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Abstract Load cells are used extensively in engineer-
ing fields. This paper describes a novel structural op-

timization method for single- and multi-axis load cell
structures. First, we briefly explain the topology op-
timization method that uses the solid isotropic mate-

rial with penalization (SIMP) method. Next, we clar-
ify the mechanical requirements and design specifica-
tions of the single- and multi-axis load cell structures,

which are formulated as an objective function. In the
case of multi-axis load cell structures, a methodology
based on singular value decomposition is used. The sen-

sitivities of the objective function with respect to the
design variables are then formulated. On the basis of
these formulations, an optimization algorithm is con-

structed using finite element methods and the method
of moving asymptotes (MMA). Finally, we examine the
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characteristics of the optimization formulations and the
resultant optimal configurations. We confirm the useful-

ness of our proposed methodology for the optimization
of single- and multi-axis load cell structures.
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1 Introduction

Load cells are used extensively in engineering fields. For
example, simple single-axis sensors called “load cells”

are used to measure applied forces in various experi-
ments. In automotive development, six-axis force trans-
ducers are required when measuring the values of the

force components applied to wheels (Weiblen and Hof-
mann, 1998). These multi-axis load cells are also used
in robotic manipulators in factory automation engi-

neering (Kaneko, 1996; Kim and Lee, 2003; Uchiyama
et al., 1991b; Park and Kim, 2005), with sensors com-
posed of sensing devices such as strain gauges and force

transducer structures. The transducer structures con-
vert the forces applied to the sensor’s measuring point
into strains that are then detected by the sensing de-

vices. In cases where strain gauges are used as sensing
devices, strain values are transformed to resistance vari-
ations in the device. These are ultimately detected as

output voltage fluctuations using a Wheatstone bridge,
which are used to calculate each component of the ap-
plied force. If there is one detected force component,

the load cell is called a single-axis sensor. If there are
more than one, the device is called a multi-axis sensor.

The performance of such load cells can be evaluated
according to criteria such as the static and dynamic

stiffness of the sensor structures, weight, force detection



2

sensitivity and accuracy. In the case of single-axis load

cells, the function is quite simple and only sensitivity
and stiffness need to be considered. However, in addi-
tion to these criteria, in the case of a multi-axis load

cell, the detection accuracy of each force component
is invariably considered the most important parameter
for evaluating the sensor performance. If the force de-

tection errors caused by strain sensing errors are quite
different at each force component, the errors are hard
to calibrate out. Thus, differences in the detection ac-

curacies of each component of the applied force should
be small. One well-known method for evaluating such
sensor performance is based on singular value decompo-

sition (SVD) (Uchiyama et al., 1991b) and it represents
the performance as a condition number of a transform-
ing matrix that expresses the relationship between the

applied forces and the measured strains.

Although the theory, which is based on SVD, is

clear and has a well-developed mathematical founda-
tion based on linear algebra, it is difficult to apply the
methodology to the structural design of transducers.

The theory is generally expressed in terms of control
system performance, which provides little insight into
the basic mechanics of the target structures. Thus, the

theory is hard to apply to ordinary mechanical design.
To achieve a mechanical design based on the theory, a
number of numerical structural optimization methods

have been proposed (Bayo and Stubbe, 1989; Chao and
Chen, 1997; Kim et al., 2002; Uchiyama et al., 1991a;
Liu and Tzo, 2002), however these methodologies are

based on size or shape optimizations and thus strongly
depend on the quality of initial structural design, with
the result that novel high performance structural design

remains elusive.

On the other hand, topology optimization methods
have been extensively applied to a variety of struc-
tural optimization problems (Bendsøe and Sigmund,

2003) since Bendsœand Kikuchi first proposed a so-
called homogenization design method (HDM) (Bendsøe
and Kikuchi, 1988). This method offers the greatest po-

tential for exploring ideal and optimized structures be-
cause it allows changes in topology as well as shape.
The basic concept consists of the extension of a design

domain to a fixed design domain, and the replacement
of the optimization problem with a material distribu-
tion problem. These ideas introduce the holes nucle-

ation mechanism which is not achieved by the classi-
cal shape optimization based on boundary variation.
Since the optimization problem has extreme disconti-

nuity, there are no optimal solutions to the problem
(Allaire, 2001). A homogenization method is used to
deal with the extreme discontinuity in the material dis-

tribution and to provide material properties viewed, in

a global sense, as homogenized properties. This method

and its variant solid isotropic material with penaliza-
tion (SIMP) method (Bendsøe, 1989; Bendsøe and Sig-
mund, 1999; Zhou and Rozvany, 1991) has been ap-

plied to a variety of design problems. Beginning with
the optimization for structural stability such as the
stiffness maximization and eigenfrequency maximiza-

tion problem (Bendsøe and Kikuchi, 1988; Krog and Ol-
hoff, 1999; Ma et al., 1995; Pedersen, 2000; Suzuki and
Kikuchi, 1991), topology optimization is extended to

the actuator mechanism design problem (Canfield and
Frecker, 2000; Nishiwaki et al., 1998; Sigmund, 1997,
2001; Silva et al., 2000). We focus on piezoelectric actu-

ator design problems (Canfield and Frecker, 2000; Silva
et al., 2000). The underlying concept in these meth-
ods is maximization of the displacement of the output
point caused by an input strain on the piezoelectric

device. The opposite optimization problem, the maxi-
mization of strain at a specified point caused by an ap-
plied load, can be regarded as a sensor design problem

if some sensor devices are located on the specified point.
Some topology optimization methods for sensor struc-
ture have been reported. Pedersen (Pedersen, 2004) and

Rubio et al. (Rubio et al., 2008) proposed an optimiza-
tion method for the piezoresistive load cell. However,
the topology optimization for multi-axis load cells has

not been reported.

