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Abstract

In this paper, we analytically investigate three efficient estimators for cointegrating
regression models: Phillips and Hansen’s (1990) fully modified OLS estimator, Park’s
(1992) canonical cointegrating regression estimator, and Saikkonen’s (1991) dynamic
OLS estimator. We consider the case where the regression errors are moderately serially
correlated and the AR coefficient in the regression errors approaches 1 at a rate slower
than 1/T, where T represents the sample size. We derive the limiting distributions of
the efficient estimators under this system and find that they depend on the approaching
rate of the AR coefficient. If the rate is slow enough, efficiency is established for the
three estimators; however, if the approaching rate is relatively faster, the estimators will
have the same limiting distribution as the OLS estimator. For the intermediate case, the
second-order bias of the OLS estimator is partially eliminated by the efficient methods.
This result expl! ains why, in finite samples, the effect of the efficient methods diminishes
as the serial correlation in the regression errors becomes stronger. We also propose to
modify the existing efficient estimators in order to eliminate the second-order bias,
which possibly remains in the efficient estimators. Using Monte Carlo simulations, we
demonstrate that our modification is effective when the regression errors are moderately
serially correlated and the simultaneous correlation is relatively strong.
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1. Introduction

Since the seminal work of Engle and Granger (1987), cointegrating regressions have become
one of the standard tools for analyzing integrated variables. With regard to the estimation
of cointegrating regression models, it is well known that the ordinary least squares (OLS)
estimator contains the second-order bias, comprising the endogeneity bias and the non-
centrality bias, when the I(1) regressors are endogenous and/or the regression errors are
serially correlated. Thus, several efficient methods for estimating cointegrating regressions
have been proposed in the literature. Phillips and Hansen (1990) proposed a nonparametric
correction for the OLS estimator; their method is known as the fully modified regression
(FMR) method and it was further developed by Phillips (1995) and Kitamura and Phillips
(1997). Park (1992) proposed the canonical cointegrating regression (CCR) method, which
is also based on a nonparametric correction that is similar to the FMR method. However, the
I CCR method eliminates the non-centrality bias in a different manner. On the other hand,
Phillips and Loretan (1991), Saikkonen (1991), and Stock and Watson (1993) considered a
parametric correction by adding leads and lags of the first difference of the I(1) variables
as regressors; this method is known as the dynamic ordinary least squares (DOLS) method.
These three efficient estimators—FMR, CCR, and DOLS —are asymptotically equivalent,
and as proved by Saikkonen (1991), they are efficient.

However, the finite sample behavior of these estimators is fairly different as reported by,
for example, Inder (1993), Montalvo (1995), Cappuccio and Lubian (2001), and Christou
and Pittis (2002) using Monte Carlo simulations. The first two papers recommend the use of
the DOLS type approach to eliminate the second-order bias of the OLS estimator, whereas
the last paper demonstrated that the FMR estimator outperforms the DOLS estimator in
terms of the bias; thus, the answer to the question of which estimator performs best in finite
samples remains inconclusive. It appears that the performance of the three efficient estima-
tors is fairly dependent on the data generating process used in Monte Carlo simulations, as
pointed out by Cappuccio and Lubian (2001). However, these Monte Carlo simulations com-

monly suggest that the efficient estimation methods break down and perform very poorly



when the cointegrating regression errors are strongly serially correlated. Although the finite
s! ample performance of the FMR and CCR estimators may improve if the prewhitening
method by Andrews and Monahan (1992), which has been further modified by Sul, Phillips,
and Choi (2005), is used to estimate the long-run variance, a large bias still remains in the

estimator as shown in the discussion paper version of this paper.

In this paper, we analytically explain the poor performance of the three efficient esti-
mators with a moderate serial correlation. We introduce the local-to-unity system in which
the AR coefficient approaches 1 at a rate slower than 1/7", where T represents the sample
size. This type of local-to-unity system is considered by Phillips and Magdalinos (2007a,
b) and Giraitis and Phillips (2006). We will demonstrate that the limiting distributions
of the efficient estimators change depending on the approaching speed of the AR coeffi-
cient. Intuitively, the three efficient methods can eliminate the second-order bias of the
OLS estimator if the AR coefficient approaches 1 slowly enough; however, these methods
no longer work well when the approaching speed is very fast. For the intermediate case, the
second-order bias of the OLS estimator is partially eliminated by these efficient methods;
however, a part of the bias still remains. This result explains why the effect of the effici! ent
methods diminishes as the serial correlation in the regression errors becomes stronger. We
will demonstrate that the result depends on a relation between the approaching speed of the
AR coefficient and the diverging rate of the bandwidth parameter used for the estimation
of the long-run variance in the FMR and CCR methods or the diverging rate of the lead-lag
truncation parameter used in the DOLS method. We also propose to modify the FMR and
CCR estimators in order to eliminate the second-order bias when the regression errors are
moderately serially correlated. The estimation of the localizing parameter plays a key role
in our modification.

The remainder of this paper is organized as follows. In Section 2, we briefly review the
FMR, CCR, and DOLS methods. Section 3 investigates the asymptotic properties of the
three efficient estimators as well as the OLS estimator under the local-to-unity system in

which the AR coefficient approaches 1 at a rate slower than 1/7". In section 4, we propose



the modified FMR and CCR estimators, and in section 5, the finite sample properties of
the estimators are investigated using Monte Carlo simulations. Concluding remarks are

provided in Section 6.

2. Review of the Efficient Estimation Methods

This section reviews the three efficient estimators for cointegration regression models. Let

us consider the following model:

Yy = [ + ,B/ﬂft + Uyt = 9,Zt + Uyt (1)
A.’L‘t = U2t
fort=1,---,T, where 0 = (u,3')', zx = (1,2})’, and y; and x; are observed time series with

1 and n dimensions, respectively. For u; = [uy ¢, u),]’, we assume that the functional central

limit theorem (FCLT') can be applied as follows:

1 & Bi(r)
=S u =B = | i) ©)
for 0 < <1, where B(-) is a Brownian motion on [0, 1] with a variance-covariance matrix
(B(-) ~ BM(£2)) and = signifies weak convergence of the associated probability measures.

We assume that (2 is positive definite. Note that the long-run variance of u; and its one-sided

version can be expressed as

N=N+d+d and A=X+,

1 T 1 T-1T-j
. ! : /
where X = Tlgréo T tE 1 E(upu) and & = Tlgréo T E 1 tE 1 E(ugug ;).
—— J: —

We partition 2 and A conformably with u; as
w1l w12 A1l A2 M
Q = A = = . 3
[ war S22 ] [ Aop Ao ] [ Asg ] 3)
It is known that the OLS estimator of 6, denoted by é, is consistent but inefficient

in general. The centered OLS estimator with a normalizing matrix Dy = diag{v/T,TI,}

weakly converges to
Dr-0)+ ([ 1§2<r>§;<r>dr>_l (/ By (r)dBy(r) + [, ) (4)
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where By(r) = [1, B4(r)]" and we can observe that this limiting distribution contains the
second-order bias from the correlation between Bj(-) and By(-) and the non-centrality pa-
rameter Agj. As explained in Phillips and Hansen (1990) and Phillips (1995), the former
bias arises from the endogeneity of the I(1) regressor z; while the non-centrality bias comes

from the fact that the regression errors are serially correlated.

In order to eliminate the second-order bias, Phillips and Hansen (1990) propose the FMR

estimator, which is defined as

A T -1/
Ormpr = <Z th£> (Z 2y, — Tj+> ; (5)

t=1 t=1

R R 0
where y =y — ©19Q55u9; and  JT = [ “ PN ] ,
Yo = 22 72 Aot — Aoyt o

with w9, Qgg, 5\21, and f\gg being consistent estimators of wis, {299, A1, and Agg, respectively.

It can be shown that the correction term for y; is associated with the correction for the

endogeneity bias while J* eliminates the non-centrality bias.

