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Abstract

By deriving the finite sample biases, this paper shows analytically why the sys-
tem GMM estimator in dynamic panel data models is less biased than the first

differencing or the level estimators even though the former uses more instruments.
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1 Introduction

In the estimation of dynamic panel data models, the system GMM estimator by
Blundell and Bond (1998) is widely used in empirical analyses. Since the system
GMM estimator uses more instruments than the first differencing and the level
estimators, one might suspect that the system GMM estimator is more biased than
the first differencing and the level estimators. However some simulation results do
not pose such a problem; rather the system GMM estimator is less biased than the
first differencing and the level GMM estimators. The purpose of this paper is to
show theoretically why the system GMM estimator, despite using more instruments,
is less biased than the first differencing and level GMM estimators by deriving the
second order bias of the system GMM estimator.!

The remainder of the paper is organized as follows. In Section 2, we define the
model and the estimators used in this paper. Section 3 provides the main results
concerning the small sample bias of the GMM estimators. Based on the results of
Section 3, we compare the estimators numerically in Section 4. Finally, Section 5

concludes.

2 The model and estimators

We consider an AR(1) panel data model given by
yit:ayi,t—l+ni+vit 1= 17"'7N; t:27374 (1)

where « is the parameter of interest with |a| < 1 and v; has mean zero given

NisYils s Yit—1. Let uye = n; + v. We impose the following assumptions:

Assumption 1. {vy} (t =2,3,4;i =1,...,N) are i.i.d across time and individuals
and independent of n; and y; with E(vy) = 0, var(vy) = o2 and finite moments up

to third order.

Assumption 2. 7; are i.i.d across individuals with E(n;) = 0, var(n;) = o7, and
finite third order moments
Assumption 3. The initial observations satisfy
i ,
Yi1 = m*‘wil for i=1,.,N (2)

! Although Bun and Kiviet (2006) derived the second order bias of the system GMM estiamtor, their
purpose is different from this paper. Their purpose is to examine how the order of magnitude of bias
changes when we use different set of instruments, while this paper aims to examine the structure of the
bias of the system GMM estimator.



where w;| 18 w;] = Z?io ajvi71,j and independent of n;.

Under these assumptions, we consider three types of GMM estimators. These in-
clude the first differencing GMM estimator (Arellano and Bond, 1991), the level and
system GMM estimator (Arellano and Bover, 1995), abbreviated as GMM(DIF),
GMM(LEV) and GMM(SYS) estimators, respectively. These GMM estimators are

derived from the following moment conditions;

ElZyAui] =0  B(Zu)=0  E(Z{p;)=0 (3)

where
a0 0 Ayis 0 Zgi 0

Zg;= [ v Zy1; = [ viz Zsi = & (4)
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Ay i Ay

Au; = s u; = s pi = ! (5)
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Let Ay; = (Ayiz, Ayia)', Ay; 1 = (Aviz, Ayis)', ¥i = (Yiss via)'s Yi 1 = (Yi2, vis)'s
g = (Ay; yi)'s @i 1 = (Ay; 4 y; 1)’y and Ay, Ay_1 y, y-1, ¢, and g1 are stacked
across individuals. Then the one-step GMM estimators for « are
Gr — Ay Zy(Z4Zq) 71 Z Ay
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where Z = (Zh1,  Zhn)s 2= (Zios-  Zin)s Zo = (ZLy, -+, Zy), and
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3 Small sample biases of GMM estimators

In this section, we provide analytical forms of the finite sample biases of order N !
for the GMM(DIF), GMM(LEV) and GMM(SYS) estimators.

First we define 74 and m; as

ma = E(Z});Z4:) " E(Zj;Ayi 1)
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Also, we define ¢4, ¢; and vy as

ba = E(Ay, 1Z4i)E(Z); Zai)  E(Zy;Ayi 1) = myE(Z); Z4)7q
= (3, + 79+ m33)(C + D)+ 2mg2ma3(C + aD)
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Next, we provide the formulas for the small sample biases of &g;f, Qe and digys.

