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This essentially consists in a collection of four papers by Satoru Kadowaki 
and Sanpei Kageyarna (2003， 2008a， 2008b， 2009) to make a contribution for 
the advancernent on cornbinatorics in affineα-r田 olvablebalanced incornplete 
block or 2-紘弔ociatepartially balanced incomplete block designs and to have 
a Ph.D. Thesis by Satoru Kadowaki. In fact， Sections 3， 4 and 5 of the thesis 
are based on Kadowaki and Kageyama (2003， 2008a， 2008b) r回 pectively，
which have been already published， while Sections 2， 6 and 7 arc bascd on 
Kadowaki and Kageyarna (2009)， which has been accepted for publication. 

1 would like to thank all the referees of these papers for their valuablc 
suggestions and cornrnents which have been incorporated in this thesis. 
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1. Introduction 

One of the ear1iest examples of a resolvable balanced incomplete block 
(BIB) design is the Kirkman (1850a) school girl problcm fonnulated in 1850 
and pursued further in another paper (Kirkman， 1850b). The problem was 
to find different row arrangements such that any two girls would be assigned 
to the same row exactly on one day. This can be seen as equivalent to 
finding a resolvable solution of a BIB design with parameters v = 6t + 3， b = 

(2t+l)(3t+1)，r = 3t+1，k = 3，入=1. In fact， we want to arrange 6t+3 girls 
in 2t+ 1 rows of 3 each for 3t+ 1 successive days. Kirkman himself gave some 
solutions and many mathematicians worked on this problem in the latc 19th 
and early 20th century. A relevant bib1iography can be found in Eckenstein 
(1912). However， no complete solution was known until Ray-Cha凶 huriand
Wilson (1971) completely solved the problem. This was a celebrated open 
problem throughout the period 1850・1970.

Though Yates (1939， 1940) has pointed out some statistical advaniages of 
resolvable designs and their original form had appeared ear1ier in the math-
ematical literature as described above， the interest in resolvable BIB dcsigns 
was great1y enhanced by a combinatorial paper by Bose (1942)， who again 
introduced the concept of resolvable and a伍neresolvable block designs (BD) 
clearly and also derived a fundamental inequa1ity now called Bose's inequal-
ity. This bound plays a key role to characterize an affine resolvable BIB de・
sign. Further statistical usefulness of affine resolvable designs can be found 
in Bailey， Monod and Morgan (1995)， and Caliuski and Kageyama (2000， 
2008). 

The concept was genera1ized toα-resolvability and affineα-resolvability 
by Shrikhande and Raghavarao (1963). The constructions，of (a伍ne)α-
resolvable BIB designs or partially balanced incomplete block (PBIB) d回 i伊 s
with their combinatorial properties have been discussed in 1iterature (see， for 
example， Bailey， Monod and Morgan， 1995， Banerjee and Kageyama， 1990， 
Ca1iuski and Kageyama， 2000， 2003， Clatworthy， 1973， Furino and Mullin， 
1993，日lrino，Miao and Yin， 1996， Ge， 2002， Ge and Ling， 2004， Ghosh， 
Bhimani and Kageyama， 1989， Hanani， 1974， Jungnickel， Mullin and Van-
stone， 1991， Kageyama， 1973a， 1976， Kageyama and Miao， 1998， Kagcyama 
and Mohan， 1985， Mohan， 1980， Mohan and Kageyama， 1989， Qian， Meng 
and Du， 2008， Rees， 2000， Shrikhande， 1976， Shrikhande and Raghavarao， 
1963， Vasiga， F¥凶noand Ling， 2001， Z 
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te附 inginequalities on parametersぽ eavailable (see Bose， 1942， Kadowaki 
and Kageyama， 2003， Kageyama， 1971， 1973b). The information obtailled 
from such bOUllds are useful to characterize such block designs. 

A block design BD(v， b， r， k) is said to be α-resolvable if the b blocks of 
size k each can be grouped into t sets (called α-resolution sets) of βblocks 
each (b = st) such that in each α-resolution set every treatment (or point) 
is replicated αtimes (r =αt). An α-resolvable BD is said to bc a伍mα-
resolvable if every two distinct blocks from the same α-resolution set intersect 
in the same number， say， ql， of treatments， whereas every two blocks bclollg-
ing to differentα-resolution sets intersect in the same number， say， q2， of 
treatments. It follows (see Kag柳田， 1973a， Shrikhande and Raghavarao， 
1964) that for an affineα-resolvable BD( v， b = st， r =αt， k) with block inter-
section numbers ql and q2， the following relations ql = k(α-1)/(β-1) and 
q2 = kα/β= k2/v hold. Note that both of ql and q2 must be nonnegative 
integers. An integral expression of ql without αand s in terms of d白 ign
parameters ollly is meaningful. 

When α=  1， the definition of (a伍ne)1-resolvability coincides with that 
by Bose (1942). Hence a 1-resolvable or an a田町 1-resolvable design is simply 
called a resolvable or an affine resolvable design， respectively. In this case 
t=r・ Sincean a血neresolvable BIB design has tl問、 samestructure as an 
a血negeometry， by regarding treatments and blocks of a design as points and 
fiats of a geometry respectively， a name “a血ne"is introduced. 

In this thesis， some characterization on a伍neα-resolvabl~ block dcsigns 
are dealt with from a combinatorial point of view. Their topics are concerned 
with bounds on parameters in designs， the characterization of parameters in 
a closed form and existence problems with construction methods. The block 
designs discussed here are BIB designs and PBIB designs. The basic proce-
dure is based on the number-theoretic and combinatorial approach. Compre-
hensive and useful results on combinatorics are presented. Several methods 
of construction are also newly shown with practical a日neresolvablc block 
designs. 
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2. Preliminaries 

Several key definitions on technical terms used here are described in this 
section. 

Definition 2.1. A balanced incomplete block (BIB) design with paramctcrs 
v，b，r，k，入isdefined錨 anarrangement of v treatments into b blocks of k(く v)
treatmentseach such that 

(1) each treatment occurs at most once in a block， 
(2) each treatment occurs in exact1y r di旺'erentblocks， 
(3) every pair of treatments occurs together in exact1y入blocks.

This is also denoted by BIB( v， b， r， k，入)or BIB(v， k，入).Though (2) can be 
deriyed from other conditions， it is traditionally mentioned. The parameter 
入iscalled a coincidence number of the design. 

I抗tis known that the five parameters of the BIB design sa抗，tisち命rvr = bk， 
入仰(いU一1り)= rゆ(伊k一1) and b 三り川(cωall凶e吋dF胎iおsh児e的 in叩 ali比均均刷t句Wωy吋rウ).In particular， 
when b = v， the BIB design is said to be symmetric. It is also knoWIl that 
in an a-resolvable BIB design with b = st and r =αt， bミv+ t -1 (called 
Bose's inequality) holds， and b v + t -1 is a necessary and su伍ci巾icn
condition for an α-re白solvableBIB design to be a伍neα-re白solvablewith the 
block intersection number ql = k(α-1)/(β-1) = k+入-r (cf. Shrikh出 lde
and Raghavarao， 1964， Kageyama， 1973a). 

In defining a 2・associatePBIB design with two distinct coincidence num-
bers入1and入2different from a BIB design， the concept of an association 
scheme for a set of v treatments is needed. 

Given v treatments 1， 2，…， v， a relation satisちringthe following conditions 
is said to have an 狐弓ociationscheme with two associate classes: 

(1) Any two treatments are either 1st or 2nd associates， the relation of 
association being symmetric， that is， if the treatment x is ith associate 
of the treatment y， then y is ith associate of x for i = 1，2. 

(2) Each treatment x has向 ith部 sociates，the number ni being independent 
of x for i = 1，2. 
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(3) If any two treatrnents x and y are ith脳 0刷出， then the nurnber of 
treatrnents that are jth出sociatesof x and fth蹴 ociat回 ofy is Pjl 
and is independent of the pair of ith回 sociatesx and y for i，j， f = 1，2. 

The nurnbers v， ni， Pjl are called the pararneters of an出 sociationscherne. 

Definition 2.2. Given an association scherne with two 弘司ociateclasses for 
a set of v treatrnents， a 2ー部sociatePBIB design is defined出 anarrangernent 
of v treatrnents into b blocks of size k( < v) each such that 

(1) each treatrnent' occurs at rnost once in a block， 

(2) each treatrnent occurs in exact1y r different blocks， 
(3) if two treatrnents are ith associates， then they occur together in exact1y 

んblocks，the nurnberんbeingindependent of the particular pair of 
ith associates for i = 1，2. 

The nurnbers v， b， r， k，んarecalled the pararneters of a PBIB design. Like 
a BIB design， when b = v， the PBIB design is said to be syrnrnetric. It holds 
that in a 2・associatePBIB design， vr = bk， n1 + n2 = v -1， n1入1+n2入2=

r( k -1). Conventionally let every treatrnent be the Oth associate 0ぱfits旬selfa佃n
of Ilo other treatrnent， and then it is seen that no = 1 and入。 =r.

Frorn Definitions 2.1 and 2.2， when A1 =入2，a PBIB design becornes a 
BIB design. In this sense， in a 2・associatePBIB design入1#入2in general. 

Remark 2.1. Though， by a relation of Fisher's inequality and Bose's in-
equality， a syrnrnetric BIB design cannot possess a property of affineα-
resolvability， it is rernarkable that there exists an affineα-resolvable“syrn-
rnetric" PBIB design. 

The known “2・associate"PBIB designs have been rnainly classified into 
the following types depending on association schernes， i.e.， group divisible， 
triangular， Latin-square (L2)， cyclic (see Bose and Shirnarnoto， 1952)， all of 
which will be discussed here. However， the pararneters Pje are not described 
in Definitions 2.3 to 2.6 (for thern， see Raghavarao， 1988). 

Definition 2.3. A 2・associatePBIB design is said to be group divisible 
(GD) if there are v = mn treatrnents which can be divided into m groups 
of n treatments each， such that any two treatrnents of the sarne group are 
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the 1st邸 sociatesand any two treatments from different groups are the 2nd 
associates. . Here m， n三2，nl = n -1 and n2 = n(m -1). 

The GD designs are further cl部 sifiedinto three subcl蹴ほ Si叩 lar(S) 
if rーん=0; Semi-Regular (SR) if r一入1> 0 and rk -v入2= 0; Regular if 
T一入1> 0 and rk -v入2> O. By a relation 町入1+η2入2= r(k -1)， it holds 
that (rk -v入2)一(r一入d= n(入1ーん).The last relation shows that for an 
SGD design入1>入2，while for an SRGD design入2>入1・Notethat r一入l
and rk -v入2are eigenvalues of an information matrix of the design. 

Definition 2.4. A 2・associatePBIB design is said to be triangular if there 
are v = n(ηー 1)/2treatments which are arranged into an n xηarray such 
that 

(1) the position in the principal diagonal are left blank， 
(2) the n(n -1)/2 positions above the principal diagonal arξ日ledby the 

numbers 1， 2，…， n(η-1) corresponding to the treatments， 
(3) the n(n -1)/2 positions below the principal diagonal are日lledso that 

the array is symmetric about the principal diagonal， 

( 4) for any treatment x the 1st associates are exactly those that occur in 
the same row or in the same column出 x，otherwise they are the 2nd 
associates. 

Here n三4，nl = 2(η ー2)and n2 = (nー2)(nー3)/2.

Definition 2.5. A 2・associatePBIB design is said to be L2 (Latin-square) 
if there are v = 82 treatments which are arranged into an 8 X 8 array such 
that any two treatments in the same row or in the. same column of the 
array are the 1st associates， otherwise they are the 2nd associates. Here 
Sミ2，nl = 2(8 -1) and n2 = (8 -1)2. 

Definition 2.6. A 2-鎚 sociatePBIB design with v treatments is said to be 
cyclic if the set of the 1st出 sociatesof i th treatment is (i + d1 ， i + d2，…， i+dn1) 

mod v， where the elements dj satisfy the following conditions: 

(1) The elements dj are all di旺'erentand 0 < dj < v for j = 1，2，…，nl・

(2) Among the nl(nl -1) di百'erencesdj - dj' each of the d1， d2，…，dn1 occurs 
ptl times and each of the el， e2，…，en2 occurs P~1 times， where dj， ej' 
are all nonzero distinct and {d1， d2，…，dn1， el， e2，…， en2} 三{1，2，…，v}.
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(3) For each di in a set D = (d1， d2，…， dn1 )， there exists dk in D such that 
dk = -di. 

Here nl = n2 = (v -1)/2. 

The cyclic structure is very convenient to store the information on inci-
dence in block designs and to cons七ructa block design e宜'ectively.However， it 
is shown (Ma， 1984) that all cyclic association schemes have the parameters 
v = 4t + 1 being aprime and nl = n2 = 2t for a positive integer t Thus the 
cyclic design may exist only for a prime v being the number of treatments. 

Also it is shown that P}l = t -1 and P~l = t. 

Definition 2.7. In a BD(v，b，r，k)， the v x b incidence m~trix N = (nij) 
is defined such that nij is the number of times ith treatment occurs in jth 

block. Hence r = 2:~=1 nij for all i and k = 2:~=1 nij for all j. In this 
thesis the usual c部 eof nij = 0 or 1 for all i = 1，2，…，v and j = 1，2，…，b 
(called a binary design) is only considered， as seen， for example， from (1) of 
Definitions 2.1 and 2.2. 

In a block design the eigenvalues of information matrices N N' and N' N 
play a key role for the existence problem. 

Two resu1ts will be needed for the present further argument. 

Lemma 2.1 (cf. Shrikhande and Raghavarao， 1964， Kageyarr凧 2008a).In 
an affineα-resolvable BD( v， b = st， r = αt， k) with the incidence matrix 
N， the matrIx N' N has eigenvalues rk， k{l -(α -l)!(s -1)} and 0， with 
multiplicities 1， b -t and t -1， respectively. 

Lemma 2.2 (cf. Lang， 1986). The matrices XY  and YX have the same 
nonzero eigenvalues with the same multiplicities， where the matrices X and 
Y are of appropriate sizes. 

Finally， a known equivalence resu1t on existence of an a伍neα-resolvable
BD is described. This can be seen from the complementation of a design. 

Lemma 2.3. The existence of an affineα-resolvable BD(v， b = st， r =αt， k) 
with block intersection numbers ql and q2 is equivalent to the existence of an 
affine (β ー α)-resolvableBD(♂ =uJ$=b，r=(β-α)t，k* = v -k) with 
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block intersection numbers qi =υー 2k+ ql and qi = vー 2k+q2・

The subsequent Sections 3， 4 and 5 wi1l be devoted to combinatorial 
arguments about bounds on design parameters in (a伍ne)α-resolvableBIB 
designs and a special discussion on nonexistence of a 2-resolvable BIB design. 
As for (affine)α-resolvable BIB designs， as was described in Introduction， 
there are much literature. Recent記ombinatorialdevelopments can be found 
in Caliriski and Kageyama (2000; Chapter 5)， Caliriski and Kageyama (2003; 
Chapter 9的)， and Colbo 
list up any series 0ぱfa田ne児eα酔-r陀es印olva油bleBIB designs for α ;三三 1. In Se配ct“ions凶s6
a白n吋d7 some combinatorial investigation on a血neα-re邸solvablePBIB d白 igns
will be made c∞ompr陀ehensively.
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3. Inequality on αーresolvableBIB designs 

As was described in Introduction， for a lower bound on the number of 
blocks， it is known (see Bo民 1942，Kageyama， 1973a， Raghavarao， 1988， 
Shrikhande and Raghavaraο， 1964) that in an a-resolvable BIB design with 
parameters v， b =βt，r =αt， k，入，

b;:::v+t-1 (3.1) 

holds for α;::: 1. In particular， the equality b =υ+ t -1 is a nec回 saryand 
su血cientcondition for an α-resolvable BIB design to be affineα-resolvable 
for α>1. 

In this section， as an improvement of the known inequality b ;::: v + t -1， 
a new inequality bと2(υ ー 1)+ t on the parameters for α-resolvable BIB 
designs with parameters v， b = st， r =αt， k，入thatare not affineα-resolvable 
is discussed under the condition (α，v-1)=1. 

In general， it follows that in a BIB design with parameters v， b， r， k，入，

b=与土(v-1}+r，

(r-k一入)(v-1) 
一(v+r-1)=

(3.2) 

(3.3) 

Therefore， in a 1-resolvable BIB design with parameters v =βk，b = sr，r，k，入，
a relation (v -1， k) = 1 holds， and hence， by (3.2)， r一入 isdivisible by k， 
iム (r一入)/kis a positive integer. Also，邸 itfollows from (3.3) that the 
Bose inequality b三v+ r -1 holds if and only if rミk+入holds，(3.2) 
shows that in a 1-resolvable BIB design which is not a血ne1-resolvable， an 
improved inequality 

bと2(v-1)+r (3.4) 

holds (see Kageyama吋 1971). Furthermore， by (3.2)， an expression of b in 
terms of vー 1is given by b = p(vー 1)+ r for some positive integer p. Thus 
the lower bound of b is improved by v -1 in turn starting from the value 
v -1 + r. From now on， a discussion similar to the above one will be made 
when α> 2. 

At first， the following observation can be presented. 

