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BEICRDONEERELANS, ERBEEBEUT, TOANMEERHET S,

1. RFHEOSHMRE  FREHFOERK

BREOBFRELLDIZ, RUO6FOER THE 20O 3FEOHP MFFE) &
B, BBHEBICL > THEEZRBRS EINZ. 1970 FRICEIBERLEE RIS, BEMLE
BANDRDANDBRONZN, BRELT TRKI WO RBRENMA SN &ITABE
BICH LW, —77 1998 FOEERBEEROBFIT T MZHFANBTORRED ] LWHET, £
BRICEENSRENORD ANNBRINED, TOERIBEFI S, EITERIR N,

Fao—NVBRBEMSZNE, TEEI EWHIERZAEIDE TKZ OFDP—BRNUTH
D, KE7P7OEFLBTT S, SHTRAFLANINT K2 2AVWTWS, Lk
Mo THEBOLID TR AT LANERETNIE, DUAHENZEREEMS Zh2EE
DEHIT T2 THAETREMDBLARY, ULHLERICE > TX O AERARREL,
EFOULHENBEREZER TSI LETHERARLS, FELORBREIFETDHETH-
T, NEREFERIIBIHERALOEND, BRLIBIOBRHNERETIERL, &
NEBEREBICE D, 2EERBOEVELTEREIRETHS S,

EWE Piaget OIS NIT L BRI ERIE & 7 2R 0 1E O R B B O #8 3 (Piaget, 1970,
pp.42-51; X 1 ¥,1985,pp.151-172)id, FENB O BRECER LK ZORFFHEICRD S 5
N, BR2OHFT - 2EESHEIREINEZDLITHRINE, ERERBZOBREIIODNVT
BRTVDEDHIFTHRV, TOEKT, BENSEFENOEREWIHENS, HAIHE
7 (proportional reasoning) D R 7= TR ENICE R L /= Lesh 5 DR DEMIIRBITED.
(CONONIBHANHEREZZDOTEERBMEEEZ S, DFE D ZNITE K (clementary

school arithmetic)® J8 52 % #i 5 & (capstone) T 5 EFKFIZ, PEDOHE (cornerstone) & 7%



M5 TH S, ZOETIEHBIT (transition) D AN Z AL EEFHDFEEDO 2 DOEAMNS,

R HER ORI DWTHERT D, ) (Lesh, Post & Behr, 1988,pp.93-94)

Lesh 513, ORI ER IR P ZEG T I BMITHD I LEERLTVBEN, %
SOBLEH ETHEEBMSORRBRBIIRZTHANEROKREITH> T, BHZHK
ZFROBSEBERIIH > b T TRARN, #50RAFEEZRWNIE, [5G (capstone) |
A TR (cornerstone)] WERT 2Ot AIL, BRxOELIEH S,

AMETIE, KDO2REMACHNLET S, £T—RIEOEENS, LFEOBREBEIIIGA
TnwtEZ3, TOEBHERIL #Rz2—REOMBRICEE, GEOFENERZNS
Dorfler D —R{ILERITEKNT S, LOALEO—REET N EZHHENITERL T -
BEETFIV] Z2HICRBL, BANREENS, NAB—RbENERN—RILDOZRE Z H
IS T%, £20HNE, AEN—RILITEDLS, BMOBREIER - 2EBREOH
Wich b, XAKXTHE, AEREEERAABZCBNWTEENER IO TWS 28K (&
BTbhalRE) (UTF, T+0%) 205, —RIEDEETIVOTT, 0%
OREHOERZHSNITT B,

DEooaHmzESEA, [T+0% BECHTIHZRBELE2RETS. a5, £0
ﬂﬁﬁt%ﬁ<ﬂ§%ﬁ%%%‘ﬂﬁbﬁﬁ%,#ﬁ&®§%ﬁ,ﬁ@ﬁ%ﬁﬁ?éoZ

—HOEREBELT, BRICHETIBTEMEWIEENS, T2 BEMOHE
ﬁfﬁﬁ%?‘:‘?ﬁb HEANDRBZRZW, ZO0ZLF—RIESBEETIVORRES L OH
HEZASNITEIIEEEZITNS,

2. Dorfler D—fB{LETIL
BREABBEBRICBVWTRENRBREZRETHR E—&REIZ, HENRBERICD S
(F,1995,pp.50-54) » RAEZBINE, EWIZMZHEKL, LHrDERBICIEBHEZHETD
DT W, LML, BEGOREEMNS AN, BEOKEZRSRTNIE, THEH
RBOEHPCHORARED D ARV, WHIXHENZHGERZ2ICATFEOID IR
T4 FIXALARTHABIZTWS AT LN Dorfler D—{LTH B, £EX3, DFD,
UTTHBRTSLDIZ, Dorfler DWD—#kid, (FEHOMGIb) ZEm#s Lians,
AR ThL) OREZZ, FINE Tbhbhl ORBICEKTIEEBEABZ I E
NTESD, Bz hil, TEBoMR) 2L T, TEHNZHREIEENREZNEH
#EITBHI LIRS, Dorfler D—BIEETINEHRPMITEETHICELDE, 22T, B
ESABEFH—RILITONWTHEL TBERN,

Piaget DVEUEHRBMEZRIIC, BBROIKIIBRIILABVWHRT RO RANMAR Z2IEN
L& 51, Dorfler I FHEEEZ, BBROCIEMRILLABW—RIELT RO EERN—K
fLOREELTNS, BERKETZ0E, BEOBRRTIEIAEL, EROEGIC, MRD
—BEBSIAE B EVND HTH B, 272U Doérfler Piliéﬂ?%%ﬁfbiﬁ/\—b%hf;mmu

D2MfimEZ, REFEAETIIREBRETIEREITRD, KANHREZEROBRICH
ERELEZET, THC—RIEZEHEIBTTNVNS, WHEFEHORENHMRZ2FET DI &
I, MEOREAZVREITH2RARBZ —KRILEL, BEEZ2HRATIET, BEH—K
ftZBELE (M1 258 .



R OBRHIRICTONT, BARODEENSHAZMA THWIFIERDOXDITERS,
BREORMOERIT, FHEIHNRMOBBRERICDHS, Lid> THRFHESEEE =
T BRI 578 D (Dorfler,1984a,55.245-246), W > = RIIWMTEIRICH > T, AW
EHPOLRBEXYE, HENREREZHSETHRTS., 5L IEEROBREL
SEHL TV BOTIRARL, ERENICERSNEZTO MY AT (#Hl) OTTERT
5 (1) . BENHREEFNERER, T TRBIBEECHEERROMER
TR, IR2bBERBRTIEIRL, DENMMOBREZAZRETHD, £
N zoRMITo A%, THEEREOHR] &/ DV TW S (Dorfler,1986,p.149; 1987,p.4).
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IBIBREBEO—RICICRERYBEENSHAZMA TWITIXRO LD IR S, BB
MR b2l OEFHCEF I BEINTNS 2D, BRPNBEERNLURALEZEDOKE L
Wz a2, bl OR#F2 bhvbh) ORBICERT S0, 7O NINBHER
2% (F2) . TRHROLEBROMBROETILD DNELFTELNINTH S, Arlbicko
T, BHOWEME ERZYAREEICARZIEIN0 ThL, RBBIEIEMNICAE B A 2HBRETE,
BER &N O RE M % FIT AN S (Dorfler,1988,ss.77-78). T DHEF D B T LA,
Dorfler DEHIRMREE DM W EERTHNIE, THEM S BAE O LR (Aufsteigens vom
Abstrackten zum Konkreten)] (Dérfler,1984a, s.260)<‘; WHZETHAD,

TROBEBRMMRICE > TALLEENHI2BORGKEZEAT, MBI EZHFITRTH
%, a5 NI, Freudenthal ® Treffers D WO KEHEZILADRE R ERD, BAREK
NEHEHEREZIET S, COZERARICETOREEZMEL, KS50WS EEK
ZIANDORENDELEZ S, BETH5RHEHNHREZETHRAEKRIIRENASZILET, K
ZHESONTEBEOEIENBEES., WHIKHMRIZEARITEILLL, I5LE5MBOEE
2%, TIIWE Thlel] ORFENR, RNX—1978)D NS #HA 2 P HA 3 ICHMAN T
7O AGE 3PN REINTBO, Dorfler A DFAMNZHB T O A IZ—KLERNWE
LTwna,

LLEMD Dorfler O —ALICET S, ZEICDOEIBERBREABASDTER
(1983,1984a, 1984b,1985,1986,1987,1988,1991a,1991b,2000) 2 EH L = b D TH 5, ZL T,
IO L—EOMAEDEKKREL T, Dorfler id, KDESL A2 —-RILOBBREZRK1IDLS
WETIALT B T & & 72 % (Dorfler,1991a,p.74; R - 1L 0,2000).

Dérfler D—BILEFN OB, BlITBEBNSBEZEARS 3. B2 IT0OLEEE
 TBROMER) &L, Th2EBIC—-RIEABHINZACH 5. RIIBROHERD —
BALICH AAD D, ERO—BIEDZERTIE, HREZNITHPINDIONEET, BRE
HMBREZRNA L ZNOH—BIEBZWLILAEH —BRILICDOWTEEINTELELE T LN TX
W, LR TZOHRBIZE, £ dFEHIIWD s TRWAEN -,

Dorfler IR H &R ZEEFIC, BANARDOREMND TR, DNEBCEENESHD S
DTN, TTHEHOANPCFERCHULENKEINT, —EHOEHOEREZDEH
PHREZMOBRICEE NMITILENS, RKIRZZOLEBREIIEHL, THENHR
(intensionaler Abstraktion)] & WD MEET 5 MM L T 5(1988,5.81). NAHHRDO TICE
PNB5ERIE, EHOBRVEBLIEL>TEZELAERDDERS, ZOARERKEZER
THEDIZ, BEPCKPEENVELERS, LENST, BEOAREEEZ2EECRCRKES
TR T2 EEBEIRBRNRERECRAD IO ATIEIARL, DUAKRENEEOE
ROTOEAE WS> TEL, £0kD TBREOMR] EFITN51991a, p. 71).

FEHRIERNBRICE > THRIECEBRING, TOEE, BE & HERMEBTEERD,
R1IDEOIELDHEND, ISRVAE, BEO—DOEDOFEAMNM T RbD bR
——f%, BA—fR, Eh-RE, WE-BRAREN, KFOAEEBEROICLTVS
Enix LD, TNREZENAWITEA S785 Piaget DWI L IIT, BIEOHEBIIEZED
BECRMEELRD, HERBBEMEDOHKR &/ 5 (Beth & Piaget,1966,pp.163-190;
Piaget,1970,pp.21-40; ¥ 7 2 1,1972, pp.26-49).



1

&8 & B E(Dorfler ,1988, 5.99)

% 81 (Handlung)

#/E (Operation)

%k (speziell)

B {K#) (konkret)

5% B (duBerlich)
F{KH(gegenstindlich)
N2 B (inhaltlich)

#% BX ) (empirisch)

R PR (spezifisch)

—#i% (allgemein)

5% B9 (abstrackt)

PIHY (innerlich)

2 % HJ(symbolisch)

7% 3\ B (formal)

3% B (theoretisch)

¥ x Y BY(schematisch)

BEDHEMIL Tid 58 (symbolisch)) fIHZFRET 2 Z & T, KFENEEOHE 2R
T2, EVDOFRFIEINEAEEN-BHEZ O DD, EBENRLRIEFHOAEME
ZHDOIENBEILRS. WOIEEEF DY, BROEH (search-screen) & U THERET 5 Z &
EFEINd, Iz Dorfler 1d—FD S LK) — 1k (extensional generalization)] &FFA T
W3,

PR TAEHOEEHWRRNREINDLICRD, TOEHDEBEIRISRERNSYD
BESNT, CREAENMRLEIND. ZOEKIE TS D%t %1k (symbols as objects)] &FE
Bh, 2hzdbo THERPHBREETT2ELTWS, LENST IBE0MH] 3#
FREVMBORRTHY, ARIZZOBO—BRIEANDHBEERS,

EBEEMROMEZb o 2R THSD, NEBE—RVEEE2D D, ZOHEIC
HEHY 5 &Z, [THEA)—M1E(intensional generalization)] MR T S, T I THERINZ
— ML, SORBEHEEE, SHRESEZLET 5. T U TLEMOAEN—KIEAED
BB, INUBLECELT, —RICBBERL, L50oM8Rbk, Na—&t, SRHE
BOWENMEOEIND, EEZXS. Thill, —BRIEEEAMERB LR S,

M1, TO5LE—RIEDOTOEAZELEDEBDTHD, K 1E—BKILEWDBHEHE
Ao2fEBRE, FEITXRZRBAFHZEIYICEFOTTVSEY, RANERZRT OEA
B ERTRINTVIZBET, BRI TRWARW, 207D, Hik- L1(1998,2000)
T, 2O LEERETORANERZ AYRANEEN S H{ETHHAANRINTVWS,
ZiEL, AZEBHANE, £k, BMERROXIKT, MEZBRTBLUMD bl OfEA
HERZHRATNHAREINZHSTH > T, HERRUROERN R EZHTFITND T
WBHLT TR, ES5RFERHZARET 2 - RILOXRZBEL TWEbIF THARR
W, B0k, THBREMK] TR —REOTOEARBWTIE, TRE50oH%1t)
REEEELT, Thkll OR\E S Tohbhl OREBENOHREINIRK OGNS, LN
2T, bkll 2 Tbhbhl RASMyFI2RABRZHEICTS20IT, AFTRA
BMEOWEEZHZILARMNEL S, THRINZAYRHA] TLoT, K1 2RBARHIC
WETDIENAREERD, ZNRE->T, —RiLzHETIRNBREZERT DI EN
AREICRD (5 4) .



3. Dorfler O—REETIVICEAT Bt IR E R

(12720 —#%1k
ERVESERETHNE, FEEZIRE  REAOHOTTHRONS., StEBREOMHDE
WHERE, COBETEIDARWV, ZhbENn-T, HEHEEZEVEEE, 207
WIVZXLDOBBIZIEDHDO TR, ULNBZRZIEANBEHRHZLDLR, FOFEER
TR, ZOUBEBEDODEVERPLHFEIRERZ 2 7SR TNIE, BRLEZ L
Fiaskhn, TOER, Bk BAz282 T, EROKROFENTREICAS, LML T
ILEBACHEZBLE—RILIZD, T8 OS5I, 2BVOBEND S,

[BHREO] [FHREO]
5,215 14,1 5,2.5.3.1
773 21 21 21 7°3 72 14

WENIC WAL, ORBEED T-HRAK OEBRTHD, WHOBBREOEENS 8B

EVNIRBEHRTHIETHRIRRS., BRIBOZOr—21L, BEROBMICIEERS
BRAD, MNEDHBWREMITRBR O TR I ERZHERLTHERZN, 25 LEHANERER,
HATVWARERENZEEZEMZIBELRE, VWA LS. —FORKBRENRETIEARL,
RETHDIELEZEFRLTNVNS, WHIIBAOHBROBETH> T, ABICEHEOHEIC
TBVHIZRIET B ET, EROEENRZIND., TORKE, 48 1 68K g
tL, BEFOBMRITIFEROT THACERINS, Z0X51T, —RILOBEL S H
NE, MEOHBEERBIIENICRALBRDEEZAZZENTRETH S,

ML ROFEBTHZN, TOREBRAESEARS, DFEV, HFITEMBRDE
BEONMBRUTANOGENERTH D, BERBARCEODKHALFEROERTD
%, TN, NEROBEHIIBWT, MNEKOMAIEERZOEEREBFINDD, HETIE,
REZREORKREART IET, TOREIME, BiE, REAETEDOENS,

HENBEZEO 1 DOFHER, TOLBHRMEICHZ2NS, THLAEEBORNEEDE
BN —RILOEBEBIEEBZEAS5 IR TARTHEINS. i O Dorfler (1991a)l%, 7
TRIDHRZHSEBEHLTHB, K10 B OMRI) ITZTNARBRINTWVWS, 277,
ESONHBEICEDRD —RIEOENRBHEDY, N1 DEFIIIBWT IEEDx51L)
EHES —BRILOBRICRBKTZENVNS HIBEETHS, LhrL, TEONNBEDEZEMN
EsoRgHl) TR —RIEOENHEZELATRIEILEETHB IO DLET, K
ENE—BEEANERN—BEZ—RIEETNVIZBVWTRHLTWS DD, B0
Kb ORIZIE, H—, REN—RILZBVTVWBRIZTERN, 3512, RORETII,
NERN—BL ENEN—BRCIZHABICREINTE ST, GEOHEERRELNEELZB
ABBbDELERBZITBW, DFED, KOWSISHNAW—&IZ, HE (&) o—KbEno
T&L, AEH—BEIETIHR (BE) O—®ILEEZSNS GEL) - TD2D, BED
NHBEOZEZRBICL S —RIELOBENZENETINICTHoRKBEINTVWS EEnEAan, B
HEEZNEZ, BEOHREIHE —RIEANEHNTHBEHIIOVWTE, EFIVICED
SHHATH S0, NEHTERW] BHIZEA>TWARL, ET3I—R Lo 7oz xn
NERNRZSONSIHBESIEBIE, TEFILLE TRV, £/2, H1ZBWT, £10OHE
B—RILEE2ODZTNEDEVWIHSHTARNVL, a5IcVwiIE THAEN—BL) & TS
BEBOWE] T5FZ0RWVWEHSMEIRVWARN,



ZEL, BEOHMBEIENNZAET, RENICHRRTZELD . Dorfle DETFIVOREKR
DRI, MRIC—BEERLERCHS. TOLDHMBONBIC—RILOH S Z &1T
ZHEHAERTHD, TOLDEL1D HNEN—KIL) 2 SREBLOIIE) KEZH]
ZhE, ZORRBBIN, BROMRELT—EBLEDOIRRS, ISRXZOHET,
EB1EE2ONEN—BIELORDBREERS, LALBEOBEIX, AEN—KILEN
A—RIEOBEERLIZIE, BRLARWN,

ZFIT—RILZOREVWEETH B EFICERT, NABN—&L &N ERN—BR{EDOHE
BEPHEOREZRLRS, 2D0RFLTROEBENZEEL KNI ELOR
HOHETREBETESILIOIREZAS, ULALEZFILLZHEZHET TRACEAL &
Freudenthal 13, KOBRBODEEZE T2 DDOHELLITDONTRDOLIITERRTNVNS,

{Freudenthal 1% Treffers @ 2 DO BILORFNZEAL T, THhEhOREEZRDLD

R TWS, KEMIZEHZLTSD L, HEOHANSEHESOMRITED I LETH
D, BEENICIHFELTSEE, REOHACEITISBHZIT. ) (Van den
Heuvel-Panhuizen, M., 2003, p.12)

EI 5 ICKENBEZLEE—BRIEET IV OBRBMRIGEL, BEAKPLEZES O
SULBEORBEZILTNBRTEYT, NEAWN—BRILEAEHN—RILORFZFTL LI
BRashn, TRNTER—RIEZZENIOFEVWERICEREZELTD, HHEOERLENVIZ
EFTESRVNTHAS, BATHNEEKRFHLEVWIEEHEI—RIELZ2ABIZEITI/IOTH
D, —HFEMEEZRODITZELTHIZOTETRRIEBAEEBRNTHAS, LEN->TE
<HOAENS, 2D0—RIEANDEEZHSZITNITRS RN,

(2) — BRI DHET I

IOLE—RIEOBENEEZHKRICT S 1T, TRl L% (synectics)] D H I REBHT
H5, AlETZIE (ABOREEECHEET S, MEBRNRLENAAN_ILE, BHEL
THES D OERER) (T—F2,1964,[fF1p1) ELTREINZDBDOTHS., Al
E®D Gordon XN, RIENEZBOELAMN AN AL TREHML] & TBIERL
D2ORHBEND (I— K 1964,pp.31-59) « TDDB, FiFE RENBZVWHOZR
HzH DIZTT B Z &(making the strange familiar)] EWILHEFTH D, (RENLZV
HOEAMBA > TVBEREREL, Thick-> TRENZVHOZAENZBDICE
ATLED) (d—R2,1964,p.32) TE2BKT S, —F, BEE TREh b Oz AA
N2V HDITT S T & (making the familiar strange)] EWILHEFTHD, (FiNdEHD
FUH#HR, B RS, FUEEZHVTHLOWAENSRKD ET5) (d— K ,1964,p.33)
T EEE%RT S,

ik, MERHERAHOZRCEBLERHTHY, BEEFZSHIBWTRINEL
AT EW, LHAL, HEBHEOEZEZLSONMBEOERIHRANASDILET, &L
Boxgt] KHRBAMEEZRMNTHIHRACRIFEIDOLEEZ S,

Ihsz200—RILICEDESRS, BEMEIZROISIBREAZBIIHALAEL LD, OF
D, REOEENHOBEERD, BEAEOHMBBEICHELINT, BAABONERTE
EERLBETH D, AEBNZESHAONAEZYOODEEEZ LT3 2&T, BBEDZE
BB ZITED &5 BEELEXZRS, REBLEZNAN—RIEOEFITT 5 DEZ
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NER— 1L b5 B — AL

K2 Dorfler iTE DL =LA BEET IV

HEWZAKD, ~HIERMEIESAROBENERZ, BFOHBBEICELEITIT,
HIERERZRIBZILET, RABHEAFHBORGIBELEZNEILENVNIDBOTHS. R
BN SWERANH L SHERZENT 2 I LICKo>T, 2FNRBEKEOR T2
TR, BIERLEZAEN—-RIEOERHIITHTSIDLWEEX S,
LROBRENS, KD THAN—RIEEAEN—RILZRET S E, KOKIIED.
N —&k : BAIOMRZEELT S EICLD—KL. HFELB->TWBIRBERE
BEIhrB%z, BEOHBCHEEDSTRNSFLL, BEOMBREZHEEIELR
M7OEAELTESLZLENS — K.



HIER— L : EBEONHBEITEDNT, REOWNREZER TS LS —Bt. LB
KNET 2ERZEFOHMBICAIIBE I ENTERVWDT, itz BR
L, TOHBDOTT, BEEOHEBERATHBEMNTOLRAELTESZ NS
1t.

DX RHNAN—BRIEEANEN—BRIEOEEZRITNIE, WTFhh—F 25 I ET
THHAERLS, DLALBOMBLICTBIZZTFRRITHELT, O0k3icNEl—&
LICED T2 0HEAEDHINE, QO ITHEN —BILICEDHEBELHDZEEZZD
TWERTH D, i1, BREREBREIDHETHY, BREABCOESTHZES
RENEHFZREZL TWrRAREARSRN, ZO-0%ED 5ot 3ERTS &
EZABFHNEETH S, LEDEIBTS UV EBEROHRETEREEZR 1 O—BILEFIIZ
MANE, FLTR2OEIBLERO—RILEFIIAEEINS,

4. —BIESRETIVCEILKI P HRIOBKREBRZICHTIER
(MBEERERBRRAE

—RIZ, REOTINIVXALR, Z<0OBE, BEEREL S OEHED, W< OhDEAk
DODORMICE > TEIBEN, PIVIUXLEENE, TOBKT, SHEOE®RDPFEE
DEFOBRERL, —BELOBEEARBRTIENTELS.,

Vergnaud(1983)1%, MERHET I EOEBEJ L ICTHET 52 LZRETH 2 1EHn
OB, FEETHHZ2ELRNS, BEMOARNZBEEICRRT 2268022
TE & % (conceptual field)] @A L7z (HA,1984) . HlAIE, RERHREE V- HEE
K, MAERZECRE, A, FEERAREEELHIC TREEE] cXidn3s 1 20BA2ESR
BHRT D, TOLE2AEORT, TNETUN LAREBIZH - 72k & Rkl lEE L
B0, BRERRZEORBEKEVWIHENBERTSRILT S,

UL, TREHEE) OBEMBRE, WHEZRINEZHEKERTHY, BaIERERICS
T5TFEDOHEMPERICABEL TWB I EETRIITFEEINS, #XE, ERkb5EE
LS NZXIAE (L) O THERBEERRRMAE] (BUF, TEBREHAE) , 36)
TH, UTTHRBRTZEIIT, MIEARICKBFRBRONRICHIT AMENHEE N, *
DIAFFERIE, FEBLLORLRBRREBEOFOREZRELTVS,

ERRTAETIE, TMNEEDTFBRE] (BT, TXNKD & TaR2EMNT5RE] (ML
T, TX2%D OMKXRELT, 2E2MAT, ROXOIBRBENREIN TS,

(E5FFE—B3)
LIDREADGOHDRFNHDET, ZORIFZ0TIBE->EEZDOREITNL
5TTMN, ZEAZRKDBIRNZLIOFIIEZTEL LS., (COITEK)
(BB6FFE—A2)
CA3AE, DREXRVFTAHAAIELTVET, 1IDODRIFTIm*OMREZND

CEMTEET, %l@&‘/f’r“ﬂi, M DBRERSD C ERTEETN, KX ERD
ZRECIOHICESEL £ 5. (CIIRAER)




ERRAAEICET H2HREEF (XMENETEEER,1997,pp.81-82;pp.112-113) ITHED
WT, IhH2BORERREZELONIE, K205k s, &b, (/MG W, &
WRUEEEELHEDOEIGOMERL TN S,

K2 IXMEIBIUOIXRICETHHERLE B %)
E%E | #HE BRE) | DG
X /INEK 66.0 19.7 85.7
X 73 #k 64.8 17.3 82.1

MEEDBERIISKENEREZ>THBYD, BBULLEFLOFMEB TS, /=, H
BMRRELLTE, WHEELD, REOURZT O TVETFLELOEENEL, MEDOM
BEEEBEZAIN-LTVEESICEX S,

5, BREICDVWTSD, RITRT LI VNETHBRE] (BUF, T/ ) & =
2E OERTHNDEERENREI ATV S,

(B5FE—A4)
RORDEIBEDNATRNHDET, BRI 3.5mT, BEXWX42%g T, ZON1 T
ImOEZFfM kg TIN. BEAZRDIXEZLCIOPIZEETEL 5. (CTIIEK)

Q_ )

(F6RE—B2)

KEDSTKZANTNVET, %ﬁf’sﬁl:%l DKBADEY. ALEIATKEZANTNVL

E, I ETIERMIDKBPAVET N EAZKRKDZR 2T 0P ICEZTEL £ 5.(
TERE)

NS 2BOMAERRRERIDOEIICELD SN (XWEWETEREFTH,1997,
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HRREEZMROPLICEADLEETH S, ETHREBNEFEN TReHHE £LT

MBENDEETHS. ) (Miller, Steinbring und Wittmann, 2002,pp.27-28)

LALUARRGKRE 12, BRESTORGRE] TREMIZID LIT5X51C, KENE
B LR THHERETICIE, BEMZEWN - B - BE - TRICSHITHHEBWEH-
TH, TEREBEZ2HTAHBBAHAEZEINTWAWY, Wittmann 13, HEEHZ2ERE
LT, BEET - FED - BEOHMICEHINS hENaHEERZ, ROLMRPNZHE
BHS THENERZE] CHRT DD, BENEBZOBERMERDERREN, REDOZ
ERTESNTVWEDTTRAEAW, DEDFEDICHETIEEN, RROD
MATHEMATICS &L ED KD ITHIREL, HFMELTHBIWIEREF - BXAHELT, EDLD
WO SADHRTHEINDENZDOVT, ZFOTOCAZRELINT B AT LANEEH



TRIREEEINTVWAEY, BESSTNREAFEMOEEFHELL T, HRBETITRZD A
ENTNBEDTHA D,

(2)HBBHETORRE

Wittmann I E BT ZEMATED LT K% T 5 XMRELTHNEDY, TDLD
BRIRHOFTTHOT, FELBRKZORKICAND &L TS (1984,p.29) . L7 >TH
BETORFEFBEHOBEERLEETHY, RARFCZORRIIEBVERATEEZERT
HIERRD, EELEBELIBENARZIRTNERSBRVWLDOEERHD, £
NHSRROLDITEINTWVS (2001,p.2) -

(1) ZNEEECBITL2EREOPLNEZEN - N - FEZ2HZKEITBWTHR

LTwa,

2) THIRERZOKEZBAD2BURDI2BENBABCTORARFELEHEULDONT
B0, ENBBENEBEHORTD 5.

3) TRNERKBWMOBVWNAETHY, BLO7 IADOREBREHECTHIETES,
4) TNREZHBORERN - LDHEZEN - HB2OAEEZHS L, REOLEDOENR
T4 =)V RERHETS, )

Wittmann i WS DB DR OPFTHFRETLIIDOWTER LTSN, TNICHBEREAE
EHEZTVWADLITRABNWL, ZOMHEZ-BLTHEALTWSDITTHRN, [THRE
J1 IC TABEH (substantia) ] DO BEHHNIT, AEEH TXEHEE Y (substantial
learning environment) ]| ERZEDVTEHEGOH 5, LAL ERDO4EZHRDODVWTIEIARET
& 0 (1984,pp.31-32; 1995,pp.365-366; 2001,p.2), THZh THWI [EH) FHE TH
B LT, HBETEBRTSERICAES (Wittmann,1984) . $7ab b THR] 354
D ZE2EEICESE, TEM THE 3TN ThEFHDEINOBEFBIRARTNERL R
W, ZLT IER] B&ED2HBIIHRLETNE 5w, LR TEHBRETIEZ
NSATHENS BD2BMBEFADZNVWIEIZTOERKREEZTI N,

Wittmann 13 N ETRREZLIICENVWEIEEMAREADOT T, EANICEHFETO
FRICROMATNS, RICRTHBZEIT Arithmogons] (Wittmann,1984,p.31) {&Z D —
HITHD, RIELDADEEEZREEZLTVS,

FZBIL  Arithmogons
HE : ik - Bk, S6RINSORGHEBERCHETIEEOW . BALREA.
E#M : =A Arithmogon * F£ Arithmogon (7 —27 > — hOFEH. KKSH)




B W< ONOEACTEORNEABNTNS, ZOMOKERD &,
HE EAVTEORO—KI ., HFEROERICES < ARNMEE, FEORE,

IS BT [Arithmogons] WY [AEMHARHEITL] L XENZ0E, 4 DOBREFR TR
ANBEMDTEL, M4 D0LREE2BETOISIMAESAN, TRDEFELEZBOD
B - LS DVREFHENTHELCT, EREBEFNEROTEENBELTVSENS
TH5B, IzE ZEX=A Arithmogon D¥ERR Z, KFERED TBEICEZBVWED, B
L7203 %] BEEKRONIE, R1OEDI248% (I 2—5—1,2004,p.131) . T ZITWEE
BEHCHERZHBIBFIDNADLNTNVS (21h54) L, fEA3 LBEAEAREDHED
FROGAEDRETE S,

FEH1IDO1IOyr—A270bb147EL, 3DOBEBOBRILERELEZMATNWT
W, ZOMBEDEHIRELTEON (505 8), FEBEBOERIITOEMLITHMND
TH35, SHRKHREE LTI, TOFEEEZABD I ERL, BEUEPEEE, 2K
PRXFERETRRBIEONBZERVIETHRL (975 12).

G S5

CoaE eSS

9. 10. 1". 12
Fapadvraz sy
1/24
[i2) =] 0 (2]
B 1 =£4 Arithmogon

POMBEEZ LT TIOBORENEGHZA TN &, EIRRDOIIBEENENT
<%,

(=4 Arithmogon DEZICHZ2EFREDDTHEETHS. NHAD 3 DDOEIF 1 DON

JRIVEED, AIDO3IODDOEBRAKICALEND, ZOLS AN LELOERIER, £

BEDIKRTRY MIVERMSZTNEHENO—~REREEET S, HETHITHIIELR

Thd, ZOHEZEn-gon IK—RILTE S Z &IE, Mclntosh & Quadling (1975 IZ &> T

RENTWS, ) (Wittmann,1995,p.367)

BERZLE, TORBOKENREBEIND TR, 5 LEKFNRROIRKICT E
HEBLIEOEBRENEETH S, L0702 ARVDIEIRZELOHRBTHY, £TO
TObLAZRERTHIEREST, RAEBEAMORG, HWEHHR, —RILOEX, &
BILDEARENERIND, TIRXERAVANBZVWEZHENMEEINADLENTNVS L



Wz ko,

3. —BIEHFRETICLIZBETOHT

H&E LT, MATHEMATICS E B ZHBRZOBELENY 7V R— 2 EDBEBHETTH -
T, TOERBTHOIRGIKOBRIIBEMTH S, 2HBEOHRE AL H MRS
Eohsd, FOTEREBEMCIZERASNTNEENSTEN, 2002 EigE0 Otk
AZTRRELTRETHICE, MNOBEGHNREEZLEELTS, ZOEN, HFETOE
BERBETHS, £EZXS,

HEZHOBBMELMBERZENT2OREETHS. BEHICHAETZHEEREL S
THTOERAE, ThE2HEETIREAT7OA 2RI LARTFNIE, KRN AHZ0RE
BBV AN, ZOHRRZDODNVT, =X MU T7OEFEEEWHEE Dorfler 13, KZEHN
BMEEROFEZ —RILIIRD, FHCHELZ—KRILOBERZ, ZBLOBEENSETFIV
RLTWS (HlZIE, Dorfler,1991) « KO —BRLERBOBEIL, HiR L —BiLE2EEX
BTWBRIEH D, TOHERAITE, TBOMNRI] THS, HBEZHEIC, HRZEA
HEBEEDOEY, —RILZEANREZOERETNE, BB IT3RHBOELHIT, =L
FHHINWRERHEDOLVRINTHEBEIND Z EITk S,

EBEDOMRIL] ICBTBEER, HROMEEEZ S ZERTH B0, —BkoT O
CATHENRERZEZTHENEZONS., A, MNICEBDRBITIEBOHREKD
ERCRET D20, REOBNEMITBITHEDVNZIEZY, PBOBETIE, BREz SR
BRYDEZAS D, TOEMIIVWDIERARTFOFERIZIMMN > TS EWX B, Dorfler D
—BIALETINTIE, THSLAEREBEOENEMNZTELELT, 200HE TMEB—B&{L)
E THERN—&L] DEBIN TS DT TIEARL, TERRENDARSICESVWTERE
INTVBRTERNGY, —RIEVBANETOEATH S EEERITHIE, RIFOTF
FEOXDI, RAWRBRRSZIVET, MEOHEEERMLEICRD, LEN-T, —#k
%?»%@%@@ﬁﬁmxmxamé(@2-mmangd<~&mﬁﬁ%?wwu-
# 1§,2005,pp.8-9) .

NER—BL : BAONREZEBILTEIEICLD—KL, dREB-O>TVWBREICE
BIhEBE%E, BEOMBICEEIT RN SFLL, BEOHBEREIE SR
MrOEAELTES BN —BL.

AIER — L : BB ONMBEITEINT, RAOHEEZHERIT LI -8B, L5
CHETSEREEAOMNBCFLERE I ENTERNDT, Hlhmis B
U, TOHIBOTT, BEOHBERXRE T RN TOLAELTESIALNSE —K
{t.

BEICATE L DI, Wittmann OERHICIZIE, HENEHOFR L2 2HEEHH
ZEZBRNI NN ADOBRERICEL D TREINTVEN, ZOFEEREBEICONVNT,
fMbBRENTWVAERWN, ZEHBEICIIVDIETHRBEVERDDIND D, o TEZ
IR EMRBEN R TNER ST, HENAEE25 2% 2 ENFEEHIIRS. Th
ZHEFFRRREGRETIE, ThNgERITREFEIDBRTNE RSN, BEEL2D S
THERHEILTHNIE, TEA] - TEH - TEE®) EVoZ@BEORMEATHIZAED
HDITFHR<, REVIKSTDLWERREZRETRETH A S, bhrbiIZT N2 Dorfler



D—RALETIVITRD =D, TRICBXRZEBHMNS, ThE2H2 O (Dorfler ICHE DI < — &
L2 EEFTIV] W27 ML,

{E8) &KW

BHAT LD EEOERD
zk& ~ mEf

GRS

AL M ZN
B RB &

o
s BE

?ﬁ‘
a0
=
ER)

WE AT LAPEF D LHKRME

2 R D L5

B 1DREFDOHRIL
NROEEZ B DOEENLRER)

NER — i1t S EER)— AL
2 DREF DRI
N ER — k1L SV FE B — AR AL

K2 Dorfler iZ#E D —RILDBEEFIV

KETE, — AL EEETIVITE D W THEIZHIT IStar Patterns | % BEERIZERET T 50,
ZTDDDEMEL T, Dorfler TX B —BRIALET N E—RILDEETINICHKEBET 2 /8%
BEL THBEZWn, MELDCHEBICHES THBRMH#HS) 2—RIEOFMEBRICENT, —
BILEHREDHEEGZE N> TS, £LT IRBBEOMRE] KHEIEFBEEZ &KL
ETHRTHET S,

E ORI DLETO TERMHMR) TE, £7, BHOHMNPCFERARLEOKRENE

-



Ih, FHOEROUHECERMOBBRIMEEINS., AEBRREZELRT 520112,
EEVCHREENNELLD, BRMWHROKETHS BEOMNKRIL) 2L T, &
SESBEBRNSUVEINS 2D, TNIEHAIEERVWLEFHZEHEERKELTSAS
£95, COZETHADOEEZER, BEOEILHN, HENHEEROZ>MTZET,
SFUHEFOEEANEERT S, DFD, RBEOMKL) 2HEL T, BAOEBHRRE
3, BAMRREZAT, ABEFARREAIN, H2NHEERE2RTHIBEORE L2
BETSH, TOBWKT, (EBEOoHRL! 20<28E - £HORKGERVERE, BRHE
TARS S HFEELTHLET, BERERICRS.

L LEREBREOBERIIROLD BEMENERITIEED, ZEMN 1 ﬂ%TWJ
ERBEEECEFIIONT, MBS TVRN,

(—ILTHBZEEREREBRTZIIETH S, COXRTO £ &k (FEZER

HTH-0D) REEZHBALZZNETINVEARBRLIBL, FLRENNHZO—BED

EZz26N5%) (Dorfler,1991,p.84)

ZTITHM FTHRBEREEATNGE, MREMHZHEALZAETIV] TEASHOEEE

BN DML, TER) & MEFHEEBHO—H8(a part of objective knowledge)] 1Z1&7%
DRV, TOEBEBLLTHEHINSON TAFEM) THD, LML, AFEHAIL,
Ak, HEBRROXIKT, MEZEZMRTIUNMD bzl OBANERZHEATHA
HEINEWSTH> T, MERRUBOERHXIRZEFICRD TVNEDIFTIERY, &
SIEHERZAIRETS bbb OEENEEINTVWEDITTHRWL, ZOED,
—BAEENWSHMREBEOXMZHAEICTZ2DICE, AYBABSZFOHOOILEEZNS
BRENEL B,

ZOXDBBERERENS, EESCAH - 110,1998; Iwasaki & Yamaguchi,2000)t%, — &
{LtOBBEXZAZRATOLAZERLES LD, HEKOAYRANBESEHEL, %@F
B2 EINEAYRM LT, HI3OXIEFIMELE., THEINZAFEM
TV OFEIX, vanHiele DWD [HEOMRK] 2R ML RNV TRERLERICH S,
DED, M3, YHITIHECRRICK>THRLNE THE] 2, Fith2EO 5]
NEEW|ESE, TOBMSEERIBORMTOCZAERL TNV,

g Hk
MC

N\

MK MS
A, A,

DS
o B

MC: X ¥ &4l MK : A7 BAN A
MS: A RBAWEE DS: TAVLIIY— AT A
K3 HEINEAYZBAETIV



BEBETICH D BB 2EE, —RLEYRELE, THEE 07O0EATHS. L
EMRoT, TNEXZSREMO TR, —REHEEFIICE> TRRAETHD,
M, TOREREZASBATOLRE EESNEAYRE CEoTHHASIN S,
LERD, TOEDEDLIBRBBHILETHI, £ 2ICKEIIES &t E Em
BAENDAD, TOFTHRBOBH I -BIEIEET NItk THIYICHRZENS 3,
BATVWAE, BEETEVIEBOLBHIAFAR, —BIEABEEFVICE->T, &
B RN SR A RRL, TOI Lo TEEREOBEERRLED AL
NI BIENVEICRS,

4, —RIENEETIVICE SCRIBETOHE - 216 - 58
(1)#$2 B 5o Star Patterns JD X &t

A IC L NUE, Dieudonné AV HE 72 1E 72 U < THE D 581 & tH TIF & 72 3 W (Buclid Must
Go!) ] & Uz (OEEC,1961,pp.31-49) New Math BIZA DR, TN ADENRRHEH LT
ZLTWBOR, 3785 —0 MBFAEAMI EVWIZETHB(1965,p.1). TOHE2E
[ELAK] OESHIZ ERZAK] NHEDOTVWS, ZOMEYIRFETELI—DO
INDOEFHEZOELN, ROXIIZELINTNWS,

(BRZARERDICKEHCHLUAZDE, FYZX 75y RYs—F ¢ > (Thomas

Bradwardine,1290~1349) T, ZDOAZEEOBRBO AR A > ¥ RY —DKFKITIE S 7=,

INEHELEANR, EERFAYORBEEST 75— (J.Kepler,1571~1630) BN\ 5, ¥

ZPHRREELT {(p/d} ZROKSTEDIX, A1 ADE%EET 2 L — 7 U (L.Schlifli,

1814~1895) TH %, nIITH L THRVIEDAKT, n NBETHoTHHETH-TH

BRATH HONENTENL D IORBEEXFINS, ) (AZ &y —, 1965p.39)
BEBEOEMIIANSNEEREAOEDLIE, I—0uvNNCEEOEREZENZDOND
LN72WA, £ Wittmann ® MATHEMATICS & LT, T2 RERZHATVWS EEX
%,

BT IStar Patterns] O BRE, FARALOEL R 2B CTHAUFEEICITESREE
HOBOHFEOMIZROMDEREZERL, BRIZ2ABLT—RLITEHIECHB., B
MICIREEBO I ASRNIC, #BIZEIT [Star Patterns] OAFFEICBITAMNE DT 21
HizLTBEREN,

EREZATRRIKRFENREIASTZERTZ2DORFOEMELTLELERY TS
N, W< OMDEMILEZDEREFREDANITBN THE S N TW 5 (Bennet,1978;
Hirsch,1980). L LR 5ZN 61, AHEOHK - L 23ISR IL, BRHOBEREZE
BEDEMBELTHRASNDIONETH-> T, FHEOBHAVEECKENREEICET S
BRFHEREEICET, ERINTVS DT TEARN, AT I3H8E - £ - 34 &L
THEIILEZVDIE, ZORTHS,

—BCENEEZ - 2EHETINOLBEELT, THEME) & IEh OMEIERS
N3, ZEPMEROERSBEWE, M [Star Patterns] DERIC 1—R{EDEETIV] %
BWHL, ToOHEGMHEEREZRTHICH D, 2D EIXFKIZ (Star Patterns] D ¥ E 5
BIZ-BRILZRIETHEITHRD, FBMPERETITEAIDLWIEERT, TO5L
EREXOERETIE, —BRIEQBEEFILVO THEME] TEOSWTHEETOREZ K



m?éza%T%EJt&ezét&%t,%@F%ﬁﬁjt§d<é%@ﬁﬁ®ﬁﬁ%
M) £&EHXBITEKTT B,

BRBIT [Star Patterns)
HE  BMEEEORKESICLSEE, BENIICE, BAKE TER) KRNETHIHE
AAHEEZ2 RN RESFICEZHRZ, EB8FOBERICX-T, BMANWMEZHKICT
60

RE#f : Star Patterns

P :
D) AALD2% 7R, 3%F0R, 4F0RZ—ENEOEFRTHEAITHERE, AR
HENTESDLEAD,
2 MALOSEPREFALTTELREEZNE, THhENIZLAFZAFTTAHALD,

3) (QTHrVWEREDD L) BRICEBELTAKD., EQOXO2MEFELEELER
ZTORBENTEEL N,

4) HMIZHEREZPVWTAHALD. HALO6FELSR, TEHR, ~EZRITRY, BEF
Z2hNTHKD,

OBDOO
O 0 &
% O O

(BREONEFDOHRELT, —FENE, WATHESR, O0EMB5AF—FLT ()
BEEHIELOREZRY, AF—FDORRKOBEDETHRITD I LeHE, FLHEINE
BROLNTHT2ZRD S, )

(5) BRREAREZINTS (FF, hiTRRWn) OEZS, £EBEELI B0,
BERHBbHDOETEATHLD,




LR HAELOn SN EE—ENZOEFATIHAD LB TRHEIEE, KOBEBIKR
DiILD,
DnEdBEVWIIEDEE, ~ETIRTOEERBEDILOIBERZSARNMT S,

®nﬁd@%&@a§m,mgﬁ%ﬁ@wéo
® g=GCD(n, d)eTBE%, n & d PENTHEVESRTE 2RI, HELo L%
g

st EE SR AR RS AT LA IR,
g

— AL T TN EZREITT S &, HIZBIT Star Patterns] KX B2 FFHHEO oA
BAOESIEEINS., BEQOEQR, M20—BESBEETILO EHERR KK
B0, FITIEHIHALOE»EN—ENETHIINS., )T TREHOEENIR) IZ
HEL, BICHE LD S SN HEGATERNTEABAIESALL, TWDOH2DHT
EDEBMER EVWIREREHERIHLERTE &R 5, H< @ T MEFHX
FARIEGOLHBME] 2BEL, QO TRAODFIAMENMIOER THRVMDONE S hEE
RITB, CORET SREHOWLE] ERXRBEOBRRICHY, BEITEBETIRENI X
FANEAMNREORECL ST, BEELT S, ThNKOBET IHEo%EEHDE
R ESl LT, 6-kk=1,2,"""5% 7'kk=1,2,---6)DLIIT, ENB, DXV ()
DELTIE TREOMNSL] BBREINTHY, COBRBEOEETH RPN ZEGREHE
ML, BEEHTORFILLEZERSZSZ LIRS,

— %, —BESEEFNOTREICEETHIEROL SIS, ME@IRBNT, FX
B6ENME2DHCERBATTESIEHIIHLT, IR 62 EDREEDIT B,
COBOBMMBRIINTIEEICLZEEREACE, TOBRDOERBOMNRIIRD, &5
CENOMN, nEHVIBEEREOXFEEANWT, EROAMEND S bichiE, Rt
EREMBZRAETBIROIAEN —RILICHANIBENBSLEWVWA LD, DFED, ZZ
TVIANER—BILER, EREVWIRBOMREEZRMFNICERTIIEIRREEESD
TREL, nd Vo EETREBATHIER LS T, RENABEENS BREHZICE
BL, FOMEL2HEMTHIIEEZ2E®RTS, LLEOBEREN—RIELSBEET IO EEHEOX
Bt WhiEbD, LENST, MEW@EGITBIZEENS XEANDEERHEOBITH
EEOXSL] OHOEIRZRS, TOLDIZ, EFEORFBEOLLDBN S, —KbLOEY
RREDHTBIENTES, :

(2)—BIEDEEFIVIZE SR E O LME

FIEI(O)OEEICHS T, KETANORLHERE 2 ZFEOEHEZHRITIHHOFEEE
Fol., SKMICHEDBETIE, E#EEBZ26~TANORZ 6 D07 NV -7,
HALDTVWEERERZ L TWVWS, BEZELALAEZEMO Y S AT, TEEH] &
THETN—TERELTHY, BETE, EBERCE I ITN—TEENHENITERS
NTwiz, ZBEOVIN—T7b, ZOEBERICEIIBDOTHS, FJIV—TE2HRTSZ
EICkoT, BHOEZZ N —TATHERLEIENRIEINTWE, £, TOIZE



ZkoT, —FHRBOBITBVWTD, FHOZEARI/ N —TOFEANEEBHICRERIN,
ERRBENBHEIN,

EEEOMTEFMHIZD, £7, SKHITHOEZBREOEBEZBEL TBE2WN,
1R TIE, 9, EROMEQMASE)NTY > NELTRAINE., kb, FME
OPQRERVHEDBRIIBNT, %%, HALORZEHRHIIHEATWER, —EOHAT
HEWMATTESRBICHRRETHLEZTE TV, ZOZERLEAT, E1KOD
BETHE, TEB) EWHSHEZHEMMNEATSEEDIT, BE 3) KWROMHAD KD ICHE
RUZ. BEQRIKBRIVEDBERTIE, EAAROEADED T, MALDOSESRZ2MAHE
BN ERHALEZTERNTEDEVND ZEN, AEEBOBRICE DWW TERICHE
Banl, BIBEBIOBRBTRTIZIEIAESD, BEORRBIIBWT, £#ERLBM
513, ME@WZEZERDTEHT, REORENREINE, DX, HALOAN 6D
TORECRKROFEBEICR, EOLIBBVHZLEEEZRREDLDIRERITRSDD, &
WH HRETH 5.