In order to define the CCR estimator, we first modify y; and x; such that
yr =y — (B'Agfl_l + [0,@12@2_21]) 4 and zf = (1,2]) with f =z, — AS My,

where 3 is the OLS estimator of 3 and @; = [, A2}]’ consists of the OLS residuals and the
first difference of the I(1) regressors. Then, the CCR estimator proposed by Park (1992) is
defined as
T -1/
fccr = (Z ZZ‘ZZ‘) (Z ZZ‘%Z‘) : (6)
t=1 t=1
The CCR method uses the same principle as the FMR method in order to eliminate the

endogeneity bias, while it deals with the non-centrality parameter in a different manner.

Contrary to the non-parametric approaches adopted by the FMR, and CCR methods, the
DOLS method is based on parametric regressions. Phillips and Loretan (1991), Saikkonen
(1991), and Stock and Watson (1993) propose to augment the leads and lags of the first



difference of z; as regressors and to estimate
K
Yt = 9,Zt + Z W;-AItfj + Mt (7)
j=—K
The DOLS estimator is defined as the OLS estimator of 6 for (7):
T-K -1 -k
fpoLs = ( > été;> ( > z@) : (8)
t=K+1 t=K+1
where Z; and g are regression residuals of z; and y; on wy = (ugy ,y j¢, .-, U, fc)', Tespectively.

The regression form (7) is based on the fact that under some regularity conditions, the

regression errors uj; in (1) can be expressed as

[e.e]
Uy = v + Z W}“Q,tfj = v + 1y, 9)
j=—00
where rp =377 miugy—j and Y72 [[m;]| < oo with || - || being the standard Euclidian

norm; further, v; is uncorrelated with ug;_; for all j. For details, refer to Brillinger (1981).

From (9), we observe that

N = vt + Z Tt - (10)
l4[>K

The uncorrelatedness of v; with all the leads and lags of us; is an important property
to prove that the DOLS method successfully eliminates the second-order bias of the OLS

estimator.

As explained in Phillips and Hansen (1990), Saikkonen (1991), and Park (1992), these
three efficient estimators have an identical limiting distribution that is given by

-1

Drite-0)= ([ 1 BByer) [ BBy (r), ()

where 0 = éFMR, éCCR, and Opors and Bi.o(:) ~ BM (w;.2) is independent of By(-) with
W19 = Wil — w129;21w21. Then, we observe that the three efficient methods can eliminate
both the endogenous bias and the non-centrality parameter. Moreover, Saikkonen (1991)

showed that this limiting distribution is efficient in a certain class of estimators.



3. Asymptotic Properties of the Estimators with Moderately Serially

Correlated Errors

3.1. Model and assumptions

This section investigates the asymptotic properties of the three efficient estimators as well
as the OLS estimator when the cointegrating regression errors are moderately serially cor-
related. As explained in Section 1, the finite sample performance of the efficient estimators
gradually becomes poorer as the serial correlation in the regression errors becomes stronger.
In order to explain this finite sample evidence using asymptotic theory, we consider model

(1) with the following structure in the error term:

yr = 0"z + Utg, Uig = PUig—1+ Utls, Axy = ugy, (12)
o o0

u=> Ve, Y Fl¥ll <oo with Ug= I, (13)
=0 j=1

where u1 o is some constant independent of T', uy = [uy ¢, uy,)', ¢ = [e1,4, €5, ~ 4.1.d.(0,%;)
with a spectral density function bounded away from 0 and above and with finite §-th moment
for some § > 4, and || - || is a matrix norm defined by || A|| = (tr(A’A))'/? for a given matrix
A. Note that for a given sequence of {U;}, the strength of the serial correlation in the error

term can be changed by the AR coefficient p.
Following Phillips and Solo (1992), let us decompose u; into
o0 o0 _ _ o0
up=Vpe + i1 — iy, where Up=> U, @=Y» Ve, U= > U (14)
j=0 j=0 i=j+1
Note that 1, is stationary with 322, j W] < co. The short- and long-run variance matrices

of u; are defined in a manner similar to that in the previous section:

o0 o0
Y= Buwuy) =Y UN Q= Y Eluwupy ] = U507,
=0 j=—00
o o0 o o0 B
= Eluu ] = UN U => UN0, A=X+0.
j=1 j=11i=0 1=0



We assume that 2 is positive definite. Note that the weak convergence (2) holds under the
above assumption. We can also observe by Theorems 3.8.3 and 8.3.1 of Brillinger (1981)
that the relation (9) holds with 322 32| < oo

With regard to the FMR and CCR estimators, we focus on the case where the long-run

variances are estimated by the kernel method as follows:

A~

0=

~

+d+d and A=+,

M»

T-1 ) T—j
~ ~ ~ J a N 1 o
where X =T1(0), &= jg_l k (M) I'(j), and TI'(y)= T ;1 Tyl

with 4; = [{lu, Ax}])’, where &u is the regression residual of y; on z; and k(-) is a kernel
function.
Before proceeding with the asymptotic analysis, it is necessary to state two assumptions

concerning the kernel method and the lead-lag truncation parameter.

Assumption 1 (a) The kernel k() : R — [—1,1] is continuous at zero, k(0) = 1,
sup,>g |k(r)| < oo, and f[o 00) k(r)dr < oo, where k(r) = sup,s, |k(s)|. (b) The bandwidth
parameter M goes to infinity as T — oo and M = o(T'/?).

Assumption 2 (a) K = o(T"/?). (b) K> sk Il — 0.

Assumption 1 is sufficient to consistently estimate the long-run variances. See Jansson
(2002). Assumption 2 is provided by Kejriwal and Perron (2008) and is different from that in
Saikkonen (1991) in which it is assumed that (a’) K = o(T"/3) and (b’) T/ sk il =
0. The assumptions (a) and (a’) are associated with the upper bound condition on K;
Kejriwal and Perron (2008) proved that K can increase at a faster rate than that considered
by Saikkonen (1991). The assumptions (b) and (b’) provide the lower bound condition
on K; the matter of importance is that (b’) excludes the case where K is chosen by an
information criterion, while (b) is sufficiently general for K to increase at a logarithmic rate

and then allow an information criterion for the selection of K. Note that Assumption 2 (b)



is automatically satisfied in our model because K 3°7- i [[m;[| < 32, 7] > K™j|m;]| — 0 as

K — oo, which is guaranteed by > 22 32|l < .

Under Assumptions 1 and 2, it is shown that when p is fixed, the centered estimators have
the same limiting distributions as given by (4) and (11). However, the assumption of the
fixed p is not necessarily appropriate when the error term is moderately serially correlated.
In the following subsection, we consider a local-to-unity system such that p approaches 1 as

T goes to infinity.
3.2. Asymptotic properties with the N local-to-unity system

In this section, we consider the case where the AR coefficient p is moderately or relatively
strongly close to 1. Such a case can be modeled by the N local-to-unity system, which is
defined as

p:pNzl—%, N — oo and %HO. (15)
Note that the N local-to-unity system is different from the conventional local-to-unity sys-
tem with p = 1—¢/T', which we refer to as the 7" local-to-unity system. The 7" local-to-unity
system has often been assumed in the literature in order to investigate the asymptotic local
power of unit root/cointegration tests. For example, see Phillips (1987), Tanaka (1996),
and Saikkonen and Liitkepohl (1999) among others. Note that we usually test for cointegra-
tion before estimating cointegrating regression models and that tests for cointegration do
not necessarily detect the existence of cointegration with probability 1 even asymptotically
when p = 1 — ¢/T. This is because the T local-to-unity system corresponds to the local
alternative for cointegration tests. In this sense, the T local-to-unity system is not attractive
for investigating the cointegrating relation. On the other hand, with the N local-to-unity
system, tests for cointegration detect the cointegrating re! lation with an asymptotic proba-
bility 1 because p = pn approaches 1 at a slower rate than does the T local-to-unity system.
The aim in considering the N local-to-unity system is to investigate the behavior of the es-
timators when the AR coefficient is close to 1 but not too close. This type of local-to-unity

system is also considered by Phillips and Magdalinos (2007a, b) and Giraitis and Phillips



(2006).
In order to obtain the limiting distributions of the efficient estimators it is necessary to

make the following assumption.
Assumption 3 (a) M/N? — 0. (b) K/N? — 0.