Lemma 3.1. In an α-resolvable BIB design with parameters v， b =βt，r = 
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αt，k，入， when (α，vー 1)= 1， (r一入)/ k is a positive integer for α三1.

Proof. By (3.2)， we have 

m(r一入)
b =-zr一(v-1) + r・

As (α，v-1) = 1 alld (v，v-1) = 1， m(r一入)is divisible by αv， alld hCllce 
by αv = sk， (r一入)/kis a positive integer. _ 

In general， the complement of anα-resolvable BIB design with parametcrs 
v，b = st，r =αt， k，入isan (s一α)-resolvableBIB design (see also Lemma 
2.3). Hence the following characterization can be given. 

Theorem 3.1. In an α-resolvable BIB design with parameters v， b =βt，r = 
αt，k，入，that is not affineα-resolvable， when α= 10rs一α=1， an inequality 

b三2(vー 1)+ t 

holds. In particular， the lower bound of b is improved by v -1 in turn starting 
from the value 2(vー 1)+ t. 

Proof. When α= 1， we have r = t and hence by (3.4)， b ~ 2(v -1) +r = 

2( v -1) + t. Furthermore，出 (α，v-1)= 1， Lemma 3.1 with (3.2) shows that 
the lower bound of b is improved by v -1 in turn. On the other hand， when 
s-α=  1， the complement of an α-resolvable BIB design is a 1-resolvable 
BIB design with parameters v* = v， b* = b =βt， r* = b -r = (β ー α)t= 
t，k* = v -k，入* Hence we have b = b*三2(♂ -1)+戸 =2(v -1) + t. _ 

When α~ 2 and s一α三2，a certain condition will be needed to show 
our final target which will be described as follows. 

Conjec如何:In an α・resolvableBIB design with parameters v， b = st， r = 

αt，k，入， that is not a日mα-resolvable，when (α，v -1) = 1， an inequality 

b三2(v-1) + t 

holds. 

Even if k does not divide叫 thefollowing can bc given as an improvement 
of (3.1). 

Theorem 3.2. In an α-resolvable BIB design with parameters v， b =βt，r = 
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r 

αt， k，入， that is not affineα-resolvable， when (α，v -1) = 1， an inequality 

bさv-1+γ(主v-1 + t) 

holds. In particular， the lower bound of b is improved by v-1 in turn starting 
from the value v -1 + r. 

ProoよAs(α，v -1) = 1， Lemma 3.1 shows that (r一入)/kis a positive 
integer. Hence by (3.2) the required result is obtained. ・
Corollary 3.1. In: an α-resolvable BIB design with parameters叫 b=βt，r= 
αt，k，入， that is not affineα-resolvable， when (α， v -1) = 1 and (r一入)/k三2，
an inequality 

b三2(v-1) + r (三2(υ ー 1)+ t) 
holds. In particular， the lower bound of b is improved by v-1 in turn starting 
from the value 2(v -1) + r. 

By Theorem 3.2 and Corollary 3.1， in an α-resolvable BIB design that is 
not a血neα-resolvable，the conjecture is valid when (r一入)/kさ2.Thus， for 
the general validity of the conjecture， a c邸 eof (r一入)/k= 1 h回 tobe taken 
under (α，vー 1)= 1，α三2and sー α三2回 theremaining~consideration. 

Now， several necessary conditions for the existence of such designs are 
glven. 

Theorem 3.3. In an α-resolvable BIB design with parameters v， b = st， r = 

αt，k，入， that is not affineα-resolvable， in which (α， v -1) = 1 and (r一入)/k= 

1， it holds that 

(i) (α，β一α)= 1 and (α，t) = 1; (ii) (k，v -1) = 1 and (s，v -1) = 1; 

(iii)α|入(ゃ=今 (s一α)I(k-1)); (初)αIk;

(υ) (v -1)lt(kー 1); (vi) (α，β) = 1. 

Proof. Recall that (r一入)/k= 1 if and only if 

b=vー 1+r. (3.5) 

Let α傘 =s一α.Hence b = st = (α+α*)t = r +α*t， which， frbm (3.5)， 
implies v -1 =α吋.As1=(α，'0-1)=(α，α吋)， we have the condition 
(i). On the other hand， from (α，v -1) = 1， we have (α叩 1ー 1)= 1， i.e.， 
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(sk， v -1) = 1， which shows the condition (ii). Next，入(v-1) = r(k -1) 
implies入(v-1)/α= t(k-1) which， from (α，V -1) = 1， shows that (iii)α|入，
i.e.，入 =α入1for a positive integer入1・[Also，(k -1)/(s一α)= t(k-1)/(α吋)
= t(k-1)/(v-1) =入/αshowsthatα|入担今 (mー α)I (k -1).] Furthermore， 
from the assumption， k = r一入 =α(t一入l)"whichshows (iv). The above 
relation入=αt(k-1)/(v -1) implies (v)， because (α，v -1) = 1. Finally， 
let (α，β)=g三1，then α=α19 and β= slg for some integcrs α1 and β1・
Hence， by (i)， 1 = (α，βー α)= (α19， (slー αl)g)三g，which shows (吋).・

Next， in such designs some su伍cientconditions for the validity of an 
inequality are described. 

Theorem 3.4. In an α-resolvable BIB design with parameters叫 b=βt，T= 
αt，k，入， that is not affineα-resolvable， when (α，v-1) = 1 and (r一入)/k= 1， 
any one of the following conditions is su伍cientfor the validity of an incquality 
bミ2(v-1)+t:

(i)α ミβ-α，(ii)α = k， (iii) klv， (初)(k -1， v -1) = 1. 

ProoよCase(i・1):α >s一α.Nowb=βt={α+(s一α)}t，which，仕om
(3.5)， yields v -1 = (s一α)t.Hence r =αt> (αー1)t三(s一α)t= vー1.

Therefore it follows that b = v -1 + r = v -1 + (α ー 1)t+ tと2(v-1)+t.
Case (i-2):α=β-α. As (α，vー1)= 1 and vー1= (β ーα)t，it holds 

that (αJ一α)= 1. However， this is valid only when α= 1，錨 α=β ー α.
Hence by Theorem 3.1， bと2(v-1)+t.

Case (ii):α = k. Now αv = sk implies v = m. Then b =βt = vt = 
t(v-1)+tと2(v-1) + t，回 t三2.

Case (iii): klv. By va =βk， the condition implies αIs. Then (α，v-1)= 
α，出 v-1=(β-α)t.By the assumption，α= 1. Hence by Theorem 3.1， 
b三2(v-1)+t.

Case (iv): (k -1， v -1) = 1. Now，入 =r(k -1)/(v -1) implics that 
r = f( v -1) for a positive integer f. When f三2，by (3.5)， b = v -1 + r = 
f(v-1)+v-1 = f(v -1)+ (s-α)t三2(v-1) +t. When f = 1， we have the 
parameters of the BIB design as v = 2k， b = 2(2kー 1)，r=2k-1，k，入=k-1. 
This means that klv. Hence回 inthe proof of the case (iii) ， the proof is 
complete. _ 

Some sufficient conditions in terms of design parameters for the validity 
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of the conditions given in Theorem 3.4 can be stated. 

Theorem 3.5. In an α-resolvable BIB design with parameters v， b =βt，r = 
αt，k，入， that is not affineα-resolvable， when (α，v-1)=1and(r一入)/k= 1， 

(1) each of r三v-1 and klr shows (i) of Theorem 3.4; 

(2) each of (v， k) = 1， (k， v -k) = 1， v being a prime，α三2and k being a 
prime， klα， and t = 2 shows (ii) of Theorem 3.4; 

(3) vー 1being a prime shows (iv) of Theorem 3.4 

Proof. Case (1). From r =αt and v-1 = (s一α)t，it holds that r主v-1
implies α三βーα.When klr， i.e可 vlb，部b=vー1十r，we get vl(rー1)，i.e.， 
v<γー1.Hence r > v -1. 

C蹴 (2).When (v， k) = 1， a凶抗ionαv= sk implies klα. Hence， by the 
condition (iv) of Theorem 3.3， we get α= k. When (k，v-k) = 1， a relation 
(sー α)k=α(v -k) implies klα. Hence， similarly we get α= k. When v is 
a prime，部 '0> k， we get ('0， k) = 1. Hence， similarly α= k. When k is a 
prime and α三2，by (iv) of Theorem 3.3，αIk and thenα = k. When t = 2， 
出 αIk，we have 1三k/α<r/α= 2， which implies thatα =k. 

Case (3) is trivial， because '0 > k. ・
We cannot yet prove the conjecture entirely. Its reason can be clarified 

by the following Remark 3.1. This is， a number-theoretic approach may not 
be enough to solve the problem completely. 

Remark 3.1. The following three designs satisfy all the available necessary 
conditions for the existence of α-resolvable BIB designs: 

(i) BIB(v = 1O，b = 15，r = 6，k = 4，入 =2，t = 3，α =  2， m = 5)， here 
b = 15 < 2(v -1) + t = 21. 

(ii) BIB(v = 21， b = 35， r = 15， k = 9，入 =6，t = 5，α=  3， m = 7)， here 
b = 35 < 2(v -1) + t = 45. 

(iii) BIB( '0 = 56， b = 77， r = 22， k = 16，入 =6，t = 11，α= 2，m = 7)， here 
b = 77 < 2(v -1) + t = 121. 

This circumstance shows that the only information on integrality on param-
eters of designs is not enough to show the nonexistence of α-resolvable BIB 
designs. However， the existe恥 eof the above α-resolvable BIB designs (i)， (ii) 
and (iii) has not been known. Kadowaki (2001) shows the nonexistence ofthe 
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α-resolvable BIB design (i)， by starting from three non-isomorphic solutions 
(see Mathon and Rosa， 1996) of the original BIB desigll with parameters 
v = 10， b = 15， r = 6， k = 4，λ= 2 and then by showing the impossibility 
of reforming three 2-resolution sets in a family of 15 blocks of 4 treatments 
each. 
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4. N onexistence of a 2・resolvableBIB design 

In the present section， a 2-resolvable BIB(lO， 15， 6， 4， 2)回刊nin Remark 
3.1(i) is discussed through a combinatorial approach. 

4.1. Some results 

For a symmetric BIB(v， b， r， k， A)， the following result is well knoWIl. 

Lemma 4.1. Any two blocks of a symmetric BIB(v = b，r = k，入)intersect 
in exact1y入points.

Let D be a symmetric BIB(v， b， r， k， A) and B be a block of D. Remove B 
and all points appearing in B from the other blocks in D. Then the resu1ting 
design is a BIB(v -k， b -1， r， k一入，入)， which is called a residual design of 
D. 

In the residual BIB(v， b， r， k，入)， a relation r = k +入holds.A BIB( v， b， r， 
k，A) with r = k+入issaid to be qu邸 i・re副 ual.The following Lemma 4.2 is 
knoWIl (see Mathon and Ro叫 1996):

Lemma 4.2. When入=1 or 2， the existence of a quasi-residual BIB design 
implies the existence of the corresponding symmetric BIB design. 

Lemm鎚 4.1and 4.2 show the following. 

Theorem 4.1.. When入=1 or 2， a町 twoblocks of a BIB(v， b， r = k+入，k，入)
have at most入commonpoints. 

As an improvement of the Bose inequality b ~ v + t -1 in Section 3， we 
conjecture the validity of an inequality b三2(v -1) + t under the condition 
(α，v -1) = 1 for an α-resolvable BIB( v， b = βt， r = αt， k，入)that is 
not affineα-resolvable. Note that when α=  1， the conjecture has been 
proved (cf. Kageyama， 1971). In Section 3， we could pro刊 theconjecture 
for (r一入)/kと2.Since (r一入)/kis a positive integer， the c部 eof(r一入)/k= 1 
has to be considered to prove the conjecture entirely. However ，as Example 
4.1 shows， there are four BIB designs which may violate the conjecture. That 
is， such designs satisちTb < 2 ( v -.1) + t and all available necessary condi tions 
for the existence of the α-resolvable BIB designs. 

Example 4.1. The following four designs satis命allthe available necessary 

14 



conditions for the existence of α-resolvable BIB designs: 

(i) BIB( v = 10， b = 15， r = 6， k = 4，入 =2;t = 3，α=  2， m = 5)， here 
b = 15 < 2(v -1) + t = 21. 

(ii) BIB(v = 21， b = 35， r = 15， k = 9，入 =6;t = 5，α=  3， m = 7)， here 
b = 35 < 2(υ ー 1)+ t = 45. 

(iii) BIB(v = 50， b = 70， r = 21， k = 15，入 =6;t = 7，α= 3， m = 10)， here 
b = 70 < 2(υ -1)+t= 105. 

(iv) BIB(v = 56，b = 77，r = 22，k = 16，入 =6;t = 11，α= 2，m = 7)， here 
b = 77 < 2('0 - 1) + t = 121. 

However， the existence of the above α-resolvable BIB designs with (i)， (ii)， 
(iii) or (iv) has not been known. Kadowaki (2001) shows the nonexistence 
of the α-resolvable BIB design (i) by use of a computer only. This is not 
completely theoretical. 

We here show the nonexistence of the 2-四 solvableBIB(lO， 15， 6， 4， 2) 
through a combinatorial approach. This approach may be useful to considcr 
another existence problem on designs. 

4.2. Nonexistence 

At first， the following can be presented. 

Lemma 4.3. Let q* be the number of block intersection among blocks in a 
BIB(lO， 15， 6， 4， 2). Then it holds that q*三2.

Proof. By Mathon and Rosa (1996)， it is seen that the number of non-
isomorphic BIB(lO， 15， 6， 4， 2) is only three and their designs are all residual 
designs of a symmetric BIB(16， 16， 6， 6， 2). Therefore， it follows that q*壬2，
by Theorem 4.1.・

Now， let By) be the jth column i吋 eith resolution set of an a-resolvable 

BIB 品叩 a凶 et43=lWnり)1for 1三t三tand 1::; j，j'三m.

Lemma 4.4. In a 2・陀solvableBIB(川広 6，4， 2)， qjy， = 1 for all i，j，j' 
(jヂf).

P叫〈 Supposethat q;;!ヂ1for some i，j，j'. Then by Lemma 4.3， for 

such i，j，j' there are the following two cases: (1) qjy， = 2 and (11) qjy， = 0 
Let N be the incidence matrix of the design. 
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Case (1): qJJ， = 2 for蹴 hi，j，j'. Now叫 posethat qg> = 2. Since入=2
and α=  2 for the 2-resolvable BIB design， the upper 4 x 15-submatrix of 
the original incidence matrIx N of size 10 x 15 can be formed without loss 
of generality as follows: 

10 100|||…)  

[11000l11。。。|11000
1 1 0 0 010 0 1 1 010 0 1 1 0 

1 0 

Later only N1 in N is discussed. For the 1st and 3rd rows， since入 =2 and 
α= 2， N1 can be set as follows: 
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For the 2nd and 3rd rows， since入 =2， there is only one ‘l' in either cell(3， 
13) or cell(3， 14). Furtl即 nore，for the 3rd row in the 3rd resolution set， 
since α= 2，‘l' is put in cell(3， 13) or cell(3， 14). Therefore， without loss of 
generality， N1 h出

[11000|11000111000 
1 1 0 0 010 0 1 1 010 0 1 1 0 
10  1 0 0110 10 0 1 0 1 
1 0 

Finally， for the 1st and 3rd rows， and for the 2nd and 3rd rows， respectively， 
since入=2 and α= 2， N1 becomes 
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Now for this pattern， the following two c蹴 sare further considered. (1・1)
cell( 4， 3)= 1 and (1・2)cell( 4， 3)= o. 

Case (1・1):cell(4， 3)= 1. For the 3rd and 4th rows， since入=2， by 
Lemma 2.1 we can get N1 as follows: 
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And for the 2nd and 4th rows， since入=2， there is only one ‘l' in either 
cell(4， 8) or cell(4， 9). Therefore N1 h回

[11000111000|110001 1 1 0 0 010 0 1 1 010 0 1 1 0 
1 0 1 0 011 0 0 0 110 0 1 0 1 
1 0 1 0 010 1 1 0 010 0 0 0 0 

There are no '1' at the 4th row in the 3rd resolution set. This is a contradic-
tion toα= 2. Note that in (4.1) if a cell (4， 14) h出 1，then the 4th row in 
the 2nd resolution set does not satisちrα=2. 

Case (1・2):cell(4， 3)= O. By Lemma 2.1 it is enough to consider a case 
of cell( 4， 6)= o. Now this case can be further divided into the following four 
C節目: (1-2-1) cell(4， 7)= 1 and cell(4， 8)= 1， (1-2-2) cell(4， 7)= 1 and cell(4， 
8)= 0， (1-2-3) cell(4， 7)= 0 and cell(4， 8)= 1， (1・2・4)cell(4， 7)= 0 and cell(4， 
8)= o. 

Case (1ふ 1):cell(4，7)= 1 and cell(4， 8)= 1. Then N1 h出

[11000|11。。。|11000
1 1 0 0 010 0 11 010 0 1 1 0 
1 0 1 0 011 0 0 0 110 0 1 0 1 
1 0 0 10 1 1 0 010 0 0 0 1 

Hence α= 1 at the 4th row in the 3rd resolution set. This is a contradiction. 
For Cases (1ふ 2)，(1-2-3) and (1-2-4)， similarly， we get such contradiction. 