2L, EAROMERBICEDONWT, MEGHIKIMOVMD I ENGHE->. BRICR
ZEGOHENFIIONT, FTN—TTERTHIEDN, E2RKROEHOFLTHS, M
BOIBOVHDBEETE, B1IRCEVWTEKRTH>ZERBONEHITHT S —IVDHE
BEN, FI—TREZL2RICBIT2ERIE, TEIROERLAREROSFITESLS
NTWoz, BE2HEORAT ML, TEINRBEELEOLISIIERRITAINENDI &
Thd., EBE, £ELBR, AALOESRZAEEILCEATTELERTHENI
DT, %%, B4 REBBRZITRLEDY, FSEORIEANAELR DD, BRMEAIEbRWV
BEMALELERZISNE, 8, 503322 —2a0REI2+0ER
XEZET, UTFTHRBRTS l6-2] ® 19:3] o kRLEZEALTNVS, —KLD
BEFNVITBITS TREOXNSL] 2BHLAENS, Tn-dl EWISRDOEADOBERME
EEHEIRNTSI LI, FEARERICBI2EMOEBERREENVWA S, ThRERME
ERBLENS, EfHEEEN Tndl EVWSXRELEZEDLDICHIL, AL, EROHE
BEOEIITERMEL TN NEND ZER, EHITBITZ0H 5 RIZFHMOEZ 2%
BTHD., EWE, S2BOBENSEIKRIINTT, EHOKEIRLTEHEDHOD,
RERBIE Thedl EWHREZHRELADNS, ERZAFBOUEZEEL TV,

SRMICHESRERBZHALZ LT, UTTREYT, £HORSOREBICETSE
BRSO EFOEMEIT VN HALOSE S HZ2HANICKERELERZETTVWS &,
FAUEBMWONTES LD, £#7251, AUCTH3ZE) KEBLTHBZRHL
T ZEITh3, AENERLUAZBERE, 7B TAC) »5RCED, KMEXAL
CRBEGORE, TROLEBEROEANBDODHBEOSHAEMMND., BRRINZBERKRIE TH
DINTEDDIL, nNdD2FEDEE] TELAENTELDIE, nNd TEODENS &
Z] Tn &dBRRBEZEDHBDEER, BRAKVEKTE >EEOMORBERL) n &d
NERREE, BENTES] RETHD, BLAOEFEORRN, BHMARKENSEMER
N, DHEEZDD2EDSAHNBZ OBV 2EBANBECEREL TWS Z &1, HED
BTHERNLEZT =2 —MNSHENTH - 2,

KT, HERT -7 —MERLAEABREZ2ESHRBANSLETS E, Th5IEXK
DiYMEVIIDTENS,



i)e:2L£6:4&9-3FALCETHS,

i)6:-2&9 -3 ERALCETHD. 6-2H9+-3H3 T, E=AENTES,

ifi)6°2%9-30DEDIT, bDEODEANIIRDEZPE=ZALNTE S,

iv) O 1B EOAEIIRS,

V)xy Txty NEIDYNBNWEESTERNTES,

DIZBICERABRREOZRTHD., TITD62R64R 93 EVIEFIX,
NERKEDOTONZAFICBERVN. LENSTIO LAEBZHIIREINSOTIEHRS,
28O THINIE, EQOLIBHAELEDLHELRETH D, i) IR, MhNZHE
K—HOBEHZMEIEBREE, BHORHUTRWEINZERTHSD. TOLDERMAMEE

—HOBHITE > TEEINS., LML, DRBEBFEEOMIPNERBIZIDODVWTOARRNS
NELBOTHBHDIFLT, i)TIR6-299 31 D0HMETH> T, THUAKD
FRICZOBEBNHRDMNDIENTBINTVS, TOIZER, EHORBFEOCRLBRREAT
Bhs I~D&diI2] T~RE] THAE~ OEMSELZABIENTES, IHDKD
12, —HOBH &M ERMEKEQBEN (~0XS5I) THIZNS &%, fIOREAD
EMN0EFHRIESEN, LArLEFZOEREES () LERME (KB E0E%
HWERICEE->TVWS, VMK, BEEMEERENS, ERELTOXFEALBITT HBE
BREEIIHDEVNIED. V)T, E080K0x, TLUTWDEHILDOREZHERN
My ELTEINTVWS, 23 LAEBHABRERILICL> T, BANBERIIBHZOERIC
E%,ﬁ&mm@%ﬁﬁ%@ﬁ%t<%oLmbx%ym%ﬁ%mﬁﬁﬁ%#%mmmﬁ
BERELTHBED ., —BILABEFLEOHETWAE, TOXDCEREERBHL
BRS, BEHOMEZBM OB EICL- T, TiE5oXMBRb) OEEEEAD I LN
TREERB,

CNETI)MASV)DOEENMAEICEELTERED, RANRMEICEETSEROX
SR, HREORENEUEICOAEZEHTE2HEBLL > THELNSREATH L DI
U, i), BOBBEIPPNEREEOBEBREMARLELD ETHEEBICL> THED
DTELNBIERTHD. £, TIHOILERF - BAFNBEEINBVRED, L5
5DKEANDBTFIZIHD DERW, i, i) L) ICASNIEZENREZOET, BENTS
BEROIE] AN TNENEINCLS, BANREERZREZTOE, EBOMH
HEEOYRMO—)TEHEEMICREAZMAS BESNEATRA THB., EHEOERR
NEEWREGOLEEICHAINESHT, i) i) oBROENRES, LML i) Rii)
¥ 225EE3, 2L L TEANRRBIREDCHEROBEZHTEST, TOEKRT D
2L Oy zBEVHATERLINELTTERN,

FOEDi)Ril) ORI EAENARKBICEI M WZAETH> T, ﬂﬂ%‘klil%ﬁz‘»h“c
W7, ﬂb@@éﬁ%ﬁ%k;éfmﬁ,tjbfjamoﬁmmﬁf SHELT
ORARIEETS, MEE2IBCYIBILEDICR, BRIVERNAIIRTHD, TN
LiEﬁffﬁ%%ﬁ@@%ﬂ%m%ﬁﬁ{btKﬁTﬁb:f;é:ﬂ‘éo v)®v)DiRRIZERFROEFLLITE
HEBIENEIESH D VI ENNERINZEBEARTIENTESN, Thli&ZT L
BTIEREZNEFICNETSRABIT LT 5. 0 0RBRNWAERNERPOANRICEERT D,
BIBEADBEN T ZICEBTES, #iETHIE, BRUIREEE EOBEKROZEHEIN
ST EMNT, DEAORICEEEEZRWEL, BERNRT I EAEZMNTLDIETS



PRI N AZRBM) RMMEMETHE, VMR V)IRIZRSRN,

Star Patterns &\ o 7R EEDN, RBWLREBSAZENCTEET T, BARW2EHE
KERTBDEFTEBARV, BREADOLUVRINTENNERTESEHEZI LW, BEODR]
RBIZ, BELWHS>ZEEFEICL22WHEERZ2BM2TNE, FEBEEORFEITIH
CREETHD, —RIEANDOEBKIIFEM N, MATHEMATICS 28R & THEBHETIC
—RIEDETTINERPADEE, FELBEBORBERFTHLUETTWNERY 1
2T %, BNBIENTES, DED, HER, —BRIESHEETFTINOZEIEHICHHBIE
BRAG, BBETIIMANDLSFEBREZEERNICEBET S ENRRIIRS, FiT, —&
BiZE->T, BBOEBEZERT DI LERIRERSDD, [EEOXHRL] ITHET
ZEBEEERFRELELT, TITHYLRRALZEALRZALERELEEIE, —&L
ENROICRT ZENARIZRDE ENE 5,

() FHiBH tTStar Patterns IO FHEE I ER

2. DR)THERTVWS X SIT, Wittmann DR T S HTRICIE, BE - £EOERICH
BT AERRECTENDEND TS, BEEEEZHATWRTNERS W, ZOEK
T [Star Patterns| ICB1T 3 ANEHN—BL] NOISRZERZRITHIRMITBINT
w3,
BETOROHENWTE, AR LOnER52—ENEQEFATIHEDTEREN, ¥
—FORRERDEETNTHEERZETTS. AAXHALO6ELH2 2B I EITHAT
WL 62 THNIERADESIIARD, 3DORERT. TITIOLREZRTLT, TR
TORZHAUTTELSRBIIDODVWTEE TS E, TIXHEARERNEL S, I IEHA
EDIESREIBEILITHATVRL 9 -3 THIKE, R50KDITRS,

K4 Ee6-2

@5 £9-3

M50E0MEK3E, 9&30RAANKTSS. COZEE, KOLDC—BIETE
3. $RbE, TRTCOEEBLEDICLEREORE m, GCD(r, d)=g LT 5 &,



m=g THB, TNED, Bn-didgBORE" - Linst8s, LEVRABIELT

g &
&5,

S5, TRTORZHEO> TEREZN LE, AF—FLTHhENERZIBETIZ, H
BEEMETEINEEZETS, CZOREBRIZ, EROEDNVRAZ2RODIERER>T
W3, FIZIE, RIROEFK 9-3 T, 1D0E=ZAREZ2MKDIZ, AEALZ 1HET S,
L7ZB->T, 9F7REZIRTHEL>DTIDOEZAEEZNIZIE, 3EEZ2ETLI LT
2%, EZAKBKE, 93 OFKRZEZHERANE3ITE >3- 11CHSEL, 3EERED 3,
TOENRZI[METECHS O3 E—HTS, ZOLICHEEGRIIOWTIE, KOHE
BRVKRDVILD., §2b5, mEOREDS S, —DOEEN LEOEEGRE LTS &,
fe—r9 _mzuvg f-EMOD oy LrnisT, mp - SRODXd

GCD(n,d) n GCD(n,d)
BENS, dBWIRTOERZN DL EREERTH S,

EdokSic, 2ZTR, MALOnEFR2dHEIERERIECLS>TTESE
BREOHEEEZ, n L d KEBL, BENZBANSOERZ2To20, BERELARIL,
IO EHEEEZD > TS, EBE, APARKFALT, RNENABEANSERZEZTS
ZEDBTED . nEdBHNTHDEERXCTESEn-did, EnABOBSZHETSZ

ERT&EHT, Eg—ﬁﬂ?&h5%)?7‘:7‘&IE§&]%LCO7‘;73§%° Tk, YAMI—DOHANS

W, BlEEERN ORI ABRERHZEIILDTES, IS5, 3RLOEREHEEN
DHEBRHERDAIETH S,

5. AARDEEDESHRDERE
AW TIEE—RIEDHEEN S Wittmann OERBE T ZHPMWICER L - BB T RE

COFERBEEDITHOTHD, KAELIETNNEE - KFEWTHIZE L, —KRILDOE

HBRBERBRLTEW, i, EFETTOBERNZN— M, THEINZ A ELA]

ko THZEINE —RIEDBEETIV] KXo T, BFINZTLTHHEIND S, £BF

ROEREELDDBERDELDITRS,

(1) Wittmann iIC&> T, HERELE (REHEFEAROROEELZKE) (Wittmann,1995,
p.369) TH 5, AWF TIL, Wittmann ODFmZFBICEDZRNS, BFRBETOERHLRER
WKOWTHHEETSHEEDIT, ROKIBFEEEZERH L, DXV, HEHTE, THH] -
TEH) - THEl - THR] O4DO0BRERICK > THEIZINSN, TO%ER
BOREHIOWTHBRBRRTWARY, EWIHRRBEEZAVWELE, IhERBRRT DI
W, 4D0BRERICE > TRHRE DT LN ERBETOZREYEEZ FHUT 2 L 5 s
FREIARMRTHY, FHAETEENZ —RIEDEETINICRD, BUIREILOBERZR
BRETEEMBICEA L 7.

2) BEANICEREZBETS2D, HTBILE L T IStar Patterns] Z]REL, FEHEFEE
Be2—RIEASBEETIVICK>TEEL, ERICBLEZ, £OLT, [E50OMERIL O
BREICERELYTANS, £EORRZESHRICHHL, FMELE. —F, EREODOR
ABBIZDOWTIE, THEINEZAYEBMETIV 2ZAVWTOHL, TRRBOX51L]



BRI &> TRICED Z E 2K L,

Wittmann 13, BHROESNEE OARBOMERRO LICEMIM D LD, RFEUF
FZORBOLHBEITOEINAROBRICEKET S EL TS (1995,p.369) . THEDORE
& LTI, Wittmann OB ESEZRNS, —BRIESBEFIVICEINT, FahHigH
TEOBERNREZBIRY, EBIIBL, #ML, TOEREEZERL TWHRERLRN
EEZITVWSE, ZOB, —RIEDEETFITRENZ TREY—&IL) & A ER—1E ]
DBWRZEECEEHLANS, BERBETOPEREZOMTAHZENERIIRS. TOL
TFHE2Z2BUT, B2, ~RIESEEFIVOREE ETEREORES2 EWTB I B AR
R5,

(]
1. BZ2EBFO6 DHMBEIRIRDLIIZE TN TW S (Miiller, Steinbring und Wittmann,
2002,pp.13-14) .
O ZREREERCITEDESXDIT, ﬁ%%%’%ﬁ“ﬁ(Lernfahlgken)@%% WM&
& (Ru—HY TEHH-RENZEE] )
@ BUEHREAECEEREE R TD - BRI 5 - #RmdT 5 -RETSHI 0L
BREBEELLTEL, Tho2ERBAEF2BCRBESIESL I L
@ [#:& M (Strukturorientierung) | & )i A #5171 (Anwendungsorientierung) @ 2 D D 4H
MO MEZ S D TEHRRR S (Wissenshaft der Muster) | & U THZZ#EA B I &
@ WA BEGRHEEEE - R - 158 BT L THRETOEENT A T4 7
ZHBICEEDOTS I L, NS Z2ERERNSEEAREITERNICERTS I L
® HRBECHTHHRLOMICHRNZERED TS E
® FHOMMFECERELT, HILWATATERMOANSZ E (ZEL, Fills#
B TERENOEBRE] OLDC, ThEEKZHESLTSZDIF TRV, )
2. BEEFZOKUMIRDO8DOHEEN S MBRE N TS (Wittmann, 1995,pp.356-357) .
O ENESH ERENEZH DO
ORFMEROER (FIAIE, Bk, MEMRK, EHEEKEER)
@FFHI Lo TEHIEPLTVHEANEDOER
OREEBO—BREENSAHT, NEZHHUNITKRFE LD, BRLEDTEIE
OB OREDDEMH, HIR, FEEBOEREMH DEHEK
CFEMBBEEILCHRETECHIY F 25 LDOFRFE &7
O EFE, HEER, ﬁ%@ﬁ?%bfﬁ%ﬁ*ﬁkﬁ%@‘%ﬁ&@ﬁﬁ%
®BFHE DREHITE
3. Freudenthal & Chevallard @ TERHAOEBHNOBIRENER ] OFFOHF T, R¥
BEEZPREPCEDTHBATEERIHNL, BWATTHHZMNATNS,
CERAIZHBACERENCER TS E VWS HEHRBIR, ROUMSHE>TWS, BER
5ZDHBE, EMSETAEVNSIIERNBALNTEY, BOI L@FEFBEZALSNTHLRLN
5TH5. WRHTRELDZZELDANEREREE, EFROBZTHIEL RV, KT
EREFE (HEHTHAI L35 L) ZHAOBETH> =, KL ETTN
BEEHDAELOEETH . LOLABNSSHOBEOKRSEIX, HEHEITRD



FOREEINDDOTIARL, (BaiKkET) ABROBEBHEEFIOF LD
BFEINZDTH 5. SAOREERAERITBNT, REEFIZMEMEUMICEZ SN
TWEEFEDREIZAEL TVRY, DIIPRKRZFORZREREZOEAENVS XD AME
WT®H5. » (Freudenthal,1986,pp.326-327)
4. Dorfler HE, NEMN—BILEAEN—BREZALSHIIL TVREDT TRV, KO
—RILEFNEOHEETZENS Z2HETHIE, KOLIITEBS,
WA —BL: WSDODDOHRPERICDWT, HEHBECHENRVI>TWB &
B, TS E2EeHMENEILET S L,
NEHN—RIL: DE2HE (HE) 220FERBELT, ToEAGEZLET S &,

kY

EREBROEBIIHIZD, KEBEWUCETEREM - HEMB O RERR, 2REITH
henwklEEELE, ZTREBLTELHLAL ETEY, &, BEEERCIHAVE
EWEEFOBERICD, CZOREBHEOLTHILBRL LTET,

[31/A-5% X#k]

Bennett,JR.A.B.(1978), Star patterns, Arithmetic Teacher, 25(4), 12-14.

a7ty — (EBHEER) (1965), THMFEAMI , HEBEKSE.

Dorfler,W.(1991), Forms and means of generalization in mathematics, A.J.Bishop (Ed.),
Mathematical knowledge: Its growth through teaching, Dordrecht, The Netherlands: Kluwer
Academic Publishers, 63-85.

Freudenthal,H.(1968), Why to teach mathematics so as to be useful?, Educational Studies in
Mathematics, 1, 3-8.

Freudenthal H.(1973), Mathematics as an educational task. Dordrecht, The Netherlands: Reidel
Publishing Company.

Freudenthal,H.(1983), Didactical phenomenology of mathematics structures, Dordrecht, The
Netherlands: Reidel Publishing Company.

Freudenthal ,H.(1986), Review of Yves Chevallad, La transposition didactique du savoir savant au
savoir enseigné, Educational Studies in Mathematics, 17, 323-327.

Hirsch,C.R.(1980), Poinsot stars, Mathematics Teacher, 73(1), 41-44.

FHIEFHE - IO RE1998), T A Y BANZHR-FZEORENEARD —HEFHBTITBTEAS
RABSORRICETZEE -1, HERZEFTERE TRIZEEFHRL, 22(4), 178-190.

AHIBFR - O RE2000), T—REOBEICET ZEAH CHmAS] , HEEE
BE¥2m BREREFFRREL , 75,122

Iwasaki, H. & Yamaguchi, T.(2000), The analysis of cognitive process in generalization: The

expanded theoretical framework for metacognition in learning and teaching mathematics,

It

T

Hiroshima Journal of Mathematics Education, 8, 15-25.

Mclntosh,A. & Quadling,D.(1975), Arithmogons, Mathematics Teaching, 70, 18-23.

Miiller,G.N., Steinbring,H. & Wittmann,E.(2002), Ein Konzept zur Bildungsreform aus
fachdidaktischer Sicht, Universitit Dormund Fachbereich Mathematik Projekt Mathe 2000.



2a—5—G.+¥a¥1>TUCFH - Ev Y ECLEAERA - ILAEHR) (2004),
TEE - -H¥ BREUELSHEEREN PBAZRVBAT: £EMHENDSORE
Targ o hy, REEHRE.

Organisation for European Economic Co-operation (OEEC) (1961), New thinking in school
mathematics, Paris: OEEC Office for Scientific and Technical Personnel/ OEEC Publications.
Treffers,A.(1987), Three dimensions: A model of goal and theory description in mathematics

instruction —The Wiskobas Project, Dordrecht,The Netherlands: Reidel.

Van den Heuvel-Panhuizen,M.(2003), The didactical use of models in realistic mathematics
education: An example from a longitudinal trajectory on percentage, Educational Studies in
Mathematics, 54, 9-35.

Wittmann,E.(1984), Teaching units as the integrating core of mathematics education, Educational
Studies in Mathematics, 15, 25-36.

Wittmann,E.(1995), Mathematics education as a ‘Design Science’, Educational Studies in
Mathematics, 29, 355-374.

Wittmann,E.(2001), Developing mathematics education in a systemic process, Educational Studies
in Mathematics, 48, 1-20.

WO RE - HilH#2005), —RIEDBEEFNVICE DI DERBOHRE - 2HITHTAHME],
HABZEEZER® THFEHEFFRA | 84, 3-25.

(2] AW, ROoRIXEME, BELEZDBOTH S,
AHHE - IOREQR0S), [—RACDEETFIVICE DS BFHEILOE - £ - 3%
fICE T 5%, HEARZEEERE RIEEEFEWRL 29(2), 133-145.



EEMAEFH2IHETILICLSNEMRRRRBREDO D

ZE 2B EXE)

Z 8

AFEiE, PresmegOODIZB W THRARHTWD [FEE#HATESH (Semiotic Chaining)] 2OV
THET L7z B¢, ZE2002(a). ZE(20020)IZBW TR bz [NEWZERERFE] kO
(%5742 —%E| 2 FmEFHOBANLHT-BRELELOTHS, I LVidRERIC
ERESHEHS LT RWESh, SHICEORBMMNESHIIR%ZIC TWENERER) Lo
Fahsd, BRE TRRREE) PEETAZETRESHESIT L VEEbEEh, S8R
Fo&ﬁbj%i@%umﬁéﬁé LEFRELT D, ZOX D RERKREIFEHNT, HirdEE
FEELTOHRRLY, TNEGEZER-HEFEEO THE-BH) & LTEES 7‘6:&5/\%1
HDHZEN, XHTRDLNT,

1. [FCHIC
BUFHE RIS TRE I, '_%l':g@ HEEL bRV, FEORNFL bRV, FHOFEE b
A(FIR ,1995,p.193) FLULT, IBFEIIBITS [RENEZECTHIEE] ORBOCCERE,1993,p.104)%
RHETHRL, REDRFHIERD OBFHEBEFORE RRETH 5 (PR, 1995,p.194), TDH
THHRIC, BENEHO—D>ORE T ENBREENITITRALLOR T TRE) KEEhs (F
,1987,p.374) WO EHEPL, BRI L HRAPBEZ B OERIB N CEEREE 2H T
WBHZEMEZD, ZHQEOZE, TMEMGERERE) RO BEMERER) 2HELZET,
TNEBIREIR ) OREFIZRTZE T INEERERR] 2NENERUSNENICHE Lz,
TIZEQRO2@)IZENT, FE-HFFEEICRIT D MbE] o%B % Bk Lz ET, NERRER
i’%ﬁ?ﬁ@l%ﬁ)ﬂ*f%%g%?“w (NEAWRREREEET V) OBELITo 7z, BIZTE(2002(b))
R ERIL 2TV, THRREHERRA L & bICRBEONEHRBRERB 8 T
1‘?‘52%@@ Z [MEe LTONEWRRRE] LHELE, FLEREREHOL > HAEHE
Bl R L. REANRREREEO— DO TH D (¥ 77 ¥ —38E) L B/IER
A EEOFRRELFNZONT, BRRADBAD LD ERL TN D,

2001 £ 7 AicA T &= b Lk b TR X7 PME25(The 25" Annual Conference of the
International Group for the Psychology of Mathematics Education)?® Discussion Group, DG03 (Z3\\ T,
Saenz-Ludlow, Presmeg % =21—7 .t x—#& — & L C [Semiotics in mathematics education] & F& éﬂfr_
Ty varyBMTbhivie, 20ty s VIEPMES IZBWTHID TRESNEZLOTHY éri/f
¥ U AD Norwich TITHi 72 PME26 TIIE R DBEE 2 R AERBRESHNEMINTND, 22

THEFEEF* FHEMNERICH b0 L LTI A, Z0OEFERD—D2L LT [ 57(Semiotics)]
ERY ETAHZELEREL TS, £ LTELPBMIILTO3IRE SIS,

@ f*’*%v‘*—&@/\ffﬁ Frmae AL D LT AMRERORFRERD D Z &
(b) EFRICBITDERRLIBEEIZONTHAE LERTHZE
(c) PRk REEHFTH &

2001 FOZDE YV aZBNWT, AT A F—F—D—ATbHH5T AU X - llinois State
University ® Norma Presmeg 2543 [Progressive mathematizing using semiotic chaining] & & U7-3%
HE{To T, A, Presmeg ZHEDOEF 5 [Semiotic Chaining(FRBrRAEE)] & WD E X FIZHE
BL., ZhzH8-BFEFECBT 2R REAFHOSMMCERALL > ¢ T2b0THD, BFEH
(21X Presmeg(2001)%& F23/0 & LT, iﬁ‘% IN—ADREEFM. Y ¥Va—/VDORREFL Vo7
FATHFRDOREE S LIZ, BFEHEE BT 20 5mIEHOER 2 BREt L2 O L %2 b
T2, £LT, ZE(Q002(a) CHE SNz TWEWRRIEAEEET V. ZEQ02Mb)ICENT
BRat&hiz Ty 57 % =B ICLBFFICOWT, RERIEHOBEND OO - Bt



RAD, TORREL LT, LY LVEBRRADOKHE 2R SmAVEHOBIRNOHALNCTS & &
bio, WEMERRAFS TN EELZ, BE-HFFEO TEE-BH) & LTHBESIT & T
b5 L EETRESEOBRPOER LIS ETH5HbDOTH D,

2. EERMEHD2IBETIV
Presmeg(1998) TR SN - iSR0SI, PresmegROODIZB W TZOHEBMERE, /31—

Z(Charles S. Peirce) 28 L7-52 57 (Semiotics) (Z31T DEEMET L LRETEHD TV D,
R=ZADEFNTIE, UTFIEHIT3 3 00BEANERERZHITCEBY., I3EET L] L LTHR
Z b5, (Presmeg2001,p.2)

@ Txt5(object)] : MLDMTH DA 5 bISE L7 k5 DIFTE

® & B (representamen)] : X&) & Zh & HERT 5505 & OMOBELR

@ [f#RRA(interpretant))] : XI5, 525 K OFERE L FEZN A2 HE =0 EFR L OBEGKREER L

7o, R ORFR

ZLT, BATHRIIBVNTRROEN TV D ERKEIZSZEIC, UTDO XS REZHIT T R—ADE
TIVERR LT,

#F1 X—20 3HEEFILOEH]

PIE-37) Eik=2 fRBRE
(object) (representamen) (interpretant)
R VAN A 7
Loy (ZRAK) LvLOEE RS & D
e (DY A ]

(ZEBBICEL VO BgofcoSHiRS IEHITEICE LU LIRS
AN DEEROFZBICHTORADBE | 7000 L5 R
& D e BIRER 2 Fo A
RO/ S FTREME RS 2 Jkfi REFFBTDH & ORK

N—=ZD3HEETNVIIHLT, FNELERELERDIBRETOTHBHON, Yra—/b
(Ferdinand de Saussure) T 5, /N— A DHAHEA D FL 57w (Semiotics) & FEHINTWHDIZXFL, ¥
¥ a— LV ORFHAIIFEE S (Semiologie) & FEIEN 5, KIZFtB(signe)d [BREZHE S LOGFEEER
By & bW 232ERGEEHNE) LB L, fiFE % =7 4 7 »(signifiant), B EZ =7 «
T (signifié) & & fFiF 72, Presmeg(2001)iX 2T HET IV FEENBE =7 4 D)t REERIAET =7 4
TN WKCEELT, TZhEENR TN 3EETVOBHRER L R> T35, LLLE=ZDERPRE
PRI interpretant)id, B DERICBWTHERATH H(p.2)) B, T bE2HEELEHLVE
FINEUTOLIITREL TS,

FEENANRRERALV GEBEEIND] TV Va—VOETAEWIR L TRATZT IV
X, REARLY b BT 2 EREAPEAINDIET NV EE L=, £ LTENL, TREF
HEBRMALPOECRENBEOXE TICENILD Z EBERD S bIZTHRANGBEIZETESI
FEmIh xRy, RERAC L2 THENZZAEEERICRBIT 2R5E 7 B M (far ranging
autonomy) | ZEKRT S H D L2 o7 (Whitson, 1994, p40), D X572 REicx L T
Presmeg(2001)id, TRTERME DS DMLEDRICBIT AL EREN. F-2 T EORLAEDEDR
BAKERY, SHIZENITHRVIEEND] WO BEEOBRAMEE L7, Presmeg(2001)i3Z D
X O EHE %L T35 5% 093 84 (Semiotic Chaining)] &4 L., ZOEBEEKBHEHFE L T,
Walkerdine(1988)IZ W TEY EiF b TShWIRBRRAD 2 ESEORBE L DY & Y (pp.129-
138)) ZROLDITHITLARALTNS,



BER. BB ETECRE BES AL DL EIEEICRAS, ZREEOERL. ZhEh
DAFICH LCFEOEE 1 ATl 2BECHIE S €7,

1035 5 0%
R F0
N & DA il
5ANDA FLRE 1 LT REL 2 FLERHE 3
FLENAE 1 LENAE 2 RLERE 3

ARE  BERFES VO BERTALD (V=74 TY)
EERE  Hbh3E®R . BhREnd b0 (=7 4x)

B1 FEERANEHD 2IHET L

3. NAMNRREREEICH TS SHmrEH
TEQO)IL, B -HEFEEICBITANEANRIRREIEB O EME - EEMICES, B IEE )
D—ERE LT hFE ] ORAHLOLERREATFHZ Y ANLSIFEHET NVE, K 21877 [HE
WRREREEET V] O X5 ITRE LT,

..... _| wammsmmrm 0| _..

'!_
!
]
i
]
!
!

K2 WARNGEREREEET LV

COFEBEFNTIE, FHENFE~BINTD L E LI, TOREOREFREERBIZONT
RE-E-RZTNEFNPNENERRBIEEZ1To, ZOB, FEEEAOHEALL T TIIRL, [
ABHIME (AW EUE S BROBA) | L - AHBE (FEZEORTIZNS L 5 —ADHE
M1 ERGSEIHTRRTDHZ LT, NEANEREEZOLON ITXEBER] L LTo&E
BHF) 2EROPTHERIEL L ERD, TIT, —AHBMED L MR L, NERIER
MBHIZ LY KEORIFENZRT N TE D, £, HEirboaxtr s (RE~DT7 4—F
Ny Z) CEVERIZNENFRSN2SNDZ LT, REBOEBIIVEELEZLDERD, —
J5. WEAHERRBAEZROBENT A — KN\ 7 F5H2 LT, RilFE D708 2 REICEHES
¥HLEBIE, REBEICXZERZZOEEFERTLZ L CERNRETEZHREI ETHHDOT
HH, ZTOXIZ

O FEHE - BE-> NEWEREES— FEE

© ¥ NEABRLREES > ROBE~DT 4 — Ky 7




EWVD ZODRELY A 7 NV TEFHRBRBAES 2B HEOFREOPIRZ 28 % THA
HIFLRTEAZFE ] EHE LT
TITHROENTEZODRERYA 7L, HHED [E#HE) & LTHRADZEHTES, O
FY, BEROEHICBILZ =747 (BREHS LO BRTI D BERB) L =T 4
T(HONWLIEBER. EREIND DO GEEANR) L &2, NMENERERFEE =T OPCRETS 2
ENTEBRDTHD, BlIZIZLEROODY A 7 MO TIEKE S ITTRT L S 2. QDY A 71T
DWW 41T & 9 RESMAESED, TNENEL TV D LIRZ B I ENTE S,

EEENEE LB

& RIEER l

V=TA4TY 2

REICBT2FEE

VETA4TU1 =747 3

P =743

VETATY  BREBEILO BERTHLOEEERE
VT4 BbhAER. BERINDILOEBEAA

X3 AERELRE B IR SRR miESH O

=741

ROBEIZBIT DFFEH

P RIRRR

VET4T1

M) > ga 2s35
BRI BT 5 FEED S,

Y=74x 1 =74z 2

YRTA4T Y BREES O BRTALO BEER
V=74  BOhAZEBER BRI HO.LERE

B4 HNERRREMREE BT SRS mEH ©

4. X458 —2BICRONSEE S HRAEH
41 BEHOME

TE2002(b)iE, NEAWERRBUEMEEATEFEEHED—2L LT (¥ T 7 ¥ —%Tik)
WZOWTRHZEITo WD, ¥ T 7 X—%FkLiT. ZABHMES— ANBMEDFESL R
H-ARICHBCEBRIEIZEZENE LT AR R DX v 5 7 ¥ — 5 BRECHND L
DTHD, TNENDOX XY T 7 ¥k, RE-AHBHICLRY, CAHHHBE L LRY - —
ABBME (D 5 — ADBEME LR D, BE-A#IT, DRIBBEOFIZBWTEFREFRO I AL b
ERANLEEREBOEEVICTAILENTE, EEN LD AL FERRTVWENEFREAT S
ZEBTELOT, BODOFHEREIIRBWC MhE) OFELESGICNESRHE LN TE B,



iﬁr]\ (54 BEEERTFTD,

HENL 1B OBEIRVE L, ZhEFTVIED S,
Tlg%ota 0 BIMAIC R D079

14,

2B/ B ?

. CIE 3 ETIE?

7,

46, 5[, 6[E., 7H , EITBHE,
7B o7 & FITIHRMAAIZ 2D F5 0

NERERRBES 2 5)
REBI~ORBL, SORFELEEL,
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138)] ZRD L DIZHHT LR LTS,

BES, KAMEESNEBESA(BR)DLAMEIERITRRS, ThEMWZliZ, #heh
DARNIX L TFOEE 1 AT OMliF 2BE Tt S 872,

106 50
HEDR
N & DRI
5 ADA FEERHL 1 FLEREL 2 LR 3
RENA 1 FLEHNE 2 ERNE 3

EERE BREZHESI OO BRI I LD (=747 V)
EENE HBDhDER BE%RSNI b (V=7 4x)

1 REEwmHEEHD 2HHET L

HM1iZBWT, 5 AOAN GBEAFL) IR LTEIC T4E1] B EBEEBR1] & LIRS
T5, LPLERTT I, FILOVERSREFE) O ORERNE~ELERT S, 0%, (]
HBURFHRNELRY, 10065 ETORRIFE-RTERB LS,
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FIZIE—MOEREZEOHICL, TNOZHEOSH - RLNBEL D LDEEZBND, L
L. ZTNOHORDERNBRILEAFRRLEICR S LI T L, FhidepiarEELYy, £0D
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—BFEFINTHBREEL.BHAIERL L HMOMREFOFE IHAIND

A B R
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T, F-REENECHEM) L7725, ERENTVAE LI, ZZTHBIZHEWTE—D TR
WMEEAR ] BRWEENRD, 2FY., FEOTHENZRED 110 236 2, 0.1 284 2] 1%,
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Bl X 7 OFEFCH B X o, TRIE) & RE) Ly THgREBsiiilksh, TaA b
LWIHBTAFEENTREN TS, ZNENX—ADSEETNVICHTEDTELTHD L,
(REEE) 1 Tersem (ERERE) ) L LT, MEE) 2 MREBGEEFRBD] L LT, Ay X
[FRERIE] L LT, ZREIUIB SN TNB I ERRWE SN, —AFMMEIcL 534 b
WA ZRITE UTHRET D TRERIEERERBRIER ORI OWVTIE, ZE(2002, 2003, 2005)7% &

WZBWTBEICE RSN TW 2,

I 2T, BEHRBESEOANTFRHET I INEHEREROSIT (K8) 2 b, KIZHR~
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R = Representamen : iC. %5 (FL 5 R EL)
I = Interpretant : fERRIE
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DOAERRWEZEND EEHIZ, 3BYVD /) — bR ZX A TE2RETHZENTEE, F-.
NERFRRIRRIAN ) — PR & LTEE LW E SNBRERNLOFR (ZF 2002,2005,72 £) &
L. Zhh TRy GEENR) ) [FEE GEEERR) ) MHRE] 02 TE2EXRT ) — MR (R
A — FEER) THHEWVI) RIZBNT, B HFEZZFCBWTIVEFI LVWHETHAZ &
BHOLMNERoT, LT, KRBT 30 2# LT, IEEERIEEO AN TEIEFT L] NEE
WRBE G THTOORMEAE U THRIEETAILOTHAZ ERALNE o T,
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AR TIE, TERVEHORMAEZERTS 2 & ©, B -EFFE BT ) — FERROSHT
ERB T, Presmeg(1998) TIRIE SNz [FEHREVES] OHMA L EHARUISDIZBWTREN
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XEBHY, ARIUSCUTENWRITEIRETHE LDMGHE E>TEONG, 2EET /LiLE
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HTloBir2 [#Fb) KBETA3RBE2ELI ETH5HDOTHD, BRAK, N—RADELFm
(semlotlcs) B33 3HEETAE S EIC, X&) (5] FFIE] O3 >OBERMNLRKY LD
EERANESHO AN TRIET V) #RIET D, F\ T, Freudenthal O L7z (k) 2B
ﬁ‘é Treffers(1987) D RARZ B Y L, /KA 28/t (Horizontal Mathematization)| & [
B 72 852k (Vertical Mathematization)] Z#[RET 5, B b 2380 O [HEF(L] ORME~
LBz ET L) OBBICNET S M) oFEICER L, KERNZ/ BENREFE(L
DENFNRREND A=A L L, Tk TE&L) X EEmESENEE ShDET L
BT TR V)&'“%‘ WOWTHLNCT S, £ L TEFEMNREFAORE L LT Witmann @
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1. EEERAEHEICE T AT BRI RO EE

Presmeg(2003) TiX & 12V 20O FEHZ HF, EEROESICEIT 5 DKEH B
(Horizontal Mathematization)] & [TEEMIZ2352{k(Vertical Mathematization)] 122V TaLHA
LTW3, ZZC, %5t &3 Freudenthal /R L7 riﬁ%ﬁiﬁﬁfﬁ)é 7Oz ED LS
128z A& H(How to teach mathematics so as to be useful) | &V 5 BRI+ 5ETH D,
KIELTFD X H Ik ~<Tn3,

AR RFIER bW Lid, AUV RT AL LTOEFETIERL, &)
LLTOHETHY, BEFZEFENT A a2 THY, AR LIS TOEFALT
A7 A TH5bH, (Freudenthal 1968,p.7)

Freudenthal DR L7z 1#534k) 2 BITEBUCIE 2 72 D) Treffers T 5, Treffers(1987)13%k
2k TREOBASCERE - HEICOWT, ik Bfe 2 AV TR b - R L+ 5158 (p.247))
CHELELET, 2REFEIC KPR EF((Horizontal Mathematization)] & [FEEAIZREK
2(t.(Vertical Mathematization)| ® 2 DIZRK4y LT\ 5, & L CRi#E % RIS 2 E5% 0 Xk
~NEERIT A D L, BEE [EENERNTOFREEE) L, UTOX 5 ITFE-OIT 7,

KEHZRTIERBN T, HE~OEHITET VORI -5k EE L TH»
na, —ﬁfﬁ B2 A7 IE. BFOAEBRERLEZ P OMEBEEEEICRIT 5 L
NoEELEBEDLY 2RO, LL., KENRES L BENRKES EOBOZD XS 72
RAITENHEBNEE, ZNOIEIMAELBROHD DO THLIREBAETRDOIDH%E
B2y, (Treffers,1987,p.247)

ZDXH RS TREORHET v RICEE L T, BEQ996)IIEFAIEME D KRR K
5 EBERRESICOVWTER Lz, £ L THIEZ WEMHRZEE L3585 & LT,
%EE TEICESSERE] L LTERTRR ST TCVA(p.12), 20 X 5 72E8IR(1996)iC X
HEHEIT L Treffers(198MNIZ LB ZEN L EZHETHER1IDIIITRA D,
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REN, KEROBREHITHSB L T,
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Z & T, MEMRBF(LITHER L T,
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RESEARCH PROBLEM AND PERSPECTIVE ON MATHEMATICAL
LITERACY IN JAPAN: TOWARDS CURRICULUM CONSTRUCTION

Yoshitaka ABE (Graduate Schools of Education, Hiroshima University)

ABSTRACT

In this paper, I attempt to clarify research problems on mathematical literacy in
Japan and to get suggestions for construction of a curriculum and developing practice
by considering of references. For that purpose, the past mathematical literacy
researches in Japan are surveyed first. And, in order to explore the trend of today's
mathematical literacy research, prominent mathematical literacy researches are

considered. Finally, suggestion towards curriculum construction and practice is
described.

1. INTRODUCTION

Education is the working depending deeply on society and a time. Moreover,
if that is not right, change of a time and a demand of society will not be recognized
and it will become difficult to ask society and an individual for response
corresponding to the time and scale. Literacy appeared in the school education of the
modern West as “reading, writing, calculation”, and supported and spread through the
concept of the basic skills required for social independence (Sato, 2003). However, in
the case (like today's Japan), which progresses quickly high advancement in
information technology and internationalization, concept of literacy required for
should be changed (Kikuti, 2003). Indeed, for instance PISA (Programme for
International Student Assessment) instituted by OECD (Organisation for Economic
Co-Operation and Development) and Project2061 by AAAS (The American
Association for the Advancement of Science), educational reform based on new
literacy concept as key-concept is advancing. Also in Japan, I think that the concept of
literacy and the role of the mathematics education to foster it should be considered.
Therefore, the purpose of this research is reconsidering of purpose of mathematics
education, and curriculum for this, with setting the concept of mathematical literacy to
a centre.



2. THE TREND OF THE PAST MATHEMATICAL LITERACY RESEARCH
IN JAPAN

Since 2006, the project to define science, mathematics and technology literacy
was inaugurated In Japan (cf. Kitahara (Ed), 2006). In this project, science,
mathematics and technology literacy is “knowledge, skill and thinking related to the
science, mathematics and technology which wanted all adult people to learn”.

* The references on literacy were investigated in the project last year (cf.
Nagasaki (Ed.), 2006). The papers of the academic journal and the jJournal in
connection with the technology, science education, mathematics education, technical
education, and museum education, et al, (since 1970) was taken up, in order to analyse
the trend of literacy research. And they are analysed about the present condition of
literacy research. Here, in order to survey the past mathematical literacy research in
Japan, the analysis (Abe, et al., 2006) is described.

2.1. Purpose of Analysis

Various mathematical literacy researches have been made in J apan until now.

It is the purpose of this analysis to clarify the research situation. This clarifies changes
of a mathematical literacy theory and an outline.

2.2. Method of Analysis

In this analysis, the papers about literacy are collected and analysed from the paper
carried in 1970 and afterwards. The viewpoint of the analysis is as follows.

1. What is mathematical literacy?
2. Why is mathematical literacy necessity?
3. What kind of influence does mathematical literacy receive in the peculiar
culture of each country?
4. What is the relation between mathematical literacy and a curriculum?
5. What is the standard, which specifies the components of mathematical
literacy?
6. What are the contents suitable for fostering mathematical literacy?
7. How are mathematical literacy evaluated?
Also, the objects of analysis are 15 kinds of reference (since 1970) relevant to
mathematics education and mathematics



2.3. Statement and Discussion of Result

The papers about literacy in mathematics education are 197 in a total. The
findings show that the arguments have been developing into the argument of the
literacy in mathematics education' gradually from the argument on the computer
literacy of the beginning of the 1980s as an overall trend of this relation reference in
Japan (see figure 1).
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Figure 1: The overall tendency of an argument of literacy in a mathematics education

The papers about mathematical literacy (that is limited to a mathematically)
are 97 in a total. In the process, although the literacy theory that depends on each
author’s theoretical background i1s developed, in recent years, the reference that
depends on the mathematical literacy in OECD/PISA has a large number (see figure 2).
About mathematical literacy theory in Japan, following three big positions of the
peculiar to Japan was identified (cf. Nagasaki et al., 2006): First, Matheracy as a

' In this analysis, “literacy in mathematics education” means all literacy (for example,
computer literacy, visual literacy, and media literacy). As opposed to this,
“mathematical literacy” is limited to a mathematically (except not mathematically).



principle of curriculum construction for fostering a student with mathematical literacy
(Kawaguchi’s theory); Secondly, Mathematical literacy for a majority of high school
student (Fujita and Mogi’s theory); Thirdly, computer literacy corresponding to high
advancement in information technological society (Japan Society of Mathematical
Education and Uetake’s theory) .
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Figure 2: The overall tendency of an argument of mathematical literacy

From the analysis result, the feature of the literacy research in the mathematics
education of Japan 1s as follows:

In the literacy research in the mathematics education of Japan, research by the
mdividual 1s almost. On the other hand, they had not become a big flow even if Japan
Society of Mathematics and Japan Society of Mathematical Education had respectively
proposed mathematical literacy respectively. It seems that it receives social cognition
as an educational purpose theory just because a literacy theory has both of the
argument by the individual research, and research by societies recognized socially.

In the literacy research in the mathematics education of Japan, the almost
motive for research reflect on trend in foreign countries. For instance, they are a
computer or OECD/PISA. Although mathematical literacy for a majority of high



school student (Fujita and Mogi’s theory) was the opportunity, which solves a problem
peculiar to our country, it could not be referred to as having succeeded. Now, the
porous of the mathematics education of a high school is biased to the entrance
examination, therefore the essence tends to be missed. Furthermore, the extent of
mathematical literacy in an adult phase is also doubtful. Thus, it is thought that the
necessity of fostering mathematical literacy is increasing more.

In the literacy research in the mathematics education of Japan, the various
definitions of literacy have been made. However, there was no the argument on the
denotation about the concept of the mathematical literacy, and furthermore, the
argument was not made from the following viewpoints: “what kind of influence
mathematical literacy receives in the peculiar culture of each country?” and “what kind
of standard specifies the contents of mathematical literacy?” In short, in the literacy
research in the mathematics education of Japan, there were no arguments about the
structure and denotation of mathematical literacy, and relation between mathematical
literacy and a curriculum.

In the literacy research in the mathematics education of Japan, An educational
tendency is too strong. Their most researches described the definition of literacy
abstractly after describing the necessity for mathematical literacy. The argument on the
contents and evaluation to which they were suitable for fostering about literacy by
describing generally is made, moreover, the argument on the contents suitable for the
fostering and evaluation is made. It seems that there are few arguments about
mathematical literacy itself and how education is considered from this.

3. CONSIDERING PRESENT PROMINENT MATHEMATICAL LITERACY
RESEARCH

3.1. Overviews of mathematical literacy in two researches

OECD/PISA (cf. OECD, 2003) and AAAS/Project2061 (cf. AAAS, 1989)
were considered as prominent mathematical literacy research.

OECD has been attempting PISA, as part of an educational indicator enterprise,
since 1997. This aims at the following: To clarify various indices for comparing the
educational system and policy of each country; namely, to develop framework which
measures internationally the result (output) to the educational measure (input) as a
country with the indices which can be compared, and to perform the measurement. In
PISA, it measures reading literacy, mathematical literacy, and scientific literacy.



On the other hand, in AAAS (American Association for Advancement of
Science), in the trend of the science reform of the educational system in the United
States of the 1980s, Project2061 was launched in 1985 and the pacesetting roles have
been played. This aims at “fostering of all citizens' scientific literacy” and made
"scientific literacy" which integrate science, mathematics, and technology. And it has
been published the report “science for all Americans” (American Association for
Advancement of Science, 1989).

OECD/PISA mathematics frameworks have following three components:

e “The situation or contexts”: Four situation-types are defined: personal,
educational/occupational, public, and scientific.

e “The mathematical content”: OECD considers mathematics as a pattern.
Mathematical contents are redefined by a phenomenological approach to
describing the mathematical concepts, structures, or ideas. And the domain is
called “the overarching ideas”: quantity, space and shape, change and relationships,
and uncertainty. '

e “The competencies”: In OECD/PISA, a fundamental process that students use to
solve real-life problems is referred to as “mathematisation”. It requires eight
competencies: (1) Thinking and reasoning, (2) Argumentation, (3) Communication,
(4) Modeling, (5) Problem posing and solving, (6) Representation, (7) Using
synibolic, formal and technical language and operations, (8) Use of aids and tools.

On the other hand, the mathematical literacy in AAAS/Project2061 (AAAS,
1989) consists of an item of “the nature of mathematics”, “the mathematical world”
(contents), “habits of mind”.

e “The nature of mathematics”: Mathematics is first considered to be "science of a
patterns and relationships”, it has two sides of theoretical principal and applied
science, and mathematics is characterized from the both viewpoint. Moreover,
using mathematics to express ideas or to solve problems is considered as
“mathematical processes” which have three stages; (1) representing some aspects
of things abstractly, (2) manipulating the abstractions by rules of logic to find new
relationships between them, and (3) seeing whether the new relationships say
something useful about the original things. I think that it can be considered that this
1s “mathematisation”

¢ “The mathematical world”: Mathematical contents focus on ‘basic mathematical
ideas, especially those with practical application, that together play a key role in
almost all human endeavours. ... the focus is on seven examples of the kinds of
mathematical patterns that are available for modeling: the nature and use of



numbers, symbolic relationships, shapes, uncertainty, surhmarizing data, sampling
date, and reasoning.’(AAAS, 1989, p. 101)

e “Habits of mind”: This is “recommendations about values, attitudes, and skills in
the context of science education”.

3.2. Comparison between OECD/PISA and AAAS/Project2061

Comparison between OECD/PIAS and AAAS/Project2061 is described from
four viewpoints.

1. “Functional mathematics” and “Theoretical mathematics”

If both mathematical literacy theories are compared from the viewpoints of
“mathematics for the purpose on reality” (functional mathematics) and “mathematics
for mathematics” (theoretical mathematics) which are two sides of mathematics,
OECD/PISA’s one focus in the former, and AAAS’s one is described from the side of
both viewpoints. However, in the stage, which constitutes mathematical literacy from
AAAS, educational perspective is not contained.

2. Mathematical contents

Mathematics is considered as “the science of patterns” in both researches. In
OECD/PISA, mathematical contents are constricted by a phenomenological approach.
On the other hand, in AAAS, mathematical contents are constructed by a viewpoint
from science. It seems that constructing mathematical contents depend on a view of
mathematics. I think that the past mathematical literacy research in Japan (cf. Nagasaki

et al., 2006), had been described from the only viewpoint of “theoretical mathematics”
3. Mathematisation

In OECD/PISA, mathematisation 1is key concepts. Also, in AAAS,
mathematisation is the essential mathematical activity. Therefore, mathematisation is

important concept for mathematical literacy.
4. Attitude and value

In OECD/PISA, although attitude and value is not elements of mathematical
literacy, the necessity is described. Also, in AAAS, they are included as elements of
mathematical literacy.

4. TOWARDS CURRICULUM CONSTRUCTION AND PRACTICE TO
FOSTER MATHEMATICAL LITERACY

The suggestion for curriculum construction and developing practice from the
viewpoint of fostering of mathematical literacy is described below.



The problem “how to define mathematical literacy"’ can be put in another way
with “how mathematics is reconstructed from the perspectives of mathematical
literacy”. If it says in a previous example, mathematical literacy of OECD/PISA is
reconstructing mathematics from phenomenology approach, and AAAS/Project2061 is
reconstructing mathematics from the viewpoint of the mathematics as a part of
scientific. Moreover, activity there is mathematisation and many capabilitie's for it is
needed. However, the mathematical literacy in this stage is in the mathematical context,
and “what kind of education is performed for the purpose of fostering for constructed
that” is another new problem. That is, it is asked how a curriculum should be
constituted in the context of mathematics education. For example, although AAAS
constitutes mathematical literacy from a viewpoint of science, it has not described
about the fostering > (in this stage). Moreover, although OECD has stated
mathematical literacy in the context of evaluation, it has not described about the
fostering too.