In this paper, we develop a novel topology optimiza-
tion method for conceptual designs of basic single- and
multi-axis load cell structures whose sensor devices are

strain gauges. First, we briefly explain the topology op-
timization method that uses the solid isotropic mate-
rial with penalization (SIMP) method. Next, we clar-

ify the mechanical requirements and design specifica-
tions of each sensor structure. In the case of a multi-
axis load cell, this is based on the SVD. We formulate

the objective functions for each sensor and construct
an optimization problem that aims to satisfy the de-
sign specifications. Sensitivities of the objective func-

tions with respect to the design variables that are re-
quired in the optimization procedure are formulated.
Based on these formulations, an optimization algorithm

is constructed using the finite element method (FEM)
and the method of moving asymptotes (MMA) (Svan-
berg, 1987). Finally, we examine the characteristics of

the optimization formulations and the generated opti-
mal configurations, and confirm the usefulness of our
proposed methodology for the optimization of single-

and multi-axis load cell structures.
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2 Formulation

2.1 Topology optimization

When considering the design problem of determining

the design domain Ωd to minimize objective functions,
the key idea of topology optimization is to introduce a
fixed, extended design domain D that includes, a priori,

the original design domain Ωd and the utilization of the
following characteristic function:

χ(x) =

{
1 if x ∈ Ωd

0 if x ∈ D \Ωd
(1)

where x denotes a position in the extended design do-
main D. Using this function, the original structural

design problem is replaced by a material distribution
problem incorporating an elasticity tensor, χA, in the
extended design domain D, where A is the elasticity

tensor in the original design domain Ωd. Since this char-
acteristic function can be discontinuous, i.e. resides in
L∞(D), some regularization techniques should be intro-

duced. A homogenization method is used to perform the
relaxation of the solution space (Bendsøe and Kikuchi,
1988; Allaire, 2001). In this way, with respect to the

characteristic function, the original material distribu-
tion optimization problem is replaced by an optimiza-
tion problem of a “composite” made up of the orig-

inal material and a very weak material that imitates
the void, using a density function. The density function
represents the volume fraction of the original material

and can be regarded as a weak limit of the characteris-
tic function. In the optimization problem, the relation-
ship between the material properties of the compos-

ite and the density function must be defined. Several
approaches have been proposed for this. One was to
define a simple microstructure, calculate the material

property using the asymptotic method (Bendsøe and
Kikuchi, 1988; Suzuki and Kikuchi, 1991; Matsui and
Terada, 2004), and set a completely artificial material

property (Bendsøe, 1989; Bendsøe and Sigmund, 1999;
Zhou and Rozvany, 1991). Another approach is called
the solid isotropic material with penalization (SIMP)

method, which is a popular method used in topology
optimization. In this method, the material property is
defined in the following simple equation that includes

a penalized material density function.

A∗ = ρpA (2)

where A∗ is the material property of the composite, ρ

is the density function representing the volume fraction
of the original material and p is a positive penalization
parameter. This method has the advantage of control-

ling the non-linearity between the material property of

the composite and the density function, which has a

significant role in avoiding “gray” regions where assess-
ing the presence of material or void is problematic. The
SIMP method is used in this research.

Topology optimization methods can also encounter
a numerical instability problem that causes checker-
board patterns (Diaz and Sigmund, 1995; Sigmund and

Petersson, 1998) depending on settings. To mitigate
this problem, so-called filtering techniques are intro-
duced (see (Sigmund, 2007) and references therein). In

this research, filtering is implemented based on the pro-
jection method (Guest et al., 2004). This method sets
design variables in addition to the density function and

“projects” these design variables onto the density func-
tion using a projection function. By adjusting the effec-
tive range and shape of the function, checkerboard pat-

terns can be avoided. First, a weighted average function
using a simple linear projection function is considered,
as follows:

µ(d(xe)) =

∫
Ωe

dw(x− xe)dx∫
Ωe

w(x− xe)dx

(3)

where:

Ωe(xe) = {x | ||x− xe|| ≤ rmin, x ∈ D} (4)

where Ωe is the circular effective area of the projection
function of design variable d at xe, d is the design vari-

able function, rmin is the radius of the effective area
of the projection function and w is the following linear
weighting function:

w(x− xe) =


rmin − ||x− xe||

rmin
if x ∈ Ωe

0 if x ∈ D \Ωe

(5)

To obtain solutions that closely approach either 0 or 1
from the above average volume fraction, the final vol-

ume fraction is calculated using a smoothed Heaviside
step function as follows:

ρ(xe) = 1− e−βµ(d(xe)) + µ(d(xe))e
−β (6)

The above functions are calculated numerically by ap-
propriate discretization. In the original paper (Guest
et al., 2004), the discretized design variable function

was set to the nodes of the finite element mesh. How-
ever, in this research, we discretize the function at the
center of each element to simplify the sensitivity calcu-

lations.
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2.2 Objective function for single-axis load cell

First, the objective function for a single-axis load cell

that will measure an applied force in a specified direc-
tion is formulated. Loadcell sensitivity to applied loads
and stiffness against these loads are key design require-

ments for single-axis load cells. Here, we focus on the
sensitivity maximization problem as the main optimiza-
tion target. The output voltage caused by applied loads

at a specified load point is used as an index of the sen-
sitivity of the sensors. We consider the case in which a
load is applied to a 2-D domain Ωe composed of elas-

tic material with strain gauges ng located in the do-
main at position xg, to detect the strain caused by the
applied force. For simplicity and consistency with the

multi-axis load cell problem to be described later, the
domain is discretized using the finite element method,
and the load is assumed to be a point load. The resis-

tance variation of the ig-th strain gauge is formulated
as follows:

∆Rig

Rig

= Ksεg(xgig
) (7)

where εg is the strain detected by the strain gauge, that

is, an x-component of the strain with respect to the
local coordinate of the strain gauges shown in Fig.1. Ks

is a gauge factor. εg is calculated based on the strain ε

with respect to the global coordinate system as follows:

εg(xgig
) = Tigε(xgig

) (8)

where Tig is a matrix connecting εgig and εie formu-
lated as follows:

Tig = (cos2 θ sin2 θ 2 sin θ cos θ) (9)

In this method, we set the x-direction of the strain
gauges to match the direction of the principal strains.
Thus, εg is obtained as follows:

εg(xgig
) =

εX(xgig
) + εY (xgig

)

2

±

√√√√(εX(xgig )− εY (xgig )

2

)2

+ γXY (xgig )
2

(10)

where εX , εY and γXY are strain and shear strain com-
ponents with respect to global coordinate systems.