Thus， when qg) 2， we get a contradiction. By any permutation of 

∞lumns of N， we can叫 poseqj;!=2foro伽 i，j，j'.However， simil訂 1)リ

cor削 dictioncan be derived. Hence it follows that q;~ =1 2 for叫 t，jJ

Case (II):必=0 for such i， j， j'. Now suppose that qg) = O. Then the 
first four rows of the first 2-resolution set of N can be formed as follows: 

[10100 

10001|同町)
10010  

1 0 
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Since α=  2， there is only one ‘l' in either cell(4， 3)， cell(4， 4) or cell(4， 
5) in 品 Butsince q;;!ヂ2by C蹴 (1)，we get a contradiction. By any 

permutation of columns of N， we can suppose q~ÿ， = 0 for other i，j，j' in 
N: However， similarly， a contradiction can be derived. Hence it follows that 
43#Oforanyhj，jr. 

Thus Cases (1) and (11) show that q~~~ = 1 for all i， j， j' (j =1= j'). Hence 
Lemma 4.4 is proved. _ 

Theorem 4.2. A 2・resolvableBIB(lO， 15， 6， 4， 2) does not exist. 

By Lemma 4.4， without loss of generality N can be formed出Proof. 
follows. 
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Now consider the 3rd row in the 2nd resolution set. Then the row vcctor 
of size 5 can be taken into the following six cases. (1・1)(0，1，1，0，0)， (1-2) 
(0，1，0，1，0)， (1-3) (0，1，0，0，1)， (1・4)(0，0，1，1，0)， (1-5) (0，0，1，0，1)， (1-6) 
(0，0，0，1，1). 

Case (1・1):the 3rd row in the 2nd resolution set is (0，1，1，0，0). Since 
入=2， the 3rd row of N can be given by 

、、l'''
牢

Thus α< 1 at the 3rd row in the 3rd resolution set. This is a contradiction. 
Case (1-2): the 3rd row in the 2nd resolution set is (0，1，0，1，0). Then by 

Lemma 4.3， for the 1st and 7th columns of N， since q* :::; 2， it is seen that 
cell(4，7)= O. Therefore， for cell(4， 8)， cell(4， 9) and cell(4，10)， the following 
three cases are possible: (1-2-1) cell(4， 8) = 1， cell(4， 9) = 1 and cell(4，1O)=0， 
(1-2-2) cell(4， 8) = 1， cell(4， 9) = 0 and cell(4，1O)=1， (1-2-3) cell(4， 8) = 0， 

。。。。1 1 n
u
 

n
U
 

1 。。
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I N} I 
cell(4， 9) = 1 and cell(4，1O)=l. Here N = l'τ'1 ，say， where川 isof size 

4 x 15 and N2 is of size 6 x 15. Later only N} is discussed. 
Case (1・2・1):cell(4， 8) = 1， cell(4， 9) = 1 and cell(4，1O)=0. Then by 

Lemma 4.3 with入=2 and α= 2， N} h出

可

E
E
E
E
E
E
E
E
E
E
E
E
a
E
J

n
u
n
U
唱

i
n
u

n
U
唱

i
n
u
n
u

n
U
唱

i
t
i
n
u

-
-
n
u
n
u
n
u
 

唱

i
n
u
n
U
唱

i

n
u
n
u
n
u
n
u
 

n
u
n
u
t
i
唱

i

n
U
唱

i
n
U
噌

i

t
i
n
U
咽

i
n
u

咽

i
咽

i
n
u
n
u

n
u
n
u
n
U
唱

i

n
u
n
u
t
i
n
u
 

n
U
噌

i
n
u
n
u

唱

i
n
u
n
u
n
U

唱

EA
噌

EA
唱

EA
噌
，
ム

「
B
i
l
l
i
-
-
B
L

Hence α= 1 at the 4th row in the 3rd resolution set. This is a contradiction. 
Case (1-2-2): cell(4， 8) = 1， cell(4， 9) = 0 and cell(4，1O)=l. Similarly， N} 

h出
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Thus the 1st， 2nd， 3rd and 4th rows can be constructed. 
Case (1・2・3):cell(4， 8) = 0， cell(4， 9) = 1 and cell(4，1O)=l. Similarly， N} 
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Thus， the 1st， 2nd， 3rd and 4th rows can be formed. However， by some 
permutation of rows and columns of N， the above matrix is isomorphic to 
Case (1-2-2). 

Similarly， for Cases (1-3)， (1・4)，(1-5) and (1・6)，we can construct the 1st， 
2nd， 3rd and 4th rows. By some permutation of rows and columns of N， 
their matrices are isomo叩hicto Case (1ふ 2)for all of c邸 es.By Lemma 4.4 
and the above discussion， it is seen that N forms 
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Furthermore， for the 1st and 5th rows， and the 2nd and 5th rows， since入=2，
some argument can show tl凶 cell(5，6)= O. Similarly， it can be seen that 
cell(6， 7)= 0， cell(7， 11)= 0， cell(8， 13)= 0， cell(9， 8)= 0 and cell(lO， 15)= O. 
Hence N has the following form: 
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。
Next， we consider cell(i，j) for 5三i::; 10 and 9 ::; j三10，namely， 

elements of a 6 x 2-submatrix. Now there are six row vectors of size 2 in 
the 6 X 2-s¥ 
(卯0札叩，0刈0的)， two (1， 0) and two (0， 1). 

Now， the following two cases are taken: (1) cell(5， 9) = 1 and cell(5， 10) 
= 1， and (II) other patterns than (1). 

Case (1): cell(5， 9) = 1 and cell(5， 10) = 1. Furthermore， each of the 
following five cases are considered: (1-1) cell(6， 9) = 0 and cell(6， 10) = 0， 
(1-2) cell(7， 9) = 0 and cell(7， 10) = 0， (1・3)cell(8， 9) = 0 and cell(8， 10) = 
0， (1-4) cell(9， 9) = 0 and cell(9， 10) = 0， (1・5)cell(lO， 9) = 0 and cell(lO， 
10) = O. 

J 
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Case (1・1):cell(6， 9) = 0 and cell(6， 10) = O. Since入=2， N has the 
following: 
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。
Hence α= 1 at the 6th row in the 3rd resolution set. This is a contradiction. 

Similarly， each of the other Cases (1-2)， (1・3)，(1-4) and (1・5)can lead a 
contradiction. 

Case (II): not (1). As a position of (1， 1) in the 6 x 2-s由 matrix，the 
following five c加 esare taken: (II・1)cell(6， 9) = 1 and cell(6， 10) = 1， (II・2)
cell(7， 9) = 1 and cell(7， 10) = 1， (II-3) cell(8， 9) = 1 and cell(8， 10) = 1， 
(II-4) cell(9， 9) = 1 and cell(9， 10) = 1， (II-5) cell(10， 9) = 1 and cell(10， 10) 
=1. 

C回 e(II・1):cell(6， 9) = 1 and cell(6， 10) = 1. Since入=2，Nh回
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Then the 13th and附 1columns show a contrad凶 onω川Oq4;3=1mMILJemmmImn
4.4. 
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Similarly， each of the other Cases (11-2)， (11-3)， (11・4)and (11-5) leads a 
contradiction. 

Hence we get a contradiction for all of the cases. Thus， it can be shown 
that a 2-resolvable BIB(10， 15， 6， 4， 2) does not exist. 圃

It should be noted that the present combinatorial approach will take much 
time to deal with other BIB designs (ii)ー(iv)回 inExample 4.1. This task 
has not been completed. 
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5. Bounds in α-resolvable BIB designs 

Based on the argument made in 8ection 3， in an α-resolvable BIB design， 
three lower bounds， bどり-1 + t， b三U ー 1+ 2t， b三2(v-1) + t， on the 
number of blocks will be discussed under some conditions. An interesting 
characteristic will be described with the possibility of having b < 2( v -1) + t. 

It is also known (Bose， 1942， Raghavarao， 1988) that in an α-resolvable 
BIB design b とv+ t -1 holds and that b = v + t -1 is a necessary and 
sufficient condition for an αーresolvableBIB design to be affineα-resolvable. 
In this sense， for a class of α-resolvable BIB designs that are not affineα-
resolvable， necessarily an inequality b三v+ t holds. But it seems that this 
bound is further improved. 

Though there is another direction of tl則 mprovement(Kageyama， 1973b)， 
the present problem on an improvement of a bound will be considered for 
α-r田 olvableBIB designs that are not affineα-resolvable under (vー 1，α)= 1 
which always holds when α= 1. This assumption may be reasonable. 8ince 
(v -1，α) = 1 implies that (r一入)/kis a positive integer (see 8ection 5.1)， 
in this section the present problem will be dea1t with by separating into two 
C節目 of(r一入)/kミ2and (r一入)/k= 1. 

Under this set-up， it is well-known (cf. Kageyama， 1971) that b三2(v-
1) + r in general forα= 1. When αと 2，it is clear that b ~ v + t in 
general. However， when (r一入)/kと2，it is known (see Theorem 5.1.2) that 
b三2(v-1) + t holds under (v -1，α) = 1. The remaining case is now when 
(r一入)/k= 1 and α三2.

In this c出 e，unfortunately there are parameters' combinations of such 
BIB designs for each of b < 2(v -1) +t， b = 2(v -1) +t and b > 2(v -1) +t. 
80me cases are shown to be existent. In fact， iもcanbe seen that there exist α-
resolvable BIB designs having bと2(vー 1)+t. 80 far the e低x討is坑te即 eofde白si泡gn
for the case b < 2(v -1) + t is not known， even if the admissible parameters 
are available. There remains some possibi1ity of showing the nonexistence 
of all BIB designs with b < 2(v -1) + t. However， it seems (cf. Kadowaki 
and Kageyama， 2008a) that it is a tough problem. Thus， a di百erentstatus 
on a bound (in terms of v and r) of b may be seen between two c鎚 esof 
(r一入)/k三2and (r一入)/k= 1. 

5.1. Basic results 

In an α-resolvable BIB(v， b =βt，r =αt， k，入)， it follows that 
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b=千(vー 1)+r 

s(r一入)=-zτ一(v-1) + r 

(5.1.1) 

which implies that when (v -1，α) = 1，αv divides s(r一入)， i.e.， (r一入)jk
is a positive integer. Inthis case， a conjecture is proposed in Section 3 such 
that in anα-resolvable BIB(v， b =仇 r=αt，k，入)， which is not a伍neα-
resolvable， when (v -1，α) = 1， an inequality b三2(v-1) + t holds. Note 
that the lower limit is expressed through v and t only. 

Now， when α= 1， the following is known. 

Theorem 5.1.1 (Kageyama， 1971). In a resolvable BIB(v， b =βr，r，k，入)，
that is not a伍neresolvable， an inequality bと2(v-1) + r holds. 

Next， when α三2，the following is shown. 

Theorem 5.1.2 (Kadowaki and Kageyama， 2003). In anα-resolvable BIB(v， 
b=βt，r =αt， k，入)with (v -1，α) = 1 tl凶 isnot a伍mα-resolvable，if 
(r一入)jk三2，an inequality bと2(v-1) + t holds. 

By Theorems 5.1.1 and 5.1.2， a case of (r一入)/ k = 1 only has to be taken 
under (v -1，α) = 1 and αと2部 theremaining exhaustive investigation for 
the presentproblem. 

5.2. Several bounds 

Through an argument as in the previous subsection， consider here a class 
of α-resolvable BIB(v， b =βt， r αt， k，入)， that is not affineα-resolvable， 
under (v -1，α) = 1，α三2and (r一入)/ k = 1. This class is denoted by 
α-BIBD寧 throughoutthis section. 

At first the following relation is derived. 

Lemma 5.2.1. In anα-BIBDぺarelation v 三t+ 1 holds. 

Proof. By (5.1.1)， the α-BIBD* shows that b = v + r -1. Then vー 1=

b -r = (sー α)t三t，since s三α+1. Hence りさ t+ 1. ・
As in the above proof， note that in an α・BIBDぺ(t，α)= 1 and (β，α) = 1. 
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Furthermore， Lemma 5.2.1 yields the following. 

Corollary 5.2.1. In an α-BIBDヘarelation 2(v -1) + t主Uー 1+ 2t holds. 

Now the following bound is given. 

1rheorenn 5.2.1. In an α-BIBDぺaninequality b ~ vー 1+ 2t holds. In 
particular， the bound is attained if and only ifα= 2. 

Proof. By (r一入)/k= 1 with (5.1.1)， b = v-1+r = v-1+αt三v-1+2t，
since α> 2. • 

Note that v -1 + 2t = 2(v -1) + t if and only if v = t + 1. Hence we 
have the following. 

Corollary 5.2.2. In an α-BIBD* with v = t+1， an inequality b三2(υ-l)+t
holds. 

Exannple 5.2.1. Consider a 2・BIBDホ(12，33， 22， 8， 14) with t = 11 (cf. 
Kageyama and Mohan， 1983). Then (v -1，α) = 1，v = t + 1 and b = 

v -1 + 2t = 2(v -1) + t. 

From a point of view of investigating the present conjecture， there is a 
problem on the existence of an α-BIBD* with b satisfying 2(v -1) + t > b> 
v -1 + 2t in general. By Lemma 3.1 and Corollary 3.1， when v = t + 1， this 
problem is solved， while when v > t + 1 the problem is still open. 

1rheorenn 5.2.2. There does not exist an α-BIBD* with入=1.

Proof. A relation入(v-1) = r(k -1) implies that v -1 =αt(k -1). 
Hence (v -1，α) # 1 since αと2. • 

Lennnna 5.2.2. In an α-BIBD本 with入=2n，nミ 1，an inequality b < 
2(v -1) + t holds. 

Proof. It follows from r = k+入thatv = 1+r(k-1)/入=k+k(k-1)/2ぺ
which implies that 2nlk or 2nl(k -1). 

C出 e1: kー 1=2nf，f三1.Now it holds that v = (f + l)(2nf + 1)， r = 
(f + 1)2n + 1， b = (f + l)[(f + 1)2n + 1]. Hence b -2(v -1) = -(f + l)[(f-
1)2n+1]+2三0，i.e.， b < 2(v -1) + t. 

Case 2: k = 2nf， f ~ 1. Similarly， v ご f[(f+ 1)2n -1]， r = (f + 1)2n， b = 

(f+1)[(f+1)2n-1]. Hence b-2(v-1) =一(f-1)[(f+1)2n-1]+2< 0 if fさ2，
i.e.， bく 2(v-1)+t.Then f = 1 yields that v = 2n+lー 1，b = 2(2n+1-1)， r = 

25 



2n+l， k = 2n，入=2n. Since b = st，r =αt and t 三2，it necessarily holds that 
α=2ぺβ=2n+1 - 1 and t = 2. Hence (vー 1，α)=2ヂ 1 . ・

Remark 5.2.1. Any existing example of the design satisfying Lemma 3.2 is 
not found. In particular， when n = 1 in Lemma 3.2， Kadowaki and Kageyama 
(2008a) disprove the existence of a 2・BIBD市0，15， 6， 4， 2) with t = 3 and 
b = 15く 2(v-1) + t = 21. 

Lemma 5.2ふ Inan αーBIBD*with入=pn， p being a prime三3for a 
positive integer n， >'I(k -1) or入Ik.Fu地位more，

(i) when入I(k-1)， an inequality b < 2(りー 1)+ t holds; 

(ii) when k =入， pぽ ametersv = 2入-1， b = 2(2入ー 1)，r = 2入，k=入，α=
入，s=2入-1，t= 2 hold， i.e.， b = 2(v -1) + t; 

(iii) when k = R入，R三2，an inequality b < 2(ν ー 1)+ t holds. 

Proof. 8ince r = k +入， it follows that v = k + k(k -1)/pn， which impli白

that pnlk or pnl(k -1). 
Case 1: k-1 = Rpn，R三1.It holds that v = (R+ 1)(Rpn+ 1)， r = (R+1)pn+ 

1，b = (R+1)[(R+1)pn+1]. Hence b-2(v-1) =ー(R+1)[(f-1)pn+ 1] +2三0，
i.e.， b < 2(vー 1)+ t. 

Case 2: k = Rpn，R三1.8imilarly， v = R[(R + 1)pn -1]， r = (R + 1)pn， b = 
(R + 1)[(R + 1)pn -1] and hence b -2(v -1) =ー(R+ 1)[(R -1)pn -1] < 0 
if Rミ2，i.e.， b < 2( v -1) + t when k = R入andR三2.80 next R = 1 yields 
v = 2pn -1， b = 2(2pn -1)， r = 2pn， k = pn，入=pn. Since b =βt，r = at and 
tさ2，it follows that α=pn，β= 2pn-1 and t = 2. In this case (v-1，α) = 1 

since p ~ 3. ・
Example 5.2.2. Any existing example of the designs for cases (i) and (iii) 
in Lemma 3.3 is unknown. For the case (ii)， there exists a 3四BIBD・(5，10， 
6， 3， 3) with t = 2 and s = 5. Here b = 2(v -1) + t. The blocks and two 
resolution sets are glven by [(3， 4， 5)， (2， 4， 5)， (1， 3， 5)， (1， 2， 4)， (1， 2， 3)]， 
[(2， 3， 5)， (2， 3， 4)， (1， 3， 4)， (1， 4， 5)， (1， 2， 5)]. Also when入=5， there 
exists a 5・BIBD*(9，18， 10， 5， 5) with t = 2 and β=  9 (cf. Kageyama and 
Mohan， 1983). 