This assumption restricts the upper bounds on the bandwidth parameter M and the
lead-lag truncation parameter K; as N gets larger or p gets closer to 1, we can choose
larger M and K, although they must satisfy M = o(T'/?) and K = o(T"'/?), as is the case
in Assumptions 1 and 2. Assumption 3 will not be required in a special case where wuy
is an i.i.d. sequence, as investigated by the discussion paper version of this paper. For a
general linear process, we need Assumption 3 in order for the long-run variance estimator

to converge and for the remaining term le\>K w}uz,t,j in (10) to be negligible.

The following theorem provides the asymptotic distributions of the estimators.

Theorem 1 Under Assumptions 1-8 with the N local-to-unity system,

%DT(é—H) ~ H hows, (16)
%DT(éFMR—e) = H 'hryng, (17)
%DT(éCCR—e) = H 'hpuyr, (18)
%DT(éDOLS_G) = H 'hpors, (19)

where H = fol By (r)Bh(r)dr and

I1B1(1) ]

hors 1 (fol Bo(r)dBy(r) + w21)




r 1

=B1.o(1) } M

) =~ oo,

L : fol By(r)dBi.2(r) N

L (B1(1) - 35(1)9521%1“)

hFMR = [% <f01 BQ(T)dBl fO BQ dB2( )922 w21/£> ; % — dM,

L +% (1 - H) (,UQl]

cBi(1) M

= —

: (fol By(r)dB(r) +w21> N ’
r 1

=B1.2(1) } K

) ~N — 09,

| L[5 Ba(r)dBya(r) N

(1= e ) Bra(1) + e ¥ By(1)}

hpors = [% {(1 — e=edic) [1 By (r)dByo(r) D E gy
Fe—odx (f B (r)dB (r )+w21) H
L %Bl(l) K g
= —
\ 1 7)d By ( )—i—uJ21) N ’

with k = (edpy) fooo k(r)e*(CdM)’"dr, dys and dg being fized positive values and Bi.a(r) =

Bl (7“) - W12952132 (T‘) .

Remark 1: All the estimators are consistent under the N local-to-unity system; however,
they are not T-consistent but the convergence rate is slower than 7.

Remark 2: Since M and K must be slower than 77/2 from Assumptions 1(b) and 2(a),
we cannot expect an efficiency gain by using the efficient estimation methods for the case
where N grows at a faster rate than T'/2. The cases where M/N — oo or dy; and where
K/N — oo or di can be considered only when N = o(T"/?). In other words, the three
efficient methods possibly work well only in the case where p is moderately close to 1.
Remark 3: When M/N or K/N — oo, the distributions of the centered efficient estimators

normalized by Dr can be approximated by

Drtts -0 = 2 ([ BB

Then, we can see that the distribution under the N local-to-unity system is approximately

-1

1
/0 By (r)dBya(r). (20)

N/c times the efficient distribution (11). For example, since ¢/N = 1 — p, the standard

10



deviation of (20) when p = 0.7, 0.8, and 0.9 is approximately 3.3, 5, and 10 times larger
than that of (11). It is apparent that the standard deviation becomes larger as p is closer

to 1.

From Theorem 1, we observe that the three efficient estimators do not have the second-
order bias when N is sufficiently slow as compared with the bandwidth parameter M or the
lead-lag truncation parameter K. This implies that compared with the OLS estimator, the
FMR, CCR, and DOLS estimators are efficient when p approaches 1 slowly or p is sufficiently
away from 1. On the other hand, when p approaches 1 rapidly or when p is very close to
1, these three estimators have the same asymptotic distribution as the OLS estimator and
hence suffer from the second-order bias. For the intermediate case where N is of the same
order as M or K, the second-order bias persists in the efficient estimators; the bias is only
partially eliminated by the efficient methods. For example, the endogeneity bias of B is
partially eliminated from the FMR and CCR methods by observing the corresponding term
of hpyr when M/N — dyy,

dBy(r) — dBy(r)Qys wo1 K,
while the noncentrality is adjusted by the term (1 — k) wo;. Note that
0< k= ch/ e~ (e gy < ch/ —ledr)r gy = 1 (21)

if k(r) > 0 for positive r, which is satisfied by, for example, the Bartlett and Parzen kernels.
Inequality (21) is also satisfied by the quadratic spectral (QS) kernel. Since k — 0 as ¢ — 0,
we can see that the adjustment for the second-order bias decreases as p approaches 1. Since
By.o(r) = Bi(r) — w12(22_2132(r), we can also express hpyp when M/N — dyy as
A c{sB12(1) + (1= k) Bi(1)} .
FMR = { fO BQ dBl 2( ) (1 — H) (fol BQ(T)dBl (7“) + w21>} ’
thereafter the limiting distribution in this case can be observed as the weighted sum of the
efficient and inefficient distributions. This implies that the corresponding distribution is

located between the efficient and inefficient distributions. Similar effects can be observed

11



for the limiting distribution of the DOLS estimator when K/N — dg. Thus, Theorem 1
implies that when p is relatively further away from 1, the three efficient methods are effective
compared to the OLS estimator. However, as p approaches 1, the difference between the
efficient estimators and the OLS estimator reduces, and eventually, when p is sufficiently
close to 1, the difference becomes negligible. This is consistent with the finite sample
behavior of the estimators observed in Section 5 and in previous literature. In other words,
the N local-to-unity system can adequately explain the finite sample evidence that the effect

of the efficient methods gradually! diminishes as p approaches 1.

We demonstrate the probability density functions (pdf) of the distributions provided
in Theorem 1. Figure 1 illustrates the pdfs* for wo; = 0.4 and 0.8, ¢ = 1/2 and 1, and
dig = dyr = 1. These are obtained from 100,000 replications from the distribution of the
discrete approximation based on 2,000 steps to the limiting distribution provided in Theorem
1. We can observe that the limiting distribution for a slow N is centered at and symmetric
around the origin, whereas the limiting distribution of the OLS estimator is shifted and
skewed toward the right-hand side. In addition, by observing the limiting distributions
corresponding to the cases where M /N = 1! and K/N = 1, we observe that the efficient
methods partially eliminate the second-order bias. Overall, the second-order bias of the

OLS estimator increases for a larger we; and a smaller c.
4. Modification of the Efficient Methods

As shown in the previous section, we need to carefully choose the bandwidth parameter
and the lead-lag truncation parameter in order for the FMR, CCR, and DOLS methods to
work appropriately. Theorem 1 suggests that both M and K should be as large as possible.
This implies that a bandwidth selected by an existing data dependent rule is not necessarily
appropriate when the serial correlation in the error term is moderately strong; we need

to seek the selection rule for a bandwidth and a truncation parameter. In this case, the

“These densities are drawn for the range of 1% to 99% points by the kernel method with a Gaussian
kernel. The smoothing parameter, h, is decided by equation (3.31) in Silverman (1986): h = 0.9AT'/°
where A = min(standard deviation, interquartile range/1.34).

12



difficulty lies in the fact that although M and K should be as large as possible, they must
also be strictly slower than N? based on Assumption 3. As a result, even if we prespecify
the growing rate of N, it appears practically difficult to decide the theoretical optimal rate

of the bandwidth parameter and the lead-lag truncation parameter.

Instead, we focus on the case where M/N — dy; with N = o(T"/?) and consider mod-
ifying the FMR and CCR estimators® such that the remaining second-order bias can be
eliminated. From Theorem 1 and Lemma A.3(c) and (d), we can observe that the partial
adjustment of the FMR and CCR estimators emerges from the asymptotic behavior of the

long-run variance estimator:

1 ij\ 2.d /OO k(r)e= M dry —_—_
N2 A 21 = —wal.

See also (42) in the Appendix. Hence, if £ can be consistently estimated by, say, &, the

long-run variance estimator should be modified such that

S R D
W1, A1 = E)\Ql and —wa1, N)\m — W

Wop = N

| =

Therefore, if @y and 5\21 are replaced by wo; and 5\21, respectively, it can be shown in
exactly the same way as the Appendix that the FMR and CCR estimators have the same
efficient limiting distribution as in the case where M /N — oo, even if M/N — djys. Hence,
we need to find the consistent estimator of k. In this case, note that x is determined only
by the localizing parameter ¢ for given k(-) and dy; because  depends on ¢, k(-), and djy.

