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IntroductiOn

In[10]and[11],E.ReesandE,Thomasstudiedthedivisibility

ofsomeChernnumbersofthecomplexcobordismclassesandthe

homotopygroupsofMU(n)-Thepurposeofthispaperistostudy

thesymplecticcobordismtheorybyusingtheirmethods.

LetMSp(n)betheThemspaceoftheuniversalsymplectic

vectorbundleovertheclassifyingspaceBSp(n),andMSp-

{MSp(n),∈}betheThornspectrum
noft加symplectxccobordxsm

theory,wher占ここ=MSp(n)サーMSp(n+l)isthestructuremap・

n

LetMSp(nト-QMSp(n+N)betheadjointmapofthe

n
cornpoSxtlOnEn,NE4N.MSo(n)-MSp(n+N)of=lC.,where

n+i

N>3n>0-Convertingfc>nintoafiberingwithfiberFn,we-

considerthefiberxng

b
(1)n--MSp(n)⊥一旦-4"N
QMSp(n+-

Then-is(8n-2)-connected,andwecandeterminethecohomology

n

groupsoindimensionslessthan12n-2(seeProposition2.15)

n
LetP-∈H4i(BSd)bethei-thsymplecticPontrjaginclass,

1

ForasymplecticcObordismclassu∈¶(MSp)andaclass
^2JC

p・O。・pi.∈H41(BSp)with島Ixt-1/p.-p.[u]-denotesthe

llコ11コ
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Pontrコagin number of u for a class P. -蝣p.

11　1〕

The one of our purpose is to obtain the divisibility of some

Pontrjagxn ni血ers of the symplectic cobordism classes by making

use of the cohomology groups of F .　As a concrete result, we
n

have the ollowing theorem (see Theorem　3.8) :

TheoremI.Letji≧1.Then

(i)n【ul≡Omod8foranyu∈7T4n(MSp)

(ii)P-P
ln【u]-((n+4)/2)Pn+1【u]≡Omod24oranyu∈

^4n+4(MSp)

The divisibility of Pontrjagin numbers of some sympiectic

cobordzsm classes has been studied in [14], [13], [3], [6] to

investigate the structure of tt^(MSp).　For the divisibility (i)

of the above theorem, E.E.Floyd [3] has proved it with some restriction

by using the alternative method, and some application of the method

of Floyd-s is considered in 【4】.

The second purpose of this paper is to study the homotopy

groups iTgn-1(MSp(n)) and TTgn+3(MSp(n)) by using the fibering (1)

and some examples of the symplect五c cobordism classes.　Our second

results are stated as follows (see Corollaries　4.4, 4.5　and

Theorems　4.6, 4.7)

Theorem II. (1)　Let m(n)　be the greatesi oTnmOn measure Of

{(1/8)P [u自u ∈ '4n(MSp主上　Then the induced homomorphism

*> * : *　(MSp<n)> --7T4n-1(MSp)

of b in (1) i占epimorphic and its kernel is a cyclic group ofn
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order4m(n)generatedbytheWhiteheadproduct[i,i]forthe

homotopyclassio4n
fthenaturalinclusionmapS-MSp(n).

(ii)If2TT--1(MSp)=Oand-nisnotapowerof2,

then b.in(i)issplitepimorphic,thatis,
n*

T8n-(MSp(n))芸'4m(n)◎¶4n-ユ(MSp).

(iii)m(n)isapowerof2forn^1,3,andm(l)=m(3)=3.

(iv)m(n)-1ifnv9
-2+2-1or2k+2J<k′l之0)andn≠1,3.

Theorem I三三　(i) ¶　(MSp(n)) (n三3) has no p-torsion for

any odd prime

(ii) The homomorphism b * : tto ,,(MSp(n)) -- -411+3(MSpJ

is epimorphic for n三1・

(iii) If n- 2k+2 -1 (k′綾l), then b-+ in (ii) is isomorphic,

i・e・　7T　(MSp(n))芸¶4n与,-(MSp)

we notice that the assumptxon　27T4n-1(MSp) = 0 in Theorem Ix (ll)

is valid for n三　8　by the result of D.M.Segal [12]

ThispaperisorganizedasfoHows.In§1wesummarizethe

necessarylemmasconcerningtheiteratedcohomologysuspension

investigatedbyR.J.Milgram【5].In§2westudythecohomology

groupsoF,andin
n§3westatethedivisibilityofsomePontrjagxn

numbersandproveTheoremI.エn54weconsiderthehomotopyexact

sequenceconcerningTTg^{MSp(n))andTTgn+3(MSp(n))andstate

TheoremsI工andIII.In§5wepreparesomesymplecticcobordism

classesandprovethesetheoremsm54・
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§ 1.　Prelxmmaries

In this section, we summarize the necessary lemmas concerning

the iterated cohomology suspension studied by R.J.Milgram 【5] ・

Let Y be aれ(r-1)-connected CW-complex, and i : Y -nkEky

be the natural inclusion. Then Milgram 【5; Th.1.11] proved that

the co fiber 0, ∑"y/y o is homotopy equivalent in dimensions

lessthan　3r-l othespace- ,k-1防Yy¥Y,where Sk-1KTY∧Y

is the quotient space of S寒-i x (Y∧ Y) by the identification of

(x, yir y2) with　卜Ⅹ,　y) and (x・ ★) with thebase poxnt.

when Y　=　SI 2　　or a (k+r-1)-connected CW-complex X′　we can

consider the evaluation map e : Eknkx -- X and the fibering

F二L→∑ky-L+x (y=n x).

Then the inclusion i : Y →nk∑VY is a section of the fibering

nkF遼云nk∑kY AY, and we have the maps F ←エー∑knkF

=k(q-fi j)- ∑k(f2k∑ky/Y), where q : fik∑ky -nk="Y/Y is the

canonical projection. Since these maps are (k+3r-1)-equivalent.
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we have the following lemma (cf. Proof of [5? Cor・4・4]).

Lemma 1.1.　工n dimensions less than k+3r-l, F is homotopy

equivalent to　=k k-1回　fikx∧ nkx主

Take X o be the Thom space MSp(n+N)　of the unxversal

symplectic vector bundle over BSp(n+N). Then we have the fibermg

(1.2)　　　F(e) ∑4VNMSp {n+N) MSp(n+N).

Hereafter we shall take integers n and N to satisfy N　>　3n　>　0.

By Lemma 1.1, we have

corollary 1.3. In dimensions less than　4N÷12n-l, F(e) is

homotopy equivalent to I r(n,N), where we use the notation

r(n,N) - S4N-1回　fi4NMSp(n+N) A fi4NMSp(n+N)

-put A =　Z o Z　(p:prime). By this corollary, we have

the isomorphisms

Hl+4N(F(e); A) =Hx(r(n′N); A)　or i≦12n-2・

Therefore the Serre cohomology exact sequence or (1.2) turns out to

be the exact sequence

(1.4)・- →Hト(r(n,N); A) 」ゥHl+4N(MSp(n+N); A) 」㌧

HX(fi MSp(n+N); A) 」→Hl(r(n,N); A) - -

for　　三12n-2, where t′　　and　コ　are the transgressiOn′　the

★　　　　　　★

induced horaomorph土sms e and　土　　composed with the suspension

lsomOrphisms respectively, and o is known to be the iterated
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cohomology suspension.

We shall use the following notations:

(1.5)(i)ByaseriesR=(r-,・・・,r.),wemean:thatr.'sare

nonnegativeintegers.

(ii)ForaseriesR-(r-,-r.),weset回-∑王=llri'

(iii)orseriesR=(r..,r-.-)andS=(svb2'-)t

R>Smeansthatr.=s.(1≦i三m-1)andm>smforsomem≧1・

LetP.∈4i
H(BSp)betheuniversali-thsymplecticPontrjagin
l
class.ThenitisknownthatH★(BSp(n+N))=Z旺PIp-n+N刃・

・RI
wesetP-p--r.∈H梱(BSp)foraseriesR=(r,-,r).
r.

LetU∈H-(n+N)(MSp(n+N))betheThemclassofMSp(n+N),and

considerthecomposxtxon

V:H(BSp(n+N))⊥Hl+4N(MSp(n+N))一旦-→HT^fi^MSpdi+N))

whereUistheThornisomorphismgivenbyU(x)=Uxand

istheiteratedcohomologysuspensionin(1.4).Hereais

isomOrphicfori≦8n-l,andH★(2MSp(n+N))or*皇8n-lis

thefreeabeliangroupwithbasis{V(P)回<n)′where

(1.6)V(PR)=a(UPR)∈H4(n+回4T¥I
(J)MSp(n+N))

Thefollowinglemmaisanimmediateconsequenceof[5;Prop.3.1]

くcf.【11;(2.1)]),where<8fi-and⑳arethenotations

usedin【11】.