Remark 5.2.2. A general result on existence of the design (ii) in Lemma 
3.3 is presented as follows. Since v < 2k，.its complement can be considered， 
i.e.， an αヒBIBD*(♂ =2入-1，b*= 2(2入ー1)，r*= 2(入ー1)，k* =入ー1，入*-
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入-2，αホ=入 -l，s*= 2入-1， t* = 2)， whose existence is seen by Theorem 
4.4.15 of Hedayat and Kageyama (1980) when入and2入 -1 is a prime or a 
prime power， since one initial block constructed there through GF(2入ー 1)
produces a resolution set. 

Next， we consider an α・BIBD*with a composite number on入whose
smallest c蹴 (beingIlot a power) is入=6 = 2 x 3. 

Lemma 5.2.4. In 組合BIBD*with入=6， an inequality bく 2(v-1) + t 

holds， except for an existing 2・BIBD*(6，15， 10， 4， 6) with t = 5 having 
b = 2(v -1) + t = v -1 + 2t. 

Proof. Since r = k +入， it follows that v = k + k(k -1)/6， which implies 
that 21k， 31k， 61k， 21(k -1)，31(k -1)， or 61(k -1). 

C部 e1: k -1 = 2f，f ~ 1. It holds that v = (2f + l)(f + 3)/3，r = 

2f + 7， b = (f + 3)(2f + 7)/3. Hence b -2(vー1)=ー(f+ 3)(2f -5)/3 + 2壬O
if f三3，i.e.， b < 2(v -1) + t. When f = 1，2， there is no design for an 
α-BIBD本.

Case 2: k -1 = 3f， f三1.Similarly， v = (3f + l)(f + 2)/2， r = 3f + 7， b = 

(f + 2)(3f + 7)/2. Hence b -2(v -1) =一(f+ 2)(3f -5)/2 + 2壬oif f三2，
i.e.， b < 2(v -1) + t. Next， f = 1 yields v = 6， b = 15， r = 10， k = 4，入 =6.
Since b =βt， r αt and t ~ 2， it follows that α2，β=  3 and t = 5. 
This 3・resolvableBIB design exists as a complement of the design of No. 2 
in Kageyama (1972). 

Case 3: k -1 = 6f， f三1.Similarly， v = (f + 1)(6f + 1)， r = 6f + 7， b = 

(f + 1)(6f + 7). Hence b -2(vー1)=ー(l+ 1)( 6f -5) + 2三oif fと1，i.e.， 
b < 2(υ ー 1)+ t. 

C出 e4: k = 6f，f三1. Similarly， v = l(6f + 5)， r = 6(f + 1)， b = 

(f + 1)(6f + 5). Hence b -2(v -1) = -(f -1)(6f + 5) + 2 < 0 if f三2，i.e.， 
b < 2(v -1) + t. Next， when f = 1， there Is no design. 

Case 5: k = 3f，f三1. Similarly， v = f(3f + 5)/2， r = 3(f + 2)， b = 

(f + 2)(3f + 5)/2. Hence b -2(v -1) =ー(f-2)(3f + 5)/2 + 2 < 0 if fと3，
i.e.， b < 2(vー 1)+ t. Next， when f = 1，2， there is no design. 

Case 6: k = 2f，f三1. Similarly， v=  f(2f + 5)/3， r = 2(f + 3)， b = 

(f + 3)(2f + 5)/3. Hence b -2(v -1) = -(f -3)(2f + 5)/3 + 2 < 0 if fと4，
i.e.， b < 2(v -1) + t. Next， when f = 1，3， there is no design， while e. = 2 
yields v = 6，b = 15，r = 1O，k = 4，入=6 which is the same as the design in 
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Case 2. • 
Remark 5.2.3. Any existing example of the design satisfying Lemma 3.4 is 
not found. 

Similarly， another case of a composite number入=10 = 2 x 5 can be 
investigated加 follows.The proof is routine and similar to that of Lemma 
5.2.4 and hence it is omitted. 

Lemma 5.2.5. In anα・BIBD*with入=10， an inequa1ity b < 2(v -1) + t 
holds， except for an existing 5・BIBD本(7，21， 15， 5， 10) with t = 3 having 
b>2(v-1)+t. 

Example 5.2.3. The existing 5・BIBD*(7，21， 15，5， 10) in Lemma 5.2.5 h笛

21 blocks and 3 resolution sets加 follows:[(3， 4， 5， 6， 7)， (2， 4， 5， 6， 7)， (1， 
3， 5， 6， 7)， (1， 2， 4， 6， 7)， (1， 2， 3， 5， 7)， (1， 2， 3， 4， 6)， (1， 2， 3， 4， 5)]， [(2， 3， 
5， 6， 7)， (2， 3， 4， 6， 7)， (1， 3， 4， 5， 7)， (1， 2， 4， 5， 6)， (1， 4， 5， 6， 7)， (1， 2， 3， 5， 
6)， (1， 2， 3， 4， 7)]， [(2，3， 4， 5， 7)， (2， 3， 4， 5， 6)， (1， 3，4， 6， 7)， (1， 3， 4， 5， 6)， 
(1， 2， 4， 5， 7)， (1， 2，3，6， 7)， (1， 2， 5， 6， 7)]. Here b = 21 > 2(v -1) + t = 15. 
In fact， b = 3(v -1) + t. 

Remark 5.2.4. Among α-BIBD* satisちringbと2(v -1) + t， most of designs 
have b = 2( v -1) + t. As in Example 5.2.3， a design with b > 2( v -1) + t can 
be constructed inαーBIBDへFurthermore，we can show the existence of such 
designs， for example，α-BIBD* of Nos. 44 (x = 3)， 65 (x = 3)， 75 (x = 4)，80 
(x = 5)， 84 (x = 3)，89 (x = 4)， 98 (x = 5) in Kageyama and Mohan (1983)， 
where b = x(vー 1)+ t that is an interesting relation. Also note that the 
design of Example 5.2.3 is the smallest example with x = 3 among designs 
with b > 2(v -1) + t. 

Finally， to investigate further the real existence of an αーBIBD場 withb < 
2(v -1) + t， this problem can be also considered in terms of a GD design. It 
is to utilize the fact (Theorem 8.5.1 of Raghavarao， 1988) that the existence 
of an αーBIBD本(v，b= st，r = αt，k，入)is equivalent to the existence of an 
α-resolvable singular GD design with parameters v* = nv， b* = b =βt，r* = 
r=αt，k* =ηk，入:=T，入;=入;m* = v， n* = n for a positive integer n 2: 2. 
The α-resolvability is obvious. In this case， b < 2(v -1) + t is equivalellt to 
b* < 2(v* /nー 1)+ t. In Table IV of Clatworthy (1973)， unfortunately any 
example of such GD designs is not available within the scope of parameters. 
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In fact， the existing GD designs in the table shows b恵三 2(♂/η ー 1)+ t. 

5ふ Remarks

An improvement of bounds on the number of blocks has been discussed 
in this section. The basic bound is b ~ v + t -1 for an α-resolvable BIB 
design with α~ 1. Our problem is for a class of α-resolvable BIB designs 
that are not a伍neα-resolvable. Usually in this case， the basic bound is 
improved by one， i.e.， b 三v+ t. Though the present problem is considered 
under a condition (v -1，α) = 1， the basic bound could be improved for 
both cases of (i)α= 1 and (ii)α 三2and (r一入)/kと2. However， the 
remaining case ofα さ2and (r一入)/k= 1 (quasi-residual design) shows us a 
completely different status. For this case the improved bound b三2(v-1)+t
cannot be derived similarly to the cases (i) and (ii). Finally， a relationship 
on parameters is described. 

Proposition 5.3.1. In an α-BIBD*， it holds that 

(1) b < 2(v -1) + t宇中 s>2αー 1宇今 t< (v -1)/(α ー 1)，

(2) b = 2(v -1) + tゃ:::}s=2αー1信今 t= (りー 1)/(αー1)，
(3) b> 2(v -1) + t {:::=} s < 2α ー 1宇ニト t> (ν-1)/(α ー 1)，

where t is the number of resolution sets and βis the number of blocks in 
each resolution set. 

Proof. Note that b = v + rー 1is equivalent to v -1 = (β ー α)t.Hence， 
ifb=v+rー 1< 2(v-1) +t， then (α -1)tく (β-α)t，i.e.， s > 2α ー 1，
and conversely. AIso， if b (= v + r -1) = v +αt -1 < 2(v -1) + t， then 
(α -1)t < v -1， and conversely. The other cases are similar. _ 

Thus， in an α-BIBDヘb=v+αt-1， which is in terms of v， t and α， whose 
lower limit cannot be expressed in terms of v and t only. As Proposition 5.3.1 
reveals， several relations on parameters may occur in an α・BIBD*.Without 
having the parameter α， an inequality b ~ v+2t-1 may be the best in general 
出 inTheorem 5.2.1. As in Lemm錨 5.2.2-5.2.5， the bound b < 2( vー 1)+t
is derived as a parametric characterization. As far加 theauthors are aware 
of， any example of the design for such cases cannot be constructed. 

Remark 5.3.1. Note thatβ 三2α ゃ=今 bさ2r宇=今 v~ 2k. The relations 
(2) and (3) in Proposition 5.3.1 make an improvement to (i) of Theorem 2.4 
of Kadowaki and Kageyama (2003). AIso， in (2)， (s，α) = 1. 

-t--
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6. Affineα-resolvable PBIB designs 

The present section is devoted to the combinatorial investigation on a 
property of a伍neα-resolvabilityin a 2・associatePBIB design. 

In literature there are much combinatorial discussions on α-r白 olvable
PBIB designs (see， for example， Bose， 1977， Kageyama， 1977， 2007， 2008a， 
2008b， Kageyama and Mohan， 1985). However， there are not many papers 
on “affine"α-resolvable PBIB designs. As was mentioned in Section 2， there 
are several types of 2-部 sociatePBIB designs. Among them， two typ白 are
at first considered here. 

Let us take a class of cyclic PBIB designs (see Definition 2.6). In this 
case the following can be seen. 

Theorem 6.1. There does not exist an affir児島resolvablecyclic 2・
associate PBIB design for any α三1.

ProoJ. In this design， it is known that the number of treatments is tJ = 

4t + 1 being a prime. On the other hand， the a伍nea-resolvability requir回

that q2 = k2/v is an integer. Now since v is a prime and v > k， q2 is not an 
integer. Hence the proof is complete. _ 

Next consider a class of triangular PBIB designs with v = n(n -1)/2 
(see Definition 2.4). No example has been found for an affineα-r田 olvable
triangular design for αと 1in literature. Recent1y the following has been 
shown. 

Theorem 6.2 (Kageyama， 2007， 2008b). There does not exist an affine 
α-resolvable triangular design for 1 ::;α::; 10. 

Then Kageyama h錨 conjecturedthat there does not exist an affineα-
resolvable triangular design for any α2:: 1. Since the attractive result on 
existence could not be further obtained， the existence problem of a伍ncα-
resolvable triangular designs will not be discussed in this thesis. 

As of today， a cyclic design forms the only cl部 sof 2-associate PBIB 
designs which do not possess entirely a property of affineα-resolvability ill 
design theory. A class of triangular designs may be the next such candidate. 
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For further argument， the fo11owing lemma is useful. This can be derived 
by use of Lemmas 2.1 and 2.2. 

Lemma 6.1 (cf. Kageyama， 2007). In a 2・錨sociatePBIB dcsign， having 
the incidence matrIx N， with parameters v， b， r， k，ん，{}i' Pi， i = 0，1，2， where 
入o= r，{}o = rk，内=1， {}1 and {}2 are the no即時ativeeigenvalues (other 
than rk) of N N' with respective multiplicities Pl and P2， when {}1 > 0 and 
.(}2 > 0， the design does not possess a property of affineα-resolvability. 

Remark 6.1. Similarly toんasin Definition 2.2(3)， the eigenvalues {}i are 
corresponding to ith associates of an association scheme， i = 0，1，2 (Calinski 
and Kageyama， 2003， Raghavarao， 1988). Since in a cyclic 2・associatePBIB 
design a11 the eigenvalues of N N' are positive (see， pp. 126 and 129 in 
Raghavarao， 1988)， Lemma 6.1 can yield the same result出 inTheorem 6.1. 

The fo11owing result plays a crucial role to characterize a伍neα-resolvable
2・associatePBIB designs in this thesis. 

Theorem 6.3. Let N be the v x b incidence matrix of an a伍nc(l-

resolvable 2-associate PBIB design with parameters v， b =βt，r =αt，k，入1，
入2，ql= k(αー 1)/(s-1) and q2 = k2/v， and further let {}i be eigenvalues 
of N N' with multiplicities 向， i = 0，1，2， where {}o = rk and po = 1. Then， 
when仇 >0 and {}il = O，i =J i' E {1，2}， ql = kー仇 andb = t + Pi hold. 

Proof. By Lemma 2.1， N'N h邸 theonly no回 eroeigenvalue (other than 
rk) k{1ー (α ー 1)/(s-1)}， which is equal to k -ql， with multiplicity b -t. 
Then (i) when {}l > 0 and {}2 = 0， Lemma 2.2 implies that k -ql = {}1 
and b -t =ρ1， while (ii) when {}1 = 0 and {}2 > 0， Lemma 2.2 implies that 
k -ql = {}2 and b -t = ρ2・Onaccount of Lemma 6.1 note that a case of 
{}1 > 0 and {}2 > 0 does not occur in this design. • 

Remark 6.2. In Theorem 6.3， when {}1 = {}2 = 0， i.e.， N N' has thc 
only one ∞nzero eigenvalue rk， the design is orthogonal and then N = 1v1i" 
which is not incomplete (cf. Calinski and Kageyama，' 2003， Chapters 6 and 
7)， where 18 is an s x 1 column vector a11 of whose elements are 1. Hence， 
the orthogonal design is not a PBIB design， but a randomized block design. 

In a 2・associatePBIB design， when入1=入2，the PBIB design becom白 a
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BIB design and hence， as eigenvalues of N N'， fh = r一入 onlyother than rk. 
Therefore， by Theorern 6.3， in an a血neα-resolvableBIB design ql = k+入-r

holds (see the staternents after Definition 2.1). 

The largest， sirnplest and perhaps rnost irnportant class of 2・associate
PBIB designs is known剖 GD(group divisible). In a GD design the eigen-
values of N N' have ()l = rk -v入2and O2 = r一入1(other than rk) with 
respective rnultiplicities Pl = m -1 and P2 = m(n -1). Hence by Definition 
2.3 and Lemma 6.1 the following has been provided. 

Theorem 6.4 (cf. Kageyama， 2008a). There does not exist an affine 
α-resolvable regular GD design for any α;:::1. 

By Remark 6.2， other two subcl蹴 es(i.e.， SGD and SRGD) of GD desi伊
will be discussed in subsequent Sections 6.1 to 6.4 below. 

6.1. Affineα・resolvableSGn designs 

By Definition 2.3， the present section is devoted to a GD design with 
r=入b i.e.， of singular type. Note that入1>入2in an SGD design. Shah and 
Kabe (1981) discussed the a伍neα-resolvabilityof an SGD design， but their 
argument does not help the present consideration. 

It is known (Bose and Connor， 1952) that the existence of an SGD(v = 
m，n，b，r =入l，k，入1，入2)is equivalent to the existence of a BIB(が，b*，r*， k*，入・)，

where v = nt戸，b = b*， r = r*， k = nk*，入1= r*，入2=入ヘm= v*，n = n. This 
result can be obtained frorn replacing each treatrnent of the BIB design by a 
group of n treatments for n三2.It is obvious that the present replacement 
procedure preserves a property of a伍neα-resolvabilitybetween a BIB d田 ign
and an SGD design. Hence the following result has been established. 

Theorem 6.1.1. The existence of an a血neα-resolvableSGD( v = nv*， b = 
b* = st，r = 戸 =αt，k nk*，入1= r*，入2=入*;m= v*，n = n) with 
ql = nk*(αー1)/(β-1)and q2 = n(k*)2/りてisequivalent to the existencc of an 
a伍neα-resolvableBIB( v* ，b* =βt，r* =αt， k*，入事)with qr = k(α-1)/(β-1) 

and q2 = k2/v. 

Now an integral expression of ql is derived like ql = k +入-r in an a血llC
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α-resolvable BIB design. 

Corollary 6.1.1. In an affir児 島resolvableSGn d田 ign，q1 = k(α-

1)/(β-1) = k一入1k+v入2holds. 

Proof. Since fh = rk -v入2and (}2 = r一入1= 0， by Theorem 6.3 wc havc 
q1 = k -(}1 = k -rk + v入2・.

N ow the parameters of an a伍neα-resolvableSGD design with parameters 

v = m，n，b =βt，r =αt，k，入1，入2，q1 = k(αー 1)/(β-1) and q2 = k2 / v are 
characterized. The following can be shown. 

