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ABSTRACT. Some roles in the global dynamics of so called stable and unstable sets will
be given for semilinear heat equations and semilinear wave equations with dissipative
terms.

1. Introduction

Let 2 = RN be a bounded domain with smooth boundary 02. We are
concerned with the following two mixed problems:

(1.1) u — Au = |ulp_1u, xe,t>0,

(1.2) . u(0, x) = up(x), xX€EQ,

(L.3) u(t,x)|;o =0 for t >0,

and

(1.4) Uy — Au + Su, = |u|P ', xe,t>0,
(1.5) u(0,x) = up(x), (0, x) = uy(x), x€Q,
(1.6) u(t,x)|;p =0  for t>0.

Here p>1, 6 >0 and 4 is the Laplacian in RY,

For these problems, many authors investigated their dynamics. In par-
ticular, since Sattinger [21] has constructed so called stable set in 1968, the
method of stable set (potential well) was used in order to construct global
solutions (Ebihara et al. [3], Ikehata [9], Ishii [11], Lions [14], Nakao et al.
[16], Otani [17] and Tsutsumi [22, 23] e.g.). Furthermore, with respect to the
blowing-up properties, there is a work of Payne et al. [19]. Namely, roughly
speaking, if initial data 4y belongs to so called unstable set, then the associated
weak solution blows up in a finite time. Of related interest is the works of
Ikehata et al. [10], Ishii [11] and Otani [17, 18].
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Now the first purpose of this paper is to characterize those stable and
unstable sets by the asymptotic behaviour of solutions to the problems (1.1)-
(1.3), adopting the arguments of Dynamical System (see Henry [7]). Our
method may be topological in this sense. The second purpose of this paper is
to consider the same problems for (1.4)—(1.6). In particular, we can charac-
terize stable set of the equation (1.4) by the asymptotic behaviour of solutions
as t — oo and give sufficient conditions of initial data in order to blow up in
finite time by the energy method. Although the method is different from that
for heat equation (1.1), we will be able to say that the wave equation (1.4) with
d >0 has a similar property to (1.1). However, unfortunately we can not
characterize unstable set right now because of lack of ‘smoothing effect’ in
(1.4).

The contents of this paper are as follows. In section 2 we prepare several
facts on the local existence of solutions to (1.1)—(1.3) or (1.4)-(1.6) and basic
results of stable and unstable sets. In section 3 we state the main results
(Theorem 3.1) to the problem (1.1)-(1.3). In section 4 we assert the main
theorems to the problem (1.4)-(1.6) (Theorems 4.1 and 4.2). Section 5 is
devoted to the proof of Theorem 4.1 and in section 6 we prove Theorem 4.2.

After our work has been completed, we are noticed that Kawanago [12]
studied the dynamics of the Cauchy problem of (1.1) in RY with |u|? ~1u replaced
by uP. This is closely related to our study, as he investigated the set K,
introduced by Lions [15], of initial values for the existence of global solution,
in detail. In addition, the use of an argument of Giga [4] is in the same way
as ours.

2. Preliminaries

Throughout this paper the functions considered are all real valued and
the notations for their norms are adopted as usual ones (e.g., Lions [14]).
Furthermore, 2 = RN is a bounded domain with smooth boundary 4Q.

We shall describe some lemmas.

2
LEMMA 2.1 (SOBOLEV-POINCARE). If 2<qg< —N—, then

N-2
llully < C(2, @)Vl

for ue H{(Q), where ||ull, means the usual LI(Q)-norm.

The next two local existence theorems are given by Hoshino et al. [8]
and Haraux [6], respectively. In particular, Theorem 2.3 is easily proved by
using Banach’s fixed point theorem.