The resistance variations of these strain gauges are
detected as variations of the output voltage of theWheat-
stone bridge composed of these strain gauges. Since a

Wheatstone bridge is composed of up to four strain

X

Y
xy

X

Y
xy

θ

Fig. 1 Coordinate system of strain gauge

gauges, using the values of the detected strains, the out-
put voltage Vout of the Wheatstone bridge is obtained
as follows:

Vout =
1

4
Vin

(
∆R1

R1
− ∆R2

R2
+

∆R3

R3
− ∆R4

R4

)
=

1

4
KsVin (εg(xg1)− εg(xg2) + εg(xg3)− εg(xg4))

(11)

where Vin is the input voltage of the Wheatstone bridge.

The maximum value of Vout is obtained if the signs
of εg are εg(xg1) ≥ 0, εg(xg3) ≥ 0 and εg(xg2) ≤
0, εg(xg4) ≤ 0. However, these conditions cannot al-

ways be satisfied. Thus, in this method, we use the fol-
lowing virtual output voltage during the optimization
process:

Vout =
1

4
KsVin

ng∑
ig=1

|εg(xig )| (12)

where ng ≤ 4 is the number of strain gauges used in

the Wheatstone bridge. The signs of the strains are not
always the ideal case, for example two of them may
be positive and the others negative. According to the

signs of strains, more than one Wheatstone bridge can
be constructed. For example, if two values of ∆R/R
are positive and the others are negative as shown in

Fig.2(a), the resistance variations of all strain gauges
can be detected using only one Wheatstone bridge, and
the output voltage of the circuit is as is shown in Eq.(11).

Even if the signs of resistance variations are not ideal,
as in Fig.2(b), the output voltage including all resis-
tance variations can be obtained by constructing two

Wheatstone bridges as follows:

Vout =
1

4
Vin

(
∆R1

R1
+

∆R2

R2

)
+

1

4
Vin

(
∆R3

R3
+

∆R4

R4

)
=

1

4
Vin

(
∆R1

R1
+

∆R2

R2
+

∆R3

R3
+

∆R4

R4

)
(13)

The maximization of the above total output voltage
of the Wheatstone bridges can be obtained by maximiz-

ing the structural flexibility. However, if only structural
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(b) All
∆R

R
are positive.

Fig. 2 Construction examples of Wheatstone bridges

flexibility maximization is considered, the optimal con-
figuration will have insufficient stiffness for the applied
load and will be hard to implement as an actual sensor

structure. To obtain optimal structures with a certain
level of stiffness for the applied forces, we add the fol-
lowing mean compliance l into the objective function:

l = F TU (14)

where F and U are the discretized load and displace-
ment vectors, respectively. Finally, the objective func-

tion for a single-axis load cell is obtained as the weighted
summation of Eq.(12) and Eq.(14) as follows:

fsingle = −wV Vout + wll (15)

where

wV + wl = 1 (16)

where wV and wl are weighting coefficients.

2.3 Objective function for multi-axis load cell

In the design of multi-axis load cells, in addition to the
sensitivity and stiffness considered in single-axis load

cells, the detection accuracy of each force component
needs to be considered when evaluating the sensor per-
formance. Sensing errors are inevitable since the accu-

racy depends on the strain sensing errors caused by the

strain gauge. Thus, for ideal performance in multi-axis

load cells, equal detection accuracies are required for
each force component, and any errors should be cor-
rected by calibration. One well-known method for eval-

uating such sensor performance is based on singular
value decomposition (SVD) (Uchiyama et al., 1991b).
This method represents the performance as a matrix

condition number that expresses the relationship be-
tween the applied forces and the measured strains. Based
on this method, a new performance index of the multi-

axis load cells is introduced to formulate an objective
function.

We consider a load cell system for measuring a force

with n ≤ 6 degrees of freedom, and n output signals
via the Wheatstone bridges composed of a linear elas-
tic body and strain gauges. Note that it is assumed

that the linear elastic problem is represented as a finite
dimensional linear system, and here we discretize the
linear elastic body using the finite element method. In
this research, the 2D problem (n = 2) is considered as

the simplest case. The relationship between the input
force and output signals can be represented as:

s = Csf , Cs ∈ Rn×n (17)

where

sT = (Vout1, ..., Voutn) , s ∈ Rn (18)

fT = (f1, ..., fn) , f ∈ Rn (19)

where s is an n-dimensional output signal vector whose
components are output voltages of theWheatstone bridges
in Eq.(11), f is an n-dimensional vector representing

the applied force, and Cs is known as an n × n ma-
trix or the so-called “strain compliance matrix”. Cs

is determined from the location of the strain sensing

points, the Wheatstone bridge settings, a load applied
point and fixed points. By solving Eq.(17) with respect
to f , the values of the applied force components are

obtained. Thus, the performance of the sensor system
depends on the matrix Cs. Certain mathematical tech-
niques are required to evaluate the performance of Cs.

One method for mathematically analyzing Cs has been
proposed in (Uchiyama et al., 1991b) based on the SVD
method (Golub and Van Loan, 1996).

The SVD of Cs is obtained as:

Cs = UsΣsVs
T (20)

where

Σs = diag (σ1, ..., σn) ∈ Rn×n (21)

Us = (u1, ...,un) ∈ Rn×n, u1, ...,un ∈ Rn (22)

Vs = (v1, ...,vn) ∈ Rn×n, v1, ...,vn ∈ Rn (23)
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Us and Vs are orthogonal n×n matrices and σ1, ..., σn

represent the singular values of Cs. When the singular
values are obtained as:

σ1 ≥ · · · ≥ σr ≥ σr+1 = · · · = σn = 0 (24)

the rank of Cs is defined as:

rank (Cs) = r (25)

Based on the above SVD, the evaluation method for a
multi-axis load cell is introduced. As a most fundamen-
tal requirement, Eq.(17) must have a unique solution to

calculate the applied force based on the output signal.
Thus, the rank of Cs must be equal to its dimension n
as follows:

rank (Cs) = n (26)

That is, the following condition can be obtained from
Eq.(25):

σn > 0 (27)

The second requirement, as for the single-axis load
cells, is that the sensitivity of s with respect to f should

be high, so that the force can be measured with a high
degree of accuracy. If σn > 0 is satisfied, the follow-
ing relationships can be defined (Golub and Van Loan,

1996):

max
||Csf ||
||f ||

= max
||s||
||f ||

= σ1 (28)

min
||Csf ||
||f ||

= min
||s||
||f ||

= σn (29)

where || · || represents the Euclidean norm. That is, the
relationship between the singular values and norm ratio

between s and f is can be defined as follows:

σn ≤ ||s||
||f ||

≤ σ1 (30)

Considering the variation of input force in Eq.(17), ds =
Csdf , this can be applied to the variation of s and f
as follows:

σn ≤ ||ds||
||df ||

≤ σ1 (31)

||ds||/||df || in Eq.(31) can be regarded as the sensitivity
of s with respect to f . Thus, to increase the sensitivity,
its minimum value σn should be maximized.