Lemma 1.7. (i) The cohomology group Hl(r(n,N))　or i三

12n-2　is a direct sum of some copies O and　　・　A basis Of
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its free part consists of the following classes:

<v(pr),v(ps)> ∈H8n+4(|R回s )<r(n,N)　oranyseries R and

with R>S and R回st≦n-1,and

・v(PR)⑳'V(PR) ∈ H8n+8回(T(n,N)) for any series Rwith　2|R　≦ n-2.

A basis of its Z--summands consists of the following classes:

2kv(PR)㊤V(PR) ∈H8n+2k+8|R|(r(n?N)) or any integer k ≧　and

any series R with　2k+8回　三4n-2・

(ii)Abasis。Hx(r(n,N);Vfor三12n-2consistsof

themod2reductionsoftheclassesgivenin(i)andmoreoverthe

classes

e2k+1.V(PR)⑳V(PR)∈u8n+2k+l+8
ri回(r(n,N)Voranyxnteger≧

oandanyseriesRwith2k+8回三4n-4.

we remark that the classes u*　⑳e in 【11; (2.1)】 do not,appear

in H (r(n,N)) for i≦12n-　since N>　3n.

By the above lemma, we have Hコ(T(n,N)) - 0 if j is odd

and j　< 12n-2, and the following

Lemma 1.8. (i)　The sequence (1.4) fo A=　Z and　　三12n-2

is short exact:

0 →Hl+4N{MSp(n+N)) 」㌧Hl(Q4NMSp(n+N)) -ユナHx(r(n′N)) → 0.

(ii) Hl!!! MSp(n+N)) =O if i is odd and i三12n-2.

For the map壷　j and x in (1.4)′　we have the following lemma
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by [5; Th.4.6] (cf. [11; (2.10), (2.5)]):

Leirana 1.9. (x) In the integral cohomology groups,

(V(PR)V(pS)} =

i

<v(pr)′v(ps)>　　if R> S,

2(1蝣V(P )ョV(P ))　if R　=　S.

(li) In the mod　2　cohomology groups,

t(e4j-l.V(PR)⑳Ⅴ(PR)) = sq4(n+j+回] (UPR).

ThenextlemmacanbeprovedbyasimilarargumenttoE.Rees

andE.Thomas[11;2.4,2.6,2.8].

Lemma1.10.oi<3n,thecohomologygroupH(flMSpCn+N))

xsafreeabeliangroup.

prooAiAM
f.H(!)MSp(n+N))hasnooddtorsionbyLemma1.7.

Weprovetnat

(*)TH^-^nn,N);Z2)-4Kt+4i
H(MSptn+N);Z2)isroonomorphic.

4i-1AN
ThenH(IIMSp(n+N);Z^)-0bytheexactsequence(1.4),and

4i4N
henceH(」TMSp(n+N))hasno2-torsionbytheuniversalcoefficient

theorem.Thuswehavethelemma.

Nowweprove(*).AbasisoH4i-1(T(n,N);Z2)oi<3n

consistsOr;.,,4i-8(n+
ftheclassese回>1-V(PR)ョV(PR)foranyseries

Rwith4i-8(n+回)-1>ObyLemma1.7,anditholds

r(e4i-8(n+軸-1蝣v(pR)⑳'V(PR)>=sq4(i-n-lrI)upr

byLemma1.9(ii).WehaveSq(UPR)=∑o<k<Min(t,極,rot-^4kpE

bytheCartanfo4s
rmula,andSqP.=!o<i<sコーs+i-1^pp

s-rj+i
S

bytheWuformula.UsingtheserelationsandtheconditxOn
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2(n+匝f)とi <　3n,"we have

Sq4(i-n-|R|)UPR - up.1-n一回PR + ≡,uP"

for some series S- (s.., s^, -　with s. -0 (j≧i-n中　　By

the above relations, we see that t is monomorphic and we have (*)

q.e a,

★
TheformulasforthecohomologyoperationsonH(F(n,N);Z2)

aregivenbyMilgram[5;Th.3.7.](cf.[11;(2.3)])asfollows:

Lemma1.ll.(i)Sq41<V(PR),V(pS)>-∑o≦rくi/2<Sq4rv(PR),

sq4(l-r)v(pS)>.SqD<V(PR),V(pS}>=Oifj/0mod4.

・ii)Sq41(l-V(PR)⑳V(PRH-∑o三r<i/2<S^rV(pR),sq4(l-r)V(PR)

i∑]之。^i甘コ〕e4i-83.sq4WR)⑳Sq4WR)′

sqユ(1-V(PR)⑳蝣V(P))-0if壬g0mod4・

(iii)ork三1,

Sqi(ek-V(PR)⑳V(PR))-∑],r≧o〔登〕(4忠紅j)>k+i-8j.c4j
)・Sg-JV(PR)⑳sq4^v(PR)・

Especxally. we have

Corollary 1.12.　For k　三1,

sql(ek-V(PR)⑳>V(PR) ) - kek+1 V(PR)⑳V(PR) ∫

Sq2(ek'V(PR)ョV(PR)) - RK　・v(pr)ョv(pr)

Sq4(e -V(PR)⑳V(PR)) - ({:)+n+刺)ek+4 V(p^-pV

Let X be a (k+r-1)-connected space and r ≧　2. The evaluation

mac e.　Elnlx -X is the composition of the evaluation maps
l

e- : ∑コnコⅩ一一一∑j-1 -i-1 (i三]三1), and we have the commutative diagram
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F(ek)

(1.13) h
F(ek-1) -ト∑

tet
k~w-1* i.

where F(e.) (i=k-l,k)　are the fibers of the respective fxberxngs

and is the restriction of　　-　to the fiber.　Then, through

theidentifications。F(e.)with∑^sl"1kT-nxx∧nxx)xn

dimensionslessthani+3r-lgiveninLemma1-1,weseethatf-

isidentifiedwiththecompositionof

∑k(sk-KyAY)空も∑kft(Sk-J*TZYA∑Y)∑k-W-2軽1V-1

-4AftLx),

whereY=Qk:云dx-isthenaturalmapfiE^Y/Y-Q(Qk-1Ek-i

(∑Y)/∑Y)(see【5;§2コ)withidentificati。nsJ21EIw/W-Si-1㌔wAw

(W=Y,∑Y)and岩isthemapinducedbytheevaluationmaps.

Inthediagram(1.13),setX-MSp(n+N)(N>3n+4)andk=

4N,-・,4N-300btainthecommutativedxagram

"4N

F(e4N)一一一- =4Na4NMSp(n+N)

・1.14) 1去~'　1
ell

p(e4N-4> - =4N-VN-4MSp{n+N)

MSp (n+N)

MSp(n+N) ,

where　-=(e-　and f-(fx) Let a-　Hl+4N4(MSp(n+N))

-　Hl(fi　-4MSp(n+N)) be the iterated cohomology suspension. Then,
4N

by using the ldentifications o F(e4N) with　∑　r(n,N) F(e4N-4]

with Z4N-4r(n+l,N-1) and f-　with e(」 x ) as is stated above,

we have the following lemma by [5; Th.3.8] on
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Lemma 1.15.　Set V-(x) =　a-(Ux).　Then

f (e -V(PR)ョV(PR)) =　k+4V(PR)ョV(PR) for any

★

:<v-(PR)′V(p )>) - 0,

§2.　The cohomoi-gy groups of F

k　三二　0′

ThestructuremapEn:≡MSp(n)-MSp(n+l)intheThom

spectrumMSp={MSp(n),」}ofthesymplecticcobordismtheory

isdefinedtobethemapinducedbythebundlemapof」ゥ1to

∈n+1・where∈xstheuniversalsymplecticvectorbundleover

BSp(i)and1meansthetrivialsymplecticlinebundle.Consider

thecompositionCn,N=4NMSp(n)-MSp(n+N)of=-」n+i'and

itsadjointmapbn,NMSp(n)-鳥MSp(n+N)onverting

bTintoafxberingwithfiberFM,weconsiderthefibering

(2.1)n,NMSp(n)也4N

QMSp(n+N)

ForanyNl>N三n三1,thehomotopygroups,thecohomology

groupsofFn′Nandn,N-arenaturallyisomorphicindimensions

lessthan12n-1,becauseC+Nis(8n+8N+6)-equivalent.-Therefore,

forapositiveintegern,weshalltakeanintegerNlargeenough

tosatisfyN>3n,andwedenotesimplyby

b=
nn,NandF=
nn,N'
nn,JNn

weremarkthatFis(8n-2
n卜connected.

