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Abstract 
 
  In order to confirm reliable particle size measurement technique and to 
prepare standard reference particles for calibrating particle size measurement 
devices, experimental and theoretical studies have been conducted about particle 
size measurement of 0.1-1μm silica particles. 
The microscopic method with sample size greater than 90000 particles was 
conducted for the size measurement. 

Theoretical equation of uncertainty region over all particle diameter range is 
newly proposed and compared with computer simulation. Previous paper 
(Masuda,H. and K.Iinoya;J.Chem.Eng.,Japan,4,60-67(1971)) reported the 
uncertainty region only for mass median diameter, but this paper presents the 
uncertainty region for all particle size range. The uncertainty region increases 
with the increase in particle diameter and also increases as the sample size 
decreases. Theoretical uncertainty region agreed with the results of computer 
simulation. 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



1 .  I n t r o d u c t i o n  

P a r t i c l e  s i z e  d i s t r i b u t i o n  i s  m e a s u r e d  b y  v a r i o u s  m e t h o d s  s u c h  

a s  m i c r o s c o p y  m e t h o d ,  l a s e r  d i f f r a c t i o n  a n d  s c a t t e r i n g  m e t h o d ,  

d y n a m i c  l i g h t  s c a t t e r i n g  m e t h o d ,  e l e c t r i c a l  s e n s i n g  z o n e  m e t h o d  

a n d  l i q u i d  s e d i m e n t a t i o n  m e t h o d .  T h o u g h  t h e  l a s e r  d i f f r a c t i o n  

a n d  s c a t t e r i n g  m e t h o d ,  d y n a m i c  l i g h t  s c a t t e r i n g  m e t h o d  a n d  

e l e c t r i c a l  s e n s i n g  z o n e  m e t h o d  h a v e  t h e  a d v a n t a g e  o f  s h o r t e r  

m e a s u r e m e n t  t i m e  a n d  g o o d  r e p e a t a b i l i t y ,  b u t  t h e y  n e e d  

c o m p l i c a t e d  c a l i b r a t i o n  b y  d i r e c t  m e t h o d .  I n  o r d e r  t o  c a l i b r a t e  

p a r t i c l e  s i z e  m e a s u r e m e n t  d e v i c e s ,  i t  i s  n e c e s s a r y  t o  p r e p a r e  

s t a n d a r d  r e f e r e n c e  p a r t i c l e s .  F o r  t h e  r e f e r e n c e  p a r t i c l e s ,  

m o n o - d i s p e r s e  a n d  p o l y - d i s p e r s e  p a r t i c l e s  a r e  p r o p o s e d .  F o r  t h e  

p o l y - d i s p e r s e  r e f e r e n c e  p a r t i c l e s ,  Y o s h i d a  e t  a l .  m e a s u r e d  

p a r t i c l e  s i z e  d i s t r i b u t i o n  o f  t h r e e  k i n d s  o f  s p h e r i c a l  g l a s s  b e a d s  

b y  u s e  o f  i m p r o v e d  t y p e  s e d i m e n t a t i o n  b a l a n c e  a n d  m i c r o s c o p i c  

m e t h o d s  w i t h  s a m p l e  s i z e  g r e a t e r  t h a n  1 0 0 0 0  p a r t i c l e s  ( 1 , 2 ) .  M o r i  

e t  a l .  r e p o r t e d  t h e  r e s u l t s  o f  t h e  r o u n d  r o b i n  t e s t  f o r  t h e  t w o  

k i n d s  o f  p a r t i c l e s  ( M B P 1 - 1 0 ,  1 0 - 1 0 0 )  ( 3 ) .  T h i s  p a p e r  d i s c u s s e s  

t h e  e s t i m a t i o n  m e t h o d  o f  u n c e r t a i n t y  r e g i o n  f o r  p a r t i c l e  s i z e  

d i s t r i b u t i o n  d u e  t o  l i m i t e d  p a r t i c l e  c o u n t  n u m b e r .  

I n  o r d e r  t o  r e p r e s e n t  p a r t i c l e  s i z e  d i s t r i b u t i o n  b y  m i c r o s c o p i c  

m e t h o d ,  u n c e r t a i n t y  r e g i o n  m u s t  b e  e s t i m a t e d .  O n  t h i s  p u r p o s e ,  

M a s u d a  e t  a l .  d e r i v e d  a n a l y t i c a l  e q u a t i o n  o f  t h e  n e c e s s a r y  s a m p l e  

s i z e  w i t h  k n o w n  u n c e r t a i n t y  r e g i o n  a t  m a s s  m e d i a n  d i a m e t e r  ( 4 ) .  