The third requirement is that the errors in the cal-

culations of f caused by sensing errors in s should be
minimized. If ds is the sensing error and df is the force
detection error caused by ds, the following relationship

is obtained from Eqs.(30) and (31):

σn

σ1
≤ ||df ||/||f ||

||ds||/||s||
≤ σ1

σn
(32)

Eq.(32) indicates that the ratio between ||df ||/||f ||
and ||ds||/||s|| cannot exceed σ1/σn. The force detec-
tion error can be minimized by minimizing the ratio be-

tween ||df ||/||f || and ||ds||/||s||, i.e., the ratio σ1/σn,
the condition number of Cs, should be minimized. The
inverse of Eq.(31), is as follows:

1

σ1
≤ ||df ||

||ds||
≤ 1

σn
(33)

The equation shows the sensitivity range of the force de-

tection error caused by sensing errors. In this equation,
we find that minimizing the condition number is equiv-
alent to minimizing the range of the sensitivity. Thus,

the operation can also be regarded as an equalization
of the detection accuracy of each force component that
is equal to the first defined design specification as con-

firmed in a numerical example.
To satisfy simultaneously the above indices of Cs,

i.e. 1: rank, 2: sensitivity, and 3: detection accuracy of

each force component, the following optimization prob-
lem is considered:

maximize σr (34)

and

minimize
σ1

σr
(35)

where

σr > 0 (36)

To deal with the above multi-objective optimization
problem, we formulate the following equation, using a

weighted sum method.

minimize f = −wsσr + wc
σ1

σr
(37)

where ws and wc are the weighting coefficients for the
lowest singular value and condition number. The in-
equality constraints in Eq.(36) are automatically satis-

fied in the optimization process due to the maximiza-
tion problem given by Eq.(34) and this can be ignored
in Eq.(37).

Adding the compliance term to achieve a certain
level of stiffness for the load cell structure as well as
the single-axis load cells, an objective function is finally

formulated as follows:

fmulti = −wsσr + wc
σ1

σr
+

m∑
q=1

wlqlq (38)
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where

ws + wc +
m∑
q=1

wlq = 1 (39)

where m is the number of considered load cases and wl

are the weighting coefficients for compliances.

2.4 Formulation of optimization problem

We introduced the volume constraint in the optimiza-
tion problem since the weights of load cell devices are
one of the important design factors when they are used

in moving devices. Using the objective functions and
constraints formulated above, the optimization prob-
lem is formulated as follows:

minimize
d

fsingle = −wV Vout + wll (40)

or

minimize
d

fmulti = −wsσr + wc
σ1

σr
+

m∑
q=1

wlqlq (41)

where

g(d) =
∑
ie∈D

ρie(d)vie − V U ≤ 0 (42)

0 ≤ die ≤ 1 for ie = 1, ..., ne (43)

KU = F (44)

where

K =

ne∪
ie=1

Kie =

ne∪
ie=1

∫
Ωie

Bie
TDieBiedΩ (45)

where ne is the total number of elements, d is the de-

sign variable vector, ρie and vie are respectively the

discretized density function and original volume of ie-
th element, g(d) is the volume constraint, V U is the
upper volume, U and F are respectively the discretized

displacement vector and force vector and K is the stiff-
ness matrix. Kie , Bie and Die are the element stiffness
matrix of ie-th element, the B-matrix and the elastic

matrix, respectively.

3 Numerical Implementation

3.1 Algorithm

The optimization procedure is as follows:

1. Set an initial shape, locate the strain gauges and

construct Wheatstone bridges.

2. Iterate the following procedure until convergence.

(a) Calculate the density function and material prop-
erties.

(b) Calculate the objective function and total vol-

ume.
(c) Calculate sensitivities.
(d) Based on the sensitivities, update the design vari-

ables using the method of moving asymptotes
(MMA) (Svanberg, 1987).

3.2 Numerical Implementation for single-axis load cell
optimization

3.2.1 Sensitivity analysis

As shown above, in this research, MMA is used to up-
date design variables, and sensitivity analysis is required.
We derive the sensitivity for the optimization problem

of the single-axis load cell. The sensitivity of the virtual
output voltage in Eq.(12) with respect to the density
function ρie for element ie is defined as follows:

∂Vout

∂ρie
=

1

4
KsVin

ng∑
ig=1

∂|εgig
h|

∂ρie
(46)

The suffix h on the strain represents the discretized

value. When the ig-th strain gauge is located on the
center of ieg-th element, ∂|εgig

h|/∂ρie is obtained as

follows using Eq.(8):

∂|εgig
h|

∂ρie
=


Tig

∂εieg
h

∂ρie
if εgig

h ≥ 0

−Tig

∂εieg
h

∂ρie
if εgig

h < 0

(47)

where εieg
h is the discretized strain of ieg-th element.

The function |εgig
h| is clearly not smooth at εgig

h = 0
and discontinuous weak-sensitivity only exists at this
point, however this problem does not affect our practi-

cal numerical calculations during the optimization pro-
cess. The sensitivity of the strain of ie-th element is
obtained as follows:

∂εieg
h

∂ρie
= Bieg

∂Uieg

∂ρie
(48)

We derive the sensitivity of the strain gauge to displace-
ment of location, ∂Uieg/∂ρie by considering the matrix
Hieg connecting the local displacement vector Uieg and

the global displacement vector U as follows:

Uieg = Hieg
TU (49)
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Using the relationship, ∂Uieg/∂ρie is obtained as fol-

lows:

∂Uieg

∂ρie
= Hieg

T ∂U

∂ρie
(50)

Using the equilibrium equation in Eq.(44), the following
equation is obtained:

∂U

∂ρie
= −K−1 ∂K

∂ρie
U (51)

The sensitivity of the local displacement of the ie-th
element is as follows:

∂Uieg

∂ρie
= −Hieg

TK−1 ∂K

∂ρie
U = −Zieg

T ∂K

∂ρie
U (52)

where Zieg is the adjoint variable obtained by solving
the following adjoint equation:

KZieg = Hieg (53)

The sensitivity of the output voltage can be obtained
using Eq.(46), Eq.(47), Eq.(48) and Eq.(52).