Theorem 6.1.2. The parameters of an affineα-resolvable SGn design 
are given by 

β(m -1)α(m -1)αmn α(m -1) 
v = mn.b=一一一一一-'-.r =一一一一一一.k=一一一.入1 =一一一一一一.'β-1β-1β ， ...1 β-，-1 

んー α(αmーβ2.1=竺二i仇ー α2mn一 一 -
4β(s -1) 'v s -1 ''1~β2 

where αm/βis an integer. 

Proof. Since eigenvalues of N N' are rk-v入2andr一入1= 0 with respective 
multiplicities m -1 and m( n -1)， it follows from Theorem 6.3 that b -t = 

m-1， i.e.， t = (m-1)/(β-1) which also implies that m > s. Then we obtain 
the expression of parameters出 v= mn，b = st =β(m-l)/(β-l)，r =αt= 

α(m -l)/(s -1)， k = vr/b =αmn/β，入1=r=α(m-1)/β.Ft凶hern悶 e，
by a relation r(k -1) = n1入1+ n2入2，we get入2α(αm-β)/[s(β-1)]. 
Also by Theorem 6.1.1， k/n =αm/βmust be an integer. _ 

Thus， all parameters of an a田neα-resolvableSGn design can be ex-
pressed in terms of m， n，αand β. It is clear that these parameters satisfy 
Corollary 6.1.1. 

6.2. Table of affine resolvable SGD designs with v ::; 100 and r， k ::; 20 
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There are a number of affineα-resolvable SGn designs with parameters 
v = m，n，b =βt，r =αt， k，入1，入2，q1， q2・Inthis section， we restrict ourselves 
to the case ofα= 1. Even so， by Lemma 2.3， some of other affineα-resolvable 
SGn designs can be constructed for some α三2.Now， since q2 = k2/v， by 
Theorem 6.1.2 we have the expression of parameters as 

Uー β(m-l).. m-l.. mn 
=mn.b一:..:.;...-....:.k = 一… 一一一一一ー一一"';".r 一一一一一一 一一一

…山 β-1 ，.-s -1 ' 'u - s 

入1 竺二1、 m-β mn 
ー .一 一一

β_1，̂2一夜否て万円2- s2' 

where m/ s is an integer. Since m > s， accordi時 tothe value being a positive 
integer (三 2)of m/β， we now systematically search the designs with admis-
sible parameters (i.e.， of satisfying necessary conditions for the existence) 
within the scope of v ::; 100 and r， k ::; 20. All the design parameters should 
be integers. In fact， there are 41 parameters' combinations， all of which have 
explicit information on the existence of affineα-resolvability. By Theorem 
6.1.1 the existence problem completely depends on the existence status of 
the corresponding a伍neresolvable BIB(♂ = v/n，b本 =b，r* = r =入1，k*= 

k/n，A* =入2)whose combinatorics has been discussed widely in literature 
(cf. Kage)叩 la，1972， Shrikhande， 1976， Furino， Miao and Yin， 1996). For 
example， the existence of a “self-complementary" (i.e.， v = 2k) affine resolv-
able SGn design with parameters v = mn， b = 2(m -1)， r = m -1， k = 

mn/2， A1 = m -1， A2 = (m -2)/2， q1 = 0， q2 = mn/4 is equivalent to the 
existence of an a伍neresolvable BIB(v* = m， b* = 2(m -1)， r* = m -1， k* = 

m/2， A* = (m -2)/2) for even m. 
In Table 6.2， the admissible parameters of affine resolvable SGn designs 

are listed along with existence information. The designs are numbered in 
tl阿部cendingorder of m and for the same m in the order of n. Sincc 
ql = 0， the parameter is not listed.“Non-E" means the nonexistence of the 
design， Kx+{ν} in Source 1 means that the design is constructed through 
an a血neresolvable BIB design of No. x in Kageyama (1972) in which each 
treatment is replaced by a group of y new treatments. In Source 2， when an 
a伍neresolvable SGn design does not exist， the status on existence of the 
corresponding BIB design， i.e.， an SGn design， which is not a伍neresolvable， 
is described. 

34 



Table 6.2. Affine resolvable 8GD designs 

No. m n U b T k 入1 λ2 q2 Source 1 Sour田 2 Remark 
1 4 2 8 6 3 4 3 1 2 Kl+{2} S6 
2 4 3 12 6 3 6 3 1 3 Kl+{3} S27 
3 4 4 16 6 3 8 3 1 4 Kl+{4} S61 
4 4 5 20 6 3 10 3 1 5 Kl+{5} S106 
5 4 6 24 6 3 12 3 1 6 Kl+{6} 
6 4 7 28 6 3 14 3 1 7 Kl+{7} 
7 4 8 32 6 3 16 3 1 8 Kl+{8} 
8 4 9 36 6 3 18 3 1 9 Kl+{9} 
9 4 10 40 6 3 20 3 1 10 Kl+{1O} 
10 6 2 12 10 5 6 5 2 3 Non-E BIB(6， 3， 2) + {2} ※ 1 
11 6 4 24 10 5 12 5 2 6 Non-E BIB(6，3，2) + {4} ※ 1 
12 6 6 36 10 5 18 5 2 9 Non-E BIB(6，3，2) + {6} ※ 1 
13 8 2 16 14 7 8 7 3 4 K5+{2} S63 
14 8 3 24 14 7 12 7 3 6 K5+{3} 
15 8- 4 32 14 7 16 7 3 8 K5+{4} 
16 8 5 40 14 7 20 7 3 10 K5+{5} 
17 9 2 18 12 4 6 4 1 2 K6+{2} S37 
18 9 3 27 12 4 9 4 1 3 K6+{3} S91 
19 9 4 36 12 4 12 4 1 4 K6+{4} 
20 9 5 45 12 4 15 4 1 5 K6+{5} 
21 9 6 54 12 4 18 4 1 6 K6+{6} 
22 10 2 20 18 9 10 9 4 5 Non-E BIB(1O， 5， 4) + {2} ※ 1 
23 10 4 40 18 9 20 9 4 10 Non-E BIB(1O，5，4) + {4} ※ 1 
24 12 2 24 22 11 12 11 5 6 KI2+{2} 
25 12 3 36 22 11 18 11 5 9 KI2+{3} 
26 14 2 28 26 13 14 13 6 7 Non-E BIB(14， 7， 6) + {2} ※ 1 
27 15 3 45 21 7 15 7 2 5 Non-E Non-E ※ 2 
28 16 2 32 20 5 8 5 1 2 KI7+{2} S74 
29 16 2 32 30 15 16 15 7 8 KI8+{2} 
30 16 3 48 20 5 12 5 1 3 KI7+{3} 
31 16 4 64 20 5 16 5 1 4 KI7+{4} 
32 16 5 80 20 5 20 5 1 5 KI7+{5} 
33 18 2 36 34 17 18 17 8 9 Non-E BIB(18， 9， 8) + {2} ※ 1 
34 20 2 40 38 19 20 19 9 10 K25+{2} 
35 25 2 50 30 6 10 6 1 2 K28+{2} S121 
36 25 3 75 30 6 15 6 1 3 K28+{3} 
37 25 4 100 30 6 20 6 1 4 K28+{4} 
38 27 2 54 39 13 18 13 4 6 K30+{2} 
39 36 2 72 42 7 12 7 1 2 Non-E Non-E ※ 3 
40 40 2 80 52 13 20 13 3 5 Non-E BIB(40， 10，3) ? ※ 4 
41 49 2 98 56 8 14 8 1 2 K40+{2} 

The column of Remark shows some information: 

For example， 86 denotes an 8GD design number from Table IV of 
Clatworthy (1973). An actual a田neresolvable solution is also given 
there. 
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※1: Though a BIB(♂ = v/n，b* = b，r* = r，k* = k/n，入*-入2)exists， 
(k*)2/V* is not an integer. Hence the corresponding a血neresolvable 
solution does not exist. 

※2:A BIB('U=15，b=21，T=7，k=5，入=2) does not exist (Takeuchi， 
1962). Hence an a伍neresolvable solution does not exist. 

※3: A BIB(v = 36，b = 42，r = 7，k = 6，入=1) does not exist (Take即 hi，
1962). Hence an affine resolvable solution does not exist. 

※4: In a BIB(v = 40，b = 52，r = 13，k = 10，入=3)， k2/v is not an integer 
and hence such an affine resolvable solution of a design of No. 40 does 
not exist， but the existence as a BIB design (or an SGD design) is in 
doubt. 

6.3. AffineαーresolvableSRGD designs 

In this section an a日neα-resolvableSRGD design with parameters v = 
mn，b=βt，r =αt，k，入1，入2，ql = k(α-1)/(s -1) and q2 = k2/v， in which 
rk-v入2= 0， is considered. Note that入2>入1in an SRGD design. 

Now an integral expression of ql is derived like ql = k +入-r in an affinc 
αーresolvableBIB design and as in Corollary 6.1.1. 

Corollary 6ふ1. In an affineα-resolvable SRGD design， ql = k(α-

1)/(β-1) = k +入1- r holds. 

ProoJ. Since (}1 = rk -v入2= 0 and (}2 = r一入1，Theorcm 6.3 implics 
that ql = k+入1- r. -

Furthermore， a typical resu1t is remarked. 

Lemma 6ふ 1(Bose and Connor， 1952). In an SRGD design， k is diviシ
ible by m. 

Next the following characterization of parameters is obtained. 

Theorem 6.3.1. The parameters of an affineαーresolvableSRGD dcsign 
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are given by 

v = mn.b = sm(nー 1)αm(nー 1)αm711αm(αnー β)一一一 b= ，----¥ --_ -'. r = ----¥ --_ -'. k =一一一入1一
…一'β-1 β - 1 β ，' ~~β(β-1) 

入?α2m(n-12: t =竺包ニii-9=α2mn
~ - s(s -1) ， ~ s -1 ''1~ - s2' 

where αn/ s is an integer. 

Proof. Since eigenvalues of N N' are rk-v入2= 0 and r-A1 with r白 pective
multiplicities m -1 and m(n -1)， by Theorem 6.3 it holds that b -t = 
m(n-1)， i.e.， b = v+t-m which also implies that t = m(n-1)/{β-1). Thcn 
it follows that v = m民 b=βt= sm(n-1)/(s-1)，r =αt=αm(n-1)/(β-
1)， k = vr/b =αmn/s，入2= rk/v =α2m(n -1)/[β(s -1)]. Furthcrrnorc， 

from a relation r(k -1) = nl入1+向入2，we get入1=αm(αη-s)/[s(s -1)]. 
Also by Lemma 6.3.1， k/m =αn/ s must be an integer. _ 

Thus， all parameters of an affineα-resolvable SRaD design can be ex-
pressed in terms of m， n，αand β. It is clear that these parameters satisfy 
Corollary 6.3.1. 

There are 14 affine resolvable SRaD designs listed by Clatworthy (1973)， 
among of which 12 designs are symmetric. That is， only two a伍neresolvable 
“nonsymmetric" SRaD designs are available within the scope of paramctcrs 
in Clatworthy (1973). 

When the SRaD design is symmetric， we have t = m and n = s. Hence 
Theorem 6.3.1 yields the following. 

Corollary 6.3.2. The parameters of an a伍neα-resolvablesymmetric 
SRaD design are given by 

(α-1)α2m 
v = b = mn， r = k =αm，入1= 噌 ，入2=一一一;

n-l n 

t=m，β=n. 

All the existing affineα-resolvable symmetric SRaD designs satisfy m = 
n. In this case Corollary 6.3.2 yields the following since n =β. 
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Corollary 6.3.3. The parameters of an a伍neα-r白 olvablesymmetric 
SRGD design with m = n are given by 

(α-1) 
U =b =mRT=k =αm，入1= 入2=α2;t=β =m. 

m-l  

Note that in Corollary 6.3.3 

(α-1) 
入1=α(α ー 1)+つZて了

which causes some restriction on the values ofα(三2)for given m in v = mn. 

As a method of construction of an SRGD design belonging to Corollary 
6.3.3， Kageyama and Mohan (1985， Corollary 2.1) show that when v* is a 
prime， the existence of a symmetric BIB( v* = b*， r* = k*，'¥ *) impli白 the
existence of an a伍neα-resolv乱blesymmetric SRGD design with parameters 
v=b=(♂)2，r=k=♂k*，入1=入*v*，入2=(k*)2，Ql=入*v*，Q2 = (k*)2，α= 
r*，t = s =♂ for m n ♂. By use of this result， for examplc， thc 
following can be given. (i) Since a symmetric BIB(3， 3， 2， 2， 1) exists， 
we get a design of No. 6 of Table 6.4， i.e.， SR23. (ii) Since a symmetric 
BIB(5， 5， 4， 4， 3) ほ ists，we get an a血ne4・目solvableSRGD design 'with 
parameters v = b = 25， r = k = 20，入1= 15，入2=16，t=F =5;m =n=5， 
whose complement is， by Lemma 2.3， an affine resolvable SRGD design 'with 
parameters v = b = 25， r = k = 5，入1= 0，入2= 1; m = n = 5， i.e.， a design of 
No. 13， which may be different from SR60. (iii) Since a symmetric BIB(7， 
7， 3， 3， 1) exists (cf. Takeuchi， 1962)， we get an affine 3・r田 olvableSRGD 
design with parameters v = b = 49， r = k = 21，入1= 7，入2= 9， t = s = 7 for 
m=n=7. 

For the next section the case ofα= 1 will be investigated in detail. For an 
affine resolvable SRGD design， t = r and then Theorem 6.3.1 with Q2 = k2/v 
shows the expression of design parameters出

βm(n -1) _ m(n -1) 1_ mn ¥ m(n-β) 
v=mn.b= ，----，-- -'.r=一一一一一一.k=一一.入-一一一一一一，- s-1 ，. ß-1' β ，.，~ s(β-1) ， 

入 (n-1) 
2=一一一一一一，ql= O，Q2 =ーす一=ーβ(β ー 1)，'U ~， '1 .l; s2 ' m β. 

Then it holds that入2一入1=m/β. Therefore， there exist positive integers x 
and y such that 

m = xs and n =νβ. 
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These x and y can be used to expr白 sthe required par田neters鎚

2 ~ Xs2(内ー 1).. xs(ys -1) 
v=xysヘb= -，-;;-.: 1 -'， r = -，-';'__ 1 -'， k = xys， (6.3.1) 

入lzβ(y-1) ¥. x(ys-1) =入=.，:;- -， ，ql = 0，q2 = xy，ー =ν.s -1 ，̂2 - s _ 1 ，111 - u， 112 - ;t，y， m (6.3.2) 

In this case入2一入1= x and入1= s(入2-xy) (三0).Note that入1= 0 if and 
only if y = 1， I.e.， the design is symmetric. 

N ow a way of presentation of the design parameters is made according to 
four patterns on the values of positive integers x and y. 

Cαse 1: x = y = 1， i.e.， m = n =β. In this case we have the design 
parameters as 

v = b = s2，r = k = s，Al = 0，入2= 1， q2 = 1，土=1， 
m 

which is symmetric. In fact， the existing SR1， SR23， SR44 ， SR60， SR87， 
SR97 and SR105 in Table VI of Clatworthy (1973) belong to this class. By 
Lemma 2.3， note that the complement of the design of Case 1 is an affine (β-
1)-resolvable symmetric SRGn design with parameters が =b*=921*=
k* =β(β-1)，入;=β(β-2)，入;=β(β-2)+1，qi =β(β-2)，Q2 =β(β-2)+1， 
and vice versa. For the present case a construction resu1t can be provided. 

Theorem 6.3.2.羽市ens is a prime or a prime power， there exists an 
affine resolvable symmetric SRGn design with parameters 

v=b=β27T=k =F，入1= 0，入i= 1， ql = 0， q2 = 1; m = n = s. 

Proof. It is well known (cf. Caliriski and Kageyama， 2003; Chapter 6) 
that when βis a prime or a prime power， an a伍neresolvable BIB( v* = 

β2，b傘 =β(β+1)， r* β+ 1，k* = β，入* 1) can be constructed by use 
of an a伍neplane. The dual of this design can yield an SRGn design with 
parameters v =β(s + 1)， b = s2， r = s， k = s + 1，入1= 0，入2= 1. In this 
design by deleting a group of s treatments corresponding to a partition for 
the affine resolvability of the original BIB design， we can obtain an SRGn 
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design with parameters v = b = s2， r = k = s，入1= 0，入2= 1. The remaining 
problem is to introduce the a血neresolvability for the present d田 ign.It can 
be shown that this a伍neresolvability is naturally given when the incidence 
structure corresponding to s treatments of a group deleted in the dual design 
IS 

Is⑧ 1s， 

where A @ B denotes the Kronecker product of matrices A and B， and I
jβ is 

the identity matrix of order β .  

Remark 6ふ 1. From the combinatorial structure on incidence in the 
construction process given in the proof of Theorem 6.3.2， it is obvious that 
the existence of an “a伍neresolvable" SRGD design as in Theorem 6.3.2 is 
equivalent to the existence of an a血neplane of order s. 