H o w e v e r ,  i n  o r d e r  t o  k n o w  b e t t e r  i n f o r m a t i o n  o f  p a r t i c l e  s i z e  



d i s t r i b u t i o n  b y  m i c r o s c o p i c  m e t h o d ,  i t  i s  n e c e s s a r y  t o  e s t i m a t e  

u n c e r t a i n t y  r e g i o n  o v e r  a l l  t h e  r a n g e  o f  p a r t i c l e  d i a m e t e r .   

I n  t h i s  r e p o r t ,  p a r t i c l e  s i z e  m e a s u r e m e n t  o f  0 . 1 - 1 μ m  s i l i c a  

p a r t i c l e  w a s  c o n d u c t e d .  T h e  m i c r o s c o p i c  m e t h o d  w i t h  s a m p l e  s i z e  

g r e a t e r  t h a n  9 0 0 0 0  p a r t i c l e s  w a s  c o n d u c t e d  f o r  t h e  m e a s u r e m e n t .  

T h e o r e t i c a l  e q u a t i o n  o f  u n c e r t a i n t y  r e g i o n  o v e r  a l l  p a r t i c l e  

d i a m e t e r  r a n g e  i s  n e w l y  p r o p o s e d  a n d  c o m p a r e d  w i t h  c o m p u t e r  

s i m u l a t i o n .  

 

2   M i c r o s c o p i c  m e t h o d  

 M e a s u r e m e n t  o f  p a r t i c l e  s i z e  d i s t r i b u t i o n  w a s  c a r r i e d  o u t  b y  u s e  

o f  s i l i c a  p a r t i c l e s  p r o d u c e d  b y  a t o m i z i n g  m e t h o d  o f  m e t a l  s i l i c o n  

s o l u t i o n  u n d e r  h i g h  t e m p e r a t u r e .  F i g u r e  1  s h o w s  a  p h o t o g r a p h  o f  

s i l i c a  p a r t i c l e s  m e a s u r e d  b y  s c a n n i n g  m i c r o s c o p e  ( S E M  S - 4 8 0 0 ,  

H i t a c h i ,  C o . ,  L t d . ) .  T h e  m a g n i f i c a t i o n  a n d  a c c e l e r a t i o n  v o l t a g e  

w e r e  s e t  t o  2 0 , 0 0 0  a n d  2 k V ,  r e s p e c t i v e l y .  I n  o r d e r  t o  m e a s u r e  t h e  

l e n g t h  o f  p a r t i c l e  s i z e  a c c u r a t e l y ,  a  c e r t i f i e d  s c a l e  s h o w n  i n  

F i g u r e  2  ( M R S - 4 . 1 ,  G e l l e r  M i c r o a n a l y t i c a l  L a b o r a t o r y ,  B o s t o n )  

w a s  u s e d  f o r  t h e  m e a s u r e m e n t .  T h e  s c a l e  a t t a c h e d  i n  t h e  S E M  

a p p a r a t u s  w a s  n o t  u s e d  a n d  m a x i m u m  d e v i a t i o n  b e t w e e n  t h e  

c e r t i f i e d  s c a l e  a n d  t h e  S E M  s c a l e  w a s  a b o u t  4 % .  F o r  t h e  

m i c r o s c o p i c  m e t h o d ,  t h e  f o l l o w i n g  p r o c e d u r e  w a s  u s e d  t o  p r e p a r e  

t h e  s a m p l e  p l a t e .  

( 1 )  A c e t o n e  o f  1  c m 3  a n d  t e s t  s i l i c a  p a r t i c l e s  o f  0 . 0 0 1 g  w a s  

m i x e d  i n  a  g l a s s  b e a k e r .  



( 2 )  U l t r a s o n i c a t i o n  u s i n g  b a t h  ( 1 0 0 W )  a b o u t  1  h o u r  w a s  a p p l i e d  

t o  t h e  s o l u t i o n .  

( 3 )  A d h e s i v e  t a p e  w a s  a t t a c h e d  o n  t h e  s u r f a c e  o f  a  h i g h l y  

o r i e n t e d  p y r o l y t i c  g r a p h i t e  b a s e  p l a t e  ( H O P G ,  G R B S  g r a d e ,  

N T - M D T ,  R o s s i a )  a n d  t h e  s u r f a c e  w a s  t r e a t e d  t o  c h a n g e  i n t o  

h y d r o p h i l i c  s u r f a c e .  

( 4 )  T h e  s l u r r y  o f  6μ l  w a s  d r o p p e d  o n  t h e  t a p e  a n d  t h e  p l a t e  

w a s  d r i e d .  