The sensitivity of mean compliance in Eq.(14) is ob-
tained as follows:

∂l

∂ρie
= −UT ∂K

∂ρie
U (54)

The detailed derivation of Eq.(54) can be seen in (Bendsøe
and Sigmund, 2003).

3.3 Numerical Implementation for a multi-axis load

cell

3.3.1 Derivation of strain compliance matrix using

FEM

The strain compliance matrix Cs is derived using FEM.

We define the ig-th strain gauge as being located on the
ie-th element, and formulate the discretized strain εgig

h

detected by the strain gauge as follows:

εgig
h = Tigεieg

h = TigBiegUieg = TigBiegHieg
TU

= TigBiegHieg
TK−1F = TigBiegHieg

TK−1Hff

= TigBiegZieg
THff = Aigf

(55)

where

εieg
h = BiegUieg , Uieg = Hieg

TU , F = Hff ,

Aig = TigBiegZieg
THf

(56)

Hf is a matrix connecting the local force vector f
and global force vector F . Zieg is the adjoint vari-

able obtained from Eq.(53). Using Eq.(11), Eq.(18) and

Eq.(56), the output signal vector s can be obtained as

follows:

s =

Vout1

...
Voutn



=
1

4
KsVin

 εg1
h − εg2

h + εg3
h − εg4

h

...

εgng−3
h − εgng−2

h + εgng−1
h − εgng

h



=
1

4
KsVin

 A1 −A2 +A3 −A4

...
Ang−3 −Ang−2 +Ang−1 −Ang

f

(57)

Comparing Eq.(17) and Eq.(57), matrix Cs can be ob-

tained as follows:

Cs =
1

4
KsVin

 A1 −A2 +A3 −A4

...
Ang−3 −Ang−2 +Ang−1 −Ang


(58)

3.3.2 Sensitivity analysis

The sensitivity of the singular value ofCs, the objective

function for a multi-axis load cell is derived as follows.
Let σj (Cs) and λj (Cs) denote the j-th singular value
and j-the eigenvalue of Cs respectively. The following

relationship exists between singular values and eigen-
values (Golub and Van Loan, 1996):

σj (Cs) =

√
λj

(
Cs

TCs

)
(59)

That is, the sensitivity of the j-th singular value with
respect to the density function ρie is obtained as follows

using the sensitivity of the j-th eigenvalue:

∂σj (Cs)

∂ρie
=

1√
λj

(
Cs

TCs

) ∂λj

(
Cs

TCs

)
∂ρie

(60)

The sensitivity of λj

(
Cs

TCs

)
with respect to ρie is

obtained as follows (Haug et al., 1986):

∂λj

(
Cs

TCs

)
∂ρie

= φj
T
∂
(
Cs

TCs

)
∂ρie

φj

= φj
T

(
∂Cs

T

∂ρie
Cs +Cs

T ∂Cs

∂ρie

)
φj

(61)
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where φj is normalized j-th eigenvector.

If the above j-th eigenvalue is a repeated eigenvalue,
this sensitivity cannot be used, since repeated eigenval-
ues have only directional derivatives. In this case, the

sensitivities are obtained as results from the following
eigenvalue problem (Haug et al., 1986; Seyranian et al.,
1994; Ohsaki and Ikeda, 2007).

Ma =
∂λj

(
Cs

TCs

)
∂ρie

a, M ∈ Rs×s, a ∈ Rs (62)

where

Mij = φi
T

(
∂Cs

T

∂ρie
Cs +Cs

T ∂Cs

∂ρie

)
φj , i, j = 1, ..., s

(63)

where s is the number of repeated eigenvalues, M is
the s× s matrix whose components are represented by
Eq.(63), and a is the s−dimensional eigenvector repre-

senting the derivative directions.
We calculate ∂Cs/∂ρie using Eq.(58), as follows:

∂Cs

∂ρie
=

1

4
KsVin


∂A1

∂ρie
− ∂A2

∂ρie
+ ∂A3

∂ρie
− ∂A4

∂ρie

...
∂Ang−3

∂ρie
− ∂Ang−2

∂ρie
+

∂Ang−1

∂ρie
− ∂Ang

∂ρie


(64)

We now calculate ∂Aig/∂ρie . Using Eq.(55), the follow-

ing equation is obtained,

Aigf = TigBiegHieg
TU (65)

Taking a derivative of both sides with respect to ρie :

∂Aig

∂ρie
f = TigBiegHieg

T ∂U

∂ρie
(66)

Substituting Eq.(51) into Eq.(66), the following equa-
tion can be obtained:

∂Aig

∂ρie
f = −TigBiegHieg

TK−1 ∂K

∂ρie
U

= −TigBiegZieg
T ∂K

∂ρie
U

= −TigBiegZieg
T ∂K

∂ρie
K−1F

= −TigBiegZieg
T ∂K

∂ρie
K−1Hff

= −TigBiegZieg
T ∂K

∂ρie
Zff

(67)

where Zf is an adjoint variable obtained by solving the
following adjoint equation:

KZf = Hf (68)

The following equation can be derived:

∂Aig

∂ρie
= −TigBiegZieg

T ∂K

∂ρie
Zf (69)

Using Eq.(60), Eq.(61), Eq.(64) and Eq.(69) the sensi-
tivity of a singular value with respect to a design vari-

able can be obtained.