In this section, we investigate the cohomology groups of F

in dimensions les云　than　12n-2.
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★

Let I c H (BSp)
n

(2.2) uiJ　-
n

be the ideal generated by　{p.| i > n}, and

U4(n+N)
n十(MSp(n+N))bethesubgroupgeneratedby

{UPRi,R∈13=I

nnnが(BSp)主n

Thenwehave

Lemma 2.3. (i) The composition

e(=4N.bn) =4NMSp(n) --ト=4VNMSp(n+N) -- MSp(n+N)

is homotopic to En′ , where e is the evaluationmap - (1・2)I

(ii)　The foilowing commutative diagram of four short exact

sequences holds for l　三12n-2:

U工
i-an

Hi"-1(Fn>　　ラ　ララH (T(n,NH

Hl+4N(MSp(n+N))山EX(sI MSp{n+N))　　曽Hl(r(n′N日

蝣'n,N

Hl+4N(∑4N.MSp(n) ) Hx(MSp(n))

Here the central horizontal sequence is the one in Lemma 1.8 (1),

the central vertical sequence is the Serre cohomology exact

sequence of the fibering (2.1) where x denotes its transgression,

is the restrict!on of a, and　ラ　is the compositxon　コて・

Proof. (i) is clear by defin五七五on・

(ii) The left hand vertical sequence is exact by the definition

★

(2.2) of U=コ　By (i), the lower square commutes. Since En,Nn

★

is epimorphic, so is b , and the central vertical sequence xs short

exact. since the central horizontal sequence is short exact as xs
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showninLemma1.8(i)′theupperoneissObythe9lemma,and

thesecompletetheproof・q.e.d.

weremarkthatthetransgressionHi-1(Fn'A)-Hl(

4N
QMSp(n+N);A)ismonomorphicfori≦12n-2andforany

coefficientgroupA,bytheproofoftheabovelemma・

Lemma2.4.InH8n+41(QMSp(n+N))fori<n,theelement

v(pr)v(ps)-v(pprp'

n)belongstoKerbnoranyseriesR

andSwith回+S-i.

proof.LetロdenotetheThoibclassofMSp(n).Then,by

Lerrima2.3,wehave

b(V(PR)V(pS))-bc(UPR)-b

nnニC(ups)-(∑4N.-1∈こ,N(UPR)・(∑4"了IE三,N(UPS)

*1⊃C:*

★-OpR・臼pS=OPpl^=b(V(PP*p))

nnn・n・

and the lemma holds. q.e.d.

Especially, (V(PR))2 - v(p (PR) ) is contained in Kerb

bytheabovelemmafoR-S.Ontheotherhand′itsコーIinage

xs2(1・V(PR)⑳V(p))byLemma1.9(i).Therefore,bythecommutative

diagraminLemma2.3(ii),weseethefollowxng:

(2.5)Thereisanelementw(R)(=wM(R))
nn,N∈-4n+軸suchthat
n
(V(PR))2-v(P(PR)2)+V(w(R))isdivisibleby2inH8(n+回)(

Aw
fiMSp(n+N)).

Ontheotherhand,wehave

Lemma2.6.Thereisanelementv(R)(=v
nn′N(R))∈-4n一輔
n

foranyseries琴with回<nsatisfyingthef。1lowing
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conditions (i)-(ii) :

(i) Vn(R) =Pn+回pa+∑smsp orsomeseries S= (s-, s-,
・-)　with

(土工)　Uv (R)
n

MSp(n+N); Z^)・

o (j≧n+回) and some xntegers m.

sq4(n+ Rい(UPR) + Upn(PR)2 in H8n+4N+8IR

Proof.BytheCartanformula,wehave

Sq4(n+RD(upr)-upn+回PR・∑悪-1upn+酔-Sgk(PR)+up(PR)2.

Hencewecantakeanelementv(R)
n∈工4n+梱suchthatits
n
mod2reductionxsn+回PR+-lp叫Rト,Sqk(PR)andit

satisfies(i).q.e.d.

Forclassesw(R)xn(2.5)and
nぜ(R)xnLemma2.6,we
n
noticethatw(R)=v(R)=OforR=0(the0-series)since
nn n
ェ4n=0.Furthermore′

n

Lemma2.7.V(w(R))EV(v(R))mod2foranyseriesR
nn

with2回≦n-3・

Proof.Considerthefollowingcoiranutativediagramfor

コ≦12n-9andn之2=

H:i-1(r(n,N)V⊥Hj+4N(MSp(n+N);Z2>⊥Hコ(4N
aMSp(n+N);Z2)

-7C

v
1

crn

Hj-(r(n-l,N+l)z2)⊥Hj+4N{MSp(n+N);7.)ヱ⊥這i-44N-4
J*(」TIN*MSp{n+N);Z」

★
Heretwoexactsequencesaretheonesin(1.4)forA-2,,fis

thehomomorphisminLenuna1.15,anda,al,a"aretheiterated
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cohomolo亘ysuspensiOns.Letj=8(n+lRDf。2R≦n-3.

Then(V(PR))2-V(pn(PR)2)+V(w(R))=0inH8(n+柚4N
(ftMSp(n+N)

Z2)by(2.5),andwehaveV(P(PR))+V(w(R))=Owhere

n
v-(x)=o'(Ux).Hencethereisaclass∈8(n+R卜(r(n-l,N+l)

Z2)satisfyingt'(z)=UPn(PR)+Uwn(R).Sincewn(R)∈=n′we

3
havez-eォV・(PRN⑳V(PR)+∑l三1.T㌦Te8i+3-V(PT)⑳V(pl)for

some入l′T∈Z-,byLemma1.9.Thesetwoequalitiesimply

uPn(PR)2+Uw(R)-Sq

nォ4(n+回)(upr)+T(∑l之1,読,で8i-ltT,-T.
e*V(P)⑳v(pt))

byLemmas1.15and1.9.Therefore,ifweputX=w(R)-vn(R)

∈^-411+8年thenthemiOd2reductionofUXequalst(∑l三1,轟′T

n

8i-lV(pT)⑳V(PT))andtheintegralclassV(X)isdivisible

by2.ThereforewehaveV(w(R))=V(v(R))mod2foranyseries
n

Rwith2回≦n-3,andthiscompletestheproof・q.e.d.

Lemma2.8.AssumeN>7n-4.Then,foranyintegerk≧i

andanyseriesRwithk+2回皇n-1,theelementV(Pr+k(PR)-

V(v蝣(R))isdivisibleby2inH8n+4k+輔4N
(fiMSp(n+N)),where

vn+k(R)=vn+k,N-k(R)'

Proof.Considertheiteratedcohomologysuspension

Hi+4k(n4(N-k)MSp(n+N))--Hl(ォMSp(n+N))

Thenweseethat

o((V(PR))2-V(Pn+k(PR)2)+V-(vn+k(R))=-v(Vk(pR))V(vn+k(R))

Thus the lemma holds by (2.5) and Lemma　2.7.

15　-
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Now,considertheshortexactsequence

★
b
0--Hi-1(Fn-一一一H"4N
(fiMSp(n+N))ユー-H(MSp(n))-0
T

inLemma2.3(ii).Then,byLemma2.4,(2.5)andLemma2.8,we

candefinethefoilowingclassesa(R,S),b(R),c(2i,R)andd(R)

★
inH(F)asfollows:

(2.9)a(R,Sう∈H8n+4(中IsD-"<Fn>orseriesRandSwith

R>Sand回+lsl≦n-1satisfying

x(a(R,S))-V(PR)V(pSi-V(PpV

n

(2・10)b(R)∈H8n+8lRl(Fn)oraseriesRwith2回≦n-1satisfying

x(b(R))=(1/2){(V(PR))2-V(pn(PR)2)+V(wn(R))},

wherew(R)isaclassin(2.5
n主

(2.ll)c(4k,R)∈08n+4k-1+8
n回(F)foraninteger

n≧1andaseriesRwithk+2回≦n-1satisfying

x(c(4k,R))-(1/2)柚wpR>-V(Vn+k(R)}}

whereN>7n-4andv,V(R)isaclassinLemma2.8.

(2.12)c(4k+2,R)∈H8n+4k+l+8|R|{F)foranintk

n≧anda

seriesRwithk+2回≦n-1satisfying

5(c(4k+2,R).)-e4k+2-V(PR)oV(PR).

where5=jx:H1-1(F--Hl(r(n′NHinLemma2.3(ii)is

isomorphicifi-1mod4.

