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Trends and Prospects in Curriculum Research and Development:
Recent Trends and Prospects in the Research on Mathematics Education in
Japan ~
by

Masataka KOYAMA
Graduate School of Education, Hiroshima University

The aim of this paper is to review the recent trends and to suggest some
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prospects in the research on mathematics education in Japan. Based on the
works of specialists in each research domain/area in mathematics education, the
reviews of the recent (1991-2000) research papers presented at the Annual
Meeting of Japan Society of Mathematical Education for the ten years were
summarized to show the recent trends, including results and issues. Then, the
common prospects for some research domains/areas in mathematics education
were characterized by three key-words of “integration” of theory and practice,
“cooperation” between researcher and teacher, among researchers, and among
teachers, and “criticism” of theories and research results through a critical
analysis. The prospects with the three concepts would be expected to promote
the further development of research and practice in mathematics education in
Japan.

INUIEZE, THRHEZOMEEN & RBE—H ROBFEHE R T 5 EFEOHSE
BmeBE—|, TEARERBEEZRE] F2148FE 415, 2005.3, pp.91-100 IZFF
iz
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RESEARCH ON THE PROCESS OF UNDERSTANDING
MATHEMATICS: THE INCLUSION RELATION AMONG
FRACTIONS, DECIMALS AND WHOLE NUMBERS

Masataka Koyama

Graduate School of Education, Hiroshima University, Japan

In the research on the process of understanding mathematics, Koyama
(1992) presented the so-called “two-axes process model” of understanding
mathematics as a useful and effective framework for mathematics teachers. The
model consists of two axes, i.e. the vertical axis implying levels of
understanding such as mathematical entities, relations of them, and general
relations, and the horizontal axis implying three learning stages of intuitive,
reflective, and analytic at each level. By analyzing elementary school
mathematics classes in Japan, Koyama (2000, 2002, 2003) suggested that a
teacher should make a plan of teaching and learning mathematics in the light of
“two-axes process model”, and that she/he should play a role as a facilitator for
the dialectic process of individual and social constructions.

The purpose of this research is to examine closely the 40 fifth-graders’
process of understanding the inclusion relation among fractions, decimals and
whole numbers in a classroom at the national elementary school attached to
Hiroshima University. Up to the forth grade, these students had learned whole
numbers, decimals and fractions. In order to improve their understanding of
those numbers and promote their mathematical thinking, with a classroom
teacher, we planned the teaching unit of “Fractions” and in total of 10 forty-five
minutes’ classes were allocated for the unit in the light of “two-axes process
model”. Throughout the classes we encouraged students to think mathematically
the inclusion relation among fractions, decimals and whole numbers. The data
were collected in the way of observation and videotape-record during these
classes, and analyzed it qualitatively to see the change of students’ thinking and
the dialectic process of individual and social constructions through discussion
among them with their teacher in the classroom. First, as a result of introducing
the frame A/O for their individual activities, by putting some whole numbers
into the frame, students could make different fractions and classified them into
three different categories. Second, as a result of the qualitative analysis of
students’ discussion, we found that students were interested in thinking the
inclusion relation among fractions, decimals and whole numbers, and that they
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could explore the mathematical reason why some fractions were not changed
into finite decimals or whole numbers.
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RESEARCH ON THE PROCESS OF UNDERSTANDING
MATHEMATICS: WAYS OF FINDING THE SUM OF THE
MEASURE OF INTERIOR ANGLES IN A CONVEX POLYGON

Masataka Koyama

Graduate School of Education, Hiroshima University, Japan

This is a part of the series of research on the process of understanding
mathematics based on the “two-axes process model” that consists of two axes,
i.e. the vertical axis implying levels of understanding such as mathematical
entities, relations of them, and general relations, and the horizontal axis

implying three learning stages of intuitive, reflective, and analytic at each level
(Koyama, 2000, 2003, 2004). The purpose of this research is to closely examine

the 40 fifth-graders’ process of understanding the sum of the measure of interior

angles in a convex polygon in a classroom at the national elementary school

attached to Hiroshima University.

