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はしがき

平成16年度から平成18年度の間,科学研究費の補助を受けリーマン多様体の等長埋め

込みと剛性に関する研究を行った.この報告書ではこの研究課題に関わる成果をまとめ,

またこの課題に関連する研究代表者の論文を収録した.

任意のリーマン多様体は十分高い次元のユークリッド空間-等長に埋め込める.この事

実は,まず局所的な立場からJanet-Cartanにより(実解析的の仮定のもとで)初めて示さ
れ,更にその30年後, Nashにより大域的な等長埋め込みの存在定理が示された.

このような状況のもとで自然に考えられる問題として, 「与えられたリーマン多様体が等

長に埋め込める"最小次元"のユークリッド空間を決定せよ」というものが考えられる.ま

た,最小次元が確定すれば,その次に考えるべきこととして,最小次元の等長埋め込みに

"剛性"があるか否かを判定する問題が考えられる.

本研究では,リーマン多様体として特に対称空間を取り上げ,その中のいくつかの空間

について上記2つの問題の最良結果を得ることに成功した.これらの結果は既に論文の形

で発表されており,また多くの研究集会等でその研究成果を発表した.

本研究成果報告書では,研究期間中に得られた成果を項目別にまとめ,更に主要成果と

なる論文・報告書類を収録した.特に本研究期間中,新潟県湯沢における部分多様体の

研究集会においてリーマン多様体の等長埋め込み全般に関する講演を行い,その講演記録
にはガウスから現在に至るまでの等長埋め込み問題の研究史を簡潔にまとめたが,これは

等長埋め込み問題に関する重要な文献を網羅・要約したものであり,この問題の現状を理

解するための一つの参考資料として本報告書の最後に収録した.この資料が今後この方面

の研究に資することがあれば幸いである.また,対称リーマン空間の局所等長埋め込みに

関し,最新のデータを一覧表の形にして末尾に添付した.同様の表は雑誌「数学」 (56巻,

2004年)の論説の中にも掲げたが,本報告書に掲載する表は論説の執筆以降得られた研究
成果も盛り込んだ最新のものである.

本研究期間中,特に剛性問題に関しては研究分担者である兼田英二氏の多大な協力も

あって予想していた以上の成果をあげることができた.論文も共同で数多く執筆すること

ができ,実り豊かな3年間の研究期間であった.しかし,対称空間の局所等長埋め込み可

能な次元の評価の改良等,まだ多くの未解決問題を残している.これらの未解決問題をこ

れからの課題とし,今後更に研究を深めてゆきたい.

この研究を遂行するにあたり,研究分担者の方々には大変お世話になった.文末ではあ

るが,ここに記して深い感謝の意を表する.

阿賀岡芳夫
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研究成果

本研究期間中に得られた主要な結果を以下簡単に報告する.まず問題の基本的な位置づ

け・状況について簡単に説明した後,本研究で得られた主結果について個別に述べる.そ

の後に,本研究期間中に発表した論文(発表予定も含む) ・資料の中で特に重要なもの12
編を収録した.

Mをn次元リーマン多様体とする.よく知られているように, Mは十分に高い次元の

ユークリッド空間に等長に埋め込める. (局所的な場合はJanet-Cartan,大域的な場合は

Nashの結果. )一方,リーマン多様体の中で特に重要な位置を占める"対称リーマン空

間"と呼ばれるクラスがある.対称リーマン空間は,局所的には曲率の共変微分が0にな

る空間として特徴付けられ,ある意味で平坦な空間の次に単純な構造をもつリーマン多様

体であり,定曲率空間もこのクラスに含まれている.これらの空間の局所等長埋め込みに

ついて考察することが本研究の主題である.

対称リーマン空間の中の多くのものについて標準的な埋め込みがS. Kobayashiにより

構成されている.対称リーマン空間は平坦な空間に近いということもあり,これらの標準

埋め込みはJanet-Cartan, Nashの与えた次元に比べ,一般にかなり低い次元のユークリッ

ド空問-の等長埋め込みを与えている.

ここで自然な問題として,これらの標準埋め込みは最小次元の等長埋め込みを与えてい

るか否か,また最小次元の等長埋め込みである場合その埋め込みに本質的な一意悼(剛性)

があるか否か,という問いが考えられる.例えば正の定曲率空間であるn次元球面Snに

ついてはRn+1 -の標準的な埋め込みが最小次元の等長埋め込みであることが知られてお

り,またn≧3のときはこの等長埋め込みは局所的な剛性をもつ(n-2の場合大域的

な剛性はあるものの,局所的な剛性はない. )また,負の定曲率空間Hnについて,局所

的に等長に埋め込める最小次元のユークリッド空間はR2"-1であることが既に知られて

いる. (大域的にHnがR2n~1に等長に埋め込めるか否かは,未解決の大問題である・ )
しかし球面の場合と異なり, HnのR:2n-l -の局所等長埋め込みに剛性はない.

以上のような状況のもとで,阿賀岡は研究分担者の兼田英二氏と長年にわたり対称リー

マン空間の等長埋め込みの研究を続け,新たに多くの事実を示すことに成功した.本研究

期間中においても,共同研究として幾多の成果をあげることができた.その中でも特に剛

性に関してはいくつかの対称リーマン空間に対し最良の結果を得ることに成功した.

本研究成果報告書においては,新たに得られた結果を項目別にまとめ,更に既に論文と

して発表されているもの及び論文に準ずる資料を,研究成果の詳細にあたるものとして本

文の続きに収録した.

9



1. P2(Cay), p2(H), Spin), Sp(n)/U(n)の標準埋め込みの剛性,

上記4つの対称リーマン空間について, S, Kobayashiの構成した標準埋め込みが局所的

な剛性をもつことを示した.

例えば,この中でSp{n)/U(n)はn2+n次元のエルミート対称空間であり,これは

正則等長変換群Sp(n)のリー環印(n) -大域的に等長に埋め込めることが知られている

(Lichnerowicz, S. Kobayashi).またこの埋め込みは局所的な立場からもSp(n)/U(n)の最

小次元の等長埋め込みを与えていることを兼田英二氏との共同研究で既に示している.

本研究期間中,この標準埋め込みはn ≧ 2のとき局所的な剛性をもつこと,つまり実質的

な局所等長埋め込みの一意性の成り立つことを示した. (n- lのときはSp(l)/[/(I)竺S2

となるので,局所的な剛性はないつ正確な主張は次の形に述べられる.

定理(阿賀同一兼田). UをSp(n)/U(n) (n ≧ 2)の空でない連結な開リーマン部分多様体

とする. fをUから2n2+n次元ユークリッド空間-の等長埋め込みとすると,ユークリッ

ド空間Tp>2rr+nのある等長変換aが存在してf-a。foとなる.ここにf.はSp{n)/U{n)
の標準埋め込み.

他の空間P2(Cay), p2(H), Sp(n)についても同様の結果が成り立つ.対称リーマン空

間の中で,これに類した局所剛性が成り立つ例としてはSn (n≧3)しか知られておらず,

これら4空間については球面と同様に局所等長埋め込みに関し決定的な結果が得られたこ

とになる.

上記の定理は,標準埋め込みと同じ余次元におけるガウス方程式の実質的な解の一意悼

を示すことにより証明される・特にSp(n)/U(n)はエルミート対称空間であるため,標準

埋め込みの第二基本形式はエルミート性をもっているが,ガウス方程式の解はすべてエル

ミート性を有することを示すことにより解の実質的な一意性が証明される.

これに関連することとして,複素射影空間Pn(C)以外のすべての既約エルミート対称

空間の標準埋め込みは, Sp(n)/U{n)と同様に局所的な剛性をもつものと予想される.こ

の予想を示すことは今後の大きな課題である・ (複素射影空間Pn(C)については,ガウス
方程式が解をもつ最小余次元においてエルミート的でないガウス方程式の解が出現するた

め, Sp(n)/U{n)と同列に扱うことはできない. )

この項はすべて兼田英二氏との共同研究によるものである.兼田氏の労に対し,深く感

謝する.

2.多項式値2-形式の分解可能性.

与えられた余次元においてガウス方程式の可解性を判定することは一般に代数的に難し

い問題である.この困難な問題に対する一つの展望を与えるため,曲率を代数的に見てよ
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り単純な構造をもつ多項式値2-形式に書き換え,この定式化のもとで余次元が1のガウス

方程式の可解性についての研究を行った.

余次元が1の場合は曲率に対応する21形式が分解可能であることが可解であるための

必要十分条件であるから, Pluckerの関係式が可解であるための一つの条件を与える・ 2-

形式がスカラー値の場合にはこれは十分条件でもあるが,多項式値の場合はPluckerの関

係式だけでは十分条件になり得ず,更にもうーっ新たな3次の条件を考察しなければなら

ない.これら2条件を課することにより,ガウス方程式が可解となるための必要かつ十分

な条件が得られることを示した.また証明の過程において,群作用で不変な代数多様体が

様々な形で自然に出現するが,これらの包含関係・定義方程式についても調べ,ほぼ満足

すべき成果が得られた.

しかし,幾何学的にはこの結果は余次元が1の場合の話にしかすぎず,今後の課題とし

てこの結果を高次元に拡張する問題が残されている.

3.曲率の新しい条件.

リーマン多様体〟が低次元のユークリッド空間に等長に埋め込めるためには〝の曲

率がある種の条件を満たさなくてはいけない.この条件を具体的に求めることは等長埋め

込み問題における重要な課題の一つであるが,現在のところ余次元がおおよそ〟の次元

に等しいところまでしかそのような条件は知られていない.

より高い余次元における曲率の関係式を求めるための第一段階として,曲率と第二基本

形式の満たすべきある種混合された高次の関係式を求めることに成功した.この関係式を

基にすれば,余次元が高い場合のリーマン部分多様体の曲率の関係式が得られるはずであ

り,今後の課題としてその条件を具体的な対称リーマン空間に適用し,クラス数(-局所

等長に埋め込み可能となるユークリッド空間の最小余次元)の評価の改良に役立てたい・

この項目に関しては,近日中に論文として発表する予定でいる.

4. Pn(C), Pn(H)のクラス数の改良・

複素射影空間Pn(C)及び四元数射影空間Pn(H)はそれぞれn2+2n, 2n2+3n次元の

ユークリッド空間に大域的に等長に埋め込める(S. Kobayashi).これはそれぞれの空間の

クラス数がn2以下, 2nl-n以下であることを示している.一方複素射影空間P"(C)の

クラス数は[6n/5]以上であることが阿賀岡により示されており,これがクラス数に関し
て今までに知られていた下からの最良の評価式であった.本研究において,研究分担者の

兼田英二氏と共にこの下からの評価の改良に取り組み,次の結果を得た.

定理(阿賀恥兼田). Pn(C)のクラス数は2n　　以上, P"(H)のクラス数は4n-3
以上.
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この結果はS. Kobayashiによる上からの評価式には及ばないものの,今までに知られ
ていた下からの評価を大きく改良するものである.この定理は,それぞれ余次元が2nニ3,

4n-4におけるガウス方程式が解をもたないことを示すことにより証明される.具体的に

は,擬平坦数を実現する擬可換部分空間とルート部分空間との関係を詳しく調べることに

よりこの結果が得られる.

しかし,クラス数に関してS.Kobayashiの評価とのgapはまだ大きく,この溝を埋め

ることが今後の大きな課題として残されている,

5.今後の問題.

以上のまとめにより,今後の課題は自ずと浮かび上がってくるであろう. (残された対称

リーマン空間について剛性の有無を調べること,また標準埋め込みの次元の改良等々. )

更にこれら以外にも等長埋め込みに関し解決すべき問題は多く残されている.その一部

を公募問題集「21世紀の数学　幾何学の未踏峰」 (宮岡礼子・小谷元子編,日本評論社)に

提出した.また湯沢における研究集会の報告集にも関連する未解決問題を多くまとめてお

いた.その中でも,特に非コンパクト型の対称リーマン空間の局所等長埋め込みを構成す

ることは特筆すべき大きな課題である. (そのような例としては現在のところ,負定曲率

空間HnのR;2rc-l -の埋め込みしか知られていない・ )

以上,本研究期間中に得られた成果について簡単にまとめた.問題の解決に向けて大き

な前進は得られたが,未解決問題が数多く残されている.問題の最終的な解決を目指す決

意を新たにし,本研究終了後もこの研究を更に押し進めるつもりでいる.

以下,本研究の成果として得られた論文・資料類を添付する.

収録順は次貢に記す通りである.内容的なっながりを重要視したので,必ずしも発表年

順にはなっていない.文献番号は「研究発表(1)学会誌等」にあるものに合わせた・この

中で*印の文献は北海道大学で開催された研究集会の発表(予定)内容をまとめたもので
ある.研究集会での講演自体は阿賀岡の私事のため直前にキャンセルとなったが,また内

容的には今となってはやや古いものを含んではいるが,等長埋め込みの具体例等を多く含

んでいることもあり,参考資料としてここに収録することとした.
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Abstract: We give a characterization of decomposable polynomial valued 2-forms in terms of their

components. Such 2-forms must satisfy some cubic condition in addition to Plucker's quadratic

relation. Several GL¥n, K) × GL玩,.K)-invariant varieties naturally appear during this character-

ization, and we state the mutual relation of these varieties and study their geometric properties

in detail.

Key words: polynomial valued 2-form, decomposability, Pliicker's relation, variety

Introduction

Let V be an ^-dimensional vector space over the丘eld K of real numbers or complex numbers

Gl≧2) and V* be its dual space. As is well known, an element C∈ ∧,2F* is decomposable i.e., it can be

expressed as C= α∧β for some α, β ∈ V* if and only ifC satisfies Plucker-s relation

C(vi, V2) C(V3, V4)-C(vi, VS)C(V2, V4)+C(vl, V<dC{V2, V3)-0

for any vi∈V. (For example, see 【9], 【19]). The main purpose of this paper is to give a similar

characterization of decomposable "polynomial valued" 2-forms. This problem is closely related to

the existence of local isometric imbeddings of Riemannian manifolds into the Euclidean space

with codimension 1 (cf. [2】, [7】).

To explain the results, we丘rst丘x the notations. We put V-Kn収-R or C) and let A be a

polynomial ring over Kwith m variables xi, - , ∬m'A-KIxl, - , Xm], and.4-∑♪≧oAP仏--K) be the

homogeneous decomposition ofA. An element α ∈V* ㊨ Al may be considered as an.^-valued 1-

form on V. Then, for β ∈V*, the exterior product α ∧ β ∈∧2V* ⑪Al is naturally defined as in the

scalar valued case, and we sayもhat C∈AW* ㊨ Al is decomposable if it is expressed as α∧ β for some

α ∈V* ㊨ Al and β ∈V*. In this polynomial valued case, decomposable 2-forms also sati蝿,

Plucker-s relation. But this relation is not sufficient to characterize decomposable 2-forms in

contrast to the scalar valued case. In fact the algebraic set of ∧2V* ㊨ Al defined by only Pliicker-s

relation is not irreducible and it decomposes into two irreducible components, one of which just

coincides with the set of decomposable 2-forms. To obtain a complete characterization of

decomposable 2-forms, we must add one cubic condition on C. This additional condition is stated

2004年10月1日受付; 2004年11月1日受理
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as follows^ "For any v%∈V, the polynomials Civi, V2), C(vi, vz), C(v2, V3) are linearly dependent in

Al". We here give one example^ Consider the 2・form C-xi山1 ∧ 0)2 + x2001 ∧ ffi3+AT30>2 ∧朋, where

{cut} is a basis of V*. Then, it is easy to see that C satis丘es Pliicker-s relation, but does not satisiy

the above cubic condition, and hence we know that this form C is not decomposable.

The other irreducible component of the algebraic set defined by Pliicker-s relation consists of

^-valued 2-forms that can be reduced to some 3-dimensional subspace of V. As in the case of

Pliicker's relation, the algebraic set de丘ned by the above cubic condition also decomposes mto two

irreducible components; one is the variety of decomposable forms, and the other is the variety

consisting of 2・forms that take value in two variables ∬1, 4:2 a洗er some variable transformation.

In order to understand the variety of decomposable 2-forms, it is natural to treat these three

varieties simultaneously. All these varieties are characterized by two types of conditions on C,

and they are related to each other by possessing one common defining equation for each pair

(Theorem l). In addition, the algebraic set defined by only one type of condition on C sp山s into

two irreducible components (Theorem 2). In considering this mutual relation, another three

varieties naturally appear as subsets of the above varieties. In this paper, we characterize these

six varieties completely by giving their de血ing equations, inclusion relations, dimension, and

clarify their geometric meaning by introducing a parametrization of each variety (Proposition 3

and Theorem 8).

The space ∧2V* ㊨ Al may be considered as a sort of 3-tensor space, and the results of this

paper possess some resemblance to the case of the 3・tensor space C2 ㊨ C2 ㊨ C2 studied in [3】. It is

desirable and also interesting to extend our results to more general 3・tensor spaces such as ∧w*,

cp ㊨ cq ㊨ O, etc (cf. 【5日6]).

As stated above, the decomposability of polynomial valued 2-forms C is natーuraHy related to

the problem of local isometric imbeddings of Kiemannian manifolds through t.he notion of the

partial Gauss equation that was introduced in [2J. By definition, the partial Gauss equation is

expressed as

(A) C-α1∧ β1+-・+α,∧β,,

where C∈ A2F* ㊨ Al is a given 2・form and αi∈V* ㊨ Al, βi∈V*. Roughly speaking, if an n-

dimensional Riemannian manifold Mn (w - dim lうis locally isometrically imbedded into Rw+r, then

certain 2-form C constructed from the curvature of M must be expressed in the above form仏).

(For the precise statement, see 【2J.) In particular, the results stated in this paper is related to the

case of hypersurfaces of R"+1 (the case r- 1), and the conditions on the decomposability of C serve

as obstructions toもhe existence of local isometric imbeddings of M into Rサ+1. For further

applications in geometry, we must obtain a similar characterization of 2-brms C in (刃for larger r.

蚤1. Statement of the main results

In this section, after丘dng some notations, we state the main results of this paper. The proof

of Theorem 1 and Theorem 2 stated below will be given in the subsequent sections.
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Decomposability of polynomial valued 2-forms

Let C be an element of ∧2V* ㊨Al. We define two hnear maps dc and ec as follows:

dc蝣V--V* <8>A¥ dc(v)-v}C,

ec: ∧W-*A¥　edvi∧ V2)-C{vi,V2),

55

where v」C implies the interior product. In terms of these maps, we define the following five

subsets of ∧2V* ⑱Al:

∑　={c∈AW*⑱Ai¥C=α∧βforsomeα∈V"⑪Al, β∈F*},

∑　={c∈∧2V* ⑪Allrankdc ≦ 3),

∑3 = {C∈A2F* ⑪Allrankec ≦ 2),

∑　={c∈∧2V*㊨Allrankdc≦ 2),

∑　={c∈∧2V*㊨Allrankec≦ 1).

As we wm see later,.,these丘ve subsets are all irreducible varieties of ∧2V" ㊨ Al. We remark that

if rank dc ≦ k, then C can be considered as an element of A2W* ⑪Al where Wis a k-dimensional

subspace ofV. In fact, since dim Kerdc ~> n-k, there exists abasis {ei, -,eォ; ofVsatis桝ngek+iJC

--・-eサ」C-0. Then, byusingthe dualbasis {ゥi}, the 2-form Cis expressed as ∑ idjCOi ∧ (Oj,

where dj-C(ei, ej). Similarly, it is easy to see that if rank ec 蛋 I, the number ofvariables m can be

reduced to Z a洗er some variable transformation.

Next, we de丘ne several conditions on C∈AW* ㊨ Al in order to describe the de丘dng equations

of ∑i. We say that C satisfies condition (Cp) if it satis丘es classical Pliicker's relation-

C(vx, V2)C(v3, vd-C(vi, v3)C(j}2, vd+C(vi, vdC(v2, vs)-O∈A2

for any vectors vi∈V. This condition is equivalent to C∧C-0∈ NV" ㊨ A2. Next, if the polynomials

C(vi, V2), Civi, VZ), C(V2, V3)

are linearly dependent in Al for any vi, we say that C satis丘es condition (Co). Using the

components of C, this condition is expressed as cubic polynomial relations of C. Finally, for

positive integer k, we say that C satis丘es condition (Ck) if the polynomials

C(vi, V2), C(vi, V3), -, C(vi,Vk+2)

are linearly dependent in Al for any vu It is easy to see that this condition is equivalent to

蝣ank (VJC)≦k for anyv∈V

where "rank" means the usual rank of the (m, n)-matrix VJC ∈V* ㊨Al. In this paper, we use this

condition only in the cases k - l and 2. Note that condition (Ci) is quadratic and (C2) is cubic, and
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clearly, condition (Ci) implies (C2) and (Co). By using these four conditions (Cp), (Co), (Ci), (C2), we

can completely characterize the subset ∑i ⊂ ∧2V ㊨ Al in the following way.

Theorem 1. (l) C∈ ∑i if and only ifCsatisfies (Cp) and (Co).

(2) C∈ ∑2 if and only ifCsatisfies (Cp) and (C2).

(3) C∈ ∑3 if and only ifCsatisfies (Cq) and (C2).

(4) C∈ ∑4 if and only ifCsatisfies (Cp) and (Ci).

(5) C∈ ∑5 if and only ifCsatisfies (Ci).

In addition, each subset ∑i (1≦i≦5) is an irreducible algebraic varie砂of ∧2V* ㊨ Al.

In particular, the decomposability of C ∈ AW* ㊨ Al is completely characterized by two types of

conditions (O) and (Cq). In the case m≦2, we remark that C is decomposable if and only if it

satis丘es condition (Cp) only, because condition (Cq) is automatically satisfied in this case.

By de丘dtion, an element C belongs to ∑2 if and only if rank dc≦3, and hence, ∑2 is defined

by quartic polynomials. But, the above theorem asserts that this condition can be reduced to

lower degree conditions ¥Cp) and (C2).

By Theorem 1, we have clearly ∑1 ∩ ∑2- ∑1 ∩ ∑3- ∑2∩ ∑3, and C belong岳to this algebraic set

if and only if C satis丘es three conditions (Cp), (Cq), (C2). In the following, we denote this algebraic

setby∑6.

Next, we characterize the algebraic set of ∧2V* ㊨ ,41 de丘ned by one of (Cp), (Co), (CsO.

Theorem 2. (l) Csatisfies condition (Cp) if and only ifC ∈ ∑1 ∪ ∑2.

(2) Csatisfies condition (Cq) if and only ifC ∈ ∑1 ∪ ∑3.

(3) Csatisfies condition (C2) if and only ifC ∈ ∑2 ∪ ∑3.

By definition, any element C∈∑i can be parametri云ed by the pair (α, β ) ∈V* ㊨Al xF* as C

-α∧ β. Other varieties ∑2- ∑6 also have similar parametrization, by which we can understand

their geometric meaning.

Proposition 3. (l) C∈∑2 if and only ifC-fiβ1^ β2+/2β1^ β3+/3β2^ β3forsomefi∈Al and βi∈V*.

(2) C∈∑3 if and only ifC-fi白i+/2Q2for someft∈Al and Qa∈ ∧w*.

(3) C∈∑4 if and only ifC-ffii∧ β2forsomef∈Al and βi^V*.

(4) C∈∑5 if and only ifC-/Q forsomef∈Al and Q ∈ ∧w*.

(5) C∈∑6 if and only ifC-(fiβ1+/2β2)∧ β3forsomefi∈Al and βi∈V*.

Proof. For the statements (l) and (3), "if'parts are easy to see. The converse parts are already

proved after the definition of the varieties ∑1- ∑5, where we show C-∑lj-iCij (oi ∧ coj under the

condition rank dc ≦ k. The statements (2) and (4) are almost trivial because the condition rank ec

∫ / implies that the number of variables m can be reduced to /, as stated in the same piAce. For

the statement (5), we assume for some time that the de丘血tion of ∑6 is ∑2 ∩ ∑3 (since we did not

prove Theorem 1 yet). Then, if C∈ ∑6, C is expressed as/iβ1∧β2+/2β1∧β3+/3β2∧β3 from the
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condition C∈∑2. Next, since tIie number of variables is reducible to two, we may puも, by the

symmetry,f3-afi+bf2 (a, b∈K). Then, after substituting this into the above expression, we have C

-(βl+bpz-aβ3) ∧Vlβ2+/2β3). The converse part is trivial from (l) and (2).　　　　　q.e.d.

This parametrization may be considered as a canonical form of each variety ∑i. This

proposition is useful in the proof of Theorems 1 and 2. We summarize the inclusion relations of ∑i

in七.he following figure^

∑4

rank dc≦2

(Cp), (Ci)

∑6

(Cp), (Co), (C2)

∑1

decomposable

(Cp), (Cq)

∑2

rank dc<L3

(Cd (C2)

∑3

rank βC≦2

(Co), (C2)

(Note that condition (Ci) implies (C2) and (Cq), as stated before.)

Finally we state one remark. The group GL(n, iD x GL(m, K) acts naturally on the space ∧2V"

㊨ Al, and it is easy to see that the above varieties ∑1-∑6 are invariant under this group action.

It is an阜nteresting problem to classify all G紬, K) × GL(m, jfQ-invariant subvarieties of ∧2V* ㊨ Al

as in the case of the 3-毛ensor space C2 ㊨ C2 ㊨ C2 (cf. [3]). Perhaps another new concept is

required to solve this problem in addition to (Cp), (Cq) and (Ck), and to know such fundamental

concept is one important step to understand the 3・tensor space ∧2V* ㊨ Al.

ァ2. Preliminary lemmas

In this section we prepare several lemmas to prove the resultsin§1. Each lemma plays a

crucial role in the proof of Theorems 1 and 2.

First, we prove the following lemma.

Lemma 4. Assume C∈ ∧2V* ㊨ Al satisfies conditions (Cp), (Co), and there exists v ∈Vsuch that rank

(vJ C) >2. Then, there exist a basis ¥ei, - , en) and f12-flォ∈Ksatisfying

Cij -ajCu -aiCij,

for l≦i, j≦n, where Qj-C(ei, ej) and ai- - l. In addition, such {ai} uniquely exists ifwe^毎a basis ¥ei}.
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proof. We choose abasis {ei,・-, en} suchthatei-v, andlet {a>1,・　伽}be the dualbasis of{ォ}.

Then we have

vJC-Cl2CO2+ -　+CteiCOn.

By rearranging the indices if necessary, we may assume that {C12, C13} is linearly independent

because rank (v」C)≧2. Since {C12, C13, C23} is dependent from condition (Co), C23 is uniquely

expressed as C23-<z3Ci2-C2C13. Next for 4≦i≦n, we substitute this equality into Plucker's

relation

CliCzi-C13C2;+ ClサC23 - 0.

Then we have immediately

cl2(C8i +a!3Clサ) - Cl3(C2f + f12Clォ).

since {C12, C13} is independent the above expression is equal to aiCuCiz for some ai∈K. In

particular, we have

C2i =zaiC12 -dzCli.

(Note that this equality holds for l≦i≦ォ.) Uniqueness of c4-ォォis clear from this expression. We

substitute this equality into

CisjG好一CliCij + CxjCii - 0.

Then we have the desired equality Cij-ajCii-aiCij because C12≠ 0・ q.e.d.

Before proving the next lemma, we introduce a notation I/1/2/3 1 (」∈Al), which we often use

inthe bHowing arguments. We express/;∈LAi as ∑1!-ifip xp, and put

¥flf2f3 ¥ pqr=

G)
We de丘ne I/1/2/31 by

1/1/2/3 I -( 1/1/2/3 |*r)l≦p<q<r≦m∈A3⑳・ ・ ・ ◎43,

i.e., I/1/2/3 1 is the set of鍔) polynomials I/1/2/3 ¥pgr (1≦l<q<r≦m) arranged in some丘xed order.

Then, addition and scalar multiplication of I/1 /2 /3 I is naturally defined. For example, we have
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the equalities

I/1+/2/3/4 | = 1/1/3/4 I + 1/2/3/4 I ,

k/l/2/3 I =a I/1/2/3 1.

Clearly, I/1/2/3 1 is skew symmetriCwitJi respect to ¥fi,f2,fz), and I/1/2/3 1 -0 if and only if {fi,/2,/3}

is linearly dependent in.Al.

Using vectors vi∈V, we put &j-C(vi, vj). Then, in terms of the above notation, condition (Cq) is

expressed as

Cij &k Cjk 1 =0.

By replacing the vector vk by vk+vi, we have

QjOk Qi¥+¥QjCnQkI=0.

In the same way, condition (C2) is expressed in the form

IdjCik Cu¥ =O.

In this equality, we replace vi by vi+vj. Then it follows that

IQj&kQiI+ICa毎Cal=0.

In particular, if C satis丘es both conditions (Co) and (C2), we have from the above two equalities

lCがCife Q71 =0

because | Gy Q方Ga l - - Cij Cu Cjk I. In addition, by replacing v% by vi+ vp in this equality, we have

GyCpk Cfl¥+ ¥QjQkQiI =0.

Now, using this notation, we prove the following lemma.

Lemma 5. Assume C ∈ AW* ㊨ Al satisfies condition (Cp) or (C2). In addition, there exist vi, V2, vz∈V

suck that {C12, Cis, C23} {Cij-C(vi, vjj) is linearly independent in Al. Then C is expressed in the form C-f¥β1

∧β2+/2β1∧β3+/3β2∧β3forsomefi∈A¥ ^∈V*.

proof. We丘x a basis {ei,- en} of V such that ei-tn, e2-#2, e3-V3. Since {C12, C13, C23} is

linearly independent, we may assume Ci2- xi, C13-X2, C23-X3 after some variable trans丘)rmation.

Now, we divide the proof into two cases.
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(i) The case where C satis丘es condition (Cp). In this case, we have for 4≦i≦n,

CizCai- CizC2i+ CnC2S -xiC&-xzCzi+xsCu- 0.

From this equality, we have easily

Cu-ai xi-bi ∬2,

C2i-Ci Xl-bi X3,

Czi-Ci X2-ai xs

for some a%, hi, a. Note that by putting <Z2-1, bz=ci= -1, ai=a3=bi-b2=C2=C3z=0, the above

equalities hold for l≦i≦n. Next, we substitute them into

Clidj- CliCij+ CljCzi= 0.

Then, we have

Cij-(ai C)-aj C血+(bj d-bi cj)x2+(aj bi-ai bj)x3.

Hence, by putting β1- ∑mwi, β2- ∑biCOi, β3- ∑ami ({fflj} is the dual basis of fe}), we have

C -xiβ1∧β3-X2β2∧β3-#3β1∧β2.

(ii) The case where C satis丘es condition (C2). In this ca白e, as prepared above, we have | C12 C13

CliI-IC21 C23 C2iI- IC31 C32 C3tI-0, and hence, Cu∈玩1, X2) Ca∈玩1, XZ) Czi∈(x2, X3). In

addition,鉛om (C2), we have

C12 Cl3 CxI + ¥C12 Cz3 Cli¥ -0,

C23 021 Cォ| + |C23 Csi C2iI =0,

Csi C32 CuI + ICsi C12 CziI -0.

Using these conditions, we obtain easily

Cii-ai xi-Oi X2,

C2i=Ci Xl-bi X3,

Czi-ci X2-(li XZ.

Next, for 2<!<ォand t^K, we have

(ei+tet)」C-C12CD2+ -　->rCln(OnJrt¥Cilα'1+ -　+CinO)n)

-tCil(Dl+(C12+t&2)(02+ -　+ (Cln+tCin)のn.
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Since rank (iei+ted」 C)≦2 for any parameter t, we have in particular, dim (C12+tCi2, C13+tCi3, Clj

+tCij) ≦2 for 2≦i, j≦n. tf ¥t ¥ is sufficiently small,むst two elements are linearly independent,

and hence

Clj+tCij∈ (C12+tCiZ, C13+tCi3) ⊂反1, X2, XZ).

since Ciy∈玩1, X2, X3) we have Cォy∈玩1, X2, X3) and we may put dj-pijxi+qijX2+njX3. Next, we

take out the coefficient ofxi, xz, xz in the above three elements Ci2+tCi2, Cis+tCi3, Cij+tGj. Then,

since these vectors span the space of dimension≦2, it follows that

1 -ta tbi

l - tci ten

aj+蜘　-bj+tqa tnj

-血i- !){(ォnj+bipij+ai qij)t-nj+aj bi-ai bj}-0

for any t. In partic噴ax, we have nj-aj bi-ai bj. Similarly, using the conditions rank ((e2+tej)」 C)≦

2, rank ((e3+tedJ C)≦2, we obtain qij-bj a-bi cj,如-ai cj-aj a. Hence, it follows that

dj- Qn cj-aj cdxi+ (bj a-bi cj)x2+ (aj bi-ai bj)xz.

Then, in the same way as in the case (i), we have the desired result. q.c.d.

We prepare one more lemma for later use.

Lemma 6. Assume that C∈ ∧2V" ㊨ Al satisfies condition (Co) and there exists a vector v ∈Vsuch that

rank (v」 C)≧3. Then, there exist a basis {e¥ - en} of Vand a2--an∈Ksatisfying

Cij-ajC¥i-aiC¥j (<zi- - 1).

Proof. We丘x a basis ¥e¥,-　en} such, that ei-v. Then, in the same way as in tIie proof of

Lemma 4, we may assume that {C12,-, Cip} is linearly independent and Ci,l+l-CIM∈ (Cl2,-,

clb). (Note thatp≧4 because rank {v」 C)≧3.) From condition (Co), the set {Cu, Cij, Cサy} is linearly

dependent for 2≦i≠j≦p, and hence, we may put

Gy -aijCn - ajiCij

for some aij∈K. (Note that Cサ- -Qi.) In addition, we have from condition (Co)

CnCijQkI+ ICmCi*djl=0

for 2≦i, j, k≦p ¥i, j, k are all distinct). By substItutmg the above expression into tMs equality, we

have immediately
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(aji-aki) I Cn Cij Cvi I =0.

since {&サ, Cij, Ciii is linearly independent, we have aji-au. Therefore, we may put aji-ai for 2 <

i <p. Hence, by putting <zi- -1, we obtain Cij-ajCu-aiCij for l≦i, J<p.

Next, we express Ci,♪+i~Ciォas

Cl,♪+i-bp+i, zCi2+ - +毎+1,♪Cip,
° ° ° ° ° ° ° ° °

Cl刀=zbn2&2+ -　+bnpClp.

Then, for 2≦i*j≦p,p+l≦九≦ i, we have from (Co)

0 -¥CiiCyCu¥+¥CiiCiえCの

- ICliCljCi九+ 1CmCi九ajCn-aiCijI

- ICu Cy Cm+aiCi兄上

In particular, we have dぇ+aiCiえ∈ (Cn, Cy). Since♪≧4, there exists an index k (2≦k<p), different

from i, j. Hence, by replacing; by k, we have in the same way, Ci九+aiCi九∈ (Cu, Ci*) , which, implies

Cix +aiCi九∈ (Cli). Therefore, we may express

Ciん-ai九Cli-QiCll

for l≦i≦p,l+1≦九≦n. (We may include the case i-1 because ai- -1.) We will show that the

value ai九does not depend on i. For this purpose, we put vi-ォi, V2-ei+ej, v3-ek+te九(2≦i, j, k≦p,

i, j, k are all distinct,p+1≦ A, ≦n and t^K is a parameter). Then, from (Co), we have

o - ICivi, V2) C{vi, V3) C(V2, V3)I

- I Cii+Cy Ci*+fCn Cik+td九+Qk+tCj九l

- I Cii+Cy Cu+tCi九OkC¥i-ai Cik+akCy-ajCik+tiai九Cli-mCi九+aj九Cij-ajCi九) I

-t ¥ Cu+Cy Cu+tCi九ai九Cn+aj九Cij ¥

-t¥ Cii+Cy C地+t(b九zCn+一十毎Cip) (ay九-aa)Cy I.

Then, by taking out the coefficient of Cu, Cy, Cik, we have

1　　　1

fb u tb xj

0 ajx-ai九

0

1 +tbxk

O

-t(cnぇ-aj見)(l + tbぇ*) - 0

for any t, which implies aiÅ-aj九. In particular, we may put al九-a九and therefore,
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Cix-a九Cu-aiCix

for l≦i≦p,l+1≦九≦n.

Finally, we show the equality

63

C九n-anCi九-axCin

iorp+1≦九, FL ≦n. In the same way as above, we putv¥-e¥, V2-ei+se九, V3-=ej+tefi(2≦M≦蝣p,p+

1≦九≠ LL ≦n, and s, t∈K are parameters), and apply condition (Co). Then, we have

0 - I Cu+sCiえClj+tClu. Cij+tCiu. +sC,九i+stC.九FLL

- I Cn+sCix Cy+tCin aj Cn-aiCij+tidn Cu-ad〝)-S(a九Cij-ajCi九)+stCi〝1

- I Cn+sCi九Cy+tCin taixCn-saAC¥j+stCxn¥

- I Cu+sCi九Cij+tCin stiCxn -a,¥iC¥九+axCin) |

-st ¥ CiオsCl九Cij+tCifi Cxii -a〝Cl九+aiCin¥.

Now, assume that st≠O and ls ¥ , ¥t¥ are sufficiently small. Then, since {Cu+sCi九　Cy+t&J- is

linearly independent, we have

CLv-anCi九+axCin ∈ (Cii+sCu, Cij+tCin).

In particular, taking the limit s, t→0, it follows that

Cxij.-diiCiA +cuCin ∈ (Cu, Cij).

Using an index k (2≦k≦l), which is different from i and/, we repeat the same procedure. Then,

wehave

Cxir-ci(iCiん+ax&p. ∈ (Cit, Ciy) ∩ (Cm, Cut) ∩ (Cy, Cia) -{o},

which implies C.九ii-afiCu -aACin, and we complete the proof of the lemma.

喜3. Proof of Theorems

q.e.d.

Using the lemmas prepared in §2, we give a proof of Theorems 1 and 2 in this section.

proofofTheorem 1. (5) IfC∈ ∑5, then C is expressed asfQ伊∈Al, Q ∈ ∧W*) by Proposition

3 (4), and hence, condition (Ci) clearly holds. Conversely, assume C satis丘es condition (Ci). Then,

for any vector v ∈V, we have rank ¥vJ C)≦ 1. If C-0, then the theorem holds trivially, and hence we

may assume that there exists v such that rank (v」C)-l. We fix a basis {ei,一蝣¥ en} such that ei-v,

and by the symmetry, we may put Ci2-xi, Cu∈反1). From the condition rank (ezJC)< 1, we have

dim(Ci¥, C23,- , Cin) ≦1, in particular, C21∈玩1). Next, for 2≦i≦n, we have
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(ei+ted」 C-tCilCOl+(C12+tCi2) co2+ " - +(Cln+tCin) a>n,

asinthe proof of Lemma 5 (ii). Since rank ((ei+ted」C)≦1, we have dim (C12+tCi2, Clj+tCij,) ≦1

for 2 ≦i, j≦n. If ¥ t¥ is sufficiently small, Ci2+tCi2 is not zero, and hence

Cij+tdj∈ (C12+tCi2) -玩1).

In particular, we have Cォy∈玩1) because Cy∈玩1). Therefore, the coe盟dents of C are all contained

in the space (ガ1), and hence, rankec≦1, i.e., C∈ ∑5.

(4) If C∈ ∑4, C is expressed as/)3i∧β2 by Proposition 3 (3). Then, we have clearly C∧C=O

and C satis丘es condition (Cp). In addition, from Proposition 3 (4), we have clearly C∈ ∑5, which

implies that C satis丘es (Ci), just we showed above. Next assume that C satisfies (Cp) and (Ci).

From condition (Ci), we have C∈ ∑5, and we may express C as/Q (f≠0∈A¥ Q ∈ ∧W*). Then, from

condition (Cp), we旦ave C∧C=Pn ∧ Q -0, i.e., ∧ Q -0, which is equivalent to classical Pliicker's

relation. Hence Q is decomposable, and C is expressed as/j3i∧β2. Thus, by Proposition 3 (3), we

have C∈ ∑4.

(l) Assume that C∈ ∑i. Then C is expressed as α ∧ β　and hence it satis丘es PMcker-s relation

c∧C-0. Next, for any vectors vi∈E we put dj-C(vi, vj), βi- β (vd. Then from the condition β ∧C

-0, we have βlC23- β2C13+ β3Ci2-0, which implies that {C12, C13, C23} is Unearly dependent in

the case (β1, β2, β3)≠0. If β1- β2- β3-0, we have clearly Ci2-Ci3-C23-0, and we obtain the

same conclusion. Now, we prove the converse part. First, assume that there exists v∈V such that

rank (VJC)>2. Then, by Lemma 4, Gy is expressed as

Cij =ajCii -aiCxj,

for some<u∈K. Then, byputting α - ∑Cucoi and β - ∑aicoi, wehave C - α ∧ β, whichimplies

that C is decomposable. Next, assume that rant (VJC)≦1 for any v. In this case, the 2-form C

satis丘es two conditions (Cp) and (Ci). Hence, by Theorem 1 (4), which we showed above, we have

c∈ ∑4. In particular,血am Proposition 3 (3), C is expressed as/β1∧β2, which implies that C is

decomposable.

(3) By Proposition 3 (2), "only if'part is clear. We assume that C satis丘es conditions (Cq)

and (C2). From (C2), we have rank (v」C)≦2 for anyv∈V. If rank (VJC)≦1 for anyv, then C satisfi.es

condition (Ci), and in paxticular, C∈ ∑5⊂ ∑3 (cf. Proposition 3 (2), (4)). If there exists v such that

rank (v」0-2, then, as before, we can choose a basis {ed such that ei-v, {C12, C13; is hnearly

independent and Ci4-Ciォ∈ (C12, C13) Since two conditions (Co) and (C2) hold, we have the

following two equalities, which we showed in §2, after the proof of Lemma 4.
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lCがGk Cji¥ =0,

lCtjCpk Qil + ¥CpjCik Cfl¥ =O.
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From (B), we have |C12 C13 C21l -0, i.e., C21∈(C12, CIB) From (C), we have |C21 Cpk C131 + ICpx

C2k Cl3 I -0. Since Cpi, Cik∈ (C12, CIS) ,七.he second term is zero, and hence, we have Cpk∈ (C12, C13),

which shows that the 2-form C is (C12, C13) -valued. In particular, the number of varidbles is

reducible to two, and hence we have C∈ ∑3.

(2)正C∈ ∑2, it is expressed as/i|3i∧β2+/2β1∧β3+/3β2∧β3 by Proposition 3 (l). And in

addition, without loss of generality, we may assume {β1, β2, β3/ is linearly independent, by

changing./; if necessary. We extend {j3サ} to a basi占of V* and denote its dual by {&}. Then, for any

vector v- ∑cLi ei∈V, we have

VJC -ai eiJC+a2e2」C+f13 esJC

-ai(fiβ2 +/2β3) +f12(-fxβ 1 +/3βz) -az(f2β 1+/3β2)

-一bifl+azfz)β1+伝1/1-03/3)β2+(ci/2+f12/3)β3.

By using the equality

-fll(ォ2/l +ォ3/2) +f12伝./l -ォ3/3) +<Z3(ォl /2+a2/3) - 0,

we can easily check that ra血(VJC)≦2, and hence, C satis丘es condition (C2). From the above

expression of C, Plucker's relation C∧ C- 0 is clearly satis丘ed・

Next, we assume that C satis丘es conditions (Cp) and (C2). If there exist vi∈V such that {C(vi,

V2), C(vi, vs), C(v2, vs)} is linearly independent, then by Lemma 5 and Proposition 3 (l), we have C∈

∑2. If {C(vi, V2), C(vi, V3), C(v2, va)} is dependent for any vi, then C satis丘es conditions (Cp), (Cq),

(ci). Hence, by Theorem 1 (l), (3), it is decomposable and the number of variables can be

reducible to two. Using these two facts, it is easy to see that C is in the form約.β1+/2β2) ∧β3, and

by Proposition 3 (l), we have C∈ ∑2.

Finally, we show that ∑i is an irreducible variety. By de丘nition and Theorem 1 (l), each ∑i is

an algebraic set of ∧2V* ㊨ Al because it is de丘ned by the vanishing of some polynomials of C. In

addition, by Proposition 3, it is just equal to the image of certain polynomial map from some

affine space, and hence it is irreducible.　　　　　　　　　　　　　　　　　　　　　q.e.d.

Proof of Theorem 2. For three statements, "if" parts are all clear from Theorem 1. We prove

only if parts.

(l) Assuming that C satisfies (Cp) and C草∑i, we show C∈ ∑2. By Theorem 1 (l) and the

condition Cm ∑i, C does not sati鵡condition (Co), namely, there exist vi, V2, V3 such that ¥C(vi, vi),

C(vi, V3), C(v2, V3)} is lin甲rly independent. Then, by Lemma 5, C is expressed in the form/iβ1∧ β2

+f2β1∧β3+/3β2∧β3, and hence C∈ ∑2.
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(2) We assume that C satis丘es (Co) and C¢ ∑3. Then, C does not satisfy (C2), as above. Hence,

there exists v such that rank (VJC)≧3, and by Lemma 6, we have Cij-ajCu-aiCij for some a.

Using this expression, we have immediately C∈ ∑i as we have done in the proof of Theorem 1 (l).

(3) Assume that the conditions (Cz) and C¢ ∑3 hold. Then, since C does not satisfy (Co), we

have C∈ ∑2 by Lemma 5, in the same way as (l).　　　　　　　　　　　　　　　　q.e.d.

蚤4. Dimension and the inverse formula

scalar valued decomposable 2-forms C∈ A2V* are expressed as β1∧ β2. But two 1-forms β1, β2

∈V* are not uniquely determined from C. In contrast, for.Al-valued decomposable 2-forms C- α ∧

β　two 1-forms α ∈V* ㊨Al and β ∈V* are essentially uniquely determined if C is su伍ciently

generic (precisely, if C∈ ∑1＼∑4). In this section, using this result, we express αand β explicitly in

terms of the components of C. In addition, we determine the dimension of each variety ∑i by

using the results obtained in previous sections.

proposition7.AssumeC∈ ∑1＼∑4andC-α ∧ β - α-∧ β! (α, α-∈V*㊨Al, β, β-∈V*). Then

肋e柁existk (≠0)∈Kandf∈-Alsuch that α-- kα +fβ, β'- l/k- β.

proof. Since C satis丘es conditions (Cp) and C¢ ∑4, it does not sati吟(Ci), and hence, there

exists v∈V such that rank (VJC)>2. Then, by Lemma 4, Gy is expressed as

Cij-ajCn -aiCij,

by using some ai∈K, which is uniquely determined. In addition, as stated in the proof of Lemma

4, we may assume that {C12, C13} is linearly independent by changing the indices if necessary. We put

αi- α(ed, βi- β (ed, α一戸α-(&) and j3',- β-(ed. If β1-0, then we have Ci2-α1β2 and Ci3-α1β3,

which implies that C12 and Cis are parallel. Hence, we have β1≠0. In the same way, we have飢≠

0. Then, from the condition β ∧C- β ∧ α ∧ β -0, we have

β lCij- βiCy+ frCu= O,

ca-灘13jr

namely,

Since the coe:盟cient βi/βi is uniquely determined from Lemma 4, we have jSi/βi=/3Vβ'i, which

implies β--β-1!β1・ β. Next, from tIie equality Cn= α1βi- αipi, we have
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α>-(aij8,-Cu).

j3i

Then, in terms of the dual basis {coi}, we have

α -∑αiCOi

-忘∑(αlj3i-Cldooi

-忘(α1β -el」C'・

Using this equality, we obtain

α- -i(α"ljS'-ei」C,

-岩莞β一志(α1β - β1α)

=/j3 +&α ,

where/- α-1/β1- α1/β11∈A^ andk- β1/β-1.

β7

q.e.d.

Remark. As is easy to see, we cannot drop the condition C¢ ∑4 in this proposition. In particular,

it is necessary n≧3 and m≧2 to hold the above condition, because rank (VJC)>2 for some v∈V

(Note that (v} C)(v)-0.)

Now, we give the explicit inverse formula for generic C. Using a basis {ei, - , en}, we put Cサy-

Ciei, ej)- ∑担1C如xp. Then, since {Cu, Cij, Cォy} is dependent, we have

C坤C¥jpC妙

CligCljqCijc
蝣VQ
ClirCljrCiw;r

=0,

On,G*.

CljgCi]
蝣Ijq

Cupdip

CsliqCsijiijq
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Cliq Cljq
Gr= O.

and this equality implies

Hence,膿呂ijp

ljq≠0,-ehave
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c&- -

Then, combining with the expression
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C坤C妙

L/¥iq(sijcijq

CijpC抄

CljqCijt
蝣ijq

C吋Cia.

Cliq Cljq

Cll -Tr Cv-Ti Cli>

appeared in the proof of Proposition 7, we have

Pi

β1

Ci-.Cm-

C/liqCsijtvQ

because the coe皿cient of Cij is uniquely determined from Lemma 4. From this expression, the 1-

hrm β is uniquely determined up to a non-zero constant, and tbis gives the inverse formula of β.

Note that the right hand side of this expression does not depend on tIie choice of indicesj, p, q

unless the denominator is zero. The inverse formula for α is already given in the proof of

Proposition 7-

α -忘(α1β -el」C,I

From this expression we know that the 1-form α is essentially equal to ei」C up to a non-zero

constant. We remark that C∈ ∑i belongs to ∑4 if and only if the determinant

(D)
C如C物

Cijq Cikq

is zero for all vectors vi and indices p, q, where Cg-C(m, vj). The denominator of the inverse

formula of β is a special case of this determinant (D).

Finally, we determine the dimension of the varieties ∑1- ∑6.
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Theorem 8. The dimension of the varieか∑> is given in娩efollowing table:

n = 2 m = l n≧3 axid m ≧2

∑1 m 2n ー3 (n - l)(m + l)

∑2 m 2n ~ 3 -m - 3)

∑3 m a ) 20 + 加 I A

∑4 m 2ォー3 2n + m ー4

∑5 m
a ) GD + w - i

2 6 m 2ォ- 3 3n + 2m ー7
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In the caseォ-2, all varieties ∑サare equal to the whole space ∧2V* ⑪Al-A¥ and in the case m-1, ∑3- ∑6

- ∧2V" ㊨ Al二ごAW* and ∑1- ∑2- ∑4- ∑6 coincides with the set of scalar valued decomposable elements

of ∧2V" ㊨Al二ご∧2V*.

proof. K k-2, then any element C∈∧2V" ㊨ Al can be expressed as /]3i∧β2. Hence, by

proposition 3, we have C∈ ∑: for i-1-6, which implies ∑*- A2F* ⑱Al. Next, in the case m-l, it

is easy to see that any element of ∑1, ∑2, ∑4, ∑6 (resp. ∑3, ∑s) is expressed in the formxiβ1∧β2

(resp. #iQ). (Note唾at β1∧β2+β1∧β3+ β2∧β3-(β1+β2)∧(β2+β3), and it is decomposable.) In

particular, the variety ∑1- ∑2- ∑4- ∑6 coincides with the set of decomposable elements of ∧2V"

and ∑3- ∑5 is equal to the whole space. The dimension of ∑i is easily determined by calculating the

dimension of the isotropy subgroup of β1∧ β2(≠0) under the action of the general linear group

GLb, K), because GL(n, 10 acts transitively on the set ∑1＼{0}. We omit the explicit calculations.

Next, we consider the casen >3 andm≧2. IfC- α ∧ β ∈ ∑1＼∑4, thenby Proposition 7, the

parametrization of C by αand β has the freedom which is expressed uniquely by the pair (fe,カ∈

KXAl. Hence, we have dim ∑ ,-dim V* ㊨Ai+dim V*-l-dimAl- (b-1)Gサ+1).

For the variety ∑2, we鮎st assume m≧3, and C∈ ∑2＼∑6, i.e., C satis丘es (Cp), (C2), but not (Co).

Then, using a suitable basis {eサ}, the set {C12, C13, C23; is linearly independent, and as stated in the

proof of Lemma 5, we have

Cij=OiCi2 -biCiz,

U2i -CiC12 - biC23,

Cai -CiCIZ - diCzz

for 4 <i≦n. In addition, other Cサy is also expressed in terms of {C12, C13, C23} and {ai, bi, ah≦i ≦n.

since these parameters are uniquely determined by C, we have dim ∑2-3w+3f0-3)-3(乃+tn-S).

Ifm-2, any element C∈ ∑2 is contained in ∑ because it satis丘es conditions (Cp) and (Co). (Note

that condition (Co) is automatically satis丘ed in the case m -2.) Conversely, since any element C∈

∑ is expressed as (fiβ1+/2β2)∧β3 in the case m-2, we have ∑1⊂ ∑2 by Proposition 3 (l). Hence,

we have ∑1- ∑2, and in particular, dim ∑2-dim ∑ -2>(n-l), which is equal七0 3fc+m-3).

For the variety ∑3, we take an element C∈ ∑3＼∑5. Then, from the condition C¢ ∑5, we may

assume that {C12, Cm is independent, and other Gy is uniquely expressed as a linear combination

of {C12, Cm because the number of variables is reducible to two. Hence, we have dim ∑3-2m+

{ョー2}× 9-9f芸)+2w-4.