N+2

THEOREM 2.2 (HEAT EQUATION). Assume either 1 <p < ) (N=3)or
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l<p<+ow (N=1,2). Then for any up € H\(S), there exists a real number
Ts > 0 such that the problem (1.1)—(1.3) has a unique local solution u € C([0, Tp,);
HM(Q))NCY((0, T,n); L2(R)). Furthermore, u becomes a classical solution of
(1.1)—(1.3) for t > 0 and if T,x < +00, then

lm ([Vu(t, Ml = +oo and  lim flu(t, )|,

THEOREM 2.3 (WAVE EQUATION). Let 8 >0 and suppose either 1 <p <
N
N-2
u; € L*(Q), there exists a real number T,, > O such that the problem (1.4)—(1.6)
admits a unique local weak solution u(t,x) which belongs to the class:

(N=3) or 1<p<+ow (N=1,2). Then for any upe H{(Q) and

C([0, T); Hy(2)) N CY([0, Tn); L*(2)) N C*([0, T); H(2)),
and if T, < +c0, then

tim [|[Va(t, )l + flue(t, )] = +o0

Now we define some functionals as follows:

1 1
(21) Jw) = F1Vuly - lullly for ue Hy(@),
(22) I(w) = [Vullz - ulf5y  for ue Hy(9).

And also we define so called ‘Nehari manifold’ and ‘potential depth’, respec-
tively as follows (see Payne et al. [19]):

N ={ue H\(2); I(u) = 0,u # 0},

(2.3)
d= im"{sup J(Au);u e Hy(Q),u # 0}.
ix0

Then with the aid of Lemma 2.1, we have (see Ikehata et al. [10] and Payne et
al. [19])

(2.4) 0<d= uig/fv J(u).
Furthermore, if we set:
E = {ue H)(Q); —du = |u|"u,ul,o = 0},
E* = {ue E;J(u) =d},
then we have (see Payne et al. [19])
E*={ueA;J(u) =d} +# ¢.
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Now let us define so called stable set W* and unstable set V* (see Sattinger
[21], Payne et al. [19]):

(2.5) W* = {ue H\(Q); J(u) < d,I(u) > 0}U {0},
(2.6) V* ={ue H}(Q);J(u) < d,I(u) < 0}.
Then we have

LEMMA 2.4,

(1) W* is a bounded neighbourhood of 0 in H}(Q),

(2 0¢V,

(3) wW'nv*=E*,

(4 E*c .

Here U means the closure of U in H}(Q).

ProoF. For (1), see Lions [14, p. 31]. Let us show (2). Suppose O e V.
Then there exists a sequence {v,} < V* such that v, — 0 as n — oo in H}(Q).
(1) means that if n is sufficiently large, then v, € W*. These contradict to the
fact W*NV* =¢. Since (4) is trivial, we finally prove (3). Indeed, if ve W' N
V", then I(u) = 0 and J(u) < d. Further, (2) implies v # 0. Therefore, we get
ve N, J(v) <d. Noting (2.4), we obtain ve E*. Conversely, if v € E*, then
we have J(u) =d and I(u) =0 with v #0. This implies ve W NV*. W

Finally, we shall prepare energy identities associated with the problems
(1.1)—(1.3) and (1.4)-(1.6), respectively:

LEmMMA 2.5 (HEAT EQUATION). Let u(t,x) be a local solution to (1.1)-(1.3)
on [0, T,,) with initial data ug € H)(Q). Then

It ) + [ s, NEds = ) on [0,Ty).

LEMMA 2.6 (WAVE EQUATION). Let & > 0 and let u(t, x) be a local solution
o (1.4)-(1.6) on [0, T,,) with initial data uye HA(R) and uy € L*(Q). Then

t
E(u(t’ Ysu(t,-)) +0 JO llae(s, )”§ ds = E(ug,u) on [0, T),
where E(u,v) = %||v||§ +J(u) is a Liapnov functional corresponding to the

equation (1.4).

3. Heat equation and stable-unstable set

Throughout this section, we shall concentrate our interest on an analysis
of the problem (1.1)—(1.3). Of course, we assume the unique local existence
Theorem 2.2. Then our results read as follows:
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THEOREM 3.1. Let u(t,x) be a local solution to the problem (1.1)—(1.3) on
[0, T,,) with initial data uyge H}(Q). Then there exists a real number toe
[0, T;y) such that u(to,-) € W* if and only if T,, = +c0 and lim,_,, |Vu(t,-)|, = 0.