( 5 )  T h e  p l a t e  w a s  i n c l i n e d  t o  4 5  d e g .  a n d  P t  c o a t i n g  w a s  a p p l i e d  

f r o m  t w o  d i r e c t i o n s .  

 F i g u r e  3  s h o w s  a  p h o t o g r a p h  t a k e n  b y  S E M  a n d  e a c h  p a r t i c l e  

s i z e  w a s  m e a s u r e d  m a n u a l l y  b y  m a r k i n g  a  s u i t a b l e  s i z e d  c i r c l e  o n  

t h e  p a r t i c l e s .  I n  o r d e r  t o  e l i m i n a t e  c o u n t i n g  e r r o r  n e a r  t h e  f r a m e s ,  

s i z e  m e a s u r e m e n t  w a s  c a r r i e d  o u t  o n l y  t o  t h e  p a r t i c l e s  h a v i n g  t h e  

c e n t e r  p o s i t i o n s  i n s i d e  t h e  s c r e e n .  P a r t i c l e  s i z e  m e a s u r e m e n t  w a s  

n o t  c a r r i e d  o u t  f o r  t h e  n o n - s p h e r i c a l  p a r t i c l e s  i n c l u d i n g  s t r o n g l y  

s i n t e r e d  o r  a g g r e g a t e d  p a r t i c l e s .  

 F i g u r e  4  s h o w s  t h e  c h a n g e  o f  p a r t i c l e  s i z e  d i s t r i b u t i o n s  f o r  

d i f f e r e n t  s a m p l e  s i z e .  A s  t h e  s a m p l e  s i z e  i n c r e a s e s ,  t h e  s h a p e  o f  

s i z e  d i s t r i b u t i o n  t e n d s  t o  c o n v e r g e  t o  a  s p e c i f i c  d i s t r i b u t i o n .  T h e  

t o t a l  s a m p l e  s i z e  i s  9 3 5 3 5  a n d  s i z e  d i s t r i b u t i o n  c u r v e  t e n d s  t o  

c o n v e r g e  f o r  s a m p l e  s i z e  g r e a t e r  t h a n  a b o u t  2 0 , 0 0 0 .  I t  i s  f o u n d  

t h a t  p a r t i c l e  s i z e  d i s t r i b u t i o n  r a n g e s  f r o m  0 . 1  t o  1 . 0μ m .  

 F i g u r e  5  s h o w s  t h e  r e l a t i o n  b e t w e e n  m a s s  m e d i a n  d i a m e t e r  a n d  

s a m p l e  s i z e .  T h e  m a s s  m e d i a n  d i a m e t e r  a p p r o a c h e s  t o  a b o u t  0 . 3 4



μ m  a s  s a m p l e  s i z e  i n c r e a s e s ,  a n d  t h e  e x p e r i m e n t a l  r e s u l t s  a r e  

i n d i c a t e d  i n s i d e  t h e  c a l c u l a t e d  u n c e r t a i n t y  r e g i o n  o f  t h e  

f o l l o w i n g  e q u a t i o n .  A s s u m i n g  t r u e  p a r t i c l e  s i z e  i s  r e p r e s e n t e d  b y  

l o g - n o r m a l  d i s t r i b u t i o n  w i t h  m a s s  m e d i a n  d i a m e t e r  x 5 0 , 3
*  a n d  

g e o m e t r i c  s t a n d a r d  d e v i a t i o n  σ g ,  t h e  m a s s  m e d i a n  d i a m e t e r  

o b t a i n e d  f r o m  s a m p l e  s i z e  n  i n d i c a t e s  t h e  f o l l o w i n g  u n c e r t a i n t y  

r e g i o n  ( 3 ) .   

       
*

3,5013,50
*

3,501 )1()1( xxx δδ +≤≤−            ( 1 )  

A s s u m i n g  9 5 %  c o n f i d e n c e  l e v e l ,  t h e  u n c e r t a i n t y  r e g i o

n  i s  a s  f o l l o w s .  

       
n

)181(36
96.1

2

1
σ

σδ
+

=                 ( 2 )   

I n  t h e  a b o v e  e q u a t i o n ,  σ  w h i c h  e q u a l s  t o  l nσ g  i n d i c a t e s  t h e  

s t a n d a r d  d e v i a t i o n .  T h e  u n c e r t a i n t y  r e g i o n  i n c r e a s e s  w i t h  

i n c r e a s i n g  t h e  c o n f i d e n c e  l e v e l .  T h e  t w o  l i n e s  s h o w n  i n  F i g . 5  a r e  

t h e  c a l c u l a t e d  v a l u e s  o f  t h e  u n c e r t a i n t y  r e g i o n  o b t a i n e d  b y  

E q s . ( 1 ) , ( 2 ) .  