In that stage in the context of mathematics education, we have to think “what
kind of viewpoints a curriculum and practice should consist of?” It seems that If the
viewpoint “mathematics for the purpose on reality” (functional mathematics) and
“mathematics for mathematics” (theoretical mathematics), past Japanese research
consists of latter viewpoints. Namely it seems that the mathematical literacy was
considered from academic mathematics. Also, the trend to OECD/PISA in recent years
1s considered that it is shown that concept of mathematical literacy has shifted to
“functional mathematics”.

Wittmann critiqued the trends to the literacy of OECD/PISA as too pragmatic
from the mathematical position, and argued importance the complementarity of the
application-oriented and the structure-oriented (cf. Wittmann et al., 2002). It suggests
to importance that to consider that “From what kind of viewpoint is fostering of
mathematical literacy considered?” and “How are both viewpoints “functional
mathematics” and “theoretical mathematics” balanced?”

From the past research trend in Japan, mathematical literacy has been
developed in more “theoretical mathematics”. However, it is thought that it cannot
respond only with the mathematical literacy, which consisted of this viewpoint in the
lifelong learning type education in today's Japan. Also that can be seen from
expression of various educational problems, and the trend to present PISA-type
literacy. Namely, it means the necessity of considering the mathematical literacy

> This is restricted to the stage of AAAS (1989). By the next argument, it has
proposed about curriculum construction.



which can respond to lifelong learning type education, which is the complementarity
mathematical literacy not only “theoretical mathematics”, but also “functional
mathematics”.

In this research, I have been describing introducing the perspective of
environmental education as one approach to lifelong learning type education based on
such awareness of above subject. To mathematics education having positioned
“functional mathematics” as an application scene of “theoretical mathematics”, this
begins from “functional mathematics” and is connected to “theoretical mathematics”.
However, we should notice the balance of “functional mathematics” and “theoretical
mathematics”. And I think that concepts of “mathematisation” and “mathematics as
the science of patterns” (cf. Devlin, K., 2003) are key concept as a bridge.

References

American Association for the Advancement of Science (1989): Science for All
Americans, Oxford University Press.

Abe, Y., et al. (2006): Trends in Research on Literacy in mathematics Education of
Japan, Nagasaki, E (Ed.). Investigation research for construction of literacy,
Technology promotion adjustment expense investigation research report in the 17
fiscal year.

Devlin, K. (2003): Mathematics, the Science of Patterns. Owl Books: New York.

Kikuchi, K. (2003): Literacy as activity to construct, journal of pedagogy research, 70
(3), pp.336-346.

Kitahara, K. (Ed.). (2006): Investigation research for construction of literacy,
Technology promotion adjustment expense investigation research report in the 17
fiscal year.

Nagasaki, E. (Ed.). (2006): Investigation research for construction of literacy,
Investigation about the basic reference and precedence research on literacy,
Technology promotion adjustment expense investigation research report in the 17
fiscal year.

Sato, M. (2003): Concept of literacy, journal of pedagogy research, 70 (3),
pp-292-301.

Wittmann, E. C., Miiller, G. N.,, and Steibring, H (2002): jenseits von PISA:
Bildungsreform als Unterrichtstreform, Ein Funf-Punkte-Programm aus
systemischer Sicht. (Translated by Kunimoto et al., 2004)



The Design of Mathematical Learning Environment
Based on the Theory of Situated Learning

Kazuhito IMAI (Hiroshima University)

ABSTRACT

The purpose of this paper is to establish principles for the design of mathematical
learning environment based on the theory of situated learning and to design the
environment based on these principles. First, the theory of situated learning is
examined. Secondly, mathematical learning is defined based on the theory and the
principles for the design of mathematical learning environment are established. These
principles are as follows: DMLE 0. - Decide mathematical-collaborative activities as
aims and design the mathematical learning environment that includes activities,
artifacts, and others (DMLE 1/2/3); DMLE 4. - Provide children with opportunities to
actualize the mathematical-collaborative activities. Finally, the mathematical learning
environment - ‘let§ divide confectionery’— that was designed based on the principles
is presented.

1. INTRODUCTION

According to Third International Mathematics and Science Study (TIMSS) by The
International Association for the Evaluation of Educational Achievement (IEA),
Japanese children’s mathematics record is ranked among the tops. However, the mean
value in the ratio of the children who think ‘Studying mathematics is interesting’, ‘In
the future, I want to work with mathematics’ and ‘Mathematics is important in daily
life’ is each less than the international average (National Institute for Educational
Research of Japan, 1996, 1997). Therefore, the ratio of the children who think well of
mathematics is very small’.

The Course of Study revised in 1998, 1999, which is based on the above situation,
aims at ‘mathematics education which regard children’s independent learning to be
important’, and related to real life’ (Nakahara, 2001), and ‘children’s awareness of
values of mathematics and significances of learning it’ (Ministry of Education, 1999,
p-18).

However, the aims would be difficult to achieve by usual mathematics lessons based
on the view of learning as ‘acquisition of mathematical knowledge’ (Imai, 2004).



Inagaki & Hatano (1998) point out some problems of the lessons. One is that in these
lessons, teachers choose learning contents and methods and control learner’s activities,
so learner’s independent learning would be impossible. The other is that general ways
of dealing with different problem situations are regarded as important and activities in
abstract/non-practical situations apart from concrete/real contexts are designed, so
products of the lessons only have indirect usefulness and result in children’s low
motivation to learn.

In response to the limitations of the current mathematics lessons in realizing the
aims of the course of study, the aim of my research is to design mathematical learning
environment based on ‘the theory of situated learning’ (Lave & Wenger, 1991) and to
realize that children are aware of the values of mathematics and significance of
learning it in relation to real life and learn independently. Consequently, the purpose of
this paper is to establish principles for the design of mathematical learning
environment based on the theory of situated learning and to design the environment
based on these principles. First, the theory of situated learning is examined. Secondly,
mathematical learning is defined based on the theory; and the principles for the design
of mathematical learning environment are constructed. Finally, mathematical learning
environment - ‘let’s divide confectionery’ — is designed based on the principles.

2. Theoretical examination of the theory of situated learning

‘Practice theory’

‘Practice theory’ (Lave, 1988) is the basis of the theory of situated learning and
refers to the nature of human’s activity. It is to “focus on everyday activity, and its
constitution in relation between social system and individual experience” (Lave 1988,
p.14) and contents of the theory can be summarized as follows (Imai, 2005):

Individual activities (practices) in formal environments arise depending on how
he/she grasps the environments - which include activities, artifacts and others, through
experiences - memories, expectations and activities/practices in other environments,
and it develop with time. Furthermore, the development is considered to be caused by
changes of the environments including the individual.

It is important to argue that the theory claims individual’s activities (practices) in
environments cannot be judged without considering the environments. For example,
consider the situation that a child isn’t active in mathematics lessons but is active in
social studies. Then, is the child originally active or not? The judgment must be
difficult. That is, the claim of the Practice theory is that human activity should not be



attributed to his/her ‘ability’ or ‘character’, but to the ‘relation’ between him/her and
the environment in which he/she belongs.
Figure 1 represents the contents.
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The theory of situated learning

In Lave & Wenger (1991), ‘learning’ is explained as “situated activity™ (p.29), “as
increasing participation in communities of practice” (p.49). The ‘activity’,
‘participation’ corresponds to the ‘individual activities (practices)’ and ‘increasing
participation’ means the change of it in ‘Practice theory’ which explains individual
activities (practices) in formal environments. That is, ‘learning’ is taken as ‘changes of
individual activities in environments’ in the theory of situated learning. Furthermore,
judged'from Practice theory, it depends on how he/she grasps the environments which
includes activities, artifacts and others. '

‘How learning is caused’ is explained as “learning occurs through centripetal
participation in the learning curriculum® of the ambient community” (p.100). The
‘participation’ represents ‘individual activities (practices)’ in Practice theory. That is to
say, learning is regarded to be caused by individual’s actual activities (practices).

3. The definition of mathematical learning based on the theory of situated learning
Based on the interpretation of Practice theory - how individuals grasp formal

environments - and the contents of the theory of situated learning, mathematical
learning is defined as below (Imai, 2005):

The nature of mathematical learning
0. Mathematical learning is changes of individual mathematical-collaborative activities in
mathematical learning environments - It depends on the following changes: 1/2/3
[ 1. Changes of how an individual grasps the mathematical activities
1-1 Changes of individual senses of purpose to the mathematical activities
1-2 Changes of individual understandings of the mathematical activities
2. Changes of how an individual grasps artifacts used in the mathematical activities
2-1 Changes of artifacts used in the mathematical activities
< 2-2  Changes of individual understandings of artifacts
used in the mathematical activities
3. Changes of how an individual grasps others
he/she interacts with in the mathematical activities
3-1 Changes of others an individual interacts with
3-2 Changes of individual understandings of others he/she interacts with in the
\ mathematical activities — changes of relations between him/her and others
The way mathematical learning is caused
Mathematics learning is caused by individual’s actual mathematical-collaborative activities.

Table 1. The definition of mathematical learning based on the theory of situated learning’




4. Principles for the design of mathematical learning environment
based on the theory of situated learning

The theory of situated learning doesn’t refer to ‘norms’ such as what kind of
learning environments are desirable, as can be understood from Table 1: “it is an
analytical viewpoint on leamihg, a way of understanding learning” (Lave & Wenger,
1991, p.40). Therefore, to construct ‘principles for the design of mathematical learning
environment (DMLE)’, norms of design needs to be added to ‘the definition of
mathematical learning based on the theory of situated learning’®. Table 2 shows the
principles constructed by adding norms to the definition. The principles ‘are based on
the theory of situated learning’ in the meaning that it is constructed based on the
definition.

DMLE 0. Decide mathematical-collaborative activities as aims and
design the mathematical learning environment.
(In the design, DMLE 1/2/3 are included.)
[ DMLE 1. Design the environment concerned with the mathematical activities
1-1 Make it possible for children to have senses of purpose to the mathematical
activities
1-2 Enable children to understand the mathematical activities
DMLE 2. Design the environment concerned with artifacts
used in the mathematical activities |
< 2-1 Prepare the artifacts used in the mathematical activities
2-2  Enable children to understand the artifacts used in the mathematical activities
DMLE 3. Design the environment concerned with others
he/she interacts with in the mathematical activities
3-1 Make it possible for children to collaborate with other children in the
mathematical activities, and for teachers to support the children’s activities.
3-2 Make it possible for children to have good relation with other children
\ and teachers.
DMLE 4. Provide children with opportunities to actualize the
mathematical-collaborative activities

Table 2. Principles for the design of mathematical learning environment (DMLE)

5. The design of mathematical learning environment: ‘Let’s divide confectionery’
The aim in the mathematical learning environment: let’s divide confectionery is to be
able to do mathematical activities such as ‘count’, ‘compare’, and ‘divide’ using




various artifacts in cooperation with others in real life. And in the environment...

1. the second grade is the target.

2. ‘the number up to one hundred’ (first grade) and ‘addition and subtraction up to
two place values’ (second grade) are supposed to have been learned, while
‘multiplication’ and ‘division’ are not.- in the bracket is the teaching grade
which is decided in Japanese current course of study (Ministry of Education,
1999, p.32).

3. children play active parts in groups.

First, teachers actually present two boxes each of the following four kinds of
confectioneries to children. At the time, children can know the kind they don’t know
the number of sticks in the boxes.

12sticks 16sticks

12sticks

16sticks

4 sticks/pack 4 sticks/pack 2 sticks/pack

3packs 4packs 8packs

AX2 BX2 CX2 D X2

Figure 2. Confectioneries

After that, teachers say “let’s decide the confectioneries that each would like to eat”.
At this point, children decide the way of division, not teacher.
Later developments of children’s activities are supposed as shown in Figure 3.

“Let’s choose a kind each would want to eat.”

children’s focus:

the number of sticks

“How many pieces are in the each

box?” (count the number)

choice criterion: +  choice criterion:
}
]

the kind . the kind and number

choose a confectionery




children’s focus:

the number of sticks

“How many pieces are in the each

box?” (count the number)

' .

divide a confectionery

Figure 3. Hypothetical developments of children’s activities
in the mathematical learning environment of ‘let’s divide confectionery

In the case that children answer “Let’s Groupl =~ Group2 = Group3 ~ Group4

choose a kind each would want to eat”, it is

supposed that children are going to choose AX2 Bx2 Cx2 Dx2

a confectionery by the ‘kind’ only, or by the

‘kind’ and ‘number’ by asking “How many Figure 4. An example of assignment

pieces are in the each box?” of confectionaries

In the latter case, for example, teachers
assign the four kinds of confectioneries to Group A Group C
four groups of children as in Figure 4, and
children count the number in collaboration AX2 CX2
with each other. After the counting, they
are asked to confirmed the Group B Group D

number of pieces in each box, how are the
pieces packed, and how they counted the BX?2 DX2
number. The teachers then summarize the

result and process of counting activities in Figure 5. Groups after the choice

each group on blackboard. After the of a confectionary
number of pieces of confectioneries is

revealed, children choose it by the ‘kind’ and ‘number’. This leads to the formation of
four new groups of children as shown in Figure 5 and children divide it in
collaboration with each other. After the dividing, the number of pieces for each child
and how it is divided is confirmed. The teachers summarize the result and process of
dividing in each group on blackboard. (In the case that children chose it by the kind
only, it is supposed they now count the number.)

In these activities, if necessary, teaching aids can be used.



After these activities, a series of children’s activities which was summarized by the
teachers are reflected on. First is the looking back on ‘counting’ activities. The four
kinds of confectionery the teachers present are packed as shown in Figure 2, therefore,
following ways of counting are assumed:

“In each box there are three packs each containing four sticks, giving 4+4+4=12
sticks. Therefore, there are 24 (12+12) sticks.” (4)

“In each box there are eight packs each containing two sticks. Therefore, in total
there are 2+2+2...+2 =327 (D)

In the latter case, it is inconvenient to use addition. After the children feel the
inconvenience, the teachers present the notation of multiplication and the children
check its meaning.

Second is the looking back on ‘dividing’ activities. The four kinds of confectionery
the teachers present are packed as shown in Figure 2, therefore, following ways of
dividing are supposed:

“24 sticks divided among 8 children with each child getting three sticks” (A)
“24 sticks divided by three sticks is given to 8 children” (C)

In this point, teachers present the notation of division and children check the meaning.

The application of the principles to the mathematical learning environment
DMLE 0.

To be able to ‘count’, ‘compare’, and ‘divide’ using various artifacts in cooperation
with others in real life are aimed at and the mathematical learning environment of
dividing confectioneries is designed.

DMLE 1-1.

The mathematical learning environment would be familiar with children. And to
divide confectioneries, children would be interested in the number and want to count
them. These would enable children to have senses of purpose to the mathematical
activities such as ‘count’, ‘compare’, and ‘divide’.

DMLE 1-2.

Dividing confectioneries would be familiar with children, so it would be easy to
understand the activities. More detailed children’s understandings of the mathematical
activities are to be considered based on the actual conditions of the class and



development of activities.

DMLE 2-1.
If necessary, teaching aids can be used.

DMLE 2-2.

Children’s understandings of the teaching aids are considered. More detailed
children’s understandings of the artifacts used in the mathematical activities are to be
considered based on the actual conditions of the class development of activities.

DMLE 3-1.

In counting and dividing confectionaries, playing an active part in the groups enable
children to collaborate with others.

Teachers play roles of supporting children’s activity, such as answering children’s
question, summarizing the process and result of children’s activities, and helping
children to look back on a series of their activities.

DMLE 3-2.
The relation with other children and teachers are considered based on the actual
conditions of the class development of activities.

DMLE 4.

The opportunities for children to actualize the mathematical-collaborative activities
using various artifacts in cooperation with others are provided in dividing the
confectionaries.

6. Summary
In this paper, the mathematical learning environment is designed based on the
principles for the design of mathematical learning environment based on the theory of
situated learning. In the environment, it can be expected that children would be aware
of values of mathematics and the significances of learning it by carrying out
mathematical activities independently in real life situation and knowing mathematics
as products of the activities.

Notes
1. In TIMSS 2003, the Japanese students are ranked fifth in average score of eighth
grade in each country/region. In the question whether mathematics is interesting or
not, the ratio of the students who answer ‘very interesting’ (9%) is less than the



international average (29%).
(http://www.mext.go.jp/b_menwhoudou/16/12/04121301/002.htm)
2. In this research, “arena of activity”, “setting of activity” and “artifacts” are each
defined as follows:
“Arena of activity”: “an identifiable, durable framework for activity, with

properties that transcend the experience of individuals, exist prior to them,

and are entirely beyond their control” (Lave, 1988, p.151)

“Setting of activity”: “personally ordered and edited version of the arena” and
“experienced differently by different individuals” (Lave, 1988, p.151)

“Artifacts”: “things made artificially and used by people, for instance, tools,
characters, and symbols” (Saeki, 1993, p.112)

3. ‘Practice theory’ claims that individual activities (practices) arise depending on
how he/she grasps formal environments. Thus, in the case that activities are
‘situated’, the meaning of ‘situation’ is considered to be ‘formal environments and
individual way of grasping it’: formal environments (“arena of activity”) and
“setting of activity”

4. ‘Learning curriculum’ consists of situated opportunities for the improvisational
development of new practice, that is, it 1s “a field of learning resources in everyday
practice viewed from the perspective of learners” (Lave & Wenger, 1991, p.97).

5. In this research, ‘mathematical-collaborative activities’ and ‘mathematical learning
environment’ are each defined as follows:

‘Mathematical-collaborative activities’: various activities concerned with
mathematics where children have senses of purpose and do in collaboration
with others

‘Mathematical  learning  environment’: an  environment  where
mathematical-collaborative activities are done and artifacts and others are
included

Moreover, ‘machines and tools’, and ‘general language’ is included in ‘artifacts
used in the mathematical activities’.

6. Suzuki, et al. (2002) point it out that when school reformation is tried from situated
perspective, the reformers from the perspective need to realize that they have to
refer to the necessity and direction of the reformation because the perspective
doesn’t refer to it. In the same way, when principles for the design of learning
environment are constructed, one needs to refer the ‘norms’ of the design.
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GEOMETRIC CONSTRUCTION AS A THRESHOLD OF PROOF:
THE FIGURE AS A COGNITIVE TOOL FOR JUSTIFICATION™

Hideki IWASAKI (Hiroshima University )
Masakazu OKAZAKI (Joetsu University of Education)

ABSTRACT

Geometric construction is usually considered as the procedure of drawing a
figure bounded by a straightedge ruler and a compass. It, however, could be didac-
tical intermediate between a cause-effect and an assumption-conclusion explanation
because it is not only a series of systematic activities using only two tools but also
mathematical proof of existence in itself. We, therefore, consider it as a educational
threshold of proof in system although most mathematics teachers emphasize its pro-
cedural aspect.

We analyzed the justification of the geometric constructions made by seventh
grade students in the classroom lessons in terms of image schema. Image schema
was developed for a meaning-making function by Dérfler (1991). It was made
available for us to clarify the logical or cognitive base of the students’ justification
and change of thought. This research finally showed some factors for the transition
from construction to proof in geometry.

1. INTRODUCTION

Mathematics in the secondary level must try to switch knowledge from one
track of experience to another track of theory. It, therefore, is a worldwide problem
in mathematics education to come to know how the theoretical component would be
dealt with in the mathematics for the secondary level. '

In Japan, geometric construction is taught in the seventh grade. This serves as a
gateway to the logical proof in the geometry for the compulsory eighth grade. How-
ever, most teachers give more emphasis on the procedural aspect rather than the the-
oretical aspect. Hence, they fail to see or realize that geometric construction could

*1 This paper has been published in International Journal of Curriculum Development and Practice, 3

(1), 57-64, 2001.



play the role of an intermediate towards proof in logical system.

In this paper students of junior high school were asked to give justification on
the procedures of the construction. This activity serves as a steppingstone for a lo-
gical proof. We investigated the process of change of thought as shown in the geo-
metric figures that the students performed. The concept of image schema suggested
by Dorfler (1991,1996) and Johnson (1987) worked well for this investigation.
According to Johnson, "- - -image schemata are not rich and concrete images or
mental pictures, either. They are structures that organize our mental representations
at a level more general and abstract than that at which we form particular mental
images."(pp.23-24) and "In order for us to have meaningful, connected experiences
that we can comprehend and reason about, there must be pattern and order to our
actions, perceptions, and conceptions. A schema is a recurrent pattern, shape, and
regularity in, or of, these ongoing ordering activities. These patterns emerge as
meaningful structures for us chiefly at the level of our bodily movements through
space, our manipulation, and our perceptual interaction."(pp.99-100)

In the recent PME-Proceedings, papers on this topic show that students begin
their experiences with the exploration of geometric construction (Mariotti et al.,
1997). The computer software is made workable to provide them with such
experiences and to help them understand the reasons why they have arrived at such
constructions. Clements and Battista , however, point out the pitfall of the use of
computer for constructions as follows(1992, p.438): "+ - -even with computer con-
structions, ... we might need to worry about the pitfalls of promoting an empiricist
approach." With the Cabri software, in other words, students still focus on the pro-
cedural aspects just like what they do when they are using the compass and ruler.

As mentioned by Marriotti and Bussi (1998), it is important to go beyond the
procedural process which is referred to as the product of construction for the devel-
opment of justification. At this point compass and ruler construction is little less
than computer construction. We observed several classroom lessons on the geomet-
ric construction by means of compass and ruler in the seventh grade. The discourse
of students was analyzed to specify some factors of the success and failure in the
justification on the construction.

2. THEORETICAL FRAMEWORK

Let us begin with the property of parallelogram for example which is presented
with P = Q. Needless to say, the logical symbol "—" or the conjunction "if-then" is
not written in the figure of parallelogram. The figure, however, could be conceptual-
ized if this symbol or comjunction is used in it, and furthermore its universality
should be proved under the logical system. On the other hand, the symbol "—=" or
the conjunction "if-then" itself does not have any meaning just like any other con-
junctions that never exist in the real world. Therefore, the figure of parallelogram is
nothing less than something which gives meaning to the logical symbol of "—>".



Thus a geometric concept is composed of both figure and mathematical symbol
which are complementary to each other. It is the human mind that provides a geo-
metric concept with complementarity between them. We call it image schema fol-
lowing the idea of Dorfler (1991). Image schema, therefore, plays an important role
not only to analyze, interpret, and transform shape to a mathematical symbol, but
also to simplify and integrate a set of formalized relations into a new shape. Dorfler
(1991) made four categories under the image schema; namely figurative, operative,
relational, and symbolic. In geometric construction and its justification, operative
and relational image schemata help to organize temporal order of the ruler and com-
pass operations to spatial Jocation when making a geometric figure.

Relational image schema develops the relations or the meta-relations from spa-
tial location and arranges them to one copula i.e. "be". On the other hand, operative
image schema develops the relations or the meta-relations from temporal order and
arranges them to another copula i.e. "become".

Justification in geometric construction, therefore, means to translate spatial lo-
cation into temporal order. For instance of an angle bisector, the reason why a seg-
ment OA becomes a bisector of an angle POQ is that a quadrangle POQA became a
kite shape which is defined in Japan as the shape whose adjoining two sides are
each equal. A relationship between assumption and conclusion in mathematics never
has a temporal component although a causal relationship in science usually has it. In
geometric construction, there is time for mathematical operations as well as the ex-
istence of mathematical proof. Temporal order is immanent in activities of students.
They must reflect their activities and be aware of the series of "become" in the geo-
metric construction and its justification. On the contrary, they should trace and erase
the temporal component for their explanation.

3. STUDENTS' GEOMETRIC CONSTRUCTIONS AND
THEIR JUSTIFICATION

The discourse mentioned below is an excerpt from the record of classroom les-
sons on geometric construction in Japan. The main topics for these lessons were to
draw an angle bisector and to justify the procedure of construction. The teacher per-
mitted the students to use the corners of any square or a protractor. He emphasized
that the students should not only complete the construction but should also show the
procedure and explain its validity.

3.1. The characteristics of students' geometric construction

First, the teacher drew an angle on the blackboard and posed a problem "draw
the bisector of this angle". The students were told to make use of all the instruments



for drawing, but they were negative to use a protractor.
Student: Even if the one side of the angle is on the graduations of a protractor,
we can draw a bisector approximately, however we can never draw it
accurately.
The students in this class did not admit even a subtle
deviation. Similar discussion happened when Taro
was explaining the following way of drawing. Taro
put points A, B that are 20cm distant from the vertex,
and said "the length of the segment AB is divided by
2 and I put the point at a half of the length of the 0
segment", then drew a line connecting the vertex with

fig.1

this point. Just then, some other students questioned this method saying: "What if
the length is not divisible by 2? If so, then the ruler is inappropriate."

This shows that Taro had the relational image schema of an isosceles triangle.
His image schema developed the relation in it. That is, in an isosceles triangle, the
vertex angle is divided into halves by the segment from the vertex to the midpoint
of the base. But some other students claimed that this had a limitation because the
midpoint of the base is not always determined by the graduation. One of them pro-
posed another method. A bisector was practically built up by folding the angle writ-
ten on his notebook. Many students said that this method was more accurate than
Taro's method. Most students had the figurative image schema of an angle and
seemed to be at the transitional stage from empirical to theoretical.

After some active introduction of this topic, many of the students developed the
method shown in fig.2 when they were restricted to the use of compass and ruler.
Gen presented it on the board and explained as follows:

Gen: I used a compass, so this length (OA) is

same to this (OB). ... To be honest, I made 8 @
two same isosceles triangles here and here by G)
placing this (AB) as the base. Since I could @
draw a perpendicular here, as what was done () A

with the rhombus yesterday, the angle was fig.2

just bisected. When we draw a perpendicular
through the midpoint of the base, it meets with these vertexes of this triangle
and that triangle. ... Because there exists a rhombus.
Gen had a relational image schema of an isosceles triangle or a rthombus. He,
therefore, could develop his ideas as the method of construction. He indeed read the
relation embedded or written in the shapes of them.
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3.2. Justification (1): from visual to theoretical correctness
Taka planned another way of construction to overcome the limitation of Taro's
method. He copied out fig. 3 on the blackboard from his notebook and explained his
way like this.
Taka: I put points A, B 20 cm distant from O. And I B/ ®
drew the perpendiculars (D and @) using the
right corner of a set square, and then drew the

bisector (3) connecting the intersection of @ and 0
@ to the vertex O. fig. 3

During the interaction process in the classroom, Taka derived his criterion of
justification from visual to theoretical correctness. The following is a scene when
the teacher asked him to mark the parts he made equal in his drawing.

Taka: OA and OB are equal. Angle A and angle B are right angles. ... And AC

becomes equal to BC.

Teacher: Does AC become equal to BC? Did you make those lengths equal to
each other?

Taka: We didn't make them equal. But when you put those two triangles side
by side and right angles are constructed, ... then the heights... AC is equal
to BC because they are same triangles.

The teacher tried to help Taka differentiate visual equality from derived one in
construction. He suggested that the case of AC=BC was quite different from that of
OA=0B because the latter was the condition of this construction. Taka had once
said, "I see", but later he said again "Anyway triangle OAC is congruent to OBC
when we look at the shapes. So, it is divided into halves necessarily. ... If we meas-
ure lengths of OA, AC, OB and BC, we can ascertain the equalities".

Taka tried to show that OC became the bisector of angle O by the congruence
of two triangles. He read the relation of the two triangles in the kite shape CBOA
through the relational image schema. But AC=BC was the result of his visual per-
ception. This failed him to convince the teacher and other students of his justifica-
tion. His failure made his justification more correct. _

Taka: ... If that AC equals BC is ascertained, the angle could be determzned
definitely. If AC is equal to BC,....

Teacher: Are you saying that two triangles are congruent to each other if the
two sides have the same length ?

Taka: Maybe. ... because both angles A and B are really 90 degree. If we can
ascertain one angle and two sides, those are congruent.

Taka's statements gradually came to include "if-then" form and he eagerly

needed the logical correctness of the premise at last. The relational image schema he
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derived gave him a logical base to reflect his construction and caused him to finally
change his visual equality of length to the theoretical one.

3.3. Justification (2): lack of externalizing the image of shape

Syun put a triangle at the vertex and confirmed 10 cm length with the vertex as
the midpoint. Next, he slid the triangle along the other triangle placed perpendicular
to it. He stopped the translation where the angle cut the segment of 10 c¢m, and then
drew a ray from the midpoint through the vertex. Some students tried to refute this
way of drawing.

S1: I think Syun's drawing is doubtful.

S2: When he first put a triangle, accuracy is needed.

But, that way cannot work well.
S3: 1 think so.
The students questioned Syun's approach. They thought

that Syun just put a triangle by his eyes without making any
basis. Consequently, one student implemented same way of
drawing by slightly moving the triangle. He found out that B

the drawing deviated from Syun's. Syun also refuted, say- M ™

ing "You don't understand what I want to say. ... If you did 5™ 2o
so (moved a little), the segment of 5 cm wouldn't fit to the 9™ fig 5A
. N L9,

angle anymore", but no one understood his idea.

His method is right if the angle really cut the segment of which he has been
conscious at the start. We think it is “rectangle ABMN” that Syun has imagined
(fig.5). He actually traced the segment MN with his finger when making the draw-
ing. But he just did not verbally express his image of rectangle. That image enabled
him to construct an angle bisector, but he failed to convince his classmates of his
procedure. His failure seems to result mainly from the thought that he couldn't or
doesn't externalize his image of shape.

3.4. Justification (3): based on an operative image schema _

Yoshi also aimed to overcome the limitation on putting a midpoint of AB using
graduations of a ruler and devised the following drawing: Put a ruler along AB,
move the other triangle along it and stop at the vertex O. With this way, most of the
students are convinced. Yoshi justified his procedure as follows.

Yoshi: I revised Taro's method. This side OA is equal to this side OB.

Teacher: Certainly those are what we did.

Yoshi: Therefore, when we connect A to B, the angle OAC is equal to the angle

OBC.
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Teacher: Well, everybody, what do you think about it?

Students : I see.

Yoshi: Because.... When we consider both cases when this triangle is put in this
way (Yoshi put his triangle at the triangle OAC on the blackboard) and
when it is put in that way (he flipped it to the other side and found out
that it coincides with the triangle OBC), these are two same triangles.
Therefore, these angles are equal to each other since those sides (OA and
OB) have an equal length.

0 )
ig.7

Yoshi's justification started from the theorem of the base angles of an isosceles
triangle: if OA=OB then angle OAB is equal to angle OBA. His reasoning was
based on the physical manipulation of flipping the triangle, and the students in the
class were convinced and agreed to his explanation. Since his explanation has been
accepted, his justification is almost completed at this moment. Because these trian-
gles are similar, the remaining angles are also equal. But in this discussion, there
was a context about point C such that AC=BC must be constructed in order to over-
come the limitation of Taro's work. Therefore, it is AC=BC that Yoshi tried to show

Y

next.

C
x 0
i3.8 A Fi.7 A X
Yoshi: For example, if we put point B arbitrarily on ray OY, connect A to B,
and draw a line perpendicular to BA through point O, the line does not
necessarily touch the midpoint. It is inclined to a direction where the dis-
tance from point O is shorter. ... The line makes angle OBA greater than
angle OAB. Conversely, in the case where OA is shorter than OB, the
perpendicular is inclined to the other direction and therefore makes angle

OBA smaller than angle OAB. Therefore, when angle OBA becomes equal
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to angle OAB, the line is not inclined to any directions but at the midpoint
of AB.

Yoshi's justification includes a distinction of cases about the lengths of OA and
OB or the measures of the angles OAB and OBA. We think it was resulted from his
conception of the angle bisector, which was a figure constituted as the perpendicular
from the vertex to the base of a triangle in the continuous transformation. His expla-
nation about AC=BC convinced his classmates and he finally justified that angle
AOC is equal to angle BOC based on the congruence of the triangles OAC and
OBC. The reasoning that contains a kind of transformations is discussed in Simon
(1996) or Harel and Sowder (1998) as an excellent justification and as a necessary
precedent to the axiomatic proof scheme. Yoshi's image schema was operative as
well as relational, and his case suggests that the operative image schema can be
used effectively to develop one's reasoning.

4. DISCUSSION AND DIDACTICAL IMPLICATIONS
4.1. Cognitive tool of construction

We consider construction as a didactical intermediate between concrete and
formal operation rather than a mathematical proof of existence. In this paper we ex-
amined the cognitive tool in justification of construction. The image schema acti-
vates cognitive tools to make students possible to see another figure in the figure, to
read the theoretical relations in and between figures, to give them a logical form,
and to estimate failure or success in their justification of construction.

Most students have discovered a rhombus and a kite in the construction of an
angle bisector just like as van Hiele-Geldof had shown (1984). As a matter of fact,
they explained their procedure of construction as follows: "This is the matter of a
rhombus", "This is the same way as drawing a kite", "If we fold a thombus or a kite
along the diagonal, they always become axial symmetry", "There is the same princi-
ple as drawing a rhombus and a kite when you draw an angle bisector", and so
forth. '

Besides a rhombus and a kite, students made good use of a right triangle, an
isosceles triangle, and a rectangle etc. to justify the construction. They had already
learned all of them with their properties in the elementary level. We do not need to
restrict the students' logical basis to a triangle and its congruence as described in the
Euclidian geometry. What a student should learn in the classroom lesson is to local-
ly organize several pieces of knowledge against the question beginning with "how"
and "why" (cf. Freudenthal, 1973). Mathematically speaking, he or she should reor-
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ganize the situation of construction into cause-effect or assumption-conclusion rela-
tionship. Didactically speaking, a teacher should activate the image schema of stu-
dents in geometric situation to induce cognitive tools such as a rhombus, a kite, a
rectangle and so on.

4.2. Noteworthy points in the justification of construction

There were several noteworthy points to be considered in the explanations of
the students. They found out the known figure such as the isosceles triangle, the
rhombus etc. in the construction process, and then made use of them as cognitive
tools for their justification. One, however, failed in it and another succeeded in it in
a sense.

In the case of Syun, he failed to expose the cognitive tool although his method
was relevant. If he had referred to it as a rectangle and made the students pay atten-
tion to the central line in it, he might have succeeded in his explanation. His prob-
lem was summarized at the externalization of his ideas.

In the case of Taro, there would have been no problem if he had executed his
method of isosceles triangle using the geometric software Cabri. He did it on the
blackboard. The midpoint of graduations of a ruler became a practical problem.
Such a perceptual issue prevented students from using their logical thinking.

In the case of Taka, he developed the if-then thinking. Such development of the
logical form was brought about by a right triangle as a cognitive tool and reflecting
steps of the construction as conditions for determining the figure. The teacher played
an important role in this change of thought.

In the case of Yoshi, operative image schema seemed to work well in justify-
ing his procedure although relational image schema was so effective to the other
three cases mentioned above. His method based on a variable triangle was a kind of
reduction to absurdity. In other words, fig.7 became right as construction through
fig.8 and fig.9. In such justification, it seems that operative image schema gives
several distinctions to the spatial continuous transformation and furthermore gives
the temporal arrangement to several spatial distinctions in terms of geometric state-
ments.
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DEVELOPING THE “OPERATIONAL APPROACH” TO ENCOURAGE
STUDENTS’ AWARENESS OF INCOMMENSURABILITY: What a
Student Ta’s Activity Suggest Us for Improving Our Teaching Design

Hiroshi IWASAKI (Joetsu University of Education)

ABSTRACT

The purpose of this study is to develop mathematics lessons, the “Operational
Approach” where students are aware of incommensurability through their
mathematical activity. In an attempt to do that, a cooperative teaching practice was
conducted over a four-week period with 5 lessons given to a 9th grade class on June 2,
3, 4, 5, and 9, 2003. Several of the students were interviewed after the lessons.

In this paper we focused on and reported the last lesson, especially one target
student Ta’s activity there. To understand the Ta's activity, especially the construction
process of incommensurability, we contrasted his activity in the last lesson with his
activity in the interview. |

As a result of this, Ta's activity seemed to be passive one under the teacher's
guidance at a first glance. We, however, could find his active mathematics learning at
meta-level. The interview revealed that Ta could make a hypothesis and the proof on
incommensurability between a side of a square and the diagonal line by means of
reflecting on his operational activity. This hypothesis and the proof which were
constructed by him in the interview process were what we had not expected.

The “Operational Approach” could help students to be aware of
incommensurability through their mathematical activity. For improving the lessons
design, (1) we should provide the students with opportunities to explain their ideas or
thoughts to someone, as well as to promote their activity. (2) The student Ta's natural
construction process of incommensurability should constitute new epistemological

elements of the lesson design.

BACKGROUND
For “we may say that an irrational number represents the length of a segment
incommensurable with the unit” (Courant, R., Robbins, H., 1941, p.60), the concept of
incommensurability is one of the most essential elements of irrational number. In this
sense, if we know an irrational number /2 , for example, then we have to know that
V2 is incommensurable with 1.

— 107 —



Historically, there are two typical proofs of the incdrnmensurability between a
side of a square and the diagonal line. One is the indirect proof based on Pythagorean
theorem, properties of integer and contradiction (reduction ad absurdum). This proof
had been instructed in our country, as an advanced mathematical content of the square
root. You can find the topics in several mathematics textbooks in the past in a junior
high school, however, those are not in present mathematics textbooks.

Such an indirect proof seems extremely attractive to some, but impenetrable to
others. It looks like technical one and has complicated argumentation structures of its
own which makes many students difficult to approach. We have to constitute synthetic
links when we understand the proof. These are essential differences between
procedural manipulations in arithmetic and algebra and the more sophisticated
thinking processes in mathematical proof (Barbard, T., Tall, D. 1997), however, this
would be one reason why most of students could not understand it. Further more it
would absolutely be difficult for the students to construct the proof through their
mathematical activity, which would be ideal for lots of mathematics teachers in Japan.
Seeking approximate values of /2 one after another, this inductive way is found in
the present textbooks in Japan. It seems to be the only content on incommensurability.

To improve this situation, we will adopt another typical proof which is based on
Euclidean algorithm, especially one done by D. Kikuchi (1918) or Rademacher &
Toeplitz (1933). According to Szabo (1969), the proof is a re-construction of proof,
which is not in the folklore from the ancient times (Szabo, A. 1969 S.279). We shall
use it as one of the epistemological elements for our teaching design.

From doing mathematics viewpoint, it has some advantages to design a teaching
of mathematics based on this approach. Applying Euclidean algorithm to a side of
square and the diagonal line forms a central of the proof, it could be done by folding
and cutting a square sheet of paper. Reflecting the procedures, we can naturally get
geometrical relationships that need for the proof. We shall call it “Operational
Approach”, which is illustrated as follows:

This study aims at developing mathematics lessons where the students
understand incommensurability through their mathematical activity involving both
empirical-inductive activity and logical-deductive one. In an attempt to do that, we
conducted a cooperative teaching practice over a four-week period by using
Operational Approach as an epistemological element for our lessons design.

The purpose of this paper is to investigate the following research question
empirically:

How junior high school students can understand incommensurability through

their mathematical activity?
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METHODOLOGY

In an attempt to do that, the author and a teacher conducted a cooperative
teaching practice a four-week period with 5 lessons given to an 9th grade class on June
2,3,4,5,and 9, 2003. The teacher worked at a junior high school attached to Joetsu
University of Education. He is an experienced one with a master's degree in education.

The author interviewed to several students after the lessons.

In this paper, 1 will focus on one student Ta's activity in the last lesson. He is one
of the target students in the cooperative teaching practice. I will attempt to reconstruct
Ta's understanding process of incommensurability in the lesson comparing with the
same process presented in the interview.

Recent research concerning interactions in mathematics classroom suggests that
a starting point for improving the everyday mathematics classroom is to have a better
understanding of its unique cultural practice. (cf. Bauersfeld, H., Voigt, 7.,
Kurmmheuer, 1988)
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To gain a better understanding of mathematics classroom from students'
perspectives is one of the effective research methods. It is a typical example that to try
to understand the relationships between interaction and learning in the ‘teaching
process from one student viewpoint who participate in the class. (cf. Iwasaki, H.,
2001; Nunokawa, K., 2002)

Teachers could get cues for improving their lessons from the students' activity
there. When we visit a class, we usually try to report the students' activity there and
give the information to the teacher after the lesson. Especially, in the process of our
lesson study we discuss the teaching method in the meeting after the lesson, the
effectiveness and the limitations of which are discussed frequently in light of the
information of students' activity from the participants.

Cooperative Teaching Practice Study

A cooperative teaching practice study aims at developing new design of
mathematics lessons improving a present mathematics teaching, where researchers in
mathematics education and practitioners in schools (teachers) work together to design
the series of mathematics lessons.

@® One of the most important characteristics of this study is found in its own
holistic and cyclic process, which is organized with “epistemology of
mathematics: metaknowledge” as a kernel and connects “a study in theoretical
level” with “one in practical level” systematically.

Fig. 2 represents the concept of the cooperative teaching practice study. The
outside circle in the figure represents a study in practical level. The inside one, which
makes a figure like a letter "8, represents a study in theoretical level.

@ Developmental approach and interpretative ome are systematically linked
together in the cyclic process --- this is another important characteristic of this
study.

It is promising that, as Kilpatrick (1992, p.31) has pointed out, research
in mathematics education has gradually moved out of the library and the
laboratory and into the school and classroom. More and more theory is
becoming relevant to teaching practice and practice is getting the focus of
theory. So the old and invalid dichotomy between theory and practice is
disappearing. (Becker, J.P., Selter, C., 1996, p.550)
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@ We regard the developmental approach as important because of including “the
execution of a thought experiment of teaching and learning both” (Steefland
1993, p.116). In this point, Wittmann (2000) described as follows:

This new approach was formulated and published as a connected series of
SLEs in a handbook for practising skills (Wittmann ¥& M¥"uller 1990,
Grade 1: chapters 1-3). It was based on a systematic epistemological analysis
of arithmetic, on inspirations from the developmental research conducted at
the Freudenthal Institute (cf., Treffers et al. 1989/1990, van den
Heuvel-Panhuizen 1996) and on the intuitions of the designers. It was not
based on empirical research conducted by professional researchers. Empirical
studies which confirmed the holistic approach came only later (cf. Selter
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1995, Hengartner 1999). So it was teachers who first tried it out in their
practice and found that it works better than the traditional approach.
(Wittmann, E. Ch., 2000, pp.12-13)

Further, we can list the followings as the characteristics of this study, the bases of
which are compatible with the idea of “kritisch-konstruktiver Erziehungswissen-
schaft” in Germany (Klafki, 1976).

@ The teacher is a full member in this study.

The teacher is not a simple practitioner who puts into practice a teaching
plan designed by the researchers precisely. He/She is, rather, expected to present a
new design or modify it from a practical point of view. Further more, he/she may
modify or change the teaching plan according to the students' replies during the
on-going teaching practice.

* The teaching in this study is not an “experiment' rather a “practice’.
* The process of this study itself should contribute for improving the present
class.

@ The researcher present some view points, ideas and plans for improving
present mathematics education in general, however, this is not a start point of
this study.

@ The teacher confirms those in light of his/her experience in his/her present
class. If we could share the importance of those, it would be the start point of
the study, and the extent of importance for him/her would determine to what
extent the study should be done. The extent of the study could be changed,
however, it should be done according to whether or not it would be benefit
for the students in the present class.

@ The researchers’ major role is to report what's happened in the class and to

explain it for teachers.

Data
The data were collected in the course of the cooperative teaching practice
study. Five lessons were conducted in a 9th grade class on June 2, 3, 4, 5, and 9,
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2003. Those were done during the daily math's lessons. There was a time
limitation to one school lesson. It takes usually 50 minute, sometimes 45 minute.

There were 19 female and 18 male students in the class. We selected several
students for recording individual activity. We call them “target students’. The
intention 1s, as mentioned above, to get a better understanding about what's
happened in the lessons from a student's perspective. We selected the target
students 1n the following viewpoints: they express their thinking clearly, they are
in good locations for video cameras and they are not disagreeable for recording
with video cameras.

Each lesson was recorded with 4 video cameras. One camera was used to
record mainly the teacher's behavior and the whole-class discussion and the others
were used to record the target students respectively. To record the target students
throughout the lessons, the video camera sometimes zoom in on their working at
hand.

Several of the students including the target ones were interviewed after the
lessons. The interviews (the interviewer - one student) held during school in a
separate room. The interview was done clinically so that we could have a better
assessment of the students' understanding of the lessons. The interviewer was the
author. The interviewer asked the students to solve tasks that presented in the
lessons and explain about their solutions and ways of thinking.

Each interview was recorded with one or two video cameras, which
sometimes zoom in on their working at hand. The interviews were designed for
about 30min. — 50min. time period for each of the students.

Transcripts of all lessons and some of interviews were prepared from these
data.

In this paper we will focus on the last lesson and one of the target students
Ta. And we are going to attempt to understand Ta's construction process of
incommensurability in the lesson through the clinical interview.

ANALYSIS AND DISCUSSION

The lessons, which have done as the Cooperative Teaching Practice, consist of
four phases from a viewpoint how mathematical ideas about the incommensurability
have occurred and developed in the lessons. The kernel task of the lessons was the
following problem: “When a rectangle is given, find the maximum square that

tessellate it.

In the phase (I), one student discovered an idea of early Euclidean algorithm. It
was developed and formulated as an algorithm. It was called “mutual difference
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Method” by the class.

In the phase (II), the class discussed the existence of a rectangle which you can't
tessellate by same squares even if you made it smaller and smaller as possible you can.

In the phase (I1I), they tried to solve a problem such that “When an A3 paper is
given, find the maximum square that tessellate it”. They were thinking about how to
apply the “mutual difference Method” to an A3 paper. To solve this new problem, the
class folded and cut the given papers (empirical-inductive activity).

In the phase (IV), to approach the same problem more logically, the class
applied the “mutual difference Method” to a side of a square and the diagonal line,
which are equal to a shorter side and a longer one of A3 paper respectively. This
operational procedure included the following activity: folding and cutting a square
sheet of paper, reflecting the procedure and describing it in a figure sketch with literal
expressions, and deducing some strange geometrical relations occurred in the process
(logical-deductive activity).

Outline of the lessons

In phase (I), the first problem mentioned above was posed to the students as
follows: “There is a rectangle board 30cm by 42cm. You want to cover it with square
tiles, the size of which must be same and larger as possible as you can. Find the size of
square tiles.”

When the rectangle board 155¢cm by 186cm was given, one student Ha
discovered the idea of early Euclidean algorithm. He said: “Taking 155 from 186, it
gives 31, and the largest common divisor of the 2 numbers is, the largest, largest -
You can narrows the largest common divisor of the 2 numbers then in the common
divisors of 31, but, it has no divisor [except 1 and 31], applying the 31 [to 155 and
186], it was sufficient, so, I got [the answer] at once.”

In phase (II), the problem was posed as follows: When the rectangle 0.5 by
0.666 " is given, find the maximum square that tessellate it.” It gave rise to another
problem on applying their algorithm “mutual difference Method”. After their solutions
were confirmed, with this as a turning point, the class discussed the existence of
rectangles such as you can't tessellate by congruent squares: Are there such rectangles
or not?

In phase (IlI), the problem was posed as follows: There is a sheet of rectangle
paper here. It is based on the A3 standard, the larger side of which is equal to the
diagonal of the square with the smaller side. Find the squares that tessellate it.”

The structure of A3 was demonstrated with the teacher's figure construction on
the blackboard in the front of the classroom. Finding the common divisor of two sides
of the rectangle A3, each student was applying “mutual difference Method” in his/her
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own way with folding or cutting the A3 paper in his/her hand. They started to tackle
this problem soon when it was posed. This fact serves as evidence of that they are able
to apply the “mutual difference Method” in a geometric way as well as an algebraic
way. Several students were surprised that it took a long time until the process was
finished. The result seemed to have surpassed their expectations.

In the end of the 4th lesson, a student Ta who called by the teacher demonstrated
a solution process with the A3 paper in front of the classroom. His solution could be
described as follows:

(1) With the A3 rectangle paper, he moved one shorter side to the longer side and
folded the paper, then cut off the remainder smaller rectangle (R,), the longer
side of which was equal to the smaller side of the beginning (first) rectangle [A3
paper]. (Ta folded one time in the operation.)

(2) With the smaller rectangle (R;) which had been cut off, he moved the shorter
side to the longer side in the same way and folded the paper. As a result of this, a
smaller rectangle remained, further he moved one side of the right isosceles
triangle to the longer side of the smaller rectangle (R;), then cut off the new
remainder rectangle (R,), the longer side of which was equal to the smaller side
of the next rectangle (R;), he continued in this way.

(3) The rectangle (R;) was folded 2 times, and smaller rectangle (R3) remained in
this operation.

(4) In the next process the rectangle (R;) was folded 3 times and smaller rectangle
(R4) remained. The remainder rectangle (R4) was too small to fold.

His solution process (1)—(4) described above represents the “mutual difference
Method” (Euclidean algorithm). It was similar to the other students' one, however,
their results were different each other. On the one hand, in his operation described
above, the A3 rectangle paper was folded one time in above process (1), two times in
(2), two times in (3) and three times in (4), the result was 1, 2, 2, 3. On the other hand,
some students' one, for example, was 1,2,2,2,7. ,

The lesson had finished without confirming their results, so many students were
working and talking each other. Several of the students was discussing their results
around the teacher in front of the blackboard.

The first half of the 5th (last) lesson

In the beginning of the lesson, the teacher talked about the students' results in
the 4th lesson: Some finished the folding operations, others did not finish. With regard
to the results, some was 1, 2, 2, 3 and some was 1, 2, 2, 3, --- , and others was
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1,2,2,2,7 and so on. The teacher asked the students which was correct.

The main aim of the lesson was to ascertain the solutions all together in the class.
The teacher suggested applying the “mutual difference Method” to a side of a square
and the diagonal line instead of applying it to one shorter side and the longer side of
the rectangle A3. When one side of the square was moved to the diagonal line, the
teacher pointed to the triangle at the corner and asked the students what the triangle
looked like. They answered it was a right isosceles triangle. At the same time, they had
to explain the reason logically. After about 3 minutes small groups discussions, they
pointed out two geometrical grounds: the vertical angle is right angle because it was
resulted from folding the right angle of the square. As a result of this, sum of two base
angles is equal to right angle. One of the base angles which is one of the corner of the
original rectangle A3 paper is 45 degree, the other base is also 45 degree, so the base
angles are congruent.