(2.13)d(R)∈H4n+4回(F)foraseriesR=(r-,ro,***)with

n¥.i

回≦2n-l,r-1forsomet≧n+1and'-r.-0{j≧(n+R|+l)/2)satisfying
コ
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T(d(R)) = V(PR)

Fortheepimorphismヨ:訂i-1(v-Hl(r{n,N=inLemma2.3

(ii)′wehave

Lemma2.14.(i)ラ(a(R,S))-<V(PR),V(PS)>封b(R))-

・V(PR)ョV(PR}and∋(c(4k,4VR
R))-eォV(P)⑳v(pR)fork三1。

(ii)でhesetofd(R)in(2.13)and2c(4k.T)oc(4k′T)

in(2.ll)formsabasisofKerう.

Proo(i)ByLe汀una1.9,(2.9)and(2.10),wehave

5(a(R,S)).-j(V(PR)V(′ps)-V(PpRpS))

n-<V(PR),V(T?)>′
R,
3(b(R))=j((l/2){{V(PR))-V(Pn(PR)2)+V(wn(R))})=・V(PR)⑳V(PR)

Bythedefinitionoffin(1.14),wehavethecommutativediagram

Hx+4k{Q4(N-k)MSp(n+NH⊥Hl+4k(r(n+k,N-k))

iGl(f:,k

HX (Q4NMSp(n+N) ) Hx(T(n,N))

for　　≦ 12n-2, where N >　7n-4, j's are the homomorphisms m (1.4)

and a is the iterated cohomology suspension.　By thxs diagram,

Lemmasi.1ニ9,1.15　and (2.ll), we have

ラ(c(4k,R)) = j((l/2){V(Pn+k(PR)2) - V(vn+k(R))})

= -jc((l/2){(V(PR))2 - V(pn+k(PR)2)+ V(vn+k(R))})

= -(f★}k(l'V(PR)⑳V(PR)) =　4k V(PR)⑳V(PR)

(ii)　By the definition of v (R) in Lemma　2.6, the set
n

{upR「R= (r-,r2・-・) with　回≦ 2n-l′ rt=1 forsome t≡n+1and
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=o(j三(n+回+D/2日∪{uPn+k(PT)-uvn+k(T)≧1,Twith

k+2回皇n-1}f。rmsabasisofUIニf。r*三8n-2・Hence,bythe

definitionofd(R)andc(4k′T)and5(c(4k′T))-e4kT
Vcpl)⑳V(p-

上n(i).wehavethedesiredresult.q.e.d.

Now, by using the upper short exact sequence in Lemma　2.3 (ii)

and Lemmas 1.7　and　2.14, we see immediately the following

PropositiOn2.15.Letコ≦n-1.Then

(i)H-'-(F)isthefreeabeliangroupwiththebasis

cons土stxngofthefoilowxngclasses:

a{R,S)in(2.9)with回+回=j,b(R)in(2.10)with2回=j,

c(4k′R)in(2.ll)withk+回=j,d{R)in(2.13)withR-j+n.

(ii)H8n+4^+1(F)isis

nOmorphictoadirectsumofsome

copiesofZ2withthebasisconsistingofc(4k+2,R)in(2.12)

withk+IRI=j

(iii)H8n+43(F)=H8n+43+2(Fn)-0.

n

Forthemod2cohomologyofF,wecandefinetheclass

(2.16)c(4k+l,R)∈rr8n+4k+棉(Fn:z2)oranintegerk≧0

andaseries∴Rwithk+2回≦n-1satisfying

5(c(4k+l,R))-e4k+1-v(PR)⑳V(PR),

where亨H1-1(Fn'Z2>-H(r(n,N);Z,)xsxsomorphicif

土≡Imod4.

Bythesamewayastheaboveproposition,wehave

Lemma　2.17.　The set of mod　2　reductions of a(R,S), b(R),
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c(2k,R),d(R)in(2.9-13)andc(4k+l,R)in(2.16)formsabasisof

H(Fn"z2)for三12n-3・

★
wecanstudythecohomologyoperationsonH(En'Vor

*≦12n-3.WhenpisanOddprime,theoperationP⊥on

★H(FnlVfor≦12n-3iscompletelydeterminedbyProposition

2.15and(2.9-13),becausewecancomputex(Px)=Px(x)forany

★
Ⅹ∈H(F;Z)andxisraon
npomorphic.ConsidertheoperationSq-
☆
onH(Fnz2)for≦12n-3.ThenwecandetermineSqxor

x=a(R,S),.d(R),becausewecancomputet(Sqlx)=sqt(x)by

(2.9)and(2.13)andtisinOnOmOrphic.Forx-b(R),c(k′R)we

cancomputeラ(Sqix)-Sqlヨ(x)byLemmas1.ll,2.14and(2.12)∫

(2.16)・SinceヨH^.F,Z2>-Hl(r(n,N);Z2>ismonomorphic

ifi声Omod4andi≦12n-2,Sqb(R)ori声Omod4and

sqlc(k.R)foi+k声Omo4i
d4canbedetermined.Sqb(R)and

Sq-'cck/R)forj+k=0mod4canbedetermineduptolinear

combinationsofd(T).

Consequentlywehave

Lemma-2.18.(i)Sqla(R,S)=SqXb(R)=Sqlc(4k,R)=Sqd(R)=0

ifi声Omod4.

(ii)Sqlc(4k+1′R)=c(4k+2,R)′Sqc(4k+2,R)=c(4k+4′R)+X.

whereXisalinearcombinationofd(T).

In the case R　=　0 (the O-series), we have

Lemma2.19. (i) Sq4b(O) =a((l),O) +n c(4′0),

ph,州=-(a((l),0) + (n+l)c(4′0))　o P-3.
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(i⊥Sqc(4k+l′0)-c(4k+2′0)ifi=1′Oifi=2,

(n+k)c(4k+5,0)土fi=4.

Sqc(4k+2,0)=Oifi=1,c(4k+4,0)ifi=2

(n+k)c4k+6′0)ifi=4′

Sqc(4k,0)=Oifi=1and2,(n+k)c(4k+4,0)+

ら(upiWifi=4′

where5is-thehomomorphisminLemma2.3(ll).

proof.Fxrst,weprovetheformulafoPb(0).Whenp-3,

itholdsP*V=-V(P-)andPXPn=(n+l)Pn+1-P,P,whereV=V(l)

1nn
By(2.9-ll),x(a((l),0))-V(Pl)V-V(PP),て(bHH)=(1/2日v2-

V(P))andt(c(4,0))=((n+1)/2)V(P+1)・BytheserelatiOnS・We
n

havet(Pb(0))=-x(a((l),O)+(n+1)c(4,0)).Sincexismonomorphic,

wehave七hedesiredformulaforPb(0).

4
Next,byusingLemmas1.ll,2.14and(2.16),wehave?(Sqb(0))

=<v(px),v>ne*V⑳Ⅴ-ラ(a(C′0)+.nc(4,0日andwecancompute

ラ(Sqlc舘,0日=Sq-ラ(c(k,O))oi=1,2,4andk=1,2.Since

ヨH^cFn'z2)-Hl(r(n・N),-z2)ismOnOmorphicfori≦8n+6,

4i
wehavethedesiredformulasforSqb{0),Sqc(k,0)(i=l,2,4and

k=l′2).

ToobtaintheformulasforSqc(4k+j,0),considerthecommutative

diagram

n

iBkln,k

n4kF.->i24kMSp(n+k)

n+k

4M
」2MSp(n+N)

whereb,isthさrestrxctiOnOb,andN>7n-4.Thenwehave
n,k
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the following commutative diagram for i = 12n-2:
★

i+4k-l,.
H(Fn+k}」L-H(fiFn+k)上H1-1(F)

,,n

TT
Hl+4k(^4 (N-k) MSp (rH-N) ) Hl(fl MSp(n+N))

where a-s are iterated cohomology suspensiOns and x'　are the

*

transgressxons. since x's are monomorphic, we have B,a(b(O)) =

★　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　★

c(4k′0),Bko(c(i,0)) =c(4k+i,0) fo i=1,2　and B cx(a((l),0))

= 5(UP.Pn+k) by (2.9-12)∫ where　∂ is the homomorphxsm - Lemma

2.3 (ii).　Hence, by the naturality of the cohomology operation, we

have the desired formulas for Sq c(4k+j,0).　　　　　　　　　q.e.d.

53. Syxnplectxc Pontrjagm numbers

Forasymplecticcobordismclassu∈u.(MSp)andaclass

y∈Hコ(BSp),lety【u】bethePontrjaginnumberofuforthe

classy,

TostudythedivisibilityofsomePontrjaginnui血ers,consider

afixedelement

(o)=x+x-∈H(F)(t-8n+4j-lwithj<n),

wherexxsoneoftheclassesa(R,S),b(R),C(4k,R)andd(R)

giveninPropos阜tion2.15(i)andx'isalinearcombxnatxonof

anotherclasses.Thenwecantakethefollowingsteps(l)-(4):

(1)Takeabasis{x.}ofH(F)whichincludesxn,and

let{x.}bethedualbasisofH,(F).
xtn

(2)TakeasuitablecelldecomposltXOnOVanddenoteits
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i-skeleton by Fまi)

(3)　or an integer　」三　2　and the Hurewicz homomorphism

刀(l' wFまトl)) -Ht(Fn/Fまt-i)芸Hfc(F ), set

u)(v) - !ik壬i)(v)x for v∈Tt(VFエt-i) ∫

where k王'(v) are integers.