 

3   E s t i m a t i o n  o f  u n c e r t a i n t y  r e g i o n  o v e r  a l l  p a r t i c l e  s i z e  r a n g e  

3 - 1   U n c e r t a i n t y  d u e  t o  l i m i t e d  s a m p l e  s i z e  

I n  o r d e r  t o  o b t a i n  a c c u r a t e  p a r t i c l e  s i z e  d i s t r i b u t i o n ,  i t  i s  

n e c e s s a r y  t o  i n d i c a t e  u n c e r t a i n t y  r e g i o n  o v e r  a l l  p a r t i c l e  s i z e  

r a n g e .  A s s u m i n g  p a r t i c l e  s i z e  d i s t r i b u t i o n  f o l l o w s  a  l o g - n o r m a l  

d i s t r i b u t i o n ,  t h e  f o l l o w i n g  e q u a t i o n  i s  o b t a i n e d  t o  t h e  m e a n  

p a r t i c l e  d i a m e t e r  ( 4 ) .  
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        ( 3 )  

F o r  t h e  s i z e  f r e q u e n c y  d i s t r i b u t i o n  o f  f ( β ) ( x ) ,  t h e  p a r a m e t e r  β

e q u a l  t o  0  a n d  3  m e a n s  c o u n t  a n d  v o l u m e  b a s e d  d i s t r i b u t i o n s ,  

r e s p e c t i v e l y .  

L e t  β e q u a l  t o  0  i n  E q . ( 3 ) ,  t h e  f o l l o w i n g  e q u a t i o n  i s  o b t a i n e d .  

  3,50
2

3,50

2

0,50 )3
2

(exp)
2

(exp)0,( xmx
m

xmx ασ
σ

=−==     ( 4 )  

           
2)3

2
(exp σα −=
m

                 ( 5 )  

T h e  u n c e r t a i n t y  r e g i o n  f o r  a  p a r t i c l e  d i a m e t e r  a t  α  t i m e s  o f  

m a s s  m e d i a n  d i a m e t e r  i s  c a l c u l a t e d  b y  t h e  f o l l o w i n g  e q u a t i o n .  

 
*

3,5013,50
*

3,501 )1()1( xxx αδααδ +≤≤−         ( 6 )  

n
mmu )5.01( 222

1
σσδ +

=                 ( 7 )   

T h e  u n c e r t a i n t y  r e g i o n  o f  t h e  m e d i a n  d i a m e t e r  )0,(mx  c a n  b e  

c a l c u l a t e d  b y  t h e  E q s . ( 6 )  a n d  ( 7 ) .  

U n c e r t a i n t y  r e g i o n  f o r  a n y  p a r t i c l e  d i a m e t e r  c a n  b e  c a l c u l a t e d  

f r o m  E q . ( 6 ) .  F o r  e x a m p l e ,  u n c e r t a i n t y  r e g i o n s  f o r  t h e  f o l l o w i n g  

t y p i c a l  m e a n  d i a m e t e r s  c a n  b e  c a l c u l a t e d  a s  f o l l o w s .  

( 1 )  M a s s  m e d i a n  d i a m e t e r ,   m = 6 ,β = 0  

    1=α          
n

u
)181(36 2

1
σ

σδ
+

=        ( 8 )  

( 2 )  M e a n  v o l u m e  d i a m e t e r ,   m = 3 ,β = 0  

    )5.1(exp 2σα −=   
n

u )5.41(9 2

1
σσδ +

=        ( 9 )  

( 3 )  S a u t e r  d i a m e t e r ,        m = 5 ,β = 0  

    )5.0(exp 2σα −=   
n

u )5.121(25 2

1
σσδ +

=      ( 1 0 )  



T h e  p a r a m e t e r  u  i s  s e t  t o  b e  1 . 9 6  f o r  9 5 %  r e l i a b i l i t y .  

 

3 - 2   U n c e r t a i n t y  d u e  t o  m i c r o s c o p i c  m e a s u r e m e n t  e r r o r  

I n  o r d e r  t o  m e a s u r e  a c c u r a t e  p a r t i c l e  s i z e ,  t h e  c e r t i f i e d  s c a l e  

s h o w n  i n  F i g . 2  w a s  u s e d .  H o w e v e r  s c a l e  l e n g t h  m e a s u r e m e n t  

s h o w e d  s o m e  u n c e r t a i n t y  r e g i o n .  F i g u r e  6  s h o w s  t h e  r e l a t i o n  

b e t w e e n  r e l a t i v e  u n c e r t a i n t y  v a l u e  a n d  s c a l e  l e n g t h  m e a s u r e m e n t .  