Cα8e 2: y = 1， i.e.， n = s. In this case we have the design parameters as 

v=b=xβυ = k = xs，入1= 0， '¥2 = X， q2 = X，土=1， 
m 

which is symmetric. When x 1， this case coincides with C回 e1 and 
then x > 1 is mainly considered. In fact， the existing SR36， SR72， SR92， 
SR95 and SR102 in Table VI of Clatworthy (1973) belong to this class for 
x = 2，2，4，2 and 3， respectively. By Lemma 2.3 note that the complement of 
the design of Case 2 is an affine (β-1)-resolvable symmetric SRGD design 
with parameters v本 =b* = xβ2，r=r=zβ(β-1)，入;=zβ(β-2)，入;=
x[s(β-2) + 1]， q~ = xβ(β-2) ， q~ ="x[β(s -2) + 1]. 

As a method .of construction of a design belonging to Case 2， Bose， 
Shrikhande and Bhattacharya (1953) show that when 8 is a prime or a prime 
power， there exists an a伍neresolvable symmetric SRGD designwith param-
eterS U =b =d，T=k =S2，入1= 0，入2 8，q2 = 8;m = 82，n = 8. Here 
x = 8 and y = 1. When 8 = 2 and 3， we have designs of Nos. 8 and 23 in 
Table 6.4， respectively. When 8 = 4， we can obtain a solution of an a血ne
resolvable SRGD design of No. 37 with parameters v = b = 64， r = k = 
16，入1= 0，入2= 4， q2 = 4; m = 16， n = 4. 

Furthermore， to construct a田neresolvable symmetric SRGD design of 
C鎚 e2， a special type of a difference scheme (cf. Hedayat， Sloane and Stufken， 
1999) will be utilized. 
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An m x m matrix A with entries from a set S = {O， 1，…，s -1} for s主2
is here called a difference scheme， denoted by DS(m， s; x)， if on a vector 
difference in any two columns of A every entry of S occurs x times. 

Remark 6.3.2. The same concept as the difference scheme has been dis-
cussed under other names of a difference matrix D(m， m， s) or a generalized 
Hadamard matrix GH(s， x) by interchanging roles of rows and columns (see 
Beth， Jungnickel and Le回， 1999， Colbourn and Dinitz， 2007). 

It is easily seen that (i) all entries in the first row and first column of 
a DS(m， s; x) can be set 0， and (ii) in each of columns except for the first， 
every entry of S occurs x times. The property (ii) implies that m = xs in a 
DS(m，s;x). 

Furthermore， the following properties can be de山 ed(see Beth， Jung-
nickel and Le回， 1999， pp. 532 -534， especially， Remark 3.9(a)， or Hedayat， 
Sloane and Stufken， 1999， p. 115). 

(iii) In each of rows except for the first one of the DS(m， s; x)， e刊 ryentry 
of S occurs x times. 

(iv) On a vector difference in any two rows of a DS(m， s; x)， every entry of 
S occurs x times. 

N ow the following construction resu1t can be shown. 

Theorem 6.3.3. The existence of a DS(肌 s;x) implies the existence of 
an a伍neresolvable symmetric SRGD design with parameters 

U =b =zd，T=k =Z叫ん =0，入2= X， ql = 0， q2 = x; m = xs， n = s 

for s > 2. 

Proof. Rβplace the entries 0，1，…，s-l in an mxm matrix as a DS(m， s; x) 
by s x s matrices 1["~ Is， i = 0，1，…，s -1， respectively， where πis a row per-
mutation such that 1[" Re = Re+l and Re is the fth row of Is. Then from 
m = xs such replacement can show the required design with a GD associa-
tion scheme on an xs x s array. In fact， under the property (ii)， parameters 
U =b =zd，k =zs，入1= 0，ηL = xs and n = s are obvious. The propcrty 
(iii) with m = xs implies r = xs. It is also clear that the replacement of 
s x s (0， l)-rnatrices shows the resolvability consisting of m resolution sets of 
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s blocks each， and then ql = O. Furthermore， the properties (i) and (ii) of 
the DS(m， s; x) with properties (iii) and (iv) can yield入2= x and q2 = X 

(affine resolvability). • 
When s = 5 and x = 2 in Theorem 6.3.3， it is illustrated by use of a 

DS(lO， 5; 2) given as follows (see Table 6.35 in Hedayat， Sloane and Stufken， 
1999). 
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which obviously satisfies the above properties (i) to (iv). 

Example 6.3.1. There exists an affine resolvable symmetric SRGD de-
sign with parameters v = b = 50， r = k = 10，入1= 0，ん =2，q2 = 2;m = 
10， n = 5， whose GD association scheme of 50 treatments is 
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Now， replace 0， 1， 2， 3， 4 in the above DS(lO， 5; 2) by the following five 
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matrices of order 5: 
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respectively. Then the 50 blocks of 10 resolution sets (i.e.， a resolution set 
showing a bracket [ ] below) of 5 blocks each are given by 

[(1， 6， 11， 16， 21， 26， 31， 36， 41， 46)， (2， 7， 12， 17， 22， 27， 32， 37， 42， 47)， 
(3， 8， 13， 18， 23， 28， 33， 38， 43， 48)， (4， 9， 14， 19， 24， 29， 34， 39， 44，49)， (5， 
10， 15， 20， 25， 30， 35， 40， 45， 50)]， 

[(1， 10， 14， 17， 23， 28， 32， 36， 44， 50)， (2， 6， 15， 18， 24， 29， 33， 37， 45， 46)， 
(3， 7， 11， 19， 25， 30， 34， 38， 41， 47)， (4， 8， 12， 20， 21， 26， 35， 39， 42， 48)， (5， 
9， 13， 16， 22， 27， 31， 40， 43， 49)]， 
Ul，9， 12， 18，25，29，32，40，41，48)， (2， 10， 13， 19，21，30，33，36，42，49)， 

(3，6，14，20，22，26， 34， 3~ 43，50)， (4， ~ 15， 16，23，27，35，38，44，46)， (5， 
8， 11， 17， 24， 28， 31， 39， 45， 47)]， 

[(1， 7， 13， 20， 24， 28， 34， 40， 42， 46)， (2， 8， 14， 16， 25， 29， 35， 36， 43， 47)， 
(3，9， 15， 1~ 21，30， 31 ， 3~44， 48)， (4， 10， 11， 18，22，26，32，38，45，49)， (5， 
6， 12， 19， 23， 27， 33， 39， 41， 50)]， 
Ul， 8，15，19，22，29，31，38，42，50)， (2，9，11，20，23，30，32，39，43，46)， 

(3，10，12，16，24，26，33，40，44，47)， (4，6，13，17，25，27，34，36，45，48)， (5， 
7， 14， 18， 21， 28， 35， 37， 41， 49)]， 

[(1， 7， 15， 17， 25， 26， 33， 39， 43， 49)， (2， 8， 11， 18， 21， 27， 34， 40， 44， 50)， 
(3，9，12，19，22，28，35，36，45，46)， (4， 10， 13，20，23，29，31，37，41，47)， (5， 
6， 14， 16， 24， 30， 32， 38， 42， 48)]， 
Ul， 6，13，18，22，30，35，39，44，47)， (2， ~ 14， 19，23，26，31，40，45，48)， 

(3， 8， 15， 20， 24， 2~ 32， 36， 41， 49)， (4， 9， 11， 16， 25， 28， 33， 3~ 42， 50)， (5， 
10， 12， 17， 21， 29， 34， 38， 43， 46)]， 

[(1， 10， 11， 19， 24， 27， 35， 37， 43， 48)， (2， 6， 12， 20， 25， 28， 31， 38， 44， 49)， 
(3， 7， 13， 16， 21， 29， 32， 39， 45， 50)， (4， 8， 14， 17， 22， 30， 33， 40， 41， 46)， (5， 
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9， 15， 18， 23， 26， 34， 36， 42， 47)}， 
[(1， 8， 12， 16， 23，30， 34， 37， 45， 49)， (2， 9， 13， 17， 24， 26， 35， 38， 41， 50)， 

(3， 10， 14， 18， 25， 27， 31， 39， 42， 46)， (4， 6， 15， 19， 21， 28， 32， 40， 43， 47)， (5， 
7， 11， 20， 22， 29， 33， 36， 44， 48)}， 

[(1， 9， 14， 20， 21， 27， 33， 38， 45， 47)， (2， 10， 15， 16， 22， 28， 34， 39，41，48)， 
(3，6，11，17，23，29，35，40，42，49)， (4，'7， 12， 18，24，30，31，36，43，50)， (5， 
8， 13， 19， 25， 26， 32， 37， 44， 46)]. 

Six designs of Nos. 23， 29， 30， 33， 39 and 42 in Table 6.4 are also con-
structed by use of Theorem 6.3.3 with DS(9， 3; 3)， DS(12， 3; 4)， DS(12， 22; 3)， 
DS(14， 7; 2)， DS(18， 3; 6) and DS(20， 5; 4)， respectively. Many useful infor-
mation on the existence of a difference scheme can be found in Beth， Jung-
nickel and Lenz (1999)， Hedayat， Sloane and Stufken (1999; Chapter 6的)0ぽr 

Colbo 
Another characterization for Case 2 is provided. It is clear (see， for ex-

ample， Hedayat， Sloane and Stufken， 1999， Theorem 7.6) that a DS(2x， 2; x) 
exists i百aHadamard matrix of order 2x exists. Here Theorem 6.3.3 with 
s = 2 can be especially expressed as an equivalence existence. 

Theorem 6.3.4. The existence of a Hadamard matrix of order 2x is 
equivalent to the existence of an affine resolvable symmetric SRGD design 
with parameters 

v = b = 4x， r = k = 2x，入1= 0，入2= X，ql = O，Q2 = x;m = 2x，n = 2. 

Prooよ(Necessity)In a Hadamard matrix H of order 2x， replace +1 and 
-1 by 12 and 121~ -12 respectively. Then the relation H H' = 2x/2x = H' H 
can yield that入1= 0 and入2= x with the affine resolvability. Thus the 
required design can be obtained. Or apply Theorem 6.3.3. 

(Sufficiency) Since v = 2k， from the properties of the GD association 
scheme on a 2x x 2 array， the resolvability and入1= 0， it follows that the 
4x x 4x incidence matrix is partitioned into (2X)2 Sl伽 natricesof order 2， 
whose pattern is either 12 or 121~ -12. Now replace 12 and 121~ -12 by +1 
and -1 respectively. Then we get a 2x x 2x matrix H whose elements are 
+ 1 or -1. In the original incidence matrix of the design， each of four rows 
(consisting of two columns each) corresponding to the replacement (which 
follows the above partition of the incidence matrix) has one of four pattern 
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Hence， 
圃

出(12，12)'， (12， 121~ -12)'， (121~ -12， 121~ -12)'， (121~ -12， 12)'. 
on account of入2= x， it can be shown that H H' = 2:τ12x・

In Theorem 6.3.4， when x = 6， by use of a Hadamard matrix 1112 of order 
12出
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we can obtain an a伍neresolvable symmetric SRGD design of No. 28 in Table 
6.4. This will be given in Example 6.3.2. 

Example 6.3.2. There exists an affine resolvable symmetric SRGD de-
sign with parameters v = b = 24， r = k = 12，入1= 0，入2= 6， q2 = 6; m = 
12， n = 2， whose GD部 sociationscheme of 24 treatments is given by the 
usual12 x 2 array. If the entries +1 and -1 in H12 are replaced by 

and 

respectively， then the 24 blocks of 12 resolution sets of 2 blocks each are given 
by 

[(1，3，5，7，9，11，13，15，17，19，21，23)， (2，4，6，8，10，12，14，16，18，20，22，24)]， 
[(2，3ム8，9，11，13，16，18，20，21，24)，(1，4，6，7，10，12，14，15，17，19，22，23)]， 
[(2，4，5，7，10，11，13，15，18，20，22，23)， (1ふ6，8，9，12，14，16，17，19，21，24)]，
[(2，3，6，7，9，12，13，15，17，20，22，24)， (1，4，5，8，10，11，14，16，18，19，21，23)]， 
[(2，4，5，8，9，11，14，15，17，19，22，24)， (1，3，6，7，10，12，13，16，18，20，21，23)]， 
[(2，4，6，7，10，11，13，16，17，19，21，24)， (1，3，5，8，9，12，14，15，18，20，22，23)]， 
[(2，4，6，8，9，12，13，15，18，19，21，23)， (1ふ5，7，10，11，14，16，17，20，22，24)]，
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[(2，3，6，8，10，11，14，15，17，20，21，23)， (1，4，5，7，9，12，13，16，18，19，22，24)]， 
[(2，3，5，8，10，12，13，16，17，19，22，23)， (1，4，6，7，9，11，14，15，18，20，21，24)]， 
[(2，3，5，7，10，12，14，15，18，19，21，24)， (1，4，6，8，9，11，13，16，17，20，22，23)]， 
[(2，4，5，7，9，12，14，16，17，20，21，23)， (1，3，6，8，10，11，13，15，18，19，22，24)]， 
[(2，3，6，7，9，11，14，16，18，19，22，23)， (1，4，5，8，10，12，13，15，17，20，21，24)]. 

It is wel1 known that a necessary condition for th~ existence of a Hadamard 
matrix is that the order is either 2 or a multiple of 4. Then Theorem 6.3.4 
can produce the following. 

Corollary 6.3.4. When x is odd (三 3)，there does not exist an a伍ne
resolvable symmetric SRGD design with parameters v = b = 4x， T = k = 
2叫ん =0，入2= x，ql = 0，q2 = x;m = 2x，n = 2. 

Remark 6ふ 3. The existence of a Hadamard matrix of ordcr 2x is 
known for all 2x三664(i.e.， the smallest order in which a Hadamard matrix 
is undecided is 668) (Kharaghani and Tayfeh-Rezaie， 2005). Hence an a田nc
resolvable symmetric SRGD design of Theorem 6.3.4 exists for all even x :$ 
332. In fact， it is conjectured that a Hadamard matrix always exists for any 
order (三omod 4) (see Hall， 1986). 

Remark 6.3.4. By Theorem 6.3.3， Theorem 6.3.4 and Corollary 6.3.4， 
the nonexistence infofmation on designs of Nos. 14， 17， 25， 27， 32， 34， 35 and 
38 in Source 1 of Table 6.4 for y = 1 implies the nonexistence of difference 
schemes (difference matrices， generalized Hadamard matrices) DS(m， s; x) 
(or GH(s， x)) in DS(6， 2; 3)， DS(6， 6; 1)， DS(lO， 2; 5)， DS(lO， 10; 1)， DS(14， 
2; 7)， DS(15， 3; 5)， DS(15， 5; 3) and DS(18， 2; 9)， respectively. Since the ex-
istence of DS(12， 6; 2) and DS(20，2乍)is unknown， designs of Nos. 31 and 
41 may not be constructed through Theorem 6.3.3. In general， it also follows 
from Theorem 6.3.4 and Corollary 6.3.4 that there does not exist a difference 
scheme DS(2x， 2; x) for any odd x三3.

Cαse 3: x = 1， i.e.， m =β. In this case we have the design parameters as 

s2(ys -1) __ s(yβ-1) 且

=U92，b =A  T= 月 =νβ:If" 'v s _ 1 ' . s _ 1 ' .• :JfJ 

入lp(u-1)UP-lk
=一一一一ーん=一一一一，q2= y，一=y・s-1 ' β-l  m 

46 



When y = 1， this case coincides with Case 1 and then y > 1 is mainly 
considered. In fact， the existing SR38 and SR71 in Table VI of Clatworthy 
(1973) belong to this class for y = 2 and 3， respectively. In this case， all the 
existing designs satisfy v = 2k (selιcomplementary). However， note that the 
parameters of an unknown design of No. 12 do not satisちrV = 2k. 

As a method of construction of a design belonging to Case 3， Kageyama， 
Banerjee and Verma (1989) show that the existence of an affine resolvable 
BIB(v* = 2kぺb*= 2r*， r* = 2k本 -1，k*，入獄 =k* -1) implies the existence of 
ana血neresolvable SRGD design with parameters v = 4k*， b = 4(2k*-I)， r = 
2(2k* -1)，k = 2k*，入1= 2(k* -1)，入2= 2k* -lj m = 2， n = 2k*. Here x = 1 
and y = k*. Note that this design has only possibility of existence when k* 
is even. When k* = 2 we have a design of No. 2 in Table 6.4， i.e.， SR38. 
When k* = 4， a design of No. 4 in Table 6.4 is newly constructed as will 
be constructed in Example 6.3.3， because there exists an a伍neresolvable 
BIB(8， 14， 7， 4， 3) (cf. Kageyama， 1972). 