Theorem 1. The second order biases of Gugif, Quey, and Gsys are given by

N - Bias(agif) = B + B§Y + BI 1 B/ (10)
N - Bias(tuey) = BI® + BY"+ BY' + By (11)
N - Bias(dsys) = (B + BT) + (1 —~)(BI" + BY")
+2(B§ + BYY) + (1 - )2 (BYY + BY™)
2 1
— Vs + Uy 12
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Proof. Using Theorem 1 in Hahn, Hausman and Kuersteiner (2001), this result
is readily obtained after very lengthy algebra. Detailed proof is available from the

author upon request.

Remark  We find that the bias of the system GMM estimator is composed of
two elements. The first is the weighted sum of the biases of the first differencing
and the level estimators (the first two rows of (12)). The second element of the bias
results from using the first differencing and the level estimators jointly (the last row
in (12)). Therefore, if the biases of the first differencing and the level estimators
are in opposite directions, they will cancel each other out and the system estimator

will have small bias. In the next section we will show that this is indeed the case.

4 Numerical analysis

Since the biases of all estimators are characterized by N, o and 0,2] /o2, we cal-
culate the theoretical values of the biases for the cases 0727 /o2 = 0.25,1,4 with
a =0.1,...,0.9 and N = 50. Before we begin to analyze the direction and magni-
tude of the biases, we confirm how well the second order biases explain the actual
biases by comparing theoretical values with simulation values. From tables 1, and
2, which describe the theoretical and simulation values of the biases of GMM(DIF),
GMM(LEV) and GMM(SYS) estimators.? we find that the theoretical and simula-
tion values are close when o < 0.5. Hence, in the following, we focus on the case
with o < 0.5.

The first concern is the direction of the biases of the GMM(DIF) and GMM(LEV)
estimators. Looking at the tables, we find that the GMM(DIF) estimator has a
downward bias, while the GMM(LEV) estimator has an upward bias, and both
biases cancel each other out in the GMM(SYS) estimator. The second concern is
the value of v and the magnitude of the biases. Even though they work in opposite
directions and thus at least partly cancel each other out, the bias of the GMM(SYS)

estimator will not be small in absolute value if v takes values near zero or one, or if

2vi¢, m; and w;; are independently generated by vy ~ #@dN(0,1), n; ~ iidN(O,Uf]) and w;1 ~
idN (0,1/(1 — o®)) where 07 = 1,4. The magnitudes of relative biases are computed by Bias(&)/a x
100(%)



the bias of either estimator is much larger than the other in absolute value. There-
fore, we need to think about v and the magnitude of the biases. Table 4 shows the
values of v for a = 0.1,...,0.9. We find that v moves between about 0.25 and 0.5
in the region of @ < 0.5. We also find that although the bias of the GMM(DIF)
estimator is about -20 — -30% in the region of o < 0.5, the bias of the GMM(LEV)
estimator decreases from about 26% to 5% as « increases. Hence, the difference of
the magnitude of the biases of the two estimators in absolute value gets larger as
a increases. However, Table 4 shows that 1 — ~y, the weight on the GMM(LEV)
estimator, increases as « increases, that is, the weight ~ is adjusting the difference
of the magnitude of the biases to be almost the same in absolute value. The column
labeled ”weighted sum” in Table 3 reports the theoretical values of the first element
of the bias of the system estimator. In the region of a < 0.5, it takes negative stable
values around -0.4. The theoretical values of the second element in the bias of the
GMM(SYS) estimator are given in the column labeled ”correlation” in Table 3. We
find that the second element of the bias of the system estimator takes positive values
and gets smaller as « grows. Hence, we find that in this case, too, the two elements
of the bias of the GMM(SYS) estimator partly cancel each other out, and this is the
reason why the small sample bias is almost zero around o = 0.3 or 0.4. Thus, we
find that there are two reasons why the GMM(SYS) estimator is less biased. The
first is that the biases of the GMM(DIF) and the GMM(LEV) estimators are in
opposite directions, and the second is that the weight v is adjusting the difference
of the magnitude of both biases.