In order to improve their understanding of the sum, with a classroom teacher, we
planned the teaching unit of “The Sum of the Measure of Interior Angles” and in
total of 8 forty-five minutes’ classes were allocated for the unit in the light of
“two-axes process model”. Throughout the classes we encouraged students to
think the sum in a various and logical/mathematical way. The data collected in
the observation and videotape-record during the classes were analysed
qualitatively to see the change of students’ thinking and the dialectic process of
individual and social constructions through discussion among them with their
“teacher in the classroom.

As a result, the teaching unit starting from the tessellating congruent triangles to
the finding/explaining ways for the sum of the measure of interior angles in
quadrilaterals, pentagons, and hexagons could improve the students’
mathematical understanding and logical thinking. Especially, their whole
classroom discussion on the various way of finding the sum in a hexagon was
effective for the students to share with and reflect on their ideas leading to the
general formula for the sum in a convex polygon with # sides.
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Research on the Process of Understanding in Learning Mathematics (1):
Analysis of the Lesson on “Stellar Polygon”
at Second Grade in Lower Secondary School

Masataka KOYAMA
Graduate School of Education, Hiroshima University

Abstract

This is a part of the series of research on the process of understanding
mathematics based on the “two-axes process model” that consists of two axes,
i.e. the vertical axis implying levels of understanding such as mathematical
entities, relations of them, and general relations, and the horizontal axis
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implying three learning stages of intuitive, reflective, and analytic at each level
(Koyama, 1993, 1997). The purpose of this paper is to analyse the process of
understanding in the lesson on “stellar polygon” at 2nd Grade in a lower
secondary school attached to Hiroshima University in order to see the
development of students’ understanding of the properties of “stellar polygon”
and to get some implications for the teaching and learning of mathematics in
lower secondary school. The objectives of the lesson on “stellar polygon™ were
to improve students’ understanding of how to find out the measure of an angle in
a stellar polygon and to promote their mathematical thinking and attitude toward
mathematics through generalising the mathematical tasks on regular polygons to
regular stellar polygons.

As a result of qualitative analysis of the data collected in the observation
and videotape-record during the lesson, we found out the four suggestions for
improving the students’ understanding of mathematics in lower secondary
school. First, there were three different approaches to the same task 1 in a
regular nine-pointed star polygon. It means that mathematics teacher should pay
attention not only to the correctness of the answer to a task but also to the
process of reasoning to the answer in mathematics lesson. Second, when the
students worked on the complicated task 2 in a regular nine-pointed star polygon
they folded back to the image-making level. This fact suggests us the
importance of teacher’s decision making on what kinds of learning situation
should be set up for helping students improve their mathematics understanding.
Third, a questing about the reason by the teacher and the response by a student
changed the development of the lesson to a higher level of understanding. It
suggests the importance of social interaction among a teacher and students in
mathematics classroom. Finally, the students had difficulties when they worked
on the more generalised task 3 in a regular n-pointed star to formulate the
measure of an angle. The fact suggests that students should reflect what they
have done in the task 2 (reflective stage) and do more activities for integrating
them (analytic stage) in the “two-axes process model” of understanding
mathematics. Being based on these suggestions, when a teacher intends to help
students develop their understanding, according to the levels of understanding
and three learning stages involved in the “two-axes process model”, it is
suggested to set additionally the alternative tasks such as task 1’ of the
geometrical figures in a regular nine-pointed star polygon, task 2’ of the
measure in a regular nine-pointed star polygon, and task 3’ in a regular
12-pointed star polygon before posing the generalised task 4’ in a regular
n-pointed star for asking students to formulate the measure of an angle in
general.