(4)　Let　αU)　be the greatest corrmon measure Of

・t<Vヱt-1) L

Now we have the following basxc lemma.

<><v汗こⅤ ∈

Lemma3.1. Assume that the class xQ-x+x- ∈H (V in (0)
satisfies

T(xO)=:T入　T　+x・

where T Ht(Fn> -Ht+1(f! MSp(n+帖is the transgression in Lemma

2.3 (ii)′　the coefficient　入　is a half of an integer and X is

a sum of decomposable terms.　Then

∑T入TPT【u] ≡ o mod　α(jg) forany u∈蝣n.(MSp)

where　α(」) is the integer given in the step (4)

proof.　Consider the following commutative diagram:

q★

・rt-4n+l(MSp) -- rt+1(fi4NMSp(n+N) ) ⊥ vFn--

・3.2)　|H AVtIH IH　<3*
Ht-4n+l(MSp> JL Ht+1( Msp(n+N)) ⊥Ht(Fn> 「?

vvFまt-」 )

1HU)

Ht(Fn/Fまt-i)

Here　3　and t are the connecting map and the transgression Of the

fibering (2.1) respectively, a is the iterated homology suspension,

q is the natural* proコectiOn and H-s are the Hurewicz homomorphisms.
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Foranyclassu∈Tト4n+l(MSp)'letU'∈4N
rt+l(p(n+N))bethe

classcorrespondingtouundertheisomorphismxn(3.2).Bythe

abovesteps(l)-(3),H(i>q,a(ul)-∑ik王i)(q,a(u・))x..Takingthe

Kroneckerpairing,wehave

くHU'q*∂(u-)′V-k去I)<q<∂(u-))≡Omodα(l)・

Ontheotherhand,by(3.2)andtheassumption,wehave

<Hサ'q,a(u-xQ>-<H{u-)∫(xo)>-∑T入TくH(u')′ロ{UPi)>-∑T入TPT【u],

andthesecompletetheproof.q.e.d.

Bythislemma,ifwecantakeabasisoH*(,)in(1)anda

celldecompositionofFin(2)whichenableustocomputek王i)(v)

n

in(3)anda(i)in(4)forafixedelementx-(0),thenwe

havethedivisibilityOfsomePontr^aginnumber.HereweshaアI

considerthecasexn=蝣a((l),O)+(n+4)c(4′0)oo(4,0)

We.remarkthatFis(8n-2)-connected.ByProposition2.15
n

andLemmas2.18and2.19,wehave

Lemma3.3.(i)Forn三1′

H8nl(F)=Z<b(O)>

n・H8n(Fn)=0,H8n十(F)=Z2<c(2,0)>.

(ii)Forn三2,

H8n+2(F)=H8n+4(F)-,H8n+3(F)=Z<a

nnn・>◎Z<c(4・0)>′H8n+5(F)

n=Z2<c(5/0)>,

where-=a((l),0)+(n+4)c(4,0)

(iii)Sq4b(0)=al,plb(O)=-alforp=3,Sq^bCO)-0for

l三i三and≠4′Sqc(l,O)=c(2,0)ifi=1,Oxri=2,

nc(5′0)ifi-4,Sqc(2,0)=0土fi=1,C(4.0)if土-2′
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nc(6,0) if i　-　4, Sq (a-) =　Sq c(4,0) -　O fo　1 < i　三　3・

By this lemma, we have immediately

Lemma3.4.Letnと2.ThenwecantakeacomplexKgivenby

K-S8n-la8nLもe8n+ly^lV中,8n+3x/8n+3.|/
(e-j^Ve2)U車4e、8n+4uee8n+5

andamapfK--F,whichsatisfythefollowing(i)-(ii)

(i)甲{K}→wISISOmorphicfori≦8n+4.

(ii)Thecellse.nande~ncorrespondtothecohomology

☆★
classesf(a-)andf(:c(4′0))respectively.

=　0.

Proposition　3.5.　Let n　と　2.　Then

(i) -8n-1(Fn} -2' WV =ir8n+l(Fn) -Z2◎ '2' IT8n一-2. n

・sn^V -z e Z (resp. z e z e z-) if n is Odd(resp.even)
(土i)　We can take a basis　{u(3「′　v(3)}　of a free part of

蝣nQ,,(F)tosatisfyH{u{3))-24芸and二H・(寸(3))⇒4c(4,0),where

H:^n+3(Fn}-Hn,,(F)istheHurewiczh
8n+JnOmomOrphxsmand

t昌一,岩[14.0)}isthedualbasisofta-.C(4′0)}inLemma3.3.

Proof.　By Lemma　3.4, we prove the proposition rOr K in

Lemma　3.4　instead of F .
n

工t is obvious that

If K(8n) - ,8n-l

projections, then q-ij)-

TU- ,(K) =Z with K(8n) =S811-1V s

and qo : K(8n) -Sn aretherespective

土s homotopxc to the constant map and

21
degq24)1=2sinceSqb(0)=OandSqc(l,O)=c(2,0)byLemma

-,,....,vl^(8n+l)^(Sn+2)C8n-1w-C8n
3.3(xix).HencewehaveK'=K.-K=Sv(SU2

e8n+1)′andthesplitexactsequence
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p★(*)0-トw8"-1)ご*8n+i(KI)-訂8n+iォS^U2a^,-一・一O

q★

wherepandqaretheprojections・Therefore¶8n(K)-^sn+l

(K)=Z.eZ2。Furthermore

(3.6)u<K-)芸7r8n+2(S}◎¶(S8nue8n+1)-Z

8n+2(SU2e}-Z24⑳Z4

(cf.【2;4.1])∫and,fortheattachxngmaps中and中2'車I

andP*^9generatethefirstandsecondsuiranandsrespectively,and

theorderP*ijJ->andq*4uaredivisorsof2and4respectively.

Toprovethelatterhalfof(3.6),weconsiderthecommutatxvedxagram

s8n+2一,8n-l一.8n一骨8n+3
e

lI†q

s8n+2上.,(811+1)(8n+l)ii8n+3

K>KKJ.e

7TIs

llレ

s8n+2-S8n+1-8n+l¥j叫8n+3
e

fork=1and2,wherenisthenaturalpro〕ection,and貢ana膏

arethemapsdefinedbyqandttrespectively.Considerthe

mod2andmod3cohomologygroupsofthisdiagram.Then,since

sq4b(0)=.a'andPb(0)=-a'forp=3byLemma3-3(iii),we

seethatq*1!^isageneratoro'811+2(S}=Z24andtheorder

2
ofq*^2^sadivisorof4.SinceSqc(2,0)-c(4,0)byLemma3.3

(iii),項-0andT士や2≠inTr8n+2(s+1)=Z2-Hencethe

orderofp.車-isatmost2andP*^?is-generatoro"811+2

(K'/S8n1)=ttoiO(S8nu,e8n+1)=zo,bythefactthattt呈^811+2

(s8n+2y^a+lj-甘8n+2(S>is^imorphicwhereit・isthe

restrictionofT(cf.[2;4.1]).Theseimplythelatterhalfof(3.6)
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Consider the exact sequence

・sn+S　呈n+2v s塁n+2,
(ij^V中2) *

⊥甘8n+2(S宝n+2v s塁n+2,

1★

下8n+3(K'　　　下8n+3(K

o^vゆ2) ★

"sn^*')・

(8n+3)

Thenエm8=Ker(中1Vゆ*-Z<24il>eZ<4i->by(3.6),where¥,
コ

isageneratoroftto,o(S.n),j-1,2.Furtherstudyingthe

on+z'j

first母iV4サ2>*^(★)andthelatterhalfof(3.6)′weseethat

fTC(8n+3K-◎Z◎Z-.Ontheotherhand,theattachingmap

ゆiscontainedinKer3=Imi4=2bythelastequalitiesin
2

4
Lemma3.3(iii).Furthermore,sinceSqc(l,0)=nc(5,0)by

Lemma3.3(iii),weseethat4>.f0ifnisoddand<J>.=O

ifnxseven.

Bytheaboveexactsequence,wecantakeabasis{u(3),v(3)}

0-8n+3(K)/T0-8n+3<K(8n+3>>/*ortosatisfy3u(3)-241-

and3v(3)=4i-.TheseimplythatH(u(3))-24芸andH(v(3))

=4c(4,0),andwecompletetheproof.q.e.d.