The latter half of the lesson

The students applied the “mutual difference Method” to a side of a square and
the diagonal line according to the teacher's guidance. It included the following activity:
folding and cutting a square sheet of paper, reflecting the operations procedures,
drawing them in free hand figures, writing the results down in literal expressions with
symbols, and deducing some geometrical relatibnships occurred in the process
(logicaIQdeductive activity). -

The student Ta draw the figure as in Fig. 3 in the latter half of the lesson.

The teacher and students interaction in the latter half of the lesson could be
re-structured as follows: With an A3 paper, (DThe teacher asked the students to tell
him which line segments you should select as the two concerned ones. The students
should guess ahead how to fold the paper to apply the “mutual difference Method” to
them. @The teacher demonstrated carefully the folding operation using a large sheet
of paper in front of the blackboard. After that, he asked the students to do the operation
with a paper on their hand. 3The teacher wrote symbols on the segments to express
the lengths respectively. @The teacher wrote the results of the folding operations on
the blackboard by using literal expressions.

The students activity seemed to be passive one simply followed the above
pattern from D to @. Ta's activity also seemed to follow this pattern because he
began to work after the teacher's instruction. However, the detailed analysis of Ta's
activity in the lesson revealed that it was only a surface impression.
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(ii) (iii)

= b cxmdp < = la2te

Q= Ly’l +C
Fig.3 Ta's descriptions of the “mutual difference Method” process (in the lesson)

On his descriptions of (1), (ii) in Fig. 3, Ta went into action followed the
teacher's demonstrations. But, in except the descriptions of (i), (ii), he did before the
teacher's demonstrations. If he looked the teacher's demonstrations and did the same
way with the paper on his hand, then the aim would be nearly to confirm the results
that he had done.

For example, in the case of applying the “mutual difference Method” to 1 and a,
‘when the teacher demonstrated a was taken from 1 two times and asked the students
did the same operation, then Ta folded one side of the small right isosceles triangle,
which had been cut at one step before, to the hypotenuse of it. However, (iii) in Fig. 3
had been drawn already at that time. As soon as the teacher asked the students
represented the new remainder with a symbol b, he wrote the symbol a,b
appropriately in the small right isosceles triangle and wrote down the literal expression
1=ax2+b below. Then he encircled a in the drawing of one step before [Fig. 3
(i1)}] and @ in the drawing of the small right isosceles triangle [Fig. 3 (iii)]\
respectively. He added an information which became in the (iii) to the right isosceles
triangle of one step before [Fig. 3 (ii)}], the inside of which was painted out with
slanting line.

Analyzing Ta's activity revealed that his activity was active one rather than
passive one, and further he understood the relationships between the “mutual
difference Method” and that folding process with A3 paper.

In the same way, he drew the small right isosceles triangle (iv) in Fig. 3 and
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wrote down the literal expression a=bx2+c below. He did the equations
b=cx2+d, c=dx2+e without drawings. Those are compatible with what was
done in the class interactions.

In the class interactions, the infinitely continuing process of the “mutual
difference Method” have confirmed based on mainly the two facts, namely, the literal
expression seemed to continue with regularity following the same pattern and the
folding more smaller right isosceles triangles seemed to continue infinitely.

It is natural that you might guess Ta conjectured the infinite process of the
“mutual difference Method”. But, we could not find any evidence that Ta was aware of
the fact. The interview mentioned below will makes clear that Ta was not aware of the
fact, rather he thought the folding process should be finished.

Ta's activity in the Interview
The interview to Ta was done immediately after the Sth (last) lesson. The
interviewer asked Ta what he was doing in the lesson and the aim of it.

Ta @ (Drawing a rectangle roughly on a sheet of paper), “Can you tessellate
this paper (pointing the rectangle on the paper) by small squares? Then
finding their size, or how to find them, — this would be what I was doing
today." '

This suggests that he had the aim which is compatible with the lessons. The
interviewer asked Ta how he was doing in the lesson more concretely.

Before analyzing in detail, you should see Ta's descriptions in Figure 4 first. It
represents the final one that he wrote in the interview. You could find immediately that
those are similar to one in the lesson (Figure 3), where both geometrical and algebraic
representations of the “mutual difference Method” process were described in the same
way. Actually descriptions on (i), (ii), and (iii) in the Figure 4 are coincident with ones
in (ii), (iii), and (iv) in Figure 3.

When he draw the descriptions in the lesson, he referred to the paper which
prepared by the teacher. But he did not refer to it in the interview. This fact seems to be
an only remarkable difference between them.

Through the interview, it became clear that Ta learned “when to do what and
how to do it” with respect to figures, symbols, and literal expressions. In other words,
Ta was aware of functions of those expressions. When he explained how he was doing
in the lesson with those descriptions (Fig. 4), he used them appropriately. So, it is
obvious that his descriptions in the interview are not a simple reappearance of ones in
the lesson.
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Fig. 4 Ta's final descriptions of the “mutual difference Method” process

(in the interview)

For example, Ta explained a relation in the figure (Fig. 4 (i)) as follows, which

serves as an evidence of that fact.

Ta : After all, one is , one is equal to, two @ and b, then two times of a
plus b . (at the same time, he wrote 1=ax2+b.)

It suggests that Ta was aware of a function of literal expressions as a tool for
describing a result of the operation. This function is compatible with the usage in the
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later half of the lesson. Further, Ta derived a new equation b=cx2+d from the
pattern in the sequence of literal expressions, which were written as descriptions of the
results with no drawing figures. It suggests that he was aware of another function of
literal expressions as a tool for looking for patterns. From interactionist perspective,
learning is consistent with interactions, Sierpinska (1998) acutely pointed out:

---1f teachers and students engage in interactions of type A, then students are
likely to develop ways of knowing and understanding of type f(A). (Sierpinska,

A., 1998, p.49)

Ta's learning described above illustrated the consistent relationships between
interactions and learning, and is characterized as learning at meta-level.

As it is with culture, the core of what is learned through participation is when to
do what and how to do it. === The core part of school mathematics enculturation
comes into effect on the meta-level and is “learned” indirectly. (Cobb, P., &
Bauersfeld, H., 1995, p.9)

Therefore he also seemed to be aware of “infinity” as a natural consequence of
the sequence of operations. He, on the contrary, clearly stated the sequence of the
operations should be finished.

Ta : --- then, sometime, a number which can be divided, it becomes fit. And at
last, this (He was pointing the segment b in Fig. 4 (iii)) may be congruent to
this (pointing the hypotenuse of the right isosceles triangle in Fig.4 (iii)) -,
then this (pointing the right isosceles triangle in Fig. 4 (iii)) would have to
be equilateral triangle. I was thinking so, and if it can be divided, and if the
size of a side of the triangle, for example become x, ***, oh x is not so
good, become u, if it becomes u» or something, if it continues since u,
then, the length of the side [a side of the triangle in (iii) of Fig.4 ] have to be

u.

With a great deal of nodding, the interviewer turned Ta’s attention to a sequence of
literal expressions that he wrote, and continued as follows:

Interviewer: It is going to become fit at last.

Ta: Yes.
Interviewer: Is it your expectation or absolutely so?
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Ta was beginning to examine it through the so-called “thought experiment” as follows:

Ta : If it becomes a right angle, then this (pointing where the right angle is folded
in Fig. 4 (ii)) should be a right angle, too. So, then a right angle continues
infinitely.

Ta begins to be aware of that a sequence of the operations don't finish, rather continue
infinitely through the “thought experiment” reflecting his own folding process.

Ta:If 1t can be divided, then all, all of them must be congruent. Then it become a
equilateral triangle, the sides of which are wu,u, u.(He drew a small triangle
and described u in each of three sides of the triangle respectively. [see Fig.
4 (iv)]), but, to be so, I'm wondering if the 90 degree must grow smaller.

He believes the operations must be finished on the one hand and the other, he
recognizes the small triangle must become a equilateral triangle if the operations will
finish, and further he began to be aware of that it was impossible through the “thought
experiment” which based on geometrical relations reflecting his own folding process.

The former is conflicts with the latter.

Ta : If I fold it, because of folding, then, the opposite must become 90 degree
without doubt. If once it becomes 90 degree, it will be impossible - it
continues more and more, then throughout 90. Folding back this, makes 90
-+ folding back again, it makes 90. - it must become 60 degree if it is an
equilateral triangle.

In this way, Ta was only explaining his thought to the interviewer. The
interviewer was only listening. Through this simple interaction, Ta was making a
hypothesis concerned with incommensurability and proving it by himself based on
some more simple geometrical relations. The hypothesis and the proof were what we
had not expected. In other words we learned these from the student Ta. The Ta’s
natural construction process of incommensurability could help students are aware of
mcommensurability through doing mathematics involving logical-deductive activity.

CONCLUSION
In this paper we focused on and reported the last lesson, especially one target
student Ta’s activity there. To understand the Ta's activity, especially the construction
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process of incommensurability, we contrasted his activity in the last lesson with his
activity in the interview.

As a result of this, at a first glance, Ta's activity in the lesson seemed to be
passive one under the teacher's guidance apparently. We, however, found some active
one when we analyzed it by interpretative approach in detail. On the one hand, the
interview revealed that Ta's mathematics learning at meta-level, especially he learned
functions of figures, symbols and literal expressions which was consistent with the
proceSs of the lesson. On the other hémd, the interview also revealed that he had
recognized what we had not expected on incommensurability. It suggest the limits of
our teaching method, especially, what we described a pattern of the lesson, that is,
fundamentally, the students’ activity followed by the teacher's guidance.

Further, the interview revealed that Ta could make a hypothesis on
incommensurability between a side of a square and the diagonal line by himself
through reflecting his activity that did in the lesson. Ta could also ascertain the
hypothesis logically based on the geometrical relations, where, as mentioned above, Ta
was only explaining his thought to the interviewer and the interviewer was only
listening.

As Kamii & DeClark (1985) suggestively pointed out from a constructivist point
of view, students' explaining action itself could promote their knowledge construction
by themselves. Ta's progress founded in the interview illustrated this assertion well.
The conclusion derived from this for improving our teaching methods is that we
should provide the students with opportunities where they explain their ideas or
thoughts to someone, as well as to promote their activity.

Finally, we would like to point out that the student Ta's own construction process
of incommensurability appeared here involves a new and more natural epistemological
approach to incommensurability. It constitutes a new epistemological element of
lessons design based on “Operational Approach” for junior high school students.
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WHAT HAPPENS WHEN THE MATHEMATICAL
MEANING IS DEVELOPING IN THE CLASSROOM?:

‘From One Student’s Perspective

Hiroshi IWASAKI (Joetsu University of Education)

ABSTRACT

The research focus of this study is to have a better understanding of what happens in
the mathematics class, especially the relationships between the interactions and the math-
ematics learning from a student’s perspective. For the study, qualitative, hermeneutical
and microethnographical case studies are utilized.

The mathematics class is taken from an 8th grade mathematics classroom. The con-
text is the teaching of basic triangle congruence theorems. The class interactions seem
fruitful from a metaknowledge perspective.

In this paper, we report on the class interactions from the perspective of one student:
Yama. He was one of the active students in the mathematics class interactions.

Yama developed his mathematics understanding in the interactive manner in the class
interactions with taking advice from the teacher and the students, especially one of active
participants in the class: Yoshi. Yama developed his mathematical meaning and also
ways of participation in the interaction processes.

The mico-ethnographic analysis of the class interactions from one student Yama’s per-
spective revealed that Yama was developing his mathematical understanding through par-
ticipating in the class interactions with discovering, sharing and formulating. The lessons
with this type of communication and interactions give rise to Yama’s meta-learning which
was characterized as “ways of doing mathematics” by him.

The analysis also revealed that this type of communication and interactions was real-
1zed and maintained by various and mutually related elements: Classroom micro-culture,
Characteristic of the participants, Existence of the others of importance and Discussions

with focusing on concrete examples.

BACKGROUND

Recent research concerning interactions in mathematics classroom suggests that a

starting point for improving the everyday mathematics classroom is to have a better un-
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derstanding of its unique cultural practice. (cf. Bauersfeld, H., Voigt, J., Kurmmheuer,
1988)

To gain a better understanding of mathematics classroom from students’ perspectives
is one of the effective research methods. It is a typical example that to try to understand
the relationships between interaction and learning in the teaching process from one stu-
dent viewpoint who participate in the class. (cf. Iwasaki, H., 2001; Nunokawa, K., 2002)
Teachers could get cues for improving their lessons from the students’ activities there.
When we visit a class, we usually try to report the students’ activities there and give the
information to the teacher after the lesson. Especially, in the process of our lesson study
we discuss the teaching method in the meeting after the lesson. The effectiveness and the
limitations of the teaching methods are discussed frequently in light of the information
of students’ activities from the participants.

The focus of this research is to gain a better understanding of mathematics class-
room from students’ perspectives. In particular, it aims to analysis the relationships
between the nature of teacher-student or student-student interactions and the students’
mathematics learning. The research methodologies used in this qualitative study were |
hermeneutic and micro-ethnographic case studies.

We shall survey some of the related studies which give us view points to have better
understanding of what happens in the class, espeéially the relationships between the
interaction and the mathematical learning.

The students who seem to participate in the class interactions successfully might
not learn what the teacher wants. Voigt (1998) illustrates that relationship between
interaction and mathematics learning through “the direct mathematization” , which is one
of the typical pattern of interaction in mathematics classrooms. In that case, according
to Voigt (1998), answering all the teacher’s questions correctly, the students may produce
the mathematically incorrect statement - - -.(cf. p.209) More generally, Voigt (1995) states
that “in fact, several studies analyzing discourse processes in detail have concluded that
students’ attempts to participate in the constitution of traditional patterns of interaction
can be an obstacle for learning mathematics.” Therefore “we should take account of that
a smoothly proceeding classroom interactions might not be interpreted as an indication
of successful learning.” (Voigt 1995, p. 166)

Bauersfeld (1995) explains why the gap between students learning and one that

teacher wants occurs in a classroom.

The failure of the classical methods of teaching can be interpreted as a manifes-
tation of this classical principle’s failure: The teacher knows and teaches the truth,
using language as a representing object and means. Because there is no simple

transmission of meanings through language, the students all too often learn to say
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by routine what they are expected to say in certain defined situations. (Bauersfeld
1995, pp. 275-276)

From students’ perspective their learning how to participate in the class interaction
seems to be compatible with their learning mathematics. The point is Whether it is what
the teachér wants or not.

The students who participate in the class interaction learn how to participate in the
interaction. From the interactionist point of view, if the participants engaged themselves.
in mathematical practice, how to participate is mathematics itself. Sierpinska(1998)
points out “ If what the student learns as mathematics is a certain discourse, then his or
her way of knowing mathematics is a function of the characteristics of the communication
and interactions in which he or she participates in the process of learning. ” (Sierpinska
1998, p.54) “if teachers and students engage in interactions of type A, then students are
likely to develop ways of knowing and understanding of type f(A). “Teachers who are
not happy with having their students develop this type of understanding and knowing
may have to change the way in which they interact with their students. (cf. Steinbring
1993) ” (Sierpinska 1998, p.49)

If the classroom interactions proceed smoothly, the participants would act based on
what they regard as natural, which could be called microculture. Microculture represents
“a dynamic system that is continually being constituted.” (Voigt 1998, p.208.) The
individual construction of meaning is done in a microculture while at the same time it
contributes to the constitution of microculture. Ethnomethodologist call this relationship
between the individual construction of meaning and the constitution of microculture
“reflexivity”. (Leiter 1980)

It is important for having better understanding of the lessons that “this notion of
reflexivity, ---, implies that neither an individual student’s mathematical activity nor
the classroom microculture can be adequately accounted for without considering the
other.” (Cobb & Bauersfeld 1995, p.9-10)

Teachers who are not happy with having their students develop this type of under-
standing and knowing may have to change the way in which they interact with their
students. (cf. Steinbring 1993; Sierpinska 1998, p.49) 4

What is learned by students participating mathematics class interaction? It would
be ways of participating in the interaction and mathematical ways of knowing. Cobb &
Bauersfeld (1995) make clear the nature of mathematics learning through participating

in the class interactions:

As it is with culture, the core of what is learned through participation is when

to do what and how to do it.... The core part of school mathematics enculturation
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‘comes into effect on the meta-level and is "learned” indirectly. (Cobb & Bauersfeld
1995, p.9)

Further more, Bauersfeld (1993) describes in detail:

[T]he understanding of learning and teaching mathematics... support(s] a model
of participating in a culture rather than a model of transmitting knowledge. Partic-
ipa,ting in the processes of a mathematics classroom is participating in a culture of
using mathematics, or better: a culture of mathematizing as a practice. The many
skills, which an observer can identify and will take as the main performance of the
culture, form the procedural surface only. These are the bricks for the building, but
the design for the house of mathematizing is processed on another level. As it is
with cultures, the core of what is learned through participation is when to do what
and how to do it. Knowledge (in a narrow sense) will be for nothing once the user
cannot identify the adequateness of a situation for use. Knowledge, also, will not be
of much help, if the learner is unable to flexibly relate and transform the necessary
elements of knowing into his/her actual situation. This is to say, the core effects
as emerging from the participation in the culture of a mathematics classroom will

appear on the metalevel mainly and are ”learned” indirectly. (p. 4)

METHODOLOGY

Cooperative Teaching Practice Study

A cooperative teaching practice study aims at developing new design of mathematics
lessons improving a present mathematics teaching, where researchers in mathematics
education and practitioners in schools (teachers) work together to design the series of

mathematics lessons.

e One of the most important characteristics of this study is found in it’s own holistic
and cyclic process, which is organized with ‘epistemology of mathematics: meta-
knowledge’ as a kernel and connects ‘a study in theoretical level’ with ‘one in

practical level’ systematically.
Figure 1 represents the concept of the cooperative teaching practice study.
The outside circle in the figure represents a study in practical level. The inside one

, which makes a figure like a letter ‘8’, represents a study in theoretical level.

e Developmental approach and interpretative one are systematically linked together

in the cyclic process — this is another important characteristic of this study.
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Figure 1: The concept of ‘cooperative teaching practice study’ in mathematics education

It is promising that, as Kilpatrick (1992, p.31) has pointed out, re-
search in mathematics education has gradually moved out of the library
and the laboratory and into the school and classroom. More and more
theory is becoming relevant to teaching practice and practice is getting
the focus of theory. So the old and invalid dichotomy between theory and
practice is disappearing. (Becker, J.P., Selter, C., 1996, p.550)

We regard the developmental approach as important because of including ‘the
execution of a thought experiment of teaching and learning both ’ (Steefland
1993, p.116) . In this point, Wittmann (2000) described as follows:

This new approach was formulated and published as a connected
series of SLEs in a handbook for practicing skills (Wittmann & Miiller
1990, Grade 1: chapters 1-3). It was based on a systematic epistemo-
logical analysis of arithmetic, on inspirations from the developmental
research conducted at the Freudenthal Institute (cf., Treffers et al.
1989/1990, van den Heuvel-Panhuizen 1996) and on the intuitions of

the designers. It was not based on empirical research conducted by
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professional researchers. Empirical studies which confirmed the holis-
tic approach came only later (cf. Selter 1995, Hengartner 1999). So it
was teachers who first tried it out in their practice and found that it
works better than the traditional approach. (Wittmann, E. Ch., 2000,
pp-12-13)

Further, we can list the followings as the characteristics of this study, the bases of
which -are compatible with the idea of ‘kritisch-konstruktiver Erziehungswissenschaft’ in
Germany (Klafki, 1976).

e The teacher is a full member in this study.

— The teacher is not a simple practitioner who puts into practice a teaching plan
designed by the researchers precisely. He/She is, rather, expected to present a
new design or modify it from a practical point of view. Further more, he/she
may modify or change the teaching plan according to the students’ replies

during the on-going teaching practice.
e The teaching in this study is not merely a ‘practice’ rather an ‘experiment’.
e The process of this study itself should contribute for improving the present class.

— The researcher present some view points, ideas and plans for improving present
mathematics education in general, however, this is not a start point of this

study.

— The teacher confirms those in light of his/her experience in his/her present
class. If we could share the importance of those, it would be the start point of
the study, and the extent of importance for him/her would determine to what
extent the study should be done. The extent of the study could be changed;
however, it should be done according to whether or not it would be benefit for

the students in the present class.

e The researchers’ major role is to report what’s happened in the class and to explain

it for teachers.

Data

To the purpose of this study, four mathematics lessons were taken from an 8th grade
mathematics classroom. The context was the teaching of basic triangle congruence the-
orems. Five students were interviewed after the lessons.

The data were collected in the course of the cooperative teaching practice study

described in detail above. Four lessons were conducted in an 8th grade class on June 9,
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12, 13, and 16, 1995. The content focused on introducing triangle congruence theorems.
All lessons were recorded with two video cameras in the front and rear of the classroom.
The front camera was used to record the whole-class discussion and students’ behavior
and the rear camera was used to record the teacher’s behavior. Transcripts of the lessons
were prepared from these data and retranscriptions were done from the following point

of view:

When making the actual analysis one cannot simply use such a step-by-step proce-
dure, - - -one has to analyze carefully the epistemological status of the mathematical
knowledge from phase to phase - --to explore the development and shifts of knowl-
edge interpretation and understanding in the classroom interaction. The method
of analysis is a dialectical one reflecting global and local aspects simultaneously.
(Steinbring, 1993, p.38)

Several of the students were interviewed on September 22, 1995. The interviews (the
interviewers - six students) held after school in a separate room. The interview was done
clinically so that we could have a better assessment of the students’ understanding of the
lessons. The interviewers were the author and the teacher. The interviewers asked the
students to talk about their thought to the lessons showing them the video-recorded their
activity in the lessons, which was edited briefly but as including the main situations of the
lessons. - The interview was recorded with a video camera. Transcripts of the interview
were prepared from the data.

This paper reports the class interactions from the perspective of one student, Yama,
who was one of the active students in the mathematics class. Yama developed his math-
ematical understanding in the class interactions by taking advice from the teacher and
the other students, especially one of the active participants in the class: Yoshi. Yama
developed his mathematical understanding and ways of participating in class through
the interaction processes.

In the interview, when he was asked to what he had learned in the lessons, he said
“ways of doing mathematics”. In the perspectives on enculturation school mathematics,
it was considered to be his general comments on what he had learned “indirectly” through
participating the lessons. We are very interested in the characteristics of the communi-
cation and interactions where he participated in the process of the lessons. What caused

him to say that? What happened in the classes?
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ANALYSIS AND DISCUSSION

The Lessons

The lessons consisted of two main phases, Phase I and Phase II. In Phase I, students
were able to use their intuitive ideas of triangle congruence in order to justify some
geometrical relationships but they were not able to explain logically why the two triangles
were congruent to each other. The teacher therefore tried to make the students notice
that they had intuitively used the idea of congruence and had to use it more logically. In
Phase II, to concretely shape the problem, the teacher formulated it as the present task:
“There are two triangles ABCand A’B'C'where AB = 5.6cm, BC = 5cm, CA = 4.1cm,
(A = 60°, /B = 45°, (/C = 75%nd A'B'C'are unknown. What conditions must be

satisfied for the two triangles to be congruent to each other?’ (see Fig. 2)

A \A'
60% \
5.6cm \4.1cm \
; \
B _‘450 7§/\\‘ BI \
5cm C '

Figure 2: The present task

First of all, the teacher asked “In the case of one condition, for example, AB =
A’B’ = 5.6cm, are these triangles congruent to each other?” All of students said “No!”
He asked “Why?” One of the students explained “There are many A’B’C’s which satisfy
the condition. Point A’ can move anywhere!” The teacher then asked “In the case
of two conditions, for example, AB = A'B’ = 5.6cm,BC = B'C’ = 5cm, are these
triangles congruent to each other?” All of the students said “Of course, no!” He asked
again “Why?” One of the students explained “There are many A’B’C’s that satisfy these
conditions. Point A’ can move on a circle with the radius 5.6cm centered at B’.” (see
Fig 3)

“In this way the teacher started making the students use construction as a cognitive
tool to confirm whether the set of conditions could lead to the congruence theorem or
not. He next asked “What do you want for A’B’C’or point A’?” Some of the students
explained “We must have only one A’B’C’or point A’.” In this way, students in the class
came to share the idea that “if you can construct only one triangle when you construct
it under certain conditions then the conditions must constitute a congruence theorem.”

The teacher suggested that the students enumerate the conditions one by one ac-
cording to the number of conditions. In the case of one condition, there are 6 sets of
conditions. It was trivial for the students realize that all of these could not be congruence
theorems. In the case of two conditions, there are 15 sets of conditions. This was also
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Figure 3: AB = A'B' =5.6cm, BC = B'C’ = 5cm

trivial for the students.

Surprising the Students

In the case of the three conditions, there are four cases: three sides (SSS), three angles
(AAA), two sides and one angle (SSA), one side and two angles (SAA). First of all, the
set of conditions “three sides (SSS)” was investigated. From the students’ expressions,
we could safely conjecture that they did not consider it necessary to investigate this,
but the teacher offered to. Students accepted the proposal somewhat unwillingly. The
teacher constructed a figure which satisfying the conditions (A’B’ = 5.6¢cm, B'C' = 5¢cm,
A'C" = 4.1cm) on the blackboard. The students helped him by voicing their opinions.
Note the teacher’s positive interventions in the interchange.

Students naturally accepted the figure which had two intersection points of two circles
(see, Fig. 4). However, it was surprising that there were, as a natural result of the
construction, two A’ above and below side B'C’. The students had expected only one A’

above the side B'C".

[Situation 1]

*1 T: How many points do we have?

*2 S: One! One!

*3 T: Eh?

*4 S: (in haste)Oh! Two!

*5 T: One?

*6 S: Oh! Two! Two!

*7 T: What’s this? (pointing at the point above)
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*8 S: Al
*9 T: A’. What’s this?(pointing at a point below)
*10 S: A'.
*11 T: We have constructed it based on the conditions.(encircling the condition written
on the blackboard with his yellow chalk) '
*12 S: Yes.
*13 S: Oh! I see!
*14 T: Including the point (below), we have two points!

Figure 4: How many points?

[Situation 2]
*1 T: Oh?!, in that case, is this OK?
(drawing the side A’B’and A’C’above)
*2 S: A’ hasn’t been fixed!
*3 S: It seems to be right!
*4 T: So, here, we may include - - -(drawing the side A’B’and A'C’below), Is this OK?

*5 Yama: Oh! I see what you mean!

*6 Kusa: Isn’t that strange?

*7 T: Eh! Isn’t that strange? Do you have
only one (triangle)? Only one?

*8 S: It’s not definite!

[Situation 2] shows that the students had not seen the other possible triangle A’B'C’
below the side B’C"although they have recognized two points which satisfy the conditions.
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Namely, they tried to construct the same triangle as the triangle ABC. With this as
a turning point, the students negotiated how to confirm whether the given conditions
are congruence theorem or not. As a result, they changed their way of confirmation
from “if you can construct only one triangle under a given set of conditions, the set of
conditions must be a triangle congruence theorem” to “if you can have only one sort of
triangle when you construct all triangles which satisfy a given set of conditions, the set
of conditions must be a congruence theorem”. |

This suggésts their growing awareness of “constructing all triangles which satisfy a
given set of conditions” rather than “constructing the same triangle as triangle ABC,
which satisfies a given set of conditions.” Thus their manner of inquiry with construction,
initiated by the teacher, became part of their cognitive tools for investigating congru-
ence theorems. Finally, developing their cognitive tools enabled them to discover a new

relation as described in the next section.

We will take up main phases in the lessons where Yama seems to have developed his

mathematical understanding: Discovery, Sharing and Formulation.

Yama’s Discovery

Yama made a discovery in the case of two sides and one angle (there are 9 sets of
conditions, see Fig. 5 ), when the students were investigating the conditions through
construction individually. Yama discovered that there is a case where you can not have
orﬂy one sort of triangle when you construct all triangles which satisfy that conditions.

When Yama discovered that case, he shouted, “Say! ”. Then he talked to his neighbor
in a loud voice, “Try next to the center.” The student devoted herself in her construction
activity. She didn’t respond to his suggestion. He shouted again looking at his notebook,
“Something’s wrong! Oh no! Hey!” The teacher asked the students, “If it is difficult for
you to construct a figure which satisfies the conditions, you should draw the side which
has the angle first. If you doso ---.” Then Yama immediately said to him, “Is it difficult,
isn’t it? If anything, does it have two solutions? ”

Then a student Yoshi who is behind Yama’s seat said to him, “It is easy for me.” He
said to her , “It may be easy. But it has two solutions.” showing his notebook. The

interactions at that time was as follows:

" [Situation 3]

*1 Yama: Extend the line with keeping 45 degree, then it has two there.
*2 Yoshi: 45 degree? Really?

*3 Yama: I can guarantee it is 45 degree.

*4 Yoshi: It seems to be 30 degree - - -. Is it exactly true?
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W @) (3)
A'B' = 5.6cm A'B’ = 5.6cm A'C' =4.1cm
A'C'=4.1cm B'C’ = 5¢m B'C’" = 5¢m
LA = 60° LA = 60° LA = 60°

(4) (5) (6)

A'B' =5.6cm A'B' = 5.6cm A'C'=4.1cm
A'C' =41cm B'C" = 5em B'C’ = 5¢m
/B’ = 45° (B’ = 45° /B’ = 45°

(7) (8) (9)

A'B' = 5.6em A'B' = 5.6cm A'C' =4.1cm
AC' =41em B'C’" = 5¢m B'C' = 5em
LC' = T5° LC = T5° LC' = T75°

Figure 5: 2 sides and 1 angle: nine sets of conditions

*5 Yama: These are all 45 degree. [He is confirming these with his semicircular.] Oh no!

Walit a moment.

*6 Yoshi:

Is it 30 degree, isn’t it?

*7 Yama: It must be 45 degree.[showing the consequences on his notebook with his semi-

circular on his notebook]
*8 Yoshi: It must be true.

*9 Yama: It is true, isn’t it?

/—\\

Ar / B!

Figure 6: Yama’s construction on his note

After the interaction, Yama said to the teacher with complete self-confidence, “It’s
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not difficult, teacher! There are two solutions. It goes beyond the level of whether it is
difficult or not!”

This Yama’s utterances with complete self-confidence is a contrast to his utterances
done before the interaction with Yoshi: “Is it difficult, isn’t it ? If anything, does it have
two solution?”

As the result of the social interactions with Yoshi, Yama have got more confident
understanding of the mathematical relation which he discovered through his construction |
activity individually. Yoshi also have recognized the mathematical relation which is new

to her.
Sharing the Discovery

[Situation 4]
" *] Yama: Yes, let me see, I will take the angle A first and make the sides expand. I draw
the angle A first of all.
*2 T: Oh! Where do you take the base line?
*3 Yama: Nothing! I draw the angle A without the base line.
*4 T: How do you take angle A without the base line 7
*5 Yoshi: Draw the AB !
*§ Yama: Eh, all right, then draw the AB please.
*7 T: AB, AB. Is this right, isn’t it?

Yama was trying to present his own ways of construction, (*1) however, the teacher
didn’t accept. (*2-*4) Yoshi then advised him. (*5) He hesitated, however, decided to
accept her suggestion at once. (*6) This new proposal was accepted by the teacher.(*7)
Accepting Yoshi’s suggestion means that he has to reconstruct his own ways of con-
struction he had done before. But he decided to accept her suggestion at once. He has
‘fexibility’. After all, the teacher was demonstrating Yama’s construction process on
the blackboard according to his instruction. He could demonstrate his discovery to the
class in this way and could contribute the class interaction. In the interview, he said
that “announcing itself makes me happy”. This is one reason why he makes him meet
the teacher’s request. As a result of this, he is trusted by the teacher and get many
opportunities for presentation in the class.

In the nine conditions the students distinguished three conditions whose shape was
SAS. It was trivial for the students realize that these conditions were all applicable and
could be congruence theorems. Then the others (six sets of conditions) the other six

conditions were investigated.
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Figure 7: Demonstration of Yama’s discovery

Yama raised his hand to try to explain why these conditions were applicable in some

cases and not in other cases:

* [Situation 5]
*1 T: What are you going to state, Yama?
*2 Yama: Yes. I tried to say at that time, well, let me see, er --- then, I will take the

center of the top.
*3 T: OK!

In this situation Yama decided the figure for his explanation; however, it had not
been decided beforehand. “Thinking with announcing” rather than “announcing after
thinking” represents his participation style. The interview with the students revealed
that the “thinking with announcing” activity was also shared with some students in the
classroom and was considered by them to be a natural process. The “thinking with
announcing” represented the emergence of one of the classroom micro-culture. (See
[Appendix] Interview) '

Yama began to explain the reason why these conditions were applicable in some cases

and not in other cases as follows:

[Situation 6
*1 Yama: If the point A is longer upward, then it also met [the circle] at two points.
*2 T: (Putting his head little to one side, he asks to all students.) Do you understand?
*3 Yoshi: (She talks to Yama. ) If C'B’ is shorter, isn’t it ?
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Figure 8: Nine constructions
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*4 Yoshi: (She talks to Yama again.) If C'B’ is shorter.
*5 Yama: That’s right! It might be more rough and ready.

*6 Yama: Could you construct once more with compasses when C’B’ is shorter ?

Yama began to explain. (*1) But his explanation was not accepted by the teacher.
(*2) Then Yoshi who is his classmate gave him a productive suggestion: “If C'B’ is
shorter”. (*3-*4) Yama realized that her suggestion was convenient for his explanation,
(*5) and he applied it immediately. (*6)

In this situation you can find Yama’s flexibility again. Because he determined adopt-
ing the other student’s suggestion, while at the same time he was trying to reconstruct

his explanation.

[Situation 7]

*1 T: Shorter? The condition C'B’ is shorter? How long is it? Is this OK? (The teacher is
setting his large compasses on the blackboard.) »

*2 Yama: Make it longer a little.

*3 T: Make it longer a little? Is this OK? (The teacher is setting his large compasses on
the blackboard again.)

*4 Yama: More, More!

*5 T: More ?

*6 Yama: I feel it is just. Then Please draw it once.

*7 T: (The teacher begins drawing.)
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Figure 9: Applicable in some cases and not in other cases

*8 Yama: It might be short! Make it longer!
*9 T: Make it longer ? It’s troublesome, isn’t it? Is this OK? (The teacher is setting his
large compasses on the blackboard again.)
*10 Yama: I think it would be just. (The teacher is setting his large compasses on the
blackboard again.) Oh no! It might end in failure, - - - or all right ?
*11 S: It will go well.
*12 S: It will not go well.
*13 Yama: It has not done well. Teacher! shorter!

*14 T: Shorter ?

Figure 10: Make it longer a little.

On the one hand, Yama realized that if you make B’C’shorter, the circle with the
radius B'C’ will meet the side A'B’ at two points. And he had realized the reason why
the conditions were applicable in some cases and not in other cases, that is, he realized
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the reason depends on the length B’C’. On the other hand, his approach here seems to
be a trial and error method. As a result of that, his attempts had all met with failure.
However, the interaction with the teacher made him a bright idea as follows.

Figure 11: Please put it on A, teacher!

[Situation 8]
*1 Yama: Please put it on A, teacher!
| *2 T: A7 A'? Here? (The teacher is setting his large compasses on the blackboard.)
*3 Yama: So then make it a little shorter.
*4 T: (The teacher is drawing on the blackboard by using his large compasses.)
*5 Yama: Then you can get two.

*§ T: (With nodding) Yes. You can get two in this way.

His attempt here is a complete contrast to one before. It is not a trial and error
method but rather an intentional one. As mentioned above he had realized the reason
depends on the length B’C’ already. This change to the intentional approach shows his
growing mathematical understanding and the same time that he has realized it depends
on not only the length B’C” but also the length A’C’, namely, the relationships between
the two length B’C’ and A’C’. Tt is essential for SsA congruence theorem which will be
formulated by the students.

Yama explained that relationships in a concrete figure as follows.

[Situation 9]
*1 T: Is this figure 7 OK? (The teacher is pointing the construction at the upper right in
Fig. 8)
*2 Yama: Yes. If the length C'B’ is longer than A'C,
*3 T: If longer ?
*4 Yama: It isn’t be so, but If [the length C’'B’] is shorter than A’C’, then you should

have two.
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*5 T: You should have two.

Formulating

Further the teacher called on that Yama make a clearer explanation by using two
concrete constructions on the blackboard. (See Fig.9) Yama had selected the construction
at the upper right, then he selected one just below for comparing. As you will find the
following protocol, he developed his mathematical understanding through trying to meet

the teacher’s request.

Figure 12: If comparing with this what ?

[Situation 10]
*1 Yama: One below.
*2 T: Below ? This? If comparing with this what ?
*3 Yama: Is the length of B’C’ longer than A'C’, isn’t it ?
*4 T: ... than A'C' 7
*5 Yama: Oh, I see! Saying like that might be inadequate.
*6 T: Eh! What do you want to say ?
*7 Yama: Is there a center of an angle, isn’t it? In the upper right [Fig.12], is A’ the
center, isn’t it?
*8 T: Yes.
*9 Yama: The distance, --- to the center of an angle, and,
*10 T: The distance from there ?
*11 Yama: When the other distance or distance of B'C” is longer [than A'C’] , you will get

one, when shorter, you should have two.

— 142 —



*12 T: You should have two, Yes.
*13 Yama: It is being so, isn’t it 7

*14 T: It is being so, yes.

Meeting the teacher’s request, Yama selected the construction below.(*1-*2) He rep-
resented a characteristic of that by using letters in it. ‘Is the length of B’C’ longer than
A'C"(*3-*4) Next, when he tried to compare to the above, he became aware of that he
could not compare by using letters in it. ‘Oh, I see! Saying like that might be inade-
quate.” (*5) Characterizing the difference between fhem, he introduced a term ‘a center
of an angle’ by giving an example: ‘Is the upper right [Fig.12], A’ the center, isn’t it?
(*7-*8)” And he represented one side in the conditions as ‘the distance to the center of an
angle’.(*9) Next he represented the other side of the conditions by using a term ‘the other
distance’. Then by using these terms he succeeded to characterize the difference beyond
the concrete figures generally, (*9-*11) and to explain the reason why more general and
explicitly. (*12-*14) His growing understanding was the result of the interaction where
he was trying to meet the teacher’s request. He was finding the representation to explain
the reason by using the two concrete constructions that he had selected.

The teacher encouraged students to formulate the set of conditions. They formulated
it as follows: S-S-A and “the side with an angle = the side with a side.”

CONCLUSION

The mico-ethnographic analysis of the class interactions from one student Yama’s
perspective revealed that Yama was developing his mathematical understanding through
participating in the class interactions with discovering, sharing and formulating.

This pattern of the lesson process represents a typical mathematical activity which
compatible with social constructivist view of mathematics which embodied by “a creative
cycle” where the relationship between objective and subjective knowledge of mathematics
is realized. (Ernest, 1991, p.85)

The lessons with this type of communication and interactions give rise to Yama’s
meta-learning® which was characterized as “ways of doing mathematics” by him in the
interview. [See Appendix:*7-*12] .

This fact gives evidence which empirically illustrates the interactionist view of math-
ematics learning, that is, “his or her way of knowing mathematics is a function of the
characteristics of the communication and interactions in which he or she participates in

the process of learning. ” (Sierpinska 1998, p.54)

*Mellin-Olsen, S., The Politics of Mathematics Education, D. Reidel Publishing Company, Dordrecht, 1987.

— 143 —



It also suggests that to realize the class interactions with discovering, sharing and
formulating is important for students’ mathematics learning. The documents of the
lessons described above give one of the typical reconstructions of the lessons which il-
lustrate the mathematical communication and interactions which compatible with social
constructivist view of mathematics. ’

The analysis also revealed that this type of communication and interactions was
realized and maintained by various and mutually related elements: Classroom micro-
culture, Characteristic of the participants, Existence of the others of importance and

Discussions with focusing on concrete examples.

Classroom micro-culture

Yama’s “thinking with announcing” acts contributed not only to developing his math-
ematical understanding through his participation in the class interactions but also to
developihg the fruitful interaction itself. The interview with the students revealed that
the “thinking with announcing” was shared with the students in the classroom and was ;
natural for them. The “thinking with announcing” represented the emergence of a class-
room micro-culture. From the interactionist point of view, it is likely that the classroom

micro-culture and his mathematical knowing were developed interactively.

Characteristic of the participants
Yama’s ‘flexibility’, his attitude of meeting the teacher’s request and his reactions

contributed to realize the interactions as described above. ( cf. Lo, J-J. et al. 1994)

Ezistence of the others of importance

It was very important for him to interact with another active student: Yoshi, who
played the role of his adviser. They were learning from each other. Their fruitful rela-
tionship developed since they were able to complete the same task interactively in the
process of the class interactions. Yama developed his mathematical understanding by
reacting to Yoshi’s suggestions. In this sense, the mathematical understanding itself
that he developed was the result of the interactions. The fact that their fruitful human

relationship influenced the mathematically rich interactions is worthy of attention.

Discussions with focusing on concrete examples

As showed in the [Situation 9, 10] typically, focusing on concrete example contributed
to realize the interactions.

Then what is focused on is important for the fruitful interaction in mathematical point
of view. Because [Situation 10] shows that comparing the two concrete constructions and

characterizing the difference made Yama’s mathematical understanding more general
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one. Indeed, by using these concrete examples and trying to justify the relationships he
had discovered before and reflecting on it made his mathematical understanding. (cf.
Steinbring 2000)
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[Appendix: Interview]
Interviewer asked the impression of the lessons to the students end of the interview.
*1 Naka: I coud understand the process untill coming to the conclusion.
*2 Ko: If you know the results only, you can’t explain why. It seems to be great that we become
to be able to explain why.
*3 Yama: I was knowing with announcing.
*4 Naka : I may have been raising my hand although I had understood by only half.

*5 Yama: Yes, Yes!
*6 Ko; I also feel so. Raising a hand and announcing what I understand by only half, then I am

coming to know gradually what I had thought.

Interviewer asked the impression of the lessons to the students more concretely.

*7 Int.: cdots As Ko said at that time, if the lessons finished within five minutes,
and I began the [next| lessons with saying ”let’s start the content 'proof’ ”, then
,you could compare them, couldn’t you, what do you think?

*8 Yoshi: Finally, same as before the lessons. |

*9 Naka: Same with respect to the amount of knowledge.

*10 Yama: No interesting! _
*11 Ko: The amount of knowledge didn’t change, but I seemed to see the process up
to there.

*12 Yama: The ways of doing mathematics.
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SEMANTICS OF 2D/3D FIGURE!

Kazuya KAGEYAMA (Aichi University of Education)

ABSTRACT

The main purposes of this paper are to understand a student s knowledge system
in the 2D/3D figure learning. It needs the support of natural languages for learners
fo interpret mathematics languages and understand mathematical concepts, and they
construct their Inner mathematics which has an opened system, from the viewpoint of
cognitive linguistics. Especially, meaning of 2D/3D figure learners construct has
multi-aspect, influenced by Gestalt. So, according to the context, meaning of set of
points is made as segment, polygon, or chord of a circle.

1. INTRODUCTION

The main purposes of this paper are to understand a student’s knowledge system
in a figure and space learning. While a knowledge system is researched from various
approaches (philosophical, psychological, sociological, etc.), from a viewpoint in
which there is the Inner mathematics constructed by students and the External
mathematics by teachers or textbooks, I might describe the knowledge system as the
Inner mathematics with student’s language activities by the spoken language or a
written language, drawing activities, etc. from the cognitive linguistics perspective in
this paper.

The learner’s present knowledge system has been constructed by coordinating
learning experiences in school with ones in everyday life through reexaminating,
revaluing, and making sense of it. In the mathematics classroom under the view of
mathematics as a closed system (External mathematics), preferable knowledge is
decided by the teacher and the textbook, and most of informal ways of thinking by
learners are ignored or integrated into a preferable way of thinking. However, taking
into consideration the nature of learner’s knowledge system, what is called an Inner
mathematics learners construct by themselves has an opened system and is not
necessarily constructed in the mode assumed by teachers, even though a series of
lessons with the intention with the teacher and the textbook are performed. When

! This research receives the support of the Grant-in-Aid for Scientific Research by JSPS(No.
18830029).
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learners encounter a certain problem situation, the difference of how learners interpret
and solve it depends on the difference of their knowledge system. So, it is important
for teachers and researchers to understand the nature of learner’s knowledge system.

2. ABOUT ISSUES IN THIS PAPER
Below, this paper is advanced according to the following issues for me.

By intentional lessons with teachers or textbooks, students don’t necessarily
construct a knowledge system as intended.

We can see frequently such cases in elementary and
Junior high school. I think that there are cognitive and
conceptual levels in them.

For example, in the former, in the classification of
figures, while it is essential for figures to consist of straight
lines and teachers and textbooks abstract the length and direction of them, children
realize that a straight line is a concrete object which has the horizontal and
perpendicular direction. Moreover, the “quadrangle” for children has referred to
rectangular. Therefore, the quadrangle as shown in the above is not a quadrangle for
children because “it is oblique!!”. “Things like a quadrangle” in the environment
which surrounds children is a television, a computer screen, a window frame, and a

door, and cognitive experiences had by children have restricted the construction of
concept which teachers expect.

In the latter, in the geometrical problem
how the circumcenter moves when the A /
right-angled  point is moved  after
understanding that the circumcenter of a

triangle is an intersection of the perpendicular
bisector of three sides and, in a right-angled
1sosceles, it becomes the middle point of an

/?

A ABC is a right-angled

_ ; isosceles triangle. How
although they accept that the circumcenter is does the circumcenter move

defined by the construction. That is, they according to the moving of
cannot control effects of cognition by thinking point A?
conceptually.

Both cases are influenced by cognitive and everyday experiences including a
school life. On the other hand, I often feel the peculiarity of a classroom. As an
example in function learning, in the problem “there is 160g paper by 50 sheets. How

B

oblique side, there is some students who are
not permitted the motion on the concept
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many sheets are they in the case of 1200g?”, when calculating the amount of whole
from quantity per one, students answer correctly by proportionality calculation,
without feeling the “unnaturalness” of thinking the number of sheets per 1g. In the
context of function learning, they adopt the algorithm for problem solving only to
apply the quantity in the problem to proportional expression y=ax. In figure
learning which treats the symbol which reminds the relation with reality in contrast
with the algorithm act by such formula operation, the influence which cognition has on
‘a concept becomes strong in many cases rather than a concept controls awareness.
Cognitive influence has been ever recognized in figure teaching. Is it dependent
simply on cognitive views? Does the cognitive influence have the same quality in all
the grades and is it explained as Gestalt?

In mathematics learning, everyday languages often become the activator to realize
mathematical concepts

One of the purposes of mathematics learning is to construct mathematical
concepts through various mathematical languages and signs. Mathematics lessons
are performed by only neither a mathematical language nor the sign. Teachers and
textbooks have to define a mathematical language with everyday languages, and a
communication between a teacher and students, students and students is developed
using the defined mathematical and everyday language. I have supposed the relation
of the everyday and mathematical language like that with the following diagram.

everyday world mathematical world
evexyday language mathematical language
meta lamguage object-meta language

o m e

embodied cognition

Diagram. The relation of the everyday and mathematical language

From the perspective of cognitive linguistics, languages are grounded in the
bodily experiences (spatial cognition, the senses, motor senses, etc.), and either the
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literal interpretation for them or construction of mathematics are concerned with
embodied cognition, for the mathematical languages are understood by everyday
languages as meta-language, as Lakoff and his colleagues argued in their writing
“Where Mathematics Comes From?-How the Embodied Mind Brings Mathematics into
Being-" in 2000. Taking into consideration this mentioned above and the fact the
mathematical world (mathematical conceptual field) is conceived through
mathematical languages as sign, everyday languages and bodily experiences have the
possibility to open the mathematical world.

Actually, learning of figure and space is performed not only with representations
but also with various verbal and linguistic representations. The situation that latter
representations (everyday and mathematical) support learning of 2D figure is not few
either. This case is often observed when teachers and learners think of 3D figure.
In these cases, everyday language functions as a label to symbolize the concept and as
an activator to “bring out” naive concepts with reality. On early step of learning of
figure, to search and present some concrete objects similar to abstract 2D/3D figural
concepts is to make use of a label for naive concepts leading to abstraction. And
similarly, when learners call a perpendicular foot of positive tetrahedral “a midpoint”
in everyday expression, they use this language as a label for it. If this label activates
the other learner’s concept images of the center of gravity, this is an activator, too.

The mathematical inquiry of the perpendicular foot
is performed through constructing a perpendicular
bisector of triangle. In that case “midpoint” may
function effectively, or cause an incorrect concept. It is
the former case to consider the intersection to be the
center of gravity consisted of segments which are pulled
in the “middle point” (“midpoint”) of the opposite
neighborhood from each vertex, and is the latter to
consider the “middle point” (“midpoint™) of the segment to be the center of gravity
consisted of a segment pulled to the opposite neighborhood from one vertex.

3. COGNITIVE LINGUISTICS APPROACH
AND MATHEMATICS LEARNING

About the Cognitive Linguistics

When as mentioned above, it becomes very various how to understand
mathematics by each learner and community. Such a similar situation has been
pointed out in linguistics. 'We cannot explain an actual language phenomenon from
the standpoint of the system of sign that consists of rule and principle. To such a
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problem, after 1970’s, some researches from the standpoint that these regard language
as a system which is opened, and various rules are composed by language users by a
bottom-up approach have come to be performed. These are called as cognitive
linguistics in general, which stands at the following basic standpoints:

(a) Language is reflected by cognitive factors related to the interpretation of the
external world, categorization and making sense of it by the subject.