INUTESE, #2223 000 2HEMBRICET 2% (1)), EERFHETFEEE
[¥cez#E 2Rl 8 12%, 2006.6, pp.71-81 [T
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ST ENRTED, LT, BROTTNEEBETHZ L, 2FVHEEDOET VLI,
RE - AROBFHMEBAT I-DIHERTRTHDHLEEZD,

Q) BEODETIVIEOES

INET, HEZEFRCBVTEHBOET MVERBADNTE L, TOBRNA
WARETVRERINTWHEDR, ZROHITETMEOBROENDPBREL 2250
BRI T b6n5,
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WCEREUTIHAELERD D,
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OHEFNIEE BMICBET 5 b O T, FEMAKEICBITHLUTO L 5 7% 3 oDOFEE B
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(1) EEAEME (Intuitive Stage) : FEEFENEEYH 2 WV ITHESCHE 2 E 0¥

FHRREBRIET 5, EENES LB/ 5 B,

(2) XAERIEEPE (Reflective Stage) : ZHHENE b DEBEBARFHCEBIECER
BT, ThHRZTORELZERMLT, IRLEERLICI-TEHRATS, K
BWIEE 2 @h e 5 BRE, '

(8) ATHIEEFE (Analytical Stage) : ZEENER L bOE LV EBL T
FICRBE LY, OB THENDTEY, TNEOORBY ESHT LIV TE T
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ZHLE2ERBETNDOA A—VERIZET LRI DX DR b, BRI,
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P3: HETITONAEH - BFOBREHEH L LTOBEIRVWAL, RE- &
FEDEAER & HABROB FOES - BERT 5, [EARER SR
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22 ABONHRTHY, B - BFREEMTE LIV D Z LDV TDEARR
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EFROTEHEAZ R B L&, #lziE, b REFMEICEEERDLIAKN A=LXB
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REREFEOEEEZRDOIAREZENTRDO NPT T, 220OKREED
BRAEFEOEBEELRDZ EIETEAnE LABRWVNL TH B,

F I, B BOEOBEENEICHRE Loobh 3 BM A NEHERETHL L NS Z b
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B AR CHIEES LTV 5, Pirie & Kieren®E5T VL, O3, Q4 A —V %D
B, @FA—V%iHD, OHEIZK O, OBRILT 5, OBLTS, OEElT
%, @FIRTDEVI 8ODKENLRERDD, ZDETIVEBWTELEORFHIRME
DRENBRAOBERTHY, L TERHTRRZVLDOL LTRERENTVWEDTH
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DEDZ &k, PLITEE - HZOHEEL, 208NV K5I ZHFR—MIZT
WL, BHEERNERERE L TEL 252 8] &, BFEEMAO 2HBRREFNMCE
DB - BERICBITFEEROE 1 OFERLET B,

2) BEEBP2IZ2D2U1\T
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RETDHEDITIE, EOXdFRICBLITIEI VD, £/, FokHREER
MERETHIEI VD, PRLEBERIL RS, BiIEOBEIREFAICETS =
ERBEORBRIAKEL LTOMMTHY, BEORETNEEEFERRICETIZ &
KB YEC BT 2R EBR L LCOMBIThH D, LEN-T, BE - A0OEK -
BEOBEZFEIIEDEDOFEBRICBV L, T bBERIAYE L EZEERED
2ENIZRETHIVNERDDLEEZOND,

£, BFEEMOBBHIAEL LTORMBEZRET 5 Z & OLESR, HFEHES
@%’E X3, #lziX, van Hiele (1986) @ [FE/KkUEHEFH Lm\ﬂi e a2