Subsequently, we can consistently estimate x once we obtain the consistent estimator of c.

Let us suppose that a researcher has specified k(-) and djs from the outset. Since Lemma

A.3(a) shows that
1 1 -2 w
~ 0 p 11
—61 = — — 22
N TNT £ T e (22)

where ;¢ is the regression residual of y; on z;, as previously mentioned, we need to consis-

tently estimate wi1, the long-run variance of u; ;. From the definition of ; 4, we can observe

5Since such a modification can be applied only for the FMR and CCR estimators, we do not consider the
DOLS estimator in this section.

13



that

c
Aty g = Uty — U1 -1
y y N y

Intuitively, the long-run variance wi; can be estimated by the kernel method using Ay g,
noting that the first term on the right-hand side dominates the second term, which is

O,(1/N'/2) from Lemma A.1(d). Then, the estimator of wy; is given by

T—-1 .
~ 1 - -
WAl1l = Z k (ﬁ) T Z AULtAul,H-j. (23)

j=—T+1 ¢ 1<t,t4+5<T
From (22) and (23), we consider the following estimators of the localizing parameter ¢ and

K
. Noan

C = ———

2 011

and /%:édM/ k(r)e~¢dmr qr. (24)
0

Theorem 2 Suppose that Assumption 1 holds and that M and N grow at a known rate
slower than TY? such that M/N — dp; where dpy is known. If M./N — 0,

(i) ¢ 2 ¢ and & 2 &,

(ii) if the FMR and CCR estimators are constructed as in Section 3 with &1 and 5\21 replaced
by o1 and Aot, respectively, they have the same efficient limiting distribution as that stated

in Theorem 1 for the case where M /N — oc.

As is shown in Theorem 2, we can still construct the efficient estimators by modifying
the FMR and CCR estimators even if the bandwidth parameter M grows at the same rate
as N. However, to construct the estimator, we need to prespecify M, N, dy; and M.. One
of the possible selection rules is to (i) choose the bandwidth parameter M by an existing
data dependent rule, (ii) set N = M and then dp; = 1, and (iii) set M, slower than N, such
as M, = N2/3. This selection rule is sufficient to obtain the efficient estimators, at least in

the case of the model with the N local-to-unity system is concerned.

However, the N local-to-unity system does not seem appropriate for approximating the
error process when p is not close to 1; p should be considered as fixed in such a case. Thus,
if we want the modified estimators to accommodate both the N local-to-unity system and

the stationary system with a fixed p, we need to carefully choose the above parameters.

14



Note that when p is fixed, 11, is stationary and Ay, is an over-differenced series; this
implies that the spectral density of Aty at zero frequency equals 0. Therefore, way;1 in
(23) converges to 0 in probability. On the other hand, it is easy to observe that 11 converges
to o171 in probability, which is supposed to be positive. Then, from the definition of ¢ in
(24), the asymptotic behavior of ¢ depends on the divergence rate of N and the convergence
rate of waq;1 to 0. The following corollary provides the conditions under which the modified

estimators remains efficient even when p is fixed.

Corollary 1 Suppose that the assumptions in Theorem 2 hold. Further, assume that
M.N?/T — co. Then, if p is fized,

(i) ¢ 2 00 and & 2> 1,

(ii) the modified FMR and CCR estimators have the same efficient limiting distribution as

the original estimators.

Note that the condition in Corollary 1 becomes

M,N2 M, N3 D) x N3
= — 0 = —_— >
T N T ° T %

which implies that N must go to infinity at a faster rate than 77/3. This condition is satisfied
by, for example, M = N = T%4 and M, = N?/3. Note that the bandwidth parameter
selected by an existing data dependent rule does not necessarily satisfy this condition. We

will investigate the finite sample performance of the estimators in the next section.
5. Finite Sample Evidence

This section investigates the finite sample performance of the original and modified efficient
estimates as well as the OLS estimate using Monte Carlo simulations. In the simulations,
we focus on the effect of the serial correlation in the cointegrating regression errors and

thereby, we consider the following simple data generating process:

yr = p+ By +urg, T = 1 + U,

15



where z; is a scalar unit root process. The error term u; = [u1¢, ug:)" is generated from
Uy = puie—1 +<1¢ and  ug = €94,

where &, = [ Z” } ~ii.d.N(0,Y) with ¥ = [ Z“ Zzl ] .
2t 21 22

We set p =0.1,0.3,0.5,0.7,0.8,0.85,0.9,0.95 and T = 100 and 300, whereas p and ( are set
as 1 throughout the simulations. The variances 017 and o99 are set as 1 and the covariance
091 is 0.4 and 0.8. The number of replications is 10,000 and all computations are carried

out by using the GAUSS matrix language.

The long-run variances are estimated by employing the kernel method®. We use either
the Bartlett or the QS kernel with the bandwidth parameter chosen by either Andrews’
(1991, hereafter AN) automatic bandwidth selection method or Newey and West’s (1994,
hereafter NW) method. Thus, there are four versions of the long-run variance estimates for

the FMR and CCR estimates.

With regard to the selection of the lead-lag truncation parameter, we choose K by
either the Akaike information criterion (AIC), Bayesian information criterion (BIC), or the
general-to-specific rule as proposed by Ng and Perron (1995) at the 1% or 5% significance
level. We set the maximum of K to be [12(7/100)/4].

For the modified FMR and CCR estimates, we set dy;, M, M., and N as explained in
Section 4; dyy =1, N = M, M, = M?/3, and M is chosen either by the AN method or NW
method, or from 704 (labeled “FX”).

Tables 1a—1d present the bias and the mean squared error (MSE) of the estimates of (.
For the original FMR and CCR estimates, we report only the case where the QS kernel is
used with the AN bandwidth because these estimates with other combinations of a kernel
and a bandwidth perform in as similar manner. For the same reason, in the case of the

modified FMR and CCR estimates (labeled “FMR-BC” and “CCR-BC,” respectively), we

SWe also employed Andrews and Monahan’s (1992) prewhitening method with the specification of a, first-
order vector autoregression (VAR(1)) for u;. Since the VAR(1) specification is accurate in our simulations,
the prewhitening method works better than the kernel method when p is not close to 1. However, when p
approaches 1, the MSE of the estimates becomes larger and the estimates using the prewhitening method
performed as poorly as those using the kernel method.
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report only the case with the QS kernel. We first summarize the simulation result for the

OLS and the original efficient estimates as follows:

(i)
(i)

(iii)

(iv)

(v)

Both the bias and the MSE become larger for all the estimates as p approaches 1.

All the original three efficient methods eliminate the bias of the OLS estimate more
or less for all the values of p considered in the simulations. However, the effect of the
efficient methods when p is close to 1 is not pronounced to the same extent as it is

when p is relatively small.

When p is close to 1, the MSE of the original efficient estimates is not necessarily

smaller than that of the OLS estimate.

The performance of the FMR estimate is similar to that of the CCR estimate, although
the bias of the former tends to be slightly smaller than that of the latter, whereas the
MSE of the former seems to be larger than that of the latter.

The performance of the DOLS estimate depends considerably on the selection of the

lead-lag truncation method.

Points (i)—(iii) are related to the case in which p is close to 1. We observe that all the three

efficient methods have some drawbacks when the regression errors are moderately serially

correlated. Point (iv) may be expected because both the FMR and CCR methods eliminate

the endogeneity bias in the same manner. Point (v) is a natural result because the lead-lag

truncation parameter K must diverge to infinity as 1" goes to infinity.

Next, we summarize the finite sample performance of the modified FMR and CCR

estimates:

(i")

The modified estimation method successfully eliminates the bias of the estimates com-
pared with the original three efficient methods when p is between 0.5 and 0.9. However,
when p is 0.95, the effect of our method is not pronounced to a similar extent as when

p is moderately close to 1.
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(ii’) When p is small, the bias of the original efficient estimates is smaller than that of the

modified estimates.

(iii’) The MSE of the modified estimates is smaller than that of the original estimates when

p is moderately close to 1 and o9; is 0.8; this relation is reversed in other cases.

(iv’) The bias of the modified FMR estimate is smaller than that of the modified CCR

estimates, whereas the MSE of the former estimate is larger than that of the latter.