Next, any element of ∑4 is expressed as/j3i∧β2. As showed above, the dimension of the
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variety of decomposable elements of ∧,2F* is 2n- 3, and the degree of freedom of/is m. Since the

scalar multiplication appears in common, we have dim ∑4-(2n- S)+m- l-2n+m-4.

For the variety ∑5, any element of ∑5 is expressed in the form/Q , and by the same reason as

above, we have dim ∑5-ゥ+m-l.

Finally, for the variety ∑　we take an element C∈ ∑6＼∑4. Then, since it does not satisfy (Ci),

we can apply Lemma 4. As stated in the proof of this lemma, {C12, C13} is linearly independent,

and in addition, we have Ci4-Ciォ∈ (CIZ, C13)from condition (C2). Hence, we may put Cn-biCi2+

aCi3 for 4≦i≦n. Since other Cをis expressed as

Cij = ajCii -mCij

for some ci (ai- - 1), C is parametrized by {C12, C13, 02,・・・, an, bi,-,bn, C4,-, cォ}. It is easy to check

that these parameters are uniquely determined by C, and therefore, we have dim ∑e-2m+(n - l)

+2(n-3)-3n+2m-7.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　q.e.d.

We remark that the exceptional case n=2 or m=l in this theorem corresponds to the case

where the action of the product group GL(n, K)×GL(m, K) on ∧2V* ㊨ Al reduces to the single

group GL(m, K) or GL(n, K), i.e., the case where the 3-tensor space ∧2V* ㊨Al is reduced to a 1- or

2-tensor space. And so we must treat separately to determine the dimension of the variety,

though two equalities dim ∑4- 2n+m-4 and dim ∑;-ゥ+m-1 always hold without the

assumptIon w≧3 and m≧2.
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Local isometric imbeddings of P2{H) and P2(Cay)

Yoshio Agaoka and Eiji Kaneda
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Abstract. We investigate local isometric imbeddings of the quaternion projective plane

P2(H) and the Cayley projective plane P2{cay) into the Euclidean spaces. We prove

a non-existence theorem of local isometric imbeddings (see Theorem 2), by which we can

conclude that the isometric imbeddings given in Kobayashi [8] are the least dimensional

isometric imbeddings of P2{H) and P2(cay).

Key words: Pseudo-nullity, isometric imbedding, projective plane.

1. Introduction

In this paper we investigate local isometric imbeddings of the quatermon

projective plane P2{H) and the Cayley projective plane P2(Cay) into the

Euclidean spaces.

In [5] , we determined the pseudo-nullity p(G/K) for each compact rank

one symmetric space G/K. (For the definition of the pseudo-nullity, see

[5].) Utilizing p(G/K), we have obtained the following result concerning

the non-existence of isometric l血beddings of the complex projective spaces

Pn(C) (n ≧ 2), the quaternion projective spaces Pn{H) (n ≧ 2) and the

Cayley projective plane P2{Cay) (see Theorem. 5.6 of [5]).

Theorem 1 Le舌 G/K be one of the complezprojective space Pn[C) (n ≧

2), the quaternion projective space Pn(H) (n ≧ 2) and the Cayley pro-

jective plane P2{cay). Define an integer q{G/K) by setting q(G/K) -

2dimG/K -p(G/K), i.e.,

q(G K)-

(

min{4n-2,3n+1}, if G/K-Pn{C) (n≧2),

min{8n-3,In+1}, if G/K-Pn{H) (n≧2),

25,　　　　　　if G/K- P2{cay).

Then, any open set of G/K cannot be isometrically imbedded into the Eu-

clidean space Rョwith Q ≦ q(G/Kト1.

2000 Mathematics Subject Classifiestion : 17B20, 53B25, 53C35.
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400 Y. Agaoka and E. Kaneda

Asiswellknown,P

allyis。metricallyimbedニ:冒)(res

int。芸pn(H),re

n2+2n(respヲp.p2(Cay))canb

j^+Snresp_^2冒glob-

)(see

Kobayashi[8]).Bythesefacts,itfollowsthatifG/K-P2(H)orP2(Cay),

thenG/KcanbeisometricallyimbeddedintoRq(G'K^+1.Thenanatural

questionarises:IsthereanyisometricimbeddingofG/K-P2(H)or

p2(Cay)intotheEuclideanspaceR^G/K)?

Inthispaper,wewillsolvethisproblem.Themainresultofthispaper

isthefollowing

Theorem2LetG/KbethequaternionprojectiveplaneP2(H)orthe

CayleyprojectiveplaneP2(Cay).ThenanyopenseまofG/Kcannot

beisometricallyimbeddedintotheEuclideanspaceRq^G/K¥Accordingly,

jlq(g/k)+iis^eieas」dimensionalEuclideanspaceintowhichG/Kcanbe

locallyiβometricallyimbedded.

2.TheGaussequation

InthefollowingG/KimpliesthequaternionprojectiveplaneP2{H)-

Sp(S)/Sp(2)×Sp(l)ortheCayleyprojectiveplaneP2(Cay)-F4/Spin(9).

IJetq(resp.t)betheLiealgebraofG(resp.K).Letg-セ+mbethe

canonicaldecompositionofqassociatedwiththeRiemanniansymmetric

pair(G,if).Wedenotby(,)theinnerproductofggivenbythe(-1)-

multipleoftheKillingformofg.Asusualweidentifymwiththetangent

チpaceTo{GK)attheorigino-{K}。G/K.WeassumethattheG-

invariantRiemannianmetricgofG/Ksatis丘esg(X,Y)-(X,Y)(X,Y∈

m).ThenthecurvaturetensorRatoisgivenby

R(X,Y)Z--[[X,Y],Z],∀X,Y,Z∈m.(2.1)

SupposethatthereisalocalisometricimbeddingofG/Kintothe

EuclideanspaceRョ,i.e.,thereisanopensetUofG/Kandanisometric

imbedding/ofUintoR9.Becauseofhomogeneity,wemayassumethat

Ucontainstheorigino∈G/K.LetNbethenormalspaceoff(U)atf(o)

andlet(,)betheinnerproductofNinducedfromthecanonicalinner

productofRQ.ThenATisavectorspacewithdimN-Q-dimG/Kand

thesecondfundamentalform中of/ato,whichisregardedasanN-valued

symmetricbilinearformonm,mustsatisfythefollowingGaussequation:

-{R(XtY)ZtW) - (*(X,Z),申(Y,W))

-(*(x,W),申(Y,Z)), ∀X,Y,Z,W∈m・
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On the contrary, we can prove

Theorem 3　Let G/K - P2{H) or P2(Cay). IfdimiV ≦ q{G/K) -

dimG/K, then the Gauss equation (2.2) does no舌admiまany solution, i.e.,

there is no N-valued symmetric bilinear form申on m saまisfying (2.2).

Theorem 3 implies that if G/K - P2(H) or P2(cay), then there is no

local isometric imbedding of G/K into Rq(-G/K¥ proving Theorem 2.

We now make a preparatory discussion for the proof of Theorem 3.

Take and fix a maximal abelian subspace a of m. Then we have dim0 - 1,

because rank(G/i^) - 1. We consider the root space decompositions of t

and m with respect to o. Let入∈ a. We de丘ne subspaces町) (⊂ t) and

m(A) (⊂ m) by setting

町)-{x∈セ[H,[H,X¥]--(A,Hyx, ∀H∈可,
m(A-{Y∈m [H,[H,Y]}--(らHfY, ∀H∈可・

入is called a resfricted root when m(A) ≠ 0. We denote by E the set of

n。n-zero restricted roots. In the case where G/K - P2{H) or P2{Cay),

it is well known that there is a restricted root /A Satisfying S - {ア/j,士M

Li-nd

e-t(o) + e(AO +モ(2/x) (orthogonal direct sum),　　(2.3)

m-m(o) + m(ju) +m{2y) (orthogonal direct sum),　(2.4)

where m(0) - 0 - Rjjl (see § 5 of [5]). In the following discussions we fix

this restricted root 〟 and the decompositions (2.3) and (2.4).

For convenience, for each integer % we set

t -l{¥i¥fj), rrii-m(回/-0　回≦2) and t -TUi-0(回>2.

Then we have

Proposition4 (1) Leti,j-0, 1,2. Then:

Kh] ⊂ti+j-rnう,

[mi, rrij] C ti+j + ti-j)

[U, rtij] ⊂ rrii+j + m^-ゴ・

(2.5)

(2) dimモ-dimrrii (i-1,2).

(3) The following table summarizes the basic dataforP2(H) and P2(Cay).
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G/K dimG/K dimmi dimm2　q(G/K)

P2{H)

P2{Cay)　16

Proof. (1) and (2) are well known (see Helgason [7], p. 335). (3) is obtained

by Table 2 and Table 3 0月5]・　　　　　　　　　　　　　　　　　□

3.　ProofofTheorem 3

In this section we prove Theorem 3. Here we suppose that dimAT -

q(G K) - dimG/K and that there is a solution申of the Gauss equation

(2.2).

Let Y ∈tn. We de丘ne alinear map申Y ofmto N by

申Y:m∋Y′ト-申(Y,Y′) ∈N.

By Ker(申Y)(⊂ m) we denotAe the kernel of the linear map申y- We now

show a key proposition, which plays an important role in the following

discussion.

Proposition 5　LetY ∈m (Y≠ 0) and letk ∈ K satisfyAd(k)fj, ∈ RY.
Then

Ker(申y) - Ad(fc)m2.

In particular, Ker(申) - m2.

(3.1)

Before proceeding to the proof of Proposition 5, we recall the notion

of pseudo-abelian subspaces of m defined in [5]. Let V be a subspace of m.

Then, V is called pseudo-abelian if t satis丘es [V, V] ⊂ to (or equivalently,

[[V, V], a] - o). By (2.5) we can easily verify that TTi2 is pseudo-abelian.
On the contrary, we have

Lemma 6　Let G/K - P2(H) or P2(Cay). Then, any pseudo-abelian

subspace V ofvci with dimV > 2 must be contained in rri2.

Proof. Let V be a pseudo-abelian subspace ofm satisfying V ¢ tTi2. Then

by Lemma 5.4 of [5], we obtain diml^ ≦ 1 + n(//), where n{ji) is the local

pseudo-nullity associated with fx. (For the definition of the local pseudo-

nullity, see § 3 in [5].) Moreover, we have n(/u) - 1 if G/K - P2{H) or

P2(Cay) (see Table 2 of [5]). Therefore, we get dimV ≦ 2, proving the
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We now start the proof of Proposition 5.

Proof of Proposition 5. We first note that dimKer(中Y) ≧ dimm2 > 2.

In fact, since dimJV - q{G/K) - dimG/K - dimG/K - dimm2, we have

dimKer(中Y) ≧ dimG/K - dimN - dimm2 > 2 (see Proposition 4 (3)).

In § 1 of [2], by considering the Gauss equation (2.2), we have proved

#(Ker(せy), Ker(中yW - O.

Because of (2.1), the equality (3.2) means

[[Ker(中y), Ker(申y)L Y] - O.

Applying Ad(fc-1) to the both sides of (3.3), we get

[[Ad(/c-1)Ker(申Y), Ad(fc当Ker(中y)U] - O.

(3.2)

(3.3)

(NotethatAd(k 1)ycanbewrittenasAd(k l)Y - cfiforsomec ∈ A (C ≠

o).) Since a - R/i, we know that Ad(fc~1)Ker(中y) is a pseudo-abelian

subspace of m with dimAd(fc-1)Ker(申Y) ≧ dimm2 > 2. Therefore, we

have Ad(fc-1)Ker(甘Y) - m2 (see Lemma 6). This proves (3.1).　　ロ

Utilizing Proposition 5, we will characterize solutions中of the Gauss

equation (2.2). For this purpose we need more informations about the action

oHhe isotropy group Ad(〟)・

As is well known, any element of m is conjugate to an element of Rfj,(-

a) under the action of Ad(K). More strongly, under our assumption G/K -

p2(H) or P2(Cay), we have

Proposition 7 (1) LetYq ∈ o+tri2 satisfyYQ ≠ 0. Then there is an

element ko ∈ K satisfying Ad(ko)fi ∈ RYq and Ad(/co)(a+m2) - a+rri2.

Consequently, Ad(」;o)m2 coincides with the orthogonal complement of RYq

in a+ni2, i.e.,

Ad(fco)m2 - {Yi ∈ o+m2 | M, yo) -0}.　　　　　(3・4)

(2) LetYl ∈ mi satisfyY¥ ≠ 0. Then there is an element k¥ ∈ K satis-

fying Ad(fci)ju 。 RYi and Ad(A;i)(a + TTI2) - mi. Conseq?ently, Ad(/ci)rri2
coincides with the orthogonal complement of RYi in mi, i.eっ

Ad(fci)m2- {Y[ ∈mi | (yi/, yi) -o}.
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Under the same setting in Proposition 7 (2), we have

Proposition 8　Let Yl ∈ mi saまisfy Yi ≠ 0. Then there is an element

kl ∈ K satisfying

Ad(k'1)n-去rfr -

Ad(k[)Y2-去Y2+ W¥Yi
[[/*, *u y2]

(3.6)

, ∀Y2∈m2.  (3.7)

Here ¥v¥ denotes the norm ofv ∈m, i.e., ¥v¥ - (v, v)1/2

The proofs of Proposition 7 and Proposition 8 will be given in §4.

Utilizing..・Propositions 5, 7 and 8 we丘rst show the following:

Proposition 9　Assume tha舌dimAT - q{G/K) -dimG/K and that there

is a solution中ofthe Gauss equation (2.2). Then there exist two vectors A

and B ∈ N saまisfying

申(Yoi Y{) - (Yo, Y{)A,

申(Yu Yfi - &it YtiB,

申(Yi,Y2)--
(a*, vy

∀^O,*o∈a+m2, (3.8)

∀Yi, Y{∈mi,　(3.9)

申(A*, [p,Yi],Y2]), ∀Yl∈ml,∀Y2∈m2.(3.10)

Proof. First we prove

甘(Ii>, Y{) -0, ∀Yo, Y'∈ a+m2 satisfying (Yo, Yo') -0. (3.ll)

We may assume that Yo: Yq ^ 0. Then, by Proposition 7(1), we know that

there is an element ko ∈ K satisfying Ad(ko)ft ∈ RYo. Since {Yo, Yfi - 0,

we have Yo ∈ Ad(fto)iTi2- Then, by Proposition 5, we know Yo'∈ Ker(申Y。)-

Hence申(Yq, Yq) - 0, completing the proof of (3.ll).

Now (3.8) can be proved by (3.ll) as follows: Let Yo and Yq be two

elements of 氏+rri2 0f the same length. Since (Yq + Yq, Yq - *o) - 0, we

obtain申(To+yj, YQ -YD - O. Hence, we have申(*O, Yq) -中m, n)-

This implies that中(Yo, Yo)/(Xo, Yq) {Yq ∈ a+m2, Yo ≠ 0) takes a constant

value A 。 iV). Therefore, we have中(yo, Yo) - (Yo, Yo)A for any yO 。

o + rri2. Now (3.8) follows immediately from this equality.

工n a similar manner, by applying Proposition 7 (2) we can prove (3.9).

Finally, we prove (3.10). Without loss of generality, we may assume
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that Yl ≠ 0. Apply Proposition 8 to this Yi　∈ mi). Then there is an

element kl ∈ K satisfying (3.6) and (3.7). By (3.1) we have

O -申(Ad(fci)/*, Ad(k[)Y2)

-芸中+fr.ォ+ I3I*1! [fa Y& Yi]).

Note that [klU Y2¥ ∈ mi (see Proposition 4 (1)) and [[^Y2],Yj -
2[1/4, Yi], Y2J (see Lemma 5.3 of [5]). Then, we have

(yl,-[¥Jm,yl], y2]) -芸(yl; |>, y2], yj)---([yi, Yi], b, y2])-O.

Henceby (3.9) wehave甘(yl, [[/u, yl], y2]) -O. Thistogetherwith *(//, Y2)

- 0 proves (3.10).　　　　　　　　　　　　　　　　　　　　　　□

To calculate the left hand side of the Gauss equation (2.2), we prepare

one more proposition, which will be proved in the last section oHhis paper.

Proposition 10 (1) LetYo, Y^∈a+rri2 andY¥ ∈mi. Then:

[YQ, [Yo, Yl]] - -(f,, i,)(Yo, Yo)Yh

[yo, [yo,yfi]十4Gu,豊w,芸Sio濫`
(2) LetYlyY{∈mi andYq∈a+ni2. Then:

[yi, Fi, Y[]]十4(/x, fi)(ylt Yi)Y{,芸S]l霊`
[Yu [yl, Yo]} - -(fi, ri(Yi, Yl)Yo.

-4(^Ai)(Yo,W, if (^O,^0-0,

-4(/x, M)(yi, Yi)Y{, if (yu Y{) -O,

With these preparations, we start the proof of Theorem 3. We first

show a series of lemmas by using the Gauss equation (2.2) and Proposition

9.

Lemmall (A,A)-(B,B)-4(ju,m).

Proof. Take an element Y2 ∈ m2 satisfying (I2, ^2) - 1- Put X - Z - ¥i

and Y - W - Y2 into the Gauss equation (2.2). Then, since甘(/*, Y2) - 0,
wehave

([[/i, Y2], fj], Y2) -くせ(/蝣*サaOサ申(Y2, Y2))・

Since申Gu, fj)/{p} /x) - *(Y2, Y2) - A and ([[祐Y2], fj], Y2) - 4(祐^
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we have (A, A) -40, /i).

Next, we prove (B, B) - 4(yu, n). Take elements Yi, Y[ of mi satisfying

(Yl;Yi)-(Y{,Y{)-1 and(YltY{)-0. PutX-Z-Yl andY-W-
Y into (2.2). Then, since甘(Yi, Y{) - 0, we have

([[Yl, Y{¥, Yl}, Y{) - (*(Yh YJ, ・{Y{, Y{))i

Since申(Yl, YJ - *(Y{, Y{) - B and [¥Yu Y{], yj - 4(/i, fj)Y{ (see

(3.14)), we have (B, B) - 4(/i, //).　　　　　　　　　　　　　　□

Lemma12 (A,申(mi))-(B,申サ(ttl))-0・

Proof. Let Y¥ be an arbitrary element of mi. Take an element Y2 ∈ m2

satisfying (y2, Y2) - 1. Put X - Z- Y2, Y -ix and W- Yl mto (2.2).

Then, sinceや(/i, Y2) - 0, we have

{[[Y2, ^ Y2], Yl) - (*(^2, Y2),申(/*, *i))・

Since申(Y2, Y2) - A and [[Y2, fj], Y2] - 4(/u, fj,)fj, (see (3.13)), we have

(A,申(M, Yi)) - 4(//, ju)(/x, Yi) - 0. Since Y¥ is an arbitrary element of

mi,wehave (A,中(mi))-0・

Next, let Y¥ be an arbitrary element of mi. Take an element Y{ ∈ ml

satisfying (Y{,Yi) - 0 and (Y{,Y{) - 1. Put X - Z - Y{, Y -fj, and

W- Yi into (2.2). Then, since甘(Ylt Y{) - 0, we have

(m^}, Y{], Yl) -くせ(*1> *l),叫^ Yl))・

k, Since申(Y{, Y{) - B and [[Y{, fj], Y{] - (fj,, fi)^ (see (3.15)), we have

(B,中(/*, Yi)) - (/z, /jb)(fi, Yi) - 0. Since Y¥ is an arbitrary element of mi,

wehave (B,甘(mi)) -0・　　　　　　　　　　　　　　　□

Viewing Proposition 4 (3), we have dimiV - dimmi+1. Since Ker(中〃)

∩珊i -Tn-2nmi - 0, we have dim中(mi) - dimmi - dimAT-1. Con-

sequently, by Lemma 12 and Lemma ll, we easily have B -土A. More

strongly, we can show

Lemma13　A=B.

Proof. By the above discussion, it su缶ces to prove (A, B) > 0. Let Yy ∈

m-i satisfy (Yi,Yi) - 1. In (2.2), weputX-Z-ixandY- W-Yi.
Then, we have

( [u,Yl], fj], Yl) -くせ0,n),申(*i,Yi))-くせ(M,Yi,中(Yl, fM)).
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Since甘(fi, /i) - (Ai, A*)A, *(yi, Yi) -B and [祐Yi],iA -佑/i)2yi, we
have

O, A*)(A, B) - (^, M)2(yl, yl)+(*(/*, Yi),中(M, *i)) ≧ (& vY

This proves (A, B) > 0・

Utilizing Lemma 13, we have

Lemma 14　LetY¥, Y{∈mi. Then

(*(/*, *i),申0: Y{)) - 3(a*, tfpi, Y{). (3.16)

Proof. Put X -Z-ft, Y-Yi and W-Y{ into (2.2). Thenwehave

・({[/x. yiU], *^くせGu, /.),ォr(yl} y/)ド(・fc, Yi), *(Ylt /x)).

Since申(/x, fj.) - (/i, At)A,申<Yu Y{) - (

of the righ.t hand side becomes (*G",

(see Lemma ll). Therefore, by [[/jl, Y"i],

Y,i )

w,

〝]

Y{)B and A - B, the first term

中(Xu Y{)) - 4Gu, rf(Yu Y{)

(yu, ji)2Yi, we have

(*(m, yl), *(M, y/)) -4(M) M)2(yl, y/) - (^)2(yl, Yl')

-3(m, A*)2(yi, l^)-

□

are now m a position to complete the proof of Theorem 3. Let Yl ∈

mi (yi ≠ 0) and Y2 ∈ m2 (Y2 ≠ 0). Notethat ¥Yi, Y2] ∈モ(see Proposition

4 (1)). We also note that [Yi, Y2] ^ 0. In fact, if ¥Yu Y2] - 0, then the

2-dimensional subspace generated by Y¥ and Y2 forms an abelian subspace

ofm, which contradicts iank(G/K) - 1. Now, set Y[ - [[Yi, Y2], (j]. Then

it is clear that Yl'∈ mi (see Proposition 4 (1)). Moreover, we have Y[ ≠ 0,

because [fi, Y{] - (fi, ^)2[Yl: Y2] ≠ 0.

Now, putX - Yi, Y -Y2, Z - ftandW - Y{into (2.2). Since
申(>2> A4) - 0) we have

( [yi, y2U], yi') - (*(*i, A*),申(^2, Y{))　　　　(3.17)

By (3.10) and (3.16), the right hand side of (3.17) becomes

(*(*i, A*),申(^2, Y{))ニーくせ(a*, n),中(li, [fr, Y{¥, Y2]))/(m. v>y

--3(yi, [¥p., Y{¥1 Y2])

-3([Yl, Y2], [^ Y{])
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-3([[yl, y2], /.], y/).

Putting this equality into (3.17), we have {[[Yi, Y2], fj], Y{) - 0, which

contradicts our assumption ([[Fl) F2], //] , Yl') - (y/, ylO ≠ 0.

As we have shown above, starting from the assumption that the Gauss

equation (2.2) admits a solution申　we finally arrive at a contradiction.

Accordingly, we can conclude that if G/K - P2{H) or P2(cay), then

the Gauss equation (2.2) does not admit any solution in case dimAT" -

q(G/K) - dimG/K. This completes the proof of Theorem 3.

4. The action of the isotropy group Ad(〟)

In this section we prove Propositions 7, 8 and 10, which, are needed in

the proof orTheorem 3.

Lemma15　LetX*∈セ{i-1,2). Then

[xi, [Xi, n]] - -i (//, fj,)(Xi, Xi)fj,. (4.1)

㊧

Proof. By (2.5) we have [Xi, [Xi: fi]] ∈ o+m2j. By the Jacobi identity
wehave

fA, [xi, [Xit /i]]] - [¥jm, Xi], [Xi, /A] + [xit [[a*, Xi], /i]] -0,

because [[/jl, Xi¥, jj¥牀RXi. Therefore, we have [Xi, [Xi, fj]] ∈ a. Since

o - Rfi, there is a scalar c ∈ R satisfying [Xi, [Xi, /j]] - cfj,. Then we have
c- -i (fJ>, p){Xi, Xi), because

c(/*, /i)- ( X4, [^, /x]], /z) - {x{, [[Xi, //], M])

- -{ifjL, fj,y(xi, xi).

口

By the above lemma, we obtain

Le--a16　LetX* ∈セ(i-1,2) satisfyXi≠0. Then

Ad(exp(tXi))fj, - cos(抽¥Xi¥t)fi

+
sm(i¥(j,¥ ¥Xi¥t)

ilpl¥Xi¥
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proof. Let n be a non-negative integer. By induction of n, we can easily

show

(adX,)*/'- (-!)"(柚i^ir>,
(BdXi)2n+1fA - {-1)n(i¥lM¥¥Xi¥r[Xii fl].

Consequently, for all t ∈ R we have

Ad(exp(瑚oo

)/・-」蝣

n=。蒜(adXi)2>+

oo

<」

n=。掛MI-V

舌2n+l

(2n+l)!

1　昌(-1)n
i¥n¥¥Xi f^+V'-

-cos(i n¥¥Xi匝)p +

(Bd Xi)2n+lv

(柚i^r+m fA

sin(i /i||Xi|t)

ilpl¥Xi
[Xi, /4

□

With these preparations, we proceed to the proof of Proposition 7. Let

yo ∈ a+m.2. IfYq ∈ a, then we have only to set ko - e, where e is the

identity elemer止of 〟.

Nowwe assumethat Yo ¢ a andwrite Yq - cfi+Y2 (c ∈ H, Y2 ∈

m2) Y2 ≠ 0). Set X2 - [Yo: fi]. ThenweeasilyhaveX2 - [Y2, p] ∈ t and

[*2, lA - -4(/i, yw)212- Moreover, we have IX2I - 2|/a|圃because

(*2, x2)- {[y2, a*], [y2, /i]) --([[r2> m], /i], %)-4(/x, /,)2(y2, y2).

Putting this X2 into Lemma 16, we have

Ad(exp(tX2))/^-cos(柚y2|tV- |^jsin柚Y2¥t)Y2, ∀ieR.

Takeまo ∈ R satisfying cos(4回3¥Y2まo) - c(M/|Yo|) and sm(4|M|3|Y2|io) -

-m/EYo「 Let us set ko - exp(to-^2)- Then we have /co ∈ K and

Ad(ko)/j, - Ad(exp(to-^2J)M - (CM+y2) - |^|yO.

Thus we get Ad(ko)fi ∈ RYq. By (2.5) we immediately have [X2, a+rri2] ⊂
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a+rri2. Hence, we have Ad(/co)(a+m.2) - a4-rri2. Since Ad(^o) is an

orthogonal transformation of m, we know that Ad(&o)m2 coincides with

the orthogonal complement of RYq in o + tri2. This丘nishes the proof of

Proposition 7 (1).

To prove Proposition 7 (2), we丘rst show

Lemma17　LetX¥∈勘. Then

[xli-[Xu Y2]] - -(tM, fjl)(Xl, Xl)Y2, ∀Y2 ∈ m2・

Proof. By (4.1), we have

[xl, [Xl, fJL]] - -(p, IA)(Xl, Xi)lM. (4.3)

Let I2 be a non-zero element of tri2. Then, as in the proof of Proposition

7(1), we know that there is a scalar舌o ∈ R such that the element fco -

exp(toX2) ∈ K satis丘es Ad(ko)fi ∈ RY2, where we set X2 - [I2, /i] ∈ f2.

Then, we have Ad(fco)モ1 - ti, because [X2,モ1] ⊂ l¥ (see Proposition 4 (1)).

Now, applying Ad(&o) to the both sides of (4.3), we have

[Ad(ko)Xh [Ad(kQ)Xl, Y2}] - -(/*, ^(Xi, Xl)Y2

- - /i, fj){Ad{ko)Xlt Ad(feo)JTi)y2.

Writing X¥ instead of Ad(A;o)Xi ∈ ti, we get the lemma.　　　　　　E

Now we return to the proof of Proposition 7(2). Set Xi - [Yl: y¥. In

the same way as in the proof of (1), we can easily prove X¥ ∈ ti, [Xi, /4 -

-fo aO2yi and |Xil tf】Y¥¥. ApplyingLemma 16 to this Xi, we have

Ad(exp(tXi))/z - cos(|/^|3|yi匝)p

¥yi sin(M3|yi|」)Yi, ∀舌∈R・

Let Y2 ∈ TU2- By Lemma 17, we have

(adXl)*nY2 -トi)nMXi¥rY21

(adXL)2n+1y2 - (-!)"(刷Xl¥)2n[Xu Y2}.

From these equalities, it follows

Ad(exp(tXi))Y2 - cos(H3|yi |f)Y2

sin M IYi¥t)

A*l3l*i
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Let us takeま1 ∈ A satisfying l/i^jYilti - -tt/2 and set fci - exp(tiX{).

Then we can easily show that ki ∈ K, Ad(kn)n - (¥ijl¥/ Yl )Yl ∈ mi and

Ad(/ci)y2 - -
W¥Yi

[¥yi, 14, Y2].　　　　　　　(4.6)

Hence, we have Ad(/ci)/u ∈ jRYi and Ad(/ci)m2 ⊂ [[Yi, /j], m2〕. Since

[Pi, 〟 5 Tn-2〕 ⊂ mi (see Proposition 4(1)), we have Ad(&i)(a+TTI2) ⊂ ml・

Therefore, we have Ad(/ci)(o + TTI2) - mi, because dim(a + m2J - dimmi

(see Proposition 4 (3)). Since Ad(fci) is an orthogonal transformation of m,

ye know that Ad(&i)m2 coincides with the orthogonal complement of RYi
in mi. This completes the proof of Proposition 7 (2).　　　　　　　□

Next we prove Proposition 8. Under the same situation as in the proof

of Proposition 7(2), let us set k[ - exp(tiXi/2). Then by the equalities

(4.4) and (4.5) we easily obtain (3.6) and (3.7).　　　　　　　　　□

Finally, we prove Proposition 10. First we show Proposition 10 (1).

If Yo ∈ a, then there is nothing七o prove. Hence we may甲sume that

Yo ¢ a. Applying Proposition 7(1), we have an element ko ∈ K satisfying

Ad(A;o)」i ∈ RYq and Ad(fco)(a+m2) - a+m.2. Then, it is easily seen that

Ad(A;o)mi'- mi. If we write Ad(ko)(jl - cYq (c ∈ R), then we have c2 -

(fi, fi)/(Yo, Yq). Let Yi be an element of mi (i - 1, 2). Apply Ad(&o) to

the both sides of the equality [fj,, [/x, Yi¥] - -i2{ix, /x)2Yi (i - 1, 2). Then,

since c - (^, fi)/(Yo, Yq), we have

[yo, [yo, Ad(ko)Yi}} - -i2{^ /i)(yo, Yo)Ad(ko)Yi, i - 1, 2.

Now, (3.12) and (3.13) follow immediately from the above equality. (Note

the equality (3.4) and the fact Ad(&o)mi - mi.)

By applying Proposition 7 (2), Proposition 10 (2) can be also shown in

a similar manner. Details are left to the readers.　　　　　　　　　　　　　□

Thus, we have completed the proofs of Propositions 7, 8 and 10.
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Rigidity of the canonical isometric imbedding

of the Cayley projective plane P (Cay)

Yoshio AGAOKA and Eiji Kaneda
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Abstract. In [7], we have proved that P2{Cay) cannot be isometrically immersed into

R25 even locally. In this paper, we investigate isometric immersions of P2{cay) into

R2- and prove that the canonical isometric imbedding /0 -f P2(cay) into R26, which

is de丘ned in Kobayashi [17], is rigid in the following strongest sense: Any isometric

immersion fx of a connected open set U{C P2(cay)) into B?- coincides with /0 up

to a euclidean transformation of R2-, i.e., there is a euclidean transformation a of R26

satisfying f-y - afo on U.

Key words: curvature invariant, isometric immersion, Cayley projective plane, rigidity.

1.Introduction

Inthepreviouspaper[7],weinvestigatedtheiproblemof(local)isometI

ricimmersionsofthequaternionprojectiveplaneP2(H)andtheCayley

projectiveplaneP2(Cay).Inparticular,weprovedthefollowingnon-

existencetheoremof(local)isometricimmersions:

Theorem1AnyopensetoftheCayleyprojectiveplaneP2(cay)cannot

beisometricallyimmersedintoR25

Asiswell-known,thereisanisometricimmersionfoofP2(cay)into

T-サ9fitheeuclideanspaceR,whichiscalledthecanonicalisometricimbedding

ofP(Cay)(Kobayashi[17]).Thisfact,togetherwithTheorem1,implies

thatRistheleastdimensionaleuclideanspaceintowhichP2(cay)can

be'(locally)isometricallyimmersed.

Inthispaper,weconsider(local)isometricimmersionsofP2{cay)

intoRanddiscusstherigidityofthecanonicalisometricimbedding/c

ConcerningtherigidityoffoKaneda[15]hasshownthatthecanonical

isometricimbeddingfoisof丘nitetype,i.e.,thespaceoflocalinfinitesimal

isometricdeformationsof/oisoffinitedimension.However,itseemstothe

authorsthatanyfurtherresultconcerningtherigidityof/ohasnotbeen

2000 Mathematics Subject Classi.石cation : 17B20, 53B25, 53C24, 53C35.
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obtained.

In the present paper, we will show the rigidity of the canonical isometric

imbedding jo in the following strongest form:

Theorem 2　Let fo be the canonical isometric imbedding ofP (Cay) into

the euclidean space R . Then, for any isometric immersion fl defined

on a connected open set U ofP2{Cay) into R , there ezists a euclidean

transformation a ofR satisfying fl - afo on U.

To prove Theorem 2, we丘rst establish a rigidity theorem for an iso-

metric immersion of a Riemannian manifold. Let 〟 be an γレdimensional

Riemannian manifold and let /o be an isometric immersion of M into the

m-dimensional euclidean space R . We will prove that if the Gauss equa一

七ion in codimension r {- m - n) admits essentially one solution everywhere

on M, then jo is rigid, i.e., for any isometric immersion fl of M into

Rm there exists a euclidean transformation a of R such that fl - afQ

(see Theorem 5). This theorem may be established by various methods;

for example, by combining the results of Nomizu [19] and Szczarba [21],

[22] (cf. Agaoka [1]) or by solving a differential system of PfafF (cf. Bishop-

Crittenden [10], Ch. X). In this paper, we will give a simple proof based on a

congruence theorem of differentiable mappings, which is easy to understand

and gives a clear view on the geometric meaning (see Theorem 6).

Next, we will show that for the Cayley projective plane P (Cay) the

Gauss equation in codimension 10 (- 26 - dim P2(Cay)) admits essentially

one solution (see Theorem 10). To show this, we utilize the results obtained

in [6] and [7]. Among all, the result concerning pseudo-abelian subspaces

(Proposition 8) plays an important role in our proof.

Then, Theorem 2 is a direct consequence of Theorem 5 and Theorem 10.

Throughout this paper we assume the differentiability of class C∞. No-

tations for Lie algebras are the same as those used in [6] and [7].

2. The Gauss equation

Let M be a Riemannian誓anifold and T(M) the tangent bundle of M.
We denote by g the Riemannian metric of M and by R the Riemannian

curvature tensor of type (1, 3) with respect to g.

Let N be a euclidean vector space, i.e., JV is a vector space over R

endowed with an inner product ( , ) Let p ∈ M and let s2t;{m) ㊨N

be the space of N-valued symmetric bilinear forms on Tp(M). We call the
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following equation on甘∈ S2T*(M) ㊨ N the Gauss equation at p ∈ M:

-9p{Rp{諾, y)z,w)-(V(x, z),V(y,w)ド(V(x,w),ty(yi Z)), (2-1)

where x, y, z, w ∈　np(M). We denote by Qp{N) the set of all solutions of

(2.1), which is called the Gaussian variety associated with N at p 。 M. As

is well-known, Qp(N) - 0 happens in case the dimensionality r (- dimN)

is so small, however, Gp{N) ≠ 0 if r is su瓜ciently large (see Cartan [11] or

Kaneda-Tanaka [16] ).

Let JVi and N2 be two euclidean vector spaces and let-ip be a lin-

ear mapping of JVi to N2. De丘ne a linear map (p of S2T*(M) ㊨ JVi to

S2T*{M)ョN2 by

(夢中)(諾,y)-<p(*(x,y))i申∈s't;(M)⑪iVi, x,y∈Tp{M). (2.2)

Then, we can easily verify

Lemma 3　Let (p be a linear mapping ofa euclidean vector space JVi to a

euclidean vector space N2. Assume that Lp is isometric, i.e., (<f(x), <p(y))2

- (諾,y)1 (諾, y∈Ni), where ( , ) (i-1, 2) denotestheinnerproductof

Ni. Then (pGp(Ni) ⊂ Gp(N2). In particular, ifdimJV"i - dimJV2; then

^Qv{Nl) - gp{N2).

In view of Lemma 3, the solvability oHhe Gauss equation (2.1) sub-

stantially depends on the dimensionality of N. To emphasize dimJV we

call (2.1) the Gauss equation in codimension r {- dimAT).

Let AT be a euclidean vector space and let O(N) be the orthogonal

transformation group of AT. We define an action of O(N) on S2T*(M)ョN

by

(h中){x, y) - h{申(s> y)),

where申∈ s2t;(m)㊨N, h ∈ 0(N), x, y ∈ Tp(M). Wesaythat two

elements申and申′ ∈ S2T*(M) ㊨ N are equivalent if there is an element

h ∈ 0(N) suchthat申′ - h申It is easily seen that if中andせ′ ∈

S2T」{M) ㊧N are equivalent and中∈ Qp(N), then甘′ ∈ Gp(N). We say

that the Gaussian variety Gp{N) is EOS if gp{N) ≠ ¢ and if it consists of

essentially one solution, i.e., any solutions oHhe Gauss equation (2.1) are

equivalenもto each other under the action of O(N).
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Proposition4LetMbeaRiemannianmanifoldandletp∈M.LetN

beanr-dimensionaleuclideanvectorspacesuchthatQp{N)isEOS.Then:

(1)Let中beanarbitraryelementofGp{N)・Then,thevectors中(z>y)

x,y∈Tp(M))spanthewholespaceN.

(2)LetN¥beaeuclideanvectorspace.Then:

(2a)ap(iVi)-のifdimNi<r;

(26)QpiNx)isEOSifdimJVi-r;

(2c)Qp(Ni)isnotEOSifdimA7"i>r.

Proof.Notethatif申′∈s2t;(m)⑳Nisequivalentto申thenwehave

l申′(x,y)¥-!中x,y)¥foranya;,y∈Tp(M),where¥n¥denotesthenormof

n∈Nwithrespectto(,)・

Now,s響'osethatthevectors中z,y)(。,封。Tp{M))donotspan

thewholespaceN.Then,thereisanon-zerovectorn∈Nsatisfying

(n,*(z,y))-Oforanyx,y∈np(M).De丘neanelement申′∈s2t;(m)㊨

JVby

中′-甘*¥2+(O⑳n,

where」*isanon-zeroelementofr*(M).Then,tiseasytoseethat

甘′∈Qp(N).However,byasimplecalculation,wehave甘′0,x)¥'

l申Or,aOr+|n|T(£)2.Therefore,ifwetakex∈p(M)suchthat」*(x)≠

0,thenwehave仲′(x,x)¥≠l申(x,x)トThisprovesthat申′isnotequivalent

to中andhenceGp{N)isnotEOS.Thus,weobtain(1).

Nextweprove(2).FirstassumedimiVi-r.Let(pbeanisometric

linearisomorphismofNontoiViThenwehaveO(N{)-cp・O(N)蝣ip-l.

Moreover,byLemma3wehave{pGp(N)-Qp(Ni).SinceQp(N)isEOS,

0{N)actstransitivelyonQp(N).Therefore,itiseasilyseenth的O(JVi)

actstransitivelyonQp{N¥).Thisprovesthat^p(JVi)isEOS.

WenextconsiderthecasedimiVi<r.SuppoPethatGp(Nj≠0and

申1∈Gp(Ni).LetipbeanisometriclinearmappingofNァtoN.Then,

weknowthat<p中1∈Gp{N)andthevectors{(p中1)(£,yz,y∈Tp(M))

arecontainedinthepropersubspaceip[Ni)(⊆N).Thiscontradicts(1).

ThecasedimNァ>rissimilarlydealtwith.□

WesaythataRiemannianmanifoldMisformallyrigidincodimension

rifthereisaeuclideanvectorspaceTVwithdimN-rsuchthattheGaus-

sianvanetyQv{N)isEOSateachp∈M.ByvirtueofProposition4(2),

weknowthatifMisformallyrigidincodimensionr,thenitisnotformally
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rigid in any other codimension γ′ (≠ ㍗)・

Remark l　工t should be noted that there is a Riemannian manifold 〟

that is not formally rigid in any codimension r. For example, assume that

M is the space of negative constant curvature of dimension n. Let N be a

euclidean vector space of dimension ㍗ Then, by Otsuki's lemma we have

gp(N) - 0 ifr < n- 1 (see Otsuki [20]). On the other hand, Kaneda [13]

proved that ifr - n- 1, then Gp(N) ≠ ¢ and around a suitable申o ∈

Gp(N), Gp(N) forms a submanifold of S2T*(M) ⑳N of dimension n(n - 1)

(see Theorem 3.1 of [13]). Since n{n- 1) > dimO(N), Qp{N) cannot be

EOS. Ifr ≧ n, then by Proposition 4 (2a) we know that Gp(N) is not EOS.

Accordingly, the space of negative constant curvature M is not formally

rigid in any codimension ㍗.

Remark 2　For each Riemannian submanifold M C Rm listed below,

Gp(N) is known to be EOS at each p ∈ M, where N is the normal vector

space ofM atp in Km.

(1) Thesphere Sn ⊂K.71+1 (n≧ 3);

(2) The symplectic group Sp(2) C R b (see Agaoka [1]);

(3) A submanifold M ⊂ Km wlth type number ≧ 3 (see Allendoerfer [9],

Kobayashi-Nomizu [18] ).

Consequently, these submanifolds are formally rigid in our sense and it

has been proved that they are actually rigid in Rm (see [1], [9]).

However, we note that the formal rigidness of M in codimension r does

not imply the existence of an isometric immersion of M into Rn+r (n -

dimM). Indeed, Kaneda [14] gave an example of three dimensional Rie-

mannian mam氏,ld 〟 that is丘)rmally rigid in codimension 1 but can.not be

locally isometrically immersed into R.

We will prove in the next section that if a connected Riemannian mani-

fold M is formally rigid in codimension r and if there is an isometric immeト

sion f of M into Rn+r (n - dimM), then M (precisely, f(M)) is actually

rigid in Rn+r (see Theorem 5).

3. Rigidity theorem

In this section, we will prove the following rigidity theorem:

Theorem 5　Let M be an n-dimensional Riemannian manifold and let /o

be an isometric immersion ofM into the euclidean space R . Assume:
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(1) M is connected]

(2) M is formally rigid in codimensionr - m-n.

Then, any isometric immersion fl ofM into the euclidean space R co-

incides with Jq up to a euclidean transformatioれofRm, i.e., there exists a

euclidean transformation a ofR such that fl - afo.

Before proceeding to the proof of Theorem 5, we make some prepara-

tions. Let M(m, m ) be the space of real matrices of degree m x m′, where

m and m′ are non-negative integers. In what follows we identify M(m, 1)

with the m-dimensional euclidean space R in a natural way. Then, we

note that the canonical inner product ( , ) ofRm is given by (V, W) - *ォ

wforv,w∈Rm.

Let us define an operation of M(m, m) on Rm by

M(m,m)×Rm∋ (H:v)卜-H・V∈Rm,

where・means the usual matrix multiplication.

Let ∇ be the Riemannian connection associated with 〟. Let ∫ -

舌(/サ・・・蝣> fm) be a differentiable map of M into the euclidean space Rn

k

こ=コ

By ∇ - ∇ j we denote the k一七h order covariant derivative of /, which is

defined as follows:

k k

′　人　ヽ

∇。1-∇zfc/-*(.‥,㌃罵fi, …) ∈Rm,

where p ∈ M; xi, -・j %k ∈　p(M). (Precisely, see Tanaka [23], Kaneda-

Tanaka [16] or Kaneda [14].) It is known that ∇∇/ and ∇∇∇f satisfy the

following integrability conditions:

∇訂∇yf - ∇y∇訂　　　　　　　　　　　　　　　　(3.1)

∇Z∇訂∇yf - ∇。∇Z∇yf - ∇R(z,。)yf-　　　　　　　　(3.2)

We say that a differentiable map / of M into R is 2-generic if at

each p ∈ M, the whole space R is spanned by the vectors of the form

∇:f {x ∈ Tp(M)h ∇y∇蝣f {y, ∈ Tp(M)). It is clear that if/ is 2-generic,

then we have the inequality m ≦ (1/2)n(n+ 3). Note that a 2-generic map

f is not necessarily an immersion.

We first show the following congruence theorem:
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Theorem 6　Let M be an n-dimensional Riemannian manifold and let

fi (i - 0, 1) be two differen舌iable maps ofM into the euclidean space Rm.

Assume:

(1) M is connected;

(2) /o is 2-generic;

(3) At eachp ∈ M there is an element Hyp) ∈ 0(77?,) satisfying

∇Ji-H(p)-{∇訂o),　∀=;∈　pW>

∇y∇Ji-H(p)-(∇y∇:/())>　∀y, Z∈Tp{M).

Then, fj coincides with fo up to a euclidean transformation ofR . More

precisely, H(p) is identically equaはo a constant value Hq ∈ 0(m) every-

where onM andfl can be written as fi - HqJq+cq, where cq is a constant

vector of-R蝣777.

Proof. We first note that, since /o is 2-generic, H(p) satisfying (3.3)

and (3.4) is uniquely determined at each p ∈ M and the map H: M ∋

pト- H(p) ∈ 0(m) is differentiable. Via the canonical inclusion O(m) ⊂

M(m, m), we can regard H as an M(m, m)-valued function on M satisfying

HH - Lmi　　　　　　　　　　　　　　　　　　　　(3.5)

where Im denotes the identity matrix of degree m. Differentiat (3.5) CO-

variantly. Then by Leibnitz'law we get

∇。?H)H(p)+fff(p)(∇,H) -0, ∀T ∈ ,(M).　　　(3.6)

In this equality, the covariant derivative ∇ zH means the element of M(m, m)

given by ∇。H - (∇ zhj), where h言denotes the (i, j)-component of H. By

the very definition of ∇ ~H we have ∇。m -ま(∇zH).

Let us define an M(m, m)-valued 1-form L by

L(£) -*ff(p)(∇。H), x ∈TP(M).

Then, by (3.6) we have

蝣L{x)+L{x) -0, ∀3:∈Tp(M),

(3.7)

(3-8)

implying that the matrix L(x) ∈ M(m, m) is skew-symmetric.

We now show that the equality L[x) - 0 holds for any x ∈ Tp(M).

Since jo is 2-generic, it sunces to prove

L{y) ∇:/o)-0, ∀x,y∈TpM,
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L{z) ∇y∇J/o)-O, ∀x,y,z∈Tp{M).

Differentiating (3.3) and (3.4) covariantly, we have

∇y∇訂1-∇,H-{∇訂o)+H{p) ∇y∇訂o),

∀E, y ∈ Tp(M),

∇Z∇y∇訂1 - ∇>H- {∇y∇訂o) +H(p)蝣(∇Z∇y∇。/O.

∀x, y, z ∈Tp(M).

(3.10)

(3.ll)

(3.12)

Thenby (3.4) and (3.ll) wehave ∇,H-{∇,fg) - Ofor eachz, y ∈ Tp{M).

Consequently, multiplying H(p) from the left, we have (3.9).

We now prove (3.10). Exchanging z and y in (3.12), we have

∇y∇Z∇訂1 - ∇,#蝣(∇Z∇訂o) +H(p)蝣(∇y∇Z∇訂o),

∀z y,z∈　pW-
(3.13)

Subtract (3.13) from (3.12). Then, using the integrability condition (3.2)

and the equality (3.3), we have

∇zH(∇y∇訂o) -∇yH(∇Z∇訂o), ∀x, y, z ∈ i(M).  (3.14)

Consequently, multiplying H(p) from the left, we get

L(z)・(∇y∇訂o)-Hv)蝣(∇Z∇:/o)サ　∀x,y,z∈TV{M). (3.15)

Since L(z) is a skew-symmetric matrix, we have

(L{z)・(∇y∇訂o), ∇ufo)ニー(∇y∇訂0, Hz)蝣(∇ufo)) - 0・

Therefore, to prove (3.10), we have to show

(L{z)蝣(∇y∇訂。),∇V∇wfo)-0, ∀x,y,z,v,w∈ ;(M). (3.16)

De丘ne an element X ∈ ㊤&rp*(M) by

x(I, y, x, v, w) - (L(z)・(∇y∇訂o), ∇V∇wfo),

x,y,z,v,w∈Tp(M).
(3.17)

In the following, we will show X(z,y,x,v,w) - 0 for x,y,z,v,w ∈

,(M). By the integrability condition (3.1) and by (3.15), we easily know

that X(z, y, x, v, w) is symmetric with respect to the pairs {x, y}, {v, w}

and ¥z, yj. Further, since L(z) is a skew-symmetric endomorphism of R>m
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see (3.8)), it follows that

X(z,y, x,v, w)--X(z, v, w,y, ㌶　　　　　　　　　(3.18)

Therefore, X(z, y, x, v, w) is anti-symmetric with respect to the pair {x, w},
because

X(z, y, x,v, w)--X(z, v,

-　x{v,y,

w,y,x)

X,Z,W)

--X{v, z,iu,y, x)

-　X(y,v,x,z,w)

--X(y,z,w,v,x)--X(z,y,w,v,x).

Consequer止Iy, we get

X(z,y,x,v,w)--X(z,y,w,v,x)--X(z,w,y,x,v)

-　X(z,w,v,x,y)-　X(z,v,w,y,x).

This, togetherwith (3.18), proves X(z, y, z v, w) - 0. Thus we get (3.10).

By the above argument, we know that L(x) - *H(p)(∇:H) - 0 for

any T ∈　p(M). This implies that H is a locally constant function and

hence H is identically equal to an element Hq J 0(m) on M, because M is

connected. Consequently, the difference c - fl - Hq蝣fQ satis丘es

∇。C-∇。(/1-#0・/o)-∇訂-Ho-(∇訂,)-O, ∀Z∈Tp(M).

Therefore, c is also identically equal to a constant vector cq 6 R , com-

pleting the proof of the theorem.　　　　　　　　　　　　　　　　　□

Remark 3　The argument in the proof of the equality X - 0 is essentially

the same that is developed in the proof of the uniqueness of the血etric

connection of the normal bundle associated with an isometric imbedding

see the proof of Theorem 1 of [19]); It is almost the same that is used

to calculate the third prolongation of the symbol of the operator L (see

Proposition 2.2 o月喝). Here we remark that g - 0 can be proved without
assuming the existence of (isometric) immersions.

We are now in a position to prove Theorem 5.

Proof of Theorem 5. We show that the map fi {% - 0, 1) is 2-generic and

for each p ∈ M there is an element H(p) ∈ 0(m) satisfying the equalities

(3.3) and (3.4).

Let i - 0 or 1. Let fuTp(M) (resp. Ni) be the tangent vector space

(resp. normal vector space) of fi(M) at fi(p) ∈ Rm. Then, we have
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dimfuTp{M) - n and dimiV; - m-n. We regard fuTp(M) and N{
as euclidean vector spaces endowed with the inner products induced丘om

the inner product ( , ) of Rm. By a natural parallel displacement from

fiip) to the origin o ∈ Rm, we regard fiJTp{M) and N{ as linear sub-

spaces of R. Since fi is an isometric immersion, fiit:Tp(M) is spanned by

the vectors ∇訂i (T ∈ Tp(M)) and

(∇Ji, ∇yfi) -9p(x, y), ∀x, y∈Tp(M).　　　　(3.19)

The second order derivative VV/j, which is so called the second fun-

damental form of fi: satisfies ∇∇fi ∈ s2t;{m) ⑳AT",- and ∇∇fi ∈ GpiNi)

(see [23], [16]). Since Qp{Ni) is EOS, the vectors ∇。∇ifi (2, y ∈ Tp{M))

span Ni, implying that fi is 2-generic (see Proposition 4 (1)). Take an

isometric linear isomorphism ip2 of Nq onto Nj. Since両▽∇fo ∈ GpiNj

and since Gp{Ni) is EOS (see Proposition 4 (26)), there is an element hi ∈

O(ATi) such that hi(拓∇∇/o) - ∇∇fl. On the other hand, in view of
(3.19) we also know that there is an isometric linear isomorphism cpァof

fo,Tp{M) onto fuTp(M) satisfying cpi(∇訂o) - ∇xf1 0 ∈ l(M)). Be-
fine a linear endomorphism H(p) of Rm satisfying H(p) -p t ,Ms - <pi and

H¥p)¥n　- ^! '^2-　Then, it is easily seen that H(p) ∈ 0(m) and the

equalities (3.3) and (3.4) are satis丘ed.