BT 5 00BBHWZREZKE (BREY, KF, RFEOWE, 8, 3w\ RS
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BB eWd THEORG] EEEN A2 BFHBZO/FERELZONATNS, &
DOvan HieleOEERN O, MEHRR FHCRBRE) , HEAIROME, FFEH
HEOBKRE LTomE, mBEOBRE LToBXGH ﬁkwoiok,&%ﬁ%mx
WTHEWLS DD OREBRIAER D D = & 089025, £72, Sfard (1991) 1T, Bk
D X5 RS REFEOERT 2 DOERMCER R - To 5 T (G L BIER) &
HRONDZ EERN, HEHHSIER (mathematical conception) "} EL%
H L, BICREWEEZORE L iEORE Y T ORNEEICE SO TR
W52 LickoT, BEMBLEIER BN EEREESERICET T2 28, ZL T n
b 2 ODOBEERBER LS b B2 ANKET D (BEhoEs, BARE, E
DOEEE, EOFEH, EH, HFH) ZLE2HLMTLTWS, b 2o0HHD
ARLTWSREBERIKEIIRIMOREL - BHZEOZEZBIZAONEILOTH D, Lo
T, TR X 0 bEHFE OB - HFEOFEF B TIL, BEMOTEEL TE I
RIEBHIKEZHONCL, ZREREINCRET AHLERD D,

Wiz, RE - EEOBFEBOBEL, 2F VAL LRS00, BEEED
FARYEICFEERM L U COBEERET DI EHPMBEL D, HEEMFEO 2 @hffEt
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PP WO EMRICER LT TEBMNERE & TOMMEBRE 2REL, ThbDOEEE
ShSEOL LT IRENEE] 23 COREWEZS0EEREE KR EE T D,
R D, BT LbERE TRV, ThbDBREERT, FEECHLRE £
OB ZEBMOKEN ERTELEZONENDTHD, b 3 DO, van
Hieled\ 9 THEORERIL] 2ETHOTHY, SfardDdSELMEY 1L THEIL,
EHE, B8l O3 oDRBHREEERD Z LITHIET D,

LED = ik, P2 TEE - S 0B ORI ERET 572012, BEOREIIK
Ve L SR QWA RET DL &, BFEMO 2R ETNVICESSEE -
BERICRBIT A REEBROE 2 DFHE LD,

(3) HEP I[ZDWT _

21T, FEPSIIHECIThh 28 - BFEOHBFEEH & L TOREITBNT
VWERARGEETH D, BEHT BT 2EFRRBICET 5 ZHE TORFEHEAL
FHEUTEE, AL TR OEEER AR & T DICES B
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WHIZ E RS &V D 2 L IEARBEHICIIE . OVE - ARONE CTEET 5 LR
EECHY, BHETHENRERCTHIH, MEOILE b o BETTOLLR
¥ BROBEBEE IRV, HBRE - AFOBEMREILZ OHEE DT DA
DR - £t L OHASWHEEROFEEERZIT D I LPHALNICR-TETND,

Lo C, BUEEMEO 2 SRR T M ES < Bl - BRERICRT 2B BRI
BT, BRI REI Lo TSEICZ RO S b O Tl SBIERIC
FoCHBHICERSNDbOTHS LT HERIBNRHERICIEL, Ex0R
= AEOFEANNEBRESZEARL TS, £LT, Brx0RE - £EE2H DM
AHPRR OB ICENNTWEE & 4T, BFEHARIITEMICAEISNVECELLE
HHLHEE L OOV EHSHICHE SN HEWEHTH D LT SR LE
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LOThD T HHAEERAEHENRRBONENLARETIZLEEZERXD, TLT,
OS2 BREERT SIS ES < B - BRI A RERRICR VW TIRIEE -
R R8T & O EEA 2 L COHSNBRIEES 2 ATl L &5 UM
{1, 2000) . EIROEEP2D 3 0DFEEER L OXGCE T, RE - AROEAR
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T HDIHETHD EE 2D

PLEDr Ehh, P THE LN EE - HFEOHBRFEIEH L L TOREILR
WCHE, R - AROBANER L HLBROTHOEBZERTSZ L] &, &
BRI 2 BERE T MCE S B - BFERICRB Y AR ERROEIOREL T D,