Remark3.7.Forn-1,tto,.(F)(i--l,0,l)arethesame
on+xn

astheonesgxveninProposit土on3.5.

By Lemmas　3.1, 3.3　and ProposltJLOn　3.5, we have the followxng

Theorem　3.8.　Let n　と1.　Then

(i)　n【u】 ≡O mod8　for any u∈IT (MSp)

Cii) 1n【u]- ((n+4)/2)P ]_[u] ≡O mod24　or any u∈

*4n+4 <MSp)

Proof.Forn=1,(i)and(ll)followfromtheresultsof

[7],[6】oniT.(MSp)andiro-(MSp).Letn
40皇2.Weconsiderthe
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case that x　=　a-　or c(4,0)　and　」 =　5　in Lemma　3.1.　By Lemma

3.3 (ii), we can take a basis　{a-　c(4,0)}　of H　　(F ).　Whdn

=　c(4′0), we see that　α(5) is a multiple of　4　by Proposition

3.5 and x(c(4′0)) = (l/2)V(Pn+1) by (2-ll)′ hence (1) foHows from

Lemma 3・1. When xQ = a-′　α(5) is a multiple of 24 by Proposition

3.5and t(a-) =-v(PIPn) ((n+4)/2)V(Pn+1)　V(P )V by (2.9) and

(2.ll), hence (ll) follows from Lemma　3.1.　　　　　　　　　　　q.e.ch

Remark3.9.工nadditiontoProposition3.5(1),thehomotopy

groupsT.(F}canbedeterminedf
lnOri≦8n+6bytheinformation

ofS.Oka.

§4.　Homotopy groups of MSp(n)

Intherestofthisnote,westudythehomotopygroups

TT8n-1(MSp(n))and-"sn+S^p*10*orn三1・

Consider主hehomotopyexactsequenceofthefibering(2.1):

(4.1)-→専MSp)⊥^+411-1(Fn}-¶i+4n-1(MSp(n))也

午(MSp)」」1Ti+4n-2(Fn)一一r

whereweidentifyTi(MSp)withT4W

.+4(QMSp(ntN))sinceN>3n.

BecauseFis(8n-2トconnected,b.xs、土somorphxcforl三4n-2
n

andepimorphicfori=4n.

proposition 4.2. (i)　or a = ¶4n(MSp) --7T8n-1(Fn) = Z (n三1)

(see Prop.3.5 (x) and Remark　3.7}, it holds

au=!(1/2)P [u]　for any u∈7T4n(MSp)
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(ii)ora:¶4n+4(MSp)一一¶8n+3(VサZeZ◎Tor(n三2)

(seeProp.3.5(土日,土tholds

3u=(1/24)トpiVu]((n+4)/2)Px[uユ)u(3)+((l/8)Pn+1[u])v(3)+x

foranyu∈tt.(MSp),bytakingthebasis{u(3),v(3)}ofafree

partoftt,-}(F)(seeProp.3-5(ii)),wherexis0ifnxsodd

andanelementinthesummandZ-xfniseven.

proof.Weshallprove(ii).(i)isprovedsimilarly.

ByProposition3.5(ii),thebasis(u(3),v(3)}ofthefree

partof^gn+S^n^istakensothatH(u(3))=24a'andH(v(3))

=4c(4,0),where{al,c(4,0)}isthedualbasisforthebasis

{al,c(4,0)}ofH(F)inLemma3.3(ii).Foranyclass

u∈an
^4n+4(MSp)-7T8n+4(^MSp(n+N)),setau=ku(3)+iv(3)+x

forsomeintegers.and.sometorsionelementx.Then,by

takingtheKroneckerpairing,

24k=<H(au)->=<H(u),て(a')>=<H(u),-V(PIPn}+nn+4)/2)V(Pn+1)

--T>xP[u]+((n+4)/2)Pn+1[u],and

41=<H(au)∫c(4,0)>=<H(u),T(C(4′0))>=<H(u)′d/2)V(Pn+1)>

=<l/2)Pn+1[u]

whereweusetheequalityx(a-=V(P)V-VCP^}+((n+4)/2)V(Pri+1)∫

andx(c(4,0))=(1/2)V(Px)by(2.9)and(2.ll).Hencewehave

thedesiredresult.q.e.d.

The Pontrjag-　number P 【u] is a multiple of　8　for any u

∈nTr4n(MSp) (n三1) by Theorem 3-8 (i). Thus we set

(4.3) m(n) -g.c.m. {(1/8)P [uH u∈7T4n(MSp汗for n‡1・
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corollary 4.4. The kernel of the epimorphism b .　甘8n-1(MSp(n))

→Nn-1^ is a cyclic group of order　4m(n) generated by the

Whitehead product　[1,1]　for the homotopy class i of the natural

inclusion i : S　　-MSp(n).

Proof.　By Proposition　4.2 (i), the definition (4.3) and the

exact sequence (4.1), we see that Ker b　ァ　is a cyclxc group of order

4m(n主　Consider the commutative diagram

ll
S4n+1

才」MSp(n)もQ4NM:p(n+N)

Herei.denotesthenaturalinclusionandF(i-)isthefiber,

and-isthecompositiooc4n+1
nUS-n4N4(n+N)-4N
ftMSp(n+N)

ofthenaturalinclusions.ItholdsthatT8n-1(F(il)}=and

j;(d=±【1,1]foragenerator1∈4n
it(S)bythedefinition

oftheWhiteheadproduct.Sincei*:TTg_..(F(x-))一一"sn-1'V

ISXSOmorphic,thekernelofb-:no-(MSp(n))
n*bn-1-T4n-(MSp)

isgeneratedby[x,i]bythenaturality.q.e.d.

F(土1) ⊥-S4n

Let MU(2n) be the Thorn space of the universal complex vector

bundle over BU(2n)′　and consider the map c : MSp(n) →MU(2n)

induced by the mclusiOn Sp(n) ⊂ U(2n).　Then we have the foilowing

corollary, where v-(y) is the exponent of　2 in the prime power

decomposxtion of y:

Corollary　4.5.　Assume that

(a)　n is not a.power of　2　and　2tt　,(MSp) =　0,　or
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(b)v2(m(n))+2-V*Bn-im{2n)‖)・

ThentheepimorphismbA:ttr..(MSp(n))-一一T4n-(MSp)issplit,

thatis,itholds

*8n-1(MSp(n))芸'4m(n)◎Ir4n-1(MSp)・

pr。。fーLet2n-MU(2n)立4N

>MU(2n+2N)bethefibering

definedbythesamewayas(2.1),andconsiderthecommutativediagram

n 4N
ftMSp(n+N)

4N
fiMU(2n+2N)

F" -- MSp(n)
n

Clc,土52n 〈4N辛"7蝣*蝣サ>

2n　　← MU(2n)

′ヽ′・inducedbyc.weremarkthatF-is(8n-2)-c
2nOnnected.Thenwe

havethecommutativediagram

∂

・*4n(MSp)一一^8n-1(Fn) -tt　,(MSp(n))

n'

4n-1(MSp) -- 0
ic*巨、ic*甘4n(MU)-^sn-1^n5-8n-1(MU(2n))-I★

Inthefirstplace,wenoticethatc呈xsxsomorphic.ByE.Rees

andE.Thomas[11;§2]H8n-1(貫2n)isZgeneratedbyαwhich

satisfies

〒(αx)=(1/2)(5(Oc2n-削tor),

wheret:Hn-1(買2n)-H8n(f24NM)and己T,8n+4N,叫-H8n(^4NM)

arethetransgressionandtheiteratedsuspensionrespectively,and

o∈H(M)istheThomclass(M=MU(2n+2N)).Theaboveequality

andx(b(0日=(1/2)(V'-V(Pn))of(2.10)-Iytc'(α)--T(b(O))

★★★
andsoc-(αl)云-b(0)′becausec(c-)=
2n±nlc(U)=±Uandt

ismonomorphic.Thusc・H8-1,?-,-H8"-1^nisisOmOrphic
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andsoisc'inthediagram.

Furthermoretton(MU(2n))
on-x芸Coker3isacyclicgroupoforder
2βwhereβ=PO(2n卜1by[11;Th.A],andCokera=Z4m{n)b^

Corollary4.4.Thuswehavethecommutativediagram

b

0 -→ Coker a (-Z4m(n)} - U8n-1(MSp(n)} -l上上- -4n-l(MSp)

・束,　lc・-　　　　Jc★

Coker打-Z2β)芸　¶8n-1(MU(2n‖′

where　　-I is the epimorphism induced by c呈・

When (b) holds,　c" induces the isomorphism of the　2-torsion

parts′　hence the upper sequence in (*) splits because tt-　--, (MSp)

is a　2-torsion group (cf. [15; 20.40]).