(v’) The modified estimates with the bandwidth selected by the AN rule are more biased
than those with the NW bandwidth.

Point (i’) implies that as far as the bias is concerned, our method is effective when p is
moderately close to 1, as expected from Theorem 2. Point (ii’) is a natural result because
our method is established under the assumption that p is moderately close to 1. However,
in almost all the cases, the modified estimates are less biased than the OLS estimate. With
regard to the MSE, we observe from point (iii’) that our method is effective when p is
moderately close to 1 and the endogeneity is relatively strong. For example, in Table 1b,
the MSE of the modified FMR estimate with the fixed M is 0.01871 when p is 0.8, whereas
the MSE of the original FMR estimate is 0.02978. However, when o9; = 0.4, the former
MSE is 0.03243, while the latter is 0.02714, as is observed in Table la; then, the MSE of
the original estimate is smaller than that of the modified estimate in the latter case. Point
(v’) is related to the method to select the! bandwidth parameter M; it appears that the
AN rule selects an extremely long bandwidth parameter in finite samples, as is explained

below; this leads to point (v’).

From the above observation, it can be seen that there is a trade-off between the bias
and the MSE when p is moderately close to 1 and the simultaneous correlation is not
strong. In this case, the modified estimates are less biased but have a larger MSE than the
original efficient estimates. However, when the endogeneity is relatively strong, our modified

estimates dominate the original ones in terms of both the bias and the MSE.
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We finally investigate the effect of the length of the bandwidth parameter and the lead-
lag truncation parameter on the finite sample performance of the original FMR and DOLS
estimates. Figure 2 depicts the bias and the MSE of the FMR estimate using the QS kernel
with a fixed bandwidth parameter when p = 0.7, 0.8, and 0.9 (labeled “fixed”). The fixed
bandwidth assumes values from 1 to 26 when T = 100 and from 1 to 35 when 7" = 300.
To draw a comparison between the fixed bandwidth case and the automatic selection rule,
we plot the averaged length of the automatic bandwidth versus the bias (and the MSE) of
the FMR estimate with either the AN rule (labeled “auto (AN)”) or the NW rule (labeled
“auto (NW)”). For example, when 7' = 100 and o9; = 0.4 (Figure 2(i-a)), the averaged AN
bandwidth and the bias are (9.1,0.029), (12.7,0.048), and (20.2,0.100) for p = 0.7, 0.8, and
0.9, respectively, whereas they are (3.5,0.031), (3.8,0.054), and (4.0,0.112)! for the NW
rule. According to the figure, the bandwidth selected by the NW rule is too short, whereas
that selected by the AN rule is too long. Thus, although our simulation setting is limited,
it seems that we should choose a bandwidth parameter that is longer than the one selected
by the NW rule or shorter than the AN rule, as long as the error term is moderately serially

correlated. One possible choice is to select an average of the AN and NW bandwidths.

Figure 3 illustrates the bias and the MSE of the DOLS estimate with a fixed lead-lag
truncation parameter. As illustrated in Figure 2, we also plot the averaged length of the plug-
in truncation parameter adopted in this paper versus the bias and the MSE. With regard to
K considered in this paper, the bias monotonically decreases as K increases, whereas there
is a point at which the MSE is minimized. In general, when we use BIC, the truncation
parameter is very short and both the bias and MSE tend to be larger than those obtained
by the other plug-in methods. On the other hand, when we use the general-to-specific rule
with the 5% significance level, it selects a long K and the MSE becomes relatively large.
Thereafter, as far as p is moderately close to 1, AIC or the general-to-specific rule with the

1% significance level may be recommended for finite samples.

6. Conclusion
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In this paper, we theoretically investigated three efficient estimators for cointegrating regres-
sion models: the FMR, CCR, and DOLS. We showed that under the N local-to-unity system
where the AR coefficient approaches 1, the asymptotic behavior of the efficient estimators
depends on the approaching speed of the AR coefficient; these estimators are efficient in
some cases but the bias remains in others. We then proposed the modified FMR and CCR
estimators that have the efficient limiting distribution. We also investigated the finite sam-
ple properties of the estimators and found that our modified method is effective when the
regression errors are moderately serially correlated and the endogeneity is relatively strong.
Overall, the analytical investigation in this paper can adequately explain the poor finite
sample performance of the three efficient estimators when the regression errors are serially

correlated.
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Appendix

We denote some constant that is independent of both T" and the subscript j as C' in general.

We also assume that uq,¢ = 0 without loss of generality to simplify the proof.
Proof of Theorem 1: By partitioning Uy, = [/}, U},]’, 41 is expressed using (14) as

t

Uiy = Z P (Wrier + g — G g)
=1

¢ ¢
= Yy pla+ ) (Pt_lﬂﬂl,lq - Pt_lﬂl,l) +y (Pt_l - Pt_l+1) U111
=1 =1

=1
= &+ &+ 831, (25)

where &1 = Y18 with & = 307 pt ey, &op = (ptiing — 1) and &34 = (1 — p)iiy 4—1 with

U1 = Zle pt*lﬂl,l,l. Note that ; and 1 essentially have the same structure as 1 ;.

Lemma A.1 For p=pny =1—¢/N and for any given 1 <t <T,

(a) Var(&y) SCN and &= Oy(VN),
(b) Var(§&:) <C and &0 = Op(1),

© Varlen <5 and =0, ()
(d) Var(ii) <CN and 1= O,(VN).

Proof of Lemma A.1: (a) is proved from direct calculation and (b) is obvious because 11 ¢

is stationary. For (c) and (d), we have, after some algebra,

c t o c t—1 c 0o
t—1,7,
&30 = D o e = N > ane+ N > age, (26)
I=1 j=0 1=0 =1
where o = Z;;lo_l pt*j*lflwlvj and ag; = Z;Zl pt*j¢17j+l,1. Since it can be shown that

> 20 llea ]| /N is bounded above by some constant that is independent of N, "7 |l 4||*/N?
is also bounded above. In exactly the same way, we can also show that > ;2 |lag,||?/N? < C.

Hence, it is observed that Var(&s,) < C, which implies &; = Op,(1). (d) is obtained
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by noting that Var(ii:) < 3(Var(&is) + Var(ar) + Var(&se)) < CN. Moreover, since
> §l¥;]| < oo, we can decompose @i in the same manner as (14) and then it is shown
that Var(§3+) < C/N because Var(?'llyt_l) < CN is deduced by noting that &17,5_1 has the

same structure as 1 ;.0

Lemma A.2 Forp=py=1-—¢/N,
N w11
(a) NT Zult

®) 7 Z Un iy 4 —— plwor — Bugyiineg;) for a given j >0,

T
(c) ; ZJU? t4gl1 g = Eliggsj_1uiy), for a given j>1,
T
(d) NVT ;uu = —Bi(1),
IR 1/
(e) NT ;xtuu = - </0 Bs(r)dBy(r) —|—w21> .

Proof of Lemma A.2: (a) Using expression (25) we have

1 T
N—g = NTZ§1t+ Z NTZfztéj,

i=j#1 t=1
The second term on the right-hand side is shown to be O, (1/N'/2) using the Cauchy-Schwarz
inequality and Lemma A.1(a)—(c). On the other hand,

T T T o1t
Y@= W) +2) 30 > P Wnie) (V). (27)
t=1 t=1 I=1 t=2 =1 k=Il+1

The first term on the right-hand side of (27) can be expressed as

Tt T Tt
S PP wa)? = D> oM (Wne)?
=1 1=1 =1 1=0

2(T— t+1) lest) ] (28)

T
= 2 Z leEt
t=1
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Since 1 — p? = 2¢/N — ¢?/N?, the first term of (28) divided by NT converges in proba-
bility to ¥r1X:907,/(2¢) = wi1/(2¢) by the weak law of large numbers (WLLN), whereas
the second term of (28) divided by NT is easily shown to be O,(N/T). Then, we have
(NT)™ S0, Sy P (Waer)® = 4L

On the other hand, after some algebra, the second term on the right-hand side of (27)

is shown to equal

T-1 T T—k 1 T-1 T
Z Z S e Wne) = —— > Y (0" = T (Wpier) (Yrae).
=1 k=Il+1 t=0 - P =1 k=l+1

Note that the right-hand side has mean zero and its variance is shown to be O(N3T'). Hence,

the second term on the right-hand side of (27) divided by NT is O,(N'/2/T"/2). Then, we

have
1 « R w11
~7 ; &= (29)
and hence, (a) is obtained.
(b) Using expression (25),
1 T—j ' 1 T—j 1 T—j 1 T—j
T ; U2,tULt+j = ; u2,4€1,¢45 + T ; 2,482,145 + T ; u2,4€3 ¢+ (30)

The third term on the right-hand side of (30) is O,(1/N'/?) because |77, ug ety <
1/2
(X, Hugthz)l/Q (Zt £§’t+j) = O, (1/N'/2) based on stationarity of us; and Lemma
A.1(c).