THEOREM 3.2. Suppose that either up >0 or Q is a convex set. Let
u(t,x) be a local solution to the problem (1.1)—(1.3) on [0, T,,) with initial data
up € HY (). Then there is a real number to € [0, T,,) such that u(to,") € V* if
and only if T, < 0.

REMARK 3.3. It has been known that if upe W*, then T, =+oco and
u(t,) > 0 in HY(Q) as t > o0 or if uge V*, then T, < +o0 (see Ishii [11],
Otani [17], Payne et al. [19] and Tsutsumi [22]). However, all of their results
depend on the energy method differently from ours.

To prove Theorems 3.1-3.2, we need some lemmas.

When T, = +00, we can define so called w-limit set w(up) associated with
(1.1)-(1.3) as follows: Let u(t,x) be a global solution to (1.1)~(1.3) with T, =
+c0 in Theorem 2.2. Then

o(up) = {u e H}(Q);there is a sequence {t,} with t, — o0 asn — oo
such that u(ty,-) — u in Hj(2)}.

The following proposition will be given by Henry [7]:

ProrositioN 3.4. Suppose T, = +oo in Theorem 2.2. Then
(1) (ug) # ¢ is compact in HA(Q),
(2) w(ug) is connected in H}(),
(3) (uo) = E,
(4y dist(u(t,-), o{up)) — 0 as t — +oo.
Here dist(u, w(ug)) means the distance from u to w(uo).

Next we can prove the following lemma in the same way as in Tsutsumi
[22].

LeEMMA 3.5. Let u(t,-) be a local solution to (1.1)—(1.3) on [0, T;,) and let
S(t) be a ‘dynamical system’ corresponding to the problem (1.1)-(1.3), i.e., S(t) is
a mapping ug — u(t,-). Then

SOW* «c W* and  S@E)V*<V* on [0,Tn).

Now we are in a position to prove Theorems 3.1-3.2.

Proor oF THEOREM 3.1. First we shall prove Theorem 3.1. Suppose
that there is a real number ty € [0, T,,) such that u(ty, ) € W*. Then Lemma
3.5 means u(t,-) € W* for all t € [ty, T;,). Therefore, by (1) of Lemma 2.4 there
exists M > 0 such that ||Vu(t,-)||, < M which implies T,, = +o0 in Theorem
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2.2. And also, it follows from Proposition 3.4 that w(ug) # ¢ is connected
and w(up) < E.

To begin with, assume 0 ¢ w(up). Then there are @ € w(up) with w #0
and a sequence {t,} with ¢, —» o0 such that u(ty,) > in H}(Q).
Futher, for sufficient large n we also have u(t,,-)e W*. So we obtain
o € w(up) N W". On the other hand, since  # 0, we get ® € w(up) = E\{0} =
A. This implies @ € #NW". Thus, we obtain I(w) =0 and J(w) <d. It
follows from the definition of d (see (2.4)) that

(3.1) J(w) =d.

Moreover, since u(ty,-) € W*, it follows from Lemma 2.5 that
J(u(tn,-)) < J(u(to,-)) < d

for sufficiently large n. Letting n — oo above, we get

(3.2) J(0) < J(u(t, ) < d,

which contradicts to (3.1). So it must hold 0 e w(uo).

Next let B # ¢ be a subset of H}() such that w(ug) = {0}UB. Then B
must be closed in H}(2). In fact, let b, € B be a sequence such that b, — b
in H}(Q) for some be H}(2). (1) of Proposition 3.4 means b € w(up). Sup-
pose b =0. Then we obtain from (1) of Lemma 2.4 that b, € W* for n large
enough. On the other hand, since b, # 0, it follows from (3) of proposition
3.4 that b,e EO} = A. So we get b,e W*N A =¢ for n large enough.
This is a contradiction. Thus, b # 0. This implies b€ B, ie., B is closed.
Finally, it follows from (2) and (4) of Proposition 3.4 that B = ¢, w(ug) = {0}
and u(t,-) — 0 in HY(Q).