Therefore, by Theorem 6 we know that fl can be written as fl - a/0,

where a denotes the euclidean transformation of R de丘ned by K<m ∋ x

Hq蝣x + co ∈ Rm. Thus, we obtain the theorem.　　　　　　　　　　ロ

4. The Cayley projective plane P2(Cay)

Let M - G/K be a compact Riemannian symmetric space. Let 3 (resp.

t) be the Lie algebra of G (resp. K). We denote by g -セ+m the canonical

decomposition of q associated with the symmetric pair (G, K). We denote

by (. ) the inner product of q given by theト年multiple of the Killing
form of g. As usual, we can identify m with the tangent space T。{G/K) at

the origin o - ¥K}. We assume that the G-invariant Riemannian metric g

of G/K satis丘es

g。(X,Y)-{X,Y), ∀x,Y∈m・

Then, it is well-known that at the origin o the Riemannian curvature tensor

R of type (1, 3) is given by
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R。(X,Y)Z--[[X,Y],Z], XtY,Z∈m・

Hereafter, we consider the case of the Cayley projective plane P (Cay).

As is well-known, P2{Cay) can be represented by P2(Cay) - G/K, where

G - F4. and K - Spin{9). Take a maximal abelian subspace a ofm and fix

it in the following discussions. We note that since rank(P2(cay)) - 1, we

have dimα = 1.

For each element A ∈ o we define two subspaces t(A) C t and m(A) ⊂ m

by

t(A-{X∈tI [H,[H,X)]--(A,H)*x, ∀H∈a),

m(A)-{Y∈m [H,[H,Y]]--(A,H)2Y, ∀H∈可.

We call A a restricted root ifm(A) ≠ 0. Let S be the set of all non-zero

restricted roots. In the case of P2(cay), there is a restricted root /i such

that E - (土FL,士2fi}. We take and丘x such a restricted root ¥i. Then we

have m(0) - a - Rfj, and

e-ォ(o) +モ/* +モ(2/j,) (orthogonal direct sum),

m-m(0) + m(/i) + m(2/i) (orthogonal direct sum).

(For details, see [6]言7].) For simplicity, for each integer i we set ti -セ(IM,

mi-m(|i/x) (回≦2),モ-tm-0 (回>2). Thenwehave

Proposition 7 ([7]) (1) Leti,j-0, 1,2. Then:

*n *j　⊂ h+j+ti-,・,

[mi, TUj-J C ti+j +tl-ji

ft> mi] ⊂ rrii+j + m^-j.

(2) dimm-16, dimti-dimmi-8, dim」2-dimm2-7.

(4.1)

In what follows, we recall the results obtained in [7], which will be

needed in the proof of Theorem 2. Let l′ be a subspace of m. V is called

pseudo-abelian if it satis丘es [V, V] c to (or equivalent^ [[V, V], a] - 0).

(Precisely, see [6].) As is easily seen, rri2 is a pseudo-abelian subspace of m,

because [rti2, 1112] ⊂ォo (see (4.1)).

On the contrary, we have

Proposition 8　Let G/K - P {Cay). Then, any pseudo-abelian sub-

space V ofm with dimV > 2 must be contained in rri2.
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For the proof, see Lemma 6 of [7]. The following proposition summarizes

the results of [7] (see Proposition 7, Proposition 10 and Lemma 17 of [7]).

Proposition 9 (1) LetYo ∈ a+tri2 andYi ∈mi. Assume thatYq ≠0,

Yl ≠ 0. Then, there are elements ko, k¥ ∈ K satisfying

Ad(fco)^∈ RYoi Ad(/co)m2 - {Y^ ∈ a+m2 | (r。', Yo) -0}, (4.2)

Ad(ki)fi∈RYl}　Ad(/ci)m2-{Y{∈mi | (y/,yl)-O}. (4.3)

(2) LetYo,Y>∈a+m2; Yl} Y{∈mi andX¥ ∈*i. Then:

[Yo,[Yo,yfi]--4(fMtti)(YoiYQ)Yt

。,霊霊

[yo,¥vo,yi¥]--friim)(Yo,Yo)Yu

[Yl,[YhYo]]--(fi,i,)(Yl,Yl)Yo,

[*i.[Yi,Y{]]寸4(/i,/i)(yl,・S・{,if(Yl

。,ifY>霊

[Xu[XltYq}]--(/i,/i)(*i,*1)Yo.

n)(Yo, Yo)Y{, if{Yo, Y>) -0,

fi)(Yl, Yl)Y{, if{Yl, Y{) -0,

(4.4)

(4.7)

(4.8)

5. Solutions of the Gauss equation

In this and the next sections, we prove

Theorem 10 The projective plane P2{Cay) is formally rigid in codimen-

sion 10 (- 26 - dimP2(Cay)).

If this theorem is established, then Theorem 2 immediately follows from
Theorem 5.

0n account of homogeneity of P2(Cay), in order to show Theorem 10

we have only to prove that the Gaussian variety 冒 ,(N) is EOS at the origin

o for any euclidean vector space N with dimAT - 10.

In what follows we assume that M - P2(Cay) and that AT is a eu-

clidean vector space with dim iV - 10. We will prove the following theorem:

Theorem ll Let中∈ G。(N). Then:

(1) There are linearly independent vectors A and B ∈ N satisfying

(la) (A,A)-(B,B)-4(fM,n) and(A,B)-2(/i,fj,);

16)中(Yo,Y{)-(Yo,Y{)A, ∀Yo,Y{∈c+m2;
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(2)

ill!葛

(3)

(lc)中(Yi,Yi')-(Yi,Yi')B, ∀YuY{∈ml;

(Id) (A,申0,mi))-(B,申Qu,mi))-0・

*(yi,Y2)+(l/(M,m)2中(li, [^Yi],Y2) -0, ∀Yl ∈ml, ∀Y2 ∈

くせ(^ *l),申(* YD) - (ja, /,)2(yi, y{¥　∀Yu Y{ ∈ml・

Before proceeding to the proof of Theorem ll we make a somewhat

lengthy preparation. Let AT be a euclidean vector space and let S m* ㊨ N

be the space of AT"-valued symmetric bilinear forms on m. Let中∈ S2m* ㊨

iV andY ∈m. We de丘ne alinearmap申Y ofmto Nby

申y:tti∋Y′ト-甘(Y,Y′) ∈N

and denote by Ker(申Y) the kernel of申y. We say that an element Y ∈ m

is singular (resp. non-singular) with respect to中if申y(m) ≠ TV (resp.

申y(m) - N). Apparently, 0 (∈ m) is a singular element for any中∈
S2m* <g> N.

Proposition12　Let申∈ g。(N). LetY ∈m (Y≠0) andletk be an

element ofK satisfying Ad(fc)/x ∈ RY. Then:

(1) Ker(申Y) ⊂ Ad(/c)rri2. Consequently, dimKer(中Y) ≦ 7・

(2) Assume thaまY is non-singular with respect to申　Then, it holds that

dimKer(申y) -蝣6 and Ker(申Y) ⊆ Ad(fc)m.2.

(3) Assume that Y is singular with respect to中　Then, it holds tha去

Ker(申y) - Ad(fc)m2, dimKer(申Y) - 7 and dim申y(m) - 9.

Proof. First, note that dimKer(申Y) ≧ dimm-dimAT - 6. Consequently,

it is easy to see that Y is singular (resp. non-singular) with respect to申if

and only if dimKer(中y) > 6 (resp. dimKer(申r) - 6).

Multiplying Y by a non-zero scalar if necessary, we may assume that

Y - Ad(fc)/Lt. Prom the Gauss equation (2.1) it follows that

R。(Ker(申Y),Ker(申y))Y - O.

In our terminology we have

[Ker(申y), Ker(中y)), Y] - O.

Applying Ad(k 1) to the both sides of the above equality, we have

[[Ad(fc-1)Ker(中Y), Ad{k~l)Ker{中y)1 〟 - 0.
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Since a - R/j,, it follows that Ad(fc-1) Ker(申y) is a pseudo-abelian sub-

space of m. By Proposition 8 and by the fact dimKer(中Y) ≧ 6, we have

Ad(fc」) Ker(申Y) ⊂ rri2 and hence Ker(申Y) ⊂ Ad(fc)m2, proving (1).

Assume that Y is non-singular with respect to申　Then, as we have

stated above, we have dimKer(申Y) - 6. Since dimni2 - 7 (see Proposi一

七ion 7 (2)), it follows that Ker(申Y) ⊆ Ad('fc)m2, proving (2).

Finally, we assume Y is singular with respect to中　Then, we have

dimKer(中y) > 6. Since Ker(申Y) ⊂ Ad(/c)rri2 and since dimrri2 - 7, we

have dimKer(申y) - 7 and Ker(甘y) - Ad(A;)Tn2. This proves (3).　□

Corollary13　Letや∈ g。{N). LetYo ∈ α+m2 (To ≠ 0) andYi ∈

mi (Yi^0). Then:

(1) Ker(中Yo) ⊂ w ∈ a+rri2 | (Yq,Yq) - 0}. Inparticular, ifYq is

singular wiが『respect toや, then Ker(甘Y。) - W ∈ α+m2 | (rO', Yo) - 0}.

(2) Ker(申yl) C in ∈ mi | (Y[, Yi) - 0}. Inparticular, ifY¥ is singular

with respect toや, thenKer(申*) - in ∈mi | (Y>, Yi) - 0}.

Proof. Let Yo ∈ a+m2 (To ≠ 0). By Proposition 9 (1), weknowthat there

is an element ko ∈ K satisfying (4.2). Applying Proposition 12 to Yq, we

easilyget Ker(申Y.) ⊂ w ∈ o+m-2 | (Yq,Yq) - 0}. Assume that lq is

singular with respect to中. Then, by the equality Ker(中端) - Ad(ko)m2,

weget 1.

The assertion (2) is similarly dealt with.　　　　　　　　　　　□

Let申∈ s2nr ㊨ N. A subspace U ofm is called singular with respect

to甘if each element of U is singular with respect to申.

Proposition14　Let中∈ g。(N). LetY ∈m (Y≠0) andleまk ∈ K

satisfy Ad(k)(j, ∈ RY. Assume that Y is non-singular with respect to℡.

Then:

(1) Ker(申Y) is a singular subspace with respect to中・

(2) There is an element Y′ ∈ Ad(/c)m2 satisfying中(y, y') ≠ 0 and

N - R申(Y, Y′) +中Y′′(m) (orthogonal direct sum),　(5.1)

where Y′′ is an arbitrary non-zero element o/Ker(申Y)・

Proof. Since Y is non-singular with respect to中　we have Ker(申Y) ⊆

Ad(fc)m.2 (see Proposition 12). Take a non-zero element Y′ ∈ Ad(fc)m2 such

that (Y′, Ker(申y)) - 0. Then, since Y′ ¢ Ker(申y), we have申{Y, Y′) ≠

0.
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Let Y′′ ∈ Ker(申y) (Y′′ ≠ 0). Then, by the Gauss equation (2.1) we

have

(r′, y′′], Y], W)

-くせ(Y′, n中(Y〝, W)) -くせ(Y′, W),申(Y〝, Y))　　(5.2)

where W is an arbitrary element of m. Note that the left hand side of (5.2)

vanishes, because

llY′, Y′′　Y ∈ [Ad(fc)m2} Ad(/e)m2], Ad{k)/j]

- Ad(fc)[[m2, m2], fi¥ - 0.

We also note that甘(Y〝 Y) - 0, because Y〝 ∈ Ker(中y). Consequently,

we have (&(Y′, Y), *(y〝, W)) - 0. This implies that each element of

申Y′′(m) is orthogonal toや(Y′ Y). Therefore,申Y′′(m) ≠ JV, implying

that y′′ is singular with respect toや. Hence, by Proposition 12 (3) we

have dim申Y′′(m) - 9, which proves (5.1).　　　　　　　　　　　　□

The following lemma assures that for each申∈ G。(N) there are many

high dimensional singular subspaces with respect to中・

Lemma 15　Leませ∈ Q。(N). Then, there are singular subspaces U and V

with respecfto中satisfyingU ⊂ o+TU2, V ⊂ mi, divau ≧ 6 anddimV ≧ 6・

Proof. If o+TTI2 contains no non-singular element with respect toや, then

we can take U - a+m2- (Note that dim(a+TTI2) - 8.) On the contrary,

if a+ rri2 contains a non-singular element Yo, then we set U - Ker(申%・

Then, we know that U ⊂ a+rn-2, dimU - 6 (see Proposition 12 (2) and

Corollary 13 (1)) and that U is a singular subspace with respect to申　see

Proposition 14 (1)). Similarly, we can select a singular subspace V C mi

with diml′ ≧ 6.　　　　　　　　　　　　　　　　　　　　　　　　　　　□

Proposition 16　Leませ∈ Q。(N). Let U and V be arbitrary singular

subspaces with respect to申safisfying U ⊂ a+m2, V ⊂ mi, dime/ ≧ 6 and

dimF ≧ 6. Then there are two vectors A and B ∈ N satisfying:

(1) (A,A)-(B,B)-4(^v)¥

(2)中&Yo)-(e,yo)A, ∀E∈U, ∀Yo∈o+m2;

(3)申(77,yx)-(77,Yi)B, ∀77∈V, ∀Yl ∈ml;

(4) (A,申Y。(tni))-(B,申V。(ml))-0, ∀Yo∈α+m2.
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Proof. Let f ∈ U (E ≠ 0). Since J is singular withrespect toや, Ker(中E)

coincides with the orthogonal complement of R^ in o + rri2 (see Corol-

lary 13 (1)). Hence, the equality申(f, Yq) - 0 holds for each Yo ∈ α+

rri2 satisfying (」, Yq) - 0. In particular, we have

中(」,」′)-O, ∀te∈Uwitii(e,e′)-0.

Then, applying the same argument as in the proof of Proposition 9 of [7],

we can prove that there is a vector A ∈ N satisfying

中&」′)-&OA, ∀E,E′∈u.　　　　　　　　　(5.3)

Let Yo ∈ a+rri2 satisfy (Yq, U) - 0. Then, since (」,Yq) - 0, we have

申(f, yO) - 0 and (」, yo)A - 0. This, together with (5.3), proves (2). The

assertion (3) can be proved in the same way.

We nowprove (1). Let E, E′ ∈ U satisfy (」,」′) - 0 and (」,」) -

(E′, E′) - 1. PutX - Z - 」andY - W -」'intotheGaussequation (2.1).

Then, we have

([[は′uU′) - (*(」, 0.中(E′, E′)ト(tF(は′), g(E′, i)).

Since [[」,」′,」 - 4(/i,M′ (see (4.4)), *(は) -中(E′,E′) - A and

申(f, f) - 0, we have (A, A) - 4(//, n). Similarly, by (4.7) we can prove

(B, B) - 4(ji, fi), proving (1).

Finally, weprove (4). Let Yl ∈ mi andYq ∈ o+rri2. Take anelement 」 ∈

U satisfying (」, Yq) - 0 and (」, ^) - 1. Such ^ can exist, because dimU ≧

6. PutX - Z - 」, Y -Yq and W - Yl intothe Gaussequation (2.1).
Then we have

(R,*oU], Yi) (*(」,0,申(Yo, Fi))-(・(」,Yi), *(y0,.0).

Since (」, Yo) - 0, ㌣ehave中(」, Yo) - 0 and [」,Yo],^ - 4(//, ^)yo (see
(4.4)). Moreover, since申(f, 0 - A and (YQ, Yi) - O, we have

(A,申Y。{Yi))-くせ& 0,中Co, *i )

-(申(」, *i),申Co, 0) +4(fMi tM)(Yo, Yl)

=0.

Since Y¥ is an arbitrary element of mi, we have (A,中y。(mi)) - 0. In a

similar way, the equality (B,申y。(mi)) - 0 can be proved.　　　　　□
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Remark 4　As seen in the proof of Lemma 15, singular subspaces U and

V may not be uniquely determined. However, t is noted that the vectors A

and B in Proposition 16 do not depend on the choice of U and V. In fact,

let U/ and V/ be different singular subspaces with. respect to中satisfying

U′ ⊂ a+rri2 andV′ ⊂mi withdimU′ ≧6, dimy′> 6. LetA′ andB′be

vectors of N satisfying (1) - (4) of Proposition 16. Then, since dim(o +

m2J-dimmi-8,wehaveUflU′≠0,VnV/≠0. Takef∈UnU′and

r7∈VnVsuchthat(」,」)-(rj,rj)-1. ThenwehaveA-・(f,f)　′

and B -申(叩,り- B', showing our assertion.

In the following discussions, we fix an element中∈ G。(N), singular

subspacesこらV and vectors A, B stated in Proposition 16 and prove several

lemma岳which are indispensable to the proof of Theorem ll.

Lemma17　Let」∈u,v∈V,Yo∈o+rri2andYi ∈mi. SetC=

(A,B)-(fj,, n). ThenC>O and:

(1)くせY。{V),申Y。(Yl)) - ‡(申Co, Yo), Bト(/x, /x)(yo, yo)}(サ7,lri);

(2)くせdv),申t<Yi))-c&0(りYi).

Proof. PuttingX-Z-yo, Y-Yi and W-v into (2.1), wehave

([[ro) yi], yo],サ7) - (^(yo, yo), ^(yl,り)トくせ(YcO)り),申(Yl, Yo)).

Since [[yo, Yi], Yo] - (/x, M)(yo, ^o)^1 (see (4.5)) and申(*ii)り) - (Yii)り)B,

we easily get (1). Putting Yo - 」 ∈ U into (1), we easily have (2). If

we set Yl - rj ∈ V in (2), we haveくせdv),申t(v)) - C(」, 0(?7^)・Since

Ker(中E)nmi - 0 (see Corollary 13 (1)), we have中dv) ≠ 0 ifり≠ 0.
Consequently, we have C > 0.　　　　　　　　　　　　　　　　　　　ロ

Let Yo ∈ a+m.2. Let 」- be anon-zero element of U sa七isfying (」-, Yo) -

0. (Such 」- exists, because dimU ≧ 6.) We define a linear mapping

㊥yo4-　V-Nby

㊥*。,」'蝣fa) -申Y。(v) +
C(」>,?)

申サ([K-.砧Yo]),り∈V・

Then we have

Lemma 18 (Aフ㊥Y。AV)) -くせ>(n ㊥v。,e<v))-0・

Proof. We丘rst note that [」-,V],Yo] ∈ mi forり∈ V and note that

㊥y。,e'(V) ⊂中y。Oi) +中」o(mi). By Proposition 16 (4), we have
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(A,申yQ(mi)) - (A,申to(mi)) - 0 and hence (A, ㊥Y。,?'(V)) - 0・

Let77,r¥′ ∈V. ThenbyputtingX-yo,Y-v′ Z-77 andW-」-

into the Gauss equation (2.1), we have

([[W], 7?U-) -(*(^cO,り),申(り′, nト(中Co, r), *(り′,り))

-くせY。(り),申>0/)) - (A, B)(Yo, O(り′,り)・

Since (Yq言) - 0, we have

くせYo(り),申e(v')) - ([[WU], 」-).

On the other hand, we have

くせ蝣-([[M, iy),申ォoォ) c(f-,」0)([EO,サ?],*&],サ/)

(see Lemm年17 (2)). Therefore,

(㊥Y。,e<v),申H))

-(甘^。(v) +
c(e-, e M[[」-,サ7]> *b]), *?>(り′))

-([[yo,V%vl n+([[e,v}, yQ],り′)

--([yo, vl r,v})+([e, v], ¥Yo, r/])
=0.

This completes the proof.

(5.4)

We can further show

Lemma 19　Le叛∈V. Assume that [[」c砧Yo] ∈V. Then:

F㊥^。,e-り)F2

<*(yO,yo),bト(pL,n)(Yo,Yo)¥l+上碧(77,77). (5.5)

Proof. Setり′ - [[」-, 77], Yq]. By Lemma 18, Lemma 17 and the equality

(5.4) we have

(㊥^。,」(蝣fa), ㊥Y。,e蝣fa))

== 申Y。(V) +
c(e, EO)

-くせY。W, ㊥v。,eo(v))

甘*W) 'Y。,e蝣0(77)
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-くせY。(サ?)>申Y。(V)) +
c(」-, e-)

くせYo(り),中サw))

-(くせ(YQ, Yo), B) - (jm, n)(yoi Yo)}(v, v)

c(e¥ e-)
([[W],??], 60).

Since [」-, 77] ∈ ti, by (4.8) and (4.5) we have

{[[yo, v'}, v}, n--([yo, vi [e, vi)

-(*>, fc-,砧サ'])

-(^O, [[?, V], [[?, v], yo]])

--(^サm , r)}A?, v])(Yo, Yo)

-(M, M)([e¥ r, v]], v)(Yo, YQ)

--^ nr(e, n(v> ri)(Yo, Yo).

Therefore, we obtain (5.5).
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Lemma 20　LetYq ∈ a+rri2. Then:

(1) (*(Yo, Yo), B) - (li, ri(Yo, Yo){l+^, ri/C}.
(2) Leま」- be a non-zero elemenf ofU satisfying (1q,」-) - 0. Then,

㊥y。)」o(?7) - 0; i.e., the equality

申(Xo, 77) +
ctfO, e-)

*(f, [[?,n],yo]) -Q (5.6)

holds for each77 ∈ V satisfying [[」-,叩, Yo] ∈ V・

Proof. We first show that there is a non-zero element rf- ∈ V satisfying

㊥*b,eo(り'H O and ^ ^ To] ∈ V. Let D bethe orthogonal complement

of RA +申牀o(V) in JV and let V be the orthogonal complement of V in

mi. By Lemma 18, we easily have ㊥Y。,?iV) ⊂ D. Therefore, to obtain

rj- satisfying the above condition, it suffices to find a non-zero solution 77 -

T70 ∈ v of the system of linear homogeneous equations

(㊥y。,zo(り), D) - ([[ォ".り, Yo], V/) -O.　　　　　(5.7)

Since Ker(中EO) nmi - 0 (see Corollary13 (1)) and (A,中」-(ml)) - 0 (see

Proposition 16 (4)), we have dim(jRA +中p(V)) - l + diml(/ ≧ 7. (Recall

that we are assuming V ⊂ mi and dimy ≧ 6.) Hence, we have dim」> ≦

dimN- 7 - 3. Moreover, we have dimV′ - 8- dimV ≦ 2. Consequently,
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the rank of the system (5.7) is less than or equal t0 5. Therefore, we can and

a non-zero solution if ∈ V of (5.7). Putting 77 -りO into (5.5), we obtain

the equality (1). Further, putting (1) into (5.5), we have ㊥^。tp(rj) - 0 for

anyり∈ V satisfying [[」-,叩, Yo] ∈ V・　　　　　　　　　　　口

Lemma 21 The vectors A and B are linearly independent and (A, B) -

20> N, C-(fi, fi).

Proof. Letf ∈ Uwith (」言) - 1. Since申(」,0 - A (see (5.3)), by
putting Yo - 」 into the equality in Lemma 20 (1), we easily have (A, B) -

0, ii){1 + (//, fj.)/C}. Since C - (A, B) - (/*, A*), it immediately follows
that C2 - (jj,, //)2. Since C > 0, we get C - (ji, fi) and hence (A,B) -

2(/i, fj,). This, together with Proposition 16 (1), proves that A and B are

linearly independent.　　　　　　　　　　　　　　　　　　　　　　　　□

These being prepared, we show Theorem ll.

ProofofTheorem ll. First we show that ¥x is singular with respect to

any element申∈ Q。(N). Suppose that there is an element申o ∈ Q。(N)

such that fi is non-singular with respect to中O. Then, Ker((申o)n) is a

singular subspace with respect to申　and t satis丘es dimKer((申o)m) - 6

and Ker((申o)m) ⊂ rri2 (see Proposition 12 and Proposition 14).

Now, set申-申o and U - Ker((中o)M) in Proposition 16. Let A,

be the vectors of N satisfying (1ト(4) of Proposition 16. Let 」 ∈

U - Ker((中))/x) with i ≠ 0. First, we show B ∈ (申o)^(m). In fact,

there is a non-zero element Yョ∈ rri2 satisfying中>fa, ^2-) ≠ 0 and N -

R申o(fi, Y2 ) + (^0)1(^1) (orthogonal direct sum) (see Proposition 14). By

Lemma 20 (1) and by the relation

・o(/x, 1?) -芸*o(v+Y2-, v+Y2-) -tfo(/*, fj) - *o(Y2-, Y2-)

we easily haveくせo(A*, l?),B) - 0, which proves B ∈ (せo)^(m). Since

(中o)e(m) - RA+(中o)cOi) (orthogonal direct sum) and (B, (申o)f(nii)) -

0 (see Proposition 16 (2), (4)), we have B ∈ jRA. This contradicts Lemma

21. Accordingly, we can conclude that 〟 is singular with respect to any

element申∈ Q。(N).

Now we show that any elemer止of m is singular with respect to any

申∈ Q。(N). Let Y be a non-zero element ofm. Take an element k ∈ K

such that Ad(k)fj, ∈ RY and define申′ ∈ S'm* ㊤N by
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V(Y′, Y′′) -甘(Ad(fc)Y′, Ad(k)Y′′), Y', Y′′ ∈ m.

Then, it is easily seen that申′ ∈ G。(N). Applying the arguments devel-

oped above, we know that jjl is also singular with respect to℡/. Note that

申サ-申Ad(fc)/i(Ad(fc)m) -申y(m). Then, since申サ≠ N, we have
申y(m) ≠ N, implying that Y is singular with respect to℡.

Accordingly, in Proposition 16 and in the discussion after it, we may

allow to put U - a+rri2年nd V - mi. Therefore, by Proposition 16 and

Lemma 21, we get (1) of Theorem ll. Further, putting YQ - Y2 ∈ m2,

」u - jji andり- Yi into (5.6), we get (2) of Theorem ll. The assertion (3)

of Theorem ll follows丘'om I」emma 17 (2) and Lemma 21. This completes

the proof of the theorem.　　　　　　　　　　　　　　　　　　　　　□

6.　ProofofTheorem 10

Let {Ei (1 ≦ i ≦ 8)} be an orthonormal basis of mi. (Note that

dimmi - 8.) Let中∈ G。(N) and let A, B be the vectors ofN stated in

Theorem ll. We de丘ne vectors {Fi (1 ≦ i ≦ 10)} ofN by setting Fi -

申((*, Ei)/(/*, aO (i ≦ i ≦ 8), F9 - (A+B)/2V旬n¥ andFio - (A-B)/2困.

We now show that {Fj (1 ≦ i ≦ 10)} forms an orthonormal basis ofN. By

Theorem ll (3) we have (F*, Pj) - Sij (1 ≦ i,i ≦ 8), where 5- denotes

Kroneckers delta. Moreover, since (A, Ft) - (B, F<) - 0 (1 ≦ i ≦ 8) (see

Theorem ll (Id)), wehave (F9)F;) - (Fio,Fi) - 0 (1 ≦ i ≦ 8). The

equalities (F9, F9) - (Fio, FiO) - 1 and (F9, FiO) - 0 immediately follow

from Theorem ll (la).

Now let申′ be another element ot g。{N). Let A′ and B'be the vectors

stated in Theorem ll for申′. As in the case of申we can also define an

orthonormal basis {F芸(1 ≦ i ≦ 10)} ofN. Then, there is an element h ∈

0(10) satisfying F¥ - hF{ (1 < i ≦ 10). Here we note that A′ - /iA, B′ -

hBand申'(n,.Ei)-柵(/*, Ei) (1 ≦i≦8). SetS-申′-hg ∈S2m*⑪N.

Then, by Theorem ll (1) we have

卓(a+m2, 0+m2)-争(mi,mi)-申(a,mi)-0.

By the fact [[/i, mi], m2] ⊂ mi and Theorem ll (2), we have

中(m2,mi) ⊂中(fi, [[/i,mi],m2]) ⊂申a,mi) -0,

whichproves that卓(tti2, mi) - 0. Therefore, wehave申- 0, i.e.,中′ - h申.

This implies that the Gaussian variet蝣y Q。{N) is EOS. This completes the
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proof of Theorem 10.
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Rigidity of the canonical isometric imbedding

of the quaternion projective plane P2(H)

Yoshio Agaoka and Eiji Kaneda
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Abstract・工n this paper, we investigate isometric immersions of P2(H) into R14 and

prove that the canonical isometric imbedding /o of P2(H) into R14, which is denned

in Kobayashi [11], is rigid in the following strongest sense: Any isometric immersion fl

of a connected open set U (C P2{H)) into H14 coincides with /0 up to a euclidean

transformation of Hl , i.e., there is a euclidean transformation a of RIA satisfying f1 -

afoonU.

Key words: Curvature invariant, isometric immersion, quaternion projective plane, rigid-

ity, root space decomposition.

1.Introduction

Inourpreviouspaper[8],weprovedtherigidityofthecanonicalisomet-

ricimbeddingoftheCayleyprojectiveplaneP2(Cay).Thepurposeofthis

paperistoinvestigateasimilarproblemfor(local)isometricimmersionsof

thequaternionprojectiveplaneP2(H).Aswehaveprovedin[7],anyopen

t->9/蝣setofthequaternionprojectiveplaneP2(H)cannotbeisometricallyim-

mersedintoR3.Ontheotherhand,thereisanisometricimmersion/oof

p2(H)intotheeuclideanspaceR,whichiscalledthecanonicalisometric

imbeddingofP2(H)(seeKobayashi[11]).Therefore,itfollowsthatRu

istheleastdimensionaleuclideanspaceintowhichP2(H)canbe(locally)

isometricallyimmersed.

Inthepresentpaper,wewillshowthatthecanonicalisometricimbed-

dingjOisrigidinthefollowingstrongestsense:

Theorem1Let/obethecanonicalisometricimbeddingofP(H)into

theeuclideanspaceR.Then,foranyisometricimmersionfldefined

onaconnectedopensetUofP2(H)intoR,thereexisねaeuclidean

transformationaofRsatisfyingfl-afoonU.

TheproofofthistheoremwillbegivenbysolvingtheGaussequation

2000 Mathematics Subject Classification ‥ 17B20, 53B25, 53C24, 53C35.
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120 Y. Agaoka and E. Kaneda

associated with the isometric imbeddings (immersions) of P2(H) into R14

in the same line of [8] (see Theorem 7). We use the same notations and

terminology as those of the previous papers [6], [7] and [8].

2. The quaternion projective plane P2(H)

In this section we review the structure of the quaternion projective plane

P2 (H) and prepare several formulas concerning the bracket operation.

As is well-known, P2(H) can be represented by P2{H) - G/K, where

G - Sp{3) and K - Sp(2) × Sp(l). Let g (resp. t) be the Lie algebra

of G (resp. K) and let g -モ+m be the canonical decomposition of q

associated with the symmetric pair (G,K). We denote by (, ) the inner
product of g given by the (-1)-multiple of the Killing form of g. As usual,

we can identify m with the tangent space T。(G/K) at the origin o - {K}.

We assume that the G-invariant Riemannian metric g of G/K satis丘es

g。(X,Y)-(X,Y), X,Y∈m.

Then, it is well-known that at the origin o the Riemannian curvature ten-

sor R of type (1,3) is given by

R。(X,Y)Z--[[x>Y],Z],　∀X,Y,Z∈m・

We now take a maximal abelian subspace α ofm and丘x it in the丘)llow-

ing discussions. We note that since rank(P2(i?)) - 1, we have dima - 1.

For each element A ∈ o we de丘ne two subspacesセ(A) (⊂ I) and m(A)

(⊂m)by

t(A)-{X∈t

孤(入>-　Y∈m

[H,[H,X}}--(A,H)2v

-A,∀H∈a),

[B>[B,Y]]--{入,H)X∀H∈a)・

Let E be the set of all non-zero restricted roots. (An element A ∈ α is called

a restricted root if m(A) ≠ 0.) As is known, there is a restricted root jjl such

that 」 - {ア/i,士2/u,}. We take and fix such a restricted root ¥x. For each

integer%wesett -*(KIaO>mi-m(回aO (1*1 <2),モ-m;-0　回>2).
Then, we have mo - a - Rfj, and

t-セo+モ1 +セ2　{orthogonal direct sum)

m-mo +mi +m2 (orthogonal direcまsum).
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The dimensions of the factors are given by dimt0 - 6, dimti - dimmi - 4

and dimt2 - dimm2 - 3 (precisely, see [7]).

We now show several formulas concerning the bracket operation of q.

By the de丘nition of the subspaces t and mi we easily have

l招,・] cti+j+&i-j, [mi,rn.j] ⊂h+j+tI-J5　fc,TRo ⊂mi-|-j+mj-j.

(2.1)

Moreover, we have

Proposition 2　LetYq, Yq ∈a+m2, YuY{∈mi. Then:

[Yi, [Yi,Y!]] --(l+35ij)(fi,ri{(Yi,Yi)Y!- (Yi,Y!)Yi},

(z,j-O,l), (2.2)

K. [Yi′,Yj]]+[Yj, [Yi,Yj]] --2(tMiri(YiiYi′)Yj, (i,j-O,l, i^j),

(2-3)

[Yii[Yi,Xl]]--faMYitTQX!, ∀Xl∈ti (*-0, l),　(2.4)

where 5{j denotes the Kronecker delta.

Proof. Wefirstprove (2.2). Assumethat i -j and Yi ≠ 0. Set Yi〝 - Yf-

(Yi′,Yi)/(Yi,Yi) -Yi. Then, we know that &,・:′′) - 0 and that Y-′′ ∈ a+m2

ifi - 0 and Y-′′ ∈ mi ifi - 1. Hence, by Proposition 10 of [7], we have

[yi, [Yit Yi′′]] - -4(fx, jj,)(Yi, Yi)Y". Therefore, we can easily obtain (2.2) in

the case i - j. In the case i ^ j, (2.2) directly follows from Proposition 10

oH7]・

We next prove (2.3). Since i ≠j, it follows 毛hut {Yi,Yj) - {Yi′,^-) - O.

Hence, by (2.2) we have [Yi+Y', [Yi+Yi′,Yj¥] - -(p,fJ.)(Yi+Yi′,Yi+Y:′)Yj.

This, together with [Yi^Y^Yj]] - -(^^(Yi^Yj and ¥Y(, [Yj,Yj]] -
-fa nXXi′, Yi′)Yj, proves (2.3).

We finally prove (2.4). We note that ¥Y¥,a+TTI2] -セholds for any

Yl ∈ ml (≠ 0). In fact, it is easytosee [Yi,a+TTI2] ⊂モ(see (2.1)).

Moreover, the map a+ rri2 ∋ V　[YiW ∈勘is bijective, because

[yuyfi ≠ 0 ifY{ ∈ a+m2 (Yq'≠ 0) (recall that rank(P2(JJ)) - 1) and

because dim(a+rri2) - dimfii. Let X¥ ∈紅Then, by [Yi,a+m2] -モ1 We

can take an element Yo/ ∈ o+tri2 such that [Yi,Yo] - Xl. Now, applying

adFi七o the equality [wi,^o]H -(/i,/.)(yi,yl)yo'(see (2.チ)), we have
[yi, [Yi,Xi]J - -{fi,n)(Yl,Yi)Xi, proving (2.4) for the case i - 1. Simi-

larly, we can prove (2.4) for the case z - 0.　　　　　　　　　　　　□
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Let Yo, Itf ∈ a+m2- Define a linear mapping L(Yq,Yq) of mi to m by

L(yo,iSm- yo.K.yi]].　yl∈ml・
Then, we have

Proposition 3　LetYq, Yq ∈ o+m.2. Then;

(i) L(yo,*b>i ⊂ mi. The transpose ofL(Yq,Yq) with respect to (, ) is
given by L(Y{,YQ), i.e., ^(YoX) - L(Y{,Yo).
(2) Let lmi be the iden班y map of mi. Then:

(2a) L{Yo,Y」) + L{Yt,Yo) - -2(M)/i)(Yo)yo/) lml;

(26) L(Yo,Y>)蝣L(Y>,Yo) - fa,ri*(Yo,Yo)(Y{,Y{) 1mi蝣

Proof. The assertion (1) is clear from (2.1) and the adg-invariance of

Let Yi ∈ mi. Since [lo,^i] ∈ t we have [YO'5[yO',[Yo,Yi]]] -

-(//,//)(}&yo') [yo,yi] (see (2.4)). Hence, by applying adyo to this equaレ

ity, we easily have (26). The equality (2a) directly follows from (2.3).　口

Here, we recall the notion of pseudo-abelian subspace of m. Let Q be

a subspace ofm. Q is calledpseudo-abelian if it satisfies [Q, Q〕 ⊂ h (see [6]).

Proposition 4 (1) Any subspace Q ofru.2 is pseudo-abelian.

(2) Let Q be a pseudo-abelian subspace satisfying Q ¢ m.2. Then, dimQ ≦
2.

Accordingly, the inequality dim Q ≦ 3 holds for any pseudo-abelian sub-

space Q, and the equality holds when and only when Q - Tti2-

アroof. Since [tn2,m2J 。 to (see (2.1)), t follows that any subspace ofm.2
is pseudo-abelian. On the contrary, we already proved in Lemma 5.4 of [6]

that for a pseudo-abelian subspace Q with Q ¢ TTi2 it holds dimQ ≦ 1 +

n(fj,), where n(fj,) means the local pseudo-nullity of the restricted root ¥x.

(For the de丘nition of the local pseudo-nullity, see §3 of [6].) In the case

G/K - P2(H), we have n(fi) - 1 (see Theorem 3.2 and Table 3 of [6]).
Hence, we have dimQ ≦ 2.　　　　　　　　　　　　　　　　　　　　口

For later use, we obtain the normal form of a 2-dimensional pseudo-

abelian subspace Q with Q ¢ m2.

Proposition 5　LetJi andrji be elements of'mi satisfying (^1,^1)-2(/z,//),

771 ≠ 0 and (」1,771) - 0. Then, the 2-dimensional subspace Q (⊂ m) defined

by
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Q - R(p+」i)+R
(
り1+

4(ju, aO'
p, [turn]]

123

(2.5)

is pseudo-abelian and Q ¢ m2.

Conversely, if Q is a pseudo-abelian subspace ofm with Q ¢ tTi2 and

dimQ - 2, then Q can be written in the form (2.5) by utilizing suitable ele-

merits Jl and771 ∈ mi satisfying (」j.,fi) - 2(/i,N, Vi ≠ 0 and (」1,771) - 0.

Proof. Let Jl and 771 be elements of mi satisfying (fi,fi) - 2(/i,/i), 77i ≠ 0

・and (」1,?7i) - 0. Then, the subspace Q definedby (2.5) satisfies Q ¢ rti2 and

dim<2 - 2. Setり蝣- (1/4(/^)2)[/i, 6,771 . Then,七iseasilyveri丘edthat

r72 ∈ m<2. We now show that Q is pseudo-abelian. By (2.3) and (」1,771) - 0,

we have [」i舟l,Ai]] - -[m> [fi.A*]]- Hence, by the Jacobi identity we have

[サ, [turn]] - [[ii,牀i],'ni]+[牀i, [^m]] - -2[&, Dn,/#

Consequently, we haveり2 - -(1/2(M,/-02) [」i舟.,/# Note that [恥FL] ∈
l¥. Then, by the formula (2.4) and the assumption (fi,」i) - 2(n,n) we

have

ォ1.り2]
2(a*, a*)5

[MMサM ] -

」i,6)

2(M,M
[恥n] - -[/j,湖]・

Moreover, since hu,り2j + [a,m] ∈ t and since

[mサ[v,り2]+[zi,m]] - -4(A*,/x)'りs+IM&^i]] - 0'

it follows that [/it,り2] + [」l,サ71] ∈モ0- (Note that an element X ∈里belongs

to Jq if and only if [/i,Xj - 0.) By these relations we have

M+flり1+り2〕 - A*川　+[6湖+ [At,772]+[」l,サ7i]

-o+ [fj.,772〕 + [si,サ7i ∈to・

Since Q - R{y, + 」)) + R{仇+ rj2)i this implies that Q is a pseudo-abelian

subspace.

We next prove the converse. Let Q be a pseudo-abelian subspace with

Q ¢ m2 and dimQ - 2. Then, viewing the proofofLemma 5.4 of [6], we

know that Q ntri2 - 0 and dim(Q n (mi +m2)) ≦ n{fi) - 1. Consequently,

we have Q 症 mi +rri2, because dimQ - 2. Therefore, there is a basis {」,77}

ofQ writtenintheform」-〟+fi+6, V -vi+%, whereJl,771 ∈ml,

&> m ∈ m-2. Here, we note that rji ≠ 0, because Qnrri2 - 0. Subtracting

a constant multiple of77 from J if necessary, we may assume that (」i, m) - O.

93



124 Y. Agaoka and E. Kaneda

Since

[」,?7] - [ii+b湖]+[&湖+[サ+」.2)り2]+[a,m] e *o

andsince [fj,+」2,771] + [」l>り2] ∈モ[m+&湖〕 + ft朔] ∈ tO+^2 and

lE2湖〕 ∈ *O, it follows that

[サ+&,m] + [」iM -O,　　　　　　　　　　(2.6)

lp湖〕 + [6,恥] ∈to.　　　　　　　　　　(2.7)

Applying ad/a to (2.7), we haveり　- (1/4(/*iM)2)[m,[ci湖　・　By this

equality and the assumption (」1,り]_) - 0, we can deduce [」i,り2] -

((ei, &)/2Gu, /i))礼/x (see the arguments stated above). Putting this into
(2.6), we have

(a,a

2(n, fj.) )
M+?2ササ71

=0.

Since 771 ≠ 0 and rank(P2(iT)) - 1, we have (l - (」i,」i)/2(a4,aO)〟 +

」2 - 0. This proves (」i,」i) - 2(ju,//) and 」2 - 0, completing the proof of

the converse.　　　　　　　　　　　　　　　　　　　　　　　　　　　　□

3. The Gauss equation

Let N be a euclidean vector space, i.e., N is a vector space over

endowed with an inner product ( , ). Let 5 m*ョN be the space of AT-valued

symmetric bilinear forms on m. We call the following equation on申∈

s2m* ㊨ N the Gauss equation associated with N:

([[x,Y],Z],W) - (中(X,Z),甘(Y,W)トくせ(X,W),中(Y,Z)),
(3.1)

where X, Y, Z, W ∈ m. We denote by g(P2{H),N) the set of all solutions

of (3.1), which is called the Gaussian variety associated with N・

As in the case of P2(cay) (Theorem ll of [8]), we can prove the

following

Theorem 6　LeまN be a euclidean vector space with dimiV - 6. Let中∈

Szm*㊨N be a solution of the Gauss equation (3.1), i.e.,申∈ G(P2(H),N).

Then:

(1) There are linearly independent vectors A and B ∈ N satisfying

(i) (A,A) - (B,B) -4(祐fj,) and (A,B) -2(Ai,」i);
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!ii)中(YqX)-(Yo,Y&)A, ∀*b, Y6∈a+rri2;

m)中(yl)y/)-(yl)yl/)B, ∀Yi,Y{∈ml;

:iv) (A,*Q/,mi;) - (B,中(/i,mi)) -0・

(2) *(yi,y2)--て志vfaHn^Y!), VYi∈-i, VY2∈-2・
(3) (^Yi),*^)) - (/.,/i)2(yl)yl/)　∀Yl, Y{ ∈ ml・

Let 0(N) be the orthogonal transformation group of N. We define an

action of O(N) on S2m* <g>N by

(h申)(X,Y) -h(中(*,y i

where申∈ S2m* ⑱N, h ∈ 0{N). It is easily seen that G{P2(H),N) is

invariant -tinder this action, i.e., hg{P2{H)yN) - G(P2{H),N) for any

h ∈ 0(N). We say that the Gaussian variety G{P2(H):N) is EOS if

g(p2(H), N) ≠ め and if G(P2(H), N) is consisting of essentially one solu-

tion, i.e., for any solutions申and申′ ∈ g(P2(H),N), there is an element

h ∈ 0(N) satisfying中′- h中see [8]).

By Theorem 6 we can show

Theorem 7　Lef N be a euclidean vector space with dimiV - 6. Then,

g(p2{H),N) is EOS.

Proof. The proof of this theorem is quite similar to that of Theorem 10

in酢
First we note that G(P2(H), N) ≠ ¢ because the second fundamental

form of the canonical isometric imbedding /0 at the origin o ∈ P¥H)

satis丘es (3.1).

Let {Ei (1 ≦ i ≦ 4)} be an orthonormal basis of mi. (Note that

dimmi - 4.) Letや∈ g(P2{H),N) andlet A, B bethevectorsofN stated

in Theorem 6. We de丘ne vectors {Fi (1 ≦ i ≦ 6)} ofN by setting Fi -

中{^Ei)/0,/^) (i ≦i ≦4),F5 - (A+B)/2ヽ′句〃 andF6 - (A-B)/2¥fM¥.

By Theorem 6 we can show that {Fi (1 ≦ i ≦ 6)} forms an orthonormal

basis of N. Now let中′ be another element of g(P2(H),N). Let A′ and

B/ be the vectors stated in Theorem 6 forや/. As in the case of中we can

also define an orthonormal basis {F^ (1 ≦ i ≦ 6)} of N. Then, there is

an element h ∈ 0(6) satisfying FJ - hFi (1 ≦ i ≦ 6). Here, we note that

A′-hA,B′-hB and申′(/x,Ei) -h申(frEi) (1 ≦i≦4). Se上卓-
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申′-柑∈ S2m* ㊤N. Then, by Theorem 6 (1) we have

S(a+m2,a+m2) -争(mi,mi) -中(a,mi) - O.

By Theorem 6 (2) and by the fact L(/^,tti2)mi C mi we have

中(m2,mi) ⊂申(/i,LQu,m2)mi) ⊂申(a,mi) - 0,

which proves争(m.2,mi) - 0. Therefore, we have卓-・0, i.e.,申′ - h申,

completing the proof of Theorem 7.　　　　　　　　　　　　　　　　□

By Theorem 7 we know that P2{H) is formally rigid in codimension 6

in the sense of Agaoka-Kaneda [8]. Therefore, Theorem 1 can be obtained

by Theorem 7 and the rigidity theorem (Theorem 5 0月8]).
Before proceeding to the proof of Theorem 6, we make several prepa-

rations.

Let N be a euclidean vector space. In what follows we assume dimN -

6. Let 52m* <g> N be the space of N-valued symmetric bilinear forms on m.

Let申∈ S2m* ⑳N and Y∈m. We define alinearmap申y ofmto Nby

申y・tn∋Y/ト-中(X,V) ∈N,

and denote by Ker(せY) the kernel of中Y- We call an element Y ∈ m smgu-

lar (resp. non-singular) wit respect to申if申y(m) ≠ N (resp.中y(m) -

N).

Let申∈ G{P2(H),N) andletY∈m (Y≠0). Takeanelement k ∈K

such that Ad(k)fx ∈ RY. Then, as shown in the proof of Proposition 5

of [7],the subspace Qy - Ad(fc) 1 Ker申y) is a pseudo-abelian subspace
ofm.

Proposition 8　Let中∈ g{P2(H),N) and letY ∈m (Y≠0). Then:

(1) dimKer(中y) - 2 or 3. Moreover, Y is non-singular (resp. singular)

with respect to甘ifand only i/dimKer(申y) - 2 (resp. dimKer(中y) - 3).

(2) Let k ∈ K satisfy Ad(fc)/i ∈ RY. Then, Ker(申Y) ⊂ Ad(fc)m2. Const-

quently, Y is non-singular (resp. singular) with respect to申if and only if

Ker(申Y) ⊆ Ad(/c)rri2 (resp. Ker(申y) - Ad(fc)m2).

Remark 1 Recall that in the case of the Cayley projective plane P2{Cay)

the inclusion Ker(甘Y) ⊂ Ad(/c)rri2 in Proposition 8 (2) can be proved by

a simple discussion. There, the inclusion automatically follows from the

fact that any high-dimensional pseudo-abelian subspace must be contained
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in m2 (see Propositions 8 and 12 of [8]). In contrast, it is not a simple task

to show the inclusion Ker(申Y) ⊂ Ad(fc)m2 in our case P2(H). We will

prove this inclusion by making use of the normal form of the pseudo-abelian

subspaces not contained in rri2 (see Proposition 5).

Proof of Proposition 8. Let Y∈m (Y ≠ 0). Set Qy-Ad(A;「1Ker(中Y),

where k ∈ K is an element satisfying Ad(/c)/i ∈ RY. Since Qy is pseudo-

abelian, it follows that dimQy≦3 (see Proposition 4). Hence,
dimKer(申Y) ≦ 3. 0n the other hand, since dimAT - 6 and dimm- 8, it

follows that dim Ker(*y) ≧ 2. Therefore, Y is non-singular (resp. singular)

withrespect to中ifand onlyifdimKer(中y) - 2 (resp. dimKer(申y) - 3).
This proves (1).

To show the first statement of (2) it su瓜ces to prove Qy ⊂蝣m.2- Now,

let us su蕗)ose the contrary, i.e., Qy ¢ ni2. Then, we have dimQy - 2

(see (1) and Proposition 4 (2)). Hence, there is a basis {」,77} of Qy written

in the form 」 - /j,+^,り-り+ (1/4(yu,/x)2)[/j, [」1,771]], where & an卓

甲are elements of mi satisfying (a,6) - 2(fj.,fj,), 771 ≠ 0,.&湖) - 0 (see

Proposition 5). Let {Ci, C?} be a basis of the orthogonal complement 。f

畢1.+塑壬inmi. Set C - C圭+(1/4(/^)2) M6,C圭
[Mfc. ci]] ∈ tri2 (i-- 1, 2), we know that theもectors cl a去d C2よre′linearly

independent. More strongly, they are linearly independent modulo Qy,

i.e., Qy n (RC +R(2) - 0. Moreover, by Proposition 5 we know that

七hesubspace Ql一昭+RC (i - 1,

(El, C呈) - 0. Consequently, we have [[」,

2

C

Set蝣X-Ad{k)」) Zl-Ad{k)C (*-1,

):

・.

2)

] (i-1,2). Since

is also pseudo-abelian, because

fj] -0(i-1,2).

Then, we have X ∈Ker(中Y)

(X≠0), Ker(申Y)∩{RZl+RZ2) - Oand [[X,Z%Y] -0 (i- 1,2).
By the Gauss equation (3.1) we have

O- ([[x,Z*],Y],W)

-くせ{X,Y)^{Z¥W)トくせ(X,W),*(Z¥Y)) (i-l7 2),

where W is an arbitrary element of m. Since申y{X) - 0, we obtain by this

equalityくせx(W),申(Zも,Y)) - 0, i.e.,くせx(m),中(Z¥Y)) - 0 (* - 1, 2).

We note that the vectors中(Zl^) and申(Z , Y) are linearly independent,

because Ker(中Y) ∩ {RZl +RZ2) - 0. Hence, we have dim中x m　≦

dimAT - 2 - 4, implying dimKer(申x) ≧ 4. This contradicts the asser-

tion (1). Thus, we have Qy ⊂ ni2, proving the丘rst statement of (2). The

last statement of (2) is now clear.　　　　　　　　　　　　　　　口
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As a corollary of Proposition 8 we obtain

Proposition 9　Let申∈ G(P2{H),N). Then:

(1) LetYo ∈ a+m2 (Yq≠0). Then, Ker(中yo) ⊂‡E∈ a+m2|(」,Yo) -

0}. IfYq is singular with respect toや; then Ker(甘Y。) - {」 ∈ a+m2

^0 -0}.
(2) LetYl ∈mi (Fi ≠0). Then, Ker(恥l) ⊂ ‡77∈
Yi is singular with respect to申then Kerf中yl) in

�"1 (V,Yl) 0).

∈ml冊,*i)-0}.

Proof. Let Yo ∈ o+m2 (To ≠ 0). Then, we cantake an element ko ∈ K

such that Ad(ko)fi ∈ RYo and Ad(fco)(m2) - {」 ∈ o+m2 I (」,yo) - 0} (see

Proposition 7 of [7]). This proves (1). Similarly, for Yi ∈ mi (Yi ≠ 0), we

can easily show (2).　　　　　　　　　　　　　　　　　　　　　口

Let申∈`苫2m* ㊤ N. We call a subspace U of m singular with respect

to申if each element of U is singular with respect to申.

Proposition 10 Let申∈ G{P2{H),N). Assume thaまY ∈ m (Y ≠ 0) is

non-singular with respect to甘　Then, there is a non-zero vector E ∈ N
such that

N - RE+申f(m) (orthogonal direc舌sum)　　　　(3.2)

holds for any 」 ∈ Ker(申Y) (」 ≠ 0). Consequently, Ker(申y) is a singular

subspace with respect to申.

Proof. Take an element k ∈ K such that Ad(fc)/j ∈ RY. Then, since

Y is non-singular, we have Ker(申Y) ⊆ Ad(fc)rri2. Take a non-zero element

satisfying Y′ ∈ Ad(k)m2 and Y′ ¢ Ker(申y) and set E -申(y,Y′) (≠ 0).