Using (14), the first term on the right-hand side of (30) becomes
L T . T—j L T
T Z u281,t4+5 = V12 Z b1t T 7 Z(@zt—l — Un, )€1+ (31)
t=1 t=1 t=1

Since E (T‘l\Ing ZtT;lj 5t§1,t+j) = P W aN), + o(1) = pPwar + o(1) while its variance is
O(N/T), the first term on the right-hand side of (31) converges in probability to p/wq for
a given j > 0 by the WLLN. On the other hand, the second term of (31) is expressed as

T—j

—Z{ U2,4—181,045-1 — U2,481,045) + U2,-1(81,045 — E1,e-1) )
t=1

23



1

T—j T—j
- - 1 . c N
= f(uz,ofl,j —ti27—561,1) + T ; Ut 1644001 — NT ; U181 t+j-1,  (32)

where we used the relation

-1
- C
10— &—1 =Yg+ (p— DY lz;pt ey = rie — Nfl,tq' (33)

Thus, from Lemma A.1(a), we can observe that the first two terms of (32) are O,(N'/2/T)
and O,(1/T"/?), while the third term is
1/2

c ey vE 1
§ ~ 2 § 2 _
‘ S NT (t:1 ||’U127t71|| > <t21 gl,t‘i’]l) - Op <\/N>

using (29). Based on these results, we can see that the first term on the right-hand side of

T—j
7 O 1€

U2 t—1S1,t4+5—1
NT & +

(30) converges in probability to pws;.

For the second term on the right-hand side of (30), we have

T—j T-j T-j
1 o 1 t+7 ~ 1 ~ . _P E ~ .
T u2,t€2,t+j = T 2 Uzt U0~ ) Unlingey — (ueli1 445)
=1 =1 =1

by the WLLN. We then obtain (b).

Here, note that since £; and ﬂu have the same structure as 4, the third terms on
the right-hand side of (30) and (32) can be shown to be O,(1/N), although they were only
proved to be O,(1/N'/2). These relations imply that

1 P 1 1 /N
— Z u2,tu1,t+j = —‘I/LQ Z 6,5621#’[11 I Z U27tﬂ17t+j + Op <—> + Op ( —> s (34)
= T t=1 T N T

which will be used in the proof of Lemma A.3(c).

(c) Using (14) and (25),

1 1. 1
T tzl U U1 ¢ = T‘I/LQ tzl 45 (E1e + &y + E30) + T ;(%,Hj—l — Ug45)U1e.  (3D)

. 2 .
Using Lemma A.1(a), we obtain E HT—I ST 5t+j§1,tH <02 YT E(&2,) = 0/(N/T),
which implies 77! S et = Op(N1/2/T1/2). We can also observe that 7~ ZtT;lj €14583,t =
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0,(1/(NT)'/?) using Lemma A.1 (c) and that 7~ ZtT:_lj erj&or = Op (1/TY?). Thus, the
first term on the right-hand side of (35) is O,(N/2/T'/?).

On the other hand, the second term on the right-hand side of (35) becomes equal to

T > g g1 (g —ti14-1) + (lig g j—171 -1 — Tigep i) }

T—j
I . . 1 o
T U 1 (Une = Uap-1) + T(UZJ'ULO — U, 71,7 j)
t=1
T—j T—j
15~ ¢ - . VN
= T tzl U2 t4-5—1U1,t — ﬁ tzl U2 t+j—1U1,t—1 =+ Op <T>
T—j
1 1 /N
= 7 Z: Uz pyj—1uts + Op <\/—N) + 0, (T) , (36)

where the second equation holds because of the relation s — @1 +—1 = w1 — (¢/N)ty -1

and Lemma A.1(d), while the last equality is established by

~ 2 -2
H Zm tj—1U1¢—1| < NT <; |G2,45-1]] ;“1,7:—1> =0, (

which holds from Lemma A.2(a). Then, (c) is obtained by the WLLN.

~
w
-

In this case, note that since ug; is stationary with 1-summable coefficients, we can
similarly show that (NT)™'>" g4t j_111, is Op(1/N), although it was shown only to be
O,(1/N'/2) in (37). Then, we have

1 1 /N
T Z U g4l = Z Ugpyj—1urs + Op < ) + 0, < T) ; (38)
=1

which will be used in the proof of Lemma A.3(d) and Lemma A.4(b).

(d) From the definition of 1 ¢,
T—t T

T T
1 . 1 1 P .
—— E Ut = ——= E pULt = —F= E Ut — —=u1,T-
NVT = NVT & = VT VT

[a—

We can see that the right-hand side weakly converges to (1/¢)Bi(1) by the FCLT and
Lemma A.1(d).
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(e) Using the identity (1/N)td1—1 = (1/c)urs + (1/¢)(t14—1 — @1,t), we have

1 & 1 & 1 &
~7 Z Ty = Z Teul e + 5 Z 2 (1, — U1 p41)
NT — cT — cT —
1 & 1 &
= o7 tz_; Ty p+1 + T tz_; {(zt —xp—1)t1 s + (Tt — 2401 41) }
T

T
1 Z n 1 "t 1 (w0t . )
= - TtUL t+1 T — 5 E U2 tU1t T 7\ ToUl1 — TTULT+1
T~ rer — cT *

1 ! - 1 _
= 7 /B2(T)d31(7")+ZE(U2¢U1¢+J‘) + = (w1 — Elugeting)),
0 -
7j=1

where the last convergence holds by the FCLT, Lemma A.1(d), and Lemma A.2(b). The
result is established by noting that

o0 o0 (o@) o B
> Blugpuriry) — Bluggting) = > W %>ty — > Vo S
i=0 j=1 i=0

j=1 - o - )
- Z \P2:j25 Z 1/)3,]' - Z \Ij2,j25 Z 1#/173’ =0.0
=0 i=0

j=it+1 j=i+1
Using Lemma A.2 (d) and (e), the FCLT, and the continuous mapping theorem (CMT),

the limiting distribution of the OLS estimator is obtained as given by (16).

Next, we present the following lemma, which is used to derive the limiting distributions

of the FMR and CCR estimators.

Lemma A.3 Let k= cdy [° k(r)e=“™"dr. For p=py =1—¢/N,

T
( ) 1 1 22 p W11
a) —01 = — Uy, —> ——
N NT & 2¢”’
T
. 1 s p _
(b) 621 = T E U 1 ¢ — wo1 — E(ug ity ¢),
t—1
1 M
1 » w21, N T 00,
3 T M
() Fror—Aun=4q Cwa § = da,
0 Mo
) N )
1
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Proof of Lemma A.3: (a) Since @14 = 11 — (§ — 0)'z and (1/N)Dr(0 — ) = O,(1), we can
see Lemma A.2 (a) that

T T
1 2 1 D) N P 1
N7 2 e = g 2 e+ O (?) = o

(b) Noting that

1 1 N
T tzl U Ul p4j = T tzl ug 1,445 + Op (T) (39)

for any given j, (b) is obtained by Lemma A.2 (b) for j = 0.
(c) From (39) and (34),

1. 1 i1 M
P = § 2 (3) 7w <0 ()
j=0 t=1
N* T—1 . j T—j
1
= ¥ Z+ k (ﬁ) %‘I/LQ Zé‘tf‘?é?ﬂm (40)
j=0  j=N*+1 =1