Conversely, if T, =+oc0 and lim, . ||Vu(t,-)|, =0, then from (1) of
Lemma 2.4 that there is a number £ € [0, 00) such that u(ty,-) e W*. N

Proor oF THEOREM 3.2. Second we shall prove Theorem 3.2. Since the
proof of ‘if” part of Theorem 3.2 is almost the same as that of Theorem 3.1, we
will state only the outline of proof.

Assume that there exists a real number tp € [0, T},,) such that u(ty, ) € V*.
Then we have from Lemma 3.5 that u(t,-) e V* for all te(ty, Trs). In the
following, we suppose Ty, = +oo (see Otani [17]). By using V* instead of W*
in the proof of Theorem 3.1, first of all we get w(up) = {0} and u(z,-) — 0 in
H}(®). From (1) of Lemma 2.4 we obtain that u(t,-) € W* for t large enough.
Therefore, we get u(t,-) e W*N V* for sufficiently large ¢ > t, which contradicts-
to W*NV*=¢. So we get T,, < 0.

Conversely, suppose T, < +co. It follows from Lemma 2.5 that

-+ 1)Juo) = (p+ DI(u(t,)) = L5 7, V1B + L(u(s, ).
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Since lim¢y, |IVu(t,-)||, = +oo, the above inequality gives

(3.3) tl%ITI,l,. I(u{t,")) = —oco0.

Furthermore, since we also get lim7, ||u(t,-)||, = +00, when the initial data
satisfies up > 0, it follows from the results of Giga [4] that

(3.4) Jim J(u(t, ")) = —co.

(3.3) and (3.4) imply that there is a number ¢ € [0, T5,) such that u(ty,-) € V*.

Next, we shall rely on the results of Giga-Kohn [5] in order to prove
(3.4) when Q is convex. Indeed, if T, < +co, then there exists a “blowup
point” a e 2 such that

o(t,y) = (Tn = DPu(t,a+ (T = 07y) > £ 8 as ¢ T,

1 . .
1 and the convergence is uniform on every compact subset of

where f =

1
RN, If we set szlogT

m—

" and w(s,y) =1o(t,y), then w(s,y) satisfies
1
Ws —Aw+§y-Vw+/3w = |wPlw
1 . . -
on (log T—,+oo) x Qs with Q= exp(%) (2+ {—a}). Here, it is known that
m

w(s,y) — +p# as s — 40 so that Vw — 0 and w; — 0 as s — 400, where the
convergence is uniform on every compact subset of RY. Under the above
preliminaries, we can calculate as follows:

K() = ” (2, %) 2dx dt

t JQ
log (1/Tm—1) N

=J exp{<2ﬂ+1——>s}ds-[
1og (1/Tw—11) 2 2,

where a =28+ 1 _N > 0 by the conditions of p. So there is a real number
R > 0 such that

2

1
Pw t+ws +5y-Vw| dy,

2
dy.

log(1/Tm—t) 1
Bw 4+ ws + Ey -Vw

K({) = J €xp (zxs)dsJ

log(1/Tw—t;)

On the other hand, by letting s — oo(t 1 T,,), it follows that for any & > O there
is a number sp > 0 such that if 59 <s, then

J |yl<R

Iyl<R

1 2
ﬂw+5y-Vw+ws dy > /32(”+1)|BR| —&,
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where |Bg| is a volume of the set {ye R¥;|y| < R}. Thus, there exist a
constant Co > 0 and an another number so > 0 such that if sy <s, then

J|y|<R

Let to = T,, — exp(—sp). Then for all ¢ € [ty, T;n) we get from Lemma 2.5 that

1 2
pw+-y -Vw+wy| dy> Cy.