Example 6.3.3. There exists an a伍neresolvable SRGD design with 
parameters v = 16， b = 28， r = 14， k = 8，入1= 6，入2= 7，Q2 = 4jm = 2，n = 8 
whose GD association scheme of 16 treatments is 
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The 28 blocks of 14 resolution sets of 2 blocks each are given by 

[(1，2，3ム9，10，11，13)，(4，6，7，8，12，14，15，16)]， 
[( 4，6，7，8，9，10，11，13)， (1，2，3，5，12，14，15，16)]， 
[(2，3，4，6，10，11，12，14)， (1ム7，8，9，13，15，16)]，
[(1ム7，8，10，11，12，14)，(2ふ4，6，9，13，15，16)]，
[(3，4，5，7，11，12，13，15)， (1，2，6，8，9，10，14，16)]， I 

[(1，2，6，8，11，12，13，15)， (3，4，5，7，9，10，14，16)]， 
[(1，4，5，6，9，12，13，14)， (2，3，7，8，10，11，15，16)]， 
[(2，3，7，8，9，12，13，14)， (1，4，5，6，10，11，15，16)]， 
[(2ム6，7，10，13，14，15)，(1，3，4，8，9，11，12，16)]， 
[(1ふ4，8，10，13，14，15)，(2ム6，7，9，11，12，16)]，
[(1ふ6，7，9，11，14，15)，(2，4，5，8，10，12，13，16)]， 
[(2，4，5，8，9，11，14，15)， (1，3，6，7，10，12，13，16)]， 
[(1，2，4，7，9，10，12，15)， (3ム6，8，11，13，14，16)]，
[(3ム6，8，9，10，12，15)，(1，2，4，7，11，13，14，16)]. 
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This is constructed by use of Theorem 1 and Corollary 2 of Kageyama， Baner・
jee and Verma (1989) with an affine resolvable solution， [(0， 1， 2， 4)， (3， 5， 6， 
∞)] mod 7， of a BIB(8， 14， 7， 4， 3) having the incidence matrix N， i.e.， the 
constructed design h回

N8111+M4-N)8[;;l 
with some renumbering of 16 new treatments to suit the present GD associ-
ation scheme from the original scheme 
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Cαse 4: x > 1 and y > 1. In this case we have the design parameters as 
in (6.3.1) and (6.3.2). In general， since 

x(y -1) 
入1= x(y -1) +一一一

s-1 ' 

for given x and y there are a finite number of values of s since入1is an integer. 
Thus all parameters of an a血neresolvable SRGD design are systematically 
expressed in terms of parameters x， y and β. 

Some special cases are taken below. 

Case 4.1: x = 2 and y = 2. In this case入1= 2 + 2/(s -1) which impli回

β=  2，3. When β=  2， we have the parame.ters v = 16， b = 24， r = 12， k = 

8，入1= 4，入2= 6; m = n = 4. This is a design of No. 10 in Table 6.4 and will 
be constructed as in Example 6.3.4. This is the only existing affine resolvablc 
SRGD design for x > 1 and y > 1 as far as the author is aware of. ¥Vhen 
β =  3， we have the parameters v = 36， b = 45， r = 15， k = 12，入1= 3，入2=

5; m = n = 6 a design of which is shown to be nonexistent by Theorem 12.6.2 
in Raghavarao (1988). 

Example 6.3.4. There exists an affine resolvable SRGD design with 
parameters v = 16， b = 24， r = 12， k = 8，入1= 4，入2= 6， q2 = 4; m = n = 4 
whose GD association scheme of 16 treatments is 
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The 24 blocks of 12 resolution sets of 2 blocks each are given by 

[(1，2ム6，9，10，13，14)，(3，4，7，8，11，12，15，16)]， 
[(1，2，5，6，11，12，15，16)， (3，4，7，8，9，10，13，14)]， 
[(1，2，7，8，9，10，15，16)， (3，4，5，6，11，12，13，14)]， 
[(1，2，7，8，11，12，13，14)， (3，4，5，6，9，10，15，16)]， 
[(1，3，5，7，9，11，13，15)， (2，4，6，8，10，12，14，16)]， 
[(1ふ5，7，10，12，14，16)，(2，4，6，8，9，11，13，15)]， 
[(1，3，6，8，9，11，14，16)， (2，4，5，7，1O，12，13，15)]， 
[(1，3，6，8，10，12，13，15)， (2，4，5，7，9，11，14，16)]， 
[(1，4，5，8，9，12，13，16)， (2ふ6，7，10，11，14，15)]，
[(1，4，5，8，10，11;14，15)， (2，3，6，7，9，12，13，16)]， 
[(1，4，6，7，9，12，14，15)， (2，3ム8，10，11，13，16)]，
[(1，4，6，7，10，11，13，16)， (2，3ム8，9，12，14，15)].

This is constructed by trial and error under some manner. 

Cαse 4.2: x = 2 and y = 3. In this c邸 e入1= 4 + 4/(s -1) which impli田
β=  2， 3， 5. When s = 2， we have the parameters v = 24， b = 40， r = 20， k = 

12，入1= 8，入2= 10; m = 4， n = 6 whose affine resolvable solution as a design 

of No. 11 in Table 6.4 is unknown. However， a 5-resolvable solution under 

the usua14 x 6 GD association scheme of 24 treatments can be given by trial 
and error as follows. 

[(1，2，3，7，8，9，13，14，15，19，20，21)， (1，2，4，7，8，10，13，14，16，19，20，22)， 
(1ふ5，7，9，11，13，15，17，19，21，23)，(1，4，6，7，10，12，13，16，18，19，22，24)， 
(1ム6，7，11，12，13，17，18，19，23，24)，(2ふ6，8，9，12，14，15，18，20，21，24)，
(2，4，5，8，10，11，14，16，17，20，22，23)， (2ム6，8，11，12，14，17，18，20，23，24)，
(3，4，5，9，10，11，15，16，17，21，22，23)， (3，4，6，9，10，12，15，16，18，21，22，24)]; 
[(1，2，3，7，8，9，16，17，18，22，23，24)， (1，2，4，7，8，10，15，17，18，21，23，24)， 
(1，3，5，7，9，11，14，16，18，20，22，24)， (1，4，6，7，10，12，14，15，17，20，21，23)， 
(1ム6，7，11，12，14，15，16，20，21，22)，(2，3，6，8，9，12，13，16，17，19，22，23)， 
(2，4，5，8，10，11，13，15，18，19，21，24)， (2ム6，8，11，12，13，15，16，19，21，22)，
(3，4，5，9，10，11，13，14，18，19，20，24)， (3，4，6，9，1O，12，13，14，17，19，20，23)]; 
[(1，丸山0，11，12，13，14，15，22，23，24)，(1ム4，9，11，12，13，14，16，21，23，24)，
(1ふ5，8，10，12，13，15，17，20，22，24)，(1，4，6，8，9，11，13，16，18，20，21，23)， 
(1ム6，8，9，10，13，17，18，20，21，22)，(2，3，6，7，10，11，14，15，18，19，22，23)， 
(2，4，5，7，9，12，14，16，17，19，21，24)， (2ム6，7，9，10，14，17，18，19，21，22)，
(3，4，5，7，8，12，15，16，17，19，20，24)， (3，4，6，7，8，11，15，16，18，19，20，23)]; 
[(1，2，3，10，11，12，16，17，18，19，20，21)， (1，2，4，9，11，12，15，17，18，19，20，22)， 

49 



(1，3，5，8，10，12，14，16，18，19，21，23)， (1，4，6，8，9，11，14，15，17，19，22，24)， 
(1ム6，8，9，10，14，15，16，19，23，24)，(2，3，6，7，10，11，13，16，17，20，21，24)， 
(2，4，5，7，9，12，13，15，18，20，22，23)， (2ム6，7，9，10，13，15，16，20，23，24)，
(3，4，5，7，8，12，13，14，18，21，22，23)， (3，4，6，7，8，11，13，14，17，21，22，24)]， 

where 10 blocks in each square bracket shows a 5-resolution set. Note that 
this is not a伍ne5-resolvable. 

When s = 3， we get the parameters v = 54， b = 72， r = 24(> 20)， k = 

18，ん=6，入2= 8; m = 6， n = 9 whose solution as a design is unknown. 
When s = 5， we obta，In the parameters v = 150， b = 175， r = 35， k = 30，入1=
5，入2= 7; m = 10， n = 15 a design of which is shown to be nonexistent by 
Theorem 12.6.2 in Raghavarao (1988). 

Cαse 4.3: x = 3 and y = 2. In this caseん=3 + 3/(s -1) which 
implies s = 2， 4. Whenβ= 2， we have the parameters v = 24， b = 36， r = 

18，k = 12，入1= 6，入2= 9; m = 6， n = 4 a design of which is shown to be 
nonexistent by Theorem 12.6.2 in Raghavarao (1988). When β=  4， we get 
the parameters v = 96， b = 112， r = 28(> 20)， k = 24(> 20)，.¥1 = 4，入2=
7; m = 12， n = 8 whose solution as a design is unknown. 

Cαse 4.4: x = 3 and y = 3. In this c部 e入1= 6 + 6/(s -1) which 
implies s = 2，3，4， 7. When s = 2， we have the parameters v = 36， b = 

60，r = 30，k = 18，入1= 12，入2= 15; m = n = 6 a design of which is shown 
to be nonexistent by Theorem 12.6.2 in Raghavarao (1988). When β=  3， 
we get the parameters v = 81， b = 108， r = 36， k = 27，入1= 9，入2= 12;m = 

η= 9 whose solution is unknown as a design. Whenβ= 4， we obtain the 
parameters v = 144， b = 176， r = 44， k = 36，.¥1 = 8，入2= l1;m n = 

12 whose solution is unknown as a design. When β=  7， we obtain the 
parameters v = 441， b = 490， r = 70， k = 63，入1= 7，入2= 10; m = n = 21 a 
design of which is shown to be nonexistent by Theorem 12.6.2 in Raghavarao 
(1988). All designs of Case 4.4 have r or k > 20 which are beyond the scope 
in Table 6.4; 

Other cases may have r and/or k > 20. 

The above-mentioned information will be summarized in Table 6.4 of the 
next section. 

6.4. Table of affine resolvable SRGD designs with v :::; 100 and 
r，k:::; 20 
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According to the values of positive integers x and y出 expr悶 edin (6.3.1) 
and (6.3.2)， we now systematically search affine resolvable SRGD designs 
with admissible parameters within the scope of v ~ 100 and r， k ~ 20. In 
fact， there are 42 parameters' combinations， among of which 26 designs are 
existent， 11 designs do not exist， while other 5 cases are unknown for the 
existence. 

In Table 6.4， the admissible parameters of the a伍neresolvablc SRGD de-
signs are listed along with existence information. The designs are numbered 
in the ascending order of m and for the same m in the order of n. Sincc 
ql = 0， the parameter is not listed.“Non-E" means the nonexistence of the 
design. Source 1 has some information on the existence of the corresponding 
affine resolvable SRGD design， while Source 2 shows some information on 
the existence of the corresponding SRGD design when the affine resolvable 
solution does not exist or is unknown. The symbol ? means that the exis-
tence or nonexistence of the corresponding design is unknown. Half of the 
existence is confirmed in Table VI of Clatworthy (1973)， for examplc， SR1， 
etc. By Theorem 12.6.2 of Raghavarao (1988)， it can be seen that affine 
resolvable designs of Nos. 7， 14， 16， 17， 18， 32， 34 and 35 do not exist. The 
nonexistence of <;lesigns of Nos. 17 and 27 also follows from Remark 6.3.1 
smce an a伍neplane of order 6 or 10 does not exist (cf. Lam， Thiel and 
Swiercz， 1989). The nonexistence of designs of Nos. 25 and 38 follows仕om
Corollary 6.3.4. 
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Table 6.4. A血neresolvable SRG D designs 

No. m n U b T k λ1 λ2 q2 Source 1 Source 2 z y 

1 2 2 4 4 2 2 。1 1 SRl 1 1 

2 2 4 8 12 6 4 2 3 2 SR38 1 2 
3 2 6 12 20 10 6 4 5 3 SR71 1 3 
4 2 8 16 28 14 8 6 7 4 Exist 1 4 

5 2 10 20 36 18 10 8 9 5 ? ? 1 5 

6 3 3 9 9 3 3 。1 1 SR23 1 1 

7 3 9 27 36 12 9 3 4 3 Non-E ? 1 3 

8 4 2 8 8 4 4 。2 2 SR36 2 1 

9 4 4 16 16 4 4 。1 1 SR44 1 1 

10 4 4 16 24 12 8 4 6 4 Exist 2 2 

11 4 6 24 40 20 12 8 10 6 ? Exist 2 3 
12 4 16 64 80 20 16 4 5 4 ? ? 1 4 

13 5 5 25 25 5 5 。1 1 SR60 1 1 

14 6 2 12 12 6 6 。3 3 Non-E SR67 3 1 
15 6 3 18 18 6 6 。2 2 SR72 2 1 
16 6 4 24 36 18 12 6 9 6 Non-E ? 3 2 

17 6 6 36 36 6 6 。1 1 Non-E ? 1 1 
18 6 6 36 45 15 12 3 5 4 Non-E ? 2 2 
19 7 7 49 49 7 7 。1 1 SR87 1 1 

20 8 2 16 16 8 8 。4 4 SR92 4 1 

21 8 4 32 32 8 8 。2 2 SR95 2 1 

22 8 8 64 64 8 8 。1 1 SR97 1 1 

23 9 3 27 27 9 9 。3 3 SR102 3 1 

24 9 9 81 81 9 9 。1 1 SRI05 1 1 

25 10 2 20 20 10 10 。5 5 Non-E SR108 5 1 
26 10 5 50 50 10 10 。2 2 Exist 2 1 

27 10 10 100 100 10 10 。1 1 Non-E ? 1 1 

28 12 2 24 24 12 12 。6 6 Exist 6 1 
29 12 3 36 36 12 12 。4 4 Exist 4 1 

30 12 4 48 48 12 12 。3 3 Exist 3 1 

31 12 6 72 72 12 12 。2 2 ? ? 2 1 

32 14 2 28 28 14 14 。7 7 Non-E ? 7 1 

33 14 7 98 98 14 14 。2 2 Exist 2 1 

34 15 3 45 45 15 15 。5 5 Non-E ? 5 1 

35 15 5 75 75 15 15 。3 3 Non-E ? 3 1 

36 16 2 32 32 16 16 。8 8 Exist 8 1 

37 16 4 64 64 16 16 。4 4 Exist 4 1 

38 18 2 36 36 18 18 。9 9 Non-E ? 9 1 

39 18 3 54 54 18 18 。6 6 Exist 6 1 
40 20 2 40 40 20 20 。10 10 Exist 10 1 

41 20 4 80 80 20 20 。5 5 ? ? 5 1 

42 20 5 100 100 20 20 。4 4 Exist 4 1 

6.5. Affineα-resolvable L2 designs 

For the description of an L2 design with v = s2 treatments， having the 
incidence matrix N， see Definition 2.5. Note (ef. Raghavarao， 1988) that 
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NN' has eigenvalues r + (8 -2)入1一(8-1)入2(= 81， say) and r -2入1+入2
(= 82， say) other tl肌 1simple rk with respective multipliciti回 2(8-1) and 
(8 -1)2. 

N ow we consider an affineα-resolvable L2 design with parameters v = 

82，b =βt，r =αt，k，入b入2，ql= k(α-1)/(β-1) and q2 = k2/v. 

By Lemma 6.1， we have the following. 

Theorem 6.5.1. Ifγ+  (8 -2)A1一(8-1)入2>0 and rー 2入1+入2>0， 
then there does not exist an a伍neα-resolvableL2 design for any α~ 1. 

Therefore， by Remark 6.2， other two cases are considered to inv白 tigate
L2 designs with the a白neα-resolvability.

Case6ふ 1:81 =r+(8-2)入1一(8-1)入2= 0 and 82 = r -2入1+入2>O. 

In this case， it is clear that入2>入1・

At first， an integral expression of ql is derived like ql = k +入-r in an 
a血neα-resolvableBIB design and as in Corollaries 6.1.1 and 6.3.1 for affine 
α-resolvable GD designs. 

Corollary 6.5.1. In an affineα-resolvable L2 design of Case 6.5.1， ql = 
k-r+2入1一入2holds. 

Proof. Since 81 = r+ (8 -2)入1一(8ー 1)入2= 0 and 82 = r -2入1+入2>0， 
Theorem 6.3 implies that ql = k(α-1) / (s -1) = k -r + 2入1一入2・ ・

Furthermore， a useful result is remarked. 

Lemma 6.5.1 (Kageyama and Tsuji， 1977). In an L2 design of Case 
6.5.1， k is divisible by 8. 

In the present case the following can be shown. 

Theorem 6.5.2. The parameters of an affineα-resolvable L2 design of 
C出 e6.5.1 are given by 

v = 82
‘

b = s(8ー 1)2 α(8-1)2α8
2 

，-，- -'. r = -，- -'. k = 一一一一-.r 一一一一一 一一s-1 'β-1β  
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んー α(8ー1)(αsーめん一 α(α8
2
+ s -2α8)・ t=乞ニ旦:一ー しー

Aβ(s -1) ，.."β(β-1)β-1  ' 

where α8/ s is an integer. 