(b) Language is regarded as having an opened system. The rule in this system is
regarded as a part of the pattern (schema) that appears from the situation of actual
language use. So, the rule itself is going to be transformed according to various
situations.

(c) The research program stands at a standpoint of categorization from the theory of
prototype.

(d) From semiotics, the research program takes an approach researching the relation
between form and meaning of sign from the pre-linguistics cognitive ability
enabling appearance of sign. :

Even in the case of transmitting same situations, cognitive subjects choose
different language forms according to the projection of the point of view by
themselves and how to take a perspective. Therefore, by understanding the
difference of language representation and mode of signification we are able to
understand concretely how cognitive subjects make sense of a surrounding and
interpret the external world.

When we see mathematics learning from a cognitive linguistics perspective, it
will be said that mathematics has the opened system and signs and rules in the system
may change flexibly by the user. This resembles the situation that just modern
mathematics develops, and corresponds to the changing or expanding existing and new
conceptual contents by prior means and idea. And as mentioned above, in the theory
of prototype* that the adjacent field of class is ambiguous, even if definition of
quadrangle is given by top-down or bottom-up approach, distinction of being a
quadrangle or not by students is very ambiguous under cognitive influence or by effect
made sense subjectively. For learners who cannot recognize the logicalness® which

? To be concerned with this, I think that there are two roles of the definition of figure. On
the one hand, mathematically, definition is the foundation of demonstrations and given by
top-down approach. On the other hand, in initial learning of figure, by considering figures
consisted of lines, definition has the role to expand and classify the world for inquiring figures
by bottom-up approach.

> As mentioned above, all the attributes that are not essential are abstracted from
mathematical language such as definition. Therefore, students cannot but make a judgment
of the matter which is not expressed clearly by themselves. In definition of triangular, the
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rigorous language includes implicitly, it may be a practical way of concept formation
to strengthen correct class of quadrangle with a teacher or a textbook by showing
many positive examples.

Cognitive Semantics of 2D/3D Figure

Generally, in linguistics, syntax and pragmatics other than semantics have been
researched. In these disciplines, researchers are interested in the rule and the text
syntax which constitutes the symbol system as language, and the way how they are
used in an actual situation, while in semantics studying the meaning of sign itself and
of the syntax made by it. If we view a sign including language as “something
representing other things” broadly, all representations used in mathematics learning
(letter, equation, graph, ---) are viewed as a kind of sign. This is similar about
representations of 2D/3D figure, and these (symbolic) representations have some
certain meanings.

What kind of system is considered as the system of the figure from a viewpoint of
linguistics? What kind of rules and syntax are there in the system and how does it be
used at in real situation?

Table. Comparison between figure and number from the viewpoint of

concept, operation, and relation

2D/3D figure Number
Concept | Point, Line, Surface, Integer, Decimal,

Triangle, Quadrangle, Fraction

Space figure Negative number

Imaginary number
Operation | Shift, Turn Addition, Subtraction,

(Parallel, Rotation, Congruent transformation) | Multiplication,

Turn over (Symmetrical transformation) Division

Expansion, Reduction (Similar transformation)
Equivalent transformation

Relation | Spatial relationship Quantity (Equality)
(Parallel, Perpendicular, Twisted position) Proportional relation
Inclusion relation (logical) Divisor, Multiple

Equality (Congruence, Similarity)
Expansion, Reduction (Similarity)

student has to realize it referring to only the shape, judge that the figure whose number of a
straight line is four is not a triangle, and, on the other hand, judge that regardless of the length
of segments and the size of angles they are a class of triangle.
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To understand issues above, it is as follows when it makes a table (in the last
page) contrastively from the viewpoint of concept, operation, and relation among the
contents of learning in the figure and the number area focusing to the meaning
(concept) of the sign itself and the relation (operation and relation) between signs.

Each concept is mathematical concept, and they are conceived only through
certain representations. I would like to say that I am interested in the student’s Inner
mathematics in this paper, although many thinkers have had the philosophical and
epistemological argument from ancient times as “Whether is concept referred to
through representation a transcendent or a constructive entity?”.

In an above table, it turns out that representation which represents each concept
corresponds to each language in linguistics, and there are the operation (dynamic) and
the relation (static) to those practical rules. We can point out in general about the
feature of each area as following:

* In Number, each concept and operation is defined clearly in various ways
mathematically. Representation (a number, a numeral) is arbitrary and not
symbolic.

- In 2D/3D figure, only concept and operation as research object are defined clearly.
Representation (two- and three-dimensional, name,) makes it conceived of the
relation with the concept itself and reality, and is symbolic strongly rather than
arbitrary. The area of the figure itself is considered infinitely (a triangle, a
quadrangle, a polygon, a polyhedron, a curve and a curved surface), and
measurement of those is able to be found only approximately.

* The operation of Number is able to be represented by signs+ — X = and is possible
on paper.

+ As for the operation of 2D/3D figure, as compared with the operation of Number,
linguistic representation and operational representation are connected strongly.

* In Number and 2D/3D figure, composition of the operation is possible.

+ 2D/3D (drawing) representation is symbolic from the viewpoint of nature of symbol,
and, so, the relation with linguistic representation (name) is strong.

As there are many cases which show the metaphorical relation between everyday
language and mathematical language about the last point, metaphorical properties are
shown also in 2D/3D (drawing) representation. When we are going to represent the
class of the figural concept in one 2D/3D (drawing) representation; it is regarded as
synecdoche. And, 2D/3D (drawing) representation is dynamic metaphorical®, which

4 Although the drawn figure represents only the state of the last which it finished drawing,
students have to see the construction order and conceive the partial-whole structure through

— 154 —



is greatly concerned with how a representation is seen. The difference between
2D/3D figure and Number (and language) is to recognize reality in many (drawing)
representations in spite of its peculiar rule, which is one of factors to be difficult for
students.

Now, viewing the figure and space leaming from the perspective of cognitive
linguistics, what does the meaning of figure and space, that is, the subjective meaning
made by cognitive subject mean? [ suppose as mentioned above that the meaning has.
two levels — cognitive and conceptual —. Under the research program of cognitive
linguistics, cognition of the external world is influenced by Gestalt, and a “meaning
made sense” has multi-aspect, which constructs Gestalt which these aspects interact
with each other in focusing on discussion about sense-making. In a word, we don’t
only view a representation of triangle as “something triangular” cognitively, but also
analyze it as consisting of points, segments and angles, and regard it as the simplest
figure or an entity having an inner relation “the sum of interior angles of a triangle is
180°” according to the problem situation conceptually. ~And, As Ronald W.
Langacker (1987) who is one of researchers of cognitive grammar says with an idea of |
the FIGURE and the GROUND in cognitive science, the meaning of set of points is
made as segment, polygon, or chord of a circle by background knowledge, as below.

o
oo
o

"segment"

"polygon" "chord"

4. FINAL REMARKS
In this paper, I consider the meaning about a conceptual object and relation
between 2D/3D figure and everyday language. In particular, I have focused in the
role and influence of everyday language for 2D/3D figure learning in this paper. The
next issues are as following :

+ What kind of the meaning of each 2D/3D figure does emergent through operation?
« To understand 2D/3D figure and operation from the viewpoint of image schema.

As mentioned above, teachers have to take into consideration a polysemy of

looking at it.
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representation of 2D/3D figure and the use of language in figure and space learning in
the mathematics classroom. Rigor of mathematics is not necessarily necessity for
learners.  As recognizing and accepting the existence of Inner mathematics,
learner-centered learning of figure and space might be performed.
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TWO-AXES PROCESS MODEL OF UNDERSTANDING
MATHEMATICS: A FRAMEWORK FOR THE TEACHING AND
LEARNING MATHEMATICS IN A CLASSROOM

Masataka KOYAMA (Hiroshima University)

ABSTRACT

The purpose of this study is to make clear what kind of
characteristics a model of understanding should have so as to be
useful and effective in the teaching and learning of mathematics. In
order to achieve this purpose, the previous studies related to models
of understanding mathematics are summarized and the fundamental
conception of understanding mathematics is described. Then, after
discussing basic components substantially common to the process
models of understanding mathematics, I present, as a theoretical
Jramework, a process model that consists of two axes and call it the
“two-axes process model” of understanding mathematics. Finally, we
examine the validity of the “two-axes process model”, especially the
horizontal axis of the model by analyzing an elementary school
mathematics class in Japan. Moreover, two important features of
mathematics teacher s role are also suggested.

1. INTRODUCTION

The word “understanding” is very frequently used in both the descriptions
of aims of teaching mathematics in the Course of Study (Ministry of Education,
1989) and in the teaching practices of mathematics in Japan. The putting
emphasis on understanding mathematics should be desirable in mathematics
education, but what it means is not clear. Moreover, it is an essential and critical
problem that what mathematics teachers should do to help children understand
mathematics. But it also has not been sufficiently made clear.

The key for the solution of these educational problems, in my opinion, is
ultimately to capture what does it mean children understand mathematics and to
make clear the mechanism which enables children’s understanding of
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mathematics develop in the teaching and learning of mathematics. In other
words, it might be said to “understand” understanding. It is, however, not easy
and we need our great effort to do it. In fact, as Hirabayashi (1987) describes,
the American history of researches in mathematics education seems to be the
struggling with interpretations of understanding. The problem of understanding
is still a main issue buckled down by some researchers, especially from the
cognitive psychological point of view in the international group for the
psychology of mathematics education (PME). As a result of their works, various
models of understanding as the frameworks for describing aspects or processes
of children’s understanding of mathematics are presented (Skemp, 1976, 1979,
1982; Byers and Herscovics, 1977; Davis, 1978; Herscovics and Bergeron, 1983,
1984, 1985, 1988; Pirie and Kieren, 1989a, 1989b).

The purpose of this study is to make clear what kind of characteristics a
model of understanding should have so as to be useful and effective in the
teaching and learning of mathematics. In order to achieve this purpose, the
previous studies related to models of understanding mathematics are
summarized and the fundamental conception of understanding mathematics is
described. Then, after discussing basic components substantially common to the
process models of understanding mathematics, I present, as a theoretical
framework, a process model that consists of two axes and call it the “two-axes
process model” of understanding mathematics. Finally, we try to examine the
validity of the “two-axes process model”, especially the horizontal axis of the
model by analyzing an elementary school mathematics class in Japan. Moreover,
two important features of mathematics teacher’s role are also suggested.

2. FUNDAMENTAL CONCEPTION OF
UNDERSTANDING MATHEMATICS

What do we mean by understanding? According to Skemp (1971), to
understand something means to assimilate it into an appropriate schema (p.43).
Haylock (1982) answers this question in the following; a simple but useful
model for discussing understanding in mathematics is that to understand
something means to make (cognitive) connections (p.54). These explanations of
understanding are (cognitive) psychological and imply that to understand
something is to cognitively connect it to a previous one which is called a schema
or a cognitive structure. We could say that a schema or cognitive structure is a
model of a nerve net in the brain of our human beings. In this sense, to
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understand something is substantially an individual internal (mental) activity.

Moreover, comparing the Piagetian cognitive structures with the Kantian
schemata and categories, Dubinsky and Lewin (1986) describe that the Piagetian
cognitive structures are constructed from the outset and undergo systematic
changes of increasing differentiation and hierarchic integration (p.59). This
suggests us that the understanding defined above is not such a static activity as
all-or-nothing but a complex dynamic phenomenon which could change in
accordance with the construction and reconstruction of cognitive structures.

Therefore, accepting the conception of understanding mathematics as an
internal (mental) dynamic activity, we necessarily need some methods to
externalize children’s understanding of mathematics. A retrospective method, an
observation method, an interview method, and a combination of these methods
are promising and useful methods for externalizing it. It is, however, almost
impossible for us to directly see understanding when defined as the mental
activity. Therefore, we need some theoretical framework. According to the
definition of model by Gentner (1983), the theoretical framework for making
clear aspects or processes of understanding mathematics could be called a model
which has a mental activity of understanding as its prototype. In that sense, any
model is indispensable for making clear understanding and the significance of
building a model can be found in this point.

As already mentioned in the above section, the various models of
understanding mathematics are presented in the previous studies. For example,
there are such models as a discrimination of “relational and instrumental
understanding” (Skemp, 1976), “a tetrahedral model” (Byers and Herscovics,
1977), “a 2x3 matrix model” (Skemp, 1979), “a 2x4 matrix model” (Skemp,
1982), “a constructivist model” (Herscovics and Bergeron, 1983), “a two-tiered
model” (Herscovics and Bergeron, 1988), and “a transcendent recursive model”
(Pirie and Kieren, 1989b). As Pirie and Kieren (1989b) point out, models can be
classified into two large categories. The one is “aspect model” which focuses on
the various kinds of understanding and the other is “process model” which
focuses on the dynamic processes of understanding. The models presented in
Skemp (1976, 1979, 1982) and Byers and Herscovics (1977) belong to the
former and the models in Herscovics and Bergeron (1983, 1988) and Pirie and
Kieren (1989a, 1989b) belong to the latter. We need both aspect model and
process model to develop children’s understanding in the teaching and learning
of mathematics. They seem to be built mainly to describe the real aspects and
processes of understanding as children learn mathematics. They are very useful
for us to grasp them.
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It is, however, not sufficient to describe the real aspects or processes of
children's understanding, because mathematics education in its nature should be
organized by both teaching activity and learning activity. Therefore, a model of
understanding that is useful and effective in the teaching and learning of
mathematics should have prescriptive as well as descriptive characteristic.
Namely, the model is expected to have the prescriptive characteristic also in the
sense that it can suggest us didactical principles regarding to the following
questions; “What kind of didactical situations and how them should we set up to
help children understand mathematics?” “To which direction should we guide
children, in developing children’s understanding of mathematics?”

3. BASIC COMPONENTS OF PROCESS MODEL

In order to build such a model of understanding mathematics, we must
elucidate the processes of children’s understanding in the teaching and learning
of mathematics. In this section, focusing on a process model, we explore basic
components of it. For theoretically exploring them, we examine process models
of understanding (Herscovics and Bergeron, 1983, 1988; Pirie and Kieren,
1989a, 1989b) and a model of learning mathematics (van Hiele and van
Hiele-Geldof, 1958; van Hiele, 1986).

Herscovics and Bergeron have been buckling down to the difficult task of
building and modifying a model of understanding in the processes of
mathematical concept formation. They built “a constructivist model” of
understanding mathematical concepts basing on the constructivist assumption;
children will construct mathematical concepts. The constructivist model consists
of four levels of understanding; the first one, that of intuition, a second one
involving procedures, the third dealing with abstraction, and a last level, that of
formalization (Herscovics and Bergeron, 1983, p.77). Then they modified this
model and presented an extended model of understanding. This extended model
is called “a two-tiered model”, one tier identifying three different levels of
understanding of the preliminary physical concepts, and the other tier
identifying three distinct constituent parts of the comprehension of mathematical
concepts (Herscovics and Bergeron, 1988, p.15). Their fundamental
conception underlying this model is that the understanding of a mathematical
concept must rest on the understanding of the preliminary physical concept

(p.20).
Pirie and Kieren (1989b) stress that what is needed is an incisive way of
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viewing the whole process of gaining understanding (p.7). And they present “a
transcendent recursive model” of understanding that consists of eight levels;
doing, image making, image having, property noticing, formalizing, observing,
structuring, and inventing. Their fundamental conception of understanding
underlying the model and the important characteristic of the model are
succinctly and clearly represented in the following quoted passage.

“Mathematical understanding can be characterized as leveled but
non-linear. It is a recursive phenomenon and recursion is seen to occur when
thinking moves between levels of sophistication. Indeed each level of
understanding is contained within succeeding levels. Any particular level is
dependent on the forms and processes within and, further, is constrained by
those without.” (Pirie and Kieren, 1989b, p.8)

We can see that these models of understanding are process models that
have prescriptive as well as descriptive characteristic and involve some levels of
understanding. There is, however, an objection to the levels of understanding. In
fact, examining the Herscovics and Bergeron model for understanding
mathematical concepts, Sierpinska (1990) describes that therefore what is
classified here, in fact, are the levels of children’s mathematical knowledge, not
their acts of understanding (p.28). This criticism is based on the different notion
of understanding that understanding is an act (of grasping the meaning) and not
a process or way of knowing. It is worth notice but in my opinion there must be
some levels, even if those are levels of children’s mathematical knowledge, in
the process of understanding mathematics. The process model of understanding
mathematics should involve some hierarchical levels so as to be useful and
effective in the teaching and learning of mathematics.

The hierarchy of levels of understanding can be typically seen in a
transcendent recursive model (Pirie and Kieren, 1989b). It reminds us of the van
Hiele theory of levels of thinking in learning geometry which was presented in
their doctoral dissertation (cf. van Hiele and van Hiele-Geldof, 1958). In the
theory five hierarchical levels of thinking are identified and five learning stages
for progressing thinking from a level to a higher level are involved (van Hiele,
1986). We notice that these models are very similar to each other in two respects.
The one is each level set up and the other is the idea of progressing from one
level to the outer (higher) level. '

The first similarity can be recognized more clearly by illustrating the van
Hiele model in the figure (Koyama, 1988). In fact, ignoring somewhat
difference in the scope and domain of learning mathematics, each two levels
indicated by a thick circle in the Pirie and Kieren model could be corresponded
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to each level in the van Hiele model respectively as follows.

Pirie and Kieren Model van Hiele Model
(Doing, Image Making) <«—— (Concrete Object*, Geometrical Figure)
(Image Having, Property Noticing) <——  (Geometrical Figure*, Property)
(Formalizing, Observing) <«———  (Property®, Proposition)

(Structuring, Inventing) <——  (Proposition*, Logic)

[Note: The sign < indicates the correspondence between levels and the sign *

indicates an object of thinking in each level.]

The second similarity is more important in a process model than the first,
because it is concerned with the crucial idea of developing children’s
understanding of mathematics. The idea of developing children’s understanding
in the Pirie and Kieren model is “recursion”, whereas in the van Hiele model it
is “objectification” or “explicitation”. These ideas seem to be substantially same
and it might be called, in other words, reflective abstraction or reflective
thinking. We can say that in the processes of understanding mathematics
reflective thinking plays an important role to develop children’s understanding,
or to promote their thinking from a level to a higher level of understanding.
Therefore these models suggest us that a process model should have learning
stages involving reflective thinking.

After all, we identify such two basic components of a process model as
hierarchical levels and learning stages. In the next section, a process model
with these two basic components is presented as a theoretical framework for
developing children’s understanding in the teaching and learning of
mathematics.

4. THE “TWO-AXES PROCESS MODEL”
OF UNDERSTANDING MATHEMATICS

In order to build the process model that can prescribe as well as describe
how the process of children’s understanding mathematics should progress, we
must give serious consideration to the following questions. Through what levels
should children’s understanding progress? How should children develop
mathematical thinking in any level of understanding? Relating to the first
question, as already discussed, levels involved in the Pirie and Kieren model and
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the van Hiele model can be regarded as answers to it. Although we need to
examine those levels and modify them in accordance with mathematical
concepts intended in the teaching and learning of mathematics, they form a
vertical axis of the process model of understanding.

Relating to the second question, learning stages involved in the van Hiele
theory (van Hiele, 1986) and in the Dienes theory (Dienes, 1960, 1963, 1970)
are very suggestive. On the one hand, in the van Hiele theory five stages in the
learning process leading to a higher level are discerned; information, guided
orientation, explicitation, free orientation, and integration (van Hiele, 1986,
pp.53-54). On the other hand, in the Dienes theory six stages in the mathematics
learning are set up basing on four principles of the dynamic, the constructive,
mathematical variability and perceptual variability principle (Dienes, 1960,
p.44);, free play, rule-bound play, exploration of isomorphic structure,
representation, symbolization, and formalization (Dienes, 1963, 1970). The
stages in two models can be roughly corresponded like the followings;
information to free play, guided orientation to rule-bound play, explicitation to
exploration of isomorphic structure and representation, free orientation to
symbolization, and integration to formalization respectively.

~ According to Wittmann’s idea (1981), these corresponding stages are
classified into three categories. He emphasizes that three types of activities are
necessary in order to develop a balance of intuitive, reflective and formal
thinking, basing on the assumption that mathematics teaching should be
modeled according to the processes of doing mathematics (Wittmann, 1981,
p-395). I modify his definitions of three activities a little in order to form a
horizontal axis of the process model. At any level of understanding, there are
three stages, intuitive, reflective, and analytic stage.

Intuitive Stage: Children are provided opportunities for manipulating
concrete objects, or operating mathematical concepts or relations acquired
in a previous level. At this stage they do intuitive thinking.

Reflective Stage: Children are stimulated and encouraged to pay attention
to their own manipulating or operating activities, to be aware of them and
their consequences, and to represent them in terms of diagrams, figures or
languages. At this stage they do reflective thinking.

Analytic Stage: Children elaborate their representations to be
mathematical ones using mathematical terms, verify the consequences by
means of other examples or cases, or analyze the relations among
consequences in order to integrate them as a whole. At this stage they do
analytical thinking.
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Through these three stages, not necessarily linear, children’s understanding could
progress from a certain level to a next higher level in the teaching and learning of
mathematics. As a result, a process model of understanding mathematics can be built
theoretically and it is called the “two-axes process model” of understanding
mathematics. The model consists of two axes, i.e. the vertical axis implying levels of
understanding such as mathematical entities, relations of them, and general relations,
and the horizontal axis implying at each level three learning stages, i.e. intuitive,
reflective, and analytic stage. , _

There are two prominent characteristics in the “two-axes process model”.
First, it might be noted that the model reflects upon the complementarity of
intuition and logical thinking, and that the role of reflective thinking in
understanding mathematics is explicitly set up in the model. Second, the model
could be a useful and effective one because it has both descriptive and
prescriptive characteristic mentioned above. These prominent characteristics of
the model are, however, only expected theoretically. Therefore, we must
examine both validity and effectiveness of the model in light of practices of the
teaching and learning of mathematics in a classroom.

5. COMPLEMENTARITY OF INTUITION AND LOGICAL THINKING
IN THE PROCESS OF UNDERSTANDING MATHEMATICS

In Japan it is one of main objectives of school mathematics education to
develop child’s intuition and logical thinking. To realize this objective, many
mathematics educators and researchers have made extensive efforts in various
ways. However, we can not say that we have satisfactorily realized the expected
result. In consideration of the existing state of things, we should capture the
nature of children’s thinking in the teaching and learning of mathematics.

In this section, we demonstrate the complementarity of intuition and
logical thinking in a process of understanding mathematics basing on two basic
notions of mental model and reflective thinking. In more concrete terms, we try
to examine and identify children’s mental models of an abstract and
mathematical concept in regard to intuition, and observe how children think
reflectively on their mental models in a whole-class discussion in regard to
logical thinking. To attain the purpose, in this paper, we try to examine the
validity of the “two-axes process model,” especially the horizontal axis of the
model by analyzing an elementary school mathematics class in Japan.
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A Sketch of Elementary School Mathematics Classes

The class to be analyzed is a part of four successive mathematics classes
in a fifth grade (11 years old) classroom at the national elementary school
attached to Hiroshima University in Japan. In February 1993, an elementary
mathematics teacher of the classroom, Mr. Mori, planned and taught 36 children
(18 boys and 18 girls) a topic named “Let’s think with mathematical
expressions”. The children involved in those four classes are heterogeneous in
the same way as a typical classroom organization in Japanese elementary
schools, but their average mathematical ability is higher than that of other
children in the local and public elementary schools.

The classroom teacher, Mr. Mori, has a vision of elementary school
mathematics education. Mori (1994) states it as follows; “Students’ learning
by solving mathematical problems is a continuous process of solving their own
problems. I believe such process is an ideal form of learning elementary school
mathematics that the once solution of a problem produces a more expansive
problem (p. 91)”. He planned the topic named “Let’s think with mathematical
expressions” with this vision of mathematics education. The main objective of
the topic is to help children appreciate thinking with mathematical expressions
such as interpreting a mathematical expression expansively and insightfully.

To realize this teaching objective, he planned three sessions and four
unit-hour (45 minutes) classes for the topic as follows.

First session; comparing lengths of two different semicircular roads

(2 unit-hour classes)

Second session; comparing lengths of other geometrical figured roads
(1 unit-hour class)

Third session; comparing areas of two different semicircular regions and
summarizing the topic (1 unit-hour class)

The following is a rough sketch of an outline of four successive classes that
actually developed in his classroom. In this sketch, children’s activities are
focused and picked up mainly.

First Class
1) Teacher set up the situation: “There are two places A and B. Let’s make
various roads between them”. Children imagined and proposed their roads.
Among them, semicircular roads were adopted and two different
semicircular roads were drawn on a blackboard (Figure 1). One road L was
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a semicircular road with the diameter AB. Another road M was a one made
by two connected semicircular roads with the diameter AC and BC, where
place C was located at a certain point on the segment AB.

2) Children predicted which road is shorter when comparing lengths of two
roads L and M. At this point students had their own problem to be solved.
3) Children individually worked out the problem in their own ways. It must
be noted that they had learned mathematical formulae for the length and

area of a circle, and they know that circle ratio is about 3.14.

4) Children knew that two lengths of roads L and M are equal. Some children
explained their own reasons of why two lengths are equal in the
whole-class discussion. Children compared and interpreted those
mathematical expressions written on a blackboard for the explanations.

5) Children compared lengths of two roads when place C had changed to be
another point C’ on the segment AB (Figure 2).

6) Children said their findings which they had been aware in this class and
proposed their own problems to be worked on in the next class.

Road L Road L
A C B A C’ B
RO&M Road M
Figure 1. Figure 2.
Second Class

1) Children remembered what they had done in the first class.

2) Among the problems proposed at the end of the first class, children
decided to work out the problem; “Compare lengths of two roads L. and M
when road M is changed to the one made by more than two small
semicircular roads”.

3) Children individually worked out the problem of comparing lengths when
road M was changed to the one made by three small semicircular roads
(Figure 3).

4) Children presented their own solutions and compared mathematical
expressions written on a blackboard in the whole-class discussion.
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5) Children worked out the more general problem of comparing lengths when
the number of semicircular roads of M increased (Figure 4).

6) Children said their findings which they had been aware of in this class and
proposed their own problems to be worked on in the next class.

Road L Road L

AZ' B AZ B
A\ W ANNAN

Road M Road M

Figure 3. Figure 4.

Third Class

1) Children remembered what they had done in the second class.

2) Among the problems proposed at the end of the second class, children
decided to work out the problem; “Seek for other geometrical figured
roads which have a same rule as two semicircular roads”.

3) Children individually investigated two quarter-circular roads (Figure5).

4) Children sought for other geometrical figured roads that have the same
rule by means of mathematical expressions. Children checked, for example,
two equilateral triangle roads (Figure 6) and two square roads (Figure 7).

5) Children said their findings which they had been aware of in this class and
proposed their own problems to be worked on in the next class.

Fourth Class

1) Among the problems proposed at the end of the third class, children
decided to work out the problem; “Compare areas of regions encircled by
two semicircular roads (Figure 8)”.

2) Children individually worked out the problem with their own predictions.

3) Some children explained their solutions of the problem.

4) Children thought about how the area of region encircled by the road M
changes when a point C moves from A to B on the segment AB.

5) Children represented the change of area in a graph.

6) Children read and interpreted the graph and explained their own findings
about the change of area in the whole-class discussion.
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7) Children looked back what they had done in all four classes and
summarized the content of the topic named “Let’s think with mathematical
expressions”.

N
W\ ¢

\

Figure 5. Figure 6. Figure 7.

Road L

A € B
Road M
Figure 8.

Discussion by the Protocol Analysis of a Class

Four successive classes of the topic actually developed as shown in the
above sketch. In this section, by analyzing the protocol of a class mainly in the
first session, firstly we try to examine and identify children’s mental models of
length that lead to a misjudgment or a mathematically incorrect anticipatory
intuition. Then we observe how their initial intuition has been changed under the
control of children’s reflective thinking in the whole-class discussion. Being
based on this analysis of a class, we examine the validity of the horizontal axis,
i.e. three learning stages of the “two-axes process model” of understanding
mathematics.
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Identification of Children’s Mental Models of Length

In the first class, after teacher setting up a learning situation and children
discussing about mathematical problems to be solved, the process of teaching
and learning actually developed as follows. In the following protocol of a class,
sign T and sign Sn» mean the teacher’s utterance and the mth child’s utterance
respectively.

T: Today, we will try to work out the problem of comparing lengths of

two semicircular roads L and M (Figure 1). How do you predict which
is shorter, road L or road M?

S11: The length of road M is longer than that of road L, because the road
M is bent at a point C.

S12: The road M encircles a smaller area than the road L does, so the
length of road M is shorter than that of road L.

S13: The length of road M is shorter than that of road L, because the road
M is closer to the straight line AB.

These three children’s utterances of their prediction allow us to identify
their mental models of length that they have initially at the class as products of
their previous experiences of learning length. S1I has a mental model like that
when the both ends of two lines are trued up a curved line is longer than a
straight line as shown in Figure 9. $13 has a similar mental model to that of §11
like that because the shortest line between two points is a straight line a line
closer to the straight line is shorter as shown in Figure 10. On the other hand,
noticing area, $12 has a different kind of mental model like that the length of a
closed geometrical figure is proportional to the area of it as shown in Figure 11.

%

Figure 9. Figure 10. Figure 11.
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All those mental models can lead to a mathematically correct judgment or
prediction in some cases represented in figures 9, 10, and 11. However, in case
of comparing lengths of two semicircular roads worked on in their class, their
mental models produced a mathematically incorrect prediction. It might be said
that they could not explicitly analyze the curvature (S11), closeness (S13), and
similarity (S12). In any case, we could conclude that children’s mental models
of length that they constructed previously and had initially at the class have a
negative effect on their anticipatory intuition (Fischbein, 1987; Koyama, 1991)
without any explicit analysis of their mental models.

Examination of the Validity of Three Learning Stages in the “Two-Axes
Process Model”

Next, we will observe how children’s initial intuition has been changed
under the control of their reflective thinking in the whole-class discussion. After
predicting lengths, the process of teaching and learning in the classroom actually
developed as follows.

T: You have different predictions and your own reasons. Which is longer,
road L or road M? Let's make it clear. Work out the problem in your
~ own way and write it down on notebooks.
S14: I cannot do, because we have no information about the length of AB.
T: Do you need to know the actual length?
SS:  (Many students say “Yes”, but some students say “No”.)
T: Ifyouneed to know it, use that AB is 10cm and AC is 6cm.
SS:  (Students individually work out the problem by using the
mathematical formula for a length of circle which they know.)
T: OK! Present your own work to your classmates. Anyone?
S15: I calculated the lengths as follows. Two answers are equal.

RoadL; 10X3.14--2=15.7 Road M; 6X3.14--2=9.42
4X3.14-2=6.28

9.42+6.28=15.7

S16: 1 can calculate the length of road M with one mathematical
expression like this.

Road M; 6X3.14+-2+4X3.14--2=15.7
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S17: 1 can do it more easily by using parentheses like this. Two answers
are equal.

Road M; (6+4)X3.14+2=15.7

S20: We do not need to calculate the lengths. The sum of AC and CB is
equal to AB (looking at Figure 1), and we can see it apparently that

both mathematical expressions for road L and road M is 10 X3.14--2.

So we can say that the lengths of two roads are equal.
T: You have explained your works with your own reasons well.

All of you seem to understand your classmates' explanations and be
convinced them.

S21: Wait, Mr.! I have another idea. I used alphabetic letters. I thought
about the problem when let the length of AB, AC, and BC be a, ¢, and
b respectively. Then we can easily see that lengths of two roads are
equal because two mathematical expressions are same like this.

RoadL; aX3.14-=-2 Road M; bX3.14+-2+¢X3.14=2
=(b+c)X3.142

—=ax3.14=2

In this whole-class discussion, with the explanation of SI5 as a
turning-point, children in this classroom reflect on their own calculating and
thinking process and represent it in their own terms using mathematical
expressions. This examination of the protocol allows us to conjecture that
students do reflective thinking in their own ways. At this point, we should pay
attention to the fact; $20 and S21 are explicitly aware that the mathematical
expressions for lengths of two roads are same, while S15, S16, and $17 put their
eyes on only the fact that two answers are equal. In other words, for $15, S16,
and S17 a mathematical expression is a thinking method to calculate an answer
for comparing lengths, but for $20 and $21 the mathematical expression itself is
a thinking object. This difference must be significant from a point of view of
the level of understanding mathematics, because, as van Hiele and van
Hiele-Geldof (1958) suggest us, the objectification could push children’s
understanding of mathematics up to a mathematically higher level.

In fact, the explanation of $21 stimulates other children and directs their
understanding of this problem to a higher level, i.e. an understanding of the
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essential and mathematical structure of this problem.

T: Itis a great idea. S21 used alphabetic letters. What can you see about
the mathematical expressions explained by S21? Anyone?
S22: It does not depend on the actual lengths of AC and BC.
S23: They are expressed using alphabetic letters, so the lengths of two
roads are equal even when a point C moves on the segment AB.
“T: Is it true when a point C is close to the point A?
S24: Yes! As far as a point C is on the segment AB, two lengths are always
equal.
T: Isittrue? Please explain your reason in more detail.
(The following discussions are omitted.)

We can see in the above protocol that children do think about both the
meaning of alphabetic letters and the structure of mathematical expressions. In
other words, children in the classroom try to represent consequences of their
reflective thinking more mathematically, analyze explicitly the structure of the
problem, and integrate their findings as a whole. Therefore we might say that at
this point of the class children do their analytic thinking.

As a result of this observation and protocol analysis of the class, we see
that the process of teaching and learning mathematics in this classroom actually
developed in line with the horizontal axis, i.e. three learning stages of the
intuitive, reflective, and analytic. By the end of the first class, children in this
classroom came to be able to control their mathematically incorrect anticipatory
intuition by the logical thinking with mathematical expressions. It is saliently
demonstrated by the fact that at the beginning of the second class, 34 out of 36
children could predict correctly. This fact allows us to insist that as a result of
their learning experiences children had a fairly infallible intuition supported by
the logical thinking with mathematical expressions including alphabetic letters.
Therefore, we could conclude that the validity of three stages at a certain level of
understanding mathematics has been demonstrated by the analysis of an
elementary school mathematics class.

6. MATHEMATICS TEACHER’S ROLE AS A FACILITATOR

As another result of this research, we can characterize the teaching and
learning of mathematics that enables children to actively construct mathematical
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knowledge in their meaningful way as the dialectic process of their individual
and social constructions in the classroom as a society with their own learning
history. It is compatible with “the wider orientation that views mathematics
classroom teaching as controlling the organization and dynamics of the
classroom for the purpose of sharing and developing mathematical meanings”
(Bishop and Goffree, 1986, p.314).

Moreover, we can point out teacher’s role as a facilitator for the dialectic
process in the mathematics classroom. There are two important features of
teacher’s role as a facilitator. The one, related to children’s individual
construction, is to set a problematic situation in which children are able to be
conscious of their own tasks and encourage them to have various mathematical
ideas and ways. The other, related to children’s social construction, is to
encourage and allow them to make, explain, and discuss their various
representations.

The teacher should not impose his/her authority on children’s learning but
make use of his/her professional ability and knowledge about both children and
mathematics to be a facilitator for the dialectic process of children’s individual
and social constructions in the classroom.

7. CONCLUSION

In this paper, the so-called “two-axes process model” of understanding
mathematics has been proposed as a perspective for teacher in teaching and
learning of mathematics in a classroom. We have examined the validity of the
horizontal axis that consists of three learning stages by analyzing an elementary
school mathematics class. Moreover, two important features of teacher’s role as
a facilitator for the dialectic process in the mathematics classroom are suggested.

In doing so, we regarded children in a classroom as a whole and observed
their process of understanding mathematics. It is, however, needless to say that
we must also pay attention to an individual child’s process of understanding
mathematics. Moreover, we have to examine the effectiveness of the two-axes
process model of understanding mathematics in a sense that we can really make
a teaching plan by using this model and help children develop their
understanding of mathematics to be an expected and higher level. These are
difficult but important tasks to be faced and addressed in our future research.

— 173 —



REFERENCES

Bishop, A.J. and Goffree, F., (1986), Classroom Organisation and Dynamics. In
Christiansen, B., Howson, A.G., and Otte, M. (Eds.), Perspectives on
Mathematics Education, D. Reidel Publishing Company, 309-365.

Byers, V. and Herscovics N., (1977), Understanding School Mathematics.
Mathematics Teaching, 81, 24-27.

Davis, E.J., (1978), A Model for Understanding Understanding in Mathematics.
Arithmetic Teacher, 26(1), 13-17.

Dienes, Z.P., (1960), Building Up Mathematics. Hutchinson Educational Ltd.,
London.

Dienes, Z.P., (1963), An Experimental Study of Mathematics-Learning.
Hutchinson & Co. Ltd., London.

Dienes, Z.P., (1970), Les Six Etapes de L’apprentissage des Structure.
Educational Studies in Mathematics, 3(1), 12-42.

Dubinsky, E. and Lewin, P., (1986), Reflective Abstraction and Mathematics
Education: The Genetic Decomposition of Induction and Compactness.
The Journal of Mathematical Behavior, 5, 55-92.

Fischbein, E., (1987), Intuition in Science and Mathematics: An Educational
Approach. Holland: D. Reidel Publishing Company.

Gentner, D., (1983), Structure-Mapping: A Theoretical Framework for Analogy.
Cognitive Science, 7, 155-170.

Haylock, D.W., (1982), Understanding in Mathematics: Making Connections.
Mathematics Teaching, 98, 54-56.

Herscovics, N. and Bergeron, J.C., (1983), Models of Understanding.
Zentralblatt fur Didaktik der Mahtematik, Jahrgang 15(2), 75-83.
Herscovics, N. and Bergeron, J.C., (1984), A Constructivist vs. a Formalist
Approach in the Teaching of Mathematics. Proceedings of the 8th PME,

190-196.

Herscovics, N. and Bergeron, J.C., (1985), A Constructivist vs. a Formalist
Approach in the Teaching of Even-Odd Number Concept at the
Elementary Level. Proceedings of the 9th PME, 459-464.

Herscovics, N. and Bergeron, J.C., (1988), An Extended Model of
Understanding. Proceedings of the 10th PME-NA, 15-22.

Hirabayashi, 1., (1987), The Activistic Development of Mathematics Education.
(a doctoral dissertation, Hiroshima University, 1979). Toyokan, Tokyo.
(In Japanese)

Koyama, M., (1988), A Study on Intuition in Mathematics Education. In

— 174 —



Hirabayashi, 1. (ed.), Perspectives in Mathematics Education, Seibunsha,
Tokyo, 175-193. (In Japanese)

Koyama, M., (1991), A Serial Study on Fischbein's Research into Intuition:
General Characteristics of Intuitive Cognition and Didactical
Implications for Mathematics Education. Bulletin of WJASME: Research
in Mathematics Education, 14, 9-15. (In Japanese)

Ministry of Education of Japan, (1989), The Course of Study for Elementary
‘Schools. Tokyo. (In Japanese) :

Mori, Y., (1994), Aspects of Problem Posing and Features of the Learning
Environments and Situations for Effective Instruction. Journal of the
Hiroshima  University Curriculum Research and Development
Association, 9, 89-110. (In Japanese)

Pirie, S. and Kieren, T., (1989a), Through the Recursive Eye: Mathematical
Understanding as a Dynamic Phenomenon. Proceedings of the 13th PME,
3, 119-126.

Pirie, S. and Kieren, T., (1989b), A Recursive Theory of Mathematical
Understanding. For the Learning of Mathematics, 9(3), 7-11.

Sierpinska, A., (1990), Some Remarks on Understanding in Mathematics. For
the Learning of Mathematics, 10(3), 24-36.

Skemp, R. R., (1971), The Psychology of Learning Mathematics. Penguin Books
Ltd., Middlesex.

Skemp, R. R., (1976), Relational Understanding and Instrumental
Understanding. Mathematics Teaching, 77, 20-26.

Skemp, R. R., (1979), Goals of Learning and Qualities of Understanding.
Mathematics Teaching, 88, 44-49.

Skemp, R. R., (1982), Symbolic Understanding. Mathematics Teaching, 99,
59-61.

van Hiele, PM. and van Hiele-Geldof, D., (1958), A Method of Initiation into
Geometry at Secondary Schools. In Freudenthal, H. (ed.), Report on
Methods of Initiation into Geometry, Groningen Wolters, 67-80.

van Hiele, PM., (1986), Structure and Insight: A Theory of Mathematics
Education. Academic Press, Inc., Florida.

Wittmann E., (1981), The Complementary Roles of Intuitive and Reflective
Thinking in Mathematics Teaching. Educational Studies in Mathematics,
12,389-397.

— 175 —



ANALYSIS OF PRIMARY MATHEMATICS IN BANGLADESH FROM
PUPILS’ AND TEACHERS PERSPECTIVES
- FOCUSING ON FRACTION -!
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Takuya BABA (Hiroshima University, Japan)

ABSTRACT

Most of the developing countries are now engaged with enlargement of pupils’
participation in school under the initiative of UNESCO (1990). And it also
emphasizes the quality of education which they receive at school. Bangladesh is also
engaged with this task. This research sought it through research on the status of
mathematics education from both angles of pupils and teachers. As a conclusion,
three points were found out as follows: (1) uneven distribution of weak areas for
pupils, and this tendency is not uniform among urban and rural schools, (2) very few
pupils were able to explain the sentence of problem, and this is a manifestation of
rote learning without proper understanding, and (3) teachers’less attention to
pupils’ difficulty and understanding level and teaching method should be tailored
according to their needs.

1. INTRODUCTION

Currently UNESCO plays a leading role in promoting primary Education for
All people (commonly termed as EFA) in the world. It started in 1990 with the
conference which attracted hundreds of education-related people for the developing
countries. There was a serious recognition that more than 100 million people, who
were expected at their age, did not go to school. Since primary education promote
individual human right and minimum capability to work in modern society, this
situation was terrifying and so it has prompted them to take measures against it. Not
only going to school but also having a quality education in school are very important,
but the latter aspect is sometimes neglected in the discussion. Otherwise, they
simply go to school physically but not psychologically. This research is to target at
analyzing the qualitative aspect of primary mathematics education in Bangladesh
under this sense of issue.

! This paper is the draft version, which has been submitted for its publication to the
International Journal of Curriculum and Development and Practice.
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Bangladesh is one of the most populous countries in the world, and occupies
an important position for attainment of the above ideal, EFA. Historically, she
regards the primary education as a means of reducing poverty and improving the
quality of life. In the 1% drive, First Five Year Education Plan in Bangladesh
(1973-78) proposed to establish 5000 new primary schools just after the
independence in 1973. During this period, the government felt it necessary to make
primary education compulsory with the basic goals of illiteracy eradication and
‘realization of Universal Primary Education (UPE). In order to implement these
policies, the government undertook various programs/ projects with her resources
and also with assistance of development partners.

She continued this effort since then, and has been engaged in an innovative
program ‘Primary Education Development Program’ (PEDP-I) between 1998 and
2003. The major objectives of the program were to improve school quality and
system efficiency, to establish a sustainable, cost-effective and better-managed
education system and to ensure universal coverage and equitable access to quality
education. In consequence, amazing success was achieved in enrollment at primary
level and it reached at 97% by 2002 (Directorate of Primary Education, 2002). In
respect of qualitative aspect, however, the achievement was far away from the
satisfaction. Therefore, by putting more focus on qualitative aspect of education, the
Second Primary Education Development Program (PEDP-II, 2003-2008) is built on
the achievements of the past decade, and especially on those of PEDP-I. In short, it
reflects the government’s goals for a quality primary education for all.

In this research, we would like to analyze the issues which she is grappled
with. Therefore, the objective of this research is to identify the present status of
mathematics education at primary level in Bangladesh from both pupils’ and
teachers’ perspectives.

2. RESEARCH METHOD

In order to attain the above objective we developed three research tools to
collect data regarding pupils and teachers. They are namely achievement test
(ANNEX 1), interviews items (ANNEX 2) for pupils and questionnaires for teachers.
All of them are translated into the national language, Bangla, and interview and
explanation were conducted in that language. Period of field survey was gt
November, 2005 to 17" November, 2005.

Regarding selection of samples, we took the following procedure. In
Bangladesh, Government Primary Schools (GPSs) are categorized into four levels
such as A, B, C, and D. This categorization is done based on overall performance,
consisting of such items as School Management Committee (SMC), Parent-Teachers
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Association (PTA), Scholarship examination result, playground, plantation, scout
group etc. About half of the schools belong to B category, and therefore it can be
regarded as an average performance. So, two sample schools were chosen from this
category with consultation of local authority. They are one GPS from an urban area
and one GPS from a rural area in Mymensingh district. The urban school is situated
in the center of Mymensingh and the rural one is situated about 30 kilometers away
from the center. All grade 5 pupils were chosen as a sample in each school and four
teachers of grade 5 out of eleven teachers within two schools were selected. Two
teachers taught the grade 5 at that year and two more teachers taught at the previous
year. There is no subject- based teaching at the primary level in Bangladesh. So
basically these teachers have to teach all the subjects in different grades. Three
teachers amohg them were female and one teacher was male. All of them have
undergone C-in-Ed (Certificate in Education) training in PTI (Primary Training
Institute) for one year.

Table 1 Number and distribution of sample pupils

Grade | Boys | Girls Age Total
Urban School 5 8 16 10-13 24
Rural School 5 11 12 10-14 23
Total 19 28 10-14 47

Table 2 Number and characteristics of sample teachers

Sex Duration of | Subjects to teach
teaching
Urban *Male 14 years 5 months | All subjects
School | Female 29  years 10 | Mathematics, Bangla
' months
Rural *Female | 10 years 5 months | Mathematics, Social studies, Science

School | Female 5 years 5 months | Mathematics, English, Bangla

* At present mathematics class teacher at Grade 5.

3. RESULT OF RESEARCH AND ITS DISCUSSION
3-1 ACHIEVEMENT TEST
Result of achievement test is listed as follows. Table 3 shows the overall
result of achievement test. The average score is 42.9%. Comparatively urban school
pupils’ performance (average score 51.7%) is better than rural school pupils’
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performance (average score 33.7%). The question-wise analysis (Table 4) reveals
that in general, pupils’ performance is comparatively better in Q1 (2), Q3 (1), Q4 (1),
and Q6 (1). It seems that to some extent pupils are familiar with these types of
question in the classroom test. In general the difficult problems are Q4 (2), Q5 (1),
Q5 (2), Q5 (3), Q6 (3), and Q10. Since the sample size was small, we didn’t conduct

statistical test but did descriptive statistics.

Table 3. Results of the achievement test

Average | Boys Girls | Highest | Lowest
Urban School | 51.7% | 553% | 49.9% 68% 34%
Rural School | 33.7% | 33.8% | 33.6% 53% 11%
All 42.9% | 42.8% | 42.9% 68% 11%

Table 4. Question-wise achievements of pupils in percentage

Coverage School in urban area School in rural area
(Grade) | Combined | Boys Girls | Combined | Boys Girls
Q1) |5 91.6% 100% | 87.5% 30.4% 545% | 8.3%
2|5 89.5% 93.7% | 87.5% 60.8% 63.6% | 58.3%

Q3 (1) |3 96.5% | 100% | 94.7% | 40.5% | 36.3% | 44.4%
Q3 (2) 79.1% | 75% | 81.2% | 26.8% | 6.1% | 45.8%
Q4 (1) |5 92.7% | 100% | 89% | 69.5% | 43.1% | 93.7%
Q4(3)|5 333% | 37.5% | 312% | 163% | 25% | 83%
5(1) | * 354% | 50% | 28.1% | 13% 9.1% | 16.6%
Q

Q5(2) | * 2.1% 0% | 3.1% | 21.7% | 454% | 0%
Q5(3) | * 62% | 62% | 62% | 195% | 9.1% | 29.1%
Q6 (1) |5 94.7% | 96.8% | 93.7% | 38% | 37.5% | 38.5%
Q6(2) |5 515% | 98.4% | 28.1% | 28.2% | 19.3% | 36.4%

Q7 27.1% 7% | 31.2% 15.2% 31.8% 0%

Q8 X 58.3% 50% 62.5% 69.5% 81.8% | 58.3%

Q9 X 60.4% 62.5% | 59.3% 58.6% 54.5% | 62.5%

Q10 X 12.5% 0% 18.7% 8.6% 18.1% 0%
Legend: * it is covered but question pattern is different from Bangladesh pattern, X: it is not
covered
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The most difficult question for urban school pupils are Q4 (2), Q5 (2), Q
5(3), and Q6 (3), and their average scores are 0%, 2.1 %, 6.2 %, and 0% respectively
below 10 %. On the other hand, the most difficult question for rural school pupils
are Q2 and Q10, and the average score is 0% and 8.6% respectively. According to
the teachers, some of the above question-patterns are not the same as those in
textbook or classroom test. Rural school pupils’ performance is comparatively better
m Q4 (2) and Q6 (3) than urban school pupils’ performance despite overall poor
performance. The reasons behind this, however, might be that rural school pupils’
help their parents for measuring in their agricultural works, and so they are familiar
with these items. On the other hand, urban school pupils’ performance is
comparatively better in Q2 than rural school pupils’ performance. The reasons
behind this might be rural pupils’ lack of conceptual understanding of this topic.

3-2 RESULT OF INTERVIEWS TO PUPILS USING NEWMAN
PROCEDURES

In order to explore further the difficulties which pupils are facing, we
employed Newman procedure (Natcha & Nakamura, 2006) for an interview. Here
we modified the original Newman procedure in such a way that we proceeded to the
next step of interview with pupils even if they were not able to explain the meaning
or select mathematical operation. This is because some students showed correct
answer without proper understanding of the problem, and this is believed as an
important characteristic.

We have selected ten pupils for interview on the basis of their exam result of
mathematics during the previous term. Five of them acquired good grade and the
other five acquired poor grade. The interview items for pupils are divided into the
following three levels (a) reading, (b) understanding of concept, (c) process and (d)
specific mistakes (if any).