Let f ∈ Kerf中Y) (」 ≠ 0). Then, by the Gauss equation (3.1) we have

([[(・Y′]>*1>w) - (*&n中(Y′,W)トくせ&W),申(Y′,Y)),

where W is an arbitrary element ofm. Here, we note that [[」,Y′] ^] - O,

because [[」,Y′].Y] ∈ Ad(A:)[[m2,m2],/i] - 0. Since中&Y) - 0, we

obtain by the above equality (E,申(Z, w)) - 0. This shows (E華(m)) - 0
and hence中ォ(蝣m ≠ N. Consequently.っ」 is singular with respect toや. Since

dimKer(中」j - 3 (see Proposition 8), we have dim中^(m) - 5, which proves

the decomposition (3.2).　　　　　　　　　　　　　　　　　　　　ロ
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4.　ProofofTheorem 6

In this section, with the preparations in the previous sections, we will

prove Theorem 6. We first show

Proposition ll Let申∈ Q(P (」T),JV). Then, there are singular sub-

spaces U (⊂ 0-+m2) andV (C mi) with respect to中satisfying dimU ≧ 2

anddimV ≧ 2.

Proof. If a + rri2 contains no non-singular element with respect to中then

set U - o+m2. 0n the contrary, if there is a non-singular element Yq ∈ a+

m2, thenset U- Ker(申y。・^this caseweknowthat dimU- 2, U ⊂ a+

rri2 and that U is a singular subspace with respect to中　see Proposition 8,

Proposition 9 and Proposition 10).

Similarly, we can show that there is a singular subspace V of mi with

respect to申satisfying the desired properties.　　　　　　　　　　　□

Proposition 12　Let中∈g{P2{H),N). LetU (⊂o+m2) andV ⊂ml)

be singular subspaces with respect to中satisfying dim U ≧ 2 and dimV ≧ 2.

Then, there are vectors A, B ∈ N such that:

(1) (A,A) - (B,B) -4(M,At).

(2) LefE∈U andrj∈V. Then:

(2a)申&yo)-(」,%)a, ∀Yo∈a+rri2;

26　中(77,Yi)-(^B, ∀Yl∈ml.

(3) LetYo ∈ a+ni2 andY¥ ∈tni. Then:

(3a) (A,せV。(ml)) - (B,申Y。(mi)) -0;

36 (A,中iiO+m2)) -(B,中yi(a+m2)) -0.

(4) Let」∈U (E≠0) andr¥∈V (ri≠0). Then:

(4a)申e(m) - RA+申f(mi) (orthogo定al direct sum)

46)中り(m) - -RB+中^(a+TTI2) (orthogonal direct sum).

(5) LetYo ∈ a+rn.2 andY¥ ∈mi. Then:

(5a)くせ*b,*b),A) -40u,/i)(yo,^o);

56　くせ(YuY^B) -4(/^)(Yl,Yl).

(6) Let」∈ u,v∈V, Yo∈a+m2 andY¥ ∈mi. Assumethat(」,Yq)-

(77,Yi) - 0. Then:

(6a)くせ(Yo,Yo),中e(ml)) -0;

66　くせ(yi,*i),申(o+m2))-0・

Proof. The assertions (1), (2) and (3) can be proved in the same manner

as in the proof of Proposition 16 of [8j. Hence, we omit their proofs.
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Let E ∈ U (E ≠ 0). By (2a) we easily get中f(a+tti2) - RA and hence

申e(m) - RA+中f(mi). Since (A,中dmi)) - 0 (see (3a)), we have the

decomposition (4a). Similarly, we can show (46).

The assertions (5a) and (6a) are proved as follows: Let Yo ∈ a + TT12.

Take 」 ∈ U (E ≠ 0) such that (f,YO) - 0. Then, we have [[Yo,f],lb] -

4(n,{i)(Yo,Yo)」 (see (2.2)) and申(」,^o) - 0 (see (2a)). By the Gauss

equation (3.1) we have

([[yo,Z],YoU) - (*(yo,Yo),中(」,0> -くせ(Yo,0,中&Yo)),

([[Yo,Z],Yo],n)主(叫Yo,Yo),哩,X)ド(中(Yo,Y[)M^Yo)),

where Yァis an arbitrary element of mi. By these equalities we have

(*(Yo,Yo),A) - 4(fj,,fj,)(YoiYo) and (*(Yo>Yo),中&n)) - 0. Therefore,

we obtain (5a) and (6a). The assertions (56) and (66) can be proved in

a similar way.　　　　　　　　　　　　　　　　　　　　　　　　　　　□

Remark 2　As seen in the proof of Proposition ll, singular subspaces U

and V may not be uniquely determined. However, the vectors A and B in

Proposition 8 do not depend on the choice of singular subspaces U and V,

which will be clarified at the last part of this section (see Lemma 20).

In the following argument, we take and fix an element申∈ g(p2(H),N).

We denote by U and V singular subspaces with respect to申satisfying U

(⊂ a+m2), V (⊂mi), dim[7≧ 2 and dimV≧2. We alsodenotebyA, B

the vectors of TV obtained by applying Proposition 12 to the pair of singular

subspaces U and V.

Lemma 13 (1) LetYo ∈a+rri2. Then:

くせy。 flU中Y。 (Y{))

- (*(Yo,Yo),申(Yi,Yi)ド(/i^Xyo^oXyi,^), ∀Y!, Y{ ∈ml.

(2) LetYo ∈ o+m.2 and」 ∈ U satisfy (f,Yo) -0. Then:

くせY。Vl),申tK)) - (L(Yo,C)Yl:Y{) ∀*i, Y{ ∈ml.

Proof. PuttingX-Yo, Y-Yl, Z-Yo, W-Y{ into (3.1), wehave

{[[Yo,Yl] ,Yo])Yl) -くせ(Yo,Yq),中(Yi,Y{))-くせ(Yo, Y{),中(Yl,Yo)).

Since [yO, [yo,yi]] - -(/^mX^o,^)^ (see (2.2)), we easily get (1).
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Similarly, putting X - 」, Y - Yu Z - Yo and W- Y{ into (3.1), we
have

ォ,n ,% ,!?) - (*(」>yo),申Pi,!?)) - (V&YOMYuYq))

- (A,申(YiX))(Z,Yo) -くせeTO,中y。TO)・

Since (」,yo　芦0, we have

くせdm中^。(*i))ニー([[t,Yl],Yo],Y{) - (L(YoiZ)Yl,Y{),

proving (2).

Let E ∈ U (i ≠ 0). Since dimKer(中^) - 3 (see Proposition 8) and

since dimm - 8, we have dim申」(m) - 5. Let us denote by E{. the one

dimensional orthogonal complement of中r(m) in N.

Proposition 14　Set C- (A,B) - (//,//). Then:

(1) Let」∈U. Then:

くせdYi)>中E(り))-C(」,O(Yi,り),　∀Yl∈ml,∀り∈V. (4.1)

(2) The inequality 0 < C ≦ 3(/x,//) holds. The vectors A andB are linearly

independenf ifC ≠ 3(/i,^) and A - B ifC - 3(jU,/x).

(3) Let」∈U (E≠0). Then,申y。(mi)⊂EE+申s(ml)3　∀Yo∈a+m2.

(4) IfC ≠ 3(/U,fi), then:

中Y。(ml)-中*(�"l)>　　∀Yo∈o+m2 (To≠0), ∀E∈U (E≠0);

(4.2)

甘(Yo,Yo) ∈ RA+jRB,　∀Yo ∈ a+m2;　　　　　　(4.3)

申*i,*i) ∈ RA+RB,　∀Yl ∈mi.　　　　　　　(4.4)

Proof. Put Yq - 」 and Y{ - rj into Lemma 13 (1). Then, since申(E,ど) -

(」,OA and申(Yi,v) - (Xi,v)B, we get (4.1).

In view of Proposition 12 (1), we easily have (A,B) ≦ 4(/i,/x) and

hence C ≦ 3(/j,yu). Further, by putting Yi 〒り(≠ 0) into (4.1) we know

C > 0, because申E(り) ≠ 0 (see Proposition 9). This shows (A,B) > {[*,サ)蝣

Therefore, A and B are linearly independent if (A,B) ≠ 4(祐At), i.e., C ≠

3(/x,/x). It is easy to see that if C - 3(/x,/i), i.e., (A,B) - 4(//,/i), then
T5

We next prove (3). Let 」 ∈ U (E ≠ 0). By Proposition 12 (4a) we know

that the orthogonal complement of RA in N is given by E^ +中:(mi).

101



132 Y. Agaoka and E. Kaneda

Hence, by Proposition 12 (3a), we have申Y。(ml) ⊂ EE +申^(mi) for any

Yo ∈ a+rri2.

Finally, we prove (4). Since C ≠ 3(佑/i), the subspace RA+ KB forms

a 2-dimensional subspace of N. Let Yq ∈ a+m2 (To ≠ 0). Then, by

Proposition 12 (3a) we know that申Y。(mi) coincides with the orthogonal

complement ofRA+RB in N. (Recall that dim中Y。 (mi) - 4 and dimN -

6.) Let i ∈ U (E ≠ 0). Since申I(mi) is also an orthogonal complement of

RA+KB, it follows that中dmv -申y。(mi). If we take 」 ∈ U (E ≠ 0)

satisfying (」,Yq) - 0, then by Proposition 12 (6a) we obtain中(Xo,Yo) ∈

RA+KB. Similarly, we can prove中ri,*i　∈ RA+KB for any Yl ∈ ml,

completing the proof of (4).　　　　　　　　　　　　　　　　　　□

Let yo ∈ o+rri2 and 」 ∈ U (E ≠ 0). De丘ne a linear mapping ㊥Y。,」‥

mi AT by

㊥Y。A(Yi) -中Y。(Yi)+ c(U) 申牀(L(」,yo)Yi), Yx ∈mi.  (4.5)

Then, we have

Proposition 15　LetYq ∈ 0-+vc12, 」 ∈ U (E≠0) andYi ∈mi. Assume

that (」,yo) - 0 andL(」,Yo)Yl ∈ V. Then:

(1) ㊥Y。AYl) ∈ Eg. More strongly, ifC ≠ 3(fi,fi), then ㊥Y。AYi) - 0.

(2) ㊥鋸(Yi) 2-くせ(Yo,YQ),申(*i>Yi)ド(/^){i+GK,/z)/c}(Yo,Yo)(yi,yi).

Proof. By Proposition 14 (3) we know that ㊥Y。t&i) ∈ EE +申efai)-

Here, we note that (EE,申c(mi)) - 0, because E^ is orthogonal to申*(m).

Let Yl/ ∈ mi. Then, by Lemma 13 (2), Proposition 14 (1) and Proposi-

tion 3 (2) we have

(㊥瑚(*i),中吉(YD)

-くせY。(Yi),甘;W)) +
Cii".^

くせdL& Yo)Yi),中e(*i))

- (L(yoiOYiX) + (L^Yo^X)
-0,

proving (㊥y。*PU申」(mi)) - 0. This implies that ㊥Y。*(Yl) ∈ E^. In the

case where C≠ 3(/i,/i), we have ㊥Y。」<Xl) ∈中y。Imi,申:(mi) -中dmv

see (4.2)), which proves Oy。AYi) - 0-
Next, we show (2). By Lemma 13 and by the equality (㊥Y。,t(Yi),中e(mi))
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- 0, we have

(㊥Y。,dYil Oy。,dYl))

- (㊥現(Yi),申Y。(Yi))

-くせy。(^i).中Y。(Yl)) +
c(U) くせe(L(」, yo)*i),中y。(Yi))

- (^(Yo,Yo), ^(Yl,Yl)トitAt(j)(YoiYQ){Yl}Yi)

Cfo t)
(L& YoWMYo&Y).

On the other hand, by Proposition 3 we have

{LfaYo^LiYo&Y!) - (L^yo^^liTi)
- -(L(Yo,OL(^Yo)YliYl)

- -(/x,A*r(e,o(^O,yo)(yi,*i)-

Therefore, we get the assertion (2).

133

With these preparations we begin with the proof Theorem 6. First, we
consider the case dimF = 2.

Lemma 16　Assume thatdimV - 2. Then, C ≠ 3(/i,/i). Accordingly, the

vectors A and B ∈ N are linearly independent.

Proof. Take non-zero elements 」, 」′ ∈ U satisfying (」,<」') - 0. Then,

by Proposition 3 (2)もfollows that HZ,?) - -L(^) and L(」,」′) g空s
an isomorphism of mi onto itself. Let Yi ∈ Lfot′)V. Then, by Proposi-

tion 3 (26) we have L(」,f′)Yl ∈ V. Hence, by Proposition 15 (1) we have

㊥E′*(*i) ∈ E%. Since dim.」(」,」′)V - dimy - 2 and dimE^ - 1, it is

possible to take a non-zero element Y¥ ∈ HUIV eatisfying ㊤e′,」(*) - 0.

Therefore, by Proposition 15 (2) and Proposition 12 (2α) we have

0 - 1㊥E′,e(*i)l'

- [(V(yuyl),A) - (jjL,サ){l + (iJL,ij)/C}(Yl,Ylj¥ {Z′,0-

Since (」',f′) ≠ 0, we have

くせ(Yi,Yi),A) Ox,/x){i+(At,/i)/c}(yi,yi (4.6)

Now, we suppose the case C-3(/i,/i).　Then, by (4.6) we have

くせ(*i,Yi),A) -書(/4,/z)(yi,yi). Onthe other hand, by Proposition 12 (5b)
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we haveくせ(*i,lUA) - 4(fj,,fj,)(Yi,Yi), because A - B in case C -

3(/i,jLt) (see Proposition 14 (2)). Hence, we have (Y]_,Yi) - 0, which con一

七radicts the assumption Y¥ ≠ 0. Therefore, we have C ≠ 3(祐/j,) and hence

A and B are linearly independent.　　　　　　　　　　　　　　　　口

Lemma17　Assume that dimV-2. Then, V can be extended to a

3-dimensional singular subspace contained in mi′ i.e., there is a singularEu

subspace V ⊂mi) such thatVCチanddimチエ3.

Proof. Let F ∈ RA+ KB be a unit vector which is orthogonal to B.

Then, for anyり∈ V we have (F沖り(m)) - 0, because (F,中り(m)) -

(F,KB +申v(a+m2)) - 0 (see Proposition 12 (46) and (3b)).

Now, de丘ne a symmetric bilinear form x on ^l by setting

x(1T,Y{) -くせ(YuY{),F)　Yi, Y{ ∈ ml・

Since申(Xi,Y{) ∈ KB+RF (see Proposition 14 (4)) andくせ(Y!,Y>),B) -

(B,B)(・!,・{) &* ・!, ・{ ∈ mi (see Proposition 12 (5)), we have

申(YltY{)-(YltY{)B+x(YuY{)V,　Yi>*i ∈mi.　(4.7)

Let V be the orthogonal complement ofV inmi. Then, we have dimVl -

2. (Recall that dimmi - 4 and dimV - 2.) Let {Yi,^} be an orthonormal
basis ofV⊥. Then, putting X - Z - Yi and Y - W - y/ into the Gauss

equation (3.1), we have

([[yl,yl'],rl],yl') - (B,B){YliYl){Y{X)
+ x(YliYIMY{, Y{) - x(YliY{)x(Y{,Yl).

Since ([[yl,y/],yl],y/) - (B,B){Yl,Yl){YIY{) (see (2.2)), we have

xiYuYJxW,Y{)-x{Yl)Y{)x{YIY{) - 0.

This implies that x is degenerate on V⊥　Therefore, there is a non-zero

vector 」 。 V⊥ suchthat x(C,^-L) - O, i.e., (F,申ivl-)) -o・

Let us show that the subspace V - R(+ V (⊂ mi) is singular with

respect to甘・ Note that (F華(a+m2;) - 0 (see Proposition 12 (36)).
Then, since m - a+rri2 + y+ Vr⊥ and申c(v) ⊂ -RB, it follows that

(F,申c(ォ0) - (F,申^(a+m2) +中c(v) +甘く(V⊥))

⊂0+(F,RB)+0-0.
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Hence, we have (F, *<+7?(m)) - 0 for any a e R and叩。 V. Consequently,

中at+り(m) ≠ N, which implies that a(+r] ∈ V is singular with respect to申・

□

〈

Now, we assume that dimy - 2 and denote by V be the singular
tこコヨ

subspace stated in the above lemma. Let A and B be the vectors obtained
Eii,l

by applying Proposition 12 to the pair of singular subspaces U and V. Then,

by Proposition 12 (2) we can easily see that A A and云- B. Therefore,

we know that all the statemeuts in Proposition 12 and hence the arguments

developed E此er Proposition 12 are also true if we simply replace V by V.

Accordingly, without loss of generality we can assume that dim V ≧ 3.

Le-ma 18　くせ(YQ,Yo),B)-Cu,/i){i+(M,/i)/c}(Yo,yo), ∀Yo ∈ o+m2.

Proof. As in the proof of Lemma 16, we can prove that C ≠ 3(/x,/^). Let

Yo ∈ a+m2 (To≠0). Takef ∈ U (E≠0) suchthat (f,yo) -O,which

is po.βsible because dimtJ > 2. Then, by Proposition 3 (2)七follows that

L(」,Yo) - -X(Yo,0 and that the map L(」,Yq) gives an isomorphism of mi

onto itself. Now, take r¥ ∈ V (r) ≠ 0) such that Ht,Yo)r, ∈ V. This is also

possible because dimL(」,Yo)V - dimF ≧ 3 and dim(V n L(」,Yo)V) ≧ 2.

(Note that dimmi - 4.) Then, by Proposition 15 and Proposition 12 (26)
wehave

o - J㊥Y。,dり)l2

- [(^(yo,YQ),Bト(f,^){l + (fi^)/C}(Y。:Y。)] (rj,V).

Since (77,77) ≠ 0, we get the lemma.

Le-ma 19　C-(//,//), i.e., (A,B) -2(m,m)-

Proof. Take 」 ∈ U (i ≠ 0). Then, by Lemma 18 and中(U) - (U)A.

'see Proposition 12 (2a)), we have (A,B) - (m,aO{1 + (n,fj,)/C}. Since

C - (A,B) - (/i,fj,), we easily have C　- (/x,/x)2. Moreover, since C > 0

(see Proposition 14 (2)), it follows that C - (/-t,/^), i.e., (A,B) - 2(^-A*).
□

Now, we show

Lemma 20 (1)中(yo,i^)-(>ro,^)A, ∀^O, Y{∈a+m2.

(2)中(yi,Yi') - (Yi,Yi')B, ∀Yt, Y{ ∈ml・

Proof. On account of an elementary fact concerning symmetric bilinear
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forms, we have only to show中(Yo,Yo) - (Yo,Yo)A and申C*i,*i) -

yi,Yi B far any yo ∈ a+rri2 and Y¥ ∈ml.

Let Yo　∈　a+m2. Then, by Lemma 18 and Lemma 19 we have

(*(yo,%),B) - (A,B)(Yq,Yq). Moreover, by Proposition 12 (1) and (5a)

we haveくせ(Yo,Yo),A) - (A,A)(Yo,Yo). Since申(Yo,YQ) ∈ RA +RB

(see (4.3)), t follows that申(Yq,Yo) - (Yo,Yo)A, which proves (1).

We next prove (2). Let Yl ∈ mi (Yi ≠ 0). Take elements E ∈ U (E ≠ 0)

andり∈ V (り≠0) suchthat叩,Yi) -0. Set Yo - [Yi,[」,ri¥]. Then, itis

easytoseethat　ォ.1 ∈ t andYq ∈ a+rri2 (see (2.1)). Further, wehave

(」,yo) - 0 and L(^Yo)Yl ∈ V, because

tt^oMMM^]])- -([」 &り]].*)

- (^m^)(v,Yl) -O,
L^Yo)Yl - [」 [[yl5 [cv]}^]] - Ou,yu)(Yi,Yi)[」, [」,*]]

- -(/^r&e)ci,*i)り∈ V

(see (2.2) and (2.4)). Thus, by Proposition 15 (2), Lemma 19 and

中(YQ,Yo) - (Yo,Yo)A (see (1)), we have

o - l㊥Y。AYl)f - [(A, tt(yi,ri)ト2(jitii)(YuYi)] (Yo,Yo).

Here, we note that Yo ≠ 0, because L(」,Yq)Yi ≠ 0. Hence, by the above

equality and Lemma 19, we haveくせ(*i,*i),A) - (B,A)(Yi,Yi). On

the other hand, by Proposition 12 (1) and (56) we haveくせ(*i,Yi),B) -

(B, B)(Yi, Yi). Consequently, it follows that中(Yi, yi) - (Yi, Yi)B, because

申(Yi,Yi) ∈ RA+ RB (see (4.4)). This proves (2).　　　　　　　□

We are now in a丘nal position of the proof of Theorem 6. Let Yo ∈

a+m2 (Yq ≠ 0). Then, by Lemma 20 (1) we have Ker(中Y。) ⊃ w ∈

o+m2 (Yo,Y」) - 0}. This shows dimKer(申yo) ≧ 3 and hence Yq is

singular with respect toや(see Proposition 9 (1)). Accordingly, α + m2 is

a singular subspace. Similarly, by Lemma 20 (2) we can show that mi is

also a singular subspace.

Now, let us put into Proposition 12 U - a+m.2 and V - mi. Then,

by工」emma 20 we know that the vectors A and B are not altered by this

change of singular subspaces. Therefore, all the statements in Proposition 12

and the arguments developed after Proposition 12 are also true under.our

setting U - o + rri2 and V - mi. Consequently, by Proposition 12 (1),

(2), (3) and Lemma 19 we get the assertion (1) of Theorem 6. We also
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obtam by Proposition 14 and C - (//,fj,) (see Lemma 19) the assertion (3)
of Theorem 6.

Finally, we prove tIie assertion (2) of Theorem 6. Let Y2 ∈ TU2 and

Yl ∈ mi. Then, since C ≠ 3(/a,jj) and (/i,I2) - 0, we have

・Y2,v(yi) - *y*(Yi)+志せ(L(A*,y2)Yi) - O
see Proposition 15). Here we note that the conditions !J∈U and

L{^Y2)Yl ∈ V in Proposition 15 have no significance, because U - a+rri2

and V - mi. Accordingly, we obtain the assertion (2). This completes the

proof of Theorem 6.　　　　　　　　　　　　　　　　　　　　　　　□
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Abstract.Inthispaper,wediscusstherigidityofSp(n)asaRieruanniansubmanifold

ofM(n,n;呼).Weprovethattheinclusionmap/O,whichiscalledthecanonicalisometric

imbeddingofSp(n),isrigidinthefollowingstrongestsense:Anyisometricimmersion
/iofaconnectedop<

t。aeuclideantransf。:ニ三etU(C

,ti。n。f葺))into

i.e.,th霊(-M{n,n;H))coincides-ithfou;

aeuclideantransformation。。fiJ4n冒

satisfying/i-a/oonU.

Keywords:curvatureinvariant,isometricimbedding,rigidity,symplecもicgroup.

Introduction

The subject of this paper is to prove the rigidity of the symplectic group

Sp(n) as a Riemannian submanifold of the space of matrices overもhe field

of quaternion numbers.

IJet M(n, n; E) be the space of n x n-matrices over the丘eld H of quater-

nion numbers. Considering M(n, n潤) as a real vector space, we define a
bilinear form !/ on M(n, n;坤) by setting

v{x, Y) -Re(Trace(まxY)), x, Y ∈M(n, n;H).

It is easily seen that v defines an inner product on M(n, n潤). With this
inner product v we can regard M(n, n; H) as the euclidean space M4n. The

symplectic group Sp(n) is given by a submanifold of M(n, n潤) consisting
of all matrices g ∈ M(n,n;叫satisfying 9*9 -　否g - In, where In is

the identity matrix of degree n. The induced metric on Sp(n), which is

denoted by the same symbol u, is bi-invariant on Sp(n). The inclusion

map /q: sp(nト- M(n, n潤) - iin gives an lsometric imbedding of
the Riemannian manifold (5p(n), v) into R4n and is called the canonical

isometric imbedding of Sp(n) into R4n (cf. Kobayashi [17]). In this paper

we will discuss the rigidity of the canonical isometric imbedding /q.

Let M be a Riemannian mani丘Did and let / be an isometric imbedding of

2000 Mathematics Subject Classification : 53B25, 53C35, 17B20, 20G20.
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MintotheeuclideanspaceRiV.Bydefinition/iscalledstronglyrigidwhen

/isrigidevenifwerestrict/toanyconnectedopensetofM,i.e.,forany

isometricimmersion/′ofaconnectedopensetU(⊂M)intoRNthereexists

aeuclideantransformationao:iRNsatisfying/′-afonU.In[8]and[9]we

showedthatもhecanonicalisometricimbeddingsofthequatermonprojective

planeP2(H)andtheCayleyprojectiveplaneP2(CAY)arestronglyrigid.

Concerningthecanonicalisometricimbedding/oofSp(n)intot>4n2

thefollowingresultsareknown:

(1)Inthecasewheren-1,/oisjustthestandardisometricimbedding

ofS3(竺Sp(l))in去R4withradius1,whichisatypicalexampleof

isometricimbeddingswithtypenumber3.Accordingly,byAllendoer-

fer[12]/oisknowntobestronglyrigid.

(2)ByinvestigatingtheGaussequationofSp(2)incodimension6(forthe

de丘nition,see§2below),Agaoka囲showedthatthesetofsolutions

oftheGaussequationiscomposedofessentiallyonesolution,i.e.,any

solutionisequivalenttothesecondfundamentalformof/q.Utilizing

thisfact,Agaokaprovedthat/oisstronglyrigidwhenn-2.

(3)Kaneda[15]provedthatfo(v>≧1)isgloballyrigidinthesenseof

Tanaka[19],i.e.,iftwodifferentiablemapsfi{%-1,2)ofSp(n)into

R4nliebothnearto/owithrespecttoC3-topology,andifthey

inducethesameRiemannianmetriconSp(n),thenthereisaeuclidean

transformationaofR4nsuchthat/2-afi.

(4)Bydeterminingthepseudo-nullityofSp(n)(n≧1),Agaoka-Kaneda[4]

provedthatR4nistheleastdimensionaleuclideanspaceintowhich

Sp(n)canbelocallyisometricallyimmersed.(Forthede丘nitionof

thepseudo-nullity,see§1.)Inotherwords,Sp(n)(n≧1)cannotbe

isometricallyimmersedintoR4n-evenlocally.

Inthispaper,wewillextendtheseresults(1)-(4)inthefollowing

strongestsense:

Theorem1Let/obethecanonicalisometricimbeddingofthesymplectic

groupSpin)intotheeuclideanspaceM.4n.Then/。isstronglyrigid,i.e.,

foranyisometricimmersionfofaconnectedopensetU(

A2a2⊂Sp(n))into」4nthereisaeuclideantransformationao/IR4nsatisfyingf-a/oonU.

ItshouldbenotedthatSp(n)(n≧1)arethe丘rstexamplessuchthat

thecanonicalisometricimbeddingsofaseriesofRiemanniansymmetric

spacesparametrizedbyrankarestronglyrigid.WenotethatTheorem
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for the cases n ≧ 2 cannot be proved by applying the theory of type number

in [12]. In fact, the type number of the canonical isometric imbedding /q

of Sp(n) is less than 2 in case n ≧ 2 (precisely, see Remark ll in §2).

The method of our proof is quite similar to the methods adopted in [8]

and回・ We丘rst make a preparatory study on pseudo-abelian subspaces of

印(n), which is the Lie algebra of Sp(n). Utilizing the knowledge about the

pseudo-abelian subspaces of maximum dimension, we determine the set of

all solutions of the Gauss equation of Spin) in codimension 2n -n(- 4rr-

dim5p(n)). Under this situation, it will be shown that the set of solutions

is composed of essentially one solution, i.e., any solution is equivalent to the

second fundamental form of /q. Therefore by the theorem of coincidence

(Theorem 5 0月8, pp. 335-336]) we can establish our rigidity theorem of
Sp(n) (Theorem 1).

Throughout this paper we will assume the differentiability of class C∞・

For the notations of Lie algebras and Riemannian symmetric spaces, see

Helgason [14]. For the quaternion numbers and the symplectic group Sp(n),

see Chevalley [1司.

1. The pseudo-nullity of Sp(n)

In this section we study the pseudo-nullity of Sp(n). We first recall

the notion of a pseudo-abelian subspace (precisely, see [3]). Let G be a

compact simple Lie group. Let q be the Lie algebra of G andりbe a Cartan

subalgebra of g. A subspace W ⊂ 5 is called pseudo-abelian with respect

toわ(or simply, pseudo-abelian) if it satisfies [W,町巨: ら The maximum

dimension of pseudo-abelian subspaces, which does not depend on the choice

of a Cartan subalgebraり, is called the pseudo-nullity of G and is denoted

by pa- The pseudo-nullity of the symplectic group Sp(n) has been already

determined :

Theorem 2 (see [4]) For the symplectic group G - Sp(n)(n ≧ 1), the

pseudo-nullity is equaは0 2n, i.e., psp(n) - 2n.

In what follows we determine the pseudo-abelian subspace W of sp(n)

which attains the maximum dimension, i.e., dimVK - psp(n) - 2n. First
recall the field of quaternion numbers: Let R be the field of real numbers.

The field H of quaternion numbers is an algebra over M. generated by the

elements e , e , el and e6 satisfying
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(1) eV-eze--e*(i-0,1,2,3);
(2) =M2---e-(i-l,2,3);

(3) For each permutation {i, j, k} of {1, 2, 3} it holds e4e5'- e(ijk)ek

where 」(ijk) - 1 (resp. e(ijk) - -1) if {i, j, k} is an even (resp. odd)

permutation.

prom (1) we can see that e is a unit element ofH. Let us simply express

the element ae- (a ∈温) as a. In this meaning R is contained in H and

forms a sub丘eld of H.

Let / ∈ H. Then / maybe written inthe form / - /o+∑i=lJle 1
where /O, /i, f2, h ∈　L As usual we de丘ne the real part and the conjugate

of / as follows: Re(/) - /o弓/ - /0 -∑,=1hel. Then we have Re(/) -

Re(/), // - // - ∑t=。fi - Moreov占r:

Re(fh)-Re(hf),節-hf,　f,h∈Ⅲ.

Leti-1,2or3. Define asubset C*ofHby C*-R+汲　Itis

easily seen that Cl forms a sub field of H and is isomorphic to the field C

of complex numbers. We also define a subset W of H by W - Rej +Rek,

where j and k are so chosen that {i, j, k} is a permutation of {1, 2, 3}.

Then it is clear that

Z'W=10'亡　-AJ. I"'コ,`=c.

In the following we denote by M(p, q潤) the space of p x g-matrices
over EL As stated in Introduction, the symplectic group Sp(n) is considered

as a submanifold of M(n, n;叫竺　　　As usual, we identib, the tangent

space of Sp(n) at the identity Zn ∈ Sp{n) with the Lie algebra印(n), which

is consisting of all matrices X ∈ M(n, n;H) satisfying *X - -X. Let us

denote by Est (1 ≦ a, i ≦ n) the matrix ofM(n, n;叫suchthat the (s, 」)-

component is 1 and the others are 0. We de丘ne subspaces ら(n)z and p(n)z

of坤(n) by

n                      n

b(ny-∑RelEss; p{n)1-∑ lE*
8-1　　　　　　　s=l

As is well-known, ¥){n)1 is a Cartan subalgebra of坤(n). Moreover‥

Proposition 3　Let i - 1, 2 or 3. Then, p{n)1 is pseudo-abelian with

respect to fj(n)J with dimp(n)乞- pSp(n)蝣
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Proof.Itisclearthatdimp(n)1-2n.LetX-∑u,E.,,Y-
JSsl∑v,E:ss∈
p(n)¥whereus,v,s∈DzThen,sinceEssEss-EssandEsSE,′-0(s≠

S′wehave[X,Y)-∑(usvs-vsus)Ess.Sinceu,s>V.c∈EDもitfollows

thatusvs,vsus∈C*andusv.
>sus-vsus∈Re*.Hence[X,Y]∈b(n)zproving
[p{n)¥p(n)乞]⊂り(n)令.□

Fhrther,thespacep(n)1istheonlypseudo-abeliansubspacewithre-

specttoら(nyofdimensionpsp(n)-Infact,wehave

Theorem4Le舌i-1,2or3.LeiWbeapseudo-abeliansubspacewith

respecHo¥)(nYsatisfyingdimW-psp(n)-ThenW-p(n)¥

Intherestofthissectionweprovethistheorem.LetX-∑stUE.st∈

M(n,n;H).Wedenotebyzp-vspi)-・>^pn)∈M(l,n潤thep-throw

ofXandbyxq-士(」lg>・・・サ6ngj∈M{n,1;叫theg-thcolumnofX.Then

wemaywrite

ユ:=

Bqij K
- x* --,xn).

As is easily seen, X ∈坤(n) if and only if

ままp+xp-0 (1≦p≦n). 1.1

LetX- (x¥ -蝣,xn),Y- (y¥一,yn) ∈印(n). Then [X,Y] ∈ ¥){n)1if

and only if the following conditions are satisfied:

(arp,l/ォ)- (if,sォ) (1≦p<q≦n),　　　　　　(1.2)

(xr,yr)∈C* (1≦r≦n),　　　　　　　　　(1.3)

where ( , ) denotes the inner product ofM(n,千;H) defined by (f,り) -まあ
for C,り∈ M(n, 1;町Then we note the following formula:

百万-(両)> (e/>り)-mり). (e.りf)-{Z,v)f, f。Ⅲ.
1.4

Now we start the proof of Theorem 4 by indueもion on n. First consider

the case n - 1. In a natural way we identify M(l, 1潤) with H. Then by

(1.1) we know that w - ao + ∑j=laJeJ ∈ H belongs to坤(1) if and only
if a0 - 0. Let W be a pseudo-abelian subspace of坤(1) with respect to

f)(l)z with dimW - 2. Suppose that W ≠Dz Take abasis {w, w'} OJW
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such that w ¢W, i.e., w is an element written in the form w - ∑3　n-pi

where a,- ≠ 0. By subtracting a scalar multiple of w from w'if necessチry,

we may assume that w′ ∈ B¥ Then we have win′ - (∑j^ aje^w'+ ait%w′,

(∑j#aiei)w'∈ Cl and a^eW ∈ Dz. On the other hand, by (1.3) we have
ww′ - -ww′ ∈ C¥ This is impossible because cnelw'≠ 0. Hence we have

W - W - p(l)1, showing that Theorem 4 is true when n - 1.

We now assume that n ≧ 2 and Theorem 4 is true for any n'(1 ≦ n′ <

n). For si誓plicity, we regard坤00 (1 ≦ 5 < n) as a subalgebra of坤n) in
the following manner:

坤(s)BX　言呂)∈印(n).

Let W be a pseudo-abelian subspace of坤(n) with respect to F}(n)¥ As in

囲we de丘ne an ascending chain of subspaces

O-Wo⊂Wl⊂W2⊂-⊂Wn-W

by setting Wr -坤(r) nW (1 ≦ r ≦ n). (Note that the numbering of the

above chain is the reverse order of that in [4, p. 79].) It is obvious that Wr

is a pseudo-abelian subspace ofsp(r) with respect to fj(r)も, Put

n-r

cr-{xl 。M(n,1;哩(x* …,xr,0,...,0)。Wr)

(r-1,...,n).

Thenitisclearthat Cr望Wr/Wr-i (1 ≦ r ≦ n) anddimW- c¥+-+cn,

wherewe set cr - dimCr (1 ≦ r ≦ n). Moreover, by (1.2) and (1.3) we
have

(Cp,Cq)-O (1≦p<q≦n),　　　　　　　　　(1.5)

[pTiCrj⊂C (1≦r≦n).　　　　　　　　　　　(1.6)

The above equalities (1.5) and (1.6) will play decisive roles in the proof of

Theorem 4.

By Cf (1 ≦ ㍗ ≦ n) we denote the right msubspace of M(n, 1;哩

generated by Cr. Set kr - dimHCf (1 ≦ r ≦ n). Then, in view of (1.5)

and (1.4) we have

-o (1≦p<q≦n)・
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Utilizing (1.6) and (1.7), we have proved in [4] the following

Lemma 5 (see [4]) Under the setting stated above the following (1) and

(2)

(1)

(2)

hold:

kl+-　H-k*n≦n.

cr≦2kr (1<r≦n).
Inparticular,ifdimW-psp(n)¥-2n),thenk¥+-+kn-nandcr

2kr(1≦r≦n).

InwhatfollowsweassumethatWisapseudo-abeliansubspacewith

respecttof)(n)1satisfyingdimVF-psp(n)-Letusdefinean沢-linearen-

domorphism」ト-fofM{n,1;H)bysetting」-*(&,-,En-1,0)for

E-ま&,-,」サ)∈M(n,1;H).LetCnbetheimageofCnbythisendo一

morphisrrr.We丘rstprove

Lemma6kn≧1anddimHCn≦h-1

Proof.Supposethatkn-0.ThenwehaveCn-0andhenceW-Wn-i-

Therefore,inanaturalwayWmayberegardedasapseudo-abeliansub-

spaceof坤(n-1)withrespecttot)(n-1)¥ThisimpliesdimW≦psp(n-1)-

2(n-1),contradictingtheassumptiondimW-2n.Consequently,wehave

>-y~v毎n≧1.Leti∈Cnand77∈Cl十一十Cn_i.Sinceりiswrittenasrj-

まo?i,・・・,Vn-i,0),wehave(」,り)-(ォ.り)-0(see(1.5)).Hencewehave

(cn,d+一蝣・+Cn-i)-0.Viewing(1.4),wehave(Cn,Cf+--+<#-1)-

0.SincebothCnandCP+-・+C^_1mayberegardedassubspaces。f

M(n-1,1;H),wehavedim^Cn≦n-ト(h+-+/cn_i)(see(1.7)).

ThereforebyLemma5weobtaindimeCn≦k-1□

LetC'
nbethesubsetofCnconsistingofallま(6,-,」サ)∈Cnsuch
thatthen一七hcomponentJn∈i.e..C'
nm-,」サ)∈CnIsn∈Ⅳ)・
Clearly,CnisasubspaceofCn.WedenotebyC'
ntheimageofC'
nbytheendomorphism」ト-」.Thenwecanshow

Lemma7dimC笠≧2kn-1anddimC!n≦2(fcn-1).

Proof.FirstwenotethatJr,∈Rel+B*holdsforanyf-舌(」i,…,En)∈

Cn.Indeed,」nisthe(n,n)-componentofacertammatrixX∈坤(n)(recall

thede丘nitionofCn).Consequently,wehavedimC笠≧dimCn-1-cr-

1-2kn-1.
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Wenextprovethesecondinequality.Let呈-七&,～,60∈C^and

り-ま(甑・*・J侮)。C'
n.Th竺weeasilyhave(」,77)-(」,りトを恥Since
牀.・>。Cl(see(1.6))andJn%。DもDも-C¥itfollowstha建,垂∈Cz・

Thisproves(On,C'
n)。C甘・Bythisfactwecandeducethate;nC'

ne>-0foranyj(-1,2,_3)suchthatj≠i.Infact,ifthereisaneleme牢.i∈a;

such聖」eJ。Cn,thenwehaveCも∋(6&)-fcO^∈cze3-Dz・

sinceC*nI)甘-0,itfollowsthat(」,f)-0,i.e.,」-0.Thus,weknow

thatC'
n+C'
ne?(⊂tTTJT
Cn)isadirectsumifj≠i.Consequently,wehave2dimC;≦4dirriHCn≦4(fcn-1),i.e.,dimC'
n.≦2(kn-1)(seeLemma6).
ThiscompletestheproofoHhelemma.□

WiththebasisofIJemma7wecanshow

Lemma8LetDnbethekernelofthelinearmappingCn∋Eト-E∈Cn.

Then:

(1)

(2)

(3)

'n

Cnc
(ま(0,

On

-,0,w)∈M{n,1;哩)Jw∈ '}.

cn -Dn+Cn (direcf sum); dimCn - cn -2.

Proof. By Lemma 7we have dimCn-dimC'n ≧ 2kn - l -2{kn - 1) > 0.

This implies that Dr n CL ≠ 0. Let J be a non一七rivial element Of Dr n (笠.

Then, by the de丘rations of Dn and (㌶　we know that 」 may be written

as」-*(0,-,0,w),wherew∈W (w≠0). Letり-i(礼-,Vn)be

an arbitraxy element of Cn. Then by (1.6) we have (f,り) -叫n ∈ Cz・

Hence we can easily show that r)ri ∈ W (see the proof for the case n - 1).

Accordingly, r¥ ∈ C笠and hence C'n - Cn. Therefore, we have

dimDn - dimCn-dimCn - dimCn-dimC¥ ≧ cn z(/cn-lj - 2.

0nthe other hand, since Dn ⊂ Cn - Cn, we have Dn ⊂ {*(0, …, 0, w)

W 。 W} and hence dimDn ≦ dimB* - 2. This, together with隼e above
inequality, proves dimDn - 2 andDn - {t(0, -, 0,w) w ∈ l}. Thus

we obtain (1).

Let C - *(&, -, Cn) ∈ M{n, 1;H) be an axbitrary element of Cn.

Since Cn - C'n, wehave Jn ∈ B* andhence 」′ - t(0, -,0,Cn) ∈ Dn ⊂

Cn. Consequently, 」 -ま(ci, -　Cn-1, 0)主上ぐ′ ∈ Cn, showing (2). The

assertion (3) immediately follows丘・0m (1) and (2).　　　　　　　　□
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With these preparations we can show

Lemma 9　Cn - 0. Accordingly, Cn - Dn.

Proof. We first prove
～　　～　.

CnnCnez - 0. 1.8

Supp聖thatthereisanelementt-*(fc,-,fn-1,0)∈Cnsuchthat

fez∈Cn.NotethatCnCCn(seeLemma8(2)).BythedefinitionofCn

weknowthattherearematricesXandY∈Wwrittenintheform

x-Y-£」'or

whereX′,・y′∈坤(n-1)and」'-*(&,-5」n-]∈M(n-1,1;H).Take

anmtegerj(-1,2,3)suchthatj≠i.Since*(0,…,0,e?)∈DnCCn,

weknowthatthereisanelementZ∈Woftheform

z-(言′0

whereZ′∈坤(n-1).SinceWisapseudo-abelianwithrespectto¥){n)¥

wehave[X,Z]∈り(n)1and[Y,Z]∈&(n)甘Hencebyadirectcalculation

wecanshow

z′E′-E′,3.′(」'e*)-(」′e%)e?(1.9)

Bythesecondequalityof(1.9)wehave(Z′」')e*-」'(eV)--」'(eV)-

-(E′e>)e%andhenceZ′E′ニーE′e3.This,togetherwiththe丘rstequality

of(1.9),provesZ'g-」'ej-0.Hencewehavef′-0,i.e.,f-0.This

implies(1.8).Asaresultof(1.8),thesubspaceCn+Cnel(。oisa

directsum.SincedimCn-Cn-2-2(kn-1)(seeLemma8(3)and

Lemma5),itfollowsthatdim^Cr,≧2dimCn-4(kn-1).Hencewe

^irrr
havedimeCn-(1/---II
4)dirtiRCn≧kn-1.0ntheotherhand,we.have
dimeCn<kn-1(seeLemma6).Therefore,weobtーH
aindimHCn-kn-l
-H一・----
andCn-Cn+Cnez・Morestrongly,wecanproveCn-0.Infact,since

-H
cn-Gn+Cneも,itfollowsthat

。(cn,cn)+{cne¥Cn)+(Cn,cnJ)+(cne¥Cnj).

ifa≠0,thenitiseasytoseethat(Gn,Cn)-H.However,the
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right side of tやabove inclusion is contained in Cl, because (Cn, Cn) ⊂

[ymc'n) 。 c* (苧ee Lemma旦ー(2) and (1.6)), [cne¥Cn) 。 eze c¥

[Cn, Cne J C Czeも- C* and (Cne^ cnel) C e甘CV - C* (see (1.4)). This is

a contradiction. Hence we have Cn - 0. The equality Cn - Dn now follows

immediately.　　　　　　　　　　　　　　　　　　　　　　　　　　　□

ProofofTheorem 4. ByLemma9 andLemma8 (3) wehavecn - 2kn - 2.

Hence, W,n-i, which is a pseudo-abelian subspace of 印n - 1) with respect

to ¥)(n- 1)¥ satis丘es dimWn-i - cア+- +cn-! - 2(n- 1) -psp(n-1).

Tやerefore, by the hypothesis of our induction we know that Wn-i - p(n -
1)*. Prom this fact we can deduce W - p(n)1. In fact, let X be an arbitrary

element ofW. ThenXmaybewrittenas*一　甘£), whereX′ ∈坤n

1), w ∈ W (-see Lemma 9 andLemma 8 (1)). Since [X, Wn-i] ⊂ ¥){n)¥ it

follows that [X',p(n- 1)も] ⊂り(n-1)¥ Hence we have X′ ∈ p(n- 1)も,

because p(n - 1)* is a maximal pseudo-abelian subspace of坤(n - 1) with

respect to ら(n - 1)¥　ConsequentIy, we have X ∈ p(nY and W - p(ri)乞,

which completes the proof of Theorem 4.　　　　　　　　　　　　　　□

2. The Gauss equation ofSp(n)

Let M be a Riemannian manifold. We denote by g the Riemannian

metric of M and by R the Riemannian curvature tensor of type (1, 3) with

respect t0 g. Let a; ∈ M and let T (M) (resp. T*(M)) be the tangent (resp.

cotangent) vector space of M at x. Let r be a non-negatIve mteger. We

de丘ne a quadratic equation with respect to an unknown甘∈ S2T*{M) ⑳Rr

by

-g{R(X, Y)Z, W)

- (*{x, z), *(y, w)トくせ(X, W), *(Y, Z)), (2-1)

where X, Y, Z, W 。 Tx{M) and ( , ) is the standard inner product of'.

We call (2.1) the Gauss equation in codimension r at x, The set of solutions

of (2.1) is called the Gaussian variety in codimension r at z and is denoted

by gx{M, W

Let 0{r) be the orthogonal group of W. We define an action of O{r)

on S2T*(M) ㊧W by

(p申)(X, Y) -p(申(X, Y)), X,Y∈Tx(M), p∈0(r).  (2.2)
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As is easily seen, if申is a solution of (2.1), then p¥I> is also a solution of (2.1)

for any p ∈ 0(r). We saythat gx(M, W) is EOS ifQx(M, W) ≠田and if

gz(M,政') is composed of essentially one solution, i.e., for any solutions申1

and申2 ∈ Gx(M, W) there is an element p ∈ 0{r) suchthat甘2 -P甘1.

In the following we consider the case where 〟 is the symplectic group

Sp(n) endowed with the bi-invariant metric u, which is induced from the

inclusion Sp(n) ⊂ M(n, n;H). As usual we identify the tangent space of

Sp(n) at the identity ln with the Lie algebra坤(n). We denote by (
the inner product of sp(n) induced from v at In. The curvature transfor-

mation Rq(X, Y) (X, Y ∈坤(n)) ofSp(n) at In is given by Rq(X, Y) -

-(1/4) ad([X, Y]) (see [14]). Hence at In the Gauss equation (2.1) is written
aS

Ij([[xt n z], w)

-くせ(X, Z), *(Y, W))-くせ(X, W),申(X, Z)), (2.3)

where申∈ S2(坤(*)・)㊧　andX, Y, Z, W∈坤(n). Wesimplydenoteby

Q(Sp(n), W) the Gaussian variety in codimension r at In. The main aim

ofもhis and the subsequent sections is to prove

Theorem 10 For any positive integer n the Gaussian variety

Q{Sp{n), R2n -n) in codimension 2n2 - n is EOS.

By homogeneity, we know that the Gaussian variety Sx(Sp(n), R2n -n)

in codimension 2rr-n is EOS at each x ∈ Sp(n). By this result we conclude

that Sp(n) is formally rigid in codimension 2n2 - n. (For the definition of

formal rigidness, see [8].) Accordingly, by Theorem 5 of [8] we can establish

the rigidity/theorem of Sp(n) (Theorem 1).

In the following we will prove Theorem 10 by induction on n. As we

have stated in the introduction, ifn - 1, then Sp(l) - S3 and the canonical

isometric imbedding fo is the inclusion map of the standard sphere S3 with

radius 1 into R. The second fundamental form甘o of/o at x ∈ S3 is given

by申0 - -vx. Hence /o is a typical example of an isometric imbedding

with type number 3. By applying the theory of type number in囲or by
a direct calculation we know that any solution申of the Gauss equation of

S in codimension 1 can be represented by中-士^0- Therefore we get

Theorem 10 for the case n - 1. For this reason we may assume n ≧ 2 in

the following discussion.

119



90 Y. Agaoka and E. Kaneda

RemarkllItshouldbenotedthatmcasen≧2thetheoryoftype

numberin囲isnotapplicabletothecanonicalisometricimbeddinglo

ofSp(n).Infact,foranisometricimbedding/ofaRiemannianmanifold

MintotheeuclideanspaceEm,thetypenumberkof/mustsatisfythe

inequalityk≦dimM/{m-dimM)(see[18]or[16]).Consequently,inthe

caseof/owecaneasilyshowthatk<2whenn≧2.

Nowlet<tt(n)bethesubspaceofM(n,n潤)composedofallX∈

M(n,n¥叫satisfying舌X-X.Clearly,wehavedim9?(n)-2n2-nand

M(n,n¥叫-坤(n)+9I(n)(orthogonaldirectsum).

Asiseasilyseen,91(n)isthenormalvectorspaceofthecanonicalisometric

imbedding/qatIn.Thesecondfundamentalform申oof/oatInisan

elementofS(坤(")・)㊨9t(n)givenby

・o(x,Y)-芸(xY+YX),X,Y∈sp(n)(2.4)

(see[15,p.370]).Underanaturalidentification(91(n),v)竺p2n2-n(,))

aseuclideanvectorspaceswecanregardtheunknown申intheGauss

equation(2.3)incodimension2n2-nasanelementof52(坤W)㊨m(n).

(In・whatfollows,theinnerproductvof9T(n)willbedenotedby(,)・)

ThereforetheGaussianvarietyG(Sp(n),R2':n2刊)maybeconsideredasa

subsetofS2{sp{nf)⑳9T(n).InthismeaningwewriteG(Sp(n),R2n-n)as

g(sp(n),vl(n)).Then申o誓aybeconsideredasanelementof」/(5jp(n),9t(n)),

whichiscalledthecanonicalsolutionoftheGaussequation(2.3)incodi-

mension2n-n.NowTheorem10maybestatedinthefollowingway:

Anysolution申∈Q(Sp(n),9?(n))oftheGaussequation(2.3)isequivalent

to申O,i.e.,thereisanelementp∈O(m(n))suchthat甘-p中O,where

O{yi(n))standsfortheorthogonalgroupof91(n).

3.ThespaceJK"中(X)

Inthissectionweassumethatn≧2.Let甘∈S2(坤:*n㊧<K(n)

andletX∈坤(n).Wedefinealinearmapping中x‥坤(n)-W(n)by

setting中x(Y)-中(X,Y)(Y∈印n)).ByK甘(*)(⊂坤(n))wedenote

thekernelof甘x-InthissectionwemvestigatethekernelK中{X)fora

solution申oftheGaussequation(2.3),i.e.,申∈Q{Sp(n),m(n)).Asin

thecaseofP2(H)orP2(CAY),theknowledgeaboutK申(X)willplayan
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important role to determine the solutions of the Gauss equation (2.3) (cf.

[8] and [9]).

Let X ∈ sp(ri). By C{X) we denote the centralizer ofX in坤(n). Then
we have

Lemma 12　Leませ∈ S2(坤(")・) ㊥yi(n)-andX ∈坤(n). Then:

(1). dimK中(X) ≧2n.

(2) If甘∈ g(Sp(n),ォtt(n)), then [K甘(X), K申(X)] ⊂ C(X).

Proof. Since

dimif甘(X) ≧ dimSp(n)-dimDT(n) - {2n2+n)-(2rf-n) - 2n,

we get (1). Assume that申∈ G(Sp(n), W(n)). Then by (2.3) for each Y ∈

坤(n) we kave

w甘(X), K中(*)], X], Y}) ⊂くせ(K中(X), X), #(K中(X), Y))

=0.

Consequently, we have {[K申(X), K中(X)], X] - 0. The assertion (2) im-

mediately follows from this equality (cf. [10, Lemma 3]).　　　　　　口

Let X ∈坤(n). Since坤(n) is a compact simple Lie algebra, we know

that dimC(X) ≧ rank(坤(n)) - n. We recall that an element X ∈ op(n) is

called regular (resp. singular) if dimC(X) - n (resp. dimC(X) > n).

Lemma 13　Let中.∈ G(Sp(n), 9t(n)) andH ∈ l)(n)1 (i - 1, 2, 3). Then

K中(H) ⊃ p(n)¥ IfH is regular, then the equality K中{H) - p(n)z holds.