I t  i s  f o u n d  t h a t  t h e  r e l a t i v e  u n c e r t a i n t y  v a l u e  i n c r e a s e s  a s  t h e  

s c a l e  l e n g t h  d e c r e a s e s .   

 

3 - 3   T o t a l  u n c e r t a i n t y  r e g i o n  

T h e  t o t a l  u n c e r t a i n t y  r e g i o n  c a n  b e  c a l c u l a t e d  b y  t h e  f o l l o w i n g  

e q u a t i o n .  

        
2

2
2

1 σσσ +=e                  ( 1 1 )  

        13,501 δασ x=                  ( 1 2 )  

        22 δσ x=                      ( 1 3 )  

w h e r e  σ 1  a n d  σ 2  a r e  t h e  u n c e r t a i n t y  r e g i o n s  d u e  t o  l i m i t e d  

s a m p l e  s i z e  a n d  m i c r o s c o p i c  s c a l e  m e a s u r e m e n t ,  r e s p e c t i v e l y .  

F i g u r e  7  s h o w s  p a r t i c l e  s i z e  d i s t r i b u t i o n  o b t a i n e d  b y  m i c r o s c o p e  

w i t h  s a m p l e  s i z e  9 3 5 3 5 .  T h e  u n c e r t a i n t y  r e g i o n  c a l c u l a t e d  b y  

E q . ( 1 1 )  i s  a l s o  s h o w n  i n  t h e  F i g u r e .  T a b l e  1  s h o w s  t h e  

u n c e r t a i n t y  r e g i o n s  f o r  v a r i o u s  p a r t i c l e  s i z e  r a n g e s .  F o r  p a r t i c l e  

d i a m e t e r  g r e a t e r  t h a n  m a s s  m e d i a n  d i a m e t e r ,  t h e  u n c e r t a i n t y  

r e g i o n  i s  m a i n l y  a f f e c t e d  b y  l i m i t e d  s a m p l e  s i z e .  T h e  u n c e r t a i n t y  

r e g i o n  i n c r e a s e s  a s  p a r t i c l e  d i a m e t e r  i n c r e a s e s .  T h i s  t r e n d  i s  



c l e a r l y  f o u n d  f o r  u n d e r s i z e  g r e a t e r  t h a n  a b o u t  8 0 % .  W h e n  s o m e  

l a r g e  p a r t i c l e s  a r e  i n c l u d e d  i n  t h e  c o u n t i n g  p r o c e s s ,  t h e  v o l u m e  

f r a c t i o n  t e n d s  t o  m o v e  e a s i l y  t o  l a r g e r  p a r t i c l e  s i d e .  B a s e d  o n  t h e  

c o u n t i n g  p r o c e s s ,  t h e  m a s s  m e d i a n  d i a m e t e r  a n d  g e o m e t r i c  

s t a n d a r d  d e v i a t i o n  o b t a i n e d  a r e  a s  f o l l o w s :  

    x 5 0 , 3  =  0 . 3 4 1μ m    σ g = 1 . 6 3               

F i g u r e  8  s h o w s  t h e  f i n a l  p a r t i c l e  s i z e  d i s t r i b u t i o n  i n d i c a t e d  o n  

l o g - n o r m a l  d i s t r i b u t i o n  s h e e t .  I n  t h i s  c a s e ,  p a r t i c l e  d i a m e t e r  

r a t i o  x / x 0  i s  u s e d  i n s t e a d  o f  p a r t i c l e  d i a m e t e r  x .  T h e  r e f e r e n c e  

d i a m e t e r  x 0  i n  t h i s  c a s e  i s  e q u a l  t o  0 . 1 μ m .  I t  i s  f o u n d  t h a t  

p a r t i c l e  s i z e  d i s t r i b u t i o n  f o l l o w s  t o  t h e  l o g - n o r m a l  d i s t r i b u t i o n .  

 

4  C o m p u t e r  s i m u l a t i o n  o f  u n c e r t a i n t y  r e g i o n  o v e r  a l l  p a r t i c l e  

s i z e  r a n g e .  

M a s u d a  e t  a l . ( 5 )  e x a m i n e d  t h e  u n c e r t a i n t y  r e g i o n  a t  m a s s  m e d i a n  

d i a m e t e r  b y  u s e  o f  a n a l y t i c a l  s o l u t i o n  a n d  c o m p u t e r  s i m u l a t i o n .  