(a) Reading level (Simple recognition of words and symbols):
“Can you read the question?”
~ (b) Comprehension level (Linguistic interpretation of problems):
“Can you understand and explain the meaning of the question verbally?”
(¢ ) Process skills level (Understanding and Execution of mathematical
operations or procedures):
“Can you select and perform mathematical operations or procedures?”

Table 5 shows which level the pupils’ error occurred at in urban and rural
schools. According to the findings, all pupils could read Q5 (3), Q6 (1), Q8

— 180 —



somehow with a little difficulty, but none of them could understand the concept of
Q5 (3), Q8 and few of them could understand the concept of Q6 (1). As for the
process skill, in Q5 (3) most of them could not show the correct process, and in Q6
(1) and Q8 half of them could not show the correct process. .

Table 6 shows which level the pupils’ error occurred at according to their
performance. In the process skill, high performers solved more problems than low
performers i Q5 (3) and Q6 (1), but in Q8 poor performers answered 3/5 by simple
combination of given numbers without much consideration.

In Q5 (3), the pupils of both schools felt difficulty to read the words
“correct” and “appropriate”. They did some mistakes in the process skill. For
example, some of the reasons are such as “1/4 is greater than 1/3, since 4 is greater
than 3” and “if a denominator is greater than other denominators then that fraction is
bigger than other fractions”. In Q6 (1), the pupils of rural school felt difficulty to
read the word “process”. They did some mistakes in the process skill. For example,
they added the numerators and denominators respectively to find out the solution. In
Q8, the pupils of both schools felt difficulty to read the words “relationship”, “in
terms of”, “bracket”. They did some mistakes in the process skill. For example, they
only wrote the answer that was 5/3 instead of showing any process. |

Thus, the number of correct answers does not tell us the exact number who
really understood the meaning and followed correct solving process of the problem.
In other words, there are certain numbers of correct answers by chance without
proper thinking. This is a very important point to consider quality education.

Table 5 Pupils’ level of errors by location

No. of errors per solving level No. of correct
(a) Reading (b) (¢) Process answer
Understanding of
2 Concept
3 s = 3 s S 3 s S s | = S
el -~ N ] +~2 R ja -~ ) -
S12|&8|5 2|8|5 ]2 & |5|&|¢
Q5 - - - 10 10 | 20 10 9 19 0 1 1
€)
Q6 - - - 6 6 12 | 2 8 10 8 2 10
)
Q8 - - - 10 | 10 | 20 | © 8 14 | 4 2 6
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Table 6 Pupils’ level of errors by perfoimance

- No. of errors per solving level No. of correct
(a) Reading (b) (¢ ) Process answer
Understanding of
C
S oncept
Z
g 8 5 B 5 B ] B
si:Es|scziE |5z |siziz
TH g9 E | EER,E R | EY LY = T Y =g =
L [0 L [ D) Q q L
S g a a o ! < a
Q5 - - - 10 10 | 20 9 10 19 1 0 1
3)
Q6 - - - 3 9 12 4 6 10 6 4 10
)
Q8 - - - 10 10 20 ) 9 5 14 1 5 6
Table 7 Remarks by performance
Q5 (3) Q6 (1) Q(®)
High Low High Low High Low
Difficult | “Correct”, “Correct”, “Process” “Relation- “Bracket”
words “appropriate “appropriate ship”,  “in
? ” terms  of”,
“Bracket”
Regard- |1 1/4 is| 1. 1/4 1is| 1 Addedthe | I 1 Pupils | 1- Pupils
. greater than | greater than | numerators | Calculation . have no idea
ng 1/3, since 4 | 1/3, since 4 | and is accurate | have noidea | how o find
problem |is  greater |is  greater | denominator | but  could | how to find | out the
. than 3. than 3. s.  He/she | not explain relationship.
solving . out the
2. A: 1/4, B: | 2. A: 1/4, B: has no idea | the process. Only wrote
process . o regarding 2 Wrote the | relationship. | the answer
173: A=B 1/3: B=A fraction. b that was 5/3.
process but 2 Only
could not wrote  the
find out the
answer.
solution.

3-3 RESULTS OF QUESTIONNAIRES TO TEACHERS

We conducted questionnaire to teachers as well, regarding the pupils’

understanding and their teaching in fraction. The questionnaire items are divided
into the following five categories (a) test-evaluation (b) self-evaluation (c)
pupils-evaluation (d) contents-evaluation and (e) teaching-methodology.
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(a) Test-evaluation

According to the test evaluation items, urban and rural school teachers’
estimations on the average score of pupils are 70% and 33% respectively. The
former’s high perception on pupils’ performance does not match the pupils’ actual
score (42.9%) of achievement test.

Teachers in both schools mentioned that pupils are not accustomed to this
type of question unlike their classroom test, which are almost the same as textbook
contents. This tendency was, however, not confirmed as the Table 8 showed.

Table 8 Average score per grade

Grade 3 4 5 * X
Average 61.3 % 21.2% 43.7 % 16.3 % 44.6 %
Legend: “*” shows the item(s) covered but question pattern is different from Bangladesh pattern.

“X” shows the item not covered in Bangladesh.

(b) Self-evaluation

In response to the item (4) on self-evaluation, the teachers stated that they
feel difficulties in teaching “Fraction”. Some of the reasons behind this are “pupils
can easily understand the whole numbers but they find it is difficult to understand
the concept of fraction”, “practical use of fraction is difficult”, “fraction related
real/concrete materials are limited in the classroom”. From a different angle,
teachers reported in the item (5) that there are the most difficult topics to teach in
Grade 5 such as geometry, simple fraction, decimal fraction, highest common factor
and least common multiple. Some of the reasons for this are “lack of prior
knowledge”, “lack of proper reflection of pupils’ demand in the textbook”, “pupils
cannot memorize the formula”. Upon reflection on the answers together with those
for the easiest topic, concept and relation with daily life are the key words.

(¢) Pupils-evaluation

In response to the items (9) and (10) on pupils-evaluation, the teachers said,
it is easy for the pupils to learn fractions although they also mentioned some difficult
points to learn such as types of fractions, to find the least common multiple, and to
convert into fractions with equal denominator. From these teachers seemed to pay
attention to knowledge and skills aspect of fraction. Nevertheless, they said in item
(11) that they are confident to teach fraction.
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(d) Contents-evaluation

In response to the items (12) and (13) on contents-evaluation, the teachers’
of both schools said, learning of fractions is an important topic among any other
topics in mathematics. Some of the reasons behind this are application to practical
life and to understand deeper mathematics. They mentioned that the main points in
teaching “Fraction” are the concept of fraction, numerator and denominator, types of
fraction, the relationship of numerical size of numerator & denominator with types
of fractions. Again they repeated mostly knowledge and skills aspect.

(e) Teaching-methodology

There were two items (14) and (15) regarding teaching-methodology. As for
the item (14) “how to teach, which is longer 1/4m or 1/3m?”, teachers said that they
would instruct the pupils at first to covert the above two fractions into the fractions
with equal denominators and then show the pupils which one is longer, or explain it
by using such drawings as meter scale, circle etc. Regarding the item (15) “how to
teach, what is a half of 2m?” They said, they would explain them in class about the
idea of half of 2m and 1/2m, or will ask the pupil to take a 2-meter long scale and
then instruct the pupil to divide it into two equal parts.

Table 9 Teachers’ perception on the achievement test and teaching of Mathematics

Items No.

Average school in urban
area

Average school in rural area

(5) The most
difficult topic/s to
teach in Grade 5.

Topic(s): Geometry, simple
fraction and decimal
fraction

Reason/s:

1. Lack of prior knowledge
2. Lack of proper reflection
of pupils’ demand in the
textbook.

3. Exercises are difficult to
understand and to solve.

Topic(s): Highest common
factor (2), least common
multiple (2), measurement
(2), simple fraction and
decimal fraction (2)
Reason/s:

1. Pupils cannot memorize
the formula.

2. It is hard to explain about
these topics without having
the real/concrete materials.

(6) The easiest
topic/s to teach in
Grade 5.

Topic(s):  Addition (2),
subtraction (2),
multiplication and division
related  problems;  the
highest number and the
lowest number; average
Reason/s:

1. Pupils are previously

Topic(s): Unitary method
(2), simplification  (2),
average (2), percentage,
time

Reason/s:

1.These topics are more
related to real life.

2. Easy to explain.
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familiar with these topics.

2. Pupils are more interested
towards well-known topics.
3. These topics are not so
difficult and therefore easy
to understand.

(10) Points  of
difficulty for the
pupils to learn the
concept of
“Fractions”?

1. To differentiate the types
of fractions

2. To convert into fraction

3. To fragment of fraction

1. To find out the least
common multiple.

2. To convert into equal
denominator.

3. To write the fraction on
notebook.

(12) Importance of
learning
“Fractions”  with
comparison to any
other topics in
mathematics.

Yes (2)

Reason/s:

1. If the 1dea of fraction is
not clear at the initial level
then it hampers the pupils’

academic acquisition and
practical life.
2. To solve the

mathematical problems the

Yes (2)

Reason/s:

1. Fraction is an inseparable
part of mathematics. Integer
number is formed bringing

together the fragmented
parts. That’s why it is
important.

use of  fraction 1s

noteworthy.

3. Pupils are able to know

about  larger,  smaller,

comparing  things  etc.

through fraction.
(13) Teacher’s main | The main points is the | The main points is the
point/s of concern | concept of fraction, | numerator and denominator,
to the pupils in | numerator and denominator, | different types of fractions
teaching types of fraction, the
“Fractions™? relationship of numerical

size of numerator &
denominator with types of
fractions

Legend: () parenthesis denotes the number of respondent
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Table 10 Teachers’ strategies in fraction

Urban school

Rural school

(14)

1. They will instruct the pupils at first
to convert the above two fractions into
the equal denominator fractions and
then will show the pupils which one is

longer.
2. Will explain it by using the
following figures

1/4
]

1/3

1. Will explain it by using the
following figures
1/4

1/3

2. Will explain it by using the
following figures

N
N

(5)

1. Will explain them about the idea of
half of 2m and 1/2m.

2. Will explain it by using the meter
scale.

1. Will ask the pupil to take a 2-meter
long meter scale and then instruct the
pupil to divide it into two equal parts.
Therefore pupil will be able to
understand the correct answer.

4. CONCLUSION
This research aimed at clarifying the present status of primary mathematics

education in Bangladesh from both pupils’ and teachers’ perspectives. As a result of
the field survey the following points were found out.

- As for weak areas for pupils, there is some biased tendency in their responses,
and this tendency is not uniform among urban and rural schools although it is
not possible to conclude so because of the small sample size. Teachers insisted
that the type of question was different from the one which pupils encountered
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in a usual lesson or test. It is, however, not necessary true if pupils’

performance would be better when they solve the usual type of questions.

Besides, to promote the innovative thinking it may be necessary to give various

types of problems.

« As for difficulty of pupils, through interviews it was noted that very few
pupils were able to explain the sentence, but some were able to calculate and
even to make correct answers. This is a manifestation of rote learning without
proper understanding. There is no big difference between urban and rural, and
high performer and low performer in this sense. So we can say generally they |
are weak in conceptual understanding.

« As for questionnaire, there found two very important and indicative points.

(Assessment of pupils’ difficulty and understanding level) The first point is that
teachers said they are confident to teach although it is difficult to teach, and it is
easy for the pupils to learn. Besides this mismatch, some scores expected by
teachers did not reflect actual performances of pupils. This inconsistency is very
important for deliberation of the root cause. And it shows that their teaching
activity is not fully based on understanding pupils’ difficulty.
(Teaching method) They make good efforts to use drawing to explain the
concept of fraction. They, however, didn’t pay enough attention to
“understanding the concept”, which this research addressed to. With deeper
understanding of pupils’ difficulty, teaching method should be tailored according
to their needs.

From these results, two points can be made as a conclusion. They are namely
importance of grasping more precisely pupils’ level and status of understanding of
mathematical concepts, and of linking teaching activity of mathematical concept
with pupils’ level of understanding and daily life. Currently in many developing
countries they are engaged in quality improvement of education by introducing
child-centered approach. The approach, however, remains at the level of slogan in
many cases, but does not fulfill the substance of this slogan yet. In this end, it is
necessary to consider seriously strategies how to put the ideal into practice through-
realization of conceptual understanding.

Besides, this kind of research is to give implication for reflecting ourselves
from the angles of educational practice and international cooperation in education.

+ It provides with material to reflect on the situation in Japan.

New Public Management and Accountability are key words in the recent public
sectors including education. Unless we are careful about the consequence of
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rote learning, which we found in the above, the reform movement may be
effective in a short term, but in a medium or long term it will not produce the
desirable outputs. Especially education requires a long span to see the effects of
its endeavor, and it is important to substantiate the real understanding of pupils.
For this purpose, both the Japanese “lesson study”, which is now very popular
among many countries and the recent emphasis on linguistic ability in primary
education, are very important development in Japan.

- It provides with material to make educational cooperation efforts more
effective.

For the Kananaskis Summit, 2002, Japanese Government proposed the BEGIN
(Basic Education Growth Initiative) to the international community. She
believes education made herself to today’s position, and so systematization of
her strengths is an important task. Lesson study and model lessons developed
by many teachers for acquisition of basic linguistic ability and conceptual
understanding can be good tools by which she will be able to contribute to the
EFA movement.

Broadly speaking, in the first half of twentieth century, Japan yielded
weapon to let other countries to obey her order, and in the latter half, she may look
like yielding to economic power to do the similar. In the beginning of 21 century,
she, hbwever, will be almost overtaken by China, which forms a part of emerging
economic superpowers, BRICs, in terms of total economic size, and may be
overtaken by another emerging economic giant, India. This time we will not be able
to yield either to weapon or to money. Our experience of building modemn society
through modern education system is still applicable to many developing countries
(Japan International Cooperation Agency, 2004), and quality improvement of
education through lesson study is given attention to by many countries, including
USA (Stigler et. al., 1999). It is our task of 21% century to transmit this important
educational message from our experience.

Acknowledgement: This field visit was enabled by the research fund from MEXT’s
Fundamental Research (B) “Comparative Research on Influence of Teachers’ Views
on Mathematics Lesson at Primary Schools in South-East and South Asian
Countries” (Theme No. 16402045).
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ANNEX1
Q1. Work out t2he following calculations.

M +3 =

03 - 3

Q2. Express the answer in a fraction.
3+7=

Q3. The following figures show 1m of a bar. Shade a part of the figure to represent
the following length.

(Example)%m
3
1__.
® 5 m
1 1m
2 _—
@5 m

Q4. The following figures show 2m of a bar. Shade a part of the figure to represent
the following length.

1 2m
(D) > of 2m

) 2m
2 5 m

] 2m
3)1 3 m

Q5. Which of the following is greater than the other? Write a correct choice (1, 2 or
3) in the bracket.

1. A iszbigger th P 2. Bis bigger than A. 3. A=B
1 A — B: — Answer: ( )
5 5
2 A: 3 B: 1 Answer: ( )
e Py :
1 1
3) A 1 B: 3 Answer: ( )
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Q6. Answer the following questions.
(Show your process to get the correct answer.)

(1) Whenyouadd — £ of waterto — £ of water in a container,
how much water 1s in the containers?

(2) Whenyoucut — m away from > m of a string,
what is the remaining length?

(3) When you arrange 6 pieces of — m paper in a line,

- what is the total length?

Q7. Change the decimal number “ 0.7 ” to a fraction.
(Show your process to get the answer.)

Q8. Judy bought Skg of meat. George bought 3kg of meat. Write a fraction in the
bracket to show the relationship between Judy’s meat and George’s meat in
terms of weight.

George’s meat 1s ( ) of Judy’s meat.

Q9. Which of the following represents “half” for you? Circle all the possible
choice(s) in which “half” of circle(s) is shaded.

Q10. Imagine and make a sentence problem in which the answer is z
(You can express your sentence problem in words and/or any 3iagrams.)
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ANNEX 2
Interview Items for Pupils

Item 1: Inquire what choice they selected and why in Q5 (3).
1) Ask them to read to you the sentence of Q5 (3). Can they correctly read it?
YES NO
i) If there is any difficult term/expression for them to read, describe it below.
iii) Ask them to explain how they solve the question in words and/or any
diagrams.
iv) Describe any specific mistakes, if there are any.

Item 2: Inquire how they solved Q6 (1).
i) Ask them to read to you the sentence of Q6 (1). Can they correctly read it?
YES NO
i1) If there is any difficult term/expression for them to read, describe below.
iii) Ask them to explain how they solved the question in words and/or any
diagrams.
iv) Ask them to write their numerical expression to find the answer for Q6 (1).
v) Ask them to calculate the numerical expression. Can they correctly calculate it?
YES NO
Vi) Describe any specific mistakes in the calculation, if there are any.

Item 3: Inquire how they solved the Q8.
1) Ask them to read to you the sentence of Q8. Can they correctly read it?
YES NO
i1) If there is any difficult term/expression for them to read, describe it below.
1i1) Ask them to explain how they solve the question in words and/or any
diagrams.
1v) Describe any specific mistakes, if there are any.
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NOTE-TAKING AND METACOGNITION IN LEARNING MATHEMATICS:
AN ANALYSIS IN TERMS OF SEMIOTIC CHAINING AND
META-REPRESENTATION

Hiro Ninomiya (Saitama University)

ABSTRACT

In this paper, the theoretical frameworks of semiotic chaining and
meta-representation are examined. Taking account of a Peircean model with three
components, a representation of nested chaining, which consists of object,
representamen, and interpretant, is identified. From Hirabayashi’s (1987)
implication, it is found that meta-representation can be either a method of learning
mathematics or an explanation of the content of mathematics. Referring to the
triadic model of chaining, both object and representamen are object-representation in
Hirabayachi's terms, whereas the interpretant is a meta-representation. In this paper, a
framework of reflexive writing is examined in terms of these constructs, and an
example is analyzed using the nested (triadic) model of chaining. From this model,
three types of note-taking are identified, and the importance of expressing an
interpretant is emphasized.

1. DYADIC AND TRIADIC MODELS OF SEMIOTIC CHAINING
In an outline of semiotic chaining, Presmeg (2001) described briefly an
interpretation of semiosis. Starting from Peirce’s (1992) formulation of a semiotic
model, there are three components, as follows.

firstness: existing independently of anything else — an object

secondness: a relation between the object and some sign which
represents it — called the representamen in some of
Peirce’s writings

thirdness: the interpretation of the sign, involving relationships
among the object, the representamen, and a third
component, called the “interpretant”

Fig.1: Three components of Peirce’s (1992) semiotic model
Using examples from Driscoll (1994) and Whitson (1994), Presmeg (2001) presented
the following.
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: T Sign(r . :
object (0) (represger;lt(aznen) interpretant (i)
1. Sewing machine itself picture of sewing machine  apprehension of picture to
(design, function, model of or part of it reveal its function
operation)
2. Idea, “Is the majority multiple signs, e.g., verbal interpi‘etation that the
always right?” description in textbook, majority is not always
example of a person whose right
minority religious views
are a source of
discrimination
3. Likelihood of rain falling barometer decision to take an
umbrella

Fig. 2: Examples of three components of Peirce’s triadic model (Presmeg, 2001, p.2)

Presmeg (2001) also presented another idea from Saussure, who defined the sign
as a combination of a “signified” together with its “signifier”. This constitutes a
dyadic model, but “thirdness™ (involving the interpretant) seems to be implicit in the
interpretation of the sign. Lacan inverted Saussure’s model, which gave priority to
the signified over the signifier, to stress the signifier over the signified, and thus to
recognize “far ranging autonomy for a dynamic and continuously productive play of
signifiers that was not so easily recognized when it was assumed tacitly that a signifier
was somehow constrained under domination by the signified” (Whitson, 1994, p.40).
This formulation allows for a chaining process in which a signifier in a previous sign
combination becomes the signified in a new sign combination, and so on. Chaining
thus casts light on both processes as they are implicated in the construction of
mathematical objects (Presmeg, 2001, pp. 2-3).

The example in figure 3 is from Walkerdine’s (1988) description of a dialogue; in
which a mother asks her daughter to name people they are pouring drinks for and to
work out how many drinks by holding up one finger to correspond with each name.
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Numerals 1 through 5

Fingers of one hand
Names of the people
Five people
Signifier 1 Signifier 2 Signifier 3
Signified 1 Signified 2 Signified 3

Fig. 3: An example of semiotic chaining (dyadic model)

In figure.3, “the names of the people” start as signifiers, but they quickly becomes
signified in relation to new signifiers, “the fingers”. Later the fingers become
signified in turn, as spoken numerals become the signifiers.

Furthermore, Presmeg (2001) continued the discussion of the process of semiotic
chaining, and examined a Peircean nested model that included the interpretant and
therefore was more useful in interpreting her research data.

Each of the rectangles in figure 4 represents a sign consisting of the triad of object,
representamen, and interpretant, corresponding roughly to signified, signifier, and a third
interpreted component, respectively. This interpretant involves meaning making: it is the
result of trying to make sense of the relationship of the other two components, the object
and the representamen. Note that the entire first sign with its three components
constitutes the second object, and the entire second sign constitutes the third object,
which thus includes both the first and the second signs. Each object may thus be thought
of as the reification of the processes in the previous sign. Once this reification occurs, this
new object may be represented and interpreted — or rather, resonating with the cyclic
nature of the processes involved, the construction of symbolic notation and its
interpretation also inform the creation of this object. (Presmeg, 2001, p.8)

Key: O = Object (signified)

R = Representamen (signifier)

I = Interpretant
Note: Presmeg is here using the term “sign” to stand for the totality of object,
representamen, and interpretant in each case: thus each rectangle represents a
sign, and there are three signs, nested like Russian dolls.
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Fig. 4: A Peircean representation of a nested chaining (triadic model)

Examining the example of Walkerdine’s “Mother and daughter pouring drinks”
(fig. 3) in this Peircean representation of a nested chaining (fig. 4), gives another
interpretation, as in figure 5.

Numbers 1 through & l
“:§ Correspondence of the
----- fingers to numbers

Fingers of one hand

Fingers of one hand

Correspondence of the
""" names to each finger

...Names of the people

Names of the people_
S Correspondence of the
s people to their names

Fig. 5: An example of nested chaining model: Walkerdine’s “Mother and daughter”

For each Interpretant in Fig.5, the following dialogue is illustrated from
Walkerdine (1988). (M stands for mother, C stands for child.)

Correspondence of the people to their names
M: How many children are there?
M: There’s Michelle.
C: Mark.
M: Mark.
C: Kirstie.
M: Kirstie.

Correspondence of the names to each fingers
M: Now have you got the right number of fingers? Michelle...put
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these down.
M: Michelle.
C: Yeah.
M: Mark.
C: Yeah.
M: Kirstie.
C: Kir-
M: Her little sister Katie came along and don’t forget Stephanie.
C: Yeah.
Correspondence of the fingers to numbers
M: How many is that?
C: Four.
M: No.
C: Seven.
M: No. Count.
C: One, two, three...seven.
M: Four.
C: Four.
C: Five.

2. OBJECT-REPRESENTATION AND META- REPRESENTATION

Hirabayashi (1987) takes notice of the results from general linguistics, as it
distinguish two types of languages, “object language” and “meta-language”. The
former is the type of language that corresponds to the “objects” of analysis or research,
and the latter is the type of language that corresponds to the “method” of analysis or
research. With regard to mathematics or mathematics education, Hirabayashi (1987)
classifies expression of ideas into two types of mathematical representations or
notations; which are “object-representations” and “meta- representations”. The
essential difference between them 1is the formality of their composition.
Object-representation is composed with clear and definite rules of composition,
whereas meta-representation can be composed without any kinds of rules and can be
used easily. Another way to say this is that “object language” is a type of
representation which itself is the aim or the object of learning mathematics. On the
other hand, “meta-language” is another type of representation that is used for learning
and teaching mathematics.

The important point is that we cannot distinguish the former from the latter easily,
because the process of learning mathematics is complex, vital, and organic, and it is
not mere logical constructive activity. Once an object-representation is learned and
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acquired by the learner, immediately it can be used as meta-representation for learning

another object-representation. On the other hand, we may suddenly realize a

meta-representation, which has been used roughly and easily, could be treated as an

object-representation, with a manner of proper meaning and methodological validity.
We can summarize these idea from Hirabayashi (1987) as in figure 6.

object-representation:
aim or object of learning mathematics
content of mathematics
can be used as meta-representation for another object-
representation in a different context
meta-representation
method of learning and teaching mathematics
explanation of the content of mathematics
can be conscious of being an object-representation in
a different context
Fig. 6: Object-representation and meta-representation (Hirabayashi, 1987, pp. 388-391)

Referring to Peirce’s semiotics in Figure 2, both Object (signified) and
Representamen (signifier) seem to be regarded as object-representation, because both
are the objectives in learning mathematics. On the other hand, the Interpretant seems
to be meta-representation, because it is an interpretation of the signs and the
interpretation might be used as a method of learning mathematics. The- relations
between components of the semiotics model and these representations are shown in
figure 7.

Object: object-representation
Representamen: object-representation
Interpretant: meta-representation

Fig. 7: Relations between components of semiotics model and representations

3. REFLEXIVE WRITING ACTIVITY

Referring to the concept of meta-representation, Hirabayashi & Shigematsu
(1987) explained the concept of metacognition by using the analogy of person, “inner
teacher”, which means it works as if there is a teacher who makes comments within
the inside of the students her/himself. This analogy seems to be very effective for
understanding such internal operations as metacognition. By their analogy, such
internal operations are regarded as being done by a person who is inside of the student
her/himself, or by another self.
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As one of the examples which use the idea of “inner téacher”, Ninomiya (2001)
proposed a framework of Reﬂexive Writing Activities, which is a kind of writing that
has reflexive interaction with both learner and class activities. A student does
Reflexive Writing from the viewpoint of either her/himself, or the viewpoint of other
people, including another self or “inner teacher”. Although Reflexive Writing is
basically the reflection of a learner’s own learning, she/he can never stop writing just
with the answer or her/his own solution. Since students are encouraged to reflect on
their own solutions, some reflective internal operations are needed and students are
encouraged to show them in their writing. However, sometimes it is hard for students
to distinguish metacognitive or other internal affairs from cognitive operations, so the
concept of another self or “inner teacher” is introduced to the students. They are
encouraged to watch their own learning processes from the view of another self, and
have another self make some comments toward their own learning process as if they
were told by teacher.

In this way, Reflexive Writing is formed with student’s own answer or solution,

and comments from another self. As mentioned above, the important point is that

Reflexive Writing never ends with only one single statement but continue as if there are
chain reactions. For example, when a student writes her/his own solution, she/he
may be aware of something that is metacognitive or other internal operations, then the
student may be able to add some more comments from another self. Further, because
such comments stimulate the student’s thinking, she/he can foster her/his own idea,
and may get another solution. In such a way, writing activity and student’s learning
may develop their mutual interaction, and the nature of their relation is reflexive. .
Here, we can find a kind of chain action in the learning process.

For more investigation on two major parts of Reflexive Writing; “student’s own
answer or solution”, and “comments from another self’, we can see the relation to the
framework of Peirce’s triadic model. Since the former can be the object of their
mathematics learning and the latter can be the method of learning or explanation of the
contents, “student’s own answer or solution” can be “object” or “representamen”,
whereas “comments from another self” can be “interpretant”. |

One of the best ways to promote Reflexive Writing Activities is “Characters
Method” (Ninomiya, 2002). In this method, some characters such as persons,
animals, etc. are used on purpose, in order to let students be aware of the existence of
another self. Each character becomes either the student her/himself, or another self.
During the instruction of Characters Method, the teacher never forces students to use
characters, but just shows how to use characters in her/his blackboard writing. Most
of the students spontaneously imitate their teacher’s way, because they love to study in
such a way. Although there is not special instruction for making characters, students
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learn the importance of the comments from another self. One example of Reflexive

Writing is shown and analyzed in Ninomiya (2002).

4. CASE STUDY

Here is an example of student’s reflexive writing in figure 8. This is a 5%

grader’s writing on the topic of “principle of place value in decimal numbers”.

student has done this writing as voluntary homework in order to summarize what she

had studied in school.

Let’s do some easy problems on

decimal numbers.

Answer: 753.9

There are so many numbers, so I need to be

careful not to make mistakes on nlace value

Answer: 60.4

This is very important. Don’t skip the

number of 0 in ones.

3) 3 of tens, 2 of ones, none of tenths, none of hundredths,
and 4 of thousandths
Answer: 32.004

When we read this, we can’t forget to read zeros. The
important point is not to skip zeros in tenths and

hundredths. I have learned not to make such mistakes,

Fig. 8: Reflexive writing for the summary of decimal numbers
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Today, I am going to study Kkilograms in
decimal numbers.

1kg = 1000g
|_3kg =3000g | 4.1kg = 4100g 4kg = 4000g This is OK.
' M ~ About remaining 0.1kg,
’\ 1
01= —
10 is the same meaning as +10 10

1 kg is equals to 1000g, so 1000+-10=100

1
N o1= —

10
+10 +10 +10 +10
hundreds tens ones tenths hundredths
x 10 x10 x10 x10
I 1 1
tenth is same to F), hundredth is same to m

Fig. 8: Reflexive writing for the summary of decimal numbers (continued)

Now, these written representations are going to be applied to the framework of
Peircean representation of a nested chaining of three signifiers, as in figure 4. At the
very beginning of this written representation, as question #1, “7 hundreds, 5 tens, 3
ones, and 9 tenths”, was presented. She wrote the answer, “753.9”, and put some
more comments for the answer with a character and a balloon. In this very beginning
part, the question #1 is an Object (signified), because it is the meaning of the content,
and signified by the answer. The answer is Representamen (signifier), because it
signifies the content, or the question #1. The comment with a character and balloon
is from another self, for it is presented from other person (the character). It also
should also be regarded as meta-representation, because it is the explanation of the
content. Since this comment is “meaning making”, it should be considered as
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“Interpretant”.

Furthermore, just as Presmeg (2001) pointed out as “the entire first sign with its
three components constitutes the second object (p.8)”, there is another (second) Object.
The next question, “6 of tens, and 4 of tenths”, is going to be the second Object
because it is constituted from the former signs. The rest of the process goes likewise.

=10 10 =10 =10 .
hundreds tens ones tenths . hundredths.

-10 - 10 - 10 - 10

ﬂ:> | principle of place value in decimal numbers j
hundreds tens ones tenths hundredths

4100g
ﬂ:> 1 kg is equals to 1000g, so 1000+10=100
4.1kg

32.004
“:> not to skip zeros in tenths and hundredths

3 of tens, 2 of ones, none of tenths,

none of hundredths, and 4 of thousandths

60.4

Don’t skip the number of 0 in ones
6 of tens, and 4 of tenths
753.9
“:—J\> be careful not to make mistakes

in place value
7 of hundreds, 5 of tens,
3 of ones, and 9 of tenths

Fig. 9: Nested chaining model for the summary of decimal numbers

At the last stage of this nested chaining, figure 9 shows “principle of place value
in decimal numbers” as for the “Interpretant”, because the Representamen of student’s
writing shows that she had understood the major principle of place value in decimal
numbers. Even though there is no written representation, we can conclude that she
could do the “meaning making”, which is the major role of Interpretant.

S. DISCUSSION

Reflexive Writing is one of the ways to present both object-representation and
meta-representation. For example, figure 8 shows object-representation as both
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questions and answers, and meta-representation as the character’s comment.
According to the terms of Peirce’s triadic model, the questions could be the Object, the
solution could be the Representamen, and the comments from the characters could be
the Interpretant. This is really good because it shows meta-representation or
Interpretant as the comment from another self, and it helps students foster their
understandings. Ninomiya (2001) indicates the positive influences of this learning
method within both affective and cognitive domains; there are statistically significant
differences between students who did the Reflexive Writing and those who did not.
Ninomiya (2002) also shows the achievements of the students who have done an
excellent job in Reflexive Writing. From the viewpoint of “meta-representation”, it is
suggested that a kind of activity that shows meta-representation or Interpretant, such as
Reflexive Writing, is ideal during the learning of mathematics.

Considering the student’s Reflexive Writing in figure 8, from the framework of
Peirce’s triadic model, we can identify either Object, Representamen, or Interpretant in
her note. In the general case of note taking, three types of writing, or note-taking,
could be identified from the viewpoint of semiotic chaining.

TypeA: R1 — 112___’1{3__’R4'—">

Type B: 01_’R1 —_’Oz — 112—> 03—’ R3 -

TypeC: O,—R— 1L, —"0,—R,—> L,— O0;—"R;— ,—
O = Object (signified)
R = Representamen (signifier)
I = Interpretant

Fig. 10: Three types of note-taking

“Type A” is a kind of note-taking which show only the Representamen, or the
solutions. It could be possible when all of the problems are shown in the textbook
and what is expected to the students is just the memorization of the rules or results of
the problems. Of course this kind of note-taking leads to the poorest outcomes.

“Type B” expresses both Object and Representamen. This type of note-taking
could be regarded as “ordinary and usual”. It shows both Object(signified) and
Representamen(signifier), or problems and solutions, and the semiotic chaining can be
identified as figure 3. It seems good, but there are still some problems. From the
viewpoint of representation (fig. 6), both Object and Representamen are
“object-representation”, which are just the contents / aims /objects of mathematics, but
neither the explanation of the contents nor the methods of learning, which are needed
for the ideal learning activities.
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“Type C” is the case of Reflexive Writing, and it seems excellent. There are all
three components of Peirce’s semiotics model (fig. 1): Object, Representamen, and
Interpretant. We can also see there is both object-representation and
meta-representation, which means that this kind of note indicates the explanation of
the contents and the methods of learning, as well as the contents / aims /objects of
mathematics. Reflexive Writing and Characters Method are one of the good
examples for Type C note-taking. Using characters is not the major issue, but
expressing the metacognitions or other internal operations, or the comments from
another self, is very important. Expressing the “Interpretant”, students are able to be
aware of metacognitions or other internal operations, and this helps them towards the
ideal mathematics learning.

Analyzing the note-taking from the viewpoint of Peircean representation of
nested chaining model seems effective. Especially, expressing “Interpretants” is very
important, for they indicate the explanation of the contents and the methods of learning.
Since written representation is the essential part of learning mathematics, using the
framework of semiotic chaining in such manner is one of the effective ways to analyze
the students’ learning activities.

6. CONCLUDING REMARKS

First of all, the frameworks of semiotic chaining and meta-representation were
examined in this paper. According to Peirce’s semiotic model, three components;
object, representamen, and interpretant, were identified. Considering Saussure’s
signified / signifier and Lacan’s inversion, a dyadic model of chaining (fig.3) was
provided. Taking account of Peirce’s three components, a Peircean representation of
a nested chaining (triadic model, fig. 4), which consist of three components (object,
representamen, and interpretant), was also identified.

From the research of general linguistics, two types of mathematical
representations, or notations (object-representation and meta-representation) were
classified. =~ From Hirabayashi (1987)’s implication, it was found that meta-
representation can be either a method of learning mathematics and an explanation of
the content of mathematics. Referring to the triadic model of chaining, both object
and representamen were interpreted as object-representation, whereas interpretant is
regarded as meta- representation. '

Then, a framework of Reflexive Writing was examined, in order to identify a
certain example in terms of the nested (triadic) model of chaining (fig. 9). From the
nested model, three types of note-taking were identified, and the importance of
expressing the interpretant was emphasized.

Further investigation is needed for the refinement of nested (triadic) model of
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chaining, and deeper analysis of various cases.

NOTE
This paper is rearranged from the author’s presentation at The 10" International
Congress on Mathematical Education, Topic Study Group 25, Language and
communication in mathematics education, Semiotic aspects of mathematics learning.
(http://www.icme-organisers.dk/tsg25/subgroups/ninomiya.doc)
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COMPLEMENTARITY OF THEORY AND PRACTICE IN IN-SERVICE
TEACHER EDUCATION: PROSPECTS FOR MATHEMATICS
EDUCATION IN KENYA

ATENG' OGWEL (HIROSHIMA UNIVERSITY)

“Why don't in-service programs teach us like they
want us to teach our students? Why do in-service
instructors so often start from what we don't know
rather than from what we do know?”

Cooney and Krainer (1996, p. 1165)

ABSTRACT
This paper outlines some problems in secondary mathematics education in Kenya,
and discusses achievements and challenges of an in-service programme. Prospects in
the described situation are seen to include research in regular classrooms,
appropriate  theoretical ~frameworks, and institutional and cross-national
collaboration. A brief analysis of an episode is used to reinforce these prospects in an
effort towards complementarity of theory and practice in teacher education.

1. INTRODUCTION

The rhetoric in the story of a teacher in Cooney and Krainer (1996) suggests
that in-service education is yet to significantly differ from pre-service, and exposes a
need to re-conceptualize the tension between theory and practice. The teacher’s desire
for development programmes that reflect constraints in the classrooms as she knows
them rather than hypothetical prescriptions, (see, Mason and Waywood, 1996; Sfard,
2005, for example), may, however, miss inherent reciprocal relation between theory
and practice. The desired relationship is also emphasized in a special issue of the
Journal of Mathematics Teacher Education: ‘Inter-Relating Theory and Practice in
Mathematics Teacher Education’. For example, in the editorial, Petra Scherer and
Heinz Steinbring (2006) provide a schematic relationship among participants in
mathematics education, and between theory and practice, and argue that “[no] finished,
perfectly elaborated (pedagogical and mathematical knowledge) products are ‘handed
on’ from the researchers to the teachers in practice, but the common, cooperative work
is increasingly concentrated on the essential activities of ‘learning and teaching
mathematics’ (p. 105). Educators in developed countries are conscious of the tension
between theory and practice and have made considerable progress in bridging it,

unlike the situation in some developing countries where external research findings are
adopted.
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Similarly, professional development programmes independent from initial
teacher education reflects some tension between theory and practice. For example,
despite a three-month teaching practice--in which student-teachers are observed and
graded in planning and teaching in public schools, they are overwhelmed in real
practice and gradually surrender to status quo where little regard is given for lesson-
planning, indicating that theory and practice are yet to be integrated (Jaworski and
Gellert 2003). On the other hand, an emerging in-service training that places emphasis
on planning is yet to significantly appreciate the complexity in ordinary secondary
classrooms. .

Consequently, in agreement with Steinbring, Bartolini Bussi and Sierpinska
(1998), there is need for empirical research in typical mathematics classrooms backed
by appropriate theoretical frameworks, in our case the epistemological triangle
(Steinbring 2005a), to enhance in-service teacher education; narrow the gap between
theory and practice and, harness the mutuality between pre-service and in-service
teacher education. In the rest of this paper, we present some challenges in mathematics
education in Kenya (section 2.1); enumerate some achievements of an in-service
programme and outline its outstanding challenges (section 2.2).We offer some
prospects (sections 3.1 and 3.2) with an illustration from an episode on sequences and
series from a Grade 11 classroom (section 3.3).

2. MATHEMATICS EDUCATION IN KENYA
2.1 Curriculum and Instruction

Kenya has a centralized system of education, the 8-4-4 system, characterized by
eight years of primary education, four years of secondary and at least four years of
university education (see Figure 1). At inception, the 8-4-4 system set to promote self-
reliance and expand middle-level vocational training (Hughes, 1992; Republic of
Kenya, 1999) to counter soaring levels of unemployment. Currently, it also seeks to
foster nationalism, promote social, economic, technological and industrial
development; promote individual development; and enhance international
consciousness (Kenya Institute of Education, 2002).

r e s s e e | PRERATY Teachers Cotlege ~a—| DiplomaTeachers College
11

"2 , ngv
y R
11

o EOONDARY EDUCATION ¥ UNIVERSITY EDUCATION

S
PRIMARY EDUCATION ’
"8" : TRl : ; !!4"

KCPE Examinationg # KCSE Examinations W Pre-Service Teacher Education

Figure 1: 4 schematic transition within the 8-4-4 System of Education

Within mathematics education, there are transitional problems evident in curriculum
and instruction: while some topics have been pushed from primary to the secondary
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level or removed from the curriculum, mathematics curricula at the universities rarely
reflect these changes.

Similarly, the congested secondary mathematics curriculum motivates a
tendency to overlook topics recurring from primary schools or miss connection among
some topics (Ogwel, 2006). Besides, suggested resources and notes in the secondary
syllabus encourage the perception of the curriculum as set of maximum expectations,
for example, it avoids “substitution” methods of integration or excludes “sum to
infinity” in Sequences and Series (Kenya Institute of Education, 2002). On the other
hand, multiple choices in the Kenya Certificate of Primary Examinations (KCPE)
contrasts with structured questions in the Kenya Certificate of Secondary Education
(KCSE).

Moreover, inefficiency in secondary mathematics education easily passes to the
higher levels-- for example, while some prospective primary school teachers fail in
mathematics, they ultimately teach it the primary schools (Republic of Kenya, 1999).
Interactions in secondary schools are also markedly different from the primary and
universities (see Steinbring, 2005a, for example). Therefore, secondary education
faces a significant challenge in handling the transition from concrete-based reasoning
in primary schools to formal mathematics at the universities.

2.2 In-Service Teacher Education

Some of the problems in secondary education are being addressed by a project--
the Strengthening of Mathematics and Sciences in Secondary Education (SMASSE
Project) -- which seeks to upgrade the capability of students in Mathematics, Biology,
Chemistry and Physics. Its ideals are reflected in a conception of Activities, Student-
Centeredness, Experiments, and Improvisation (ASEI)-- believed to “enable pupils to
develop an inquiry mind, develop the skill of making accurate observations, drawing
conclusions, and holding discussions to enhance learning and development of
skills”(SMASSE Project, 2002b, p. 70). The project conducts in-service training
(INSET) in four thematic cycles: ‘Attitude Change’, ‘Hands-on Activities’,
‘Classroom Actualization’ and ‘Student Growth Impact Transfer’. Moreover,
successful ASEI lessons are enhanced by a Plan-Do-See-Improve (PDSI) cycle, and
evaluated using observation instruments--ASEI/PDSI Checklists, which include items
on resources, student activities and time management.

The SMASSE Project has had remarkable success in addressing negative
attitude among teachers and other stake-holders in education (SMASSE Project,
2002a); it has popularized in-service education and led to establishment the Center for
Mathematics, Science and Technology Education in Africa (CEMASTEA) to provide
national and regional INSETs, through its strategic emphasis on INSET system
construction (SMASSE Project 2002b). Among its acknowledged challenges, however
are sustainability, ownership by teachers and development of students’ higher-order
thinking. In addition, there are conflicting expectations which complicate a bridge
between theory and practice. For example, professional development and additional
certificates are expected to lead to promotion, but the national scope of SMASSE/
CEMASTEA complicates the expectation. Consequently, laxity by some teachers
towards INSETs led to mandatory attendance of training sessions. Similarly, ASEI is

H
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uniformly applied in the four subjects, yet mathematics teachers fail to distinguish
‘Activities’ from ‘Experiments’ or develop “hands-on” activities in most topics. The
dilemma is, whereas experimental skills in the sciences are examined in KCSE
examinations, practical skills in mathematics appear to take time needed for
completing the syllabus. Although observation instruments for ‘successful’ lessons are
necessary, they give priority to theory over practice by focusing on a priori concept of
ASEI; and constrains opportunity for ‘metalearning’ by teacher educators (Krainer and
Goffree, 1999).

‘The Project’s emphasis on hands-on activities may not address transition to
higher education; is vulnerable to risks occasioned by ‘pendulum shifts’ in education,
and may not be sustainable within the calls to reforms education to adequately prepare
students for further education. For instance, while in 2006, students in Kenya began to
use calculators in mathematics examinations, educators in the US, in an apparent truce
on the Standards and ¢ math wars’ (see also National Council of Teachers of
Mathematics, 2006), were emphasizing “automatic recall of basic facts, the importance
of abstract reasoning, the need to acquire a mastery of key algorithms, and the
Judicious use of calculators and real-world problems”(American Association for the
Advancement of Science, 2006, p. 989, added emphasis). That is, Kenya may find
herself adopting innovations that are out of phase in other countries without
appropriate empirical research which align global trends with local contexts and
constraints.

3. CONSIDERING THE PROSPECTS

3.1 Regularities of Mathematics Classrooms

To capture the complexity of regular mathematics classrooms, we conceptualize
Participants, Mathematics and Activities to be interdependent elements (Figure 2). We
acknowledge that teachers and students are the principal participants, but others
including researchers, textbook authors and parents also affect the classrooms. It is the
expectations, potentials and identities of the Participants that regulate the classroom
(Ogwel, 2006). Mathematics on the other hand, is taken to involve relations and
structural properties, consistent with Sierpinska’s (1998) argument that “hat
mathematics is not about things that can be shown, nor is it even about relations
between such things. Most of the time, it is about relations between relations” (p. 38,
my emphasis). This distinction enables us to include tasks, resources under Activities,
in which they actually or potentially mediate Participants and Mathematics.

Whereas this characterization differs from the didactical triangle or
Christiansen and Walther’s (1986) schema, its assumptions of (a) observing lessons as
they occur in the school calendar; (b) extended observation of lessons for
acclimatization with the classroom environment and to minimize simulated lessons;
and (c) a proactive view that classrooms provide learning opportunities for everyone
(Ogwel, 2006) -- potentially narrows the gap between theory and practice. Video data
collected from regular mathematics classrooms provide rich opportunities for
researchers and teachers’ reflection, but their analysis requires appropriate theoretical
frameworks (Steinbring, Bartolini Bussi and Sierpinska, 1998).
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-PARTICIPANTS—e——=>MATHEMATICS

G o

ACTIVITIES

Figure 2: An Interactive Model

3.2 Eplstemologlcal Triangle

Challenges in mathematics education in Kenya call for perspectives that address
progression towards advanced reasoning without trivializing knowledge constructed in
lower levels. The epistemological triangle (Figure 3) offers such prospects, given its
development through analysis of everyday classroom activities, balance between
communication and epistemological aspects of mathematics in classroom interactions,
mutual conception of its vertices and potential use in teacher education (Steinbring,
1998, 2005a, 2005b). Besides, it does not focus on the frequency of words used in a
lesson (Bromme and Steinbring ,1994), but on the identification and correspondence
between sings/ symbols and reference contexts, where new knowledge is seen as
generalization of particular experiences (Otte, 2006; Steinbring, 2005a).

Object/reference «———— > Sign/symbol

Context \ /

Concept

Figure 3: Epistemological Triangle

Moreover, the epistemological triangle a parallel between historical developments of
mathematics is used to distinguish scientific mathematics from school mathematics,
each subject to social and theoretical constraints. However, this distinction does not
trivialize professional mathematics, as Steinbring (2005a) argues that
[I]n school-mathematical interaction one has to take into account the fact that
students are not as familiar as mathematical experts with the communicative
rules of the formal proof, and that they cannot use these rules as a
mathematical medium in the same way [...] Instructional mathematical
interaction is supposed to contribute to introducing individuals into this
mathematical communication practice. (p.74)
Furthermore, instruction in secondary mathematics education is expected to reflect
some ‘active’ interactions seen in elementary education, but there is need to
distinguish discourse in mathematics from those in other disciplines, as Steinbring
(2005a) argues that, the epistemological analysis is
[o]pposed to an assessment of interactive events in mathematics instruction
which rather remains at the surface of observing external phenomena [...]
mathematical signs and symbols do not simply relate to concrete things, but
that only through them relations and structures are expressed. (p. 5)
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Nevertheless, this does not imply that elementary school mathematics is irrelevant in..
secondary education. For instance, in the Kenyan curriculum, the concept of place
value appears to be used without linkage to other topics. Unfortunately, divisibility
tests that require them are introduced as rules for students to memorize (see Ogwel,
2006). The following problems on decimal representation may enhance teachers’
epistemological knowledge.

1. %=0.1,1/3=0.010101; % =?

2. %=0.1,1/3=0.010101; 1/5=?

These problems highlight the necessity for interactive construction of
knowledge-- doubting the plausibility of Problem 1 may be followed by a challenge to
find any relations among the numbers. Possibilities include treating the numbers as
puzzles; sequences or relating (V2)* = ¥4 (= 0.01). The challenge therefore is to accept,
contrary to the familiar conception, that 2 or 0.1 have multiple representations
necessary for understanding properties of numbers. New knowledge may require re-
interpreting place value and remainders in division or linking dividend, divisor and
quotient through interactive development of new reference contexts, signs/symbols
and concepts. That is, finding invariant properties in the problems. A comparison
between the above problems and the following cases may provide a familiar reference
(i.e., relating the dividend, divisor and quotient in a familiar base), and show the
‘epistemological’ significance of the ‘0’that is added whenever there is a remainder in
division.

(a) 1/8 = 0.125 [10] ‘0’ is added to the remainders on division to get 10, 20 &
. 40)
(b) 1/7=0.142857142857142857 [10]

Epistemological knowledge is necessary in teacher education, but requires a
complementary phase of analyzing classroom interactions, taking into account the
developmental nature of school mathematics. Although variety of analyses of different
concepts illustrate the strength of the epistemological triangle, there is need to
enhancing it by ‘other users’, and extend it into secondary classrooms. In the next
section, we describe an episode from a Grade 11 Class, on Sequences and Series
(Japan International Cooperation Agency, 2005). However, an analysis of the episode
requires a caveat-- it is not about the teacher or any individual participant, but of the
whole class in the context of this lesson (see also Stigler and Hiebert, 1999)That is, a
need for the desired reciprocity between theory and practice prompts reflection of
Professor Hirabayashi’s ten-word philosophy: that the best way to reform teaching is
not to teach” ', which together with its converse-- the best way to teach is not to
reform teaching-- illuminate preliminary dilemma in the prospects.