Proof. LetH ∈り(n)4. ThenbyLemma12 (2) wehave [K中(H), K中.(#)] ⊂

C(H). Assume that H is regular. Then, since C(H) -ち(n)?, we have

lK申(H), K中(#)] ⊂ f)(n)¥ This implies that Kや(H) is a pseudo-abelian

subspace with respect to f)(n)¥ Therefore we have dimif甘(H) ≦ psp(n) -

2n (see Theorem 2). On the other hand, since dimif申(H) ≧ 2n (see

Lemma 12 (1)), it follows that dimlif中(if) - In. Hence Kや(H) - p(n)も

(see Theorem 4). Let H′ ∈ f)(n)4 be an arbitrary element. Note that regular

elements are dense in ¥){n)1 and,チs we have shown, ^(H, p(n)1) - 0 holds

for any regular element H ∈ UnY- Bもcause of the continuity of中we have

中(H¥ p(n)サ) - 0. This shows that K申(H′) ⊃ p(n)乞.　　　　　　　□

Let甘∈ S2(坤n　㊨OT(n) and letg ∈ Sp{n). Wedefine anelement
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申9 ∈S2(坤(ny ⑳N(n) by

(中9)(X,Y)-*(Ad(『^x,A&ig-^Y), X,Y∈坤n). (3.1)

Then we can easily see the following

Lemma 14　Let申∈S2(坤(n)*)⑳9t(n) and letg ∈ Sp(n). Then:

(1) K中9(X) -Ad(g)K甘(Adfo~m x ∈坤(n).

(2)申g ∈ Q(Sp(n), yi{n)) if and only if中∈ g(Sp(n), tt(n)).

Combining Lemma 13 with Lemma 14, we have

Proposition 15　Let申∈ G(Sp(n), tt(n))メ X ∈坤(n) and g ∈ Sp(n).

Assume that Ad(g)X ∈ ¥)(n)% for some i (- 1,2,3). ThenK申(X) ⊃

Ad(g )p(n)¥ Further, ifX is regular, thenK中(X) - Ad(g-1)p(n)i.

Proof. Note that申9 ∈ Q{Sp(n)潤(n)) (see Lemma 14 (2)). Apply-

ing Lemma 13 to *s, weやave K甘iAd(g)X) ⊃ p(n)¥　Therefore by

Lemma 14 (1) we have p(n)も⊂ Kや*(Ad{g)X) - Ad(g)K申(X). Conse-

quently, K中(X) ⊃ Ad(g 1)p(n)t. If X is regular, then Ad(g)X is also

regular. Accordingly, we have K甘,(Ad(g)X) - p(n)毛and hence K甘m -

Ad(『 )p(n)も.　　　　　　　　　　　　　　　　　　　　　　　　□

Remark 16　Let中∈ G{Sp(n), 9t(ra)). It is well-known that any element

of 5p(n) is conjugate to an element of a Cartan subalgebra l)(n)J. Therefore,

for a regular element X ∈坤(n) the space K中(X) is determined by Propo-

sition 15. Here we note that if X is regular, then K中(X) does not depend

on the choice of the solution申∈ G(Sp(n),ォtt(n)), i.e.. K中{X) - K甘′(X)

holds for any申,申′ ∈ g(Sp(n), m(n)).

In the following discussion, we will determine K中(X) for singular ele-

ments X ∈坤(n) of special type. By Proposition 15 we immediately obtain

Proposition 17　与et中∈ G(Sp(n),Ot(n)). Leti - 1, 2 or3 andX ∈

sp(n). Denote by Gk the subset ofSp(n) consisting of all g ∈ Sp{n) such
that Ad(g)X ∈り[n)¥.Then:

K中(X) ⊃ ∑ Ad(g-1)p(ny　　　　　　　　　(3.2)
:]モf'¥-

Let a, b and i are integers satisfying 1 ≦ a≠ b ≦ n, 1 ≦ i ≦ 3. Define
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element HI Pab and Q¥h ∈ M(n, n;H) by

HI -Eaael; pa& - -pba -Eab-Eba', Qとb-功a - (Eab+Eba)el

ThenitiseasilyseenthatHIPab:Q¥h∈坤n)and

(砿H3
b)-<U<V,{Hipcd)-(HiQまi)-0;

(pab,Pcd)-2(8achd-∂ad^bc);{pab,Q乞0-0;

(Qとb>Qcd)-2(Sachd+SadhcYiiy

(3.3)

Thereforethe set W (チ≦ a ≦ n)} forms anorthonormalbasis oft)(n)1 (1 ≦

i≦3)and堕eset{HI(1≦a≦n,1≦i≦3), (1/凄)pab(1≦a<b≦
n), (1/ヽ乃)Q¥b (i ≦ a < b≦ n, 1 ≦ i ≦ 3)} forms anorthonormalbasis of

sp(n).

Let a, bandi are integers satisfying 1 ≦ a≠ b≦ n, 1 ≦ i ≦ 3. Define a

subspace sとbysとb - mi-鶴) +RPab+　乞b. By an easy calculation
we have

lHA-ITb, Pab] - 2Qとhi [Ha-HI, Qとb] - -2Pab;

[pab, Q£b] - 2W一璃).

This indicates that銘b forms a three-dimensional subalgebra of sp (n) and is
not abelian. Now we note the following lemma, which holds for any compact

Lie algebra:

Lemma 18　Let s be a three-dimensional subalgebra of a compact Lie al一

gebra g. Assume that s is no≠ abelian. Then, for any linearly independent

elements Z, Z ∈ s, there is an element g ∈ exp(R[Z, Z′]) (⊂ exp(fl)) such

that Ad(g)Z ∈ RZ'.

Proof. Since g is compact, s is also a compact Lie algebra. Hence s may

be represented by a direct sum of its center and its semi-simple part. Note

that any simple Lie algebra is of dimension ≧ 3. Under the assumptio血that

s is not abelian and dims - 3, we know that the center ofs is trivial and

that s is simple. Hence, s is isomorphic to the simple Lie algebra su(2).

Let B be an ad(g)-invariant inner product ofg. Let Z, Z′ ∈ S. If Z

and Z are linearly independent, then it follows that [Z, Z'] ^ 0, because

rank(s) - 1. Set S′ - RZ+RZ!. Then we have B(s¥R[Z, Z′]) - oっi.e.,

R[Z, Z′] is the orthogonal complement ofs'in s with respect to B. Indeed,
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we have

B(Z, [Z, Zf}) -B([Z, Z], Z') -0;

B(Z′, [Z, Z′])ニーB([Z′, Z′ , Z) -0.

Similarly, we canprove B(ad[Z, Z'](Z), [Z, Z')) - B(ad[Z, Zf]{Z'), [Z, Z'¥)

- 0. This means that s is invariant by &d[Z, Z′　Moreover, we have

ad([Z, Z′])Z′′ ≠ 0 for any Z′′ ∈ 5′ with Z′′ ≠ 0. Therefore, Ad(exp(R[Z, Z′]))

forms a non一七rivial subgroup of rotations of s/ with respect tO B.批om this

fact the lemma follows immediately.　　　　　　　　　　　　　　　□

In the following, we say a subalgebrチ5 0f坤(n) is甲T ifs is non-
abelian and dims - 3. As we have seen, slab - R(Hl - HI) +政Pab + MQ乙b

is NAT. For-non-zero elements X and Y ∈坤(n) we write X - Y if there

is an element g ∈ Sp(n) such that Ad(g)X ∈ WY. Apparently, - de丘nes

an equivalence relation m坤(n) ＼ {0}. According to Lemma 18 ifs is NAT,

then Z r Z′ for any Z, Z′ ∈ 5＼{0}. For example, we have (if* -HI)

Pab - q;afc'

For simplicity in the following discussion we set Kq(X) - K中。 PO- As

in the previous section we regard坤5) 0 ≦ s < n) as a subalgebra of坤(n).
Then by easy calculations we have

KO(Hl)-坤(n- 1) +∑n塊
21≠i

KO(K-1 +Wn) -坤(n - 2) +∑RffJ-1
21≠i

+ ∑RH」 + ∑RQ£-l,n"
3'≠i j≠i

(3.4)

Let申be an arbitrary solution of the Gauss equation (2.3). By Re-

mark 16 we know that K中(X) - Kq{X) holds for a regular element X ∈

坤(n). We now extend this relation to singular elements:

Proposition 19　Let申∈ Q(Sp(n), 9t(n)). Then for eachi (- 1, 2, 3) it
holds:

(1) K中(鶴. -^o(FB)

(2) Kせ(&_! +IPn) -KO(IPn_1 +IPn).

Proof. Let Sp(n - 1) be the analytic subgroup of Sp(n) corresponding

to the subalgebra坤(n-1). Let g ∈ Spin-1). Then it is easy to
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see that kd(g)Hln - Hln. Hence by Proposition 17 we have K甘(K) ⊃

∑g。sp(n-ij Adfo-^Mn)z Since t)(n- i)J U ≠ i) is a Cartan subalgebra of
坤n- 1), any element of印(n - 1) is conjugate to an element of f)(n - I)3

under the action of Sp(n - 1). Hence we have Ug。sp(n-i)Ad(9-1Mn -
ly　坤(n-1). Sincep(n)% ⊃ f)(n-1)J,wehaveK甘(K) ⊃坤(n-1).

This, together with K中W) ⊃ p(n)¥ shows Kや(K) ⊃坤(n- 1) +J>(n)* -

Ko(甥.). We now show the equality K中m - KO(鶴,). Take an element

x ∈ K中(鴎,) n ffoffi)⊥ where Ko{IPn)⊥ is the orthogonal complement

of Ko(H*n) m坤(n). Then X can be expressed as

-y Otぎce'
E∈M(n-1, 1;呼), C∈R.

Take j, kて- 1, 2, 3) so that {ォ, j, k} is an even permutation of {1, 2, 3}.

Then since X ∈ K*(Hln) and月ま∈ Ki&(Hn), we obtain by Lemma 12 the

following

0-[[X, H^ Wn] -
〔ee-efc t」 霊)・

Hencewe have 」 - 0 and c - 0, i.e., X - 0. ThisprovesK甘w n

Ko(H*n)⊥ - 0, i.e., K甘(Hl) -KO(甥.).

Nextァe prove K中(Hk- +H*n) - #oW-i +HI). As in the case
of K甘(H^), we can easily show that K中(報,-1 + ITn) ⊃坤(n - 2) +

∑j#i'報_1 + ∑J#*.-JLH&. Take an element Y ∈ K中(耽+ Hln) such
that (Y,坤(n-2) +∑j^Hi_1 +∑]≠ RHh) - 0. Then Y can be ex-
pressed as

Y-　o 」v' Z,v∈M(n-2, 1;坤), α,7∈Re甘, β∈H.

Takej, k (- 1, 2, 3) so that {」,j, k} is an even permutation of{1, 2, 3}.

Then by a direct calculation have

[[Y,報.11土HJnl K_1+報.] -

-ektl蔓=frjeh

q=47efc

where β′ - j=βe2 「 eJβ, β′′ - β′ez - ezβ′. (Note that e3α - -αeJ, eJiy -

--fe3, elα - αel, ez-y -jel, because α, 7 ∈　'.) SinceY ∈ K中(甥,_1+
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Hh)
H完]

and

and #」_!士鴎. ∈K甘(K-i+鶴, we have [[Y", H^_i士Hi],璃ノ_1 +

I

0 seeLemma12). Henceweconcludethat」-77-0andα　7- 0

// =
0・ mom the equality β′′ - 0, we immediately have β′ ∈ Ci.

Further, from β′ ∈ C乞we can easily conclude that β ∈ l. Thus we have

Y ∈ ∑jjti^Qn-l,n and hence K甘(HA_ +*%) ⊂ KO(H*n_1 +H,

To complete the proof of (2) we have to show K中(Hk-　+ KnJ ⊃

∑j^QL-i,n- Takej (1 ≦ i ≦ 3) such that j ≠ i. Sincesin-l,n

K(K-i - Hi) +温Pn巾+ RQ3n_liU is NAT, there is an element g ∈

exp(RPn-i!ri) such that AdWn_1;n ∈ t(Cr^) (⊂ p(nY) (see Lemma
18). Moreover, since [Pn-i,n, H^+H^} - 0, we have Ad{g)(Hln_i+#;) -
耽+h:n ∈ &(n)', i.e., g 。 Glni , rriv Therefore, by Proposition 17we
have QJn_1>n-∈ K申(i」_i + #」). Accordingly, it follows that K中(鶴,_1 +

HA) ⊃ ∑j& M(5n-i,n'completing the proof of (2).　　　　　　□

By S we denote the subPet of sp(n) consis甲g of all non-zero elements
X∈坤{n)suchthatX J-LnorX　鴎._!+Hlnforsomei(-1,2, 3). We
note that each element X ∈ S is a singular element of坤(n), because H^

and璃′_ + Hn are singular elements of印(n).

By use of Proposition 19 we can prove

Proposition 20　Le日野∈ G{Sp{n), <tt(n)). AssumeX ∈ S. ThenK甘(X)

- KO(X).

Proof. Let g ∈ Sp(n). Then we have申9 and申g ∈ Q'(Sp(n), 9t(n)) (see

Lemma 14 (2)). By applying Proposition 19 to中9 and申g we have

K中s(H*n) - KO(H*n) - K中gW);

K申3(K-1+K) -ko(耽!+irn) -K中呂(耽+K)

for any i (- 1, 2, 3). Now assume that X ∈ S and that g is an element

of Sp(n) such that Ad(g)X ∈ R境. or Ad{g)X ∈ A(鶴, _! +#;). Then by
the above equalities we have K中*(Ad{g)X) - K*呂(Ad(g)X). (Note that

K中(cZ) - K中(Z) holds for any申∈ S2(坤:*)・)㊨W(n), Z ∈坤n) and

c ∈ A (C ≠ 0).) On account ofLemma 14 (1) we have K中9(Ad(g)X) -

Ad(g)K中{X) and Kyg(Ad(g)X) - Ad(g)Kv。(X) - Ad(g)KO(X). There-

fore if中(X) - Kq(X) follows immediately.　　　　　　　　　　　□

As a consequence of Proposition 20 we can show
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Proposition 21 Lett-1, 2 or3. T/ien

(1) HI∈S (1≦a≦n);

(2) HI士Hbi∈戸(1≦a<b≦n);
(3) Pab∈S,Q乙b∈S (1≦a<b≦n.

Consequently, for any中∈ Q(Sp(n), 9T(n)) the following equalities hold:

K中(HI) -KO(Hl); K甘(HZ士Hl) -KO(HlアHl)

K申(Pab) -KO(Pab)¥　K中(Qとb) -KO(Qとb).
(3.5)

Proof. Let i - 1, 2 or 3. It is easily shown that underもhe action ofSp(n),

HI {I
a　<　n

m(i

<

)I

≦

a ≦ n-1) is conjugateto Hln. This implies that HA ∈ S (1 ≦

Itis alsoknownthat璃+肇(1 ≦ a < b ≦ n) (resp: HA一
生< b ≦ n)) is conjugate to f」_! +HI (resp. H^ -#*). Let

{i, j, k} be a permutation of {1, 2, 3}. Then we easily have [iJ,n>瑚-
2」(ijk)H!^. This proves that 5 - ∑3畢Hln is NAT. In view of the proof
of Lemma 18 exp(Eil^) acts on s′ - RH*n +政Hi as a non一七rivial subgroup

of rotations ofs′　Hence, we can find an element h ∈ exp(RHj) such that

Ad{h)IPn -一年Since [#*, H^] - 0, we have Ad(h)耽1 -殊and
hence Ad(/i)(#A-i - Hln) - flj-x + IPn. Therefore, we ha† HlアHl ∈

S (1≦?<b≦n). Aswehavepointedout,Pai,-Qと　{HI-HI). Since

HZ -Hg ∈ O, it follows that Paゎ ∈ <S and Qab ∈ S. This completes the

proof.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ロ

Remark 22 In the next section, after the proof of Theorem 10 we will

know that K甘{X) - KQ{X) holds for any X ∈坤(n) (see Remark 36).

4. Solutions of the Gauss equation

In this section we will prove Theorem 10. We assume that n ≧ 2and

that the Gaussian variety Q{Sp{n'¥ m{n')) is EOS for any n′ such that

n <n.

We now regard 91(n - 1) as a subspace of ^(n) by the assignment

m(n-i)∋・Z- (言呂) ∈m(n).

Let DJl be the orthogonal complement of 9T(n - 1) in Ol n). Then we easily

have dimSOT = An - 3 and
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m - REnn +岩|r(e(an + Ena) +差R(Ean - Ena)ej
(orthogonal direct sum).

As in the previous section, we denote by申o the canonical solution (2.4).

By a simple calculation we can easily verify that申o(印(n- 1),坤n- 1)) -

<tt(n- 1) and Tt - (申>)#*(坤(n)) (i - 1, 2, 3). In a natural manner, the

restriction申ol坤(n-1) -f中o to坤(n - 1) may be regarded as an element

G(Sp{n - 1), OT(n - 1)). Therefore, by the hypothesis of our induetion we
have:

Lemma23　For any申′ ∈ g(Sp{n- 1),m(n- 1)) there is an elemenま

p'∈ 0{m{n -ー1)) such thaまp/中′ -申l|sp(n-1)蝣

Let申∈ 9(Sp(n), Vl(n)). By V甘OT (⊂ 9T:(n)) we denote the image of

坤(n) by the map申x- We call申a normal soluまion if申satisfies:

(1) V中f」 -3K t-l,2,3);

(2)叫坤(n-1) -申olsp(n-1))

where叫坤(n-!) means the restriction of申to坤(n-1). By g-(Sp(n), m(n))
we mean the subset of Q(Sp(n): 9T(n)) consisting of all normal solutions.

Proposition 24　Leませ∈ G¥Sp{n), 9t(n)). Then there is an elemenまp ∈

0(那(n)) such that p申∈ G-(Sp(n), tt(n)).

Proof. Since dimK申(f」) - dimKo(鶴) (see Proposition 19), we have
dimV中(f」) - dimV恥(璃′). Hence we have dimV中{Hln) - dimDJt for

any i (- 1, 2, 3). Let X, Y ∈坤(n- 1). Then by the Gauss equation (2.3)

wege七

芸nix, hh n z)

-くせ(X, Y), *(鶴,Z))-(*(x, Z),中(K,Y))

foranyZ ∈坤n andi (- 1,2,3). Since [X,Hln] -0 andK申(#A) -

Kq{H¥　⊃坤(n-1) (see (3.4) and Proposition 19), we have申(K, Y) - 0.

Consequently, we have (叫X, Y),中{H^ Z)) - 0, which proves

くせ(坤(n-1),坤(n-V), v申(K)) - 0.　　　　　　(4.1)

Take an element p¥ ∈ 0(9t(n)) such that pi(V甘(#i)) - m. Then by

(4.1)wehave (pi中)(坤n-1),印n-1)) -pi(中(坤(n-1),坤(n-1))) ⊂
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91(71- 1). Hence, in a natural manner, (pi蝋・p(n-i) may be regarded as an
element ofQ(Sp(n- 1), 9t(n-1)). Hence there is an element p'2 ∈ Optt(n-

1)) such that p'2((pi申)F印(n-1)) -甘olsp(n-i) (see Lemma 23). Take pi ∈

0(<tt(n)) such that p2lan - Ian and p2¥ui(n-i) - P2- Put p - p2Pi- Then

we have "V,中(#2) - p(V中(^)) - 93T and (p*)|sp(n-1) -申olsp(n-i)- We

finally prove Vp甘{Hln) - DJl {i - 2, 3). As is easily seen, we h聖e叫p(n-
1), sp(n-1)) - p-1(^(n-1)).甲enceby (4.1) wehaveV甘�"⊂ r^sK).
Therefore, V,中W) - p(Y甘(甥,)) ⊂ DJl. Since dimVp甘(鶴.) - dimOtt, we

have Vf甘(Wn) - 371, implying p甘∈ G-(Sp(n), Ot(n)). This completes the

proof.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　□

By virtue of Proposition 24 to show Theorem 10 it suffices to prove that

any element of G {Sp(n),那(n)) is equivalent to甘O.

By m we denote the orthogonal complement of.坤(n - 1) in坤n). For

simplicity, we set *a - ^arii Qと- Q¥n and Hl - Hln for integers o (1 ≦ a ≦

n-1)andi(1≦i≦3). Set

3　　　　　　　　　　　　3

ma-RPa+∑　　≦a≦n-1), mn-∑RIP.
i-l                      i=l

Since (ma, m^) - 0 (a^ 6), we have

!7サ

m - VJrria+mn (orthogonal direct sum).
a=l

Lemma 25　Let申∈G-(Sp(n), m(n)) and lef%- 1, 2 or3. T/ien:

n-1

m- ∑中{H¥ ma)+]R#(fP, IP) {direct sum).
a=l

Proof. SinceK中(iT) -坤(n-1)+∑^MfP andV中(fT) -中(H¥ m) -
!Vt, we have the lemma.　　　　　　　　　　　　　　　　　　　　　　□

In what follows we will observe the valueや(X, Y) (X, Y ∈坤n)) for

the following folJr cases:

(I) X∈mandY∈坤n-1);

(II) X∈mnandY∈mn;

(Ill) X∈m。andY∈ma(1≦a≦n-1);

(IV) X∈mnandY∈ma(1≦a≦n-1).
We丘rst observe Case (I):
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Proposition 26　Let中∈ g-(Sp(n), 9t(n)). Then:

(1)申(m,印(n-1))⊂m・
(2) LetX,Y∈mandZ∈印n-1). Then:

(*(x, z), #(#*, y)) -芸([[X, Z], H% Y). (4.2)

Proof.We丘rstnotethat申(H¥坤(n-1))-0(1≦<3),because

K中{IP)⊃坤(n-1).Thisproves中m,
蝣ni坤[n-1))-0.Wenowprove
中m,
蝣ai坤(n-1))⊂DJtforanya(1≦a≦n-1).Toshowthisweprove

申(Pcai坤(n-1))⊂Tt;*(Qと,坤(n-1))⊂m(i-l,2,3).

DefineanelementZq∈坤(n-1)(1≦i<3)by7%∑n-1

sll}sEsa)e¥

(4.3)

Then

it is well-known that Zq is a regular element of坤(n - 1). Moreover, since

叫坤n-1)中oI坤(n-1)'tfolioァsthat中(z<o>坤n-1 ⊂9t(n-1). Here
we note that the equality中{zi坤(n- 1)) -那(n- 1) holds. Indeed, since

dimKer(('Sro)^ |sp(n-i)) - 2(n - 1) (see Proposition 15), we have

dim申[zi坤(n- 1)) -dim坤(n - 1) - dimKer((申oJzs坤(n-1))

-dim9t(n- 1).

Nowletusset鴫　r/1 -TTl∈坤(n) (l≦a.≦n-1). Byadirect
calculation we c聖verify *o(-P<ai昭) -申o(鑑wi) - O.甲ence by (3.5)
we have申(Pcai昭) - *(Qと,昭) - 0. Moreover, since申(fp,坤(n-1)) -
0,wehave申(鶴,坤(n-1))-中[Zl坤n-1))-9t(n-1). LetZ,Z′∈
坤(n - 1). Then by the Gauss equation (2.3) we have

芸([[W<, Z], Z'l Pa)

-くせ(鶴,Z′),申(Z,Pa))-くせ(酷pa), *(Z, Z′)) (4.4)

芸am, zi z′], Qと)

-くせ(鶴,Z′i,*(Z,Qと)ド(g(鶴,Qと),中(Z,Z′)) (4.5)

Since [H¥Z] - 0, we have [[W霊,z],z′　- [¥zh,ziz′] ∈坤n-1)-

Hence, the left sides of (4.4) and (4.5) vanish. Further, since申(Pcai璃) -
申(<%, Wa) - 0, wehaveくせ(璃> z )蝣>中(Z, Pa))-くせ(Ⅵ霊, Z′),申(Z, Qと))

- 0. Since Z and Z′ are arbitrary elements of坤n - 1) and since

130



Rigidity of the canonical isometric imbedding of the symplecまic group 101

甘(Wcat坤(n- 1)) - O?(n- 1), we have

(m{n-1), ・(sp(n-1), Pa)) - (<tt(n-1), *(sp(n-1), Qと)) - 0,

showing (4.3). Consequently, we have申faa.)坤(n - 1)) ⊂ m,前Iich com-

pletes the proof of (1).

Nextweshow (2). LetX, Y ∈mandZ ∈印n-1). Thenbythe
Gauss equation (2.3) we have

芸{[[x, H% Z], Y)-くせ(X, Z),中(IP, Y))-(*(x, y), &{h¥ z))・

Note that申{H¥ Z) - 0 and [Z, Hl} - 0. The latter equality, together

with the Jacobi identity, shows [[X, H% Z] - [[X, Z], IP]. Thus we obtain

(4.2).　　　　　　　　　　　　　　　　　　　　　　　　　　　□

Remark 27　Here we state aremark onthe value℡(X, Z) (X ∈ m, Z ∈

坤(n 「 1)). Note that the right side of (4.2) is an intrmsic quarttity. Since

v(H¥ m) - SCTt, we know that中(X, Z) ∈ Tt is uniquely determined if the

values申(H¥ Y) (Y ∈ m) are given. Therefore, if申(H『 Y) -申o(H『 Y)

holds for anyY ∈ m, thenwemayconcludethat申(X, Z) -申o(X, Z) (X ∈

m, Z ∈坤(n- 1)). See Case (c) below in the proofofTheorem 10.

next observe Case (II):

Proposition 28　Let申∈ g-(Sp(n), 9?(n)). Then:

(1)

(2)

3)

(4)

中(Hl

H

申

せ

申 ∬1

,#!)-申(H

, H2)-甘(H

{H¥ IP),せ(H¥

{H¥ iT),申(Hz,

!, #2)

:, #3)

II十
m.

申{H¥ H3)

-申(iJ3, Hl) -0.
=1

=0

(1≦i≦3),

(1≦i≦3,1≦a≦n-1).

To prove the proposition we prepare

Lemma 29　Let中∈ G(Sp{n),ォtt(n)). LetX andY ∈印n). Assume:

(i)申o*,X)-申o(y,y).

(ii) X+Y∈S.

Then中(X, X) -申(Y, Y).

Proof. By (i) weeasilyhave中o(X+Y, X-Y) - 0, i.e., X-Y ∈KO(X+

Y). Since X+Y ∈ <S, we have Ko(X+Y) - K甘(X+Y) (see Proposi-

tion 20). Consequently, it follows that X - Y ∈ K中(X + Y), i.e,,申(X +

Y, X-Y) - O. This implies中一(X, X) -中(Y, Y).　　　　　　　　□
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ProofofProposition 28. Let {i, j, k} be a permutation of {1, 2, 3}. As

shown中the proof of Proposition 21, s - ∑?=1 RIP is NAT. Consequently,
H甘+HJ ∈ S, because (Hも+W) - IP. On the other hand, it is easily

checked that Vo(H¥ Hl) - Vo(HJ, W) - -Enn. Hence by Lemma 29 we

have中(H¥ Hl) -蝣&(&, Hi). Similarly, wehave &(&, Hi) -中(Hk, Hk),

proving (1). The assertion (2) is clear from Lemma 13. Finally we prove

(3) and (4). Letkbeanintegersuchthat 1≦k≦3, k≠iandX∈坤n).
Then by the Gauss equation (2.3) we have

-([[H¥ H% H% x)

-くせ(H¥ H%申(Hk, X)トくせ(H¥ X),申(IF, Hk)).

By a simple calculation we have [[IP, Hk], Hk] - -4H¥ Moreover, by the

results obtained in (1) and (2) we have ^(H¥ Hk) - 0 and申(Hk, Hk) -
申(Hl, Hl). Consequently, we have

(*(H¥ X),申(H¥ Hl)) - (H¥ X).

Therefore, we obtain (3) and (4), because (IP, H{) - 1 and (IP, ma) - 0
(see (3.3)).　　　　　　　　　　　　　　　　　　　　　　　□

InCase (III) thevalue申(X,Y) (X,Y ∈ m./, (1 ≦ a ≦ n-1) are
determined by

Proposition 30　Let申∈ G (Sp(n), 9?(n)) and let a be an integer such
thatl≦a≦n-1. Then:

(1)申(Pa,Qと)-o

(2)申(Qと, Qi)

(3)申(Pca;

(1≦i≦3)

(1≦i≠j≦3)

Pa) -中(Qと, Qと) -中(Hi ,IP +申{HIHI) (1≦　<3).

Proof. Since Vo(Pa, Qと) - 0 and *o(鑑Ql) - o {i ≠j), we obtain (1)

and (2) (see (3.5)). We now prove (3). Since銘n - R(IP-IPa)+RPa+RQと
is NAT, it follows that Q£+(Hl一Hz) ∈ S. Indeed, Q告+{IP-Hl) - {W-

K)一Py Lemma 29 we ha†e℡(Qと凍) -中(H甘- Hla, Hl - Hla), because

*<>(<%, Qと) - *o(ffz「Hla, H*一報) - -{Eaa+Enn). Since H%a与印(n-

l), we h聖eョ(H¥ Hla) - 0. Consequently,中(Q左, Qと) -甘{H¥.IP) +

申(i?*, Hla). Similarly, we can proveや(Pa, Pa) -申{H¥ IP) +甘(hi Hi).
□

Before proceeding to Case (IV) we extend Lemma 29 to the following
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form:

Lemma31 Let申∈ G(Sp(n),ォtt(n)). LetX, X', Y andY'∈坤n.
Assume:

(i)中o(X,Y')-申o(YtX')-O.

(ii)申)(X,X′)-申){Y,Y′).

(iii) X∈S,Y∈SandX+Y∈S.

Then中(x, x′) -中(Y, Y').

Proof. By (i) and (ii) we have Y′ ∈ KO(X), X′ ∈ KO(Y) and中)(X+

y, X'- Y') - 0. The last equality implies that X'-Y'e KQ(X+Y).

Hence by (iii) wehave Y′ ∈K中(X), X′ ∈K甘(Y) and X′-Y′ ∈K中(X+

Y). Consequently, we have申(Y′, X) -申(X', Y) -中{X+Y, X'-Y′) -

0. Henceや(X, X′) -甘(Y, Y′)・　　　　　　　　　　　　　　　□

With this preparation we observe Case (IV).

Proposition 32　Let * ∈ Q (Sp(n), 9T(n)). Leta be an integer such that
l≦a<n-1. Then:

(1) ・(H¥ Q£)-*(tf2, Ql)-甘(H*, Q芝).

(2)申{H¥ Q£) - -e{ijk)中(Hk, pa), where {i, j, k} is a permutation of

{1,2,3}.

(3) V(Hl,Tna) -・{H*, ma) -中(#3, ma).

(4) Foreachi (1≦i≦3) theset{V2*(JEP?Pa),諺申{H¥ Qi) (1≦j≦
3)} forms an orthonormal basis of中(H¥ ma).

Proof. Let {i, j, k} be a per甲utation of {1, 2, 3}. We note that the sub-

space s - R{Hla + Hl) + RQJa + MQォforms a subalgebra of坤(n) and is

NAT. In fact, by simple calculations we have

[Hla+H¥ Qま] - 2e{ijk)Q霊IK+H¥ Q霊] - -2e(ijk)Qま;

lQま, Q霊- 2e(yfc)(flJ +2T).

Hence we have Hla+Hl+Qi ∈ S and H%a+Hl+Q空∈ S, because Hla+

ff*+Qi Hl+IP+Q霊　Hl+H*∈S.

Now we prove (1). By direct calculations we can show中oW+Hl, Q£)

- vo(H*+H2, QZ) -申Q(Hl+H¥ Q芝- -{Ean+Ena). Moreover we

have申o{IPa+Hi, H3a+H3) - ・。(QとQi) - o ifi ≠j (seeLemma 13 and

Proposition 30). Therefore by Lemma 31 we have

V^+Hl, Q£) - *(Ht+H2, Q2 - *(i」+」r¥ q芝　　(4.6)
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Hereweshow申{HiQ£) - *(HIQZ) -申(HiQ芝). Leti- 1, 2or3.

Since Hla ∈坤(n - 1) and Qla ∈ m, it follows from Proposition 26 (1) that

申(HI Ql) ∈ Tl. Moreover, by Proposition 26 (2) we have

くせ(Q摘), V(H¥ Y)) -芸([[QI Hi], Hl], Y)

for anyY ∈ m. Since [QとHal - Pa, theright side of the above equalitydoes

not depend onthe choice ofi. This implies that申{Hi Q£) -申(Hi, QZ) -

申(Hi Q芝　because中(Hl, m) - Tl. This, together with (4.6), proves (1).

We next prove (2). Let {?, j, A;} beチpermutationof'{I, 2, 3}. Thenby

direct calculations we have ^q(HI一軍もQl) - e(ijk)*o(H* + Hk, pa) -

e(ijk)(Etan -Ena)ek. Moreover, &o(Hla -H¥ H%+Hk) -中。(Qまpa) - O

(see Lemma-13 and Proposition 30). Since if* + Hk + Q去∈ Sっ-e obtain

by Lemma 31 the following

*(#a-H¥ Qま) - e(ijk)中(tf*+#*, Pa)-　　　　　　(4.7)

NotethatHI Hk ∈坤(n-i),Qま, pa ∈mand [Qま,鶴-e(ijk)[Pat H*} -
一所k)Q雲As in the proof of (1) we have甲(Hi, Qi) - e{ijk)せ(SJ, pa)-

Accordingly,丘0m (4.7) we have中(H¥ Qi) - -e(ijk)申{Hk, pa). This

completes the proof of (2).

By (1) and (2) we have

甘(H¥

9[Bl,

中(H¥

申(H¥

Pa)

Q£)

Q-、-

01

-tfl#J・

-甘(H", Q

-一中(H2

Q

)

Q

芝) -甘(H*, QZ);

-中(H6, Q芝);

£)

-申(H2, pa) -

-一中(H6, p。);

一申(H , Q£).

(4.8)

By these equalities we clearly obtain (3).

Finally, we prove (4). Let X and Y are one of Pa and Q3a (1 ≦j ≦ 3),

i.e., X, Y ∈ {Pa, Qi (1 ≦j < 3)}. Bythe Gauss equation (2.3) we have

-i[[H¥ XI H% Y)

-くせ(H¥ IP),中(X, Y)トくせ{H¥ Y), *(X, IP ).

By direct calculations we can verify [[H¥ X], H午- X. Hence the left

side of the above equality becomes (1/4) [X, Y). First assume that X - Y.

Then we have *(X, X) - *(#*, #*)+*(」」, Hi) (see Proposition 30 (3)).

Sinceくせ(H¥ Hl　申(iT¥ IP ) - 1 (see Proposition 28),申{H¥ Hz) ∈ m
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and中(HI HI) ∈ 9T(n- 1), we have

(蝣&{H¥ Hl), V(x, X))-くせ{H¥ Hl), ^{H¥ Hl) +^f{」酷HZ))

=1.

Since (X,X) - 2 (see (3.3)), we have (V(H¥X),申(H¥X)) - 1/2・

We next consider the case X ^ Y. Then we have (X,Y) - 0 and

申(X, Y) 千 0 (see (3.3) and Proposition 30 (1), (2)). Hence t follows

thatくせ{H¥ X),中(H¥ Y)) - 0. This completes the proof of (4).　□

We are now in a position to prove Theorem 10.

ProofofTheorem 10. Let中∈ g-(Sp(n), m(n)). Set H -申(H¥ Hl),

Pa-1万*(H¥pa) (1≦a≦n-1),Qと-ヽ乃*(H¥Qと) (1≦a≦n-

1, 1 ≦i≦3). Thenwehave

Lemma33　ThesetO-{H,Pa(1≦a≦n-i),Q乞(1≦a≦n-1,1≦

i ≦ 3)} forms an orthonormal basis ofWl.

Proof. By virtue of Proposition 28 (3), (4) and Proposition 32 (4) we have

only to prove

くせ(ifl,ma), *{H¥mb))-0 (1 ≦a≠b≦n-1).　(4.9)

Let X ∈ rru and Y ∈ m^. By the Gauss equation (2.3) we have

U[[H¥ X), H% Y)

- (#(.ff¥ H2), *(x, Y)ト(*(-ff¥ Y),中(X, H'))・

As is easily seen, [[iJl, X], H2] ∈ ma. Hence the left side of the above

equality vanishes. On the other hand, since中{H¥ H2) - o (see propo-

sition 28), t follows that (*(H¥ Y),申(X, H2)) - 0. This proves that

くせ(H¥ mb),申(#2, Ttla)) - 0. Therefore, we obtam (4.9), because

申(H¥ ma) -申(i?1, ma) (see Proposition 32 (3)). This completes the

pro of.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ロ

LetDo-{#O,(Pa)o(l≦a≦n--i),(Qと)o(l≦a≦n斗1≦i≦3))

be the orthonormal basis ofO71 corresponding to中O, i.e., Ho -申o(#¥ in

(pa):　ヽ乃中o(H¥pa) and (Qと'0 - yβ申)(H¥ Qと). Then, there is an

orthogonal transformation p of 9Jt such that Ho - p'(H), (P。)0 - p'(Pa)

and (Q乙)0 - p'(Ql). Extend to the orthogonal transformation p of Ot(n)
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satisfying.p¥m-p'andp¥yi(n-i)-loT(n-i)-Tnen,itiseasytoseetha

.tv_/n。/ntp申∈G-(Sp(n),9t(n)).Forsimplicity,set甘1-錘.Inthefollowingwe

willprove申1-恥InviewofLemma25andthedecomposition坤n)-

m+坤(n-1),wemayconclude中i-*oif申t(X,Y)-*o(X,Y)holds

foranypairsXandYlistedinthefollowing(a)-(e):

(a)

(b)

(C)

(d)

(e)

X∈坤(n-1)andY∈坤>-1);
X∈mnandY∈m;

X∈mandY∈坤(n-
X∈rru andY∈ma

X∈maandY∈mb

1);

(1≦a≦n-1);

(1≦a≠b≦n-1)

Case(a)‥LetX,Y∈坤n-1).Since申(X,Y)申o(X,Y)∈W(n-1)

andp^功一-1m(n-i),wehave中1(X,Y)-p(*(X,Y))-p(申o(X,Y))

-せo(x,Y).

Case(b):Bytheverydefinitionofpwehave*i(JfJl,Y)-¥J>。(-H"¥Y)

forY∈∑a=ima+^Hl・ApplyingProposition32toboth申and*。,we

have*i(iP,Y)-^o{H¥Y)fori-2,3,Y∈∑:=!%(see(l),(2)and

(4.8)).Further,since軌(H¥Hl)-vo(H¥Hl),wehave^(JP,W)-

中o(H¥fP)(1≦i,i≦3)(seeProposition28(1),(2)).Thusweobtain

中i(X,Y)-*o(X,Y)foranyX∈mnandY∈∑n-1,

a-1ma+ttln-Ttl.

Case(c):ByCase(b)wehave申i(H¥Y)-申o(H¥Y)(t-l,2,3;y∈

m).Aswehaveremarked(seeRemark27),weobtain申i{X,Y)-Vo(XtY)

」oxX∈m,Y∈坤(n-1).

Case(d):AsseeninCase(b),wehave申!(H¥fP)-申o{H¥IP).More-

over, sinceHla ∈坤(n-1), wehave申i{HI Hl) -中o(IPa, HI) (i - 1,

Hence by applying Proposition 30 to申1and中O, we easily have申(X,

申o(X, Y) forX, Y ∈ma.

Case (e): We note that this case occurs when n ≧ 3. We丘rst show

2,3).

Y)=

Lemma34　Assume thatn ≧ 3. Le去a andc be integers such that 1 ≦

a≠　<n-l. ThenPaアPfac∈S;Q乞j=QとC∈S(i-l,2,3).

Proof. By easy calculations we have

[Hlc -H¥ Pa土Pap] - Q左手Q£C;

m-h¥ q£干QとJ --(Pa士Racj;
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[Pa士J^aciQa干Qと,]-2(Hl-IT).

Consequently,bot里hesubspacess+-政(HZrH*)+R(Pa+Pac)+R{Q上

Qと,)ands--R(Hl-Hl)+R(Pa-Pac)+R(Ql+Q左c)areNAT.Therefore,

wehavePa士PracHI-Hl-Q*土QlacSinceHl
c-H%∈S,itfollowsthat
Pa土Pac∈SandQ乙アQac∈S.□

Firstassumen≧4.LetusconsiderthecaseX-PaandY-P&.

Takeanintegerc(1≦C≦n-1)suchthatc≠aandc≠b.Byeasy

calculationswehave甘o(Pa,Pb)-申o(Pac,Pbc)--(1/2)(Eab+Eba)and

中o{Pa,Pbc)-申o(Pac,Pb)-0.SincePa,PacandPa+Pcac∈S,itfollows

that甘l(Pa,Pb)-申i(Pac,Phc)(seeLemma31).SincePac,P&,
c∈sp(n
1),wehave*i(Pac)Phc)-^o(Pac,Pbc)(seetheCase(a)).Henceweウave

中i(Pa,Pi)-*o(-Po,Pb)-Inasimilar甲aimerwecanprove申l(Pa,Q¥)-

*o(pa,Q¥)(i-1,2,3)and^((ft,Qj)-*o(Q乙,Qj)(i,j-l,2,3).By

thesefactsweobtaintheequality申i(X,Y)-申o(X,Y){X∈m。.,Y
・・aj∈
m&)whenn≧4.

Nextweassumen-3.Apparently,themethodusedinthecasen≧4

cannotbeappliedtothiscase.Weprove

Lemma35Assumethatn-3.Then申(mi,m2J⊂*(2).

Proof.Set23a-{Pa,Q去,QZ,Q芝}(a-l,2).LetX∈35iandY∈懲2.

Wefirst

(^fl(X,Y),^1(H¥Hl))-(*1(X,Y),*1(Hl,ml+m2))-0・

(4.10)

Ifthisistrue,thenwehave申XX,Y)∈91(2),because971-R申IOffl,^1)

+申i(H,mi+tri2)(seeLemma25)andbecauseOl(2)istheorthogonal

complementof971in91(3).

BytheGaussequation(2.3)wehave

ア([[frl,*],.ffl],y)

-(叫(H¥Hl),申i(X,Y))-くせiCf^Y),*!^,Hl))・

AsobservedintheproofofProposition32,wehave[[Hl,X],Hl]-X.

Since[X,Y)=0,theleftsideoftheaboveequalityvanishes.Moreover,

,-,-1^,-¥-r/Tr.TTi¥¥inviewof(4.9)wehaveくせi(-ff¥n申i(X,Hl))-0.consequently,we

haveくせXX,Y),中i{h¥hl:)-0.LetZbeanarbitraryelementof乳.

137



108 Y. Agaoka and E. Kaneda

ThenbytheGaussequation(2.3)wehave

t([[x%H¥nz)

-(*!(*・,Y),V!(H¥Z)ド(*i(*,Z¥^(H¥Y)).

Herewecaneasilyverifythat[[X,Hl],Y]∈坤(2)andhencetheleftsideof

theaboveequalityvanishes.ByProposition30(1),(2)wehave申i(X,Z)-

OifX≠Z.Hence(戟(x,y),*i(#¥^))-0.0ntheotherhand,ifX-

Z,thenwehave中i(X,Z)-甘1(X,X)-*1(H¥Hl)+中i(frj,H¥)(see

Proposition30).HencebyProposition28(4)andthefact申.(Hi,Hi)∈

9?(2)wehaveくせ(X,Z),申(H¥Y))-0.Therefore,inthiscase,we

alsoobtain-・i(X,Y),*i(.ff¥Z))-0.SinceZisanarbi

¥¥traryelementof乳wehave(叫(X,n*i(#¥mi))-0.Inasimilarwaywecan

proveくせ(X,Y),申(Hl,ma))-0,showing(4.10).Accordingly,weget

申XX,Y)∈9t(2)andhence申.(mi,TT12)⊂ォK(2).□

NowletX∈mi,Y∈tri2.TakearbitraryelementsZi,Z2∈坤(2).

ThenbytheGaussequation(2.3)wehave

-(¥[X,Zl],Y],Z2)

-(*i(*,Y),戟(Zi,Z2)トくせ(X,Z2),tf^Zi,Y))・

BytheresultsofCase(a)andCase(c)wehave申l(-^l)Z2)-申o(Zァ,Z2),

申1*.Z2)-申o(X,Z2)and申.(Y,Zl)中o(y,Z¥).Thereforewehave

くせ1(X,Y),^o(Zl,Z2))

-芸{[[x,zi],y],z2)+(*。(X,Z2),V。(ZuY))・

Since申oisasolutionoftheGaussequation(2.3),wehave

(中o(X,Y),tfo(」i,Z2))

-芸([[x,zi],Y],Z2)+(*。(X,Z2),*。(^i,Y))・

Hence,bysubtraction,wehave(・i(X,Y)-*o(X,Y),・o(」i,Z2))-

0.Herewenotethat中¥X,Y)中サ(*,Y)∈9T(2).Indeed,wehave

申(X,Y)∈9t(2)(seeLemma35)andhave中)(X,Y)∈yi(2)byasimple

calculation.Since申o(坤(2),坤(2))-9t(2),theaboveequalityimpliesthat
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申i(*. Y)一申o(X, Y) - 0, i.e.,中i(*> Y) -甘o(X, Y). This completes

the proof of (e) in the case where n - 3.

Thus by the above case studies (a) - (e) we get申1 -申O, i.e., p甘-

中0- This completes the proof of Theorem 10.　　　　　　　　　　　　□

Remark 36　As seen in the above discussion, we have proved Theorem 10

by utilizing the equality K甘(X) - Kq(X) for regular elements X or for

elements X ∈ O. After we have established Theorem 10, we easily conclude

that K中(X) - Kq(X) holds for any element X ∈坤(n).
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RIGIDITY OF THE CANONICAL ISOMETRIC IMBEDDING OF THE

HERMITIAN SYMMETRIC SPACE Sp(n)/U{n)

YOSHIO AGAOKA AND EIJI KANEDA

Abstract. In this paper we discuss the rigidity of the canonical isometric imbedding

/o of the HermiもIan symmetric space Sp(n)/U(n) into the Lie algebra sp(n). We will

show that if n ≧ 2, then /o is strongly rigid, i.e., for any isometric immersion /i of a

connected open set U of Sp(n)/U(n) into坤(n) there is a euclideaii transformation a of

sp(n) satisfying /i = afo on U.

1. Introduction

In a series of our work [4], [5] and [7] we showed the strong rigidity of the canonical

isometric imbeddings of the projective planes P2(CAY), P2(H) and the symplectic group

sp(n). In this paper we will investigate the canonicよ1 isometric imbedding /。 of the

Hermitian symmetric space Sp(n)/U(n) (n ≧ 2) and establish the strong rigidity theorem

for/0.

As is known, any HermitIan symmetric space M of compact type is isometrically imbed-

ded into the Lie algebra g of the holomorphic isometry group of M (see Lichnerowicz [15]).

Thus, Sp(n)/U(n) can be isometrically imbedded into sp(n), which is the Lie algebra of

the symplectic group Sp(n). Identifying印(n) with the euclidean space R2n +n, we obtain

an isometric imbedding /o of Sp(n)/U(n) into R2n +n, which is called the canonical is0-

metric imbedding of Sp(n)/U(n). In [2] we proved that any open set of Sp(n)/U(n) cannot

be isometrically immersed into the euclidean space M with N ≦ dimsp(n) - 1. Accord-

ingly, the canonical isometric imbedding lo gives the least dimensional (local) isometric

imbedding of Sp(n)/U(n) into the euclidean space (see Corollary 2.5 of [2]).

In this paper we will prove

Theorem 1. Let /q be the canonical isometric imbedding of Sp(n)/U(n) (n ≧ 2) into

the euclidean space sp(n) (- M.2n +n). Then /。 is strongly rigid, i.e., for any isometric

immersion f¥ of a connected open set U ofSp(n)/U(n) into坤n) there is a euclidean

transformation a of印(n) satisfying f¥ - afo on U.

Date: Augast 4, 2006.
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Key words and phrases. Curvature invariant, isometric imbedding, rigidity, symplectic group, Hermitian
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As for the rigidity on the canonical isometric imbeddings of connected irreducible Her-

mitian symmetric spaces M of compact type, the following results are known:

(1) /o is globally rigid in the following sense: Let /i be an isometric imbedding of M

into g. If/i is su氏ciently close to /o with respect to C3-topology, then there is a

euclidean transformation a of g such that /i蝣- a/o (see Tanaka [17]).

(2) If M is not isomorphic to any complex projective space P"(C), then /o is locally

rigid in the following sense: Let U be a connected open set of M and let /1 be

an isometric imbedding of U into g. If /i is si瓜cientIy close to /o with respect

to C -topology on U, then there is a euclidean transformation a of q such that

/i - o/o holds on U (see Kaneda-Tanaka [12]).

We note that the topological condition on the mappings are removed in the statement of

Theorem 1. In this sense Theorem 1 strengthens the rigidity theorem in [17] and [12] for

the Hermitian symmetric space Sp(n)/U(n) (n ≧ 2).

The method of our proof is quite similar to the methods adopted in [4], [5] and

[7J. We will solve the Gauss equation on Sp{n)/U{n) in codimension n2(- dim坤(n) -

dimSp(n)/U(n)) and prove that any solution申of the Gauss equation is Hermitian, i.e.,

*(/X, IY) - tf(X, Y). This fact, together with the criterion on the isometric imbeddings

of almost Hermitian manifolds (Theorem 5), indicates that any solution of the Gauss

equation is equivalent to the second fundamental form of/q. Therefore by the congruence

theorem obtained in [4] (see Theorem 3 below) we can establish Theorem 1.

Throughout this paper we will assume the differentiability of class C∞. For the notations

of Lie algebras and Riemannian symmetric spaces, see Helgason [11]. For the quaternion

numbers and the symplectic group Sp(n) , see Chevalley [9].

2. The Gauss equation and rigidity of isometric imbeddings

Let M be a Riemannian manifold and let T(M) be the tangent bundle ofM. We denote

by u the Riemannian metric of M and by R the Riemannian curvature tensor of type (1, 3)

with respect to v. We also denote by C the Riemannian ci汀vature tensor of type (0,4),

which is, at each point p G M, given by

C(£,y,z,w)--v(R(x,y)z,w),　z y,z,w∈Tp(M).

Let iv be a euclidean vector space, i.e., N is a vector space over R endowed with, an inner

product ( , ). Let S2T*(M)ョN be the space of JV-valued symmetric bilinear forms on

Tp(M). We call the following equation onせ∈ S2T*(M)⑳N the Gauss equation atp ∈ M

modeled on N:

C(x,y,z,w) - (W(x,z),W{y,w)ド(tF(訂,w),-S(y,z)),
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where z y, z, w ∈ Tp(M). We denote by gp(M,N) the set of all solutions of (2.1), which

is called the Gaussian variety at p ∈ M modeled on JV. Let O(N) be the orthogonal

transformation group ofN. We define an action of O(N) on S T*(M)ョN by

(h申)(z,y) - M中fay)),

where申∈ s2t;{m) ⑳N, h ∈ 0(N), x, y ∈ Tp(M). We say that two elements申and

申′ ∈ s2t;{m) ㊨N are equivalentifthere is an element h ∈ 0(N) such that申′ - hV. It

is easily seen that if ¥P and申′ ∈ s2t;(m) ⑳N are equivalent and申∈ Gp(M,N), then

申I ∈ gp{M,N). We say that the Gaussian variety gp{M,N) is EOSifGp(M,N) ≠のand

if it consists of essentially one solution, i.e., any solutions of the Gauss equation (2.1) are

equivalenもto each other under the action of O(N). We proved

Proposition 2 ([4], p. 334)....Xei M be a Riemannian manifold andp ∈ M. LetN be a

euclidean vector space such that Qp(M,N) is EOS. Then:

(1) Let中be an arbitrary element of Qp(M,N). Then, the vectors申(x,y)(x,y ∈

Tp(M)) span the whole space N.

(2) LetJVi be a euclidean vector space. Then:

(2a) 」?p(M,JVl) -のifdimNi < dimiV";

(26) gp{M,Ni) is EOS i/dimiVi - dimiV;

(2c) gp{M,Ni) is no≠ EOS if dim-Ni > dimiV.

We say that a Riemannian manifold M is formally rigid in codimension r if there is

a euclidean vector space N with dimiV - r such that the Gaussian variety Gp(M,N).

modeled on N is EOS at each p ∈ M. In [4] we have obtained the following rigidity

theorem for formally rigid Riemannian manifolds:

Theorem 3 ([4], pp. 335-336). Le舌 M be an m-dimensional Riemannian manifold and

letfo be an isometric immersion ofM into the euclidean space M . Assume:

(1) M is connected;

(2) M is formally rigid in codimension r - N - m.

Then, any isometric immersion f¥ ofM into the euclidean space R coincides with /o

up to a euclidean transformation o/ffi , i.e., there exists a euclidean transformation a of

M suchthatf¥-af0-

工n the subsequent sections we will prove

Theorem 4. The Hermitian symmetric space Sp(n)/U{n) [n ≧ 2) is formally rigid in

codimension n (- dimu(n)).