2

t
Ju(t)) = J(u(to)) - j jﬂ P de
0
log (1/Tm—t)
< J(u(to)) — co Jl ) exp (as)ds
og m—i0
Co 1 C 1

= J(u(t0)) +

& (Tp—10)* o (Tn—0)°*
Letting t T T,,, we get

tl%rTr: J(u(t)) = — 0.

Taking (3.3) into consideration, we obtain the converse statement of Theorem
32. 1

COROLLARY 3.6. Suppose that either ug >0 or Q is a convex set. Let
u(t,x) be as in Theorems 3.1-3.2. Then the followings are equivalent each
other:

(1) T =400 and 0¢ w(up),

(2) J(u(t,")) =d for all te0, T,),

(3) wu(t,)¢ W*UV* for all te(0,Ty,).

Proor. First it is easy to show that (2) is equivalent to (3). Next let us
prove the equivalence of (1) with (2).

Suppose (1). If there is a number ¢, € [0,+00) such that J(u(t,-)) < d,
then one of the following three cases hold:

() I(u(to,)) >0, (i) I(u(to,)) <0, (i) I(u(to,")) = 0.

If (i) is true, since u(to,-)) € W*, it follows from Theorem 3.1 that 0 e w(uo).
This contradicts to the hypothesis. If (ii) is right, then we get u{ty,-) e V*
which implies T,, < +o0 by Theorem 3.2. This is also a contradiction.
Finally assume (iii). If u(t,-) # 0, then u(ty,-) € & and J(u(to,-)) < d. This
contradicts to (2.4). So we get u(tp,-) = 0 and therefore J(u(to,-)) =0. From
the monotonicity of the mapping ¢t — J(u(t,-)) (see Lemma 2.5) we have 0 >
J(u(t,-)) for all t > t9. On the other hand, we can easily see that if T,, = +o0,
then J(u(t,-)) =0 for all ¢te[0,4+00). Thus, we obtain J(u(t,-)) =0 for all
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t € [to,+00). Because of Lemma 2.5 with 0 replaced by t;, we have |ju.(t,-)|, =
0 for all te[tg,+o0). Since u(ty,-) =0, this implies u(t,-)=0 for all
t€[to,+00). This also contradicts to the hypothesis 0 ¢ w(u).

Conversely, suppose T,, < +oo even if J(u(t,-)) >d for all te [0, T,).
Since it follows from Theorem 3.2 that u(ty,-) € V*, this contradicts to hy-
pothesis. So we have T,, = +oco. Finally if 0 € w(up), then from (2) of Prop-
osition 3.4 we can prove w(up) = {0}. This implies lim,_,, J(u(t,-)) = 0 which
contradicts to the assumptions. W

REMARK 3.7. Owing to the ‘smoothing effect’ of the equation (1.1), we can
apply the theory of Giga [4] in order to prove ‘only if’ part of Theorem
3.2. Therefore, it may be difficult to apply the argument directly to the problem
(1.4)-(1.6). The fact that the global solutions have their values J bounded is
first proved by Otani [17].

4. Wave equation and stable-unstable set

In this section we treat the problem (1.4)-(1.6). To begin with, we shall
introduce “modified” unstable set depending on 6 > 0 as follows (see (2.6)):
Suppose

(4.1) 0<é<min{p+3,(p—-1)C(2,2)7%).
Then we define
(4.2) Vy = {ue HY{R);J(u) < ds,1(u) < 0},

5C(2,2)*

where ds = d(l - ) Note that Vy = V*. Then we obtain the fol-

lowing two main Theorems by using Theorem 2.3 with regard to the existence
of local solutions.

THEOREM 4.1. Let 6 > 0 and let u(t,x) be a local solution to the problem
(1.4)-(1.6) on [0, T,,) with initial data ug € H}(Q) and uy e L*(Q). Then there
exists a real number ty € [0, T,,) such that u(ty,-) € W* and E(u(to, -), u:(t0,-)) < d
if and only if T, = 400 and lim, .o ||Vu(t,-)||; = lim ., ||u(t, -)|[, = 0.

