]1]<

> \/



3. Applying the conversion method
to Turing machines



Two-tape Turing machine (TM)

e A model suited for studying space complexity.

e It consists of a finite-state control, a read-only
Input tape, a storage tape, and two heads.

Input tape (read-only)

>la|plalalplclblalalbp|lal|<]
N

q Finite-state control

v Storage tape

>(a|b|a|a|b|#|#|#|F#|H#|#|F#|#] 3




Relation between DSPACE(s(n)) and
RDSPACE(s(n))

Proposition [Lange, McKenzie, Tapp, 2000]

DSPACE(s(n)) = RDSPACE(s(n))

e (R)DSPACE(s(n)) : The class of languages
accepted by an s(n) space-bounded (R)DTM.
n is the length of the input, and s(n) is a space function.

e But, the simulation method given by them is
rather complex.



T he method of converting DMFAS to
RDMFAs can be applied to DT Ms simply

Theorem 2 For any DTM T, we can construct
an equivalent RDTM T7T such that the following
holds.
1. TT uses exactly the same numbers of storage
tape squares and tape symbols as T'. (Thus, it
IS a bit stronger result than that of Lange et al.)
2. TT with w € ¥* always halts, provided that T
with w uses finitely many storage squares.
(We need not know T's space function s(n).)



Example of an irreversible DTM

The DTM Teq accepts all strings over {a,b}* such
that the number of a’'s is equal to that of b’'s.

Teq — (Q,{(I,b},{&,b},(g,D,Q,QO,#,{Qa},{ })

Q — {QO7Q17'°°7Q67qa}

6 = {lqo,>,[>,>],aq1]; g1, +, 4+, q2], 92, a, [#, a], q1],
:QQa b7 [#7 #]7 Q3]7 :q27 <], [#7 #]7 Q4]7 :Q37 +7 Oa QQ]a
:qél-a ) _7Q5]7 :Q57b7 [CL, b]7Q4]7 :Q5,CL, [a’aa']7QG]7
:Q57[>7[[>7>]7q(1]7 :Q5,CL, [>7>]7Q6]7 :Q67_7O7Q5] }

t=20 = 80

Input tape (read-only) Input tape (read-only)

>lalblalalblbla|lblblala|b|] >lalplalalblblalblblalal|b|]

q0 da

> [ # # | ###] $ >Tolb]o]b]b]o]#]%

Storage tape

Storage tape



An RDTM Te]Lq that simulates T¢q

e e e

(QT, {a b}, {a,b}, 61,1, <, qo,# {a5}:{a5})

{0,3,¢%,7" | a € Q}u g5, 45 }

o1 U -- U56U51U U55U5aU5r

{lq1,+,+, 93], [a3,+,0,42], lga, — —, 2], [g6;— O, gs] }
{ [0, >, [>, D] q1l, laz,a,[#,al,q1], [ao, b, [#, #],q3],
ZQQ7 <], [# #] Q4] [Q57 ba [a7 b]7Q4]7 [Q57 a, [a'7 a’]7Q6]7
g5, >, [>, >] Qa] g5, a, [> D] g6] }

g3, —, —, q1], [qg, 0 ,q3], lad, +, +, q4] [42,+, 0, qf
;q%,b, >, >0), lag,a o, #].03], 3{ b, [#, #1,43],
-CIAIL _#;#LQ%]» % b, [b, a], CI5] a, [a, al, C15]

ZQCM [>7[>]7Q%7 ? a, [D [>] q ] }

ZQ]_a D :#,#]»CIl] Q17 >, [CL a’] QI] ) [Q%7<1> [b7 b]7Q6] }
P, X,q] | [p,Xq €6t (1 =1,. 5)

:QQ7> [> [>] QQ] [q27 [# #] QQ] I [Q57<7 [b7 b]aqg] }
:}(;ZCMO 0 qa] }

~
Q
)




Simulating the DTM Teq by the RDMFA TJ,

Teq: t=0

Input tape (read-only)

>

alplala

b

b

a

t =53
Input tape (read-only)

>lalbplala|blblalblblalalb|<]

40

da

>

il il i i

> b|b|b|b|b|b|#]3

Storage tape

qu t=20

Input tape (read-only)

>

alplala

b

b

a

Storage tape

t= 185
Input tape (read-only)

40

>lalbplala|blblalblblalalb|<]

il il i i

Storage tape

> |4 || # |7 | | # | #] 3

Storage tape




Concluding remarks

T he following relations are proved.
e LIRDMFA(k)] = LIDMFA(k)] (E=1,2,...).
e LIRDTM(s(n))] = LIDTM(s(n))].
The constructed RDTM is garbage-less, and
uses the same number of storage tape symbols.

he proposed converting method can be used to
many other memory-bounded computing models,
e.g. a markerautomaton, a space-bounded Turing
transducer, etc.