3.3 An Episode: The 20th Term of an Arithmetic Sequence
The episode is drawn from an ASEI lesson whose objective was to use matchsticks to
introduce Sequences and Series in a Grade 11 class in Kenya. In the introduction of the

! A remark made during our presentation at the 39™ meeting of the Japan Society for Mathematics
Education, October 8, 2006, Hiroshima University:” Interactive Learning of Mathematics in
Secondary Schools: The Concept of Similarity in School Mathematics”
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lesson, two number sequences are given to students. This analysis is significant in
outlining a necessary process of reflection between theory and practice-- where
analytical frameworks cannot just be read, but have to be understood better through
analysis of lessons (Steinbring 1998, 2005a). The episode is divided into four phases,
incorporating students conjecture of the 20th term of a given sequence, group work,
whole class discussion of the 20th term and extension of the 20th term problem. In the
present analysis, we focus on the first phase given in the transcripts below. The
followmg sequences of numbers were given during the introduction of the lesson:

(a)4,7,10, 13, 16

(b) 3, 8, 13, 18,
Phase 1: Two Students’ Solutions
In this phase, the students find the 20th term of the sequence “4, 7, 10, 13, 16...” as a
prelude to an activity of using matchsticks. Their solutions reveal a similar relation
between the 20th term and a common difference (20 x3), but different “addends”. The
first student identifies the first term (4) and a common difference (3). She then knows
that the required term depends on these two quantities. The second student similarly
multiplies the common difference by the required term, but uses the sequence to find
an addend. The teacher signals a need for further explanation, which leads to a
consensus that the solution is correct. This is then followed by the introduction of the
intended activity of developing a sequence of numbers from matchsticks.

3.T: Yes. And today we are going to continue with arithmetic sequence. (Writing
“Arithmetic Sequences”). And to start the lesson I would write two patterns
on the chalkboard, examples of arithmetic sequence. Writing “Arithmetic
Sequence” (1) 4,7, 10, 13, 16... (2) 3, 8, 13, 18...

4. T: How would I get the 20th term?

5.81:  You get the difference between the nth, the two terms, then you multiply it
by 20, and then you add to the first one.

6.T: Go and explain that on the chalkboard so that the others will understand
(some students giggle).

7.S1:  The 20th [term] and the difference in the first one (first sequence) is 3. So
you do twenty times 3 that's sixty (20x3=60) (speaking while writing). Then
the first term in the first sequence is 4, so you do 60 plus 4 “60 + 4 = 64”

8. T: & OK, that is how she would get the 20th term. Somebody else? (some
Students raise hands)

9.T: Yes (selects a student).

10. S2:  &You do twenty times three you get sixty (20 x3 = 60). Then you do 60 plus
1 you get 61 (60 + 1 = 61) (attempts to give a piece of chalk to the teacher,
the teacher extends hand then withdraw).

11.T:  (Turns to the class) A question?

12.C: Why?

I3.T:  Yes, explain why

14.82: Um, You see, Um, you subtract, the difference here is 3, For example, now
if we didn't have this 10. Um the ten, and I am told to look for the fourth,
fourth term. I'll do three, three times four will give me 12 to get, I add 1 to

— 212 —



15.T
16.
C:&

1’}. T:
18.C:
19.T:
20. C:
21.T:

22.C:

23.

25.

26. C:

27.T:

T
24.C:
T

get 13 “3 x4 + 1 = 13. The_same with the fifth term, three times five is
fifteen (3x5=15), plus 1 you get sixteen. That is how I will do with my
pattern

Did you understand?

Yes

OK. Some would use the first method; others would use the second method.
And the two methods are giving us different answers. Isn't it?

Yes

Now which one is correct?

Second/ first one (most students say “second”)

Second? And those who are for first they say the first answer is correct.

Yes

Now, we are going to do an activity, OK?

Yes

We are going to do an activity in groups. And this activity will help us,

. determine the 20th term, OK?

Yes

Of an arithmetic sequence or any other term like thirtieth, fifteenth, a
hundredth, and so on, OK?

Phase 2: Arrangement of Matchsticks

In this phase, an arrangement of matchsticks was illustrated on charts (Figure 4) to
guide students’ activity. Figures 5a & 5b show arrangements by some group of
students. The significance of this phase is that despite illustration of arrangements,
Figure 5a diverges from the expected arrangements, and addition of matchsticks may
contradict the objective of producing an arithmetic sequence. This phase was also
characterized by group work and collaboration among the group members, where
some arranged matchsticks while others completed Table 1 This table was used to
predict the number of matchsticks necessary to make (a) 30 squares (b) 100 squares
and (c) n squares.
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Figure 4: An lllustration of Arrangement of Matchsticks
Phase 3: Whole Class Discussion
Group discussion was followed by whole class discussion where Table 1 was used to
obtain the 20th of 4, 7, 10, 13, 16... equivalent to the column of ‘number of
matchsticks’. The use of the table focused on the columns ‘Number of Squares’ and ‘If
d =3... .” where coefficients of ‘d’ were compared to the corresponding number of
squares. Thatis 1 €= 0;2 €= 1;3 € 2..., leading to a prediction 20 <->19.

Consequently, the 20th term was obtained as 4 + 19 x3 = 61, then compared to the
correct one given in section 3.4

Table 1: 4 Table Completed During Whole Class Discussion

NUMBER OF | NUMBER OF | CALCULATION |(Ifd=3
SQUARES MATCHSTICKS COMPLETE
1 4 4 4

2 7 4+3 4+d

3 10 4+3+3 4+2d

4 13 4434343 4+3d

5 16 4+3+3+3+3 4+4d

6 19 44+3+3+3+3+3 4+5d

@ (&)

Figure 5: Some Arrangements of Matchsticks
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Phase 4: Summary of the Lesson

In the final phase, a summary of the activity was used to solve the 20th term of
the second sequence General expressions for respective sequences were obtained as a
conclusion of the lesson: 4 + (n - 1) d for sequence; 3 + (n - 1) d for sequence.

3.4 Analysis of Two Students’ Solutions
Student S1’s Solution (5—7)

Student S1 seem to be introducing a generalization, using difference and nth
and first. She uses the same approach when challenged to explain. Her use of signs
takes the following forms:

1. 1 The difference in the first one (signifier 4, 7, 10, 13, ... ) €<-> (signified: 7 - 4
=3)
2. The first term .... is 4 (signifier: 4, 7, 10, 13...) €= (signified: f=4)

In reference to the task, the array symbolizes a general expression into which
some numbers are input according to some rule. To an observer, the problem could be
that the student does not apply the ‘correct’ term (n-1). However, a correct expression
in this approach would still not satisfy the theoretical conditions for a general term of
arithmetic sequence. The generalization has no deep connection to the problem,
focusing only on two terms of the array (4, 7). In terms of the epistemological triangle,
the student’s solution is represented in Figure 6

Object/reference < >  Sign/Symbol
Context 4,7,10,13. 16....

Taf}-‘- 20th term /" (d) The difference

@4, 7})10, 13,16, ... (b) The first term

(bY4,77, 10, 13, 16,..

Concept
Number Relations

Figure 6: Student S1°’s Solution

Student S2’s Solution (10—14)

To the second student, the sequence symbolizes relations in numbers involving
terms, and common difference. She uses 20 in a similar manner to the first student, but
interprets new symbols and references. She ‘deletes’ 10 in order to obtain an addend
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‘1°, “If we didn’t” have this 10™: 4, 7,--, 13.... However, she is aware that this is a
particular solution. Therefore, she confirms the addend using the fifth term: to obtain a
pattern. The semiotic process in her argument proceeds as follows:

1. 1 You subtract, the difference here is ... (signifier: 4, 7, 10, 13,.... €=
(signified: 7 - 4 =3)
2. If we did’ t have ... (signifier: 4, 7, 10, 13,...) €-> (signified: consecutive

terms of AS) _

3. Look for the fourth term (signifier: 4, 7, --, 13, ...) <> (signified: fourth term
of AS)

4. Same with fifth term (signifier: 4, 7, 10, 1316,... €—> (signified: fifth term of
AS)

The student used all the terms in the array, showing that her interpretation is connected
to the problem given. Through these exchanges of signs and reference contexts, she
applies the pattern to get the 20th term.

t4=4 x3+1

ts=5x3+1

tho=20 x3+ 1

The solution shows that the student is moving from particular to general (Otte, 2006;
Steinbring, 2005a), and relationally interpreting the array of numbers. In terms of the
epistemological triangle, the student constructs new knowledge that is related to the
problem as shown in Figure 7.

Object/reference < > Sign/Symbol
| (?thext 4,710, 13,16 ..
Tasl;. :Oth term " {(a) Difference, 3
@4 7)10,13,16.... /' (b) Terms
)4,7. - 13, 16...
4.7,13,—..
Concept
Number Relations

Figure 7: Student S2’s Solution

3.5 Discussion

The matchsticks arrangements in Figure 4 can only produce, in a direct way, the
sequence 3, 7, 10, 13, 16... (See also Table 2) In addition, reference to the coefficients
of an already known index; the‘d’, may promote isolated generalization seen in
Student S1’s response. On the contrary, the student’s solution generalizes for the
matchsticks and the second sequence also. The conventional solution that the activity
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of matchsticks produced is an equivalent form of the student’s solution, where k =.a -
d. The solution, therefore, shows invariance that also solves the second sequence (b); 3,
8, 13, 18...: tyg = 20 x5 + (-2). The student is actually working with the same sequence,
finding, from the conventional expression, the (n + 1) th term, when the first term is
a*=a - d. That is, she is finding the 21st term of 1, 3, 7, 10...

t,=(n-1)d+a
t=nd+k
t,=nd + a-d

Consequently, there is a dilemma whether to continue with the activity, because
of emphasis on ‘hands-on’ activity, or explore the equivalence in the students’ work.
On the other hand, there is a dilemma whether these tasks reflect the expectations of
Grade 11, vis-a-vis progression to further education. The implications are, first a need
for collaboration with mathematicians and educators in pre-service institutions to
enhance content of mathematics and integrate situate current practices on established
theoretical frameworks. Secondly, collaboration with those who develop resources
appropriate to the needs of secondary schools, and teachers who use the resources. .
The teacher’s position in the preceding episode also needs to be appreciated-- how to
proceed with a lesson where objective has been met by a student. This requires a
mutual approach to encourage more teachers to volunteer their lessons for analysis and
reflection, and to enhance understanding of epistemological status of mathematical
knowledge.

4. CONCLUDING REMARKS

The tension between theory and practice require bridges which honour the
constraints in regular classrooms and challenge existing practices. However,
recognition of the existence of theory and practice, pre-service and in-service is
necessary. Prospects in mathematics education in Kenya lie in the capacity of
CEMASTEA to build a database of lessons, but it has to overcome institutional and
technical challenges: while it is independent from pre-service and ‘in-services’ all
mathematics and science teachers, its certificates are yet to be recognized by the
employer. Besides, whereas its emphasis is on teaching methodology (ASEI Lesson-
Planning), it is yet to significantly incorporate content in respective subjects.

The analysis of the “20th term” episode illustrates a need for caution in using
hands-on activities, and reveals time and pedagogical constraints--where some
students’ solutions may pre-empt the content planned by the teacher. It further
provides insights on some problems observed by teachers regarding ASEI lessons, and
may initiate collaboration amongst participants in mathematics education. Although
video data may be analyzed from alternative perspectives, the epistemological triangle
may significantly address the transitional needs of secondary mathematics education in
Kenya. Significant impediments to these prospects are in capacity development of
those who teach, analyze, and research on regular classrooms--SMASSE/CEMASTEA
has teachers and teacher educators and few researchers. In addition, existing visions of
‘good’ teaching and comparative analysis may an obstacle in accepting the real
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classroom situations as. they are. Consequently, there is need for more studies in
regular secondary schools and inter-institutional collaboration between pre-service and
in-service in the area of further education; and cross-national collaboration in research
could also be a prospect in terms of alternative theoretical and analytical frameworks.
It is only then that we may respond to the opening rhetoric in Cooney and Krainer,
(1996).
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SEMIOTIC CHAINING IN AN EXPRESSION CONSTRUCTING
ACTIVITY AIMED AT THE TRANSITION FROM ARITHMETIC
TO ALGEBRA!

Masakazu OKAZAKI (Joetsu University of Education)

ABSTRACT

In the transition from arithmetic to algebra, it is important to create a learning
environment which develops the way in which students view mathematical expressions.
This paper reports how students may develop their views through an expression con-
structing activity. As the result of our analysis in terms of nested semiotic chaining, we
identified four states of sign combinations and chaining that show how students pro-
gress in their view of mathematical expressions, and discussed the important role of

the use of brackets in viewing an expression structurally.

1. PROBLEM OF THE TRANSITION FROM ARITHMETIC TO ALGEBRA

A number of studies have revealed that students’ errors in school algebra may
result from differences in viewing mathematical expressions between arithmetic and
algebra (Sfard, 1991). For example, students have difficulty interpreting e.g. x + 7 as
the result of a calculation, while they may recognize it as the operation of “7 added to
x” (This problem is known as the gap between operational and structural conceptions).
A focus of this study is to develop a learning environment that may help students to
change their operational conceptions into the structural ones.

Research into school algebra has tended to focus on the teaching and learning of
symbolic expressions (Kieran, 1992). However, it has recently been reported that we
can promote students’ algebraic ideas even in arithmetic (Carpenter et al., 2003). It
may, therefore, be productive to examine how the learning of numerical expressions
can be connected to symbolic expressions (Miwa, 1996) and also to examine the jump

1 This paper is included in Proceedings of the 30th Conference of the International Group for the Psychology
of Mathematics Education, Vol. 4, 2006.
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that students experience when the object of their thinking moves from numbers (quan-
tities) to the relationships between numbers (quantities) (Koyama, 1988).

In this paper, we shall investigate students’ learning of mathematical expressions
in a teaching experiment designed for the unit “Four operations with positive and
negative numbers”, which is taught in Japan just before the unit “Algebraic expres-
sions using letters”. We shall examine how such learning may facilitate the students’
transition from arithmetic to algebra, beyond just acquiring the calculation procedures.

2. THEORETICAL FRAMEWORK
2.1. Epistemological characteristics of constructing mathematical expressions

We believe that constructing composite expressions might provide good opportu-
nities to develop the way in which students look at such expressions, since an alge-
braic expression usually consists of one composite expression and not a number of bi-
nary expressions, and a linear equation needs to be formulated in terms of the equiva-
lence between composite expressions.

It is important to note that constructing composite expressions is consistent with
the mathematical nature of the expression. A mathematical expression is defined as a
finite sequence of symbols such that (a) the object symbols (1, 2, ... , a, x, ...), (b) the
operatilon symbols (+, —, X, +, ...) and (c) the brackets are arranged in accordance with
the following rules (Hirabayashi, 1996): (Rule 1) The object symbol is an expression
in itself, (Rule 2) If both A and B are expressions, then (A) + (B), (A) — (B), (A) x (B)
and (A) + (B) are also expressions, and (Rule 3) All that are constructed using (Rule 1)
and (Rule 2) are single expressions. According to these rules, expressions like ((((1) +
(2)) x (3)) — (5)) are constructed one after another. Of course, we can omit some
brackets by applying supplementary rules such as the precedence of multiplication and
division, and then get the normal representation (1 + 2) x 3 — 5. We may also notice
that in rule 2 the language is spoken in terms of metalanguage (Allwood et al., 1977;
Jakobson, 1973; Hirabayashi, 1987).

Our focus is that, in constructing the longer expression, each expression is con-
ceived of as a unity, since the operation is carried out between two expressions rather
than two numbers. Using Douady’s (1997) terms, the expressions may then be re-
garded not as “tools”, but as “objects”.
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2.2. Semiotic chaining as the framework for analysis

Presmeg (2001) proposed a model of nested semiotic chaining based on Lacan’s
inversion of Saussure’s dyadic model (signifier and signified) and Peirce’s triadic
model (object, representamen, and interpretant) (Fig. 1). The model emphasizes the
productive role of the signifier (R) (= the representa-
men), the chaining by which a signifier in a previous P

sign combination becomes the signified (O) (= the ob- | e
' 4

ject) in a new sign combination, and that “each new R,
signifier in the chain stands for everything that pre- ———— n—_—> I,
cedes it in the chain” (p.7). Oy

We think that this gives a useful perspective for ana-

Ry
lysing the activity of constructing mathematical ex- 6" ll:> I;
1

pressions. Namely, we expect that it may make it pos-
sible to describe the states of the sign combinations

Figure 1. Presmeg’s model

associated with the transition from the operational to _ o
of nested semiotic chaining.

the structural view of an expression.

3. TEACHING EXPERIMENT
3.1. Participants

The teaching experiment was performed with 28 seventh graders in a classroom
of a public junior high school in Japan, with the collaboration of a teacher who had
fifteen years experience and was interested in developing his lessons. Most students
are not so willing to talk in a whole class situation but will talk with each other in
small groups. Therefore, we needed to design lessons that would encourage them to
participate in the class activities and so we chose a game as the basic format for our
teaching experiment.

3.2. Task

We devised “The Expression Constructing Game” which is played by two groups.
Each group is issued in advance with cards displaying various expressions. Suppose

that group A has two cards {(+3) x () and | ) + ( j, and that group B has
and . The teacher announces the initial expression (“-12 = (+4) x (-3)”),

and the students must then make a longer expression by replacing either of the num-

bers in the expression with an appropriate card. Any suitable number may be inserted
in the empty brackets. The first group that manages to incorporate all of its cards into
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the expression is the winner. A sample record of a game is shown in Figure 2. If group
A had replaced +4 with (+8) + (+2), then group B could have used their (-1) x (-2);
however, group A blocked it. This is a feature of the game.

-12 = (+4) x (-3)

= (+4) x (+3) x (-1
(+4) x (+3) x (-1)3
= (-8) + (-2) x (+3) x (-1)3

Figure 2: A record of the expression constructing game.

Even when a card is incorporated, it can happen that the value of the whole ex-
pression may be incorrect if brackets have not been used. If the value is different from
the original one, then points are not given. Thus, as well as checking the correspon-
dence between the replacement expression and the number it replaces, the students
must also check the correspondence between the whole expression and the original
number. In other words, in this game both the construction and the calculation of the
expression are being carried out at the same time.

3.3. Teaching Experiment

Our teaching experiment was conducted according to the methodologies of Con-
frey and Lachance and Cobb (described in Kelly and Lesh, 2000). Our conjecture was
that in the act of constructing successive expressions students would upgrade their
view of expressions from an operational to a structural one. We were interested in
when and how this development might occur and what factors might sustain it.

The experiment continued for 12 hours during which the unit “Four operations
with positive and negative numbers” was covered. During the first six hours, the stu-
dents learned each of multiplication, division and involution with negative numbers
(Addition and subtraction had already been taught before the unit). The data in this
paper were obtained from the 7th to 11th lessons, in which the expression constructing
games were conducted. The lessons were recorded on video camera, field notes were
made, and transcripts were also made of the video data.

Two types of data analysis were conducted. First was the ongoing analysis after
each lesson. Here we analysed what happened in the classroom in terms of the stu-
dents’ activities and utterances. Then we modified the subsequent lesson plan by tak-
ing into account both the original plan and our analysis of each lesson. Second was the
retrospective analysis that occurred after all the classroom activities had finished. We
first divided the classroom episodes into the meaningful entities chronologically in
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terms of what situations appeared to have made the students’ conceptions change, and
next analysed how they interpreted the situations based on the sign combinations. Fi-
nally, we made sense of the overall story of their learning by reviewing all the analyses
in terms of semiotic chaining.

4. THE ACTIVITY OF THE EXPRESSION CONSTRUCTING GAME
4.1. Introducing the expression constructing game

After a brief explanation of the rules, four students were chosen to represent the two
groups (A: Yoshi and Asa; B: Seki and Hoshi) and played a demonstration game on
the blackboard. On this occasion the number of cards was limited to four and the cards
were expressions of multiplication, division and involution (Fig. 3).

A L ) 3.(-13)x(+12) B. 1.[( )x( ) 3.(-Dx( )
2.4 () 427 2] 4.412)+(+2)

Figure 3. The first situation for introducing the game.

T (teacher): Let’s decide which team goes first. The team that answers ahead is first.
[He wrote “-16 = (-2) x ( )” on the board. ]

Yoshi: +8

T: The game will start with team A. Please replace any one of your cards.

Yoshi: No. 1. [She wrote “= (-2) x (-4) x (-2).”] (Underlining added by author.)

S (a student): I agree.

T: Well, now team B, please. Thirty minutes.

Hoshi: [He wrote “= (-1) x (+2) x (-4) x (-2).”]

Yoshi: [She wrote “= (-1) x (-2) x (-1) x (-4) x (-2).”]

Seki: [He wrote “= (-1)° x (-2) x (-1) x (-4) x (-2).”]

S: It’s wonderful!

The game ended in a draw as both teams completed the expressions successfully.
After this, the teacher and the students together worked out the final expression to see
whether it went back to the original number (-16). When the answer turned out to be
-16, the students unanimously said “great”, “wonderful” and clapped their hands. We
found that they were surprised that they could make such a long expression and yet the
result of the calculation coincided with the original number.

Then the teacher asked them what part of the fifth expression corresponded to -2

in the original expression, and the students confirmed that it was part of (-1)3 x (-2) x
(-1). In so doing, he hoped to encourage them to think of the expression as a unity.
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4.2. Student’s difficulties and overcoming them using the brackets

In the 8" lesson, a problem occurred in one small group. After the group activities,
the teacher let three groups present their records of the games. Of course this included
the group that had experienced the problem. The record of this group is shown in Fig-

ure 4.
-8 =(+32) + (-4)
= (+32) + (-4) x (+1) [ ]
=(+32) + (-4) x (-1) x(-1) [
= (+32) + (-8) + (+2) x (-1)3x (-1) [
= (+32) + (-8) + (+2) x (-1)" x (-1) [

Figure 4. The record of the game in one small group.

T: Well, Fuji, please tell us about the situation in your group.

Fuji: It is strange. [She pointed to the last expression] Here, 32 divided by -8 is -4.
Then divide it by 2, and the answer is 2, because the rest of the numbers are all
1s.

Yoshi: Mr. Kuro, can I write on the board? It is not good from here to here. [She
added the underlining. ]

[=(#32) + (A x (1) x (-1)
=(+32) + (8 + A x (-1) x (-1) ]
T: Please raise your hand if you can see their problem.
S: [All students raised their hands.]

This group was worried because the answer was not -8 once they had changed -4
into (-8) + (+2). And, although they had discovered which replacement the mistake
had resulted from, they could not see how to deal with it.

At this point, one student said “we can use (-2) + (+2) instead of (-8) + (+2)”. He
made this suggestion so that the value of the whole expression would be -8. However
the idea was soon rejected by the other students because it violated the rule that the
number must be replaced with an equivalent expression. After a while Jo said “Is it all
right to add brackets? There!” The teacher asked her to write on the board.

Jo: [She wrote the brackets “(+32) + {(-8) + (+2)} x (-1) x (-1)". ]

S: Oh!

S: That’s right! (with great surprise)

S: Yes, brackets!

T: The order is changed, isn’t it? We do here, these brackets first. [He checked the
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calculation with the students.] What about the next expression?
S: Well, we add the brackets there.
T: Don’t you think the brackets are great and powerful?

These exchanges were so influential that all the students now seemed to appreci-
ate that brackets could make the order of the calculation change. In fact, in the next
game, we could hear comments such as “The big bracket -4 plus the bracket -2 ... We
cannot do without using the brackets” from many of the small groups.

4.3. The development in the students’ views on the expressions

Though we could hear lots of students’ comments on the use of the brackets by
the end of the 9™ lesson, at the same time they sometimes used brackets unnecessarily,
perhaps because they had been so strongly impressed by the use of the brackets in pre-
vious lessons. However, in checking the records reported on the board in the 10™ les-
son, the students began to notice that there were unnecessary brackets, as a conse-
quence of an implicit suggestion made by the teacher (Two out of the three records in-
cluded unnecessary brackets).

T: (In checking the expression in which unnecessary brackets were not included)
... times, divided by, times and divided by. So, as no brackets are included, let’s
calculate it from the left.

S: Oh, I see. The brackets are not necessary in our expression!

S: It makes no sense.

S: Mr. Kuro, please delete those brackets. They make no sense. [He pointed to the
expression “{(-2) x (-1)} x (-9) x (-9) + (-3)".]

S: Mr. Kuro, please delete ours too. It is the top brackets. [He pointed to the ex-
pression “{(+36) + (+2)} x (-3)”.]

When the teacher asked them whether the brackets could be removed in checking
the values of the whole expressions, they were able to answer well. But he did not ask
them under what conditions the brackets could be omitted. If he had asked the condi-
tions for the omission of the brackets, they would have had a further opportunity to
think about the structure of the expression.

In the 11™ lesson, we observed another scenario where the students had not util-
ized brackets. One student changed “-10 = (-30) + (+3)” into “= (-30) + (-12) + (-4)”
on the board, and no one in her group remarked on the lack of brackets. However, it
was soon refuted by the other group, with comments like “If we calculate it from the

— 227 —



left, it doesn’t go well”. We concluded that they still didn’t have a clear awareness of
the usage of brackets and a similar state of affairs was the case in the 12™ Jesson too.
However, through correcting these situations again and again, it seemed that they
eventually became aware of the necessity for brackets, the order of calculation and the
characteristics of operations. For example, they made the following expression as a

final form.

“={(+D) + (3D} = {(-8) x (12) x (+3) = (-4}

When the teacher then asked the students whether the brackets ahead of (-8)
could be removed, they could in unison state that it was impossible. This recognition
seemed to indicate that they were now able to adopt a structural view of a complex
expression, even one they had never previously met.

5. DISCUSSION

We may distinguish at least four states of the students’ views of the expressions.

Expression A Longer Expres-
_____ “:> I sion B’
AL e —) Is

Number Expression B

Fig. 5.1. Fig. 5.2.
Expression with Expression without or
brackets C’ ' with brackets D’
----- l]I:> Ic ------ lll::) Ip
Expression C Expression with

brackets D
Fig. 5.3. Fig. 5.4.

First, when the students replaced a number with an expression A as one step in
the game, the expression may be seen as equivalent to the number (Fig. 5.1). In other
words, it may not be conceived as something to be calculated but as a unity. We think
this an important step in starting to view the expression structurally, and the game
makes it emerge in a meaningful way.

Second, when we see the game as a whole, the longer expressions B’ were con-
structed one after another based on the old expressions B so that their values were kept
constant (Fig. 5.2). Here the expressions themselves were handled as objects (Douady,
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1997). Also their recognition of each expression as a unity seemed to be facilitated
through the teacher’s navigation that led them to compare a certain part of the expres-
sion with the corresponding part of the other equivalent expression. We also found that
successful completion of the expression constructing activity was often greeted by the
students with surprise.

Third, the students found that the expression with brackets C’ might regulate both
the parts and the whole of expression C (Fig. 5.3). Namely, the idea of using brackets
enabled them to resolve inconsistencies between the replacement of a number with a
partial expression and the value of the whole expression, and again this was greeted
with surprise. We think that the brackets contributed to making them see the expres-
sions as unities.

Fourth, they modified the expression with brackets D into the one without brack-
ets D’ (Fig. 5.4), and through it were able to see whether adding or omitting brackets
in the expression would change the order and structure of the whole expression. It
should be noted that such recognition was gained after correcting some errors.

Overall, it is clear that these four states can be structured in terms of nested semi-
otic chaining. That is, we can see that the signifier in a previous sign combination be-
came the signified in a new sign combination and that each new signifier in the chain
stands for everything that precedes it in the chain (Presmeg, 2001). We may under-
stand this chaining as both the process by which the view of the expression as a unity
was developed and the process by which the role of brackets were recognized. Just as
Radford (2003, p.62) stated that brackets “become essential because they help the stu-
dents mark the rhythm and motion of the actions”, it seemed to us that eventually the
students could read the order and structure of the whole expression from the brackets.
Prior to this experiment, all that the brackets had meant to the students was a command
to indicate the precedence of calculation.

Namely, it seems that the brackets play a role not only in object language but also
in the metalanguage for telling about it (Hirabayashi, 1987; Allwood et al. 1977). It
may be similar to the way in which the plus and minus signs are used to show the
meanings of adding and subtracting as well as positive and negative numbers and
moreover the algebraic sum (Sfard, 1991). Thus we believe that providing students
with an appropriate view of the role of brackets can be an important girder in the
bridge from arithmetic to algebra, as a proper awareness of this is deeply related to the
structural conception of expressions. However, we think it will be necessary to do a
more detailed semiotic analysis, such as Radford (2003), in order to clarify the transi-
tion process, which is our future task.
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CHARACTERISTICS OF 5™ GRADERS’ LOGICAL DEVELOPMENT
THROUGH LEARNING DIVISION WITH DECIMALS!

Masakazu OKAZAKI (Joetsu University of Education)
Masataka KOYAMA (Hiroshima University)

ABSTRACT

When we consider the gap between mathematics at elementary and secondary
levels, and given the logical nature of the latter level, it can be seen as important that
aspects of children’s logical development in the upper grades in elementary school be
clarified. We focused on 5" graders’ learning “division with decimals” as its meaning
is known to be difficult for children to understand because of certain conceptions
which children have implicitly or explicitly of division. We discussed how children
might develop logic beyond such difficulties in the process of making sense of division
with decimals in the classroom setting. We suggested that children’s explanations
based on two kinds of reversibility (inversion and reciprocity) were effective in over-
coming the difficulties, and that they enabled children to conceive multiplication and

division as a system of operations.

1. INTRODUCTION

In learning operations with decimals or fractions, children tend to acquire only
mechanistic procedures, like “invert and multiply” in division with fractions. However,
there are gaps between mathematics at primary and secondary levels, and mindful of
the logical nature of the latter, we think it necessary to encourage children to develop
the logical reasoning required in upper grades while still at elementary school.? This
study focuses on division with decimals and aims to clarify the process of extending
the meaning of division beyond the integer domain.

Over a period of twenty years, a considerable body of theoretical and empirical
research has shown that children and even adults have difficulties in solving multipli-

' This paper has been published in Educational Studies in Mathematics, 60, 2005.

2 InJapanese educational system, the elementary school continues from 1* to 6™ grades, lower secondary
school the 7™ through 9™, and upper secondary school the 10" through 12",
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cative word problems with decimals (e.g. Bell et al, 1989; Fischbein et al, 1985; Greer,
1992; Harel et al., 1994). These reports have identified the difficult factors in students’
backgrounds when they solved word problems. However, it is still not so clear how
such difficulties might be overcome. In particular, we think it has not been clarified
how children might learn division with decimals in introductory classroom lessons,
because all subjects in the above noted reports were students or adults who had already
learned multiplication and division with decimals.

Thus, this paper will be devoted to clarifyiﬁg how children could overcome the
difficulties, and how they might then develop logical reasoning in introductory lessons
of division with decimals. We firstly examine the fundamental characteristics of divi-
sion with decimals, both mathematically and logically. Next we review the psycho-
logical difficulties that previous studies have highlighted. After that, we present 5™
grade’s classroom data designed implemented with a collaborating teacher. Finally, we
discuss children’s thought processes and the logical characteristics in extending the
meaning of division beyond the integer domain.

2. THEORETICAL BACKGROUNDS
2.1. Fundamental characteristics of division with decimals and the possibilities of
growth in children’s logical reasoning

We begin by briefly examining two problems;

(Al) If 12 apples are fairly shared among 3 persons, how many apples does one
person get? and

(A2) The price of 2.8 m of ribbon is 560 yen. How much does 1 m cost?

M | M Ribbon (m) | Price (yen)
1 x = £ (1) 1 X
a b=f(a) 2.8 560

Figure 1. Vergnaud’s schematic representation of isomorphism of measures.

Both have the same structure because each quotient is a quantity-per-unit and the
both permit proportional reasoning, though they are very different in the psychological
sense. Mathematically saying, “If (a, b) is any ordered pair of rational numbers and (a,
b) ~ (¢, d) is defined as ad = bc, the relation °~’ is equivalent. Thus, (partitive) division
then means to transform the element (a, b) into (quotient, 1) of the equivalent class (a:
dividend, b: divisor)”. Using Vergnaud’s (1983) schematic representation would be
useful in clarifying the relationships among elements (Fig. 1).
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He termed “a structure that consists of a simple direct proportion between meas-
ure-spaces M1 and M2” as ‘isomorphism of measures’ (Vergnaud, 1983) where the re-
lationship within each measure space is a scalar operator and the relationship between
measure spaces is a function operator f. The schema enables us to conceive various
multiplicative problems like equal sharing, constant price (goods and costs), and uni-
form speed (durations and distances). Here partitive division is conceived as finding
the unit value f (1) in the schema. This class of problems can be solved by applying the
scalar operator (+ a) within measure space M1 to the magnitude b.

However, we also need to pay attention to at least two replacements as previous
steps or as useful strategies when children solve problems using their existing knowl-
edge on division with integers. These can be represented as follows (Fig. 2).

Ribbon (m) Price (yen) Ribbon (m) Price (yen)
2.8 560 28 560
28 560 x 10 0.1 560 = 28
1 X 1 X

Figure 2. Two replacements of the division problem using Vergnaud’s schema.

Namely, a pair of (560, 2.8) could once be transformed into other pairs of (5600, 28)
by multiplying each by 10 or (20, 0.1) by dividing by 28, and successively into the pair
of (200, 1) which is the quotient. These ideas are consistent with the mathematical
view of division, where a pair of dividend and divisor forms a representative element
of an equivalent class such that the quotient in any division is constant, rather than
only two components of an operation (Schwarz, 1988).

We consider these views important for the growth of children’s reasoning towards
secondary mathematics, which seems to be conceived in terms of Piaget’s formal op-
erational thinking. Inhelder and Piaget (1958) used the notion of “formal operation” to
characterize adolescent thinking starting from about 11 years of age. They noted that
(A) it can proceed from some hypothesis or possibility, (B) it can be characterized as
propositional logic by combining the statements p and q, p or q, not p, p implies q
(Jannson, 1986), (C) the object for thinking is the generality of the law, the proposition,
etc., and (D) it includes two kinds of reversibility. In exemplifying these characteristics,
it may be helpful to consider such properties in division as:

(H)a+b=(axm)=+(bxm), 4 @+m)+b=(a+b)+rm;
(2)a+b=(a+m)+ (b+m) (S)a+x(xm)=(a+b)+m;
3)(axm)+b=(a+b)xm; (6)a+(b+m)=(a+b)xm
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For example, what we transform it into (560 + 28) x 10 corresponds to the property
(6) where a = 560, b = 28 and m = 10. We think it obvious that such transformation
into another imaginary situation includes some hypothesis or possibility and the object
for inquiry is then toward a general mechanism of division beyond just finding an an-
swer. Furthermore, if why 560 + 2.8 may be 200 is justified by mediating another ex-
pression, the reasoning may have a syllogistic character.

In (D), one reversibility is inversion, which enables one to “return to the starting
point by canceling an operation which has already been performed” (Inhelder & Piaget,
1958, p.272), and the other is reciprocity, which is related to “compensating a differ-
ence” (p.273) and is “required for equating operations which are oriented in opposite
directions”(p.154). As to division, we think that inversion corresponds to the thinking
which transforms division into multiplication as the reverse operation, and reciprocity
to the thinking which regards division itself as multiplication as the equivalent opera-
tion.

Thus, we think the learning of division with decimals is considerably related to the
growth of formal operational thinking. We will examine these properties in children’s
practical learning of division with decimals. Before that, we review previous re-
searches on children’s difficulties on division with decimals.

2.2. Children’s difficulties regarding division with decimals

Here, we shall return to the problems (A1) and (A2) described above. Though we
stated the both had same structure mathematically, it must be emphasized that in a
child’s mind they are greatly different with each other. That is, problem (Al) permits
one to imagine the situation where something is divided into equal parts, however
problem (A2) doesn’t permit this thinking.

Since the early studies in this area researchers have identified several misconcep-
tions which resulted from children’s experiences in division with integers. The typical
misconception is that “multiplication makes the answer bigger, and division makes it
smaller” (Brown, 1981; Bell et al., 1981). Fischbein (1985) considered that children’s
difficulties on multiplicative word problems involving decimals resulted from their
primitive and implicit models, and explained that in partitive division model, there are
such constraints as “the dividend must be larger than the divisor”, “the divisor must be
a whole number”, and “the quotient must be smaller than the dividend”, thus they had
difficulty solving the problems which violated these constraints. Also, Fischbein
(1989) stated that the models are robust and able to survive long after they no longer
correspond to the formal knowledge acquired by the individual.
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Several researchers have instead reported that numbers used or students’ numerical
preferences had intervening effects (Bell et al., 1989; De Corte & Vershaffel, 1996;
Harel et al., 1994); though logically speaking, numbers don’t influence the choice of
operation (Schwarz, 1988). In particular, students’ performances somewhat decrease
when the multiplier or the divisor is a decimal, and still more drop when they are less
than 1. In Bell ef al.’s (1989) research, for example, students’ (15-year-olds) percent-
ages of correct answers were 40 to 50 % for division word problems with decimal di-
visors. It should be also noted that such numbers influence the choice of operation, but
not the estimation of the answer. In fact, they achieved more than 30% high scores in
the estimation-of-answer test.

As a phenomenon that remarkably shows the effects of the types of numbers, Greer
(1987) proposed the notion of “non-conservation of operations”; that given two prob-
lems successively, which are equivalent except for the types of numbers involved,
children don’t recognize an invariance of the operations but changed the operation.
This implies that the strategy of assuming an easier problem has little effect because
they may change their operation while substituting integers for decimals.

Next, we describe and analyze 5™ graders’ learning of division with decimals.

3. METHODS

Our teaching experiment was implemented in collaboration with a teacher in a uni-
versity attached primary school. The school has a character of an experimental school
in which the teaching and learning of mathematics is practically developed. Classroom
lessons were conducted for 38 fifth graders (20 boys and 18 girls). Before our teaching
experiment, during their fourth grade, the children had already learned teaching units
for “decimals” and “multiplying and dividing decimals by integers”, and “multiplying

by decimals” was learnt just before the experiment.

We designed three problems to be given in the following sequence to students dur-
ing the teaching experiment.

Q1. The price of 2.5 meters of ribbon is 100 yen. How much does 1 meter cost?

Q2. The price of 2.4 meters of ribbon is 108 yen. How much does 1 meter cost?

Q3. The price of 0.8 liters of juice is 116 yen. How much does 1 liter cost?

We didn’t include any divisions with a decimal dividend and positioned the problem
in which the divisor is less than 1 as the final problem, because previous studies indi-
cated that the influence of a divisor (especially less than 1) is more powerful than that
of a dividend, and we considered that children could reconstruct the meaning of divi-
sion in overcoming the influence of a divisor. Contrarily, we considered the problem in
which the decimal part of the divisor is 5 relatively easy and accessible by using their

— 235 —



knowledge of division with integers.

In solving such problems, a teacher’s orientation is crucial for children to construct
the meanings of division with decimals. The teacher’s teaching in the lessons were
planned to have three characteristics.

First, the teacher prompts children to conceive the division problem as having a lot
of equivalent problem situations. Problem 1 worked well to construct those situations,
for they could make a new situation using just two pieces of strip. We think it can be a
way to avoid the phenomenon of “non-conservation of operations” in which they
didn’t conceive division by decimals less than 1 as division but multiplication.

Second, the symbolizing processes (Gravemeijer and Stephen, 2002) are assumed to
develop the meaning of division (Fig.1). We think that mathematical understanding
would progress along with the symbolizing processes (Dorfler, 1991). Then, we de-
vised the operative material as mediating between the concrete materials and the
number line (“operational number line”), which seems to connect the concrete view to
the proportional view of division. Furthermore at a meeting after the third lesson, we
decided to use the schema of proportion to promote the proportional view.

Third, the teacher often consciously formed some situations of cognitive disequilib-
rium (Piaget, 1985) that emerged from either intersubject or intrasubject conflicts
(Cobb, Yackel, & Wood, 1993), for we expected children might develop their meaning
of division with decimals in overcoming the disequilibrium. However, we decided not
to give the conflicting data intentionally, but to form the opposed ideas they presented
as a situation that they should resolve, because we attach as much importance as pos-
sible to their constructions, as is seen in the constructivist perspective.

The lessons were recorded by a video camera and field notes made; transcripts were
also made of the video data. We could also use the children’s writings in our analysis.
Using these data we conducted qualitative analysis.

A characteristic of our analysis is to focus on the children’s disequilibrium that
emerges in classroom lessons. We analyze it as being the difference between the idea
that they are newly conscious of and their existing conceptions. For that, we organize
the meaningful episodes in the lessons chronologically in terms of in what conditions
the disequilibrium may emerge and how children may grapple with it. Such disequilib-
rium may emerge as the intersubjective conflicts that students manage to resolve, be-
cause it is usually made explicit as the differences among ideas in the collective; we
then regard the classroom practice reflexively related to children’s mathematical con-
ceptions and activity (Cobb, Yackel, and Wood, 1993).
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Figure 1. Symbolizing processes in developing the meaning of division with decimals;

pieces of strip, operational number line, number line, and schema of proportion.’

4. RESULTS AND ANALYSES
The teaching experiment eventually needed six lessons, in which each lesson was 45
minutes, except for the fifth lesson which was just 30 minutes. However, basically four
lessons were spent solving and discussing the three posited problems and constructing
the meaning of division with decimals; and the last two lessons were used to confirm
and deepen children’s understanding of that which had been constructed. Thus we will
mainly analyze the activities during the first four lessons.

4.1. Initial understanding of division with decimals
The first classroom lesson began with Question 1. The teacher prompted children by

3 Operational number line is made by passing the long strip onto the paper on which the number line is written.
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pairs to solve it in various ways using many pieces of strfp each representing 2.5 me-
ters. After the activities by pairs, they in turn presented their ways of solving in the
whole class setting. Here three ways were eventually presented by the children.

Method 1 was to combine two pieces of 2.5 meters and to transform the problem
into the division with integers (Fig. 2): For example, “Well, as this is 2.5 meters and
2.5 is a decimal, I add one more piece and change it into 5 meters. As I double (the
length), I must also double the price. Then it becomes 200 yen. So, I divided 200 by 5
and get the price of 1 meter”. (Note: The figures' in this section are copies from the
blackboard and the Japanese translated into English by the authors.)

Figure 2. Method 1: To connect two pieces of 2.5 meters.

In method 2, one piece was divided into the same lengths as shown in Figure 3;
“Well, first I divide it by 0.5 meters each (He drew the lines on the material on the
blackboard). As the total is 100 yen, I divided 100 by 5 in order to get the price of 0.5
meters. It is 20 yen and it is the price of 0.5 meters. So, we can solve when we multi-
ply 20 by 2 in order to change it into 1 meter”.

Figure 3. Method 2: To divide one piece into 5 equal parts.
Method 3 was to connect ten strips of 2.5 meters of ribbon.

A B A I )

Figure 4. Method 3: To connect ten pieces of 2.5 meters.

Similar activities were subsequently undertaken, mainly using the operational num-
ber line for problem Q2 in the second half of the second lesson (Fig. 5). Through these
two lessons in which the division problems with divisors bigger than 1 were solved
and discussed, the following ideas were constructed and shared by children.

ben, (O 108 16 _ M ap Slo a8 w6 vk 9z st

Y

¥ 1 3 1]
() 24 43 12 96 132 1wy g sz sk 2%

Figure 5. Traces of activities using the operational number line.
(a) There are many situations that are the same as what 108 yen is to 2.4 m.
(e.g., 216 yen is to 4.8 m; 324 yen is to 7.2 m; 432 yen is to 7.6 m;
540 yenis to 12 m; ... 1080 yen is to 24 m).
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(b) If we multiply each number by 5 or 10, we can transform the problem into a di-
vision with integers.
(e.g., 108 (yen) + 2.4 (m) = 1080 (yen) + 24 (m) = 45).

(c) We can solve by first findihg the price of 0.1 m.
(e.g., 108 (yen) + 24 x 10 = 45).

In sum, the children’s initial condition was to be able to consider the problem by
transforming it into the equivalent divisions involving divisions with integers.

4.2. The birth of disequilibrinm

In the third lesson, the teacher presented the problem Q3 in which the divisor was
less than 1 (“The price of 0.8 liter of juice is 116 yen. How much does 1 liter cost? ).
He encouraged children to solve the problem in pairs using the operational number
line and to make mathematical expressions. They easily made expressions such as (116
% 10) + (0.8 x 10) and found its answer utilizing (b) or (c) above.

However, when teacher then asked the children what the original expression was
and a child answered “116 divided by 0.8” for that, another child questioned that ex-
pression. With this opinion as a start, they began to feel uncertain and so brought about
the cognitive state of disequilibrium. '

1 Arat: 116 divided by 0.8... Why is the expression right? It might not be 145.

2 Cs: It must be 145. '

3 Arat: It might be 145, but the answer for the problem is not 145 yen.

4 Cs: Why? It must be 145 yen.

5 T: If 116 yen is to 0.8 liter, then 145 yen is to 1 liter. Is that wrong?

6 Naga: But, why do we get one liter when dividing by 0.8.

7 C: I think the answer is the price of 0.1 liter.

8 Yuki: I also think that if we do 116 + 0.8, we get the price of 0.1 liter.

9 Cs: I agree!

10 Cs: No, it’s wrong!

It was observed from the video data that seven children then considered the answer
145 as the price of 0.1 liter, though more children appeared to hold the same such be-
lief. We consider this the influence of the implicit model or number effect; for such
phenomena didn’t come up previously. Analyses that follow are devoted to the stages
and characteristics of children overcoming this difficulty.
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4.3. Processes of overcoming the disequilibrium
4.3.1. Logical explanations and the robustness of the implicit model

The idea “the answer 145 yen to the problem is the price of 0.1 liter” was soon re-

futed. For example, the following opinions were presented.

11 Moto: If 145 yen were to 0.1 liter, then 0.1 liter was more expensive than 0.8 li-
ter. ‘

12 Mich: We must do 116 + 8 in order to work out the price of 0.1 liter.

13 Katt: (After pointing that both 116 + 0.8 and 580 + 4 have the same answer) If
we divide by 4 liters, of course the answer is the price of 1 liter. The idea of 0.1
liter is strange.

14 Saku: 116 divided by 8 is 14.5, but 116 divided by 0.8 is ... because of a tenth of
eight, because the answer is 10 times 0.1 liters so-called 14.5, I think 116 divided
by 0.8 remains as it is.

We can find the initial form of deductive reasoning in the above explanations. For
example, Katt’s utterance (13) is interpreted as the reasoning that statement 3 is de-
duced from statements 1 and 2 as follows.

Statement 1: If we divide 580 by 4, we get the price of 1 liter. (Agreed)

Statement 2: 580 + 4 can be equivalently changed into 116 + 0.8. (Agreed)

Statement 3: Therefore, 116 + 0.8 is the expression for finding the price of 1 liter.

Such discussion could temporally make them consent, for most of them judged what
116 divided by 0.8 should represent the price of 1 liter when the teacher checked the
distribution at the end of the third lesson.

However, at the beginning of the fourth lesson when the teacher asked children
whether they felt uncertain about the expression, 70 % acknowledged a feeling of un-
easiness. Here again, children who were confident began to speak. For example;

15 Kawa: (Referring to the expression 116 + 8 x 10) If we put this 10 in front, it is
the same as 1160 + 8. So, I think this (116 + 0.8) summarizes these expressions
which were made to get the price of 1 liter of juice.

However after these explanations, when the teacher again asked children whether
they could explain why the expression is the price of 1 liter, 80 % of them responded
that it was difficult to explain.

16 Sasa: Though I don’t know the reason, even with the division the quotient is

bigger ... than the dividend.

17 Naka: I can understand that if we divide something by 2, we get half. But I don’t

know how we get 145 when we divide by 0.8.
18 T: Do you think that “divided by 0.8” is a problem?
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19 Cs: Yes. It’s unclear and strange.

We find children implicitly experienced a cognitive state of disequilibrium. Here we
can see that the opinions of Sasa (16) and Naka (17) were stated in terms of the viola-
tions of the partitive division model. This episode suggests that even if logical expla-
nations are given, they aren’t sufficient to overcome disequilibrium resulting from
their experiences of division with integers. Though the expression 116 + 0.8 was
transformed into other expressions (e.g. 1160 + 8), it seems that their difficulties do
not resolve without discussing what “divided by 0.8” itself means.

4.3.2. The process of equilibration based on reversibility “inversion”
Equilibration was initiated from a child’s utterance based on the inverse operation.

20 Saka: It’s not good to consider 116 + 0.8. By reversing it, if we think of the
problem as “The price of 1 liter of juice is 145 yen. How much does 0.8 liter
cost?”, it will be 116 (He calculated it)... I got it. So, division means... even if
the divisor may be a decimal or an integer, the answer is... to get 1 liter.

This opinion was very powerful for many children began to regard 116 + 0.8 as be-
ing a valid expression for finding the price of 1 liter. Here it should be noted that this
explanation included the meaning of division (the quantity-per-unit). But Saka’s opin-
ion was soon rejected because it had the character of checking after solving the divi-

sion.

21 Arat: Saka said it’s all right if we change it to a multiplication. However we used
the division (the quotient) and so it’s questionable whether it (the product) be-
comes 116. The explanation is not so meaningful.

22 T: Arat say that the multiplication is a story after finding the answer of division.

23 Saka: But, I proved it in such a way.
Here, Naka made the point more explicit.
24 Naka: Well, if it is 116 times 0.8, I can regard it to take 0.8 pieces of 116. But,
please tell me how we do 116 + 0.8. *

It seemed that Naka, and probably also other children, wanted to conceive division
as a concrete operation. Saka’s explanation based on the inverse operation was strong.
However, children still somewhat remained in a concrete world, and they needed fur-
ther explanations to reach a state of equilibrium.

4 In the Japanese notational system, we write 300x5 as the expression for the problem “The price of one
apple is 300 yen. How much do 5 apples cost?” which is different from the English system.
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4.3.3. The process of equilibration based on reversibility “reciprocity”

In the second half of the fourth lesson, the teacher proposed to rewrite the previous
activities on the number line using the schema of proportion (Fig.6). After that, he
asked to consider the meaning of “divided by 0.8” in the abbreviated schema (Fig.7).