THEOREM 4.2 (BLOWING-UP). Let ¢ satisfy (4.1) and suppose that u(t,x) be
a local solution to (1.4)-(1.6) on [0,T,) with initial data uge HY(Q) and
uy € L2(Q). If there is a real number to € [0, T,) such that u(ty,-) € Vy and
E(u(to, ), u(to, ")) < ds, then T, < +oc0.

REMARK 4.3. In proving Theorem 4.1, we shall get the decay estimates of
IVu(t, )|, or ||ut,-)|l, as t = co simultaneously. This part is closely related
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to the recent work by Nakao et al. [16]. Next, concerning the “only if” part
in Theorem 4.2, it is still open.

REMARK 4.4. In Theorem 4.1, we can not take § =0. This means that
the presence of a dissipative term plays an essential role to obtain a decay
property of total energy to (1.4)—(1.6). And also, the equation (1.4) has similar
properties to heat equation (1.1) in this case of 6 > 0. On the other hand,
taking into consideration to the effect of “damping”, it will be natural to restrict
a value of coefficient 6 in Theorem 4.2 in order to get the blowing-up properties.

5. Proof of Theorem 4.1

In this section we shall prove Theorem 4.1. To this end, we prepare
several lemmas. Throughout this section, we always assume the local
existence Theorem 2.3.

LEMMA 5.1. Let 6 > 0 and let u(t,x) be a local solution to (1.4)—(1.6) on
[0, Ts). If there is a number ty € [0, T,,) such that E(u(to,-), u(to,")) < d and
I{u(to,-)) > 0, then u(t,-} e W* and E(u(t,-),u.(t,-)) < d for all te[ty, Tp).

ProofF. Since the proof is almost the same as that of Tsutsumi [22], we
shall omit it. W

The next lemma plays an important role to derive the decay estimate of
the total energy E(u(t,-),u:(t,-)) as t — co. Although the proof is almost the
same as that of Ishii [11], we will describe it for the sake of completeness.

LemMMA 5.2. Let u(t,x) be a local solution to (1.4)-(1.6) on [0,T,). If
there exists a number ty € [0, T,,) such that u(to,-) € W* and E(u(to,-), 4:(to, ")) <
d, then

lue, MEE < (1= nVut, )3 on [to, Tw),

1\@-1/2 ~
where 3= 1= C(@,p+ 1" (2255)" " Blutn, (. ) > 0

Proor. In general, if ue H}(Q) satisfies I(u) > 0, then
p—1 . p—1
(p+ 1)I(w) = = Vull; + I(4) = ——[[Vul}>.

So we have

p+1um.

vul} <25
Vull; Py
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Therefore, it follows from Lemma 2.1 with g =p+1 that

(5.1) lullZ < C(@,p+ 1P (IVull)® | vull3

(-1)/2
<c@p+1 (225) T wuliieon
for ue HY(Q) with I(u) > 0. Since J(u) < E(u,v), from (5.1), Lemma 2.6 and
Lemma 5.1 we get

NG

Ju(e Iz < C@,p+ 1)1 (224])

Ve, ) IZE(u(to, ), wlto, ) =2
1 (p-1)/2 i

Taking y = 1— C(Q,p+ 1)**! <2%) E(u(to, "), w(to, ) V%, we ob-

tain the desired inequality. B

LEMMA 5.3. Under the same assumptions as in Lemma 5.2, it holds that
there exists a constant M > 0 such that

IVult, iz + lluet, )l < M,

t
d
j (s, Y2ds <5 on [to, T)-
to 5

Proor. The first inequality is a direct consequence of Lemma 2.1, (1) of
Lemma 2.4 and Lemma 5.1. Next noting that u € W* implies J(u) > 0, from
Lemma 2.6 with 0 replaced by t, we get the desired inequality. M