Now we assume that (a) holds.　Then　6　^　O by the definition of

Po(2n) 【11; Th.A]) and　^4n-1(MSp) ㊨ Z2=T. --(MSp). Hence, by

tensoring Z-　to (★), we have the split exact sequence 0 - Z2

TT8n-1(MSp(n)) ㊨ z- -- ¶4n-1(MSp) - 0・ Therefore the upper

sequence m (*) splits as desired.　　　　　　　　　　　　　　　q.e.d.

n★

We shall prove the followxng theorems in the next section by

preparxng some symplectic cobordism classes.

Theorem　4.6.　For the integer m(n) in (4.3), the following

(i) and (li) hold:

(x)　m(n) is a power of　2　for n f 1, 3, and m(l) =　m(3) =　3.

(ii) m(n) =1 if n-2K+2-1er.2k+2」 (k.1三0) and n≠1, 3.

Theorem 4.7. (1) 1Tgn+3(MSp(n)) (n三3) has no p-torsion for

any odd prxme p.
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(ii)　n★　Tr8n+3(MSp(n)) →it　(MSp) is epimorphic for n之1・

(iii) If n= 2k+2^-i (k,l三l)∫ then b* in (ii) isisomorphic′

x-e., ¶8n+3(MSp(n))芸甘4n+3(MSp)

55.　Symplectxc cobordism classes

エn thxs section, we examine the characteristic numbers of some

symplectic cobordxsm classes to prove Theorems　4.6　and　4.7.

Let　」-　be the universal symplectic line bundle over the

quaterniOnic prOjective space HP∞ = BSp(l), and　∈l ⑳c El ⑳c gl
O〇

bethetens。rproductof　∈　over HP xHPのxHP bytaking　至1

as the complex vector bundle.　Then it is a symplectic vector

bundle
∈呈 (cf. [14]}, and so we denote its classifying map by

(5.1)　　e Y=HP∞X HP∽X HP∞-古sp.

Let ,MSp ∈ MSp 」t-) be the universal first Pontrjagin class and

p冒spu^ ∈MSp (HPm) be the Euler class 。f ら in the symplectic

cobordism theory.　By using the respective projections q.

HP (i-l′2,3) onto the three fact。rs′ we set x. - q.p冒Sp(5x) ∈

CO

MSp (Y). Thenit holds MSp (Y) -MSp　旺X-, X?, X^3l, and we have

*　　　　　　　　　　　　　*

an expansion

(5-2) * (p冒Sp) - p冒sp(ら ) - ∑i,j<-k≧。aijkXI X2コⅩ3k

for some cobordism classes

5.3
xjk ∈ 7r4(i+j+k-1) (MSp)

we shall consider the Pontrjagin nu血ers pi+j+k-1[aijk] and
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P-.P.,.,,[a..-
1i+3+k-2x^k】・

F。E-H。rMSp,letβ冒∈E4-(HP)bethedualclassofcO

<>!<∈l))〕whereP芸(」-)istheEulerclass。」-.Thenthe

followinghold(cf.[8]′【15;§16]):

(5・4)E*(HP)isafreetr*(Eトmodulewithbasisconsistingof

ォj>0},and

E*(MSp)芸甘(E)[b*,b芸,-】tb冒-i*Bj+1∈E4j(MSp),

wherei:HP-∑4MSpisthenaturalinclusion.0〇

Considertheclassesx.=q.P-(」-,)∈H(Y),i=1,2,3,where
*

COy-→HParetherespectiveproコectiOnSOntothethreefactors.

★

Then H Y = Z|」x-, x-, x-.Jj , and we have the following lemma,

△.

where P X ∈ H41(BSp) denotes the primitive class defined inductively

△.

by　　∑計ijj+lp./i-j　<-1)i+1ip.コ

★　　　★

Lernma　5.5.　0r the induced hornomorphism　¢　: H (BSp) →
*

H (Y) of 4) in (5.1)

轟△i) -項(2i)王/(2k)!{21)!(2m)!)x-kxA m

where the summation is taken over k,i,m ≧　O with k+i+m - i.

proof. Let c. ∈H21(BU) be the i-th Chern class′ and c△i
l

A.

・H (BU) be the primitive class definedby c l　∑言:l(-lP+1c-c Hコ

-l)1+1ic,lC-　Then, for the canonical map c : BSp　→BU. it holds

C★(C△2i)買2P 1 by the definitions ro and

A.　　　　　　　　　　　　　　　　　　　　　△. △.

c　蝣*. Hence, by the

definition of ¢,

2<(サ(P )-2PX(?J) - △2i(牀蝣⑳cEl⑳C*1> xn H41(Y).
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0〇LetnbethecanonicalcomplexlinebundleoverCP,andn

betheconコugatebundleofTl.Thent¥◎riisasymplecticline

oooobundleoverCP,andwedenoteitsclassifyingmapbyq:CP

HP田Setz=Cp∞×cp∞×cp∞・ThenithoIdsH★(Z)=z([yl*3J

★
wherey.=n.c-(n)∈IT(Z)(i-l,2′3)fortherespectiveprojections

O〇*i:z→CPontothethreefactors.Forthehomomorphism

***
(qxqxq)*蝣:H(Y)→H(Z),weseethat

(qxqxq)*(C△2iu-⑳cEl⑳cElH-C△2i((nゥn)⑳.(nゥn)⑳(nゥn))

=2{(yl+y2+y3)21+(y^y^)21+(yi-Ys+Ys)21+(yl-Y2-Y3)2ア}

=8∑k+i+m=i((2i)!/(2k)i(2J?)!(、2m)!)yly212m

2^3'

△.
byusingtheequalityc1(∑k∈k)=∑k(cl(ら,))forlinebundlesらk・

*
since(qxqxq)ismonomorphicand(gxqxq)(xk)=Ork=

1,2,3,wehavethedesiredresultbytheaboveequalities.q.e.d.

Let(b)笠∈H4|(MSp)denotethe4i-dimensionalpartofb-

(l+bl+b2+-・)Jゝ, i.e.,

(5.6) (l+blx+b2x+～,k- ∑」>。(b)雷　　　　　撃in (5-4)′コ

and let H　　(MSp) →H★(MSp) be the Hurewicz homomorphism.

k

Proposition　5.7.　For any non negative integer r, s, t,

錘(a )(b上上(b)呈-j<b)t-k - 4({2(r+s+t)!/(2r)J(2s)!(2t)王)br+s+t-l'

where the summation is taken over all i,j,k三　O with i三r, j≦S, k三t.

Proof.　Consider the commutative diagram
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*,__ 、　　h　　... . ‥{ 、★

MSp (BSp)　" > (H∧MSp) (BSp)

年　_云　l車**
MSp (Y) -　　う(H∧MSp) (Y)

★

芸　H*(MSp) ⑳H (BSp

il⑳車★
★

芸　　H.(MSp) ⑳　H (Y),

wherehdenotestheBoardmanhomomorphism.Thenwehave

(5.8)瑚*_
)h(P冒Sp)-云<S>(p冒sp).

Thefollowin卓relationholds(cf.【1],[8;(5.1)〕):

△.
(5.9)云(p冒sp)-∑i>lbi-lp

△.
wherePistheprimitiveclassinLemma5.6.By(5.9)andLemma5.5,

rst(Iョ*曲p冒sp)-4:r+s+t=i>1((2i)l/(2r)!(2s)I(2t)Ob^^x2~x3

0ntheotherhand′by(5.9)and(5.6)∫

E(x呈,-(∑i^i-iV^-∑。三(b)呈.x-.

-3k

S

By(5.2)andthisequal⊥七y,wehave

邑<i>*(p冒Sp)-∑r+s+t>l∑H(a..,)

13k(b)L(b)呈-3(b)至-v)xTrx23・

Therefore,wehavethepropositionby(5.8).q.e.d.

For any class u∈¶ (MSp), its Hurewicz image H(u) can be

written as

r.

H(u) -∑入(rl'-′vbi -b・コ∈H*(MSp) -Z[b,,b. -】・
コ

For our purposef we denote simply the coefficients　入in) andや

入　0-. of b-n and b-n bo by (u) and　<u>,respectively.

Then we have

(5.10) Pn[uコ=(u), P,P　[u]=<u>+n(u)　or n三`1・

These formulas cah be proved by the same proof as that or MU
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givenm【1;pp.10-11].【15;pp.40ト402].