4 Numerical examples

We present the simple 2D numerical examples to con-
firm the utility of the proposed method. The structural

material is assumed to be aluminum. We assume the
strain gauges have an axial length small enough to fit
each finite element, and the gauge factor Ks is 2.1. The

input voltage of the Wheatstone bridges is set to 24V.
All strain gauges are located on the centers of the finite
elements, and 3×3 elements around the positions of the

strain gauges are regarded as non-design and fully dense
elements. The finite elements are formulated as 4-node
isoparametric elements. The upper bound of the volume

constraint V U is set as 40% of the entire volume. The
minimum value of the density function is set to 10−3.
As shown in Eq.(40) and Eq.(41), we solve the multi-

objective optimization problem composed of objective
functions whose values are different orders of magni-
tude. Thus, to streamline the setting of the weighting

coefficients, we normalize each objective function using
its initial value.

4.1 Optimization of a single-axis load cell

The first example is the optimization of a single-axis
load cell. Figure 3 shows the design domain. The do-

main is discretized into a 100 × 50 square mesh. From
1 to 4 strain gauges are located on the points (i)-(iv)
shown in Fig.3. The left side of the domain is fixed and

the measured load is assumed to be a vertical load on
the center of the right side. Weighting coefficients of
Eq.(15) are set to the following three patterns:(wV =

0.1, wl = 0.9), (wV = 0.2, wl = 0.8), (wV = 0.3, wl =
0.7). To obtain structures with a certain level of stiff-
ness, the weighting coefficients used for the mean com-

pliances are larger in value than any one used for the
output voltages. We perform 200 optimization itera-
tions. β in Eq.(6) is set to 1 for the first 100 iterations.

To obtain solutions that most closely approach values
of 0 and 1, β is raised by 1 every 5 iterations beyond the
first 100 iterations. The scale parameter rmin in Eq.(4)

is set to 3.
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X
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Fig. 3 Design domain for example 1

Figure 4 shows the optimal configuration with one
strain gauge on position (i). Figure 5 shows the opti-

mal configuration with two strain gauges on positions
(i) and (ii) respectively. Figure 6 shows the optimal
configuration with four strain gauges on positions (i)

to (iv). In each figure, (a),(b) and (c) show the opti-
mal configurations after 100 iterations and (d),(e) and
(f) show the optimal configurations after 200 iterations.

Table 1 shows the angle of each strain gauge θ, resis-
tance variation ∆R, the output voltage in Eq.(15) Vout,
and the compliance l. The angle θ means the angle be-

tween the local coordinate systems of strain gauges and
the global coordinate system shown in Fig.1. Figure 7
shows the history of the output voltage for each case.

Figure 7 confirms that the output voltage increased
in each case during the optimization process until 100

iterations were completed. After that, the output volt-
age decreased gradually with the increase in the pe-
nalization parameter β of the Heaviside step projec-

tion function depend on the conditions. In the case of
one strain gauge, from the optimal values of Vout and
Fig.4, as wV becomes large, we found the position of the

lower support bar on the left side moved to the upper
side and the strain at the strain gauge point increased.
In the case using two strain gauges, we found similar

shapes with two horizontal pillars at the location of the
strain gauges, and a typical cantilever-like structure as
shown in Fig.5. It is postulated that the mechanism re-

sponsible for the structure involves transmission of the
load to the strain gauges at the left pillar-like structure
due to the high stiffness of the structure, and the high

strain is detected by these strain gauges. As shown in
Fig.6, in the structure with 4 strain gauges, high strain
seems to occur in the connecting element between the

lower structure and the upper structure. The almost
symmetric structures and location angles of the strain
gauges shown in Table 1 were obtained in the case of

two and four strain gauges. Thus, the sensors in each

half domain are sensing the tension and compression

strains. From Table 1, we find that a larger number of
strain gauges does not always yield a higher voltage. We
noted that the higher output voltage was obtained in a

1-strain gauge case with (wV = 0.3, wl = 0.7) compared
with the 2-strain gauge cases. This could be due to the
dependency on initial setting in the optimization prob-

lem here, which is to maximize the absolute value of lo-
cal strain based on the sensitivity analysis and the gra-
dient method. That is, since the optimization process

must maximize all the local strains at the strain gauge
location, it is hard to obtain a solution that ignores
some of these strain gauges. In the examples with one

and two strain gauges, the best results in terms of the
voltage are shown in Fig.4(f), which are closer to global
optima. Such a shape could not be obtained if two strain

gauges were located at the specified point because our
method cannot ignore the lower strain gauge. However,
since the optimization problem is a multi-objective op-
timization problem covering stiffness and voltage the

highest voltage in not always the best solution. Com-
paring Fig.4(f) with Fig.5(f), Fig.5(f) is clearly a stiffer
structure.

4.2 Optimization of a multi-axis load cell

The simple 2D numerical example is also presented for
the optimization of a multi-axis load cell structure. The

design domain is illustrated in Fig.8. The domain is dis-
cretized into a 50 × 100 square mesh. We set the fol-
lowing two patterns of strain gauge locations. In Case

A, strain gauge No.1 is located at position (i) and No.2
is located at position (ii). In Case B, strain gauge No.1
is located at position (iii) and No.2 is located at posi-

tion (iv). The two Wheatstone bridges are constructed
using strain gauge No.1 and strain gauge No.2 and re-
ferred to as Wheatstone bridge No.1 and Wheatstone

bridge No.2. The output voltages in the output sig-
nal vectors Vout1 and Vout2 in Eq.(17) correspond to
the output voltages of Wheatstone bridge No.1 and

No.2 respectively. The load point is located at the cen-
ter of the right side of the domain. To calculate the
mean compliance for the optimization of stiffness, two

types of load cases are considered. The loads are used
to decide the angle of the strain gauges. The direc-
tions of strain gauge No.1 and 2 are set to the direc-

tions of the principal strain that caused load case 1
and load case 2. The volume constraint is set to 40%
of the full volume of the domain. The weighting co-

efficients in Eq.(41) are set to the following two pat-
terns, (ws = 0.3, wc = 0.3, wl1 = 0.2, wl2 = 0.2) and
(ws = 0.4, wc = 0.4, wl1 = 0.1, wl2 = 0.1). We perform

300 optimization iterations. β in Eq.(6) is set to 1 for
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(a) wV = 0.1, wl = 0.9, Iteration

100

(b) wV = 0.2, wl = 0.8, Iteration

100

(c) wV = 0.3, wl = 0.7, Iteration 100

(d) wV = 0.1, wl = 0.9, Iteration
200

(e) wV = 0.2, wl = 0.8, Iteration 200 (f) wV = 0.3, wl = 0.7, Iteration 200

Fig. 4 Optimal configuration of example 1 (1 strain gauge)

(a) wV = 0.1, wl = 0.9, Iteration
100

(b) wV = 0.2, wl = 0.8, Iteration
100

(c) wV = 0.3, wl = 0.7, Iteration 100

(d) wV = 0.1, wl = 0.9, Iteration

200

(e) wV = 0.2, wl = 0.8, Iteration 200 (f) wV = 0.3, wl = 0.7, Iteration 200

Fig. 5 Optimal configuration of example 1 (2 strain gauges)

the first 200 iterations. To obtain a shape that most
clearly represents 0 and 1 values, β is incremented by
1 after every 5 iterations. The scale parameter rmin in

Eq.(4) is set to 3.