LeEmMMA 5.4. Under the same assumptions as in Lemma 5.2, it holds that
there is a real number M > 0 such that

t t
J I(u(s,-))ds < M, J (Vu(s,)|3ds< M  on [to, ).
to o
Proor. Note that under the hypothesis we get T,, = +oo by Theorem

2.3 and Lemma 5.3. Since we obtain

d 2 od 2

S (W@, u0) - W @I + () + 3= w3 =0,
by integrating the above equality on [to,t] and using the Schwarz inequality it
follows that

t

|| Hutopds+ 3101} < Shuw)E+ | 1w 13as

to

+ || (t0) o llu(to)ll + W' (D)l [lu(®)ll;  on [to, ).
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Here u(t) = u(t,-) and v'(t) = u,(t,-). Therefore, from Lemmas 2.1 and 5.3 we
have

(52) [ 16t < St + &+ I @)t
+C@ D OV

Since Lemma 5.2 implies

W7u®)lz < 1(u(®),
it follows from (5.2) and Lemma 5.3 that
t t
vJ [Vu(s)||2 ds < J I(u(s))ds < M
to to

with a constant M >0. MW

LEMMA 5.5. Under the same assumptions as in Lemma 5.2, it holds that
M

E(u(t, ), u(t,)) < 15

(t = to)

with a constant M > 0.

Proor. First note that the following identity holds:

d
2 LA+ DE@@), (@)} +6(1 + Ol (0)IIz = E(u(e), ' (2))-
By integrating this equality on [to,f] we have

(1+ )E(u(t), (1) < (1 + to) E(u(to), ' (t0))

t

s L ()2 ds + L J(u(s))ds.

Since (p+ 1)J(u(t)) = E;—l IVu(e)||3 + I(u(t)), the above inequality gives:

t

(14 OB, (0) < (1+ 0)Euo), (1) +5 | IW()13ds

to

p—1 J' 2 1 J’
+ Vu(s)||5ds+——| I{u(s))ds.
T ), Ve s+ | 109

Finally, by using Lemmas 5.3 and 5.4 we obtain the desired inequality. B

ProoF oF THEOREM 4.1. First suppose that there exists a real number
to € [0, T,,) such that u(ty,-) € W* and E(u(to, ), #:(to,*)) < d. Then it follows
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from Theorem 2.3 and Lemma 5.3 that T,, = +o0. In addition, Lemma 5.5
implies

tlgg E(u(tv ) u(t, )) =0.
So we get
lw(t, )2 >0 and  J(u(E,-)) -0 ast— .

Since u e W* implies J(u) >0 and I(u) > 0, the following inequality:

(p+ 1)J(u(t, ) = 22 was, ) 3

means lim,_,, |Vu(t, )| = 0.
Conversely, if |[Vu(t,)||, = 0, [[u(t,-)]l, > 0 as t — oo, it follows from
Lemma 2.1 that lim;e [|u(t,-)||,+1 =0 which implies

tlgg E(u(t’ s u(t,)) = 0.

Therefore, from (1) of Lemma 2.4 and the above mentioned results we get:
u(tp,-) € W* and E(u(to,-),u:(to,-)) < d for some tp€[0,cc). H

6. Prooof of Theorem 4.2

Throughout this section, we always assume (4.1). First we shall prepare
two lemmas:

LemMa 6.1. Let u(t,x) be a local solution to (1.4)—(1.6) with initial data
up € HY(Q) and wy € L2(Q). If there exists a number ty€[0,T,) such that
u(to,-) € V5 and E(u(to,-), u:(to, ")) < ds, then u(t,-) € V5 and E(u(t,-), u,(t,")) <
ds for all te [ty, Ty).

Proor. Proof is almost the same as that of Tsutsumi [22]. MW

LEMMA 6.2. If ue H}(Q) satisfies I(u) <O, then
(6.1) Vul? > 2d:%i.