- 0.8.4 —> libyen

0 r.:@ 580 X5 | J,yxr

yen Ty 44— Ssopen

Liten, —t— - 'T‘}\L V4

A 12 —> O
X5

Figure 6. Activity on the number line and its translation to the schema of proportion

0.8 —> 116 yenv

o, IO
1 —> COyen

Figure 7. Abbreviated version of the schema of proportion.

25 T: Let us discuss by using these two parts.

26 Tach: (He wrote on the blackboard “x 1.25” beside the left blank)

27 T: Really? And what is it here?

28 Tach: (He wrote “x 1.25” beside the right blank.) 0.8 liter is 116 yen and 1 liter is
145 yen. I think some multiple of 0.8 lIiter is 1 liter. I calculated “1 divided by
0.8”.1found 1.25.

29 T: Wait. 1 divided by 0.8? Oh, it’s 1.25.

30 Tach: If we multiply 0.8 by 1.25, then of course we must also multiply the price
by 1.25. So 116 times 1.25 is 145.

31 Cs: Yes. It’s the same.

Though the teacher had expected them to put “+ 0.8” into the left blank, actually “x
1.25” was natural for children. He then asked them to consider it without using the
number 1.25 after he told that the number 1.25 was not written in the text of the prob-
lem. However, they persisted with the idea of 1.25.

Next, children reinterpreted the expressions familiar to them, e.g. 116 x 10 + 8 as
116 x 1.25 and gained more confidence in the idea “x 1.25”. Here, the teacher again
tried to direct their focus to the relation between “x 1.25” and “+ 0.8”.

32 T: This is “times 1.25”. Can you represent it by using division? By what do you
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divide 0.8 liter in order to get 1 liter?

33 Naga: We divide it by 0.8.

34 T: If you divide 0.8 by 0.8, you get 1. Then by what do you multiply 1 liter in
order to get 0.8?

35 Naka: We multiply it by 0.8.

36 T: If we multiply 145 by some number, we get 116. What is the number?

37 Sako: Oh, it’s 0.8.

38 T: Is there anything you notice?

39 Arat: “x 1.25” and “+ 0.8” are same.

40 T: Are they same? Everyone, check whether “+ 0.8” is same to “x 1.25”.
41 Cs: (They checked by some form of calculation.) Oh, they are the same.

42 T: (He wrote “A x 1.25 = _, A+ 0.8 = _”.) I’'m asking everyone whether multi-
plying some number by 1.25 is same as dividing it by 0.8 or not.

43 Cs: Yes. The same.

44 T: Do you think it’s natural that the answer is bigger than the dividend?

45 Cs: Absolutely yes! It’s natural.

Children made sense of “+ 0.8” in terms of “x 1.25”, in which they had confidence.
It then seemed that children were more or less conscious of the reciprocal relations and
understood why they should divide by 0.8 and why the answer. would then be bigger
than the dividend. In the fifth and six lessons teacher and children again discussed
those relations fully, and summarized them as in Figure 8. It then seemed that most of
them were clearly conscious of the relations.

1= Oyen

Figure 8. Reciprocal relations in the proportional schema of division.

5. DISCUSSION

When we look back on the lessons of division with decimals, children could make
sense of it through experiencing the disequilibrium and repeatedly overcoming it, and
they could develop their own logical reasoning in the process. In this section we first
show the process as three developmental stages, followed by a discussion of the logi-
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cal characteristics of children’s reasoning at each stage.

5.1. Three stages in the development of making sense of division with decimals

We found that there were three stages in children’s logical development as they
made sense of division with decimals.

First, children conceived division with decimals by manipulating concrete objects.
For example, they replaced the situation “100 yen per 2.5 m” with “200 yen per 5 m”
by connecting 2 pieces of strip that represented 2.5 m of ribbon and solved it as divi-
sion with integers (“200 + 5”). We think that these activities had a character of the
concrete operational thinking, but were important steps to connect division with deci-
mals to their existing knowledge and to prepare their learning followed.

Second, children began to conceive division as the relationship between the equiva-
lent expressions at the hypothetical-deductive level detached from the concrete one.
Children’s conceptions of division here were not so much concerning what answer
could be found by the expressions 1160 + 8 or 116 + 8 x 10, as the relationships
among 116 + 0.8, the transformed expressions, and the answer. Thus, the expressions
for them then were tools for justifying a statement, which was compared with the tools
for finding the answer at the first stage.

However, in spite of these conceptions, they had the character of a concrete opera-
tion at the same time, like Naka’s utterance (17). Children seemed to feel that the ex-
pression 116 + 0.8 = 145 was right, but instead interpreted it as representing the price
per 0.1 liter. We think this a remarkable example that shows the influence of numbers
(Bell et al., 1989; Harel et al, 1994), in particular the phenomenon of non-conservation
of operations (Greer, 1987). That is, children didn’t attain the cognitive state of equi-
librium because of the obstinacy of the constraints of the implicit model.

Third, children constructed two explanations; each corresponded to two kinds of
reversibility. One explanation was based on the inverse operation. It was when Saka
(21) inversed the division into the form of multiplication that they firstly realized the
correctness of the expression. However, more explanations were needed because the
multiplication had the character of checking after solving the division problem. Next
they made sense of the expression by using multiplication in another way. It was to
consider “+ 0.8” as equivalent to “x 1.25”, which were two sides of the same coin. It
was more natural for children to consider the operation changing 0.8 into 1 as “x 1.25”
than as “+ 0.8” because they had already learned multiplication with decimals and ap-
preciated that “x 1.25” makes the answer bigger. We can deduce that this eventually
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led them to conceive multiplication and division as a system of operations, in other
words to acquire formal operational thinking.

As Naka (24) stated “I can regard it to take 0.8 pieces of 116, children might con-
ceive multiplication with decimals by extending their concrete operational thinking.
But we think that division with decimals loses the meaning of a concrete operation in
nature, since the divisor is no longer to divide in its operational sense. Thus, it seems
natural with hindsight that children first contrasted division with decimals with multi-
plication, and next conceived it in terms of multiplication in two ways.

5.2. Logical characteristics in children’s making sense of division

We find that children’s reasoning was more or less mathematical and logical at the
second stage. If we mathematically examine children’s explanations in terms of the
properties of division (1) to (6) described above, we can find properties (1) and (6)
emerged frequently. Property (1) corresponds to transforming the expression 116 + 0.8
into 1160 + 8, and property (6) was used when 116 + 0.8 was changed into 116 + 8 x
10. The other properties were also found, though maybe implicitly. For example, we
can find properties (2) and (4) in Kawa’s utterance (15). We think these show that
children’s reasoning had mathematical characteristics.

When we logically observe children’s reasoning in the process of justifying why
116 + 0.8 = 145 represented the price of 1 liter, they had some characteristics of formal
operational thinking. For example, Katt (13) developed syllogistic reasoning by com-
bining some given facts, and Moto’s reasoning (11) was at the hypothetical level,
which may be related to the reductive absurdity. Furthermore, Kawa (19) implicitly
used the commutative law and operated on the expression itself, as she stated “If we
put this 10 in front, it (116 + 8 x 10) becomes the same as 1160 + 8”. We can therefore
say that at this point children’s reasoning had some of the characteristics of formal op-
erational thinking.

If we focus on the scalar operator to transform the elements (a, b), it was still inte-
gers in the children’s reasoning; so they didn’t attain equilibrium at the second stage.
At the third stage children, however, recognized the role of decimal operator “+ 0.8”
that transformed 0.8 meters into 1 meter (quantity per unit) and at the same time 116
into the answer. Moreover, the operator “+ 0.8” was reconceived both as the reverse
operation of x 0.8 and the equivalent operation of x 1.25. We think at this point chil-
dren attained a higher level of understanding of the equilibrated system of multiplica-
tion and division.
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6. FINAL REMARKS

In this study, we tried to better clarify the processes by which children might over-
come difficulties and develop logical reasoning through analyzing classroom lessons.
The main outcome of this study was the clarification that reasoning based on two kinds
of reversibility contributed to overcoming the difficulties. In particular, recognizing the
reciprocal relations of operations made children’s adherence to the constraints from the
implicit model vanish. Then, we could describe these processes as three stages of
making sense of division with decimals, in which they develop their reasoning logi-
cally and mathematically. ,

Here it should be noted that the above stages emerged not linearly, but as a process
of attaining equilibrium in which temporal regressions (disequilibria) were often in-
volved, and more coherent ideas were constructed by coordinating some ideas with
each other every time a temporary state of equilibrium was achieved.

However, some future tasks remain; First, we couldn’t discuss how the symbolizing
processes (Gravemeijer and Stephen, 2002) assisted children’s making sense of divi-
sion with decimals. Second, though we dealt with the generalization of partitive divi-
sion, logical development towards secondary mathematics are related with other pro-
portional concepts which include the generalization of quotitive division, the ratio, the
proportion, and the fraction and so on. Therefore, we need to examine the issue as be-
ing relationships in a web of related concepts. We believe addressing these tasks will
be shed some light on ways to bridge the gap between elementary and secondary
school mathematics.
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GEOMETRIC LANGUAGE IN THE GENERALIZATION
OF NUMERICAL PATTERNS AS ALGEBRAIC THINKING

Tetsuro SASKI (Aichi University of Education)

ABSTRACT

Although algebraic thinking emerges as generalization of numerical patterns, the
process is not necessarily clear. It is important problem to bridge the gap between
number world and variable world in mathematics education. Thus we observe
discourses in classroom teachings and focus on pupils’ language as sign. We elaborate
a lesson so that a researcher teach, which is said ‘Jumping into class as teacher’, in
Japanese. We discuss it on the viewpoint of three types of language, natural language,
language of geometry, language of algebra. It is clear that geometric language playsb
important roll. It is a criterion of the potential that pupils are able to generalize
numeral pattern, whether they use geometric language which is the bridge between
the island of numbers and of variables after all.

1. INTRODUCTION

It is important problem to bridge the gap between arithmetic and algebra, that is,
number world and variable world in mathematics education. Algebraic thinking
emerges as generalization of numerical patterns. The process is not necessarily clear,
because it is long term and contains many contents. Wittmann (2004) shows the
essential learning environment linking multiplication table, multiplicative calculation
by writing, and the solution of quadratic equations. This is very interesting for us
because we have not such a learning trajectory or material in Japan.

They say Japanese mathematics curriculum is the most coherent in the world. But
even in Japan, elementary teachers teach multiplicative calculation by writing, without
knowing how it works in high school, in order that children compute quickly and
correctly. Also the high school teachers teach the formulas of literal expression and the
quadratic equations without knowing what their children learned in elementary school
arithmetic. Consequently most students compute literal expressions formally and don’t
recognize the network of number and variable world.

Also Wittmann (2004) mentions three types of language, natural language,
language of geometry, language of algebra. I think that Dorfler (2000) names these
languages as ‘protocols’. The natural language is Japanese for us, dealing with number
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patterns. Radford (2000) analyses the feature of natural language in generalization of
numerical patterns. The algebraic language deals with literal expressions and variables
on algebraic thinking. In these languages, geometric language is the middle and the
vaguest one. But I think it has the critical roll in generalization, and Dérfler (2000) call
it ‘prototypes’.

2. AIMS AND METHODOLOGY
The aims of this inquiry are as follows:
- To clarify the roll of geometric language in generalization of numerical pattern in a
classroom.
To consider the relationship of natural language and geometric language in
classroom.
- To experience the essential learning circumstance as a teacher.

The methodology is ‘Jumping into classroom as teacher’, that is, I really teach 4™
grade pupils of elementary school in a class. The theme is square number and pyramid
number. 17™ October in this year, I taught 27 pupils at the public school. This teaching
is based on the lesson of Professor Kunimoto, Faculty of Education, Kohchi University,
for 2™ grade pupils concerning quite same theme, which is the material in Wittmann’s
“Zahlen Buch” grade 2™. I watched it several times on video tape and imitate it.

3. CASE STUDY OF CLASSROOM TEACHING

I taught 4™ grade 17 pupils of a class in elementary school, 17™ October 2006. This
them and learning trajectory are based on the lesson of Professor Kunimoto, Faculty of
Education, Kohchi University, for 2™ grade pupils. I watched it several times on video
tape and imitate it.

The theme is square number and pyramid number. The material is in Wittmann’s
mathematics textbook “Zahlen Buch” grade 2n,
Task 1:

Square number

0000

000 0000

00O 000 0000

O OO 000 0000

fig.1 fig.2 fig.3 fig.4

Leaning trajectory:
* The square numbers are introduced gradually from one on each side to four.
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» Pupils infer the figure and number of 5 points on each side.
- Pupils infer the number of case 6, 7, 10 and 100 points.

Data:

101

102

103
104
105

106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121

122

123
124
125
126
127
128
129

Teacher (‘I’): Now, I stick something on the board one by one. Please watch

carefully, and think what these are. Later give out it. So, the first is this, the

second is this. - - - And up to this (forth). What do you notice?

KI: A row increases one by one.

IC: Rows increase upward and sideways.

IS: The figure square keeps.

Teacher: [Writing ‘square’ on the board,] and let us call these circles as points.

And how many points in each square?

SH: One.

Teacher: Please answer in seat order.

Al: Four.

WA: Nine.

KO: Sixteen.

Teacher: Then can you formulate them?

KU: 4 x4 for 16.

Teacher: Is this right, everyone? Then, what is the expression?

IM: 33 is 9.

Teacher: So what is this, everyone?

All together: 2 X2

Teacher: And this is 1X 1. These are the first, the second, the third, the forth.

Some pupils: Oh, I understand the meaning.

Teacher: What is the next?

Pupils together: Fifth.

Teacher: What is the figure for it? Anyone wants to make it? Then, all together,

come hear and do it.

Teacher: Friends who didn’t come, is this right? OK, this is the fifth figure.
Then how many are here?

KT: 25.

Teacher: What’s the expression?

KB:5%5

Teacher: How many are in the next?

KS: 36.

Teacher: What’s the expression?

NO: 6 X6.
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130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154

Teacher: We continue them as they are. How many are the next?

KA: 49.

Teacher: Then we continue this, and how is the tenth? How many are here?
NI: 100.

Teacher: The expression is? Altogether, 10X 10. And it is difficult,
KT: You may say thousandth.

Teacher: Oh, it is too difficult. How is the hundredth? These line up hundred.
SA: Thousand.

Teacher: How is this, others? Do you have another answer?

YA: Ten thousand.

Teacher: Which is right?

Pupils: Ten thousand.

Teacher: So, what is the expression?

IG: 100x100.

SH: I add the zeros.

Teacher: Why don’t you explain to everyone?

SH: I move the zeros on the corner.

Teacher: Do you make sense. Do anyone explain SH’s idea?

IS: First the zeros in one hundred are moved to another.

Teacher: These zeros are moved to here, so how many zeros are here?
A pupil: Four.

Teacher: We get ten thousand.

A pupil: Well the next question is thousandth.

Teacher: That’s good, but shall we change the figure?

Some pupils: one hundred million, ten thousand.

Discussion:

We discussed some points in the lesson after. In my teaching, the first impressive
utterance is “IS: The figure square keeps”
awareness of invariance among varying things is a key of the cognition of
generalization of patterns. In this case, the invariance is the pattern itself. Thus most

pupils recognize the numeral pattern. The evidence is this;

119
120
121

155

Teacher: What is the next?
Pupils together: Fifth.

Teacher: What is the figure for it? Anyone wants to make it? Then, all together,

come hear and do it.
Teacher: Friends who didn’t come, is this right? OK, this is the fifth figure.
Then how many are here?
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156 KT: 25.

157 Teacher: What’s the expression?

158 KB:5x%5

After all they may link the square figure to the square number. This shows us the
importance of the geometric language.

Task 2:
Pyramid number

OOOOO

fig.1 fig.2 fig.3 fig.4

Leaning trajectory:

- The pyramid numbers are introduced gradually from fig.1 to fig. 4. But pupils can
name these numbers.

- Pupils understand that the numbers of Square and Pyramid are same for each
corresponding case, though the figures are different.

- Pupils make expressions for the numbers from fig.1 to ‘fig.5’.

Data:

159 Teacher: Let us change the figure.

160 KT: Square and square, circle in it.

161 Teacher: [Sticking figures, from first to fourth.] What are these?

162 Some pupils: Tetris (Japanese computer game).

163 Teacher: Do you have other name?

164 KI: Going up the stairs.

165 IM: Pyramids become bigger and bigger.

166 Teacher: What name should we choose?

167 Some pupils: Pyramid, Tetris. - - -

168 Teacher: Let us decide by majority. Anyone choose Tetris? - - -
Anyone choose Pyramid?

169 Teacher: So we call Pyramid. [Writing ‘pyramid number’ on the board.]
How many are there?

170 Pupils: 1, 4,9, 16.

171 Teacher: What do you notice? - - - KI, can you give us a hint?
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172 KI: No, I can’t.
173 Teacher: OK, then answer it.
174 KI: Except for 25, the left side numbers are same to the right.

Discussion: _
In this time some pupils notice the Square and Pyramid have the same number. I
should spread this view to other pupils. But Data lines 175-186 are omitted.

Data:

187 IS: Although the figure changes, the numbers are same in both sides.

188 Teacher: Do you make sense? Anyone who understand it!

189 SH: Same thing. Although the figures are square and triangle, the numbers in
each figure are same.

190 Teacher: Although the figure changes, the numbers are same. Why? Can you
reason it? This is so difficult that I prepare something. Do you know what it
is? This is the miniature of this one. Please cut it with scissors and think how to
transform it.

191 Pupils: [All the pupils manipulate the paper.]

192 Teacher: Anyone who can answer how you did?

193 IC: This figure, I cut it, and did like this.

194 Teacher: Thank you. The other way?

195 TU: I cut it in some pieces.

196 Teacher: The easiest way is to cut here and turn this. Why don’t you try this?

197 KT: [The former pyramid figure, she did.]

Discussion:

This is a kind of ‘operative proof (Wittmann, 2004)’ by cutting the paper and removing
the piece. Naturally on the languages, teacher and pupils used geometric language. It
would be a naive base of proof to use literal expressions in algebra.

Data:

198 Teacher: This is also transformed to square. Therefore although the figures
seem different, the numbers are same. Do you understand clearly? Pyramid
number and square number are same. Then I put back in this figure and write
expressions in the board. Please watch carefully.
[Writing on the board, 1=1 1+2+1=4 1+2+3+2+1=9 1+2+3+4+3+2+1=16]
What is similar between these expressions and figures?

199 SI: [Coming before the board.] This number corresponds each other.
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200 Teacher: How he regard these figures.

201 IS: Seeing lengthways.

202 Teacher: Yes, this is great discovery. Other opinions? - - -. No. So, What is
the next expression? Please write on this paper. [Handing papers out.] - - -

203 Teacher: First of all, what is the answer? [Pointing the right side of the
lowest equality.]

204 KO:25s.

205 Teacher: Why is it 25?

206 KI: Before the magnets were 25.

207 IM: As SI said before, the next is calculated as 25.

208 TU:1,2,3,4,5and 1,2,3,4 and so on.

209 Teacher: I leave its expression until later. - - -

210 Teacher: A little confused! So please answer the expression.

211 YM: 1+2+3+4+5

212 Teacher: What is the next?

213 KA: 4+3+2+1

214 SI: I have another way, (1+2+3+4)x2+5

215 Teacher: TU, what was your expression before? - - - Yes, this expression.

216 KU: 9+7+5+3+1. I see it sideways.

217 Teacher: I think you have other ideas. In fact I thought these answer is
Ix1 2x2 3x3 4x4 5x5
Do you notice this?

218 Next, you can see this figure sideway. And you get the other expressions.

219 Pupils: 1 143 1+3+5  143+5+7 1+3+5+7+9

220 Teacher: The answers are same with these. So you can make different
expressions following how you see the figure. Thank you very much.

Discussion:
The aim of this classroom activity is to make different expressions depending on a
way of looking at the figure. Some pupils notice the sequence of odd number.

4. CONCLUSION
Pupils are very vivid and eager to present their opinion and in fact show me a variety
of thinking. I have experienced the advantage of this material and learning trajectory.
One of pupil’s reflection for the lesson is as follows:
“ I was very tired from today’s lesson because I thought very much. However I am
also surprised that there are many ways of mathematical thinking. In fact although the
each expression for Square number is multiplications and that for Pyramid number is
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addition, the answer is same each other. Thus I feel mathematics is really great. Today
I enjoyed very much.”

We make sure that the geometric language plays important roll in generalization
of numerical pattern as we already mentioned it in the discussion. It is a criterion of
the potential that pupils are able to generalize numeral pattern, whether they use the
geometric language. Dorfler (2000) call it “prototypes’.

For the first task, we notice that pupils have the prototype as geometric language.
They developed to 10x10 and 100x100. In addition, some pupils recognize the naive
law of exponent as “144 SH: I add the zeros”.

For the second situation, I discuss with the class teacher which figure is better,
only points or ones enclosed with square. She answers the latter as in the textbook. We
notice this is right judgment. Pupils are very interested in naming those figures.

In this situation, they recognize the numeral pattern; “IS: Although the figure
changes, the numbers are same in both sides”. Moreover they link the expressions; 1=1
14+2+1=4  1+2+3+2+1=9  1+2+3+4+3+2+1=16 to the figure.

And “200 Teacher: How he regard these figures.”
“201 IS: Seeing lengthways.”

These are evidence of that most pupils generalize the expression in other cases.
Our conclusion is that language of geometry is the bridge between the island of
numbers and of variables.
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ON THE TEACHING SITUATION OF CONCEPTUAL CHANGE:
EPISTEMOLOGICAL CONSIDERATIONS OF IRRATIONAL
NUMBERS

Yusuke SHINNO (Graduate School of Education, Hiroshima University)

ABSTRACT

Generally we can point out two different ways in introducing new kinds of numbers
as follows (e.g., Courant & Robbins, 1941/ 1996). The first is to represent a result of
measurement. The second is to solve algebraic equations. However the relation between
the two ways does not still seemto be clear. Although this issue might have been overlooked
in any teaching situations, this can be didactically explicit in the teaching situation of
irrational numbers from the conceptual change perspective. The purpose of this paper is
to derive some didactical implications for a conceptual change situation by focusing on
a knowing of “incommensurability” that can be an essential aspect of irrationals. For
attaining this purpose, the epistemological considerations take place in three contexts:
curricular contents, history and teaching experiment.

CONCEPTUAL CHANGE: A THEORITICAL PERSPECTIVE

Conceptual change theory has been widely used to explain students’
understanding in a series of developmental studies referring to science education (e.g.
Posner et al., 1982; Carey, 1985; Hashweh, 1986). This theory was developed by
drawing on the philosophy and history of science, in particular Thomas Kuhn’s
account of theory change and Imre Lakatos’s work of the scientific research
programme. And it mainly used to explain knowledge acquisition in specific domain,
with characterizing role of reorganization of existing knowledge in processes of
learning. Vosniadou et al. (2001) argued that scientific explanation of the physical
world often run counter to fundamental principles of intuitive knowledge, which are
confirmed by our everyday experience. Consequently, in the process of learning, new
information interferes with prior knowledge, resulting in the construction of synthetic
model (or misconception). Similarly, when studying mathematics, in the course of
accumulating mathematical knowledge, the students go through successive processes
of generalization, while also experiencing the extension of various mathematical
systems (Tirosh & Tsamir, 2006, p. 160); the most typical case of such kind of
generalization or extension is the number concept (see, e.g., Merenluoto & Lehtinen,
2004). But, on the other hand, there is a general reluctance in philosophy and history
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of science circles to apply the conceptual change approach to mathematics (Vosniadou
& Verschaffel, 2004). As has been discussed in mathematics education domain, we
need to take the specificity of mathematical knowledge into account with a deep
epistemological analysis of what the concepts considered consist of as mathematical
concepts (Balacheft, 1990, p. 136).

Generally speaking, ‘the term “conceptual change” embodies a first
approximation of what constitutes the primary difficulty. ... Hence, there is the
emphasis on “change” rather than on simple acquisition. ... The “conceptual” part of
the conceptual change label must be treated less literally. Various theories locate the
difficulty in such entities as “beliefs”, “theories” or “ontologies,” in addition to
“concepts.” ’(diSessa, 2006, p. 265). Therefore we may need to identify what is
special about the learning and teaching of mathematics in the conceptual change
situation, analysing from the different dimensions of mathematical concepts/
knowledge.

The aim of this paper is to present didactical implications for designing the
teaching situation of conceptual change by focusing on the irrational numbers as
content. In fact, only a few researches on irrational numbers have been reported
(Fischbein et al., 1994; Zazkis & Sirotic, 2004). On such background we argue the
relation between two different ways in introducing new kinds of numbers: the first is
to represent a result of measurement; the second is to solve algebraic equations. As
will see later, a knowing of the incommensurability (no common unit between two
magnitudes) can be crucial to bridge the two different ways. This issue will be
considered or interpreted from the epistemological points of view, discussing three
contexts: the curricular contents, history and teaching experiment. Then, in the final
place, three items are derived as didactical implications with the help of such
considerations.

EPISTEMOLOGICAL CONSIDERATIONS
Issues in the mathematics curricular contents relating to irrational numbers

The significance of irrational numbers as a subject matter can be described as
follows: the existence of incommensurable quantity; its admittance and symbolism;
curiosity about that the computational rules with infinite non-repeating decimals are
available same as with rational numbers; and the rationale of the new number system,
so on. Irrational numbers are introduced in the forms of “square root numbers” at
lower secondary level (15-year-old students in the case of Japan). In the teaching
situation of the square root, it is usually introduced in light of the practical need to
express the concrete quantity (magnitude) as well as the teaching situations at the
primary school level. For examples, it has been often taken the instructional way for
finding out the length of the diagonal of the square, or the side of square having the
double area of a given square. Indeed “quantity” is an object of measurement.
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However a naive practical conception cannot reach to the essential understanding of
the square root because here we deal with “incommensurable quantity” in question. In
addition, the teaching situation of irrational numbers can distinguish the situation
dealing with the concrete quantity and the situation dealing with the computational
rules following introduction of the symboly . In doing so, it is not just the transition
between situations but it is required to prepare mediated activities shifting from
concrete/ practical conception to more theoretical/ formal one.

Students come to learn new kinds of numbers as school year advances. The
introduction of new numbers must be a purposeful activity to respond to some
necessities or overcome some limitations. For example, it is explained “the
generalization from the natural to the rational numbers satisfies both the theoretical
need for removing the restrictions on subtraction and division, and the practical need
for numbers to express the results of measurement. It is the fact that the rational
numbers fill this two-fold need that gives them their true significance” (my own
emphasis) (Courant & Robbins, 1941/ 1996, p. 56). Since primary school year, new
numbers emerge from some actions on quantities, that is, the practical need for
numbers to represent the results of measurement. Although the need for introducing
irrationals can also emerge from some actions on quantities, the object of the actions is
“the length of a segment incommensurable with the unit” and its approach comes from
responding to the situation that it cannot represent by sub-dividing the original unit.
Here we can see the limitation on the measuring approach. Since the awareness of
such kind of limitation can lead to the conception of incommensurability, it is
necessary as its didactical orientation to prepare some effective activities.

Issues in a historical section

One of the most important dimension of epistemological considerations is to
examine why the question of incommensurability arise in the course of history. In this
paper the historical examination is to see “the history of mathematics as a kind of
epistemological laboratory in which to explore the development of mathematical
knowledge”(Radford, 1997, p. 26). This requires us to investigate status of human
cognition in confronting with the question in a historical section.

The number theory in ancient Greek is concerning with the mathematics
for handling discrete numbers world, such as “figural numbers”. In such a
primitive status it is no doubt to see that two segments are commensurable each
other. The following statements are described in the modern manner about that
(See, more details in Courant & Robbins (1941/1996, pp. 58-59)): In comparing
the magnitudes of two line segments ¢ and b, it may that while no integral
multiple of a equals b, we can divide « into, say, » equal segments each of
length a/n, such that some integral multiple m of the segment a/n is equal to b:

(1) b="4

n
When an equation of the form (1) holds we say that the two segments a and b

are commensurable, since they have as a common measure the segment a/n which
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goes n times into a and m times into b. The totality of all segments commensurable
with a will be those length can be expressed in the form (1) for some choice of
integers m and n (n#0).

The situation is, however, by no means so simple. It was getting to be doubtful
to the existence of a kind of the segment, according to Boyer (1968), the Pythagorean's
successors raised the question of incommensurability in earlier than B.C.410. The
Euclid's Elements Book X Def. 1 states that “Those magnitude are said to be
commensurable which are measured by the same measure, and those incommensurable
which cannot have any common measure”(Heath, 1956, p.10). The discovery of the
incommensurability is one of the most remarkable problems of history of mathematics
regarding the disintegration of parallel between the (figural) number and quantity
(magnitude) theories (cf. Eudoxus’s theory). We human beings became aware of the
world where we can reach only by thought purely (Szab6, 1969/ 1978), but it may be
said that this was a product of the Greek intrinsic viewpoint of the academism towards
mathematics. Thus it is pointed out that the concept of incommensurability did
originate not from the practical source but from the theoretical one (Szabo, 1969/
1978). ‘

The following statement quoted from Euclid’s Elements Book X Prop. 2 forms a
criterion of incommensurable relation: “If, when the less of two unequal magnitudes is
continually subtracted in turn from the greater, that which is left never measures the one
before it, the magnitudes will be incommensurable” (Heath, 1956, p. 17). It has to take
into consideration that since the infinite continuable algorithm (so-called Euclidean
algorithm) has a purely theoretical characteristic, it cannot be applied to two
magnitudes as a practical criterion. Therefore the criterion had never used in any
ancient literatures (Szabo, 1969/ 1978). In this context human cognition confronts the
discontinuity that, in the case of two incommensurable magnitudes, the magnitudes
must exist in theoretical, but they are never realized in practical because of the events
only for thought. And it is also pointed out that the internal inspiration looking for a
more rigorous mode of thinking arises (Wilder, 1968/ 1987). The new proof technique,
namely reductio ad absurdum, was established in this context. Arpad Szabo refers to
the proof of the incommensurability between a side of a square and the diagonal, and
he emphasizes the connection between the establishment of the new proof technique
and the shift to “anti-empirical and anti-intuitive tendency that underlying ancient
Greek mathematics” (Szabd, 1969/ 1978). .

Issues in teaching-experiment designed for the awareness of incommensurability

The teaching experiment was performed with 9 ninth grade students (15-year-
old) in a classroom of a lower secondary school attached to national university in
Japan in October 2005. The main question of this teaching experiment is to identify
how students can become aware of incommensurability. In relation to such aim the
teaching experiment consists of three phases: (i) introducing Euclidean algorithm; (ii)
dealing with existence of common measure; (iii) justifying recursive or infinite process
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of operations. In this report we focus on the phase (iii) because it is the most crucial
situation in terms of becoming aware of incommensurability.

The following tasks used in this experiment are relied on the earlier
developmental research (Iwasaki, 2004).

Task1: There is arectangle board 30cm by 42cm. You want to cover it with square tiles,
the size of which must be same and lager as possible as you can. Find the size of
square tiles.

Task2: There is a sheet of the A3 standard here. Consider whether you can find the
squares that tessellate the sheet.

In the phase (i) and (ii), students worked on the task 1 and some extra tasks.
They came to know a conception of Euclidean algorithm under a concrete situation of
finding the GCD (greatest common divisor) of given two positive integers by folding a
sheet and by showing algebraic expressions. In the phase (ii), students recognized the
fact that if one finds a remainder then measure the previous measure by the remainder
as a new measure, and if one finds no remainder then the algorithm terminates;
common measure is found.

In the phase (iii), students worked on the task 2 by applying Euclidean
algorithm to a side of square and the diagonal (i.e. in the A3 standard sheet, the larger
side is equal to the diagonal of the square with the smaller side). Students developed
gradually their activities with the help of some geometrical relationship, which can be
illustrated as follows (Fig.1). In doing so, such operative activities could undergo a
kind of thought experiment.

D C

r

r

Fig 1: Measuring the diagonal of the square with the side

Consequently, we only need to remark the first three steps of the operative activity.
Because, as we can see Fig.l, you start measuring the diagonal of the square (=AC)
with its side (=AB), and repeat twice the procedure of subtracting small one from large
one, then another smaller square and its diagonal (=IC) will appear. Under the thought
experiment, it implies that the procedural can be recursive or infinite process.

1 T (teacher): How much is size of your finding square next?

2 S; (a student): ...[pointed the small square (right isosceles triangle)]
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3 T: A side of the square may be ‘c’ following S4’ expressions [See the Appendix]. So,
now we found a small square, its side is ‘c’. We don’t prepare smaller sheet for
folding anymore, but what does it imply?

4 SS (students): it continues endlessly.
5 T: Endlessly?
6 S,: ...Surprising.

7 T: OK, let us reflect why you say it is endless. Explain in your own word.
8 S;: Because the remainders are always made in the constant proportion.
9 T: Anything else?

10 S4: The square...because if squares are found, then we can always find the right
isosceles triangle.

All participating students became aware of the constancy of the procedure though
above conversations. At the end, teacher suggested that the continued fraction might
be useful for formalizing the operative processes. As a result, we obtained the
development of the diagonal (=x) in the general form: (»: remainder)

1 1

x=1+r=1 T=1+ " =-.=14 11
— 2+-2 24—
1 K 2+

‘. 2+ rn+1
7

n

It is well known that we can obtain an approximate value of the square root of 2
successively using the form above.

DIDACTICAL IMPLICATIONS

Let me summarize the main points that have made. Firstly the curricular contents
show that new numbers have been introducing from the practical need in the course of
learning, while irrationals tend to be introduced from theoretical need. But there are
no didactical opportunities to relate two different ways. Secondly the historical context
shows that the discovery of the incommensurability can lead to the theoretical nature
of mathematics by establishing the reductio ad absurdum. Thirdly the teaching
experiment shows that students can be minimally understood the conception of the
incommensurability under the thought experiment. As a result of such consideration, it
can be pointed out that as implications for designing the teaching in the conceptual
change situation, at least the following three items have to be taken into account.

(1) Questioning, say, is it possible to represent a result of measurement of
incommensurable magnitudes?

The numbers that students have already learned can be represented as a ratio of
integers, but students may not always be aware of this explicitly. Paradoxically say,
the “incommensurable” situation only enables them to be aware of
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“commensurability”. There is no situation for appreciating the idea of dividing of unit,
except for the situation of introducing square root.

(2) Eliminating the tendency to cling to the “concrete”.

A conception of numbers clinging to the concrete has been well acting on the
old numbers (rationals) in taking into consideration of its existence, and these numbers
can become intuitive on the number line. However we should not overlook the
following remarks: ‘Nothing in our “intuition” can help us to “see” the irrational
points as distinct from the rational ones’ (Courant & Robbins, 1941/1996, p. 60). A
practical conception of quantities (magnitudes) involving the concrete cannot be a
position to make the incommensurability sense. It will be important to eliminate such a
tendency ontologically (it is also discussed in the case of negative numbers in
Hefendehl-Hebeker (1991)). It does not only suggest the instruction of square root
numbers by approaching to the existence of solution of x*=2. As a didactical
implication, the tasks used in the teaching experiment can be effective settings for
becoming aware of incommensurability. In short, context of justification in the history
could be recontextualized into the context of discovery in the classroom.

(3) Shifting on value judgments toward the mathematical knowledge

More important point to note is, belonging to ‘meta-mathematical layer’ in
Sierpinska & Lerman (1996)’ sense, what we aim at by developing Euclidean
algorithm as a learning activity. The interactive activities of operating with folding a
sheet and expressing its process have to lead to the activities by the thought-
experiment. In doing so, Euclidean algorithm is primitively regarded as a practical
method, for applying it to the material (real) objects, measuring the diagonal of square
with its side. The view on the method can undergo changes though students’ applying
the method and then deriving the theoretical conclusion from its infinite process. This
implies students’ seeing as the ideal object. Under the thought-experiment it is
expected or required for students to shift their value judgments toward the
mathematical knowledge underlying item (1) and (2).

— 263 —



Appendix

The picture shows a student’s writing on the blackboard (T the diagonal of the square;
S: the side of the square; a, b, ¢, d, e: remainders)
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DEVELOPMENTS OF A CHILD’S FRACTION CONCEPTS
WITH THE HELP OF PSYCHOLOGICAL TOOLS:
AVYGOTSKY’S CULTURAL-HISTORICAL PERSPECTIVE

Kaori YOSHIDA-MIYAUCHI (Nagasaki University)

ABSTRACT

This paper. aims to interpret Vygotskys abstract theory in a concrete
mathematical context. Based on cultural-historical perspective Vygotsky stresses the
importance of psychological tools in the development of human behavior. Through the
interviewing and observing fraction lessons the researcher draws two conclusions:
Both of the learning material and the fraction symbols function as psychological tools
but they have difference in some levels; Kanako, a third grader, developed concepts of
equivalent fractions mediated by fraction signs in a class, but it is not a real concept.

1. VYGOTSKY’S CULTURAL-HISTORICAL PERSPECTIVE

According to Van der Veer and Valsiner (1991), Vygotsky’s cultural-historical
theory‘ aimed at exploring where mental processes originated from and how they
developed. In fact, Vygotsky and Luria (1930/1993) placed a great emphasis on
“historical development” of human behavior, not only on “biological evolution” and
“childhood development” (p.81). Based on four comparisons between behaviors of
lower and higher forms such as between anthropoid apes and human beings (Van der
Veer & Valsiner, 1991), Vygotsky and Luria (1930/1993) drew the following
conclusions in reference to works of Kohler, Bithler, Engels, Lévy-Bruhl and so on
(Yoshida, 2004a). _

As regards nature, chimpanzees purely use nature with no intention, using tools
as auxiliary. To make and use tools are inessential to survival for them. Using tools of
labor, on the other hand, human beings control nature in accordance with their ends
and plans. Hence these tools are essential to living for human.

Furthermore, regarding with psychological development, nonverbal
communication and thought describe chimpanzees’ behaviors whereas human beings
invent artificial signs and behave relying on such signs and speech. This means that
human beings control their behavior itself using signs. In short, Vygotsky recognized
that the human ability to control behavior through sign systems was the key difference
between anthropoid apes and humans.
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Incidentally, what does it mean to control human behavior through sign
systems? Vygotsky and Luria (1930/1993) illustrated it with comparisons between
behaviors of natural people and cultural people. According to Roth, for instance,
messengers of the North Queensland aborigines delivered a song repeating it from
memory even though it took five nights to finish (as cited in Lévy-Bruhl, 1910/1966,
p.94). Vygotsky gave an explanation of this as eidetic memory — an undifferentiated
whole consisting of perception and memory — which people do not control but merely
use. :

Along with historical development of human beings, mnemotechnical aids
became popular (Vygotsky & Luria, 1930/1993). For example, knot-based
mnemotechnical systems for memorizing, or “quipu” were used to record important
events or results of counting the number of animals (cf. p.104). Likewise, in Okinawa
islands of Japan officers used to tie and interpret knots in a rope when collecting taxes
(Ifrah, 1981/1988). And finally, human invented sings and letters for writing.

In conclusion, as sign systems developed, humans started to keep records with
the help of mnemotechnical aids of knots and signs. In other words, human beings
were freed from enormous amount of memories. As a result, it enabled humans to
think abstractly, hypothetically, and logically (Vygotsky & Luria, 1930/1993). And this
means that human beings control their behavior with the help of artificial signs.

2. PSYCHOLOGICAL TOOLS

We have many reasons to assume that the cultural development consists in mastering
methods of behavior which are based on the use of signs as a means of accomplishing
any particular psychological operation. (Vygotsky, 1929, p.415)

This Vygotsky’s description represents that self-control over behavior through
sign systems is “the essence of the cultural development of man’s behavior” (Vygotsky
& Luria, 1930/1993, p.77). In this context culture has a special meaning for Vygotsky.
As Van der Veer and Valsiner (1991) pointed out, using Barash’s distinction of a
cultural evolution, Vygotsky identified culture as sign systems — writing systems,
counting systems, and language.

Such sign systems — the key to a A
cultural-historical development of human behavior B
— are explained as psychological tools by Vygotsky.

Psychological tools are artificial instruments X

Figure 1: Schematic Triangle
(Vygotsky, 1930/1997)

directed toward control over human behavior and
they are the products of historical development of
human behavior (Vygotsky, 1930/1997).
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While natural memorization produces a direct associative connection A-B
between stimuli A and B (see Figure 1), a psychological tool X makes a new path from
A > X 2B (Vygotsky, 1929, 1930/1997). At this time, X can play the role of the
object which an act of behavior (ex. to memorize, to choose) for problem solving is
directed toward and the role of a means of the psychological operations (ex.
memorizing, comparing) to solve the problem.

Moreover, psychological tools are differentiated from technical tools because the
technical tools change the object itself while the psychological tools effect no change
in the object but influence human behavior or mind.

This could be explained using the example of the officers in Okinawa islands
shown in the above as follows: To record taxes the officers tie knots and to report the
taxes they interpret the knots, and here the knots are the object of their acts. In addition,
the knots play the role of a means that enables the officers to reach their objectives.
Furthermore, the knots do not change the rope but change the officers’ behavior.

Although the discussion given above is important theoretically, for mathematics
educators it is more important to reinterpret it in a context of a real world on
mathematics education. Thus, the researcher presents the following surveys and notes
on lesson observations to consider development of a child’s fraction concepts with the
help of psychological tools.

3. ASERIES OF RESEARCHES ON KANAKO’S FRACTION CONCEPTS
Survey 1 and survey 2 by interviewing: Before and after fraction lessons

The surveys 1 and 2 for six third graders were conducted respectively in January
and March 2000 (Yoshida, 2000b, 2001, 2002). The purposes of the surveys were to
clarify children’s everyday concepts of fractions and to identify how children’s
concepts develop before and after fraction lessons.

Kanako, one of the children, solved each problem first by herself while the
researcher was observing her problem solving activity, and then was interviewed. The
problems given in the surveys before and after the fraction lessons were almost the
same, but only the latter survey included a number line problem. _

The first problem was to make a classification and a characterization. In fact, in
the survey 1 Kanako classified seven figures and sentences into two gropes according
to features that they have in common, and named the groups “1 out of 3" and “2 out of
6.”

In the survey 2, after learning fractions in classes, she classified them into two
groups at first and named them “1/3” and “2/6.” After interviewing her about the idea,
the researcher asked if it would be possible to reduce the number of groups she
classified into.
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Researcher: ... What do you think if you can reduce the number of the groups you
categorized into?

.. (omission of some sentences by several people)

Kanako: I think it is OK to put the two groups together in one.
Researcher: Why do you think so?
Kanako: Well, because when 1/3 is marked with an additional scale, it turns out

2/6. Again, it gets bigger and bigger. ... why I separated this (group of
1/3) from that (group of 2/6) is because the numbers for dividing were
different from one another. ...

Researcher: What kind of name do you give to the new group you made?

Kanako: a group of ‘1/3 transformed into 2/6” and ‘2/6’

The second problem was to draw a picture showing “one fourth” and to describe
a meaning of “one half” with words. Kanako gave Figures 2 and 3 respectively before
and after the fraction lessons.

> 2 ; 250 { & 2 bun-no I (one half)

. f'é[@ [~2¥33 & regard (the whole cup) as 2 D 2po
= .
gh > BuPopor3RTH Lo\ o & half the cup is %/
[\

2 bun-no [ (one half)

\\ A% € adoll 5 %
\ 2«33 € regard (the whole doll) as 2 é‘ T
R BLIFES .

J EXBofps .
251, & upper half of the body is 2 . 2
bun-no 1 (one half) Figure 3:
Figure 2: One half as “1 out of 2.” One half as “half a whole.

The third problem was to mark 4/10m, 1/2m, and 2/5m on a number line. Rika,
one of the subjects in the surveys, gave an incorrect answer (see Appendix A) while
Kanako gave a correct one (see Appendix B).

Observation on fraction lessons

A series of five fraction lessons for 39 third graders, including the six subjects in
the surveys, were observed on March 1 — 7, 2000 in Hiroshima, Japan (Yoshida, 2002).
Because of the official curriculum guidelines of that time, it was the first time for them
to take fraction classes at school. A teacher specialized in mathematics set the
following situations where children could learn fractions appropriately, according to
his teaching experience.
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In the first lesson, the teacher cut a piece of pink ribbon in two in front of the
children and told them that the longer ribbon was 1m long. He asked how long the
shorter one was. Through the lesson, they found out that triple of the length of the
shorter ribbon was equivalent to that of the longer one. Moreover, a child raised a
question; What would you do if the shorter ribbon did not correspond to the longer one
entirely?

Therefore, in the second lesson the teacher asked the children to find out the
length of a piece of new blue ribbon (45cm long) comparing to the longer pink ribbon
(1m long) given in the first lesson. Through this lesson, the children realized that in
this case it was the best way to fold the pink ribbon graduated in Im. In short, they
changed the benchmark for comparing from the ribbon in which the length was
unknown to the ribbon with 1m-length.

In the next lesson, the teacher gave glass-shaped folding papers and asked, “This
is a liter glass. How much juice is left in the glass?” Since the children had lots of
experience of folding in the previous lesson, they started to solve this problem by
folding the papers in some ways (see Figure 4). Through the folding activities, theyk
found out that they could tell the amount of the juice in some ways depending on how
many times they folded the paper. That means, some children gave the answer “2 out
of 5 parts” while the other did “4
out of 10.” After that, the teacher
introduced a sign of fractions
such as 2/5 and 4/10.

The fourth lesson started -
with the same problem, but the
amount of juice shaded on a glass-shaped folding paper was 3/5 liter. The focus of the
children’s interests changed from how to fold in the previous class to how to express

)

EVAVIVE

Figure 4: Glass-shaped folding papers.

the amount of the juice in this lesson, i.e. 6/10 1 vs. 6/10 dl. Through an in-depth
discussion on the issue, they achieved a consensus that it could be represented as 6/10 1
and 3/5 1. The following conversation took place shortly after that.

Kazuo: Mr., you can make it more, endlessly.
... (omission of some sentences by several people)
Kanako: Um, I got started with 3/5, and then, 6/10, 9/15, ...
Teacher: 9/15?7 Wait. Just a second. I’'m going to write them down here on the
blackboard. 3/5, 9/15,

Teacher: 12/20. Ha! Ha! [while he is writing it down.]
Kanako: 15/25, 18/30, ...
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‘At the end, Kanako notified that she gained 300/500; and so the other children
looked into her notebook (see Appendix C) surrounding her desk.

4. DISCUSSION

The research suggests two findings as follows based on Vygotsky’s theory.

First, we could regard both of the glass-shaped folding papers in the third lesson
and fraction signs introduced in the fourth lesson as psychological tools to recognize
the system of equivalent fractions, because both of them play the role of a means by
which Kanako and the other children produced the idea of equivalent fractions as well
as play the role of the object of their acts such as folding papers (to find out the
amount of juice) and making fractions (to express the amount of juice in a variety of
ways). ,

However, it is possible to distinguish the levels of the glass-shaped folding
papers and fraction signs one another. That means the children and the officer who
collected taxes depend on the concrete contexts using the glass-shaped folding papers
and the knots, so that they cannot think and cannot solve their problems without the
tools. On the other hand, after the teacher introduced the signs of fractions, Kanako
developed expressions of equivalent fractions on her own motive without any concrete
materials and not based on any practical situations. In short, the fraction signs as
psychological tools could lead Kanako to a general, hypothetical, and/or abstract
thinking and the ability of planning for the future. This corresponds with the following
descriptions.

With the aid of speech the child for the first time proves able to the mastering of its
own behaviour, relating to itself as to another being, regarding itself as an object.
Speech helps the child to master this object through the preliminary organization and
planning of its own acts of behaviour. (Vygotsky & Luria, 1930/1994, p.111)

Second, we could conclude that Kanako’s fraction concepts developed with the
aid of psychological tools, i.e. fraction signs, through the lessons. For example, she
modified her views on “one half” from “I out of 2” (see Figure 2) to “half a whole”
(see Figure 3). As Rika gave a wrong idea in the number line problem (see Appendix
A), the idea of “l1 out of 2” corresponding to each number of numerator and
denominator for 1/2 is one of everyday concepts for fractions and causes the difficulty
of learning fractions (cf. Yoshida, 2002, 2004b).

In addition, Kanako showed a remarkable development of fraction concepts in
which she produced equivalent fractions from 3/5 to 300/500 during a class. However,
the products made by Kanako (i.e. Appendix C) should be investigated with special
attention because those equivalent fractions were probably made by adding 3 to the
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numerator and adding 5 to the denominator like 15/25 = (15+3)/(25+5) = 18/30,
instead of multiplying the numerator and denominator of 3/5 by 6, taking her age (or
her ability) and the hours of the lesson into account.

Such Kanako’s thinking for equivalent fractions are regarded as pseudoconcept
(Vygotsky, 1934/1987). In appearance a pseudoconcept and a real concept look alike,
yet in reality a pseudoconcept is one of thinking in complexes, and besides it is in the
highest level among five different types of complex (cf. Yoshida, 2000a). Sierpinska
(1993) gives an example of the pseudoconcept in mathematics as follows: Children
may select every triangle in similar manner to adults; however, it is based on the
physical appearance of triangles and not based on a definition of a triangle.

As Berger (2005) describes, pseudoconcepts can lead “the transition from
complexes to concepts” (p.158); in addition to this, children can communicate with
adults and other advanced people because of pseudoconcepts. Therefore, it is regarded
that a pseudoconcept takes an important role when children’s concepts or thinking
develop. In fact, the teacher communicated with Kanako in the class as if she could
have understood equivalent fractions properly. Yet the results of the first problem in |
the surveys 1 and 2 showed that Kanako’s thinking of equivalent fractions was not
enough to reach a real concept because Kanako combined the group of 1/3 and 2/6
only after the researcher asked if it would be possible.
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