If Theorem 4 is true, then it is easily seen that Theorem 1 immediately i:ollows丘om

Theorem 3.
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Remark 1. We note that, in the case n - 1, Theorem 4 is not true. In this case we have

Sp(l)/17(1)竺ぶ2 and the canonical isometric imbedding /o coincides with the standard

isometric imbedding of S into M3. Consequently, /o is globally rigid (remember the

rigidity theorem for ovaloids by Cohn-Vossen[10j). However, it is not locally rigid, i.e.,

there axe in丘nitely many non-equivalent su血ces of revolution possessing constant positive

curvature. Therefore, the Gauss equation in codimension 1 admits infinitely many non-

equivalent solutions corresponding to the second fundamental forms of these surfaces. For

details, see Spivak [16].

3. The Gauss軍QUATION ON ALMOST HERMITIAN MANIFOLDS

For the proof of Theorem 4 we start from a general setting. Let M be an even dimen-

sional Riemannian manifold with Riemannian metric v. Assume that there is an almost

complex structure I on M such that v{lx,Iy) - v(x,y) (x,y ∈ Tp{M)) at eachp ∈ M・

Then M is called an almost Hermitian manifold.

IJet M be an almost Hermitian manifold and p ∈ M. Let N be a euclidean vector space.

An element申∈ s2t; ⑳N is called Hermitian if叫IX,IY) - #(X,Y) holds for any

X, Y ∈ Tp(M). In what follows we will consider the case where the Gauss equation (2.1)

admits a Hermitian solution. We will prove

Theorem 5. Let M be an almost Hermitian manifold and N a euclidean vector space.

Let Qp(M,N) be the Gaussian variety atp ∈ M modeled on N. Assume:

(i) gp(M,N) ≠¢;

(2) Any solution申∈ Gp(M,N) is Hermitian.

Then, Gp{M,N) is EOS.

Let M be a 2m-dimensional almost Hermitian manifold and let p ∈ M. For simplicity,

we set T - Tp(M). Let Tc - T + ヽ/=打be the complexi丘cation ofT. By貢we denote

the complex conjugate of X ∈ rpC wlth respect to T. The almost complex structure I is

extended to a C-linear endomorphism ofT , which is also denoted by /. Set

Ti,0-|Z∈TC¥IZ-VZIZ},　TO'1-{Z∈Tc IZ--V^IZ}.

Then, as is known, Tc - Tlfi +T0-1 (direct sum) and TO'1 -軒市Tl'0 - T-'K Take

basis{Zi,蝣蝣蝣,Zm}ofTlfiandputZj-葛(1 ≦　<m). Thentheset{Zi,Zi{l ≦i ≦m))

forms a basis ofTc. In the following we will fix such a basis {Zi,Zj(l <　≦ m)} and

rewrite the Gauss equation (2.1).
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As usual, the Riemannian curvature is extended to aもensor of type (0,4) onT. De丘ne

Cabcd ∈ C by setting

Cabcd - C(Za, Zb, Zc, Zd),

where the suffices a, b, c, d run through the range 1,...,m,1,… m. We also extend an

element中∈ S2r ⑳N to an element ofS2TC ㊨N」, where JVC - JV + -¥f-lN denotes

the complexi丘cation of a euclidean vector space N. Define vectors甘ab ∈ JVc by settmg

申ab-申{Za,Zb),　a,6-1,-,m,l,-,病・

Then we easily have

申ab-申誠　　a,6-l,-,m,l,-,疏,

where for an element v ∈ JVC we mean by v the complex conjugate ofv with respect to N

andwepromisei-* fori- 1,...,m.

By use of Cabcd and申ab we can rewrite the Gauss equation (2.1) as follows:

t-abcd -くせac,申bdトくせad,曹bc)　a,b,c,d- 1,-.,m,l,一m,  (3.1)

where ( ,.) means the symmetric bilinear form on N which is a natural extension of the

inner product of N. We now prove

Lemma 6. Let申∈ Qp(M,N). Assume that申is Hermitian. Then

c海藻くせ13蝣>中点l), l≦i,j,k,l≦m.　　　　(3.2)

Proof. Let i, j, k andI beintegers suchthat 1 ≦ *>3i">>'≦ m. Puttinga -i, b- k,

c-j andd-I into (3.1), wehave

C:石,, -蝣:*予中h '- '*.7-中/.-./・

Since申is Hermitian, we have申il -申覇- 0. Hence we get (3.2).

Let us define a Hermitian inner product (, ) ofNc by setting

(Y,Y')-(Y,戸)　y,y∈NC・

Then JVC is considered as a HermitIan vector space.
一-Il一

We now de丘ne a quadratic form Cb) on Tl'0 ⑳印by

C(p)(X⑳Y,Z⑳評)-C(x,富,デ,W),　x⑳Y, Z⑪W∈yl.O㊥軒市.

By C(p) we denote the matrix corresponding to C{p) with respect to the basis {Zi㊥z3 (i ≦

i,i ≦ m)} ofT1-0 ⑳Tl'0. As is easily seen, C{p) - (C(p)αβ) is a complex square matrix of

degreem , where Greekletters α, β　runoverthe pairs ofindices撞}(i,j - l,...,m)

and

C(p)αβ-Ci砂　α-{S},β-{kl}.
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It is easily checked that C[p) is a HermitIan matrix, i.e., C(p) - C(p). Moreover, the rank

of C(p) and the cardinal number of positive or negative eignevalues of C(p) do not depend

on the choice of the basis {Zi} ofTl'0.

Now, let申∈ Qp(M,N). Assume that申is Hermitian. Then by (3.2) we have

C(p)αβ- (申α,申β),　α,β-{11},…,{ォ蝣},…,tm疏},　　(3.3)

where we write甘α -申ij when α - {ij}. The equality (3.3) indicates that C(p) is nothing

but the Gram matrix of the vectors {申α}a with respect to ( , ). Therefore, C(p) must be

positIve semi-de丘nite and rank(C(p)) - dimc(∑α C申α) , where α runs through the indices

{11}, - ,(m病,}. Let N甘be the subspace ofN spanned by the vectors *(X,y), where

X,Y ∈ T. Then we easily have JV」 - ∑αC申α. Hence dimiV中- dimc(∑αC申。).

There丘)re, we get

Lemma 7. Let申∈ Qp(M,N). Assume that申is Hermitian. Then C(p) is positive

semi-definite and

dimiV"甘- rank(C(p)).

Consequently, Qp(M,N) does no≠ contain any Hermitian element if one of the following

conditions are safisfied:

(1) Cb) has at least one negative eigenvalue;

(2) dimiV < rank(C(p)).

Example 1. Let M be a Kahler manifold of constant holomorphic sectional curvature

c(≠ 0) and p ∈ M. Let (*1, ‥. , zm) be a complex local coordinate system ofM around p.

Put Zi - ∂/∂zi{l ≦ i ≦ m). Then we get abasis {Zi}j≦i≦　ofT1-0. By use of the basis

{Zi,Zi(l ≦ i ≦ m)} the curvature tensor C ofM can be written as

ci亮ラl-去co"サ拍・ui鞠), l≦i,j,k,I≦-,

where we set vi亮- v(Zi,Z-k) (l ≦ i,k ≦ m) (see Kobayashi-Nomizu [14]). By a suitable

change of the coordinate (zi,- Zm) we may assume that v^, - 6ik(1 ≦ i,k ≦ m) at p,

where 6 means the Kronecker delta. Consequently, the component C(p)αβ of tIie matrix

C(p) is given by

C(p)αβ -芸c(^a/3+^aa<5ββ), α,β-(1壬「.,{ij},...,{mm},

where撞} - {kl} means i - k and j - Z;て前- {.?'*}> {kl} - {Ik}. Therefore, we have

rank(C(p)) - m2, because c =」 0. Further, ifc < 0 (resp. c > 0), then C(p) is negative

resp. positive) de丘nite. Accordingly, Qp(M, N) does not contain any Hermitian element

in case c<O ordimiV<m.
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With these preparations we prove Theorem 5.

Proof of Theorem 5. First suppose that dimiV > rank(C(p)). Let申be an arbitrary

element of Qp(M,N). Then by Lemma 7 we have dimiV申< dimiV. Take a non-zero

vectorn ∈N such that (N甘,n) - 0 andtake anon-zero covector 」 ∈T*. Set申1 -申+

E2 ㊨n. Then it is easily veri丘ed that申1 ∈ gp(M,N) and that中is not Hermitian. This

contradicts the assumption (2). Consequently, we have dimiV - rank(C(pj). Moreover,

we haveN甘-N for any申∈ 9p{M,N).

We now prove that Gv(M,N) is EOS. Let申and申′ ∈ gp(M,N). Since申and申′ are

Hermitian, they satisfy the equality (3.3). Hence we have

(申α,申β)-(鶴,申b),　α,β-{ii},-l{y}>一,(m行け.

Since N中- N, the vectors {S?α)α span the whole N. By an elementary linear algebra

we know thaもthere is a unitary transformation h of Nc satisfying申乙- h(申α) (α -

(1壬),…サ{#}>-,{m,疏}). Let α- {ij}. Thenwe have

/l(tta) - fc(*j言) -甘;・盲-申'a - H*α)・

Consequently, we have h[N) ⊂ N. Hence h is an orthogonal transformation of N and

satis丘es申- hョ. This shows that gp{M,N) is EOS.　　　　　　　　　　　　ロ

Remark 2. Let N be a euclidean vector space. Assume that Qp(M,N) satisfies the

conditions (1) and (2) in Theorem 5. Let N'be another euclidean vector space such that

dimAT′ - dimiV. Then, Gp(M,N′) also satis丘es the conditions (1) and (2) in Theorem 5.

To observe this, take an isometric isomorphism甲: N → N and define a linear mapping

s2t:㊤N ∋申.→壷∈ S2T*⑳AT'by申(x,y) - v(v(x,y)) (x,y ∈ Tp{M)). Thenthe

following assertions can be easily verified:

(1)申is Hermitian if and only if申is HermitIan;

(2)申∈ Qp(M,N′) if 甲d only if中∈ Qp(M,N).

Thus, we note that the conditions (1) and (2) in Theorem 5 are the conditions only related

to the dimension of the eulidean space N. As seen in the proofofTheorem 5, dimJv equals

rank(C(p)), which is uniquely determined by the curvature of M at p.

4. The canonical isometric imbeddings of Hermitian symmetric spaces of

COMPACT TYPE

We now review the canonical isometric imbeddings of Hermitian symmetric spaces of

compact type de丘ned by Lichnerowicz [15]., Let M be an almost Hermitian manifold.

-A mapping g of M into itself is called holomorphic if g satisfies g* o I - Iog*. A

connected almost Hermitian manifold M is called a Hermitian symmetric space if each
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p ∈ M is an isolated fixed point of an involutive holomorphic isometry of M. Utilizing the

identity component G of the holomorphic isometry group of M, we can represent M as a

Riemanman symmetric space G/K, where K is an isotropy group at a suitable point o ∈

M; usually o is called the origin ofG/K (see Helgason [11]). We say a Hermitian symmetric

space GjK is o/ compact type if the Lie algebra g of G is compact and semisimple.

Let M - G/K be a Hermitian symmetric space of compact type. Let I be the Lie algebra

of K and g -モ+ m be the canonical decomposition ofg with respect to the Riemannian

symmetric pair (G,K). As usual, we identify m with the tangent space To(M). It is

known that there is an element Io ∈モsuch that: (i) Jq belongs to the center of E; (ii)

ad (Jo)lm coincides with the almost complex structure / at o (see [14], [11]). Consider the

Ad(G)-orbit in g passing through Iq, i.e., Ad(G)Jo ⊂ g. Since Ad(K)Io - Jo, we get a

differential mapping

fo- G/K ∋ gKト⇒ Ad(<?)Io ∈ 9.

We may regard g as a euclidean vector space with a suitable Ad(G)-invariant inner product.

The induced Riemannian metric v of G/K via /o is easily understood to be (^-invariant.

The mapping /o is called the canonical isometric imbedding of M - G/K.

Let V be the Riemannian connection on M - G/K associated with v. By V/o (resp.

∇∇/o) we denote the first order (resp. second order) covariant derivative of the canonical

isometric imbedding /q. The second order covariant derivative ∇∇/o is called the sec-

ond fundamental form of the canonical isometric imbedding /q. In view of Tanaka [17],

Kaneda-Tanaka [12] we know that at the origin o, ∇/o and ∇∇/o are given as follows:

∇xfo- [-X")Io] - -IX, X ∈m;　　　　　　　　(4.1)

∇x∇yfo - [X,[YJo]} - -[X,IY], X,Y ∈m.　　　　(4.2)

Let T (resp. JV) be the tangent (resp. normal) vector space offo(G/K) at Io (- fo(o) ∈ g).

By (4.1) we know that the tangent space T, which is generated by the丘rst order covariant

derivatives of /o at o, coincides with m. Consequently, the normal vector space N at o is

given by N - t Similarly, by (4.2) we know that the value of the second order covariant

derivative ∇x∇yfo (X,Y ∈ m) belongs to the normal vector space N - I. As for the

second fundamental form we have

Proposition 8 ([17], [12】). Let G/K be a Hermitian symmetric space 。f compact type and

let Jo be the canonical isometric imbedding of G/K into g. Then the second fundamental

form申o ∈ s2rtr ⑳t of/o at the origin o satisfies the following

(1)申o ∈ G。{G/K,l);

(2) The vectors申o(X,Y) (X,Y ∈ m) span the whole I;

(3)申o is Hermitian, i.e.,申){IXJY) -申o(X,Y) forX,Y ∈m,
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By this proposition we have

Proposition 9. Let G/K be a Hermitian symmetric space of compact type. Then for

each p ∈ G/K the following assertions hold:

(1) rank(C(p)j - dimt,・

(2) LetN be a euclidean vector space with dimiV - dimt Then, gp(G/K,N) is EOS

if and only if any element申∈ G。(G/K,tis Hermitian.

Proof. By Proposition 8 and Lemma 7 we immediately know that rank(C(o)) - dimt・

Then, by homogeneity of G/K, we have (1). Also, by homogeneity, we easily see that

gp{G/K,N) is EOS if and only if g。{G/K,l) is EOS. Note that Q。(G/K,t) contains a

Hermitian element申O. Hence, if g。{G/K,l) is EOS, then any element中∈ g。(G/K, Z) is

Hermitian. The converse part follows from Theorem 5.　　　　　　　　　　　　　□

Remark 3. Let G/K be a Hermitian symmetric space of compact type and let p ∈ G/K.

Then, the equality rank(C(p)j - dim6 in Proposition 9 indicates that dimt is the least

dimension of a euclidean vector space N such that Gp{G/K,N) contains a Hermitian

element In fact, ifNi is a euclidean vector space with dimNi < dimt声hsa gp{G/K,Ni)

does not contain any Hermitian element (see Lemma 7). However, we note that this fact

does not imply Qp(G/K,Ni) - 0. Agaoka [1] proved that for the complex projective space

pn(C) (n ≧ 2), S。(Pn(C),#i) ≠ ¢ when dimiVi - rr - 1. We note that in this case we

have dimt - dimu(n) - n2 and hence 」。(Pn(C),」) is not EOS. It seems to the authors

that this is a special case. For the other irreducible Hermitian symmetric space G/K

except Pn(C) (n ≧ 1), such as the complex Grassmann manifold Gp'q[C) (p ≧ q ≧ 2), the

complex quadric Qn(C) (n ≧ 4), e上c, we conjecture that the Gaussian variety g。(G/K, t)

is EOS. As will be seen in the following sections, our conjecture is true for the Hermitian

symmetric space Sp(n)/U(n) (n ≧ 2). In TABLE 1 we show all irreducible Hermitian

symmetric spaces G/K of compact type and related data:

TABLE 1. Irreducible HermitIan symmetric spaces of compact type

G K ian k (G K ) & m G K dim g dim t

P n (C ) (n ≧ 1) 1 2n 蝣nr + 2n n2

G P,< I(p > g ≧2) q 2p g 玩 + gf - i P 2 十g - i

Q n (C ) n ≧ 5) 2 2n | (n + l)(n + 2) ¥n (n - 1) + 1

S 0 (2n )/U (n ) (n ≧5) [n /2] n 2 - n 2n - n n2

Sp in ) U (n ) (n ≧ 1) n n + n In + n n2

E 6/Spin (10) 蝣S O (2) 2 32 78 46

E 7/E 6 蝣S O {2) 3 54 133 79
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5. THE HERMITIAN SYMMETRIC SPACE Sp(n)/U(n)

Let M be the field of quaternion numbers. As is well-known湖is an associative algebra

over the field K of real numbers generated by 1 (∈　and three elements i, j, k satisfying

the following multiplication rule:

(1)li-il-i, lj-jl-j, lk-kl-k]

(2)?-?-&--!;

(3)ij--ji-k, jk--kj-i, ki--ik-j.

Letq ∈　Thenqiswrittenasq- qol+qxi+q2j+93^, wherego,gi,g2,<?3 ∈ I We

de丘ne the norm ¥q¥,the real part Re(q) and the conjugateすby

3

lQ¥2-∑ih Re(?)-go; ?-9。ト9i*-Q2J-Q3k.
i=O

Then we easily have庫- ¥q¥, Re(g) - Re(g),香-g and qq - qq - ¥q¥2. Further, we have

Im'I-酬拙　Re(qq')-Re(q'q);　qq′-9'9,　Vォ,g′∈Ⅲ.

By the identification a ∈ A with al ∈ H the field M. is canonically considered as a sub field

ofM. By the identi五cation a+bV-1ト→ a+bi(a,b ∈政) we may regard the丘eld C of

complex numbers as the subfield R+ Mi ofm In this meaning we will write C - M.+ '.

The real part and the conjugate of a quaternion number defined above are compatible

with the usual one defined on C.

For later convenience we set D - Rj +政たThen we easily have

-C+ゥ(directsum); CC-ゥゥ-C, Cゥ-ゥC-

We now define a bracket in況by [q,q'] - qq'-q'q. Then it is known that endowed

with [, ] is a Lie algebra over R. Moreover, it is easily verified

(1) [l,q]-[q,l]-O,　　∈麟

(2) [i,i] -¥j,j] - [k,k) -O;

(3) [ij] - -¥j,i] -2k, ¥j,k} --[k,j] -2it [k,i¥ --[i,k] -2j.

Consequently, we have

[C,C] -O,　　　　[C,D] - [D,C] -

Let n be a positive integer. By M(n;M) we denote the space of square matrices of

degree n over the field H. We will regard M(n; M) as a An2-dimensional vector space over

I De丘ne abracket in M(n;叫by [X,Y] - XY-YX(X,Y ∈ M(n潤)). Then M(n;H)

endowed with [, ], which is a natural extension of the bracket [, ] denned in H - M(l潤),
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forms a Lie algebra over R. For an element x - (xf),≦h3≦n 。 M(n;M) we mean by芽

the conjugate matrix芳- (*/)l≦i,j<n'Then we have貢- X and

t芳ア-管・X,　X,Y ∈ M(n;W).

Now define a real bilinear form 0 of M(n潤) by

(x,Y)-Re(mace(X野)),　x,Y∈M(n;M).

It can be easily veri丘ed that ( , ) is symmetric and positive de丘nite on M(n;M), i.e.. ( , )

is an inner product of M(n;町With this inner product ( , ) we may regard M(n¥M) as
the euclidean space M4n

Let Sp(n) denote the symplectic group of degree n, i.e., Sp(n) is the subset of M(n;哩)

consisting of all g ∈ M(n;哩)一菖uch that

gt百㌔首9 - lr.

where ln is the identity matrix of order n. Let印(n) be-the Lie algebra of Sp(n). As is

known,坤(n) is a real subspace of M(n;哩) consisting of all X ∈ M(n;H) such that

x+t貢=O.

As is easily seen, dim坤(n) - 2n +n and the inner product ( , ) is invariant under the

actions of Ad[Sp(n)) and ad (sp(n)):

(Ad(g)X,Ad(g)Y)-(X,Y),　g∈Sp(n), X,Y∈M(n;H);

(&d(Z)X,Y) + (X,ad(Z)Y) - O,　∈坤(n),X,Y ∈ M(n;M).

In the following we regard坤(n) with the inner product ( , ) as the euclidean space政2n2+n

By M(n; C) (resp. M(n; B)) we denote the subspace of M(岬) consisting of all matrices
X ∈ M(n; M) whose components are all contained in C (resp. D). Then the unitary group

U(n) of degree n and its Lie algebra u(n) are represented by U(n) - Sp(n) nM(n;C) and

u(n) -印(n) nM(n;C).

Lemma 10. Let m(n) be the space of symmetric matrices of degree n whose components

are all contained in ED. Then the sum印(n) - u(n) +m(n) is an orthogonal direct sum

with respect to (, ) and

u(n),u(n)] ⊂ u(n); [tn(n),m(n)] ⊂ u(n); [u(n),m(n)] c m(n).

In other words, sp(n) - u(n) +m(n) gives the canonical decomposition of坤n) associated

with the symmetric pair {Sp(n), U(n)).
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12 Y. AGAOKA AND E. KANEDA

Hereafter, we consider the symmetric space M - Sp(n)/U(n). Identifying m(n) with

the tangent space T。[Sp(n)/U(n)) at the origin o, we de丘ne an 5p(n)-invariant metric v

on Sp{n)/U(n) by

u(x,Y) - (x,Y)　X,Y ∈ m(n).

As is known, the Riemannian curvature R of type (1,3) associated with v is given as

follows (see [14, Ch. XI]):

R(X,Y)Z--[[X,Y},Z],　X,Y,Z∈m(n).

Set Jo - (1/2)tln (∈ M(n; C)). Then Io is included in the center of u(n) and satisfies

ad(Jo)*-iX; ad(Io)2X--X,　X∈m(n);

(ad(JO)X,ad(Jo)y)-(X,Y)　x,Y∈m(n);

Ad(o)・ad(70)|m(n) -ad(Io)|m(n)・Ad(a),　a∈ U(n).

Thus, it is easy to see that ad (70)|m(n) can be extended to an S'p(n)-invariant almost

complex structure I. Thus the symmetric space Sp(n)/U(n) endowed with the Riemannian

metric v and the almost complex structure I becomes a Hermitian symmetric space of

compact type.

6. The Gauss equation on Sp(n)/U(n)

In this section, we consider the Gauss equation (2.1) at o modeled on the space u(n),

which is written m the form

([[X,Y],Z],W) -くせ(X,Z),叫Y,W)ド(V(x,W),申(Y,Z))　(6.1)

where中∈ S2m{ny ⑳u(n) and X,Y,Z,W ∈ m(n). The inner product ofu(n) is taken to

be the restriction of ( , ) to the subspace u(n) (C M(n潤)). Notations are the s血Ie in the

previous sections. For simplicity, we set Q{n) - G。(Sp(n)/U(n),u{n)). In the following

we will prove

Theorem ll. Assume thatn ≧ 2. Then any solution申∈ G(n) is Hermitian, i.e.,

申(IX,IY) -申(X,Y),　X,Y ∈ m(n).

If Theorem ll is true, then by Proposition 9 we conclude that at each ]? ∈ Sp(n)/U(n),

gp(Sp(n)/U{n),N) is EOS whenn ≧ 2 and dimJV - n2. Thisshows that Sp{n)/U(n) n ≧

2) is formally rigid in codimension n , proving Theorem 4.

For the proof of Theorem ll we make several preparations. Let中∈ Q(n). For each

X ∈ m(n) we de丘ne alinear map申x ofm(n) tou(n) byせX(Y) -申(X,Y) (Y ∈ m(n)).

By K甘(X) we denote the kernel of中x- Then we have
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Proposition 12. Let中∈G(n) andX ∈m(n). Then

(1) dimKや(X) ≧n・

(2) [[K中(X),Kせ(X)],X] - O.

Proof. (1) is clear from dimK甘(X) ≧ dimm(n) -dimu(n) - n. Let Y, Z ∈ K甘(X)

and let W be an arbitrary element ofm(n). Then by the Gauss equation (6.1) we have

([{Y,Z],x],W) - (tt(Y,x),tf(Z,W)> - (*(Y,W),叫Z,X)) - OI

Since W is an axbitrary element, we have [[Y, Z],X] - 0, proving (2).

LetX ∈ m(n). Wede丘neasubspaceC(X) cm(n) byC(X) - {Y ∈ m(n)¥ [X,Y] - O}.

Then we have dimC(X) ≧ Ta,nk(Sp(n)/U(nj) - n. We say an element X ∈ m(n) is regular

ifdimC(X) - n. It is obvious that for a regular element X ∈ m(n), C(X) is a unique

maximal abelian subspace of m(n) containing X. More strongly, since rank(5p(n)) - n,

C{X) is a unique maximal abelian subalgebra of坤(n) containing X. We note that the

set of regular elements forms an open dense subset of m(n) and that any maximal abelian

subspace 氏 contains regular elements as an open dense subset with respect to the induced

topology of a.

Proposition 13. Let中∈ Q(n) andX ∈m(n).

(1) IfX≠0, thenX ¢K中(X).

(2) IfX is regular, then K^(X) is a maximal abelian subspace ofm(n). Moreover,

申(Kや(X),C(X)) - O.

(3) IfX is not regular, then dim-K"甘(X) ≧ dimC(X) O n).

(6.2)

Proof. Let X ∈ m(n). Putting Y - W -IX and Z-X into (6.1), we have

([[x,IX],X],IX) - (*(x,x),*(ix,ix)) -くせ{X,IX),申(IX,X))・

Assume that X ∈ K中(X), i.e.,申[X,X) - 0. Then the right side of the above equality

becomes -¥ョ{X,IX)I2 ≦ 0, where　つmeans the norm determined by (, )A 0n the

other hand, since Sp(n)/U(n) has positive holomorphic sectional curvature, the left side

of the above equality becomes > 0 when I / O. This is a contradiction. Hence we have

X¢K中(X)XX≠0.

Next we show (2). Assume that X ∈ m(n) is regular. Since [m(7i),m(n)] ⊂ u(n)

and [u(n),m(n)] ⊂ m(n), it follows that [[Kせ(X),K甘(X)],C(X)¥ ⊂ m(n). In view of

(2) of Proposition 12, we easily get [X,[[K甘(X),K甘(X)],C{X)]] - 0. Consequently,

llK中(X),K甘(X)¥, C(X)] C C(X). Since C(X) is an abelian subspace, we have

{[[Kや(X),K中(X)],C(X)),C(X)) - (lK中(X),K甘(X)],【C(X),C(X)}) - 0・
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This implies that [[K甘(X),K中(X)],C(X)] - 0. Let W ∈ lK中(X),Kや(X)]. Then the

sum C{X) + RW forms an abelian subalgebra ofsp(n). Since C(X) is a unique maximal

abehan subalgebra of印(n) containing X, we have C(X) - C(X) + MW. Therefore

W ∈ C(X). However, since W ∈ u(ra) and C(X) c m(n), we have W - 0. This proves

lK中(X),K中(X)] - O, i.e., K中(X) is an abelian subspace ofm(n). Since dimifせ(X) ≧ n,

it follows that dimK中(X) - n and hence Kや(X) is a maximal abelian subspace of m(n)

Now take a regular element Y ∈ K中(X). Then it follows that申(Y,C(X)) - 0.

In fact, as we have shown, K甘(Y) is a maximal abelian subspace of m(n) and satisfies

申y(X) - *(X,F) -申x(Y) - 0, i.e, X ∈ K中(Y). Since C{X) is a unique maximal

abelian subspace containing X, we have K甘(Y) - C{X),,which proves申(Y, C(X)) - O.

Note that regular elements ofKや(X) form an open dense subsbt oiK甘(X). Therefore by

continuity of申we have #(Y'C{X)) - 0 for any Y'∈ K中(X), i.e., *(#せ(X),C{X)) -

0, completing the proof of (2).

Finally, assume that X ∈ m(n) is not regular. Let o be a maximal abelian subspace

containing X. Since X is云ot regular, we have C{X) ⊇ O. Take a regular element H ∈ a.

Then, since K甘(H) is a maximal abelian subspace ofm(n) (see (2)), we can take a regular

element Z ∈ K甘(H). We now show that the image of C(X) via the map申z is isomorphic

to the quotient C(X)/a, i.e.,申z(C(X))竺C{X)/a. In fact, since C(H) - a, it follows

that

申z(a) -申(Z,o) ⊂申(Kせ(H),C(H)) -O,

i.e., K中(Z) ⊃ o (see (6.2)). Since K中(Z) is a maximal abelian subspace ofm(n) (see (2)),

we have K中(Z) - a, proving our assertion.

Now let Y ∈ C(X). Then by the Gauss equation (6.1) we have

([[X,Y],Z],W) -くせ(X,Z),叫Y,W)ド(*(x,W),申(Y,Z)), W ∈m(n).

Since [X,Y) -0 and申(X,Z) -申z{X) - 0, we have

(V(xtW),*(Y,Z)) -くせx(W),申>,(Y)) - 0.

Consequently, the subspace申x (m(n)) ofu(n) is perpendicular to the subspace申z {C{X)).

Hence we have dim申x(m(n)) ≦ dimu(n) - dim申z(C(X)). On the other hand, since

申z(C(X))竺C(X)/a, it follows that dim中z{C{X)) - dimC(X) - n. Therefore,

dimITせ(X) - dimtn(n) - dim中X(m(n))

≧ dimm(n) - (dimu(ra) - dim申z{C{X)))

- (dimtn(n) - dimu(n)) + dim中z(C(X))

-n+ (dimC(X) -n)

- dimC{∬),
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completing the proof of (3).

Proposition 14. Let申∈ Q(n). Let a be a maximal abelian subspace ofm(n). Then:

(1) There exists a unique maximal abelian subspace a′ ofm(n) such that

申(0,0') - 0.　　　　　　　　　　　(6.3)

(2) Let {Hi,蝣蝣・,Hn} be a basis ofa. Then the maximal abelian subspace α′ stated in

(1) can be written as
n

a/ - nK甘(Hi).
サ=1

Proof. First we prove the existence of a sati蝿ring (6.3). Take a regular element X ∈ a

and set a′ - K中(X). Then, we know that o is a maximal abelian subspace of m(n) (see

Proposition 13 (2)). Since C(X) - O, by (6.2) we obtain申(a, a') -申(C(X),K申(X)) - 0.

Next we prove the uniqueness of o. Let o′ be a maximal abelian subspace satisfying

(6.3). Take an arbitrary regular element X contained in a. Then by (6.3) it is clear that

Kや(X) ⊃ a'. Since Ky(X) is a maximal abelian subspace ofm(n), we have K中(X) - a'.

This proves the uniqueness of a/・

Let {Hi,蝣蝣蝣,Hn} be a basis ofa. Then by (6.3) we have甘(Hi,o) - 0 and hence

K中(Hi) ⊃ a′　Therefore, o′ ⊂ ni=lK甘(Hi). On the other hand, by linearity of中, we

have K中(X) ⊃ r¥UK甘(Hi) for any X ∈ a. In particular, if X is regular, then we have

a'- Kせ(X) and hence a'⊃ ni=lK甘(Hi). This completes the proof of (2).　　　ロ

Let中∈ S2m(n)* ⑳u(n) and a ∈ U(n). Define an element申a ∈ S2m{ny ㊤u(n) by

申a{X,Y) - *(Ad(a"1)x!Ad(a-1)y), X,Y ∈m(n).

Then, since Ad(a」) preserves the curvature, we have申a ∈ G(n) if and only if申∈ Q(n).

We can easily show the following

Lemma 15. Let申∈Q{n) anda∈U(n). Then

K甘(Ad(a)X) -Ad{a)(K甘*)), x ∈m(n).

Proof. The proof is obtained by the following

Y ∈K中a{Ad{a)X) ⇔申a(Ad(a)X,Y) -0

⇔申(x,Ad(Oy) -o

⇔Ad(Oy ∈ K甘(X)

⇔Y∈Ad(a)(jK"中*　蝣

ロ
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Finally, we state Theorem ll in a different form, which is somewhat easy to prove. Let

Eij (1 ≦ i,i ≦ n) denote the matrix [SisSjt)-.≦s,t<n ∈ M(棚). Then it is easily seen that

the sum oo - ∑T=1喝En forms a maximal abelian subspace of m(n). Now consider the

following:

Proposition 16. Assume thatn ≧ 2. Let申∈ G(n). Then

申(oo,/ao) - 0.

We now show that Proposition 16 implies Theorem ll. Assume that Proposition 16 is

true. Under this setting we will show that any element申∈ Q{n) is Hermitian. Let X

be an arbitrary element of m(n). As is known, there is an element a ∈ U(n) such that

H - Ad(a)X ∈ ao. By Proposition 16 we have申a(H,IH) - 0, because申a ∈ G{n).

Noticing the relation Ad(a l")T - JAd(a x), we have

O -申a(H,IH) - *(Ad(a-1)F,Ad(a-1)Jiy) - *(X,IX).

ConsequenttIy, for any X ∈ m(n) we have申(X, IX) - 0, which means that申is HermitIan.

Thus we get Theorem ll.

7. Proof of Proposition 16

In this section we will prove Proposition 16. Let n/ be a non-negative integer such that

n < n. By the assignment

m(n') ∋ Xト→

'Xo"

00,
∈ m(n)

we may regard m(n′) as a subspace ofm(n). In the special case n'- n - 1 we have the

direct sum

n-1

m(n) - m(n - 1) +BEnn + ∑B(Ein +Eni).　　　(7.1)
1=1

For simplicity we set Hi -jEu(i - 1,-,n). Then we have IHi - iHi - kEu. Conse-

quently, we have

CHi -RHi+RIHi -BEu%i>　　*- 1,‥・,n・

As in the previous section we set oo - ∑j=1 Mifj. In the following we will proveや(ao, /ao) -

0 for any申∈ Q{n). First we show

Le--a 17. Let申∈ Q¥n). Then there exists a realnumbera∈　such that

K中(Hn) - m(n - 1) +R(IHn - aHn)　{direct sum).

Accordingly, dimK甘(Hn) - dimm(n - 1) + 1.
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Proof. First assume that the following inclusion holds:

K中(Hn) ⊂m(n- 1)十CHn.　　　　　　　　　(7.3)

Then, since Hn ¢ K甘(Hn), we have dimK甘(Hn) ≦ dimtn(n- 1) + 1. 0n the other hand,

by a simple calculation we can verify that C(Hn) - m(n - 1) + RHn. On account of the

relation dimK中(Hn) ≧ dimC(Hn) we have dimKや(Hn) - dimm(n - 1) + 1. Moreover,

we have

K中(# ) +RHn -m(n- 1) +CHn.　　　　　　　(7.4)

Now we show m(n- 1) ⊂ K甘(Hn). By (7.4) it is known that there is a real number a such

that IHn-aHn ∈ K中(Hn). Similarly, for any X ∈ m(n-1), there is areal number b ∈取

such that X - bHn ∈ K甘(Hn). Consider the equality [[IHn - aHn,X - bHn],Hn] - Q.

By a direct calculation we have [Hn,X] - [IHn,X] - 0 and [[IHn,Hn],Hn] - -4IHn

Consequently, [{IHn - aHn,X - bHn],Hn) - AbIHn - 0, implying b - 0. Hence we have

X ∈ K中(Hn), i.e., m(n- 1) C Kせ(Hn). Thus if (7.3) is true, then we obtain the lemma.

Now we suppose that (7.3) is not true, i.e., K甘(Hn) ¢ m(n- 1) +CHn. Let r and s

be non-negative integers. By M(r, s; Tl)) we denote the space of D-valued r x s-matrices.

As is easily seen, each element X ∈ m(n) can be written in the form

-x-fx'C

tpr
X/∈m(n-1U∈M(n-1,1;ゥ),*∈ED・

Under our assumption K甘(Hn) ¢ m(n - 1) + CHn we know that there is an element

x- x'三) ∈K甘(Hn) suchthatは0. Let <p: m(n) -M(n-1,1;D) bethenatural

projection defined by </?(( t. £)) - t. By甲(K甘{Hn)) -e denote the image ofK^(Hn)

by甲. Then we have甲(K甘(Hn)) ≠ 0. As is easily seen, from the right multiplication

Eト⇒ 」c of c ∈ C, M(n - 1,1;D) may be regarded as a complex vector space with

dimcM(n - 1,1;D) - n - 1. By <p(K中(Hn)) we mean the complex subspace ofM(n-

1, 1;D) generated by ip(Kや(# )), i.e., <p{K中(Hn)f - v(K中(Hn)) + <p(K中(Hn))i. Set

s - dime<p(K中(i?n)). Then, clearly we have 1 ≦ S ≦ n- 1, dim甲(K甘(Hn)) ≦ 2s and

dimifせ(Hn) - dim((m(n - 1) + Cfl"n) nK中(# )) + dim・>(・&蝣甘(#サ)).　(7.5)

Now, let us show

dim(m(n- 1)nKせ(*サ)) ≦ (n-s- 1)(n-5).　　　　　(7.6)

Let m(n - 1)'be the subspace of m(n - 1) consisting of all Y'∈ m(n - 1) satisfying

Y - (㌔′呂) ∈ m(n- 1) nK中(Hn). To show (7.6) it suffices to prove dimm(n- 1)′ ≦

(n - s - 1)(n - s). For the proof we prepare the following formula:

[[X,Y],En] -
(ft - Ylm

-mY'-y^) [[x,y],j]
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(xl三) ∈ m(n) andY - (机) ∈ m(n-1)+CHn. Thisformulacanbe

easily obtained by asimple calculation. Utilizing (7.7), we show (7.6). Let X -葦三) ∈
Kや(fm) andy - (v呂) ∈ m(n-1)nKq,{Hn). Since [[X,Y],Hn] - 0, by (7.7) it follows

that Y'i - 0. We note that this equality holds for any 」 ∈ p(K甘(i7n)) and r ∈ m(n-1)'.

Since Y'(」サ) - (Y'Qi, we have

n-O,　∀Y′∈m(n-1)',∀E∈p(K中(Hn))^. (7.8)

Select a basis {771,- ,nn_i-i)」i>- ,」s} of the complex vector space M(n- 1, 1;B) such

that {」].,・・・,」s} forms a basis of<p(K甘(Hn))蝣　Define a matrix U ∈ M(n- 1;H) by

u-(m,- ,vn-s-l,牀l,-,&). LetY'∈m(n-1)′　SinceY'zi-　-Y′6-o

andt&Y'- - -%Y′ - 0, wehavelv蝣Y'-U ∈ m(n-s-1). Thismeansthat

*!7-m(n-!)'・」/ ⊂ m(n-s-1]. Since U is a non-singular matrix, we have dimjgm(n-1) ≦

dimjRm(n - s - 1) - (n- S - 1)(n - s), proving the desired inequality (7.6).

Next we consider the intersection (m(n - 1) + CHn) nK中(Hn). Since (tn(ra - 1) +

CHn) nK甘(Hn) ⊃ m(n - 1) nK中(Hn), the following two cases axe possible‥

i) (m(n-1)+CHn)nK甘(fln) -m(n-1)nK中tfn.

(ii) (m(n- 1) +Cffn) nK中(Hn) ⊇ m(n- 1) nK甘(Hn).

In the case (i), we have dim((m(n- 1) +CHn)nK中(Hn)) ≦ [n- s- 1)(n-s). Since

dim甲(K甘(Hn)) ≦ 2s, by (7.5) we have

dimIT甘(fln) ≦ (n-s- 1){n-s)+2s

-s　-(2n-3)s+7i(n-1).
(7.9)

Since 1 ≦ a ≦ n-1, the right side of (7.9) attains l乞s maximum when 5 - 1. Consequently,

wehave dim-K"甘(Hn) ≦ 4-2n+n(n-1) < l+dimm(n-1), because dimm(n-1) - n(n-1)

and n ≧ 2. This contradicts the fact dimif中(Hn) ≧ 1+dimm(n- 1). Therefore we know

that the case (i) is impossible.

Next we show the case (ii) is also impossible. Let y -

1) +CHn) nK中{Hn) satisfying y ≠ 0. Let X -

K中(Hn). Then, since [[X,Y],Hn] - 0, we obtain by

x'

(7.7)

(V

'.)

[[x,y]J] - Q;　^i/ -n -O.

£) be an element of (m(n -

be an arbitrary element of

(7.10)

From the first equality in (7.10) we have x ∈　i. In fact since x, y ∈　　we have

fc.v] ∈ li. However, since [i,j] -2k ≠0, wehave [x,y] -0, implyingx ∈ /. This fact

means that for any element X ∈ mm- 1)+CHn)nK甘(Hn) there is a real number c such

that X-cY ∈ m(n-1)nK中(Hn). Consequently, we have (m(n-1)+CHn nK甘{Hn) ⊂
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RY+ (m(ra - 1) nK甘{Hn)) and hence

dim((m(ra- 1)+CHn)nK中(Hn)) ≦ 1+(n-s-1)(n-S)I

Moreover, in this case we have dimtp(K中¥Hn)) - s. In fact, we have

(7.ll)

p(K甘(tfn))L - <p{Kせ(Hn)) + <p(K中(Hn))i (direct sum).　　(7.12)

It is easily seen that to show (7.12) it suffices to prove <p{K中(Hn)) ∩撃(K中(Hn))i - 0.

Assume that 」 ∈ ip(Ky(Hn)) satisfies Ji ∈ p(K甘(# )). Take elements X, Xi ∈ K甘(Hn)

such that tp(X) - 」,早(Xi) - 」サ. Then, since [[X,Y],Hn] - [[XuYIHn] - 0, by the

second equality in (7.10) we have Jy -Y′」 - 0 and (」i)y- Y'(」i) - 0.甲nice vu - -yi,

the last equality becomes (」i)y - Y (」i) - -¥」v +Y 」)i - 0- Consequentiy^y+Y′」 - O,

showingJy - 0. Hence we get 」 -0, becausey ≠0.

Thus by (7.5) we have

dimITや(Hn) ≦1+(n-s-1)(n-5)+s

-s -2(n-1)s+dimm(n-1)+1.
(7.13)

The right side of (7.13) attams l乞s maximum when s - 1 and therefore dimK中(Hn) ≦

4 - In+dimm(n - 1) < 1 + dimm(n - 1), which is also a contradiction.

Thus, assuming Kや(En) ¢ m(n - 1) + CHn, we meet a contradiction. Hence we have

Kや(Hn) c m(n - 1) + CHn, completing the proof of the lemma.

In a similar manner we can prove the following lemma:

Lemma 18. Let申∈ Q(n). Then

dimifや(Hi)-dimK中(IHi) -dimm(n-1)+1, i-1,…,n.

Moreover there exist real numbers a/ and b ∈　such that

K中(IHn) -m(n- 1) +R(Hn-aIHn) {direct sum);

n-2

K中(Hn-i) - m(n - 2) + ∑B(Ein +Eni) +CHn
i=l

+R{IHn_　-bHn- ) (directsum):

With the aid of Lemma 18 we can prove the re丘nement of Lemma 17.

Lemma 19. Let申∈ g(n). ThenKせ(Hn) -m(n- 1) +RIHn (direct sum).

Proof. Let申∈ Q(n). Take real numbers a, a and b ∈　stated inLemma 17 and

Lemma 18 and set Y - IHn -aHn, Z - IHn-¥ -bHn_i and W - Hn-a′IHn. Then

clearly we have

Y- {k-aj)Enn, Z- {k-bj)En-i,n-x, W- {j-a′k)En
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In the following we will show that a - a'- b - 0. If this can be done, the lemma follows

immediat ely.

First we prove a - b. For this purpose we consider the space K中(fln-1 + fln). By

an easy calculation we can verify that C(Hn-i + Hn) - m(n - 2) + RHn-i +政Hn +

Rj(En-itn + Enn-i). Therefore we have dimKせ{Hn-i + Hn) ≧ dimC(Hn_1 + Hn) -

dimm(n - 2) + 3. Since K^(Hn-i) nK甘(Hn) - m(ra- 2) +MY+RZ, it follows that

dim(K中(fln-1 nK甘(Hn)) - dimm(n - 2) + 2. Consequently, we can take an element

X ∈ Kせ(ifrs-i +Hn) such that X ¢K甘(tfn-1) nK甘(Hn). Write

x- (貰′ ; ;　(7.14)

whereX′′ ∈m(n-2),e,り∈M(n-2,l;B),x,y,z∈　SinceX,Y,Z∈K中{Hn-i+Hn),

wehave [[X,Y],Hn-i+Hn) - [[X,Z],Hn-x+Hn] -0. Seth-k-aj andh'-k-bj.
Then we have

ftj - rjtij - 0;　　　　　　　　　(7.15)

ll*,h},j] - [[y,h>],3] - 0;　　　　　　　　(7.16)

[zhj] - [zh′J] - O.　　　　　　　　(7.17)

By (7.15) and (7.16) weeasilyhave」 -77 - 0, x ∈　　andy ∈鮎′　Thus, ifz - 0,

then we have X ∈ m(n - 2) +汲Y + RZ - K甘(fiサーl) nK甘(Hn). This contradicts the

assumption X ¢ K中(#n-1) nK中(Hn). Hence z ≠ 0. Now consider (7.17). First note

that zh, zh/ ∈ C - R+汲i. Since [i,j] ≠ 0, [zh,j] - [zh′,j] - 0 holds if and only if

zh,zh ∈　L Sincez≠0, wehaveh ∈Rz~　andh'∈　y-1 Consequently,wehave

M - ]Rz~ and hence h′ ∈ Mi - R(k-aj). Therefore we have a - b, becauseh'- k-bj.

Next we prove a′ - -a. For this purpose we consider the space K甘(Hn-x + IHn). We

can easily see that C{Hn-i+IHn) - *i{n-2)+WKn-i+WHn+'R{3+k){En-xtn+Entn-i).

Hence dim-fif甘(Hn-!+IHn) ≧ dimm(n-2)+3. Since K甘(Hn-1)nK甘(IHn) - m(n-2)+

RZ+政W, it follows that dim(if中(ffn-1) nK甘(IHn)) - dimm(n - 2) + 2. Consequenttly,

we can take an element X ∈ Kや(Hn-i+IHn) such that X ¢ Kせ(Hn-1)nK甘(IHn). Since

X, Z, W ∈K中(# -!+IHn), wehave [[X,Z¥,Hn-x+IHn] - {[X,W],Hn_1+IHn] - O.

Writing X in the form (7.14), we have

Eh′′k - rjhj - 0;

[[x,h"],k] - [[y,h],j] - O;

zh′′k -jzh′′ - hzk -jhz - 0,

160



RIGIDITY OF THE CANONICAL ISOMETRIC IMBEDDING OF Sp(n)/U(n)　　　　　21

whereweseth -k-aj andh" -j-a'k. By (7.18) and (7.19) wehave」 -77 - 0,x ∈ Rh〝

andy ∈ Mh. Hence ifz -0, thenX ∈ m(n-2)+RZ+RW-Kせ蝣Hn-1)nK中(Iffn).

This contradicts the assumption X ¢ K中(Hn_1) nK中(IHn). Hence z ≠ 0. Now consider

(7.20). It is easily verified that zh′′k -jzh〝 - hzk - jhz - 0 holds when and only when

zh′′∈R(トi)andhz ∈R(トi). Sincez≠0,wehaveh〝 ∈ ,-1(1-i)and/i ∈　L-t)*-l

Therefore, (1 +i)h(l -i) ∈ Rz~l(l -i). Consequently, R(l +i)h(l -i) - K^-^l -i)

and hence h〝 ∈　　+i)h(l -i) - M.(J +ak). Accordingly, we have a - -a, because

h〝-j-a'k.

Finally, we prove a - 0. By the definition we have Y - IHn - aHn ∈ Kせ(Hn).

Moreover, by the above discussion we know W - Hn + aIHn ∈ Kせ(IHn). Hence

申(Hn,IHn - aHn) -申{IHn,Hn +aIHn) - O.

Consequently, we have申(Hn,IHn) - a申(Hn,Hn) and申(Hn,IHn) - -a申(IHnJHn).

Ifa ≠ 0, then we have申(IHn,IHn) -　申(Hn,Hn). PuttingX - Z - Hn and Y -

W - IHn into (6.1), we have

([[Hn,IHn],Hn],IHn) - (y(Hn,Hn), V(IHn,IHn)ド(申(Hn,IHn), V(IHn,Hn))

- -(i +O(*(Hn,Hn),申(Hn,Hn))

≦0.

0n the other hand, the left side is > 0, which is a contradiction. Thus we have a - 0,

completing the proof of the lemma.　　　　　　　　　　　　　　　　　　　　　　　□

We now complete the proof of Proposition 16.

Proof of Proposition 16. Assume that n ≧ 2. Let中∈ Q(n). We will prove

K9(Hi) ⊃ Iao,　　　蝣*蝣サ蝣‥ ,n. (7.21)

Letibeanintegersuchthat1≦i≦n.Ifi-n,then(7.21)followsfromLemma19.

Nowassumethati<n.Seta-Eni-Ein+∑71-1

.7=1J≠jEjj.Thenitiseasytoseethat
a∈SO(n)(⊂U(n)),Ad(a)Hi-HnandAd(a)a0-oq.Consequently,byLemma15

wehaveK甘*{Hn)-Ad(a)(K甘{Hi}).Ontheotherhand,since甘a∈G{n),wehave

K中<Hn)⊃Iao.ThisshowsAd(a)(Kせ(Hi))⊃JoqandhenceK中(Hi)⊃Ad(a-1)(/oo)-

Ido-Consequently,weget(7.21),whichimpliesni=lK中(Si)⊃/do-Therefore,inview

ofProposition14,wehave中cto,Ioq)-0,provingtheproposition.口

161



22 Y. AGAOKA AND E. KANEDA

References

[1] Y. Agaoka, On the curvature of Riemannian submanifolds of codimension 2, Hokkaid。 Math. J.

14 (1985), 107-135.

[2] Y. Agaoka and E. Kaneda, An estimaねon the codimension of local isomefric imbeddings 。f

compact Lie groups, Hiroshima Math. J. 24 (1994), 77-110.

[3] Y. Agaoka and E. Kanbda, A lower bound for the curvature invariant p{G/K) associated with a

Riemannian symmetric space G/K, Hokkaido Math. J. 33 (2004), 153-184.

[4] Y. Agaoka and E. Kaneda, Rigidity of the canonical isometric imbedding of the Cayley projective

plane P2(cay), Hokkaido Math. J. 34 (2005), 331-353.

[5] Y. Agaoka and E. Kaneda, Rigidity of the canonical isome叫imbedding of the quaまermon pr。-

jective plane P (if), Hokkaido Math. J. 35 (2006), 119-138.

[6] Y. Agaoka and E. Kaneda, 4 lower bound for the class number ofPn(C) andPn(H), (to appear

in Hokkaido Math. J.).

[7] Y. Agaoka and E. Kaneda, Rigidity of the canonical isomeまvie imbedding of the sympleciic group

Sp(n), (to appear in Hokkaido Math. J.).

囲C. B. ALLENDOERFER, Rigidity for spaces of class greater than one, Amer. J. Math, 61 (1939),
633-644.

[9] C. Chevalley, Theory of Lie Groups I, Princeton University Press, Princeton (1946).

[10] S. Cohn-Vossbn, Zwei Satze iiber die Starrheit der Eiflachen, Nadir. Ges. Wiss. Gottingen. Mat九.-

Phys. Kl. (1927) (1), 125-134.

[11] S. Helgason, Differentia] Geometry, Lie Groups, and Symmetric Spaces, Academic Press, New

York (19.78).

[12] E. Kaneda AND N. Tanaka, Rigidity for isometric imbeddings, J. Math. Kyoto Univ. 18 (1978),
1-70.

[13] S. Kobayashi, Isometric imbeddings of compact symmetric spaces, Tohoku Math. 3. 20 (1968),
21-25.

[14] S. KObayashi and K. Nomizu, Foundations of Differential Geometry II, Wiley-Interscience, New

York (1969).

[15] A. Lichn血Owicz, GSometrie des Groupes de Transformations, Dunod, Paris (1958).

[16] M. Spivak, A Comprehensive Introduction to Differential Geometry, Vol. V, Publish or Perish,

Boston (1975).

[17] N. Tanaka, Rigidity for elliptic isometric imbeddings, Nagoya Math. J. 51 (1973), 137-160.

Graduate School of Science,

HIROSH王ma University

1-7-1 Kagamiyama, Higashi-Hiroshima City, Hiroshima, 739-8521

Japan

E-mail address: agaokaSmis.hiroshima-u. ac. jp

Faculty of Foreign Studies,

Osaka University of Foreign Studies

8-1-1 AOMADANI-HIGASHI, MINOO CITY, OsAKA, 562-8558

Japan

E-mail address: kaneda¢osaka-gaidai. ac. JP

162



Hokkaido Mathema舌ical Journal Vol. 35 (2006) p. 753-766

A lower bound for the class number of Pn(C) and Pn(H)

Yoshio Agaoka and Eiji Kaneda

(Received January ll, 2005)

Abstract. We obtain new lower bounds on the codimension of local isometric imbed-

dings of complex and quatermon projective spaces. We show that any open set of the

complex projective space Pn(C) (resp. quaternion projective space Pn(H)) cannot be

locally isometrically imbedded into the euclidean space of dimension 4n - 3 (resp. 8rい4).

These estimates improve the previously known results obtained in [2] and閏.