() o) o () v (7)

where N* satisfies N*/N — oo and N*/T — 0. The last equality holds because g ;11 ¢+
has a bounded spectral density, and then N~! > k(G/M)T1 > ug iy 45 = Op(1/N).
Note that the last four terms in the last expression converge in probability to 0 from the
condition of M, N, and T. Since 7! ZtT:? ey is shown to be Op(1) for a given j > N*

and |k(-)| <1, the second summation in the first term of (40) becomes

;| Tl i p T—j o o T PN*HL T
— k| = |=v < —= )= ——— 1
v (37) e X e < ¥ X X0 = G <00

which converges in probability to 0 because N(1—p) = ¢, pV" ! = (1 —¢/N)N"*1 — 0 and
pl = (1 —¢/N)T — 0 since ¢ > 0, N*/N — oo, and T/N — oo. In the following, we derive
the limit of the first summation in the first term of (40), depending on the rate of N.
When M/N — oo, we can select N* such that N*/M — 0 while N*/N — oo. Since
k(0) = 1, k(-) is continuous at 0, j/M — 0 over 0 < j < N* and T~! Z,f:_f £te) converges
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in probability to . for 0 < j < N*, we have

N* . : N*
1 ,
ZO ( > V12 Z ecby = (VraXeyp + Op(l))ﬁ Zo(l +0o(1))p’
]:
» 1— pN*Jrl 1
— wop llm ———— = —w9y.

N—o00 N(l — ) Cc
Thus, we obtain (c) for M/N — oo.

When M/N — dys, N*/M must go to infinity. Thus, we have
N* ) ; N* . -
M 1 J M ¢’
ZO ( > T Y2 25t5t¢m = (w2 +0p(1))ﬁﬁj§0k (M) (1 - WM)
2, dM/ k:(r)edeMrdrwgl.
0
When M/N — 0, we can see that

N* . ; T—j N*
1 i\ P M1
w2k (3r) o w0 g 3

§=0 t=1 §=0

0,(1) 2 0.

‘(i)

T . T—j
1 A 1.
—um = Z ( > T Z U 445Ut + N)\Qla (41)
= =1

(d) Since

it suffices to show that the first term on the right-hand side of (41) converges in probability
to 0. From (39) and (38), we have

1 T-1 j 1 T—j _ 1 T—j M
N ; k (M) T tzl U2,t+jul,t = Z ( > T tzl uztﬂul’t + Op <?)

- o) 0 ()0 () (8

We are now in a position to derive the limiting distributions of the FMR and CCR
estimators. Note that NﬁlDT(HAFMR —0) = H;thMR;p where Hy = D;l Zthl ztzéD;l
and hpyp = N_ID:;1 Zthl 24Uy g — D:;l Zthl ztuéthQ*QlN_lcbgl — N-1J%. We can see that
HEI = H~! as in the case of the OLS estimator, whereas from the FCLT, the CMT, and
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Lemmas A.2 and A.3,

N et e — T Yo Uy

ﬁ ZtT:I Tl p — %23:1 xm’z,t%%@m - % </\21 - A229521@21>
tBi(1) - By(1 )55 A1 (42)
(L Jy Batr)dBu(r) = Jy Ba(r)dBy(r)3 Ao ) + (beoms = M) |

hrymrT =

For the CCR estimator, note that
1 T & 11 1 T .
iDT(éCCR —-0)= ! TVT 2=t Vi ) NVT 2= Ui
N _1_ ZT L ZT Xt Z T u* )
TVT 2st=1%t T2 2a=1"1L¢ NT t=1 Tt U1y

where 0}, = 14 — (8— )/ AaX 1ty — 12055 ugy with 3 being the OLS estimator of 3. From

Lemma A.3, we obtain

- 2c - 2c - _ _
AQE —> [Agli _A21I{W12 — E(ul,tu’u)}Ele + A222221:| (43)
Using (43), we can observe that
1 Z 1 T 1 T 1
— Nt = — N AT = By(r)dr, 44
T\/th T\/T;t ? TT;t , B (44)

prté/&Bz (45

Further, using Lemmas A.2 and A.3 and because (8 — 3) = O,(N/T), it is shown that

T
1 1 _
—§ W, = =Bi(1) — M2y Ba(1), 46
N\/thl 1.t c 1() 129499 2() ( )

T
1 ok 1= 1 -
ﬁ E l‘:ult ( / BQ dBl / BQ dBQ Q 21)\21> + (ECL)Ql — )\21) (47)
t=1

after some algebra. The limiting distribution is obtained using (44)—(47).

For the DOLS estimator, we need to express the error term ;; by v; and r;. Note that

from Theorems 3.8.3 and 8.3.1 of Brillinger (1981),

(o] (o]
, . .
Uiy =v+ry, where 1= E miug - With E 32wl < oo,

j=—o0 j=—o0
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E(ugsv:) = 0 for all s and ¢, the long-run variance of v is given by wj.0 = w11 — w12(22_21w21.
From Theorem 3.8.4 of Brillinger (1981), v; has an MA (00) expression with the same summa-
bility condition of the coefficients as r,. Then, we have

t

ult—ZPt furg =00+ p" 1 + Z P (48)
I=t—K

where 0, = Yj_, pt~tvy and 7, = 3°j_; p'lry. After some algebra, the third term of (48)
can be expressed as

t t

Zpt_lrl: Z =l Zﬂwl] Zwugtj-i-eu-i-ema (49)

I=t—K I=t—K j=—00 j=—K

* K i _ o0 */ ) _ K-1 )
where T = Yoo P iy €1 = Zj:K+1 T U2t and ep; = ZJ,_OO 71'] "ug ;. From (48)

and (49), 41, is expressed as
. _ */ . . h CO K+1 -
Ul = T Ug¢—j + 1 where 1) =v+p Ti-Kk-1t+e1:+ ey
j=—K

Using this expression, model (12) becomes y; = 0"z + Zf:7 K W;/ Az;_j + 1. Then, from

the inverse formula of a partitioned matrix, the DOLS estimator can be expressed as

1 T-K -1 T-K
~Pr(bpoLs—0) = <DT1 > D' - GGy 1G’> <ND YT an - GGy G3>
t=K-+1 t=K+1
1 1
where G = \/T Z 2pwy, — Z wiwy, and Gz = \/_ Z WMt

t=K+1 t=K+1 t=K+1

Lemma A.4 Forp=py=1-—¢/N,

@ leal? =0, (5.
1632 =0, (5z) + 0 () + 00 (7 )

1 +Bia(1) LK
(c) NVT Z M= e {(1—e“)Bio(l) + e “*Bi(1)} : § —dk
=t Bi(1) D N0,
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%fol BQ( )dBl 2( )d?"

£ oo
T-K L8 — e [ By(r)dBy.o(r)
1 c 2( 12 %
d) — > k= N — di
@) N7 et e +ecdx ( [ Ba(r dB1(r)+w21)} N
(fo By (r)dBi(r )+w21) £ —o.

Proof of Lemma A.4: (a) is shown by

. 2 T-K 2
Gl = ‘ > @}
T\ 5 t=K+1

K T-K 2

1 1 K

=1 + 3 |5 3 s | -0 (F).
T\ 5 t=K+1
(b) Since 7 =0 + pB gy +e1:+ ey,
K 1 2 pE+1 T-K 2
||G3H2 < C Z Z U, t— ]’Ut Z U2 t— jrt K-1

j=—K N\/_t K+1 N\/_t K+1

2 27

(50)

1
\/— Z U2 t—5€1,t

t=K+1

Z U2 t—5€2 ¢
\/— —J

t=K+1

In the following, we evaluate each term of (50). First, since E(ug sv:) = 0 for all s and ¢, we

can observe that

1 T-K
Fl|l——= U — U
i 3

t=K+1

2 T-K T-K

o Z Z E u25 jU2,t— ])E('Ds'[)t)'

s K+1t=K+1

Since ©¢ has the same structure as ;;, we can observe that Var(v;) = Op(N) in the same

manner as Lemma A.1(d), so that
E(isiy) < (Var(vs)Var(é)Y? = O(N). (51)