B u t  t h i s  p r o b l e m  i s  n o t  c l e a r e d  e x c e p t  f o r  t h e  m a s s  m e d i a n  

d i a m e t e r .  T h e  u n c e r t a i n t y  r e g i o n  c a l c u l a t e d  b y  E q s . ( 4 ) - ( 7 )  i s  a n  

a n a l y t i c a l  s o l u t i o n  a n d  a p p l i e d  t o  t h e  a l l  p a r t i c l e  s i z e  r a n g e .  

T h e n  c o m p u t e r  s i m u l a t i o n  i s  c a r r i e d  o u t  t o  c h e c k  t h e  r e l i a b i l i t y  

o f  a n a l y t i c a l  s o l u t i o n .  F i g u r e  9  s h o w s  t h e  c a l c u l a t e d  r e s u l t s  

c o m p a r e d  w i t h  t h e  a n a l y t i c a l  s o l u t i o n .  I t  i s  a s s u m e d  t h a t  t r u e  

p a r t i c l e  s i z e  d i s t r i b u t i o n  f o l l o w s  a  l o g - n o r m a l  d i s t r i b u t i o n  w i t h  

x 5 0 , 3  o f  0 . 3 4 1μ m  a n d  σ g  o f  1 . 6 3 ,  r e s p e c t i v e l y .  I n  t h e  s i m u l a t i o n ,  

r a n d o m  n u m b e r s  t h a t  f o l l o w  t r u e  l o g - n o r m a l  d i s t r i b u t i o n  a r e  u s e d .  



T h e  s a m p l e  s i z e  o f  o n e  t r i a l  i s  6 0 0 0 0  a n d  5 0 0  t r i a l s  a r e  c a r r i e d  

o u t .  T h e  d o t t e d  l i n e s  a r e  t h e  u n c e r t a i n t y  r e g i o n  o f  a n a l y t i c a l  

s o l u t i o n .  I t  i s  f o u n d  t h a t  s i m u l a t i o n  r e s u l t s  a r e  i n c l u d e d  i n s i d e  

t h e  a n a l y t i c a l  s o l u t i o n .  T h e  s i m u l a t i o n  r e s u l t s  a r e  a l s o  i n d i c a t e d  

t h a t  t h e  u n c e r t a i n t y  r e g i o n  i n c r e a s e s   w i t h  p a r t i c l e  d i a m e t e r .  

 F i g u r e . 1 0  s h o w s  s i m u l a t i o n  r e s u l t s  f o r  t r i a l  n u m b e r  i n c r e a s e d  t o  

2 5 0 0 .  T h e  o t h e r  c o n d i t i o n s  a r e  t h e  s a m e  a s  i n  F i g . 9 .  C o m p a r i n g  

F i g s . 9  a n d  1 0 ,  s i m u l a t e d  u n c e r t a i n t y  r e g i o n  i n c r e a s e s  w i t h  t r i a l  

n u m b e r ,  b u t  s i m u l a t i o n  r e s u l t s  a r e  i n c l u d e d  i n s i d e  t h e  a n a l y t i c a l  

s o l u t i o n .  F i g u r e  1 1  s h o w s  s i m u l a t i o n  r e s u l t s  w i t h  2 5 0 0  t r i a l s  a n d  

s a m p l e  s i z e  o f  o n e  t r i a l  i s  9 0 0 0 0 .  C o m p a r i n g  F i g s . 1 0  a n d  1 1 ,  t h e  

u n c e r t a i n t y  r e g i o n  d e c r e a s e s  a s  t h e  s a m p l e  s i z e  i n c r e a s e s .  F i g u r e  

1 2  s h o w s  s i m u l a t i o n  r e s u l t s  w i t h  2 5 0 0  t r i a l s  a n d  t h e  s a m p l e  s i z e  

i n  o n e  t r i a l  i s  1 2 0 0 0 0 .  I n  t h i s  c a s e ,  t h e  u n c e r t a i n t y  r e g i o n  

d e c r e a s e s  d u e  t o  i n c r e a s e d  s a m p l e  s i z e .  I t  i s  a l s o  f o u n d  t h a t  

u n c e r t a i n t y  r e g i o n  i n c r e a s e s  a s  p a r t i c l e  d i a m e t e r  i n c r e a s e s .  F r o m  

F i g s . 9 - 1 2 ,  t h e  s i m u l a t i o n  r e s u l t s  a r e  w i t h i n  t h e  a n a l y t i c a l  

u n c e r t a i n t y  r e g i o n .  T h e s e  r e s u l t s  h a v e  c o n f i r m e d  t h a t  t h e  

a n a l y t i c a l  s o l u t i o n s  o b t a i n e d  b y  E q s . ( 4 ) - ( 6 )  c a n  b e  a p p l i c a b l e  t o  

t h e  e s t i m a t i o n  o f  u n c e r t a i n t y  r e g i o n  o v e r  a l l  p a r t i c l e  s i z e  r a n g e .   