Figures 9 and 10 show the optimal configurations
for each strain gauge location obtained by each of the
weighting patterns. In each figure, (a) and (b) show the

optimal configurations after 200 iterations and (c) and

(d) show the optimal configurations after 300 iterations.
Table 2 presents the initial and optimal values of the
two lowest singular values, σ1, σ2; the condition num-

ber, σ1/σ2; the angle of strain gauges on the optimal
structure, θ; the mean compliances for each load case, l1

and l2; the resistance variation in the i-th strain gauge

for the load case j, ∆Rj
i ; and the output voltage of the

i-th Wheatstone bridge for the load case j, V j
i . Figure
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(a) wV = 0.1, wl = 0.9, Iteration

100

(b) wV = 0.2, wl = 0.8, Iteration

100

(c) wV = 0.3, wl = 0.7, Iteration 100

(d) wV = 0.1, wl = 0.9, Iteration
200

(e) wV = 0.2, wl = 0.8, Iteration 200 (f) wV = 0.3, wl = 0.7, Iteration 200

Fig. 6 Optimal configuration of example 1 (4 strain gauges)

Table 1 Optimal results for example 1

w V w l θ 1 (ο) θ 2  (ο) θ 3  (ο) θ 4  (ο) ∆ R 1 (Ω) ∆ R 2 (Ω) ∆ R 3 (Ω) ∆ R 4 (Ω) V o u t  (V ) l  (J)
0. 1 0. 9 - 3 . 9 8 - - - 6 . 5 8 ×10-4 - - - 3 . 9 4 ×10-3 4 . 03 ×10-2
0. 2 0. 8 - 10. 01 - - - 1. 3 3 ×10-3 - - - 7 . 9 7 ×10-3 1. 00×10-1
0. 3 0. 7 - 5 . 00 - - - 2 . 8 1×10-3 - - - 1. 6 9 ×10-2 3 . 8 9 ×10-1

w V w l θ 1 (ο) θ 2  (ο) θ 3  (ο) θ 4  (ο) ∆ R 1 (Ω) ∆ R 2 (Ω) ∆ R 3 (Ω) ∆ R 4 (Ω) V o u t  (V ) l  (J)
0. 1 0. 9 - 5 . 7 0 5 . 7 0 - - 6 . 3 3 ×10-4 - 6 . 3 3 ×10-4 - - 7 . 6 2 ×10-3 4 . 7 8 ×10-2
0. 2 0. 8 - 6 . 2 3 6 . 2 3 - - 6 . 9 6 ×10-4 - 6 . 9 6 ×10-4 - - 8 . 3 5 ×10-3 4 . 9 0×10-2
0. 3 0. 7 - 6 . 3 5 6 . 3 5 - - 7 . 08 ×10-4 - 7 . 08 ×10-4 - - 8 . 4 9 ×10-3 4 . 9 9 ×10-2

w V w l θ 1 (ο) θ 2  (ο) θ 3  (ο) θ 4  (ο) ∆ R 1 (Ω) ∆ R 2 (Ω) ∆ R 3 (Ω) ∆ R 4 (Ω) V o u t  (V ) l  (J)
0. 1 0. 9 - 6 . 3 0 6 . 7 0 - 10. 5 4 10. 5 3 6 . 00×10-4 - 6 . 00×10-4 4 . 2 9 ×10-4 - 4 . 2 9 ×10-4 1. 2 3 ×10-2 5 . 4 3 ×10-2
0. 2 0. 8 - 6 . 02 6 . 02 - 6 . 8 7 6 . 8 7 6 . 8 3 ×10-4 - 6 . 8 3 ×10-4 9 . 00×10-4 - 9 . 00×10-4 1. 9 1×10-2 9 . 13 ×10-2
0. 3 0. 7 - 5 . 6 6 5 . 6 6 - 6 . 07 6 . 07 7 . 00×10-4 - 7 . 00×10-4 1. 2 3 ×10-3 - 1. 2 3 ×10-3 2 . 3 3 ×10-2 1. 5 8 ×10-1

( a )  1  s t r a i n  g a u g e

( b )  2  s t r a i n  g a u g e s

( c )  4  s t r a i n  g a u g e s

11 illustrates the history of Euclidean norm of the out-
put signal vector S. The strain compliance matrices Cs

of each optimal configuration are expressed in Eq.(70)
and Eq.(71):

Cs(case A, ws = 0.3, wc = 0.3, wl1 = 0.2, wl2 = 0.2)

=

(
2.56 0.77
−0.74 2.76

)
× 10−6

(70)

Cs(case A, ws = 0.4, wc = 0.4, wl1 = 0.1, wl2 = 0.1)

=

(
4.26 0.66
0.68 −4.17

)
× 10−6

(71)
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(b) 2 strain gauges
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(c) 4 strain gauges

Fig. 7 History of output voltage of example 1

(a) ws = 0.4, wc = 0.4, wl1 =
0.1, wl2 = 0.1, Iteration 200

(b) ws = 0.3, wc = 0.3, wl1 =
0.2, wl2 = 0.2, Iteration 200

(c) ws = 0.4, wc = 0.4, wl1 =
0.1, wl2 = 0.1, Iteration 300

(d) ws = 0.3, wc = 0.3, wl1 =
0.2, wl2 = 0.2, Iteration 300

Fig. 9 Optimal configurations for case A of example 2

Cs(case B, ws = 0.3, wc = 0.3, wl1 = 0.2, wl2 = 0.2)