ProofF. From the definition of d, we know that

el (L1 2p+1)/(=1) 1 =2p+1/G-D), ;¢ b
= int{(5— L5 ) IVl /D ul 200w e i@\
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Therefore,

2/(p-1)
<1 1 ) ||u|1:,’:i
2 p+1/d™ |[Vu||1’+l )
p+1

Since ||Vul)3 < ||u| p11 by assumption, we obtain the desired inequality. M
Now we are just in a position to prove Theorem 4.2. The proof will be
done by the modifications of Ikehata [9].

ProorF oF THEOREM 4.2. Suppose that T,, = +co. Then the proof is
based on the identity:

(62) ; ;tz ” (t )”2 ”ut(ty )”% = <utt(t’ ')’u(t, ')>X‘X on [0, OO),

where (, >y.xy means the usual duality of X* and X with X = H}(2). Next
multiplying (1.4) by u(t,x) in the duality {,)>x.y we get

(63) Cte(t, ), u(t, ) >xx =lu(t, LT = IVl )3
— o(u(t, -), u(t, ),

where (,) means the usual L?(2)-inner product. Furthermore, it follows from
Lemma 2.6 that

(6.4)

= e, M + Kt ) + 2= 17, 1

t
+ o+ 1)5] lue(s, )2ds = (p+ 1)Ey  on [0, o),
to

where Eg = E(u(to, -), t(to,-)). From (6.2)—(6.4) we can estimate as follows:

2dt2 ll (&, )2 = Nt )11z = T(ue, ) — S(un(e, ), u(z, )

p+1

= et Y2 + S Vuts )

(e, )13 +2

t

+(p+ )8 | uls, M ds = -+ DEo = 3w ), u(t )

ty

+3 p—1
> B (e )15 + 55— I7ute, )13 - (0 + DB

- 5(ut(ta ')’ u(t7 ))
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Here, from the Schwarz inequality and Lemma 2.1 we have
2 2
2(ue(t, ), u(t, ) < 2lue(e, )l llule, )z < lluee, )Mz + llule, M2
< lus(t, )||3 + C(L2,2)?||Vu(t, |3
< e, -)lI2 + C(82,2)7||Vu(e, ) [l2-
Therefore, we obtain

142

3 = P2 e )1 + 2 7t I
0 C(2,2)°6
— o+ DB - 2huate, N - SL2 2 e,
1 2 1
=34 +3) - SHlu(e, )3 +5 {0 — 1)
— C(2,2)*8}|IVu(t, ) II; — (p + 1) Eo.
Here we know from Lemmas 6.1 and 6.2:
Vu(t,- >2dp+1 for all t € [ty, 0).
[Vu(t, )13 )
So we have
d2 2 2
. 1¢2 syl = - t\& 2 — 0
(6.5) s llu(e, Mz = {(p +3) — 6Hue(t, )l - 2(p + 1)E
+op+ 1)d— 20 I)C_(‘f ,2)°d.
C(2,2)%5d

Let Ky =(p+3)—9>0 (see (41)) and Ko =2(p+1)qd—

5C(2,2)*
p—1

p—1

Then we have K; > 0 since Eg < d(l -
follows from (6.5) that

(6.6) u(t,)|I; = Killue(t,-) I3+ K2 on [to, 00).

2 |l
Integrating (6.6) on [to,f] (to <t < o), we get

d
7 lult, MNE = 2(u(to, ), w(to,)) + Ka(t—t0)  on [to, ).
This implies that there is t; > to such that

d
Zu )z >0  on (1, c0).

489

-5},

by assumption. Thus, it
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Consequently, P(t) = ||u(t, -)lli never vanish on (¢1,0). On the other hand, it
follows from (6.6) that

P(5)P"(t) — % [P'(0] = Kullu(e, i2lluee, NIz + Kallu(e, i3
— K| (u(t, ), (e, )

> Kolu(t,)l3 >0 on (t1, 0);

in the last step we have used the Schwarz inequality. According to the
standard “concavity argument” (see Levine [13]) we can find Ty > O such that

li t,)||, =+
lim [lu(t,)ll, = +<o,

which contradicts to T,, = +cc. R
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