Key words: curvature invariant, isometric imbedding, complex projective space,

quaternion projective space, root space decomposition.

1. Introduction

Let M be a Riemannian manifold. As is known, M can be locally or

globally isometrically imbedded into a euclidean space of sufficiently large

dimension (see Janet [19], Cartan [14], Nash [24], Greene-Jacobowitz [16],

Gromov-Rokhlin [17]). It is a natural and interesting question to ask the

least dimension of euclidean spaces into which M can be locally or globally

isometrically imbedded. In this paper we will investigate the problem of

local isometric imbeddings of the projective spaces Pn(C) and Pn{H) and

give a new estimate on the least dimension of the ambient euclidean spaces.

Let a; ∈ M・ Assume that there is a neighborhood U ofx in M such that

U is isometrically imbedded into a euclidean space R . If any neighborhood

of x cannot be isometrically imbedded into RD-　then the codimension

>-dimM is called the class number ofM at z and is denoted by class(M)苫・

Let G/K be a Riemannian symmetric space. By homogeneity, the

class number of G/K is constant everywhere on G/K, which is denoted by

class(Gy.Kj. In Agaoka-Kaneda [4], [5], [7], [8], [9] and [10] we have tried to

estimate class(G/K)丘om below. In doing this we mainly used the following

ine qu ality

class(GyJO ≧ 6im G/K - p(G/K),

where p(G/K) is the pseudo-nullity of G/K (see §2 below or [4]). For

2000 Mathematics Subject Classification : 53B25, 53C35, 17B20.
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the following Riemannian symmetric spaces G/K our estimates just hit

dass(G/K), i.e., cl&ss(G/K) - dimG/K -p(G/K):

a) ThesphereSn (n≧2);

b) CI: Sp{n)/U{n) (n≧ 1) (see [4]);

c) The symplectic group Sp(n) (n ≧ 1) (see [5]).

As for the class numbers of the projective spaces such as the complex

projective space Pn(C), the quaternion projective space Pn(H) and the

Cayley projective plane P2(Cay), the following are known:

(1) class(Pn(C)) ≧max{n+1, [|n]} (n≧2) (see [2] and [7]);

(2) class(Pri(iT)) ≧ min{4n-3,3n+ 1} (n ≧ 3) (see [7]);

(3) class(Pn(C)) ≦ n'(n ≧ 2); class(Pn(iJ)) ≦ 2n2-n (n ≧ 2) (see [22]);

(4) class(P2(if)) - 6; class(P2(cay)) - 10 (see [8] and [22]).

It should bet-・noted that any local isometric imbedding of P2(H) (resp.

P2(cay)) into the euclidean space R14 (resp. R26) is rigid in the strongest

sense (see [9] and [10]).

In this paper we will propose a new type of estimate and by applying

it we will prove

Theorem 1 Let G/K denote the complez projective space Pn(C)

(n ≧ 3) or the quaternion projective space Pn(H) (n ≧ 3). Define an

integer q(G/K) by

q(G/K) -
(

An-2, ifG/K-Pn(C) (n≧3);

8n-3, ifG/K主pn{H) (n≧3).

Then, any open set of G/K cannoまbe isometrically imbedded into the

euclidean space R with D ≦ q{G/Kト1. In other words,

class(Pn(C)) ≧2n-2 (n≧3);

class(Pn(JET)) ≧4n-3 (n≧ 3)・

It is clearly seen that Theorem 1 improves the estimates (1) and (2)

stated above. However, we have to recognize a large gap between our esti-

mate and the upper bound stated in (3), which cannot be丘Iied at present.

Throughout this paper we will assume the differentiability of class C∞.

For the notations of Lie algebras and Riemannian symmetric spaces, see

Helgason [18].
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2. The Gauss equation

Let M. be a Riemannian manifold and g be the Riemannian metric

of M. We denote by R the Riemannian curvature tensor of type (1, 3) with

respect to g.

For each x ∈ M we denote by Tx(M) (resp. T*(M)) the tangent (resp.

cotangent) vector space ofM at z ∈ M. Let r be a non-negative integer. We

define a quadratic equation with respect to an unknown甘∈ S2T*(M) ⑪Rr

by

-g(R(X,Y)Z, W) - (*(X,Z),申(Y, W)ト(*(x;w),申(Y, Z))。
(2.1)

where X, Y, Z, W ∈　x(M) and ( , ) is the standard inner product ofRr.

We call (2.1) the Gauss equaまion in codimension r at x. It is well-known

that for a su氏cientIy large r the Gauss equation (2.1) in codimension r

admits a solution (see Berger [12], Berger-BryantーGriffiths [13]). On the

other hand, in general, for a small r (2.1) does not admit any solution. By

Crank(M)a; we denote the least value of r with which (2.1) admits a solution

and call it the curvature rank ofM at x. It should be noted that Crank(M)a

is a curvature invariant, i.e., it can be determined only by the curvature R

Ofー1/ aI J¥

As is well-known, if there is an isometric immersion f of M into RD

then the second fundamental form of / at x satisnes the Gauss equation in

codimension r - D - dimM. Therefore, we have

Lemma 2　class(M)訂≧ Crank(M)。 holds for any x ∈ M・

In the following, we assume that中∈ S2T*(M) ㊨ Rr is a solution of

the Gauss equation in codimension r. Let X ∈ Tx(M). We define a linear

mapping申X　%MM) -→ Rr by申X(Y) -中(X,Y) (Y ∈ TJ-x(M)). The

kernel of this map申x is denoted by Ker(申x). Then we can easily show

the following

Lemma 3　LetX ∈ Tx{M). Then R{Ker{中x),Ker(中x))X - O.

For the proof, see [4]. By this lemma we can get the following estimate

for Crank(M)。: Let X ∈ :(M). By d(X) we denote the maximum value

of the dimensions of those subspaces V ⊂ Tx{M) such that蝣R{V, V)X - 0.

Then by Lemma 3 it is easily seen that d(X) ≧ dimKer(中x) ≧ dimM-r.

Set pm{%) - Toam{d(X)¥X ∈ Tx(M)}. ThenpM(a;) ≧ dimM-r, i.e.,
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r ≧ dimM -pm{x). The number pm(x) thus defined is also a curvature

invariant, which is called the pseudo-nullity of M at x. By the above dis-
cussion we have

Lemma 4　Crank(M)a ≧ dimM-pm{x).

In the case where M is a Riemannian homogeneous space G/K, the class

number, the curvature rank and the pseudo-nullity of G/K are constant

everywhere on G/K, which are denoted by class(G/K), Cx&nk(G/K) and

p(G/K), respectively. Combining Lemma 4 with Lemma 2, we obtain

Proposition 5　Let G/K be a Riemannian homogeneous space. Then:

class(G/K) ≧ dimG/K -p(G/K).

This is a fundamental tool in our works [5] and [7] to estimate the class

numbers of Riemannian symmetric spaces from below.

Now, we show a new type of estimate:

Theorem 6　Let申∈ S2T*{M) ⑳Rr be a solution of the Gauss equation

in codimension r. Assume that there are tangent vectors X, Y ∈ :(M)
and a subspace U of Tx(M) satisfying

(1)中(X,Y)-0;

(2) U⊃Ker(せx) andR(U,Y)X-0.

Then the following inequality holds:

r ≧ dimM + dimU - dimKer(申x) - dimKer(申y).　(2.2)

Proof. Let Z be an arbitrary element of Tx{M). Then by the Gauss equar

tion (2.1)七follows that

O - -g{R(U,Y)X,Z)

-くせ(U,X),V(Y,Z)トくせ(U,Z),甘(Y,X))

-くせx(U),申y(Z)トo・

Hence, we haveくせx(U),申y(Z)) - 0. This implies that the image of

;(M) via the map中y is included in the orthogonal complement of申X(U).

Since dim申x(U) - dimt/ - dimKer(中x), we have dim中y(Tx(M)) ≦

r - dimU + dimKer(中x)- Moreover, since dim申y{Tx{M)) - dimM

dim Ker(申y), we immediately obtain the inequality (2.2).　　　　□

As is easily seen, the right side of the inequality (2.2) heavily depends
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on tangent vectors X, Y and申. Accordingly, only by (2.2) we cannot

obtain an estimate for Crank(M)α. In the following sections, by applying

Theorem 6 to the complex and quaternion projective spaces we will show

Theorem 1.

3. Projective spaces Pn(C) and Pn(H)

In this section we make several preparations that are needed in the

succeeding sections. Hereafter, G/K denotes one of the following projective

spaces:

(1) The complex projective spaces Pn{C) - SU(n+ l)/S(U(n) × U{1))

(n≧2).

(2) The quaternion projective spaces Pn(H) - Sp(n + 1)/Sp(n) × Sp(l)

(n妄'2)-
Let g (resp. t) be the Lie algebra of G (resp. K) and let g - I+m be

the canonical decomposition of q associated with the Riemannian symmetric

pair (G,K). Let ( , ) be the inner product ofg given by the (-1)-multiple of

the Killing form of q. We define a G-invariant Riemannian metric g of G/K

by g(X,Y) - {X,Y) (X: Y ∈ m), where we identify m with the tangent

space To{G/K) at the origin o - {K} 。 G/K. Since the curvature at o is

given by R(X,Y)Z - -[[X,Y],Z] (X, Y, Z ∈ m) (see Helgason [18]), the

Gauss equation (2.1) in codimension r at o can be written as follows:

*,y ,z ,w) -くせ(X,Z),中(Y,W)トくせ(X,W)MY,Z)),
(3.1)

whereせ∈s2蝣m*⑳IT,X, Y, ZandW∈m・

Let us take and fix a maximal abelian subspace o of m. Then, since

v&nk(G/K) - 1, we have dima - 1. We call an element入∈ o a restricted

root whenもhe subspaces t(A) (⊂ t) and m(A) (⊂ m) de丘ned below are not

non一七rivial :

t(A-{*∈モ[H,[H,X]]--(A,Hyx, ∀H∈a),

m(A)-{Y∈m [H,[H,Y]]--(らH)%　∀H∈可・

As is known, by use of a non-zero restricted root ¥x the set of non-zero

restncted roots J can be written as U - {士/i,ア2yu}. Further, we have the

following orthogonal decompositions:

セ- * 0) +tM +モ(2/u) (orthogonal direct sum),
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m - m(0) + m(/j,) + m(2yu) (orthogonal direct sum),

where m(0) = a - R/j, (see §5 of [7]).

For convenience, in the following we se硝-酬AO> mi ‡ m(臨)
*l ≦2) andモ-m;-0個>2)foranyintegeri. Then王brち3-0, 1,2

we have a formula:

M>] ⊂ti+j +ti-j, [mi,xnj] ⊂セi+j+」i-j> [^)mi] ⊂vcii+j4-m-i-j.

We summarize in the following table the basic data for the spaces Pn(C)

and Pn(H) (see [18], [7]):

G/K dimmi (- dimfci) dimm2(- dimモ2)

Pn{C) (n≧ 2)　　2(n-1)　　　　1

<n{H) (n ≧ 2)　　4(ra- 1)　　　　　3

As is known, each non-zero element ofm is conjugate to a scalar multiple

of fi under the action of the isotropy group Ad(iT), because rank(Pn(C)) -

rank(Pn(Jff)) - 1. More precisely we can show the following

Proposition 7　LetYi ∈ rrij {% - 0, 1, 2). Assume thatYi ≠ 0. Thenthere

is an element h ∈ K such that kd{kfl)yu ∈ RYi.

Proof. In the case j - O we have only to set ko - e, where e is the identity
element of K.

Now assume i- 1 or 2. Set Xi - [/j,,Yi¥. Then we have

Further,_ we have [Xi,[xi,/j]]至a, because [X{,[x^fi]] ∈

Xi ∈ti.
m and

[/x, [Xi, [xiifjt]]] - [[fi,Xi], [Xi,fj]] + [xit [サ, [xiifjL]]] - 0∴岳nice

(/*, [xi, [xi,n]]) - ([サ,Xt], [Xt,?]) - ([a*, [^X,]],^)

- -i-wn*i, *i),
we have [Xi, [X^/j]] - -i2(jji, n)(Xi,Xi)ii. By this equality and the fact

[Xi,fj] - [[/u,yj,/i] - i2(/^,/i)2y4 we have

Ad(exp(tXi))fj, - co8(i¥fj.¥ ¥Xi¥t)/j,

紬! ¥Xi sm(i¥/j,¥¥Xi硯x..llW　∀t ∈ R・

De丘neまi ∈ R by柚¥Xi¥ti - 7r/2. Then, by setting ki - exp(舌蝣Xi) ∈ K, we

easily get Ad(蝶V ∈ RYi.　　　　　　　　　　　　　　　□
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4. Pseudo-abelian subspaces

Let G/K - Pn(C) or Pn(H). We saythat asubspace V ofm is -pseudo-

abelian if [V,V] C to. It is easily seen that a subspace V of m is pseudo-

abelian if and only if [[V,V],/z] - 0, because r&nk(G/K) - 1. We note

that the pseudo-nullity p(G/K) coincides with the maximum dimension of

pseudo-abelian subspaces in m (see [4]). In閏we have determined the
pseudo-nullities for Pn(C) and Pn(H): p(Pn(C)) - max{n - 1,2} (n ≧

2); p{Pn{H)) -max{n- 1,3} (n ≧ 2) (see Theorem 5.1 of [7]).

For later use, we here study more detailed facts about pseudo-abelian

subspaces in m for Pn(C) and Pn(H). We first prove

Lemma 8　Let V ⊂ m be apseudo-abelian subspace ofm. //Vnmi ≠ 0

forsome-mi (i-0, 1, 2), thenV ⊂mi・

proof. Assume that Vnml ≠ 0. Take a non-zero element Yx ∈ Vnml・

Let Y - Yq+Y¥ be an arbitrary element ofV, where lq ∈ o+m2; Yi ∈ ml・

Then we have [Y?,Yo +Yj - [Y-,Yo] + [Yj>,Yi] ∈モ0- However, since

W.n ∈t and Yf.yi] ∈to+^2,wehave [i^,Yq] -0. Thereforewe
have Yq - 0, because xank(G/K) - 1. This proves V c mi. The other

cases Vn n≠ O and Fnm2 ≠ 0 are similarly dealt with・　　　　　　□

We say that a pseudo-abelian subspace V is categorical if it can be

decomposed into a direct sum V - Vnα+Vnvcvi +Vntti2. By Lemma 8

we immediately have

Proposition 9　Let V ⊂ m be a pseudo-abelian subspace ofm. IfV is

categorical and V ≠ 0, then V is contained in one ofa, mi and rti2蝣

By this proposition, we can easily estimate dimF for a categorical

pseudo-abelian subspace V in m: dimV ≦ 1 if V ⊂ a; dimV ≦ dimrri2

ifV ⊂ m.2- Inthecase V ⊂ mi weprovedin [7] dimF ≦ n-1 (see

Theorem 3.2 of [7]). For completeness, we review this proof and show an

additional property of V ⊂ ml.

Let E(xni) denote the space of all linear endomorphisms of mi. Let

x ∈モ2- We de丘ne an element X† ∈ E(vm) by

tf{Y)-[x,Y], Y∈ml・

(Note that [t2,mi] ⊂ mi.) It is easy to see that X† is skew-symmetric with

respect to the inner product (, ). We denote byセ　the subspace of I?(mi)
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consisting of all X† (X ∈ h). Set 」† - Hlmi +セ去(⊂ E(mi)), where lmi

denotes the identity mapping of mi. We have proved in閏(Theorem 3.5)
the following

Proposition 10 Let G/K - Pn(C) orPn{H). Then, & forms a sub-

algebra of E(mi), i.e.,音† is closed under addition and multiplication of

」(mi). Further, in the case G/K - Pn(C) (n ≧ 2), 3† is isomorphic to

the field C of complex numbers and in the case G/K - Pn{H) (n ≧ 2), ffl

is isomorphic to the βeld H of quaternion numbers.

Wenowset /-dimRJt, i.e., /-2ifG/K-Pn(C); /-4ifG/K-
Pn(H). By the de丘nition we have dimrr^ - / - 1, dimmi - (n - 1)/ and

dimG/K - dimm - nf. As seen in Proposition 10, mi can be regarded

as a vector space over the丘eld %ft. For an element Y¥ ∈ mi we denote by

&(yi) the subspace of mi spanned by Y¥ over ffi. Then we easily have

sw(^i)) - 3*(Yi) and dimJl^t(yl) - / ifYl ≠ 0.

Lemmall Let Yi, Y{ ∈ mi. Then [Y^Y{] ∈セo if and only if

(tl(Yi), Y{) - 0- Accordingly, a subspace V ⊂ mi is pseudo-abelian if and

only if (tl(V),V) - O.

Proof. Since [Fi,^] ∈ to +ォ2, [YuY{¥ ∈ to holds if and only if

([yi, Y{¥ ,セ2) - 0. Clearly, the last equality is equivalent to (顧yi), Y>) - 0.
□

Utilizing the above lemma, we can show the following

Proposition 12　Let V be a pseudo-abelian subspace ofm. Assume that

VCmi. Then:

(1) dim#t(y) - fdimV. Accordingly, dimV ≦ 71- 1.

(2) Let」∈ V (E≠0). Thenthereis asubspaceU of mi satisfyingU⊃ V,

f.tf Cto anddimU-(n-2)/+1.

proof. Let {y11,.- Y-f} (s - dimV) be an orthonormal basis of V. Let

i, j be i牢egers such that 1 ≦ i ≠ i ≦ s. Then, since (顧Y?),Y>) -
(yI璃(y/)) - o (see Lemma ll) and since t去)2 ⊂iV we have

(&{Y})itf(Y>)) - (Ky} +項Yz),RY( +l去W))

⊂.17.セ左mj))-O.

This proves苫寸(V) - ∑Ki<s'1{YD (orthogonal direct sum) and hence
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dim-R^(V) - sf. Therefore we have s ≦ n斗because dimmi - {n-1)/.
Next we prove (2). Since V is pseudo-abelian and 」 ∈ V, we have

(舶¥,V) - 0. Let U be the orthogonal complement of 4(o in mi. Then
U satis丘es U ⊃ V and [」,U] ⊂ to (see Lemma ll). Moreover, since

dim舶) -巨1 and dimmi - (n - 1)/, we immediately obtain the
equality dimU - (n - 2)/+ 1.　　　　　　　　　　　　　　　　□

Finally, we refer to non-categorical pseudo-abelian subspaces. Let V be

a pseudo-abelian subspace of m. Assume that l′ is not categorical, i.e.,

V cannot be represented by a direct sum of subspaces V n α, V nmi and

Vnrri2. Thenit is clearthat V ¢ α, Ⅴ ¢ mi and l′ ¢ rri2. Inviewof

Lemma 8, we know that Vn a - Vnmi - Vnrri2 - 0. Apparently, this

condition.is su氏icient for a pseudo-abelian subspace V to be non-categorical.
Hence we have

Proposition 13　LetV be apseud0-abelian subspace o/m such thaまV ≠ 0.

(1) V is non-categoricalifand onlyif Vna-Vnmi -Vnm.2 -0.

(2) If V is non-categorical, then dimV ≦ 2.

For the proof of (2), see Proposition 5.2 (1) of [7].

5.　ProofofTheorem 1

Let G/K - Pn{C) (n ≧ 2) or Pn(H) (n ≧ 2). Inthe following we

assume that the Gauss equation in codimension r admits a solution中∈

S2m*ョRr. We first prove

Lemma 14　LetX ∈m (X ≠ 0) and letk be an element ofK satisfying

Ad(k)fi ∈ RX. Then Ad^"1) Ker(中x) is apseudo-abelian subspace of m.

Proof. By Lemma 3 we have [[Ker(申x),Ker(申x)],X] - 0. Applying

Ad(/c-1)もo this equality, we have [[Ad(fc-1) Ker(*x), Ad(fc-1) Ker(申X)].

/j,¥ - 0. This proves that Ad(fc」) Ker(中x) is a pseudo-abelian subspace

ofm.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　□

Let X ∈ m (X ≠ 0). IfKer(中x) - 0, thenwe say X is of type P,%nj蝣

Now assume Ker(中x) ≠ 0. Let k ∈ K be an element satisfying Ad(k)pt ∈

RX. As is shown in Lemma 14, Ad(A;」 Ker(申x) is a pseudo-abelian

subspace of m. If Ad(k」) Ker(中x) is categorical and is contained in ms

[i-0, 1, 2),thenwesayXis oftypePi (i-0, 1, 2). WealsosayXis of
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typePnonifAdik'^Keri申x)isnon-categorical,i.e.,Ad(A;」Ker(申x)n

mサ-0(i-0,1,2).

ThefollowinglemmaassertsthatthetypeofXdoesnotdependonthe

choiceofk∈KsatisfyingAd(k)/j,∈RX.

Lemma15LetX∈m(X≠0).Leti-0,1or2andletkj(j-1,2)

beelementsofKsatisfyingAd(kj)/j,∈RX.Then:

(1)AdOfl)Ker(中x)⊂rrijifandonlyifAd(k2)Ker(甘x)⊂mi.

(2)AdOp)Ker(申x)nmi-0ifandonlyifAd(k㌻^KerC中x)nmi-0.

Proof.Setk′-Klk2∈K.BytheassumptionwehaveAd(k')/u,-軸.

ThereforeitiseasilyseenthatAd(fc')m*-m*foranyi-0,1,2.Since

Ad(fc′)Ad(fc『l)-Ad(*1-1),thelemmafollowsimmediately.□

Letusdenotebypt{i-0,1,2,non,inj)thesubsetofmconsistingof

elementsoftypeP;.Thenitisclearthat

m＼{0}-pouplUP2∪'n。nUpinj(disjointunion).(5.1)

Proposition16LetX,Y∈m(X≠0,Y≠0).Assumethat&(X,Y)-0.

ThenX∈piifandonlyifY∈pi(i-0,1,2,non).

Proof.notethatundertheassumption中(X,Y)-0wehaveXJpinj

andF函mjibecauseY∈Ker(申x)andX∈Ker(申Y).

FirstconsiderthecaseX∈pi(i-0,1,2).Letk∈Kbeanel-

ementsuchthatAd(k)fj,∈RX.ThenwehaveAd(A;~1)Y∈m,-,be-
Hj
causeAd(fc~1)y∈Ad(A;-1)Ker(中x)⊂txis.Takeanelementk′∈Ksaもー

isfyingAd(fc/i:1)/i∈RAdik-^Yandsetk′′-kk'(seeProposition7).

ThenwehaveAd(A;′′)fi-Ad(fc)Ad{k′)FL∈Ad(k)RAd(k」)Y-RYand

Ad(A;′′当X-Ad(k′-1)Ad(fc~1)x∈RAd{k′-1)/i-RAdik-^Y⊂mi.

SinceX∈Ker(申y),itfollowsthatAd(k′′-1)Ker(中Y)nmi≠0.

HenceAd(腔*)Ker(申y)iscategorical(seeProposition13)and

Ad(fc′ト1)Ker(申Y)⊂mi(seeProposition9).ThismeansY∈pi.The

conversecanbeprovedinthesamemanner.

BytheseargumentsweknowthatX∈pnonifandonlyifY∈priori-

⊂]

Lemma 17
LetG/K-Pn(C) (n≧ 2) orPn{H) (n≧ 2). Then:

(1) p0-0-

(2) LetX∈m(X≠0). Then:
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dimKer(中x) ≦

(

n-1, ifXepi;

/-I, ifX∈p2;

2,　ifX ∈ >n。n-
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(5.2)

Proof. Supposethatpo ≠臥LetX ∈ po andlet k ∈ Kbe anelement such

that Ad(k)fj, ∈ RX. Then we have Ad(/c~1)Ker(中x) ⊂ 0 - R/i. Hence

we have Ker(中x) - RAd(k)/j, - RX, i.e.,申(X,X) - 0. Let Y ∈ m such

that Y卓RX. By (3.1) we have

{[[x,Y],x]ty) - (*(x,x),申(Y,Y)) - (・(X,Y)MY,X))

ニーくせx(Y),申x{Y))・

Since G/K is of positive curvature, the left side of the above equality is ≧ 0.

Therefore" we have中x(X) - 0, which contradicts Y ≠ RX. Thus we have,

Po

The assertion (2) follows　丘om Propositions 12, Proposition 13,

dimtti2 - / - 1 and the discussions in the previous section.　　　　　□

Proposition 18　LetG/K-Pn{C) (n≧2) orPn(H) (n≧2). Then:

(1) ptaj-Wifr≦n/-1;

(2) pi-¢ifr≦2(n-1)(/-1);

(3) p2-¢ifr≦(n-1)f;

(4) pn。n-¢ifr≦nf-3.

Proof. We first note that dimKer(甘x) ≧ dimG/K -r - nf -r holds

for any X ∈ m. By this fact we甲n easily prove (1), (3) and (4). In fact, if

r ≦nf-1, thenit is clearthat Ker(申x) ≠O for anyX ∈m. HenceX ¢

pinj, which implies pinj - 0. Similarly, ifr ≦ (n- 1)/ (resp. r ≦ nf - 3),

then dimKer(甘x) ≧ / (resp. dimKer(中x) ≧ 3) holds for anyX ∈ m and

hence p2 -の(resp. pn。n - 0) (see Lemma 17).

Nextweprove (2). Supposethat pl ≠臥LetX ∈ pi. Take k ∈ K such

that Ad(fc)〟 ∈ RX and set V - Ad(fc」)Ker(申x)- Then V is a pseudo-

abelian subspace such that V ⊂ mi. Consequently, by工jemma 17 we have

.V≦n-1.

Now let us take a non-zero element 」 ∈ V and a subspace U ⊂ mi satis-

fying U ⊃ v, [z,u] ⊂ to anddimU - (n-2)/+l (seeProposition 12 (2)).

PutY -Ad(k)Z　∈ Ker(申x)) and U - Ad(k)U　⊂ m). Thenwe have

g(X,Y) - 0 and U ⊃ Ker(中x). Moreover, we have [[[/,Y],X] - 0,

because [[Z7,y],X] - Ad(fc)[[U,」],fj] - 0. Therefore, by Theorem 6 we
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have the following inequality:

r ≧ nf+ (n-2)f+ l -dimKer(中x) -dimKer(申Y).

Since X and Y ∈ pi (see Proposition 16), it follows that dimKer(申x) ≦

n - 1 and dimKer(申Y) ≦ n - 1 (see Lemma 17). Consequently, we have

r≧2(n-1 /-1)+1,whichproves (2).　　　　　　　　　　　□

We are now in a position to prove Theorem 1. If there is a solution申of

the Gauss equation in codimension r, then at least one of the sets pinj , po3 Pi>

p2 and pnon is not empty (see (5.1)). Therefore, in view ofLemma 17 (1) and

Proposition 18, we have r ≧ l+min{n仁l, 2(n-1)(仁l), (n-1)/,n仁3).
Accordingly, we have r ≧ 2n-2 ifG/K - Pn(C) and r ≧ An-3 ifG/K -

Pn{H). Hence, Crank(Pn(C)) ≧ 2n - 2 and Crank(Pn(i?)) ≧ 4n - 3.

This声ogether with Lemma 2, shows Theorem 1.　　　　　　　　　　□

Remark 1 The proof of Theorem 1 stated above is effective in the case

n - 2. We thereby have Crank(P2(C)) ≧ 2 and Crank(P2(iJ)) ≧ 5.

However, for the spaces P2{C) and P2(H), we have already known the best

results: Crank(P2(C)) - 3 (see [1]) and class(P2(i3")) - Crank(P2(if)) -
6 (see [8]).

As for the class number of P2(C) we have class(P2(C)) - 3 or 4

(see Lemma 2 and Introduction). It is still an open question whether

class(P2(C)) - 3 or not (cf. [20]).

Remark 2　Consider the following two cases:

(1) G/K-Pn{C) (n≧3)andr-2n-2;

(2) G/K-Pn(H) (n>3) andr-4n-3.
If there is a solution甘of the Gauss equation in codimension r, then it

is shown by Lemma 17 (1) and Proposition 18 that申must satisfy the

following condition:

Case(1) po-pi-P2-Pinj-0,i-e. m＼{0}-pn。n-i

Case(2) po-pi-Pn。n-Pinj-0,i-e.,m＼{0}-p2.

We conjeeture that in both cases (1) and (2) there are no such solutions中.
In other words:

Crank(Pn(C)) ≧2n-1 (n≧3);

Crank(Pn(iJ)) ≧4n-2　n≧3).
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If this is true, then we obtain an improvement of Theorem 1:

class(Pn(C)) ≧2n-1 (n≧3);

class(Pn(H)) ≧4n-2 (n≧3).
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Obstructions in local isometric imbeddings

of Riemannian manifolds

Yoshio Agaoka

July 1, 2004 (Sapporo)

概要

It is well known that any Riemannian manifold M can be isometrically imbedded

into a sufficiently high dime皿ional Euclidean space. If M can be realized in a rel一

血ively low dimensional Euclidean space (for example, as a hypersurface) , then the

curvature of M must satisfy several conditions. These restrictions on curvature axe

the consequence of七he integrability condition of a system of differential equations

expressing local isometric imbeddings. And these conditions may be regarded as

obstructions to the existence of (local) isometric imbeddings of M into a low di一

mensional Euclidean space. To血d such conditions on the curvature in a皿explicit

form is one important problem in considering isometric imbeddings of Riemannian

manifolds. In this talk, I will review several obstructions obtained in collaboration

with Professor E. Kaneda, and gave some explicit applications mainly when M is a

Riemannian symmetric space.

§ 0. Introduction

Let (Mn, g) be an n-dimensional Riemannian manifold. It is well known that M can be

locally or globally isometrically imbedded into a sufficiently high dimensional Euclidean

spaceR .

For example, Mn can be locally isometrically imbedded into R÷n(n+l) ^ the real analytic

category. This is a result of JaneもーCartan (1926, 1927). And in tIie global case, Mn can be

realized in R‡n(n+5) if　≧ 5 (Giinther, 1990). This result is the best (least dimensional)

result known at present. Several mathematicians tried to improve the dimension of the

ambient space R^. (Nash first proved the global existence theorem. And after Nash,

Greene, Gromov, Gunther successively improved the dimension of the ambient space R^.)

In the C∞-category local existence theorem was also established. It is known that every

n-dimensional Riemannian manifold of class C∞ admits a C∞-local isometric imbedding

into R 2 n(n+i)+n_ ^nd ^ ig one fundamental problem whether the dimension of the ambient
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2 Y. Agaoka

space can be reduced to yn(n + 1). Especially 2 and 3 dimensional cases were studied

deeply by several mathematiciansi and perhaps these are the themes of Professor Maeda

and Professor Han's talk.

But E. Kaneda and I continued to work on this problem from different viewpoint. In

particular, we tried to find obstructions to the existence of local isometric imbeddings

and its application to the explicit Riemannian manifolds from algebraic or representation

theoretic viewpoint. In this talk, I will brie且y review some results on this subject.

The CONTENT of this talk

§ 1 Differential equation of local isometric imbeddings

§ 2　Gauss equation and curvature

§ 3　Pseudo-nullity: An aもstruction

§ 4　Exampie of isoinetric imbeddings

§ 5　Complex protective plane: Higher order obstruction

§ 6　Remaining problems

§ 1. Differential equation of local isometric imbeddings

In terms of local coordinate (xi, - , xn) of M, the differential equation of isometric

imbedding can be expressed as

(辛)

Ⅳ

9ij -≡

dfa

♂.Tf Oxj
乞,i-V　,n,

where f - {f¥--- JN) : M → R^ is a di鮎rential mapping from M to RJV

Problem. For given {^} and JV, determine whether there is a family of functions

f - (f1,--- ,fN) such that (#) holds.

There are several equivalent formulation of isometric imbeddings. And for our purpose,

it is convenient to express this differential equation in terms of the language "covanant

derivative　∇ associated with the Riemannian metric. (Covariant derivative is a quite use-

ful language in describing the differential equation of isometric imbeddings of Riemannian

manifolds.)

First we define the covariant derivative acting on the space of tensor field of type (0, k)

on M. We denote by X{M) the set ofvector丘elds on M and C∞(M) be the set ofC∝'

functions on M. Since there is given a Riemannian metric g on M, it is well known that
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Obstructions in local isometric imbeddings 3

there exists uniquely a differential operator ∇ : £(M) × £(M) -→ £(M) (∇xY ∈ £(M)

for X, Y ∈王(M)) such that

(# #)　　X(g(Y,Z)) -g(∇xY,Z) +g(Y,∇xZ¥　X,Y,Z ∈王(M),

∇xY-∇yX-[X,Y], X,Y∈芳(M),

where [X, Y] is the bracket of two vector fields. (Vector field is considered as a differential

operator acting on C∞(M). [X,Y] is defined by [X,Y]f - X(Yf) - Y(Xf) for / ∈

C∝(M).)
k

Now let T be a tensor field on M of type (Q,k), i.e., X(M)×-×£(M) →

C∞(M), which is C伽(M)-multilinear. We define a new tensor五eld ∇T of type (0, k + 1)

by
k

∇T(X,Xu～ ,Xk) -X(T(Xir-- ,Xk)) -∑T(XI,～,∇xXi,～,Xh).
i-1

In case k - 0, i.e., T is a function /, we put ∇/ - df, i.e., (∇f)(X) - Xf. Note that
k

the condition (##) can be expressed as ∇g = 0. We define苛で苛T inductively by
∇∇T - ∇(∇T), ∇∇∇T - ∇(∇∇n

Since ∇-∇T is a tensor field, we can substitute tangent vector x, y, - ・ ∈ Tp(M)

instead of tangent vector fields X, Y, -　And in the following we express ∇訂∇y∇zT -

(∇∇∇T)(£蝣> yサz) ∈ R, etc.

When the tensor field T is a function /, the covariant derivatives satisfy the following

integrabihty conditions :

∇z∇yf - ∇y∇訪

∇訂∇y∇zf - ∇。∇Z∇yf,

∇z∇y∇zf - ∇y∇z∇zf - ∇R(x,y)zJj

where x, y, z ∈ Tp(M). It should be remarked that the operator ∇ is not commutative.

The difference can be expressed in terms of the curvature R. The last equality is usually

called the Ricci formula. In terms of the Christoffel symbol FfL-, we have

∂2′

・xi∇xdf-砺-∑瑞昔k
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whereXt-J^.Notethatwehave

(∇∇f)(X,Y)-X(Yf)-(∇xY)f,

(∇∇∇f)(X,Y,Z)-X(Y(Zf)トX((∇'」)/トY((∇XZ)f)

-(∇xY)(Zf)+(∇∇xyZ)J+(∇Y(∇:Z))f,

whereX,Y,Z∈£(M).

Thecovariantderivativeofthemap/-(-fa蝣-):M→RNisdefinedby

*k
珊/-(・町?琵r,--)。RNp。M,xu'-,zn。Tp(M).

If/isanimbedding,then"ーthevectors∇xfspanthevectorspace(f*)pTp(M)CRN,

where(/):Tp(M)→R^isthedifferentialof/atp∈M.Intermsofthislanguage,

thedifferentialequationofisometricimbeddings(#)isequivalentt。

(∇J,∇yf)-9(x,y).

Here()impliestheinnerproductoftheambientvectorspaceR^.Thesequence

(p,/(p),(∇/u∇∇/).
<p,-)maybeconsideredasthejetof/.Andthissequencemust
satisfysomeconditions.Byusingtheproperty∇g-0andtheRicciformula,weobtain

successivelythefollowingformulas:

(1)(∇J,∇yf)-9(x,y),

(2)(∇Z∇J,∇yf)-0-(∇y∇J,∇wf)-0

(3)(∇Z∇y∇J,∇wf)+(∇y∇J,∇Z∇J)-O,

(4)(∇y∇J,∇Z∇wfト(∇Z∇J,∇y∇wf)--g(R(y,z)x,w),

(5)(∇V∇y∇J,∇Z∇J)+(∇y∇J,∇V∇Z∇wf)

-(∇V∇Z∇J,∇y∇wf)-(∇Z∇J,∇V∇y∇wf)--9{∇vR(y,z)x,w).

If / is an isometric imbedding, ∇f, ∇∇f, -　must satisfy these conditions. The con-

dition (2) implies that the vector ∇3∇ ,/ belongs to the normal space Tp(M)⊥・恥om

the integrability condition, we know that this is symmetric with respect to x and y. We

call ∇∇f the second fundamental form of / at the point p. The second fundamental

form satis丘es the equality (4). We call this equation the Gauss equation. Thus the

Gauss equation naturally appears as a part of the integrability condition ofもhe original

differential equation (#). (This formulation is due to N. Tanaka.)
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Obstructions in local isometric imbeddings 5

§2.Gaussequationandcurvature

Nowweturntotheobstructiontotheexistenceoflocalisometricimbeddings.

Inthefollowing,weexpress∇∇/simplyasα∈s2(t;(m))⑳W,whereweputN-n+r

(n-dimikfj-Thenumberriscalledthecodimensionoftheimbedding/.Andweexpress

thenormalspaceTp(M)アsimplyasRr.WerecalltheGaussequation

(4)(α[z,x),α(v,y))-(α{v,x),α(*,V))--g(R(ztv)x,y).

Therighthandsideoftheequalityisexpressedbythecurvatureof〟,whichisanintnnsic

quantityoftheRiemannianmanifold.ThismeanthatthecurvatureRcanbeexpressed

intheaboveformforsomeRr-valuedsymmetricbilineaxformαifMcanbe(locally)

lsometricallyimbeddedintoRn+r

Ofcourse,notallcurvaturetypetensorsRcanbeexpressedinthisform,ifthevalue

ofcodimensionrissu伍cientlysmall.Andthisisourstartpointofstudy.

WedenotebyKp(M)the占etofcurvatureliketensorsofTp(M):

Kp(M)-{R∈∧X(M)⑳t;(m)⑳Tp{M)|g{R(x,y)z,w)+g{R(x,y)w,z)-0,

eR(x,y)z-O}.

(ThelastconditioniscalledthefirstBianchiidentity.)AndwedenotebyK*(M)theset

ofcurvatureliketensorsRwhichcanbeexpressedas

-g(R(x,y)z,w)-(α(x,z),α(y,w))-(α(x,w),α(y,*))

forsomeR^-valuedsymmetricbilinearbrmα.Weclearlyhavethefollowingincreasing

sequenceofthesetKUM).

{o}-K-
p(M)CKi(M)CK2
p(M)CCKp(M),
andweknowthatthereisapositiveintegerrodependingonnsuchthatthe-equality

K;-(M)-Kv{M)holds・(Itisknownthatitsu氏cestoput7-0--(n-1)(n-2)+2.

Butthisvalueisnotingeneraltheleastvalue.)Thismeansthatanycurvatureliketensor

admitsasolutionoftheGaussequationincodimensionro.

IfwecanshowthatA¢Kp(M)bysomemethod,weknowthatanyopenneighborhood

ofp∈McannotisometricallyimbeddedintoHn+r.Andso,itisafundamentalproblem

whetheragivencurvatureliketensorRbelongstoKUM)ornot.Especiallyitisimportant

todeterminedtheleastpositiveintegerrsuchthatR∈KL(M).(Ifweexpressthe

curvatureRasalinearendomorphism∧%(M)-A2Tp(M),thentheGaussequation

isexpressedintheformR-∑ULi∧Li,wherethelinearmapLi:Tp(M)-Tp(M)

isdefinedbyg(Li(X),Y)-(α(X,Y),」i).(」jisanorthonormalbasisofTp(M)⊥・)By
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this formulation the least integer ro such that R - ∑芝l Li ∧ Li may be considered as a
sort of "rank" of the curvature.) But in general this is a quite di丘cult algebraic problem,

and unfortunately we only know a partial result on this question at present. Explicit

characterization of the image of algebraic map is in general a quite di氏cult algebraic

problem.

Example.

Rn

Sn:

Hn

R ∈ K-JM),

鞘K*(M) and R ∈ Kl(M¥
R S K?~'(M) and R ∈ k;-1(M)

The last example follows from the classical theorem of Otsuki (J. Math. Soc. Japan 6

(1954)).

Theorem 1 (Otsuki). // M is an n-dimensional space of negative curvature, then

R ¢ k;-¥m).

Note that the curvature of the space of constant curvature k is given by

R(x,y)z - k(g(y,z)x一g(訂,z)y).

In the following, we mainly talk on this subject.

§ 3. Pseudo-nullity: An obstruction

We found several types of necessary conditions in order that R ∈ k;(m).

Agaoka-Kaneda (T∂hoku Math・ ∫, 36 (1984)),

Agaoka (Hokkaido Math. J. 14 (1985), obstruction for the case M4 ⊂ R6),

Agaoka-Kaneda (Hiroshima Ma仙. J. 24 (1994)),

H.J.Rivertz (Thesis, (1999), obstruction for the case M3 ⊂ R4, M5 C R7).

We here explain one obstruction Hpseudo-nullity" , which is perhaps the strongest con-

dition known at present. This obstruction was丘rst appeared in Hiroshima Math. J. 24

(1994).

Let α be a solution of the Gauss equation of 〟 in codimension ㍗:

α : Tp(M) ×Tp(M) →Rr.

We express the normal space Tp(M)⊥ simply as Rr. For x ∈ Tp(M) we define a linear

map α。 : Tp(M) → Rr by α。(y) - α(x,y). For convenience, we assume n ≧ r for some

time. Then the space Ker α。 ⊂ Tp(M) possesses the following property:
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Obstructions m local isometric imbeddings 7

(*) Ifv,z∈Kerα。,thenR(y,z)£-0.

This fact follows immediately from the Gauss equation

-g(R(y,z)x,w) - (α(諾,y),α(z,w)) - (α(x,z),α(v.w)).

Existence of such subspace imposes a strong condition onもIie curvature且Holding this

fact in mind, we introduce the following concept: Let x ∈ Tp(M), and set

d(x) - max dimW。xI
W,,

where l亀moves in the set of subspaces of Tp(M) satisfying the condition

(**) Ify,z∈Ⅵ左,thenR(y,z)x-0.

If R ∈ K admits a solution of the Gauss equation in codimension r, we have clearly the

inequality d(x) ≧ n- r for any x ∈ Tp(M), i.e., r ≧ n-d(x) (because we may put

l鶴- KerαE)・

We de丘ne a function Pm on M by

Pm¥p)-　niin d(x).

3∈Tp(M)

Then we have the following theorem.

Theorem 2. If Mn can be isometrically imbedded into Rn+r, then the inequality r ≧

n- Pm¥p) holds at any point p ∈ M. Hence any open Riemannian submanifold containing

p ∈ M cannot be locally isometrically imbedded into the Euclidean space with codimension

n-PM(p) -1.

The proof is obvious from the above arguments. We remark that the valued Pm(p) is

determined by the curvature of M at p, and hence it is an intrinsic quantity of (M, g).

Theorem 2 implies that the function Pm may be considered as one obstruction to the

existence of local isometric imbedding of M which is useful for the case r ≦ n. But to

determine the value Pm¥JP) is in general a di氏cult problem.

正M is a homogeneous Riemannian manifold, i.e., the group of isometries of M acts

transitively on M, then the function Pm{p) takes a constant value. In this case we simply

express it as P(M) ∈ Z+.

Example. Sn (n≧2) : P(Sn) -n-l.
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The curvature of Sn is given by

R(y,z)x - g(x,z)y - g(x,y)z.

Hence the subspace (I)⊥ C Tp(Sn) satisfies the condition on Wx. If x ≠ 0, the space

l穐cannot be equal to tIie whole space Tp(Sn). And hence d(x) - n - 1. Ifx - 0, we

have clearly d(x) - n because we may put l鶴- Tp(Sn). By these results, it follows that

P(Sn) -n-1.

Thus by Theorem 2, the codimension of local isometric imbedding of Sn must satisfy

the inequality r ≧ n - P(Sn) - 1. But this is a trivial result because Sn is not flat in case

n>2.

§ 4. Example of isometric imbeddings

Among Riemannian manifolds there exist a special class of manifolds, called Riemannian

symmetric spaces. This class contains the spaces of constant curvature, and they are locally

characterized by the property ∇R - 0, i.e.,

(∇xR)<y, z)w - ∇x(R(Y, Z)WトR(∇xY, Z)W - R(Y, ∇xZ)W - R(Y, Z)∇^ - o

forX, Y, Z ∈£(M).

For these spaces Kobayashi (Tohoku Math. J. 20 (1968)) constructed global isometric

imbeddings of many Riemannian symmetric space. And these imbeddings give relatively

low dimensional realization in Euclidean spaces even in the local standpoint. We call

these imbeddings as canonical isometric imbeddings of Riemannian symmetric spaces.

(Actually they should be called as symmetric i?-spaces.) We give here some examples.

Example.

(1) Pサ(C) C Rra(n+2)

Homogeneous coordinate : [wo,w¥,・蝣蝣,wTl ∈ Pn(C).

Inhomogeneous coordinate : Z{ - uii/wo ∈ C (サ蝣- !,- ,n).

The Fubini-Study metric:

1　^ . .　　　　1
9= ∑ dzi dzl +

1+回2∠一u～号W"甘(1+ z¥*) (∑軸) (∑Z,・句)

Equivariant isometric imbedding / : Pn(C) → j{n(ra+2).

/([woっwl,～ ,ぴサ]) -V=t(嘉一等)O≦h3≦ Gsu(n+1) SR^2),
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or by inhomogeneous coordinate

f{zn- ,zn)-V-i (÷
Zi Zj

n+1 1+回2 o<i,j≦n )

9

where we put zq - 1. Actually Pn(C) is expressed as SU(n + 1)/S(U{n) × 」/(!)), and g

is SU(n + l)-homogeneous and the map / is SU(n + l)-equivariant.

(2) SO(p + q)/SO(p) × SO(q) C R÷(p+ォ)(p+9+i)-i (real Grassmaan manifold)

WeputG- SO(p十q) andK - SO(p)×SO(q). Andwedenoteby5　モ㊦m

the canonical decomposition of the symmetric space G/K. The space m竺the space of

(p, gj-matrices can be naturally identified with the tangent space at the origin of SO(p +

q)/SO(p) × SO{q). The Riemannian metric on this space is given by

9(X,Y) -trace(X*y), X,Y ∈ m.

And g is extended to the whole space by the left action of SO(p + q).

Elements of SO(p + q)/SO(p) × SO(q) is a p-dimensional subspace of W+g. And let

{*(*ォ, - xp+q,i) ∈ RP+?}!≦i<p be an orthonormal basis of this subspace Vp ⊂ RP十9. Here

weput

Then the isometric imbedding is given by

f(Vp)は<%-(&,&,)1≦ij<p+q
where ( , ) is a positive definite inner product of the space of row vectors Rp. Note that

the matrix f(Vp) is symmetric and traceless.

Similarly we have the global isometric imbedding for two remaining Grassmann mani-

folds:

SU(p+ q)/S(U(p) × U(q)) ⊂ BGH-g)a-i

Sp(p + q)/Sp{p) × sp(q) ⊂・p2(p+g)2-(p+g)-1

Note that dimSU[p+ q)/S(U(p) × U(q)) - 2pq and dimSp(p+ q)/Sp(p) × Sp(q) - 4pq.

The complex projective space Pn(G) is a special case of the complex Grassmann manifold.

(3) SO(n) C Rn , U(n) ⊂ R2n¥ Sp(n) ⊂ R4n2
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These are the natural inclusion of groups into the space of matrices.

(ォ) - (^ ∈GL(n,R) l*AA-In} CM(n,R) ^Rn

U(n) -{A ∈ GL(n,C)四A-In} ⊂M(n,C)聖R:2n2

Sp{n)-{A∈GL(n,H)瓦4-4} CM(n,H)^R4n2,

where H is the set of quaternion numbers.

(a,b,c,d∈R) and a+bi+cj

Y. Agaoka

It consists of numbers of type a + bi + cj + dk

+dk-a-bi-cj-dk.

The Riemannian metric is given as follows: In the case of SO(n) the tangent space at

the identity element is expressed as {X ∈ fl(n,R) | fX +X - o}. And the metric of this

space is given by g(X,Y)璃race (X*Y) - - trace(Xy). This metric is extended t。 the

whole SO(n) by the le氏action of SO(n).

For the cases U(n) and Spin) we put g(x, Y) -trace (X*y).

Note that these compact Lie groups G are globally isometrically imbedded into the

Euclidean space with dimension about 2 dimG. And these are relatively low codimensional

global isometric imbeddings.

(4) Sp(n)/U(n) C Rn(2n+1)) p2(Cay) ^ pjSpin{V) C R26

Among these spaces we have the following result.

Theorem 3. The canonical isometric imbeddings of the followings spaces give the least

dimensional isometric imbeddings into the Euclidean space even in the local standpoint :

sp(n) ⊂ R4n2

Sp(n)/U(n) ⊂ pサ(2n+l)

P2(H) c R14

P2(Cay) C R:26

Note that the quaternion projective plane P2(H) - Sp(S)/Sp(2) × Sp(l) is a 8-dimensional

space and the Cayley projective plane P2(Cay) - F4/Spin(9) is a 16-dimensional space.

For the remaining Riemannian symmetric space (except spaces of constant curvature

Sn and Hn) we cannot yet determine the least codimension of the Euclidean space into

which M - G/K can be locally isometrically imbedded.

But the order of the dimension of the ambient space is determined for most Riemannian

symmetric space. We here show the list of known result:
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TABLE : Local isometric imbedding of Riemannian symmetnc spaces

ll

M d im 〟 〟 ¢R Ⅳ 〟 ⊂R Ⅳ

A J S U (n)/S O (n ) (n ≧3) *(n - 1)(n + 2) n2 - 2 n(n + 1)

A ll S U (2n)′Spin) (n ≧3) (n - 1)(2n + l) 3n 2 - 2n - 2 2n - 1)

A JJJ . P 2(C ) 4 6 8

P 3(C ) 6 9 15

f" (C ) 8 12 24

P n(C ) (n ≧5)

S U (p + 2)′S(U b )×u rn

b ≧2)

SU (p + q)′S(U b )×U (q))

@ ≧q ≧3)

2n

4P

2pq

措n

12 (p = 2)

20 (p = 3

27 (p = 4

I]'(p ≧Jj

'- 2o - 1
(P = 9,9 + 1)

Apq - p - q + 1
♭≧<7+ 2

n (n + 2)

p + lH p + 3

♭+ q)2 - l

B D I

B D II

*Q S(C )空Sp(2)/U (2) 6 9 10

gサ(C ) (n ≧4)

S O (p + q)′SO (p )×SO (q)

♭≧q ≧3)

*Sn (n ≧2)

2n

p q

n

[i(16n - 3)l

班 - サ- ]

(/'= tl)

r- n
抄.≧ォ+ l)

n

f(n + l)(n~f2)

喜(p + q)抄+ 9+ 1J- 1

n + 1

*H n (n ≧2) n 2n - 2 2n - 1

C I *Sp (n)/U (n ) (n ≧1) n (n + 1) 2ra2 + n - 1 n (2n + 1)

C II *Sp(3)′Sp(2) ×Sp(l) 8 { ≡ 13- 4(3 < p < 4)(P > 5)

16p - 7
(2 ≦P ≦5)

lbp - 2

(;-> G)

'- 4g - 1
(q ≦P ≦<?+ 3)

8P qーP ー3g+ 3
♭≧g+ 4)

14

Sp(p + 1)′SPb )×Sp(l)

(P ≧3)

Sp (p + 2)′Sp(p )×Sp(2)

b ≧2)

SPb 十q)′SP♭)×Sp(q)

b ≧q ≧3)

4P

8P

4Pq

P (2p + 3)

(p + l)(2p + 5)

2(p+ g)2- (p + q)- l

D ili S O (8)/U (4) ~ Q *(C ) 12 18 28

S 0 {2n)′U (n) (n ≧5) n (n - 1) 享>nn - 1)- 1 n (2n - 1)
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12 Y. Agaoka

TABLE (continued) : Local isometric imbedding of Riemannian symmetric spaces

〟 dim 〟 〟 ¢R Ⅳ 〟 C R Ⅳ

E l E J Sp U ) 42 77 702

E ll E J S U (2)・S U (6) 40 59 650

E III E 6/Spin (10)・5 0 (2) 32 47 78

E IV E e F4 26 37 54

E V Eh /S U CS) 70 132 1463

E V I E y Spin (12)・S U (2) 64 95 1539

E V II E -!/E ァ 54 80 133

E V III E J Spin (16) 128 247 ?

E IX E $/E >r- 112 167 3875

F I F J Sp(3)蝣S U (2) 28 51 324

F II *FJ Spin (9) 16 25 26

a G 2′5 0 (4 8 13 27

[A n-1] S U (n) (n ≧6) n2ー1 2n2⊥2n - 2 2n2

[B n] S O (2n + l) (n ≧5) n(2n + 1) An2- 2n ー2 (2n + 1)2

[C n] *Sp (n) (n ≧1) n(2n + 1) 4n2- l An2

[D n S 0 (2n ) (n ≧5) n(2n - 1) 4n2- 67i An2

S U (3) 8 12 18

S U U ) z<5 0 (6) 15 24 32

S U (5) 24 41 50

*SO (5) ~ Sp(2) 10 15 16

S O (5,C )/S O (S) 10 16 ?

g O {7) 21 35 49

S 0 (8) 28 47 64

S 0 (9) 36 63 81

E * 78 139 1458

E 7 133 238 3136

E h 248 459 ?