 N e x t  s i m u l a t i o n s  a r e  c a r r i e d  o u t  t o  c h e c k  t h e  c r i t e r i a  o f  e n d  

e f f e c t  i n  l o g - n o r m a l  d i s t r i b u t i o n .  F i g u r e  1 3  s h o w s  s i m u l a t i o n  

r e s u l t s  a s  s y m b o l s  a n d  s o l i d  l i n e  i n d i c a t e s  t r u e  p a r t i c l e  s i z e  

d i s t r i b u t i o n .  T h e  c l o s e d  c i r c l e  s h o w s  s i m u l a t i o n  r e s u l t s  w i t h  t h e  

p a r t i c l e s  w i t h i n  u n d e r s i z e  f r o m  1  t o  9 9 % .  T h e  o p e n  c i r c l e  s h o w s  



s i m u l a t i o n  r e s u l t s  w i t h  t h e  p a r t i c l e s  w i t h i n  u n d e r s i z e  f r o m  2  t o  

9 8 % .  T h e  s a m p l e  s i z e  i s  2 x 1 0 5 .  D e v i a t i o n s  b e t w e e n  t r u e  a n d  

s i m u l a t e d  d i s t r i b u t i o n s  a r e  o b s e r v e d  i n  t h e  r e g i o n  o f  v e r y  s m a l l  

p a r t i c l e  a n d  l a r g e  p a r t i c l e  s i z e .  F i g u r e  1 4  s h o w s  t h e  s a m e  

s i m u l a t i o n  r e s u l t s  e x c e p t  f o r  t h e  s a m p l e  s i z e  o f  5 x 1 0 5 .  C o m p a r i n g  

F i g s . 1 3  a n d  1 4 ,  i t  i s  f o u n d  t h a t ,  u n d e r  t h e  c o n d i t i o n s  e x a m i n e d ,  

t h e  e n d  e f f e c t  e r r o r  b e c o m e s  s m a l l  a s  t h e  s a m p l e  s i z e  i n c r e a s e s .  

I t  i s  f o u n d  t h a t  d e v i a t i o n  o f  s i z e  d i s t r i b u t i o n  d u e  t o  e n d  e f f e c t  

b e c o m e s  s m a l l  w h e n  t h e  u n d e r s i z e  f r o m  1  t o  9 9 %  i s  c o n s i d e r e d .  

  

C o n c l u s i o n  

T h e  u n c e r t a i n t y  r e g i o n  o f  p a r t i c l e  s i z e  d i s t r i b u t i o n  o v e r  a l l  

p a r t i c l e  s i z e  r a n g e  i s  e x a m i n e d  a n d  t h e  f o l l o w i n g  c o n c l u s i o n s  a r e  

o b t a i n e d .  

( 1 )  T h e  u n c e r t a i n t y  r e g i o n  b y  t h e  t h e o r e t i c a l  s o l u t i o n  a g r e e d  

w i t h  t h e  n u m e r i c a l  s i m u l a t i o n .    

( 2 )  T h e  u n c e r t a i n t y  r e g i o n  i n c r e a s e s  w i t h  t h e  i n c r e a s e  i n  

p a r t i c l e  d i a m e t e r .  T h i s  t r e n d  i s  c l e a r l y  f o u n d  f o r  u n d e r s i z e  

g r e a t e r  t h a n  a b o u t  8 0 % .  

( 3 )  T h e  u n c e r t a i n t y  r e g i o n  d e c r e a s e s  w i t h  t h e  i n c r e a s e  i n  

s a m p l e  s i z e .  

(4) F o r  t h e  u n d e r s i z e  f r o m  1  t o  9 9 %  r a n g e ,  d e v i a t i o n  o f  s i z e  

d i s t r i b u t i o n  b e t w e e n  t r u e  a n d  t r u n c a t e d  s i z e  d i s t r i b u t i o n s  

b e c o m e s  s m a l l .   