Proof. Since eigenvalues of N N' are r + (8 -2)入1一(8-1)入2= 0 and 
r-2入1+入2> 0 with respective multiplicities 2(8 -1) and (8 -1)2， by 
Theorem 6.3 it holds that b -t = (8ー 1)2，iム b= v+tー 28+ 1 which 
also implies that t = (8 -1)2/(β ー 1).Then it follows that v = 82，b = st = 

β(8-1)2/(s-l)，r =αt=α(8-1)2/(β-1)，k = vr/b =α82/β.F¥凶herrr悶 e，
from relations r(k -1) = 71，1入1+η2入2and r + (8 -2)入1一 (8-1)入2= 0， we 
get入1=α(8-1)(8α-β)/[s(β-1)] and入2=α(82α+s-28α)/[β(β-1)].
Also by Lemma 6.5.1， k/8 =α8/ s must be an integer. • 

Thus， all parameters of an affineα-resolvable L2 design of Case 6.5.1 can 
be expressed in terms of 8，αand β. It is clear that these parameters satisfy 
Corollary 6.5.1. 
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For the next section the case of α= 1 will be investigated in detail. For 
an affine resolvable L2 design of Case 6.5.1， t = r and then Theorem 6.5.2 
shows the expression of design parameters回

s(8 -1)2 __ (8 -1)2 7_ 82 ¥ (8 -1)(8 -s) 
= s~.b = 一一一一一-.r= 一一一一~.k = =-:-. A， ¥- -1¥- r I 

'β-1β-1  'β， r.~β(β- 1) ， 

d+s-2S 8
2 k 

入2 /11/1 1 ¥ ，ql = 0， q2 =τ一=ーβ(β-1) ，'U ~''1'' s2' S β 

Then there exists a positive integer f. such that 

8 = f.s 

which implies that 

β(fs -1)2 (f.s -1)2 
U =(m)2，b = F-1 'T=す士了，k=f.

2
s， (6.5.1) 

(f. -1)2 ¥ f.2s+lー 2f. 1J2 
入1= f.(f. -1) +一一一入2= n P 

β-1 'β_  1 ''1'' 
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Thus all parameters of an affine resolvable L2 design of Case 6.5.1 are ex-
pressed in terms of f and β. In particular， the above expression of入1means 
that for given f， we have a finite number of s since入1in (6.5.2) is an integer. 
For example， some f are investigated. 

(i) f = 1:ん=0 and then we haye the design parameters出 v=β2，b= 
s(s-1)，r = s-1，k = s，Al = 0，入2= 1. The existing LS36組 dLS61 in 
Table XII of Clatworthy (1973) belong to this case. Note (Raghavarao， 1988; 
Theorem 8.10.1) that there exists an L2 design， whose solution may not be 
a伍neresolvable， with the above parameters for any s of a prime or a prime 
power. However， the following can be further ob七ained.

Theorem 6.5.3. The existence of an affine resolvable symmetric SRGD 
design with parameters 

v=b=η2，T=k =n，入1= 0，入2= 1， ql = 0， q2 = 1; m = n 

is equivalent to the existence of an affine resolvable L2 design of Case 6.5.1 
with parameters 

♂ =η2，b* = n(n -l)，r* =η-l，k* = n，入;=O，入;= 1， q~ = 0， q; = 1. 

Proof. In the first resolution set of the given affine resolvable SRGD 
design， without loss of generality， we can put the incidence structure， by 
suitable permutations on rows for each of n groups of n treatments， as follows: 

ln 0In' 

where the GD association scheme is 

l 

n+1 
2 

n+2 
n 

2n 

(n -l)n + 1 (nー l)n+2 ・・・ η2 

(6.5.3) 

Now， by deleting the first resolution set ln 0In of n blocks fromもheoriginal 
a血neresolvable SRGD design， it can be seen that the remaining structure 
forms an affine resolvable L2 design of Case 6.5.1 with parameters が =v=
η2，V=b-n =η(nー 1)，r* = r -1 = n -1， k* = k = n，入;=入1or入2ー 1，
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入;=入2，whose association scheme is the same出 in(6.5.3) by following 
Definition 2.5. The converse process is obvious. _ 

We should know the existence of the SRGD design in Theorem 6.5.3槌

described in Theorem 6.3.2 and Remark 6.3.1. Four designs of Nos. 1， 6， 7 
and 8 in Table 6.6.1 are provided by Theorem 6.5.3 with n = 3，7，8 and 9， 

respectively. When n = 4 and 5， the designs are available as LS36 and LS61. 

(ii) f = 2:入1= 2 + l/(s -1) which yields β =  2. Hence we have the 
parameters as v = 16， b = 18， r = 9， k = 8，ん=3，入2= 5 whose solution is 
known加 LS100in Table XII of Clatworthy (1973). 

(iii) f = 3:入1= 6 + 4/(s -1) which yieldsβ= 2，3，5. When β =  2， 

we have v = 36，b = 50，r = 25，k = 18，入1= 10，入2= 13. When s = 3， we 
have v = 81，b = 96，r = 32，k = 27，入1= 8，入2= 22. When s = 5， we have 
v = 225， b = 245， r = 49， k = 45，入1= 7，入2= 10. All have r and/ or k > 20 
which are beyond the scope in Table 6.6.1. 

(iv) f三4:Since r， k > 30， the parameters are not described here. 

Case 6.5ふ 01= r + (s -2)入1一(s-1)入2> 0 and O2 = rー 2入1+λ2= O. 

In this case， it is clear that A1 >入2・

At first， an integral expression of ql is derived like ql = k+入-rin an affine 
α-resolvable BIB design and as in Corollary 6.5.1 for an a血neα-resolvable
L2 design of Case 6.5.1. 

Corollary 6.5.2. In an affineα-resolvable L2 design of C加 e6.5.2， ql = 

k-r一 (s-2)入1+ (s -1)入2holds. 

Proof. Since 01 = r+ (s -2)入1一(s-1)入2> 0 and O2 = rー 2入1+入2= 0， 

Theorem 6.3 implies the required expression. _ 

Furthermore， the same result加 inCorollary 6.5.1 is remarked in this 
case as follows. 

Lemma 6.5.2 (Kage)叩 laand Ts吋i，1977). In an L2 design of Case 
6.5.2， k is divisible by s. 
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In this case the following is also seen. 

Theorem 6.5.4. The parameters of an a伍neα-resolvableL2 design of 
Case 6.5.2 are given by 

v = 82，b = ~β(8 -1) 2α(8 -1)α8
2 

= 8;f..b=一一一一一一 = ---，- _ -~ . k =一一-s-l ，. s-l ，.. s' 

入1 α(α8+β8 -2s) ヮ 2α(αs-F) t-笠三二1)
1 = 入ヮ一 一
Aβ(s -1) ，.... s(β-1) ， β-1 ' 

whereα8/βis an integer. 

Proof. Since eigenvalues of N N' are r + (8ー 2)入1一 (8-1)入2> 0 and 
r-2入1+ん=0 with respective multiplicities 2(8ー 1)and (8 -1)2， by 
Theorem 6.3 it holds that b -t = 2(8 -1)， i.e.， t = 2(8 -1)/(β-1). Then 
it follows that v = 82， b = st = 2s(8 -l)/(s -1)， r =αt=2α(8 -1)/(β-
1)， k = vr/b =α82/s. Furthermore， from relations r(k -1) = nlAl + n2入2
and r -2入1+入2= 0， we obtain入1=α(8α+8β-2β)/[β(β-1)] and 
入2=2α(8α-β)/[s(β-1)]. Also by Lemma 6.5.2， k/8 =α8/βmust be an 
integer. _ 

Thus， all parameters of an affineα-resolvable L2 design of Case 6.5.2 can 
be expressed in terms of 8，αand β. It is clear that these parameters satisfy 
Corollary 6.5.2. 

Note that 

ql=szh;L and q2 = (手)2

For the next section the case of α= 1 will be investigated in detail. For 
an affine resolvable L2 design of Case 6.5.2， t = r and then Theorem 6.5.4 
shows the design parameters出

2 L 2s(8ー 1)__ 2(8 -1) L 82 ¥8  -2)s+8 
b=一一一一一一 γ=一一一一一，k=一入 = -1β-1β，/¥1β(β-1) ， 

入22(s-F)n S2k S 
=一一一一一一，ql= 0， q2 =一一一=ーβ(β_ 1)' ':U β2' S s 
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Then there exists a positive integer f. such that 

s = f.s 

which implies that 

2β(f.β-1) __ 2(f.s -1) 
り=(f.s)2，b= β-11=-FT，hpp， 

2(f. -1) ¥ 2(f. -1) 号

入1 =f.+一一一一一，入空=一一一一一，仇Aβ-1 ，..~ s -1 'ï~ 

(6.5.4) 

(6.5.5) 

Thus all parameters of affine resolvable L2 design of Case 6.5.2 are expr回 sed
in terms of f. and s. In particular， the above expression of入lor入2in (6.5.5) 
means that for given f.， we have a finite number of s. For example， some ( 
are investigated. 

(i) f. = 1: The design of this case always exists for any β回 thefollowing 
shows. 

Theorem 6.5.5. There exists an a伍neresolvable L2 design of Case 6.5.2 
with parameters 

v = s2， b = 2s， r = 2， k =β，入1= 1，入2= 0， ql = 0， q2 = 1. 

Proof. It follows that the present design can be provided by the incidcncc 
matrix邸

[1，β@1β:1β @Is]. 

Here the部 sociationscheme is given by the β×βarray回

s+1 
2 

β+2 

(β-1)β+ 1 (β -l)s + 2 

which is the same structure出 in(6.5.3). 

β 

2β 

s2 

• When β= 2， a design of No. 10 in Table 6.6.2 is provided. The e対sting
L87， L828， L851， L874， L884， L8102， L8119 and L8137 in Table XII of 
Clatworthy (1973) belong to this case. 
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(ii) f = 2:入1= 2 + 2/(s -1) which yieldsβ= 2，3. When s = 2， 
we have v 16， b 12， r = 6， k = 8，入1= 4，入2 2 a desigll of which 
exists回 LS98in Table XII of Clatworthy (1973). When β=  3， we have 
v = 36， b = 15， r = 5， k = 12，入1= 3，入2= 1 a design of which do田 notexist 
by Theorem 12.6.6 of Raghavarao (1988). 

(iii) f = 3:入1= 3 + 4/(s -1) which yieldsβ= 2，3，5. When s = 2， 
we have v = 36， b = 20， r = 10， k = 18，入1= 7，入2= 4 whose solution is 
unknown. When s = 3， we have v = 81， b = 24， r = 8， k = 27， A1 = 5，入2= 2. 
When β= 5， we have v = 225， b = 35， r = 7， k = 45，入1= 4，入2= 1. The last 
two designs have k > 20 which are beyond the scope of Table 6.6.2. 

(iv) f三4:Since r and/or k > 30， the parameters are not described here. 

6.6. Tables of affine resolvable L2 designs with v ::; 100 and r， k ::; 20 

According to the values of positive integers f in (6.5.1)， (6.5.2)， (6.5.4) 
and (6.5.5)， we now systematically search a田neresolvable L2 designs， of two 
C槌 es，with admissible parameters within the scope of v ::; 100 and r， k ::; 20. 
In fact， there are 21 parameters' combinations， among of which 17 designs 
are existent， 3 designs do not exist， while only one case is unknown for thc 
existence. 

In Tables 6.6.1 and 6.6.2， the admissible parameters of the affine resolv-
able L2 designs are listed along with existence information. The designs are 
numbered in the出 cendingorder of v and for the same v in the order of b. 
Since ql = 0， the parameter is not listed.“Nori-E" means the nonexistence 
of the design. Most of the existence is confirmed in Table VII of Clatworthy 
(1973)， for example， LS36， etc. Source has some information on the exiシ
tence of the corresponding a伍neresolvable L2 design (cf. Clatworthy， 1973). 
Comment shows theorems on the construction. The existence of designs of 
Nos. 1， 6， 7 and 8 is newly shown by Theorem 6.5.3. It is also shown by 
Theorems 12.6.5 and 12.6.6 of Raghavarao (1988) that two designs of Nos. 
5 and 16 do not exist. The nonexistence of a design of No. 9 is shown by 
Theorem 6.5.3 with Remark 6.3.1. A design of No. 10 is newly listed by 
Theorem 6.5.5. 
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Table 6.6.1. Affine resolvable L2 designs with r + (sー 2)入1一(sー 1)ん=0

No. U b T k 入1 入2 q2 Source Comment 
1 9 6 2 3 。1 1 Exist Theorem 6.5.3 
2 16 12 3 4 。1 1 LS36 Theorem 6.5.3 
3 16 18 9 8 3 5 4 LS100 
4 25 20 4 5 。l 1 LS61 Theorem 6.5.3 
5 36 30 5 6 O 1 1 Non-E 
6 49 42 6 7 。1 1 Exist Theorem 6.5.3 
7 64 56 7 8 。1 1 Exist Theorem 6.5.3 
8 81 72 8 9 。1 1 Exist Theorem 6.5.31 
9 100 90 9 10 。1 1 Non-E 

Table 6.6.2. A伍neresolvable L2 designs with rー 2.-¥1+入2=0

No. U b T k 入1 入2 q2 Source Comment 

10 4 4 2 2 1 。1 Exist Theorem 6.5.5 
11 9 6 2 3 1 。1 LS7 Theorem 6.5.5 
12 16 8 2 4 1 。1 LS28 Theorem 6.5.5 
13 16 12 6 8 4 2 4 LS98 
14 25 10 2 5 1 。1 LS51 Theorem 6.5.5 
15 36 12 2 6 1 O 1 LS74 Theorem 6.5.5 
16 36 15 5 12 3 1 4 Non-E 
17 36 20 10 18 7 4 9 ? 

18 49 14 2 7 1 。1 LS84 Theorem 6.5.5 
19 64 16 2 8 1 。1 LS102 Theorem 6.5.5 
20 81 18 2 9 1 。1 LS119 Theorem 6.5.5 
21 100 20 2 10 1 。1 LS137 Theorem 6.5.5 
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7. Bounds in affine resolvable PBIB designs 

A simple comparison between the number of treatments v and the number 
of blocks b will be made. As melltioned in 8ectioll 2， Fisher's inequality b三u
holds for a BIB design， but it is not always valid in a PBIB design. 

The following results are well known (cf. Raghavarao， 1988): (i) In a 
regular G D design b三vholds. (ii) In an 8GD design with v = mn， b三m
holds. (iii) In an 8RGD design with v = mn， bとU一 (m-1) holds. (iv) In 
an L2 design with v = 82， (}1 = r+ (8 -2)入1一(8-1)入2and (}2 = r -2入1+入2，
(iv・1)when (}1 > 0 and O2 > 0， bとvholds， (iv-2) when 01 > 0 and O2 = 0， 
b三Uー (8-1)2holds， and (iv・3)when 01 = 0 and O2 > 0， b三V-2(8-1)holds. 
Thus， for the incidence matrix N of a block design， if one of eigenvalues of 
N N' is zero， then an inequality b 主vmay not hold in general. Through 
the property of a血neresolvability， this inequality will be examined出 in
Theorem 7.1. 

By Theorem 6.3， we can see some relations on v and b through other 
parameters in an a血neα-resolvable2・associatePBIB design. Even so， a 
property of the affine resolvability shows the following錨 asimple comparison 
between v and b only. 

Theorem 7.1. In affine resolvable PBIB designs， it holds that 

(1) for an 8GD design， b < v; 

(2) for an 8RGD design， b三u;

(3) for an L2 design with 01 > 0 and O2 = 0， b < v. 

Proof. (1) It follows that b = r + m -1 = (mー 1)j(s-1)+m-1= [1+ 
1/(β-1)](m-1) < 2(m-1)三n(mー 1)< nm = '0. (2) 8ince入1= r-k三0，
Tとkand hence b =βTとβk= v. (3) 8ince b = v -1ー (8-1)2 + r， 
v -b = 82 -28 + 2 -2(8 -1)/(β-1) = 82 -2(8 -1)[1 + 1/(β ー 1)]> 
82 -4(8 -1) = (8 -2)2三O. 圃

Note that (2) in Theorem 7.1 is interesting in the sense that one of eigen-
values is zero and further the Fisher inequality holds. Also note that in an 
affine resolvable L2 design with 01 = 0 and O2 > 0， two cases b < v or b > v 
hold. Both such examples exist. For example， see the existing L851， L861 
and L8100 in Table XII of Clatworthy (1973). 
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The argument made in this section is motivated by the discussion given 
in Sections 3， 4 and 5. 
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Conclusions 

We show the usefulness of number-theoretic approach to investigate com-
binatorial structure of a伍neα-resolvableBIB or PBIB designs. In particular， 
much fruitful contribution is made for 2・associatePBIB designs. Usually， this 
kind of approach may not yield much results in design theory. However，回

far as a property ofthe affine a-resolvability is concerned， the approach is 
powerful. Of course， this does not solve the problem completely. We may 
require other combinatorial consideration. For example， some new direct 
constructions of a伍neα-resolvableblock designs should be devised. Finding 
a recursive method of construction may not be easy for the a伍neα-resolvable
block designs， especially for PBIB designs. 

If we restrict ourselves toα= 1， i.e.， affine resolvability， then we could get 
more concise results on existence. Within the practical range of parameters 
in 2・associatePBIB designs， it reveals that there are not many such designs 
as in tables given in Sections 6.2， 6.4 and 6.6. In fact， we cannot find many 
new series of such PBIB designs other than ones in Theorems 6.3.2， 6.3.3， 
6.3.4 and 6.5.5， except for designs constructed by use of the result that the 
complement of an affine resolvable block design is an a血nea-resolvable block 
design for some α. Theorems 6.3.4 and 6.5.3 have some potential to produce 
manya伍neresolvable designs. 

As a practical investigation (i.e.， v三100and r，k ~ 20) of a伍neresolv-
able SGD， SRGD， L2' triangular and cyclic designs， only six designs are left 
unknown (iιfive SRGD designs， one L2 design). 
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