Since the autocovariances of us; are absolutely summable, we have

2

H E U2, t— ]Ut

t K+1

I
Q
N
2]~
S~
=
r

> N2T Z E u2tu2t ])O(N

j=—o00
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which implies that
K

Py

\F i sy sin| =0, (%) (53)

t=K+1

The second term of (50) can be expressed as

T—K | T-K | T-K
= E U2,tfj7'"t7K71:T E U2,tfjﬂ1,t7Kfl_T E U ¢Vt K 1,

t=K+1 t=K+1 t=K+1

because r_ g1 = U1 4—K—1—Ut—Kk—1. The second term on the right-hand side is Op(N1/2/T1/2)

from (52), while the first term is expressed as (38). Note that

1 T-K 1
T t_;rl U2 t—jULt—K—1 = V31— K—1 +0, (ﬁ) , (54)

where 735, ; = E(u24u1441) because the variance on the left-hand side is O(1/T’) uniformly
over —K < j < K. From (38) and (54) and using ||a + b||?> < ||a||® + 2||a]|||b]| + ||b]I,

K 2

Py

1
\/— Z u2tjU1tK1

t=K+1

2

T N 1
< m ZK V21,5—K—1 + Op (\/%) + Op (N) H

P
T & 2 9T N 1 K
w3 el + 5 do (VF) vor (3)] 32 b

=K j=—K

K KT KT

+Op<N)+O <N4)+Op<7N2\/N>
T K

= 0(3s) +or ()

because {73, ;- j} is an absolutely summable sequence, where the slower terms are absorbed

into the faster terms like O,(KT/N*) = O,(T/N?). Thus, we have

IN

K| prtr 12X ’ T K KN
Z Z U t— ]Tt K-1 —O ( 2>+O ( )—l—O ( ) (55)
j= N\/_t K+1 N T
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For the third term of (50), we first note that 771 3" ug yug 11 ; = E(ugug 1) +0,(1/T?) =

T2 + O,(1/T"/?), say, for the same reason as (54). Then,

2 2

H 1 T—-K T [e’] 1 T-K
! /
— Z U2 t—5€1,t = Z = Z U2,t—1Ug t—j
NVT t=K+1 N I=K+1 T t=K+1
2
T || & *,< 1
N I=K+1 VT
T [o.¢] [o.¢] (o] 1
< O > D Wi+ S 10 (7))
1=K +1 1=K +1 I=K+1

By noting that 370 s 327y [Ta2,-5]1% < 3552, j|T22,5]1* < oo and

00 0o K ‘ 00
Sl >0 D plmail < > dlml = o(), (56)
I=K+1 I=K+1 i=0 I=K+1

we can observe that

K

D

j=—K

—0, (%) +0p (%) 0, (%) NG

Since the fourth term of (50) has the same structure as the third term, we obtain (b)

from (53), (55), and (57).

| K 2
N—\/T Z U2,t—5€1,t

t=K+1

(c) Note that

| oK ;1 T=K pEH T-K 1
o S e S e S i oo ()09
NVT t=K+1 NVT t=K+1 NVT t=K+1 N

where the order in the last term is obtained by observing that

(e o]

1
<% > s
i J
j=K+1

“a ().

because {77} is an absolutely summable sequence as shown in (56) and N 12N ey =

1 T-K
N

t=K+1

1 T—-K
E— (&
HN LY

t=K+1

0p(N~1) is similarly shown. For the first term of (58), it is proved that

R 1
—— ) 9= =Bia(1) (59)
N\/Tt:K—f—l ¢
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in exactly the same manner as Lemma A.2(d). On the other hand, the convergence of the

second term of (58) depends on the relation between K and N. Since

0 K L
N-(K/N N
pK+1 = (1 — i) (/) — e~¢drx . K _, dx (60)
N K
1 . N_)O’

we obtain the result by Lemma A.2(d), (58), and (59).

(d) As in the proof of (c), we first observe that
| ToK | ToK s T-K 1
ﬁ Z xtﬁt = W t;—l xti)t + NT Z l't(ul,t—K—l - Q']t—K—l) + Op (N) (61)

t=K+1 t=K+1
1
= 0. e
p N )

because

T—-K
DS
T TtU2 t—j
T =]
t=K+1

1 o0
<y 2 Irlisw

T-K

o >
Tt€1,t
NT ’ ]
j=K+1

t=K+1

and N7'T71 Y zie04 = 0,(1/N) is similarly shown.

Similar to the proof of Lemma A.2 (e), we can observe that
T-K

1 o1t
7 D mhe= / By(r)dByo(r) (62)
t=K+1 €Jo

because us s and v; are uncorrelated. We also observe that

| T-K | T-K | T-K
— Tl K1 = —= Tyl g — —= (U — Uy p—F—1)-
NTZ 1 - K -1 NTZ tl NTZ t(01,t — 01—k 1)
t=K+1 t=K+1 t=K+1
The second term on the right-hand side is expressed as
| T-K
NT Z {(xptn g — xe— g1t p——1) — (T — Tp— g —1)UW1 t—K—1}
t=K+1

1 T-K K ) K Tk
— ﬁ( Z _Z> l‘t?h,t—ﬁz Z U UL KK —1-

t=T—2K =0 j=0 t=K+1
The first term of the last expression is O,(K/(NT)'/?) because 2; = O,(T"/?) and 1y, =
O,(N'/?) by Lemma A.1(d), while using (38) and (54) we can observe that

| K TK s - 1
NT Z Z Uzi—jli-K-1 S Z Y15+ Op (1 / ?> +0, (N) H

IN

@)
o(1)+0n () 0 () o
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Then, we can observe that

1 T-K 1 T-K
ﬁ Z xt'lll,t—K—l = ﬁ Z iL‘t?lLt + Op(l). (63)
t=K+1 t=K+1

we obtain the result from Lemma A.2(e), (60), (62), and(63).0

The limiting distribution of the DOLS estimator can be obtained using Lemma A.4, not-
ing that |G1G5 G ||? < O, (K?/T?) = 0p(1) and ||G1G5 ' Gs|? < O, (K/N?)+0,, (K?/NT)+
O, (K2N/T?) = 0,(1), where we used IG5 1 = Op(1) that was proved in Saikkonen
(1991).1

A~

Proof of Theorem 2: (i) Since &Lt =14 — (0 — 0) 2, we can observe that

o . A c . 2
Aty = Ay — (0 —0) Az = ugy — N L1 (B — B) ugs.

Since 771> w441 4—1 can be shown to be O,(1) in the same manner as Lemma A.2(c), it

is shown from Lemma A.2(a) and (c) and (3 — ) = Op(N/T) that

1 s 5 1 1 N
T Z Aty Aty gy = T Z u1 Ul 45 + Op (N) +0, (T) .
1<t t+5<T 1<t t+5<T
This implies that

T—1 .
. 1 M M.N
WALl = Z k (ﬁ) T Z urul g + Op (WC) +0, ( } > 25 w1,

j=—T+1 ¢ 1<t t+5<T

where the last convergence holds because M,/N — 0 and N/T'/? — 0 by assumption. The

consistency of ¢ and & is obtained using Lemma A.3 (a).
(ii) can be obtained directly in the same manner as the proof of Theorem 1.0

Proof of Corollary 1: (i) Since the spectral density of Au;, at zero frequency equals 0
under the assumption of a fixed p, we can see that Oa11 = Op(Mcl/Z/Tl/2) from Chapter 9

of Anderson (1971). This proves the first part of (i).

To prove the second part of (i), let us choose r* such that 7* — 0 and ¢r* — oo as

¢ — oo and express Kk as
r* 00
k= CdM/ k(r)e=cdMTdp 4 ch/ k(r)e=cdnmr .,
0 -
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Since k(0) = 1 and it is continuous at 0, the first term on the right-hand side becomes

ch/ k(r)e=cdmT dy = ch/ (1+o(1))e cMrdr — 1,
0 0
while for the second term,

< < e—Cd]\/[T‘* — 0

cdyg / k(r)e=cdr gy

*

o
cdyg / e =AM gy
T

*

We then obtain the second part of (i).

s . - -~ D 3 TP . D
(ii) is obtained because W91 — w1 — 0 and g1 — Ag; — 0, using & — 1.1
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