           



 N o m e n c l a t u r e  

 

f ( β ) ( x )  :  s i z e  f r e q u e n c y  d i s t r i b u t i o n  o f  p a r a m e t e r  β    ( - /μ m )  

m ,β :  p a r a m e t e r  u s e d  i n  E q . ( 3 )                      ( - )  

n   :  s a m p l e  s i z e                               ( - )  

u   :  r e l i a b i l i t y  p a r a m e t e r                         ( - )   

x , x 0  :  p a r t i c l e  d i a m e t e r  a n d  r e f e r e n c e  p a r t i c l e  d i a m e t e r    (μ m )  

x 5 0 , 3 ,  x 5 0 , 3
*  :  m a s s  m e d i a n  d i a m e t e r  a n d  t r u e  m a s s   

m e d i a n  d i a m e t e r ,  r e s p e c t i v e l y                  (μ m )  

),( βmx  :  m e a n  p a r t i c l e  d i a m e t e r  d e f i n e d  b y  E q . ( 3 )       (μ m )  

α  :  p a r a m e t e r  u s e d  i n  E q . ( 4 )                      ( - )  

σ ,σ g  :  s t a n d a r d  d e v i a t i o n  o f  l o g - n o r m a l  d i s t r i b u t i o n  

a n d  g e o m e t r i c  s t a n d a r d  d e v i a t i o n ,  r e s p e c t i v e l y        ( - )  

σ 1  :  u n c e r t a i n t y  r e g i o n  d u e  t o  l i m i t e d  s a m p l e  s i z e       (μ m )  

σ 2 :  u n c e r t a i n t y  r e g i o n  d u e  t o  s c a l e  l e n g t h  m e a s u r e m e n t   (μ m )  

σ e  :  t o t a l  u n c e r t a i n t y  r e g i o n  d e f i n e d  b y  E q . ( 1 1 )        (μ m )  

δ 1  :  u n c e r t a i n t y  r e g i o n  d u e  t o  l i m i t e d  s a m p l e  s i z e        ( - )  

δ 2 :  u n c e r t a i n t y  r e g i o n  d u e  t o  s c a l e  l e n g t h  m e a s u r e m e n t     ( - )  
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Tab.1   Uncertainty region for various particle size range  
Fig.1  Photograph of silica particles (SEM) 
Fig.2  Certified –scale for SEM measurement 
Fig.3  Photograph of silica particles by SEM 
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Fig.11  Simulation results of uncertainty region (n=90000) 
Fig.12  Simulation results of uncertainty region (n=120000) 
Fig.13  Simulation results of size distribution by selecting 

upper and lower size rang (n=200000) 
Fig.14  Simulation results of size distribution by selecting 

upper and lower size rang (n=500000) 
      
 



Table 1  Uncertainty region for various particle size range

Dp[μm] α[-] m[-] δ1[-] σ1 [μm] δ2[-] σ2 [μm] σe[μm]
0.188 0.551 1 0.003 0.001 0.020 0.004 0.004
0.212 0.621 2 0.008 0.002 0.020 0.004 0.004
0.239 0.700 3 0.014 0.003 0.019 0.005 0.006
0.303 0.888 5 0.031 0.009 0.019 0.006 0.011
0.341 1.000 6 0.043 0.015 0.019 0.006 0.016
0.433 1.269 8 0.074 0.032 0.018 0.008 0.033
0.549 1.610 10 0.113 0.062 0.017 0.009 0.063
0.697 2.043 12 0.160 0.112 0.016 0.011 0.112



Fig.1   Photograph of silica particles  (ＳＥＭ)



Fig.2  Certified-scale for SEM measurement



Fig.3   Photograph of silica particle by SEM



Fig.4   Particle size distribution for various sample size  (5000～93535)
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Fig.5   Mass median diameter for different sample size 
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Fig.6  Uncertainty region of scale measurement
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Fig.7  Particle size distribution with uncertainty region

n = 93535 (σg=1.63, x 50, 3 = 0.341μm)
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Fig.8   Partice size distribution indicated on log-normal sheet

n = 93535 (σg=1.63, x 50, 3 = 0.341μm)
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x 50,3 =0.341μm, σg=1.63
Simulation (n=60000, 500 trials)
Eqs. (6),(7) 

Particle size [μm]

U
nd

er
si

ze
 [w

t%
]

Fig.9  Simulation results of uncertainty region ( 500 
trials )



X 50,3 =0.341μm, σg=1.63
Simulation (n=60000, 2500 trials)
Eqs.(6),(7) 
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Fig.10  Simulation results of uncertainty region ( 2500 trials )



x 50,3 =0.341μm, σg=1.63
Simulation (n =90000, 2500 trials)
Eqs.(6),(7) 
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Fig.11  Simulation results of uncertainty region ( n=90000 )



x 50,3=0.341μm, σg=1.63
Simulation (n=120000, 2500 trials)
Eqs.(6),(7) 
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Fig.12  Simulation results of uncertainty region ( n=120000 )
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Fig.13   Simulation results of size distribution by selecting upper  and

lower size range  (n=200000)
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Fig.14   Simulation results of size distribution by selecting upper  and 
lower size range  (n=500000)
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