The above results pertain to the case when 0727 /o2 = 1. Now we turn to the case
when 0727 /o2 = 4. The theoretical and simulation values of the biases are given in
Table 2. The approximation of the small sample bias is a little worse than that of
0727 /o2 = 1. However, we find that there are sizable biases for any value of « for all

estimators. Therefore, using the GMM(SYS) estimator in this case is problematic.

5 Conclusion

In this paper, we considered the small sample bias properties of GMM estimators in
dynamic panel data models. We provided theoretical evidence why the system GMM
estimator has smaller bias. We found that the bias of the system GMM estimator
is a weighted sum of the biases in opposite directions of the first differencing and
the level GMM estimators. In addition, we found that the role of the weight is
also important since it adjusts the difference of the magnitudes of the biases. The

numerical analysis showed that the fact that 0727 and o2 are of almost the same value



is an important reason why the system estimator has small bias. In the case when

0727 Jo% = 4, the biases of all the GMM estimator are sizable.
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Table 1: Theoretical and simulation values of relative biases (%) when o7 /07 = 1

GMM(DIF) GMM(LEV) GMM(SYS)
« theory  simulation | theory simulation | theory simulation
0.1 | -26.48 -27.99 25.85 26.01 5.67 5.44
0.2 -20.02 -19.79 13.20 13.42 2.35 2.26
0.3 -20.11 -20.12 8.88 8.49 0.87 0.71
0.4 | -23.04 -23.05 6.65 6.32 -0.37 0.07
0.5 | -29.11 -28.00 5.25 5.19 -1.77 -1.25
0.6 -40.75 -38.20 4.27 6.81 -3.53 -0.53
0.7 -65.59 -58.64 3.52 9.29 -5.76 1.47
0.8 | -134.23 -76.93 2.92 9.85 -8.43 2.56
0.9 | -488.87 -93.41 2.43 10.05 -11.32 5.69

Table 2: Theoretical and simulation values of relative biases (%) when o7 /02 = 4

GMM(DIF) GMM(LEV) GMM(SYS)
« theory  simulation | theory simulation | theory  simulation
0.1 | -39.65 -40.28 91.85 96.55 64.52 62.48
0.2 | -29.43 -31.15 49.20 51.77 37.53 35.50
0.3 | -29.29 -28.01 34.88 40.58 28.19 28.37
0.4 | -33.46 -34.14 27.65 39.65 22.87 21.20
0.5 | -42.40 -44.04 23.25 36.82 18.77 20.72
0.6 | -59.85 -59.04 20.27 27.81 14.92 19.88
0.7 | -97.65 -71.66 18.09 28.05 10.94 20.34
0.8 | -203.64 -86.89 16.42 21.01 6.71 16.87
0.9 | -759.58 -101.12 15.09 10.71 2.32 9.57

Table 3: Composition of the relative bias of the GMM(SYS) estimator when o7 /07 = 1

a | Weighted sum  Correlation  Bias(aSY*)
0.1 -4.571 10.243 5.672
0.2 -3.665 6.017 2.352
0.3 -3.673 4.543 0.869
0.4 -4.004 3.635 -0.369
0.5 -4.571 2.802 -1.769
0.6 -5.366 1.834 -3.531
0.7 -6.384 0.623 -5.761
0.8 -7.586 -0.844 -8.430
0.9 -8.856 -2.462 -11.318




Table 4: Theoretical values of

on/oz =1 onjos =4 o2 /o8 =025
a Y 1-—7~ Y 1—~ Y 1—~
0.1 | 0491 0.509 | 0.378 0.622 | 0.586 0.414
0.2 | 0437 0.563 | 0.323 0.677 | 0.545 0.455
0.3 | 0.378 0.622 | 0.267 0.733 | 0.497 0.503
04 | 0314 0.686 | 0.211 0.789 | 0.441 0.559
0.5 | 0245 0.755 | 0.156 0.844 | 0.374 0.626
06 | 0.176 0.824 | 0.106 0.894 | 0.297 0.703
0.7 | 0.110 0.890 | 0.063 0.937 | 0.209 0.791
0.8 | 0.0563 0.947 | 0.029 0.971 | 0.117 0.883
09 | 0.014 0.986 | 0.007 0.993 | 0.037 0.963
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