6. 2HBERETNVICE S BEBROGIE
PlEDX 57 3 onEBEE D, BFHEMO 2 BBRE T MES EH - HER
BT ABEEREITo TV ZLICRBD, TOLEOBERBROGHEL LT,
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- SRS & BRSO E R OEENT
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M2 [RE] SEOZBICETIHFEEZORELOARE

(2) AEM2IZDWT

Wi, FEM2IE, FEMLZ L - THEC R > RFREOERILO B TX&HH
PEEL, B - BFEHOBRECTRE - ARPFEE T 2AFIT OV T OBZERIFHES
HEAEREEITOLICEoTC, BE - EHROZTONFICBOIBMOBERED
RESHEL, TUEROFEMSIZ X > TEEEE L BBLT 57D OHEH B &
THZEThD, BE - AROBEMOERICE CoRITIE, Bl - BFER ORI
BOWTHRESNAIZEZRADDEVCOELETELVFLHEVCHRETELD
LT, RE - AROBEOEICEELRNEWI ZEREZBLNINDLTH D, B
bAk, BRE - AfFICLo THEOBREICERDLD Z LIX+HITBEZBND, TTIZ
W k5T, BRIIARENICIIEANRLOESG THY, BHETHEBNRESRTH
Hinb, teLA, BE - AROEMOBESHBOMLFICER D ZDIXERRILT
HBHLESTHIV, Lo T, BE - £AROKFEMBOERIIIST T, —F, /b
£, FEHOLOEEBERESRAT I, HDVIETALE DL ICHEARED
TV BED SNRITNITR S22V, WThoZEEREERBEZEALLO LY,
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T, FOEEFE LT, INEREERICRBT AE 2FED [ZAFR L NAR)
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<HBAEWSZOHRT, =ARRGEATLELED
MPP2ZARERSEEOTHIHE
L&D,
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@

TORE, FEAOREDOEEL LT, UTOZR3HLNT T,

7. KEOQ, ®, OFBRLCEERILADVRNIEND, TRTCORER=A
BEERCTERENTWVWAE LD EEML TS,

4. RO, OZBRLEREN 2, 384VWBI LD, 3ADEBRBTHERINT
WAHBBICIREEACLTORVEETY, 50T 1 2OABREHI L ER
CTWLHETSH, TUE=ZABTHS LHETIRENSD LVWS,

V. KEQ, QZBRLIZIREN 30 RA T, BLORENBIR Lol
ZEnh, RIEOMEIZL > Tk iz, AR LRXICE ML TRV
AT , FRE=ZARLHEBTE RVWRENEL VWS,

. MO, @%BRLEZEER 60%RT, # 40%DRENEIR L 2okl &
2o, IFEORE IITL>TiE BT, ZDEVTICHT 55 S BB/ X
SHIEWEAIZIY) , Thez AR LHE T RWREN 4EE WA,

Z. HEOQOMNAREZEBR LEZRERHI0%NE 2 L2, IED, @DHIEVW=S
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REOMMNAROBEMOTFLERTIZDE, BOBHFORBICHTIR®REHS
PICTDHZENTELIRBEBRAOE (RN &, IBOZKRLBHEELEL,
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Principles and Methods for Designing Mathematics Lessons
Based on the Two-Axes Process Model of Understanding Mathematics
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Masataka KOYAMA
Department of Mathematics Education, Hiroshima University

The purpose of this paper was to identify the principles and methods for
designing mathematics lessons based on the Two-Axes Process Model of
understanding mathematics. As a result of theoretical and practical studies, three
principles (Ps) and three methods (Ms) were identified for designing lessons to
facilitate and deepen students’ understanding mathematics as follows. P1:
recognizing mathematics understanding as a dynamic process, P2: setting up
levels of understanding and learning stages at a level, and P3: incorporating
students’ individual constructions and social constructions. M1: making clear
levels of understanding related to a certain mathematical topic, M2: assessing
and evaluating students’ understanding as a readiness, and M3: planning in
detail three learning stages as a dialectic process of individual and social
constructions in a lesson.
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