=

(
4.72 5.55
4.94 −5.33

)
× 10−6

(72)

Cs(case B, ws = 0.4, wc = 0.4, wl1 = 0.1, wl2 = 0.1)

=

(
4.49 8.38
7.68 −4.56

)
× 10−6

(73)

Figures 9 and 10 indicate that clear configurations are

obtained using our method. Table 2 indicates that the
singular values, σ1/σ2, of the optimal configurations
have a nearly ideal value of 1, and these structures

demonstrate an almost ideal detection accuracy for each

force component. Table 2 and Fig.11 reveals that the

sensitivity of force detection can be increased using our
method, however, output voltages decreased during the
penalization process used to mitigate gray areas. More-

over, oscillations are observed in the locations of the
strain gauges in Case B. The reason for this is un-
clear, but the solutions finally converge and reasonable

shapes are obtained. Higher weighting coefficients, ws

and wc, yield a more sensitive structure. On the other
hand, the optimal configurations have almost equal out-

put voltages for each load case. Thus, the error in the
strain detection can affect bothX and Y load directions
equally. Of particular interest is that more sensitive op-

timal results are obtained by the more “challenging”
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(a) ws = 0.3, wc = 0.3, wl1 =

0.2, wl2 = 0.2, Iteration 200

(b) ws = 0.4, wc = 0.4, wl1 =

0.1, wl2 = 0.1, Iteration 200

(c) ws = 0.3, wc = 0.3, wl1 =

0.2, wl2 = 0.2, Iteration 300

(d) ws = 0.4, wc = 0.4, wl1 =

0.1, wl2 = 0.1, Iteration 300

Fig. 10 Optimal configurations for case B of example 2

200mm

1 00mm

1 5 mm

1 5 mm
1 5 mm

(i i )

(i )

5 0 0 N

Load case 2Load case 2 S t r ai n  g au g eS t r ai n  g au g e

F i x ed desi g n  dom ai n  D

X

Y

Load case 1Load case 1

5 0 0 N

1 5 1 mm

(i v )

(i i i )

Fig. 8 Design domain for example 2

strain gauge location in Case B. However, in terms of

stiffness, the optimal structures in Case A are better
than those one in by Case B. Thus, we obtain a variety
of configurations .

5 Conclusion

In this paper, we developed a structural topology op-

timization method for single- and multi-axis load cell
structures and achieved the following:

1. The topology optimization method was implemented

using the SIMP method and the projection method.

2. The sensitivity of force detection is formulated as a
design requirement of the single-axis load cell.

3. The design requirements of the multi-axis load cell
were defined as follows; 1: the rank of Cs, 2: the sen-
sitivity, and 3: the detection accuracy of each force

component and its evaluation method as formulated
on the basis of SVD.

4. An objective function was formulated to help meet

the above design requirement.
5. The sensitivity of the objective function was calcu-

lated. In particular, the sensitivity of the singular

value was formulated based on the existing formu-
lation of eigenvalue sensitivity, and an optimization
algorithm was constructed using FEM and MMA.

6. Simple 2D examples established the usefulness of
our proposed methodology for the optimization of
single- and multi-axis load cell structures.

In future research, we intend to extend our method

to problems considering the optimal location of strain
gauges, to obtain higher performance, and to solve three
dimensional design problems.
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Table 2 Initial values and optimal results

σ 1 σ 2 σ 1/σ 2

2.78×10-6 3 .6 4 ×10-7 7.6 4
w s w c w l 1 w l 2 σ 1 σ 2 σ 1/σ 2 l 1 (J ) l 2 (J ) θ 1 (ο) θ 2 (ο)
0.3 0.3 0.2 0.2 2.87×10-6 2.6 6 ×10-6 1.08 6 .27 6 0.13 1.6 4 29 .6 1
0.4 0.4 0.1 0.1 4 .3 1×10-6 4 .22×10-6 1.02 10.04 84 .9 4 1.4 6 - 78.22
w s w c w l 1 w l 2 ∆ R 1

1 (Ω) ∆ R 2
1  (Ω) ∆ R 1

2 (Ω) ∆ R 2
2  (Ω) V o u t 11 (V) V o u t 12 (V) V o u t 21 (V) V o u t 22 (V)

0.3 0.3 0.2 0.2 2.13 ×10-4 - 6 .16 ×10-5 - 6 .3 9 ×10-5 - 2.3 1×10-4 1.28×10-3 3 .6 9 ×10-4 3 .83 ×10-4 1.3 9 ×10-3
0.4 0.4 0.1 0.1 3 .5 5 ×10-4 5 .6 4 ×10-5 - 5 .5 0×10-5 3 .4 7×10-4 2.13 ×10-3 3 .3 8×10-4 3 .3 0×10-4 2.08×10-3

Initial values

( a)  C ase A

σ 1 σ 2 σ 1/σ 2

8.71×10-7 3 .03 ×10-7 2 .88
w s w c w l 1 w l 2 σ 1 σ 2 σ 1/σ 2 l 1 (J ) l 2 (J ) θ 1 (ο) θ 2 (ο)
0.3 0.3 0.2 0.2 7.3 3 ×10-6 6 .6 2 ×10-6 1.11 19 .3 9 80.3 5 6 .5 7 - 4 .84
0.4 0.4 0.1 0.1 9 .5 7×10-6 8.87×10-6 1.08 2 9 .08 12 3 .2 7 7.9 3 - 6 .9 9
w s w c w l 1 w l 2 ∆ R 1

1 (Ω) ∆ R 2
1  (Ω) ∆ R 1

2 (Ω) ∆ R 2
2  (Ω) V o u t 11 (V) V o u t 12 (V) V o u t 21 (V) V o u t 22 (V)

0.3 0.3 0.2 0.2 3 .9 4 ×10-4 4 .12 ×10-4 - 4 .6 3 ×10-4 4 .4 4 ×10-4 2 .3 6 ×10-3 2 .4 7×10-3 2 .78×10-3 2 .6 6 ×10-3
0.4 0.4 0.1 0.1 3 .74 ×10-4 6 .4 0×10-4 - 6 .9 9 ×10-4 3 .80×10-4 2 .2 5 ×10-3 3 .84 ×10-3 4 .19 ×10-3 2 .2 8×10-3

Initial values

( b )  C ase B
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