F 4 52 94 676

G o 14 23 49

竺implies a local isomorphism of Riemannian symmetric spaces.

The symbol * before M implies that the least dimension of the Euclidean space is
determined.

Unfortunately there still remains between two columns even if the value P{M) is deter-
mined.
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Obstructions in local isometric imbeddings 13

For most cases the results in this table are obtained by determining the value of the

invariant P(M). But the determination of the value P(M) is a difficult problem in repre-

sentation theory, and there still remains some spaces whose value P(M) is undetermined.

We here give the value P(M) for known spaces.

M P (M )

A J (n )/S O (n ) n - 1

n

A JJJ

B D I.II

S U {p + l )/S (l'け)亘 「(1.))

S U ip + 2)′S (U b ) ×u rn

S O (p + q)/S O (p ) ×S O (q)

C I S p (n )/U (n )

C II

E l

S p (p + 1)′S P b ) ×5 p (l )
3 (1 ≦P ≦4)

p - 1 (p ≧5)

S p (p + 2 )′SP b ) ×
6 (2 ≦P ≦ 5)

p + 1 (p ≧6)
Bk S p U ) 6

E V E T′s n s ) 7
E V III E 8′S p m (16 ) 8
F I F J S p (S) 蝣5 *7 (2 4
F II F 4/S p in (9) 7
G G 2′S O 4) 2

n 2n
S U (2) 空5 0 (3) 空 2
S U (3) 3
5 17(4) * , 5
S U (5) 6
5 0 (5) ~ , 4
S 0 (7) 6

S O IS ) 8
S O i9 ) 8
G 2 4

Example.工n the case Sp(n) we can prove that the value P(Sp(n)) - 2n. Hence the

value dimSp(n) -P(Sp(n)) - 1 - n{2n+1) -In- 1 -2n2-n- 1. Prom Theorem 2 it

follows that the space Sp(n) cannot be locally isometrically imbedded into the Euclidean

space with codimension 2n - n - 1. 0n the other hand, the codimension of the canonical

isometric imbedding of Sp{n) is 2n2 - n. Hence this imbeddings gives the least dimensional

isometric imbeddings even in the local standpoint.

We can obtainもhe same best result for the space Sp(n)/U(n).
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The exact value of P{M) for two groups SU(n) and SO(n) is still undetermined for

large n. At present we have the following estimates:

SU(n) : [3n/2ト1 ≦ P(SU(n)) ≦ 2n- l,

SO(2n+1) :2n≦P(SO(2n+1)) ≦4n+l,

SO(2n) : n+2[n/2] ≦ P(SO(2n)) < An- 1.

We conjecture that the left values give the exact value of P(G). But in Theorem 2 we

may substitute a larger value in P(M), and from this we obtain the following theorem.

Theorem 4. The Lie groups SU(n) and SO(n) cannot be isometrically imbedded into

R2n2-2n-2, Rn 3n even in the local standpoint.

Unfortunately there still remains some gap between the imbedding dimension of Kobayashi

2n2 and n2, respectively.

For general compact simple Lie group G we conjeeture that the following equality holds:

PGQ-

2rank G GアSU(n), SO(2n), E6,

n-1+[n/2] SU{n),

n + 2[n/2]　SO(2n),

10　　　　　　E*

For two protective plane P2(H) and P2(Cay) we have the following data:

dimP2(H)-8, P(P2(H)) -3,

dimP2(Cay) - 16, P(P2(Cay)) - 7.

Hence by Theorem 2 we know that these spaces cannot isometrically imbedded into R12

and R24 even locally. On the other hand the canonical isometric imbedding is

P2(H) CR14, p2(Cay) cR:26

For both spaces there remains 1-dimensional gap. But by analyzing the space Ker αz :

Tp(M) → Rr for both spaces, we can prove that the canonical isometric imbeddings give

the least dimensional isometric imbeddings in the local standpoint for both spaces. (For

details see our preprints available丘0m: http://www.mis.hiroshima-u.ac.蝣jp).
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Obstructions in local isometric imbeddings 15

§ 5. Complex projectIve plane: Higher order obstruction

Perhaps one interesting and di缶cult problem is to determine whether there exists a

local isometric imbeddings of the complex projective plane P2 (C) into the 3-codimensional

Euclidean space R.

This is still an open problem. (For remaining three projective planes P2(R)竺S2,

p2(H) and P2(Cay) the problem is completely solved, including "rigidity" -)

We explain the present situation concerning this problem. Our present knowledge is

summarized in the following form:

Theorem 5. (1) P2(C) cannot be locally isometrically imbedded into R6

(2) P2(C) can be globally isometrically imbedded into R8 (Canonical isometric imbed-

ding).

(3) The Gauss equation ofP (C) in codimension 3 admits a solution. The set ofsolu-

tions forms a 10-dimensional algebraic subset of S2(T*(P2(C))) ㊨ R3竺R30

(4) ''Generic" solutions of the Gauss equation in codimension 3 cannot be the second

fundamental form of an actual isometric imbedding of P2(C) into R7.

(1) and (3) are results of Agaoka (Hokkaido Math. J. 14 (1985)). (2) is a result of

Kobayashi (1968) which we explained bebre. (4) is a result of Kaneda (Hokkaido Math・

J. 19 (1990)).

In the following we explain the results (1), (3) and (4).

Obstruction for the case M4 ⊂ R6.

express the curvature of 4-dimensional Riemannian manifold as

R : ∧%{M)→∧%{M).

Actually this map is defined by (R(x ∧ y),z ∧ W)ニー9(R(£,y)z,w) in terms of the

Riemannian metric g. ( , ) is the metric of A Tp(M) naturally induced from g. We once

fix an orientation of M (precisely an orientation of the tangent space Tp(M)). Then in

the 4-dimensional case there exists a ^-operator

・ : ∧%(M) →∧2T,;(M).

In terms of an or地onormal basis {ei, - ,e^} * is given by

*(eiAe2)-e3Ae4, *(exAe3)--e2Ae4)

*(ei∧e4)-e2∧e3, *(e2∧e3J-ei∧e4,

*(e2∧e4)--ex∧ez, *(e3∧e4)-ei∧e2・
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Then we have

Theorem 6. IfM4 can be locally isometrically imbedded into R6; then the eigenvalues

of the map Ro*　∧%(M) -∧'Tp(M) are expressed as土α1,土α2, α3 at eachpoint

ofM4

If we change the orientation of Tp(M), then the map * is changed to -*. And hence the
result of this theorem 6 is unaltered.

In the case of the complex projective plane P2(C) the curvature of P2(C) is given by

R(xi ∧I/i) -4xi ∧j/i +2x2 Ay2,

R(x2∧2/2) - 2xx ∧2/1 +4g2∧y2,

R(xl∧x2) -Xi∧^2+2/1∧y2,

R(vi∧Ife) -Xi∧x2+yi∧y2,

R{xt ∧ifc) - afi ∧2/2+^2∧yl,

R(x2∧I/l) -Xi∧V2+x2∧yl,

where {xi,yi,X2, y2} is an oriented orthonormal basis of Tp(P2(C)). Then we can easily

check that the eigenvalues of R o * is given by {6, -2, -2, -2, 0, 0}. And hence we know

that P2(C)- cannot be locally isometrically imbedded into R6.

If we change the value 4 in the above curvature to 0 (in two places), then the eigenvalues

become {土2,士2, 0, 0, } and the condition in Theorem 6 is satisfied. And we can show that

in this case the Gauss equation admits a solution in codimension 2 if we complexify all

variables. In the real category we can show that the Gauss equation does not admit a real

solution.

Next we explain the result (4). We put

JO(M,R") - {i-(/) - (p,/(p))},

jHm,rn) - tfv) - (p,/(p), (v/)p)},

J2(M,RN) - {fp(f) - {pJ(p), (∇/w∇∇蝣/),)},

°　t t　°　°　°　t　1　°

)

and we denote by Q the set of elements of J2(M,KN) which satisfy the conditions (1),

(2) and (4) in § 1. Similarly we denote by Q^ the set of elements of J3(M,RN) which

satisfy the conditions (1) - (5). The space Qw ⊂ J4(M,R*), Q(3> C J5(M,R^),・・・can

be similarly defined by using the integrability conditions and the differential of the Gauss

equation. (Precisely, we must restrict them to an open dense subset because Q, Q(x¥ etc.
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Obstructions in local isometric imbeddings 17

are not in general manifolds.) Symbolically we express the jet ∇/ as u and ∇∇∇f as β

etc.

Then there is a sequence of natural projections induced from 7T : Jk+1(M, RN) →

Jk(M,RN)

・--→QW→Q<8>→Q(2)→QU→Q.

If α is a second fundamental form of some local isometric imbedding of/ : P2(C) → R7,

then there exists a sequence of elements of Q(k> which projects to the given α - ∇∇f.

These elements are of course obtained by differentiating / several times.

In this situation Kaneda showed the following result: Let α be a "generic" solution

of the Gauss equation of Pn(C) at the point p in codimension 3. Then any element

(pサw,α,β) ∈ Q"'is not contained in the image of the projection Q^ → QW. The

assertion (4) follows immediately from this fact.

This fact implies that if a local isometric imbedding from P2 (C) into R" exists, its second

fundamental form must be "singular" , i.e., α must satis丘es some additional conditions in

addition to the Gauss equation. This condition may be considered as a higher order

obstruction to the existence of local isometric imbeddings. And thus the problem of local

isometric imbedding P2(C) C R7 is a delicate and di丘cult problem because we must

consider higher obstruction in addition to the Gauss equation. (Compared with the case

of Sp(n) or Sp(n)/U(n), where the least dimension of the ambient Euclidean space is

determined by only considering the Gauss equation.)

§ 6. Remaining problems

・　Find new obstruction which is useful for higher codimensional case.

At present we only know the obstruction which is useful only for the range r ≦ n.

But this is a quite unsatisfactory situation, because generic n-dimensional Riemannian

manifolds cannot be locally isometrically imbedded into R,Tn(n+1)-1 and hence there must

be some obstruction for this case r -号n{n - 1ト1・
For the complex protective space Pn(C) we know that

pn(C) ¢ R【16n/5ト　　pn(C) C jjn(n+2)

And the gap of these two dimensions is quite large. If we五nd new obstruction which is

useful for codimension r - yn , we can apply it to Pn(C), and it may be possible to show

that the canonical imbedding gives almost the least dimensional isometric imbedding.

Concerning this problem, Rivertz (1999) found the obstruction for the case M3 c R

and M5 C R¥ which involves the curvature R and its covariaut derivative ∇R. It is an
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interesting problem to find a similar obstruction for the case M3 ⊂ R5, because in this case

the Gauss equation always admits a solution and hence the obstruction must necessary

involves the covariant derivative VR or its higher order covariant derivative. (Find higher

order obstructions involving R, ∇R, ∇∇R, -.)

Inequality for the case Mn C Rn+1

The curvature of a hypersurface Mn ⊂ Rn+1 satis丘es the following inequality at each

point ofp ∈ M:

蝣*Ujij　*Mjik Rijjk

Rikij　昂kik　馬kjk

Rjkij Rjkik Rjkjk

>0.

Our next problem is to丘nd a similar inequality for higher codimensional case. These

inequalities also serve as an obstruction to the existence of local isometric imbeddings.

For example in the case MA ⊂ R6 there exists an example such that the Gauss equation

does not admit a solution, but the complexified Gauss equation admits a complex solution.

In this situation by only polynomial relation of R, V.R, VVi? , etc. we cannot show the

non-existence of local isometric imbeddings.

M5 - sU{3)/SO(3)

For the 5-dimensional Riemannian symmetric space SU(S)/SO(3) (type AI) the follow-

ing results are known:

R∈K5
p(M), R∈K}{M),　R¢*?(M),

where K*(M) is the Zariski closure of K*(M) and R is the curvature of SU(3)/50(3).

But the least dimension where the Gauss equation admits a solution is not yet determined.

The space 5*7(3)/50(3) is globally isometrically imbedded into the Euclidean space with

codimension 7.

P2(C), pn(C) and Pn(H)

Determine the least dimensional Euclidean space into which the complex projective

plane P2(C) can be locally isometrically imbedded. It is R7 or R8.

For general n Pn(C) admits a solution of the Gauss equation in codimension = n2 - 1.

Hence it is a problem whether Pn(C) can be locally isometrically imbedded into the

Euclidean space with codimension n2 - 1 or not, i.e., we can decrease the dimension of the

ambient space of the canonical isometric imbedding to Rn(n+2ト1

As for the quaternion projective space P3(H) it is known that

Pd(H) 醍 R20　　p3(H) ⊂ R:27
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Obstructions in local isometric imbeddings 19

We must丘11 this gap by using a new obstruction. We conjecture that the canonical

isometric imbedding Pn(H) ⊂ j^n(2n+3) gjves the }eas^ dimensional isometric imbedding

even in the local stand point.

P(G/K)

Determine the value P(M) for all Riemannian symmetric space M - G/K.

Non-compact Riemannian symmetric space

Find or construet an example of local (or global) isometric imbedding of Riemannian

symmetric space of non-compact type. Such example is known only for the case Hn ⊂

R2n , which is the space of constantt negative curvature. This is almost unbelievable

situation compared with the long history of isometric imbeddings of Riemannian manifolds

in differential geometry. And perhaps this means that to find such an example is a di氏cult

problem.
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リーマン多様体の等長埋め込み論小史,あるいは外史

A Historical View on the Theory of Isometric Imbeddings
of Riemannian Manifolds - unofficial version

広島大学総合科学部　阿賀岡芳夫

概要

We present principal events appeared in七he theory of isometric imbeddings of Rie-

mannian manifolds in chronological order, mainly concerning with the existence or

non-existence of isometric imbeddings into low dimensional Euclidean spaces.

研究集会では"対称空間の等長埋め込み"という題目で講演しました.しかし対称空間

に関する主な結果は,最近共同研究者の兼田英二さんと共著で`数学の論説に纏めたばか

りなので,ここではタイトルを変え,初日にお話ししたリーマン多様体の局所的あるいは

大域的な等長埋め込みの存在・非存在に関する主要な結果を時間の順に並べてみることに

しました・この問題に関し,現在何がわかって何がわかっていないのか,これによりその

輪郭を理解していただけたらと願っています.

ただ特に古い出来事については,原典が入手不可能であったり,あるいは入手できても

私にはそれが読めないということが多く,その場合は自分で内容を確認せずに,安易な方

法で申し訳ないのですが他の文献からの孫引きですませてしまいました.文献により記述

に矛盾の生ずることも当然(!?)あって,調べる程に何を信用すればよいのか判断の付きか

ねることも多々ありました.また最近の結果であっても,私の力不足で内容の正当憶を確

認せず(できず),論文の記述をそのまま写しただけの項目が多くあります.私の好みによ

り,各論文のコメントにかなりの濃淡が生じていますし,中には著者の意図とは別の文脈

で等長埋め込みの歴史に強引に含めてしまったものもあります.これらが題目を`小史,あ

るいは外史'とした所以です.私の間違い・勘違い,あるいは記述漏れ等について何か気

付かれた場合,ご指摘いただけたら誠に幸いに存じます.

リーマン多様体の等長埋め込み問題全般に関する歴史については次の著作に詳しく記さ

れています.本文を善くにあたって,これらの著作を参考にさせていただきました.
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[1] B. Y. Chen, Riemannian submanifolds, in "Handbook of Di庁erential Geometry Vol.!"

(ed. F. J. E. Dillen, L. C. A. Verstraelen), 187-418, Elsevier Science, Amsterdam,

2000.

[2] M. L. Gromov and V. A. Rokhlin, Embeddings and immersions in Riemannian geom-

etry, Russian Math. Surveys, 25(5) (1970), 1-57.

[3]松本誠Riemann空間の局所的imbeddingについてI,,II,数学, 5 (1953), 210-219, 6

(1954), 6-16.

[4]丘. G. Poznyak and D. D. Sokolov, Isometric immersions of Riemannian spaces in

Euclidean spaces, J. Soviet Math., 14 (1980), 1407-1428.

[5] M. Spivak, A Comprehensive Intreduction to Differential Geometry Vol.V, Publish or

Perish, Boston, 1975.

本文中敬称はすべて省略しました・ご了解お願い致します:微分可能性の程度(cl一級,

C2一級, -・)については解析学的に大切な問題ですが,ここでは簡単のためC∞一級という

記述ですませてしまったところがあります.正確な主張については原論文にあたっていた

だくようお願いします.何も記されていない場合はc--一級と理解して下さい.

では,年代順に出来事を並べます.どこから等長埋め込み問題の歴史が始まったと見倣す

かが既に問題ですが,ここではガウスに敬意を表し,ガウスから始めることにしましょう.

・C.F.Gauss　1827　曲面に関する一般的考察

[いわゆるガウスの"曲面論".寺阪英孝・静間良次, 19世紀の数学　幾何学Ⅱ,共立出版

(1982)に翻訳があります.]

G. F. B. Riemann ・1854　幾何学の基礎をなす仮説について

[教授資格取得講演・邦訳はいろいろあります. Nashの論文(1956)の参考文献には,この
ガウス,リーマンの仕事が最初に並べて挙げられ,更に一人おいてヒルベルトの1901年の

仕事が置かれています.]

E. Beltrami 1868　Teoria fondamentale degli spazzi di curvatura costante, Ann.

di Mat. Pura Appl. II 2 232-255.

[2次元の負定曲率空間をR3内の回転面として実現.ただしE. R. RozendornのSurfaces

of negative curvature (in Encyclopaedia of Math. Sci.隼Geometry III, Springer (1992))
のp.90には1839年にF. Mindingがこのような例を見つけていたとの記述があります. ]

・L. Schlae且　1873　Nota alia Memoria del sig. Beltrami, ((Sugli spazzi di curvatura

costante)), Ann. Mat. Pura Appl, (2) 5 178-193.

199



間題提起・'n次元リーマン多様体は÷n(n+l)次元のユークリッド空間-等長に埋め込め

るか・この次元のとき等長埋め込みを表す偏微分方程式9ij-∑k=l　質料も未知
関数の個数と方程式の個数とが一致する決定系となります.]

G. Ricci 1884　Principii di una teoria delle forme differenziali quadratiche, Ann.
di Mat. Pura Appl. (2) 12 135-167.

[クラス数- `ユークリッド空間に等長に埋め込める〟の最小余次元,を定義.既にこの頃

から等長埋め込み可能な最ノJ、次元を決定せよ,という間窟意識があったわけです.多様体と

いう概念がまだなかった頃の話です.]

・F. Schur　1886　Ueber die Deformation der R邑ume constanten Riemann'schen

Kriimmungsmaasses, Math. Ann. 27 163-176.

[負定曲率空間HnのR20-1への局所等長埋め込みを構成.具体的な式が与えられています.

実角折的なカテゴリーにおいて, HnのR2n-l -の局所等長埋め込みは1変数関数n(n-1)
個分の自由度があり(Cartan),剛性からかけ離れた状況にあります.]

・D. Hilbert 1901 Ueber Fl云chen von Constanter Gaussscher Kriimmung, (On

surfaces of constant negative curvature), Trans. Amer. Math. Soc. 2 87-99.

[完備な2次元負定曲率空間をR3 - C4-級等長にはめ込むことはできない.幾何学の基

礎(第7版, 1930)の付録Vに同じ結果が紹介されています(初版は1899年).邦訳‥ヒ
ルベルト幾何学の基礎　現代数学の系譜7共立出版(1970) 194-202.ヒルベルトの結果

はN. V. E丘mov (1964)により微分可能鹿を弱めた形で次のように拡張されました:ガウス

曲率が∬ ≦ -c (Cは正の定数)を満たす完備な2次元リーマン多様体はR3へC2_級等

長にはめ込めない. M. BergerのA Panoramic View of Riemannian Geometry (Springer,

2003) p.52にはHilbert's theorem is of fundamental historical importance. It explains wiry

hyperbolic geometry has to be defined abstractly, and can never be obtained as the inner

geometry ofasurface in E.とあります.]

・G. Fubini 1903　Sulle metriche definite da unaforma Hermitiana, Atti lst. Veneto

650ト513.

E. Study 1905　Kiirzeste Wege im komplexen Gebiet, Math. Ann. 60 32主377.

[いわゆるFubini-Study計量を複素射影空間に導入】

J. A. Schouten, D. J. Struik 1921 On some properties of general manifolds
relating to Einstein's theory of gravitation, Amer. J. Math. 43 213-216.

[Ricci平坦だが平坦でないn次元リーマン多様体はRn+1へ等長に埋め込めないことを証
-'・J

・L. Bianchi 1924　Lezioni di Geometria Differenziale, VII, PII, Bologna, 554-555.

[Hn (n ≧ 3)はRn+1 -等長に埋め込めないことを証明.]

専M. Janet 1926　Sur la possibilit芭de plonger un espace riemannien donne dans

un espace euclidien, Ann. Soc. Polon. Math., 5 38-43.
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E. Cartan　1927　Sur la possibility de plonger un espace riemannien donne dans

un espace euclidien, Ann. Soc. Polon. Math., 6 1-7.

ln次元実解析的なリーマン多様体はR‡n(n+l) -実解析的に局所等長埋め込み可能であるこ

とを証明. Janetの証明には初期条件の設定に関して不十分な点があり, 1931年にC. Burstin

が証明を補っています. Janetの1年後に同じ雑誌に同じタイトルでCartanの論文が載

るというのは一体何があったのでしょうか. M. A. Akivis, B. A. Rosenfeld, Elie Cartan

(1869-1951), Transl. Math. Monographs 123 AMS (1993)のp.185には自分の方法に対す

るJanetのこだわりが書かれていて興味深く感じました.]

E. Cartan　1926-27　Sur une classe remarquable d'espaces de Riemann, Bull. Soc.

Math. France 54 214-264, 55 114-134等.

[対称空間の導入・分類.ちなみに,カルタン全集ではこの論文はPartie I - Groupes亘e
Lieに収められていま蝣f.-話はそれますが, Spivakは[5]の文献欄でカルタン全集につい
て　Few have read his works, many pretend to have read them, and every one agrees that

every one should read them.と記しています.]

ォS. Cohn-Vossen　1927　Zwei Satze iiber die Starrheit der Ei航chen, Nachr. Ges.

Wiss. Gottingen. Ma,th.-Phys. Kl. 125-134.

巨-ンーフォツセンの定理‥卵形面(正のガウス曲率をもつR3内のコンパクトな曲面)は剛

性をもつ. Cohn-Vossenは実解析的な場合にこの定理を示しましたが,後0. K. Zhitomirsky

(1939), G. Herglotz (1943)達が微分可能性の仮定を弱めた簡単な証明を発表しています.]

K. H. Weise　1934　Beitr邑ge zum Klassenproblem der quadratischen Di鮎rential-
formen, Math. Ann., 110 522-570.

T. Y. Thomas 1936　Riemann spaces of class one and their charactenzation, Acta
Math., 67 169-211.

N・ A. Rozenson　1940-43　0n Riemann spaces of class one, Izv. Akad. Nauk
SSSR Ser. Math. 4 18ト192, 5 325-351, 7 253-284.

[余次元- 1の場合の研究. Rozensonの論文は露草です.]

A. E. Liber 1938　On aclass ofRiemannian spaces of constant negative curvature,

Uchen. Zap. Saratov Gos. Univ. Ser. Fiz.-Mat 1 (14) 105-122.

lHnはR2ra-2 -局所的に等長に埋め込めないことを証取文献を遡れば, E. Cartan, Stir les

varietes de courbure constante d'un espace euclidien ou non-euclidien, Bull. Soc. Math.

Prance 47 (1919) 125-160, 48 (1920) 132-208にこの事実は既に述べられているようです・]

C. B. Allendoerfer　1939　Rigidity for spaces of class greater than one, Amer. J.
Math., 61 633-644.

因幡の研究・タイプ数を導入ユークリッド空間の余次元≦ ‡dimMのgenericな部分多

様体は剛性をもつ.]

C. Tompkins　1939　Isometric embedding of flat manifolds in Euclidian space,
Duke Math J., 5 58-61.
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巨ンパクトで平坦なn次元リーマン多様体はR2n-1へ等長にはめ込めないことを証明.後

のChern-Kuiper,大槻富之助の仕事の原型となる結果です・標準的な平坦トーラスRn/Z"
はR2n -等長に埋め込めるので,この結果はある意味でbestpossibleなものです.しかし
数多く存在している他の平坦トーラスの等長埋め込み可能な次元については何も知られてい

ないのが現状のようです. Tompkinsは更に平坦なクラインの壷はR4 -等長はめ込み可能

であることを示しました(1941).これについてはR4 -等長に埋め込めるか否かが未解決問

題です・ R5 -埋め込めることはわかっていますので.]

・D. Blanu岩a 1947　Le plongement isometrique des espaces elliptiques dans des

espaces Euclidiens, Glasnik Mat. Fiz. I Astrn. 2 248-249.

[正の定曲率空間である寒射影空間Pn(R)のR÷n(n+3)への大域的な等長埋め込みを構成.

この埋め込みは,後に/J琳昭七により一般の対称R空間に拡張されました. Pn(R)の大域

的な等長埋め込みについては,未だにこれが知られているものの中で次元最ノJ、です.]

魯松本誠　3-950　Riemann spaces of class two and their algebraic characterization,
J. Math. Soc. Japan 2 67-76, 77-86, 87-92.

[余次元- 2の場合の研究. Finsler幾何学を研究される前の話です.]

。 A・ Borel 1950　Le plan projectif des octaves et les sphもres comme espaces ho-
ヽ

rnogenes, C.R. Acad. Sci. Paris Ser.A 230 1378-1380.

[Cayley射影平面と対称空間FA/Spin(9)とを初めて同一軌カルタンによる対称空間の

分類からはかなり時間がたっています. Cayley射影平面の自己同型群に関しては,他に

C. ChevaUey-R. D. Schafer (1950), H.恥eudenthal (1951)達の代数方面からの貢献があり
ます・]

S. S. Chern and N. H. Kuiper 1952　Some theorems on the isometric imbedding
of compact Riemann manifolds in Euclidean space, Ann. of Math. 56 422-430.

[index of nullityとindex of relative nullityを導入・すべての点においてindex of millity
≧rとなるコンパクトn次元リーマン多様体はRn+r-1-等長にはめ込めない.また,コ

ンパクト非正曲率n次元l) -マン多様体はR2n~1 -等長にはめ込めない(後に大槻が証明
を完成させる)・]

L. Nirenberg 1953　The Weyl and Minkowski problems in differential geometry
m the large, Comm. Pure Appl. Math. 6 337-394.

[ガウス曲率が正のコンパクト向き付け可能な曲面はR3内の凸曲面として一意的に等長埋

め込み可鑑H. Weylが1916年に提出した問題で　H. Lewy (1938), A. D. Aleksandr。v

(1942), E. Heinz (1962)達による貢献があります. N. V. E五mov, Qualitative problems 。f

the theory of deformation of surfaces, Amer. Ma瓜Soc. Transl. Ser.I 6 (1962) 274-423,
R. S. Ham山on, The inverse function七heorem of Nash and Moser, Bull. Amer. Math.

Soc. 7 (1982) 65-222を参照して下さい.この定理の中の」意的7の部分がコーンーフォツ

センの定理です.]

・立花俊一1953　0n the imbedding problem of spaces of constant curvature in

one another, Natur. Sci. Rep. Ochanomizu Univ. 4 44-50.
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[定曲率空間の間の等長埋め込みの研究はCartan (1919)に始まり,多くの結果があります.]

'大槻富之助1954 Isometric imbedding ofRiemann manifolds in a Riemann man-

ifold, J. Math. Soc. Japan, 6 22ト234.

ln次元負曲率空間はR2n-2 -等長に埋め込めない・]

′　一

D. Blanu岩a　1954　Le plan elliptique plonge isometriquement dans un espace a

quatre dimensions ayant une courbure constante, Glasnik Mat. Fiz. I Astrn. 9
41-58.

[実射影平面P2(R)のR4 -の大域的な"Cl一級"等長はめ込みを具体的に構成. K - 1/r2
の場合それは次式で与えられます:

31-号sm空n¥2v一丞cosu-2、血g

E2 -号sin u cos(2v-2、万cosu-2諦log

Z3 -号sin2tz sin

tan昔l) ,

tanI
(V一諦O.
cOSu,x4-号sin2ncos(v-Vscosu)

ただし-tt/2≦u, V≦tt/2でuは北極からの緯度, Vは経度を表します.]

J. Nash 1954　Cl isometric imbeddings, Ann. ofMath. 60 383-396.

N. H. Klniper　1955　On C -isometric imbeddings I, II, Indag. Math. 17 545-556,
683-689.

Pl一級等長埋め込みの研究.後年のS. Smale-M. W. Hirschの研究成果と合わせると, n次
元Cl一級多様体M上のCO-級リーマン計量について

(1) 〟は局所的にR叫1 -等長埋め込み可能,

(2) Mは大域的にR2n -等長埋め込み可能,

(3) Mは大域的にR2n~1 -等長はめ込み可能

を示したことになります.これらは`接続・曲率という概念のない世界での話です.]

D. Blanu菖a　1955　Uber die Einbeもtung hyperbolischer Raume in euklidische

R邑ume, Monatsch Math. 59 217-229.

[大域的な等長埋め込みH2 →R6, Hn →R6n~5を構成. Hn全体を有限次元ユークリッ
ド空間に実現した最初の例です.ユーゴスラビアの数学者Blanusaはこの他にも実に様々な

等長埋め込み・はめ込みを構成しています.例えば無限に延びた平坦なメビウスめ帯のR4,

s4, ^ -の等長はめ込み等.詳しくは[4]のp.1413を参照して下さい.]

J. Nash 1956　The imbedding problem for Riemannian manifolds, Ann. ofMath・
6320-63.

[Nashの埋め込み定理.コンパクトCr一級(3 ≦ r ≦ ∞)リーマン多様体はR‡ra(3n+ll) -
cr_級に等長埋め込み可能.非コンパクトの場合はR‡ra(n+l)(3n+H)への埋め込みが存在す

る.ここでγ=2は除外されていることに注意.
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The Essential John Nash (eds. H. W. Kuhn and S. Nasar, Princeton Univ. Press, 2002)
p.209のAuthor's Noteに

In June 1998 I was notified by an e-mail from Professor R. M. Solovay of a fault in the

arguments of the last part (part D) of my paper - - - It seems, surprisingly, that before

then no reader had actually detected tIie error! Witii regard to the question of repair or

repairs of the error, I feel that the whole issue of what to do for non-compact manifolds

has been changed by地e cor血ibutions of Mikhail Gromov.

とあります・その後ambient space R^の次元の評価はR. E. Greene, C. J・ S. Clarke,

M. L. Gromov-V. A. Rokhlin, M. G血ther達により大幅に改良されました.]

A. Lichnerowicz 1958　Geometrie des Groupes de Transformations, Dunod, Paris.

[コンパクトなェルミート対称空間M-G/KのS (-Gのリー環)-の大域的等長埋め込

みを構成・小林の埋め込みはこれを対称R空間に拡張したものにあたります.]

E. R. Rozendorn 1960　Realization of the metric ds2 - du2 +f2(u)dv2 in五ve

dimensional Euclidean space, Dokl. Akad. Nauk Armjan SSR 30 No.4 197-199.

lH2のR5 -の大域的な等長はめ込みを構成,露語. Hnの等長埋め込みに関しては,.ロシ

アの人達の膨大な研究があります・ヒルベルトの結果(1901)とあわせて, 'H2は大域的に
R4 -等長はめ込み可能かどうかが未解決の問題となります.】

・高橋恒郎1966　Minimal immersions of Riemannian manifolds, J. Math. Soc.
Japan 18 380-385.

財の球面への極小な等長はめ込みと〟のラプラシアンの固有関数との関係.この結果によ

り等質空間G/Kの球面(従ってユークリッド空間) -の大域的な等長はめ込みが多く構成され

ますN. R. Wallach, Minimal immersions ofsyn皿etric spaces into spheres, In: Symmetric

Spaces (eds. W. M. Boothby, G. L. Weiss), Pure Appl. Math. 8, Marcel Dekker (1972)
1-40も参照して下さい.小林の埋め込みは,このようにして得られる対称R空間の埋め込

みの中で最も次元の低いもの,ということもできます.]

・小林昭七1968 Isometric imbeddings of compact symmetric spaces, Tohoku
Math. J. 20 21-25.

t対称R空間のユークリッド空間-の大域的な等長埋め込みを構成これは群論的にみて様々な

美しい性質を持った埋め込みです.これにより,多くの対称R空間はおおよそ2×dimM次元の

ユークリッド空間-等長に埋め込めることになります・カルタンの次元`与n(n+iyと比べ,対

称R空間は極度に低い次元に実現されていることがわかります・特にSn - SO(n+l)/SO{n),
Sp(n)/U(n), P2(H) - Sp(3)/Sp(2) × Sp(l), P2(cay) - Ft/SpinQ), Sp(n)こついては局

所的にみても小林の標準埋め込みが最小次元の等長埋め込みを与えていることがわかります.

またこの中でSn (n ≧ 3), P2(H), P2(Cay), Sp{2)については局所的な剛性が成り立ちま
す・残りの対称R空間についても,小林の埋め込みが`ほぼ最小次元の局所等長埋め込み

を与えているのであろう,というのが現在の私達(A+兼田)の感触です.

コンパクト単純リー群の中で対称R空間となるのは古典型のものだけです.コンパクトな

例外群についても球表現を利用して等長埋め込みを構成することができますが,古典群の場

合に比べいずれも異様に高い次元への埋め込みとなります・例えば248次元のE8につい
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てはカルタンの次元(-与n(n+1)-30876)より低い次元の埋め込みは知られていません・

sO{n)CRn2等と比べてみるに,何かの仕組みがあって対称R空間とそうでない空間との

違いが生じているのでしょうが,それが何であるのか私にはわかりません.]

R.E.Greene1970工sometricembeddingsofRiemarmianandpseudo-Riemannian

manifolds,Mem.Amer.Math.Soc.97.

[擬リーマン多様体の不定値計量を持ったユークリッド空間-のC∝'-級等長埋め込み論を

甜三.]

M.L.Gromov,V.A.Rokhlin1970EmbeddingsandimmersionsinRiemannian

geometry,RussianMath.Surveys25No.51-57.

[この時点での等長埋め込み論を総括した大論文.Nashの埋め込み次元を(非コンパクトの

場合も含め)i(n+2)(nJ5)まで下げています・これ以外にも実に様々な結果が記されて

います.その中からいくつかピックアップしますと,

An次元C∞一級リーマン多様体は局所的にR‡n(n-fl)+n-C∞一級等長埋め込み可能.(上

串Greeneの論文(1970)では,擬リーマン多様体の場合に同じ結果を独立に示しています.)

・n次元リーマン多様体上のC∞_級リーマン計量で局所的にR‡n(n+l)-lへ等長に埋め込め

るもの全体はC∞一級リーマン計量全体の成す空間の中でnowheredenseな集合となる.(話を

簡単にするためここではC∞一級としましたが,正確な主張と証明はこの論文のAppendix1

を見て下さいつこの結果低次元のユークリッド空間に埋め込めるリーマン多様体は何らか

の意味で特殊なリーマン多様体と言うことができます.しかしどのような意味で`特殊'なの

か,それはおそらく曲率を使って表現されるはずの条件ですが,残念ながらそれを具体的に表

現する言葉を私達はまだ掌握していません.p.8にもWithoutdoubt,theoremsonthelocal

isome七ricnon-embeddabilityofspeci五cra-dimensionalmanifoldsinR‡n(n+lトwouldbe

ofgreatinterest.Unfortunate

resultsconcerninstead。fR-2-艶豊n>2

-1eucli芸ehresultsarenotknown;andtheexist

anspaces。fcomparativelylowdimensi票

とあります.

・任意のn次元実解析的なリーマン多様体はRi(n+2)(n+5)-実解析的に大域等長埋め込

み可能.

P2(R)はR3-等長はめ込み不可能.nが2のべき乗のとき,Pn{K)はR2n-等

長埋め込み不可能・(従ってBlanu云a(1947)の結果と合わせて,P2(R)の大域等長埋め込

み可能な最小次元は5であることが確定したことになります.しかしはめ込みについては

R4にC∞一級等長はめ込み可能か否かが未解決問題です.また最近出版された論文Z.Tang,

Someexistenceand.nonexistenceresultsofisometricimmersionsofRiemannianmanifolds,

Comm.Contemp.Math.6(2004)867-879では,nが2のべき乗のとき正のスカラー曲率

をもつPn(R)はR2n-1-等長はめ込み不可能であることが示されています.)

・コンパクト2次元リーマン多様体はR10-大域的にC∞一級等長埋め込み可能.特にS2

の場合,任意のl)-マン計量に対してR7への大域的等長埋め込みが存在.実角締約の場合

にも同じ結果が成立する.

また初めにも記しましたように,歴史的な事柄についても詳しい記述がありますつ

R.E.Greene,H,Jacobowitz1971Analyticisometricembeddings,Ann.of

Math.93189-204.
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ln次元コンパクト実解析的なリーマン多様体はR÷ra(3ra+ll) -実解析的に大域等長埋め込み

可能つ

・田中昇1973　Rigidity for elliptic isometric imbeddings, Nagoya Math. J. 51
137-160.

[=ンパクトなリーマン多様体の楕円型等長埋め込みの剛性定艶無限小的剛性をもてば局所

的な剛性が成り立っことを示しています.リ苛所的'と書きましたが,これは写像空間の中で

の局所という意味であって, 〟自身はコンパクトであることに注意して下さい.用語がまざ

らわしいので,正確な主張については原論文を参照して下さい.この剛性定理はコンパクト

エルミ~ト対称空間の標準埋め込みに適用できます・この定理の(多様体としての)場所肝

が兼田英=一田中昇(Rigidity for isometric imbeddings, J. Math. Kyoto Univ. 1甲(1978)
ト70)で示されています・この局所的な剛性定理も多くの対称R空間G/Kの標準埋め込み

に通用できますが> G/Kの群論的な性質により埋め込みの型に種々の違いが生じます.]

・S. S. Chern, J. Simons 1974　Characteristic forms and geometric invariants, Ann.

of Math. 99 48-69.

【コンパクトで向き付け可能な3次元リーマン多様体の・R4 -の共形はめ込みの2次障害類

を構嵐例えばp3(R)は大域的にR4 -共形はめ込み不可能.この不変量はJ. L. Heitsch-

H. B. Lawson,Jr, H. Donnelly, J. J. Millson,坪井聖二達により様々な空間について計算さ

れ,種々の共形はめ込み不可能定理が得られています. Chern-Simons不変量自身について

は,最近では別の文脈で語られることが多くなったようです.]

J. Gasqui 1975　Sur l'existence d'immersions isometriques locales pour les variet6s
nemanmennes, J, Diff. Geom. 10 6ト84.

[Janet-Cartanの埋め込み定理をH. Goldschmidt流偏微分方程式論のformulationの下で

再証明・兼田英二田中昇(1978)のAppendixにも別証明があります.]

・J. D. Moore 1977　Submanifolds of constant positive curvature I, Duke Math. J.

44 449-484.

[Chern-Siinons不変量を使ってP3(R)は大域的にR5 -等長に埋め込めないことを証明.
Mooreにはこの他にも等長埋め込み問題-の様々な貢献があります.またGromov-Rokhlin

の所で引用したTangの論文(2004)によれば, pn(R)はR2n-1 -等長にはめ込めないこと

を示したプレプリントがあるそうです.]

J. Vilms 1977　Local isometric imbedding of Riemannian n-manifolds into Eu-
clidean (n+ l)-space, J. Diff. Geom. 12 197-202.

ln次元リーマン多様体(n ≧ 5)がRn+1 -局所等長的に埋め込めるための必要かつ十分な

条件を曲率作用素が非退化という仮定の下で求めている.]

J. Vargas 1981 A symmetric space of noncompact type has no equivariant is0-

metric immersions into the Euclidean space, Proc. Amer. Math. Soc. 81 149-150.

【タイトル通りの論文.群論的手法では非コンパクト型対称空間の等長埋め込みは構成できな

いということで,ある意味で深刻な結果です.私の知る限り,非コンパクト型対称空間の中
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で具体的な等長埋め込みが得られているのは負定曲率空間の場合だけのようです.一般の非

コンパクト型対称空間に対して,ある程度の対称性をもった等長埋め込みの実例が何とかし

て作れないものでしょうかつ

・江尻典雄1981 Totally real submanifolds in a 6-sphere, Proc. Amer. Math. Soc.
83 759-763.

[p3(R)は大域的にR7 -等長にはめ込める.実際には6次の調和多項式を使ったS3(l/16)

からβ'(1) -の全実極小等長はめ込みの存在を示しています.間下克哉(1985)はこのはめ

込みの群論的な意味付けを明確にし,またF. Dillen-L. Verstraelen-L. Vrancken (1990)は

この6次式を具体的に書き下しました. Blanu虹小林によりP3(R)は大域的にR9 -等長

に埋め込めることがわかっていますが, Mooreの結果(1977)と合わせても,大域的な等長

埋め込み,あるいははめ込みが可能となるユークリッド空間の最小次元はP3(R)についそ

はまだ確定していません.]

・W. Henke　1981 Isometrische Immersionen des n-dim. Hyperblolischen R邑umes

Hn ^ ^n-3, Manuscripta Math. 34 265-278.

lHnのR4n~3への大域的な等長はめ込みを構成.これが現在知られているHnの最小次元の

大域的等長はめこみです.有名な未解決問題として, 'Hn (n ≧ 3)のR2n~1 -の大域的等長
はめ込みは存在しないことを示せ'というものがありますが,現時点では次元の差はまだまだ

大きいと言わざるをえません.この間題に関してはY. A. Aminov, J. D. Moore, F. Xavier,

その他の人達の様々な貢献があります. Y. A. Nikolayevsky, Non-immersion theorem for a

class of hyperbolic manifolds, Di旺Geom. its Appl. 9 (1998) 239-242には,非単連結完

備なn次元負定曲率空間はR:2n-l -等長にはめ込めないことが示されています.]

E. J. Berger　1981　The Gauss map and isomeもric embedding, Ph. D. Thesis,

Harvard Univ.

ln次元リーマン多様体のガウス方程式は余次元が与(n- 1)(n-2) +2以上であれば必ず解

をもつ・つまりガウス方程式だけならば, `カルタンの次元-n-‡n(n-1)より小さな次
元で方程式が解けてしまうということです.逆の言い方をすればgenericなリーマン多様体

をユークリッド空間に等長に埋め込むためには与n(n-1)以上の余次元が必要でしたから,
ガウス方程式以外にも局所等長埋め込みのobstructionが存在しているということを意味し

ます.なお, Bergerの出したガウス方程式が解をもつ余次元の評価式は最良のものではない
ことに注意しておきます.例えば71-2,3のとき解をもつ最小の余次元はそれぞれ1,2と

なります・一般のnの爆合の最小余次元はどのような式で表されるのでしょうか.]

H. Jacobowitz　1982　Local isometric embeddings, Ann. of Math. Studies 102
381-393.

t2次元C∞一級リーマン多様体において,一点pにおけるガウス曲率が0でなければ点pの
十分小さな開近傍はR3 - C∞一級等長に埋め込める.一般にC∞一級のカテゴリーにおいて,

n次元多様体上のgenericなリーマン計量はR‡n(n+l)へ局所等長埋め込み可能か,という

偏微分方程式の問題があります.上記の結果はn-2のとき答はyesであることを示して

いますが,誰が最初にこれを示したのか確認できませんでした- Gromov-Rokhlin (1970)の

p・7にはK>0のときはBianchiが　K<0のときはPogorelovが示した,と記されてい

るのですが.]
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E.Berger,R.Bryant,P.Gri触hs1983TheGaussequationsandrigidityof

isometricembeddings,DukeMath.J.50803-892.

[dimM≧8のとき,ユークリッド空間内の余次元≦dimMのgenericなリーマン部分多

様体〟は剛性をもつ・またかなり高い余次元のところまでgenericな等長埋め込みの変

形は有限廟のパラメータのみに依存するという主張が示されているようです.ただしここで

いうgenericとは,第二基本形式及び曲率の高階jetがある代数多様体に含まれないという

形で定義されるもので,具体的な埋め込みに対してそれがgenericであるか否かを判定でき

るような代物ではなさそうです.j

R.L.Brya叫P.A.Gri鯨地s,D.Yang1983Characteristicsandexistenceof

isometncembeddings,DukeMat九.∫.50893-994.

[genericな3次元C∞一級リーマン多様体はR6-C∞一級に局所等長埋め込み可能.R6の

6は今の場合丁度カルタンの次元与n(n+1)に一致します.またここでいうgenericとは

Ricciテンソルを用いて記述できる条件です.j

C.S.Lin1985ThelocalisometricembeddinginR3of2-dimensionalRieman-

nianmanifoldswithnonnegativecurvature,J.Diff.Geom.21213-230.

[ガウス曲率が非負の2次元リーマン多様体は局所的にR3-等長に埋め込める.微分可能

性の程度については原論文を参照して下さい.Linはこの他にも同様の埋め込み定理を得て

います(1986):一点において∬-0,∇∬≠0ならばその点の開近傍はR3へ等長に埋め込

める・中村玄(1987)は更にK-∇K-0,HessK<0のときでも同じ結果の得られること

を示しました・一方,局所的にすらR3に等長に埋め込めない2次元リーマン多様体を構成

したというプレプリントがあります(N.Nadirashvili-Y.Yuan,math.DG/0208127).]

M.L.Gromov1986PartialDifferentialRelations,Springer.

区域的な等長埋め込みの次元の評価を改良・現在知られている最良の評価は,M.G血ther,

IsometricembeddingsofRiemannianmanifolds,Proc.I由ern.Congr.Math-KyotoVol.n,

Math.をSiO呈Japan(1991)

|n(n+5)s^-fcj^㌶37-114

teCoo-品宝芸監芸も㌃芸品(譜霊c--一驚孟完との差がほとんど無いところまで評価が改良されました.Giintherの得た次元は一般論とし

ては最良の値といってよいのでしょうか.]

・中村玄,前田吉昭1989Localsmoothisometricembeddingsoflowd血ensional

RiemanmanmanifoldsintoEuclideanspaces,Trans.Amer.Math.Soc.3131-51.

[3次元C∞一級リーマン多様体において一点pにおける曲率がOでなければpの開近傍は

R6へC∞一級に局所等長埋め込み可敵R.L.Bryant-P.A.Griffiths-D.Yang(1983)の仮

定を弱めた形の埋め込み定理といえます.このような結果の高次元化は華しいということだ

そうです.]

H.J.Rivertz19990nisometricandConformalImmersionsintoRiemannian

Manifolds,Ph.D.Thesis,Univ.Oslo.

lM3CR4,M5⊂R7の場合について,曲率及びその共変微分の満たすべき恒等式を計算機

を用いて具体的に求めた・与えられたMnに対してjjn+r-の局所等長埋め込みの存在・非
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存在を示すには,同様の関係式あるいは不等式を次元・余次元の高い場合にも求める必要が

あります.しかし,これは多変数版の`終結式'を具体的に求めよ,という古典的不変式論に

おいて難問とされた問題にあたり,現実には(計算機を用いたとしても)実行不可能であるか
もしれません.全く別の方向からのアプローチが必要かもしれません.一見出鱈目に出現し

ているかのように見える不変式にも実はある構造が隠されていて,それが等長埋め込みの問

題にも生かせるのではないか,と私は信じているのですが.I

以上です・講演2日目に紹介した対称空間に関する私達(A+兼田)の結果については,最

近出版された`数学'の論説を見ていただけたら幸いです.解かねばならない問題が多くあ

る,というのが私達の実感するところです.

小林昭七一野水克己, Foundations of Differential Geometry Vol.ll, John Wiley & Sons

(1969)のp.355に

Once we know that every Riemannian manifold can be isometrically imbedded in a Eu-

clidean space of su丘ciently large dimension, we naturally seek for a Euclidean space of

smallest possible dimension in which a Riemannian manifbid can be isome七rically imbed-

ded.

と記されています・最後にこの問題に関する幾何学者の発言を二つ引用して,この小史(外

史)を閉じることにしましょう.

However, if we pose the question of the greatest possible lowering of the codimension N-p,

then even in the localたemulation the problem is far from completely solved, and in the

global formulation presented above we are only at the first steps of the development. "The

problem of immersing a Riemannian metric in Euclidean space" , said A. D. Aleksandrov in

one of his public leetuxes (Moscow State University, May 1970), "is a tangle of non-linear

problems". (Prom p.101 of E. R. Rozendorn, Surfaces of negative curvature, Geometry

Ill, Encyclopaedia of Math. Sci. Vol.48, (eds. Y. D. Burago, V. A. Zalgaller), Springer,
1992.

In the past we have had some very special results about the non-existence of isometric

imbeddings of certain Riemannian manifolds in other Riemannian manifolds. For example,

a compact surface of everywhere negative curvature cannot be isometrically imbedded,

or even immersed in R3, nor can a complete surface of constant negative curvature be

lsometrically immersed in政Ideally, differential geometry should be replete with such

results, so that we could have a reasonable chance of finding the smallest dimensional

Euclidean space into which a given Riemannian manifold can be isometrically imbedded.

But at present only quite isolat占d facts are known, and a general theory can hardly be

said to exist. (From p.192 of M. Spivak, A Comprehensive Introduction to Differential

Geometry Vol.V, Publish or Perish, 1975.)
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対称リーマン空間の局所等長埋め込み

G /K dim i class

A I S U (n )′SO (n) (n ≧3) f (n - 1)(n + 2) h n (n - 1) ~ ¥ n {n + 1)+ 1

A II S U (2n )′Sp(n) (n ≧3) n - 1)(2n + l n (n - 1) ~ n (2n - 1) + 1

A III P 2(C ) 4 3 ～ 4

P "(C n ≧3) 2n Zlfh�"Zl 'n
S U {p + 2 ′S (U b )×U (2))

♭≧2)

S U (p + q) S (U Op)×U (q))

b)≧q ≧3)

蝣h >

2Pq

m in {[i (7p - 3)1 ,3p + 1} ~ p2 + 3

2pq - p - q + m in {p - q,2}

'P + Q ー1

B D I

B D II

*Q 3(C ) ~ Sp (2)/U (2) 6 4

Q n C n ≧4) In i (6n + 2)] ~ 4-n (n - 1)+ l

S O (p + q)/S O (p )×

(P ≧q ≧3)
p a

n

pq - p + m in {p - q,1}

~ i p(p + l) + i.9(g + l) _ l

*5 n (n ≧2) 1

*H n (n ≧2) n n

C J cSp(n)′U (n) (n ≧1) n(n + 1) n

C II *P 2(H ) 8 6

P " H (n ≧3) in 4n - 3 ~ n(2n - 1)

Sp(p + 2)′Sp(p)×Sp(2)

(P ≧2)

Sp(p + q)′SP b )×Sp(q)

(P ≧q ≧3)

fy

AlHl

m in {8p - 6,7p - 1} ~ p(2p - 1)+ 5

Apq - p ー3q + m in {p - q,4}

・p {2p - 1)+ q(2qー1 - 1

D ili 50 (8)′U (4)空Q 6(C ) 12 7 ~ 16

S 0 (2n)′U (n ) (n ≧5) 1 n (n - 1) h n (n - 1) ~ n2
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対称リーマン空間の局所等長埋め込み(続)

a /K d im G ′∬ class (G ′∬)

E l E e/Sp(4) 42 36 ~ 660

E ll E 6/S U (2) 40 20 ~ 610

E III E 6/Spin(10)・50 (2) 32 16 ~ 4 6

E IV E q Fi 26 12 ~ 28

E V E 7/S U (8) 70 63 ~ 1393

E V I E 7/Spin(12) 蝣S U (2) 64 32 へノ1475

E V II E 7/E 6 ・50 (2) 54 27 ~ 79

E V III E 8/Spin(16) 128 120 以 上

E IX E s/E 7 蝣5 1/(2) 112 56 ~ 3763

F I FJ Sp CS) ・S U (2) 28 24 ~ 296

F II *F4/Spin(9)= P 2(C ay) 16 10

G G 2′50 4 8 6 - 19

SO (n ) > (n - 1)
{ 彊 二三岩 [昔]瑠 措 律 詩 冒,9)

U (n) n*
{ nn…二去Mn ~ n~ n2 鵠 4,5)

*Sp(n) (n ≧1) n(2n + 1) n (2n - 1

E ォ 78 62 - 1380

E 7 133 106 ~ 3003

E 8 248 212 以上

F4 52 43 - 624

G o 14 10 ~ 35

●クラス数class(G/K)は,対称リーマン空間G/KがRNに局所等長に埋め込み可能
となる最小余次元を示す.

G/Kの前の*は,クラス数class(G/K)が確定していることを示す・これらの空間

のうち, S2-Sp{1)/U(l), Hn (n≧ 2)以外については,最小次元の局所等長埋め込みは

剛性をもつことが示せた.
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