Bycomparingthecoefficientsobxr+s+ト1,r+s+t-3,
orblk>2

inthebothsidesoftheequalityinPropos土tion5.7′andbythe

abovenotationsof()and<>,wehavethefollowxng

Lemma　5.ll. Fo r,s,t三　0, the following hold, where summatxons

are taken over i,j,k　≧　O with l三r,コ≦S′　k≦t・

(i)

∑"ijk) (^ (,三jHt竺k)

if　{r′S,t}　-　{1,0,0) or t2,0′0)∫

24　if　{r′S′t}　=　{.1′1′0)∫

0 otherwise.

(ii)

∑{<a..,>(Ald三iHt竺kJ(aHi〔r崇2〕(。三JC,≡-)+i(r^i〕(S塁vfk

2jlt-k〕

・ k(r-i)(,三jHt慧>))}

if　{r,S,t) =　持,0,0㌦

60　if　{r,s.tI　主　{2,1,0}′

360　土　　r=　s=t〒 1′

0 otherwise.

proposition　5.12. (i)　For　ア,j　> 1,

(ai:oサー=

mod 16　if i and j are powers of　2,

mod　16　　otherwise.

(ii)　For i,j,k　三1,

^ijk5 --　and

<a..,>
13k

mod 16　if i,j,k are powers of　2,

mod 16　otherwise.

we shall prove Proposition 5.12 by preparing the following

two le王nmas :
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Lemma5.13.(i)(a..,)=Oifi,j,k
xjk之1・・ii)≡<a..->

i;jk(r-i痢(t*k)-{360if

。。th:rrw:S:,-t-1,

forr,s′t三1,wherethesummationistakenoverallx,j,kとl

withl≦r,コ三S,k≦t.

pr。of.(i)ByLemma5.ll(i)∑^iik'(r-i日。三iHt竺J-o

foranyr,s,t三1,wherethesummationistakenoveralli,],k三I

withi≦r,j≦S′k≦t.Thereforewesee(i)bytheinductiononx+j+k.

(ii)(i)andLemma5.ll(ii)imply(ii).q.e.d.

Lemma　5.14・ (i)　<a..,>　is a multiple of　<a--->　=　360　　or

any 1,j;-k　≧iユ.

(ii) <a..->=^i'j'k'*　oranypermutatxon (i'・j',k') of

U,D,k).

(iii)琵=l<ai岳>(1.)-0 for r≧　and ・t‡1・

(iv) Set mijk = <aijk>/360. Then mrst = mrlとmsllmtll for

r,s,t　三1.

if r is a power of　2,

mod　2　　otherwxse.

(V)inTil1mod2

0mod2

Proof. By Lemma　5.13 (ii), we can prove (i) and (ii) by the

induction on i+j+k, and (iii) by the inductxon on s+t.　We can

prove (iv) inductively on r+s+t by using (lii) and (ii), and (V)

inductively on r by using (iii) and the fact that

(妄雲i) for r>2- is。ddifand。nlyif r-2i+1　　q.e-d-

Proof of Proposition　5.12. (ii) . The first equalxty is proved
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in Lemma　5.13 (1).　The second equality is an immediate consequence

of Lemma　5.14 (iv),(v).

(x) By Lemma5.ll (i),we see that fo r,s≧ 1'

∑l≦i≦rサl<j≦ (*iio>(rii)(sin) -　24

if r　=　s　= 1

otherwxse.

By using this equality instead of Lemma　5.13 (ii), we can prove (x)

by the same way as the above proof of the second equality in (ii).

q.e.a.

Nowweconsidertheanotherexampleofsymplectxccobordxsm

classesdefinedbyR.E.Stong[14]andN.Ray[9].Wefollowthe

methodsduetoN.Ray.

2i-1
ThecomplexprojectivespaceCPisaweaklyalmost

symplectic manifold (see[工al= , and so as the product

2n.-l

H王=1CP

Considerthecomposxtion

f:壁,cp2nァー13..(cp-)2r一旦-cp-一旦-HP-,

wherejandqarecanonicalmapsandmistheclassifyxngmap

ofthetenserproductof2rcopiesofTl′wehaveabordismclass

2n.-1
【汀2r

i=lCP〕∈MSp4(n-r)(HP∞)

forn-∑王=lniBy(5・4)∫wehaveanexpansion

[iiJcp2n.-l
l'fl.-Iv芸ak(nr-′n2r>標sp

forsomeclasses

5.15)ak(nr-,n>∈T4(n-r-k)(MSp>0-ISiV-

Bytheresultof由Ray【9;(3.1),(3.2}】forthecomputationof

theHurewiczimageoftheseclassesa(nl,>**,n2),wehavethe
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followxngproposltlOn・wheres(jl,-,コ)denotesthecoefficient

・rr^r2(ni^i

ofni=1xアトintheexpansionof(∑2r2{n-r-j)

i=lxi;

propoSltlOn5.16.0rtheHurewiczhomomorphismH:¶4(n-r-k)

(MSp)--・H4(n-r-k)(MSp)'ltholds

H(ak(nr-・n2r>>-∑Sn(V-,-n.
^2r)(b)j(b)言:≡(b)≡-r吋

wheren-Ii=lni/^-∑2r

.-,j.andthesummati
x=lJiOnistakenover
all≧0・

22-2
wenoticethatthecoefficientsofb-andb-b?xnthe

4l-dimensionalc。mp。nent(b)言m。f(b了mare卜1)*(霊;l〕and

(-ir1(i-D〔I慧-)respectively.Theref。re・bycomparingthe

coeff土C土ents o n㌘-k and b n㌘-k-2
b2　土n the both sides of

the above equality, and by using the notations　( )　and　<　>　m

(5.10), we see the following

Lemma　5.17.　Fo n. > 1 (1三i三2r), the foilowing hold′　where
l =

v2r　　3 -漂-j. and the summations are taken 。ver　コi主O

withコi皇一了1 (1三i≦2r):

(i) (ak(nr-′n2r)) - ≡(-1)コ蝣n-r竺:-J"n"1'-′'2r</三㌢l主
X

(ii) <aknl' ,n去-)>-≡(-1)コsn(jl' '2rサ」/鳥pl〕
u

k           k

{<n-r-k十i)r 」.j-1主〔n-r-k-j〕漂l(年Dj,/ォn,+年1)}.

When k　= 1, we have the foilowxng

PropositiOn　5.18.　o n-r　三　2, the followmg hold, where
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n-震-n.:

1x

(i)

pnーr_l【チl(nl'='′n2r)] =

・- 2n--2 2n--2　　　　nl'n2=2/

2n.-2

(-1)n2411呈=l(ふl)
1

0

(上土ppFln-r-2Ia(n∫-,n2r}】

冒--2n--2

.n+1,r>c1-¥(

if r=2　and n.>1 (1三i三4),
1=

otherwise.

2:≡-2 if r-land n-,n.≧2・

-1)n12(n-18+4i)n呈=l(

2n.-2
(-1)n720II.-f

l=1^∴l)
1

0

2n.-2
1

n.-
1

i〕 if r-2, 0三月≦4and S-mユぬers of n.'s

are equal to 1 and the other

are more than　2,

if r=3　and n.>l (1三i≦6),
1=

otherwise.

n.ls
l '

proof.(i)TheequalityinLemma5.17(i)fok=1is

・al(nl,-・n2立))-≡(-1)w-,'2r)ni=ll等Il),

wheren-∑王r

=lni'-1'TT∑王_-j.andthesummationistakenoverj.≧0

(l三i三2r)withコi≦n了andj=n-r-1,n-r-2.Thereforetheleft

handsideis0ifr三3,becausej≦n-2r.

Letr-1.Ifn-=1orn2-1,thenpn-2^ai(ni'n2^-

isclear・Forthecasen-,n-≧2,thesummationxntheabove

equalityistakenover(j-,/J2)-(n--!,^-!),(n^-lfn2-2)and

(n--2,n2-1),andthensTi^i'^2i=2'4and4respectxvely・Hence

wehave

・al(nl,n2))-ド,2n--22no三〕

fornl,n2>2.-Since?n_2tai(nli-n2)3-(a-^n^r^))by(5.10)
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we have the desired equality fo n-2【a (n ,n2日・

For the case r　=　2, the summation in the fxrst equality is

taken over　コ　=　n.-1 (1三i三4) only, and then s (3-***Oa>　=　24
1

Thus we have the desired equality for P -3[a-(n-,n2,n-,n^)J.

(ii)　By the equality in Lemma　5.17 (ii), and by a similar

argument in (i), we see that　　<al^nl'-′n2r)> = 0 if　　三4′

and that, for r　= 1,

<al(nl・n2)> =

卜2n--2

1)n(n+l)(1

nrl〕〔2n0-2ifnl,n2≧2,

otherwise.

By(5.10)P-P,
1n-3[al(nl,n2)]=<a.'nl'n2^>(n-2)(al(nl,n2:for

n三3・HencewehavethedesiredequalityfoPIPn-3[al(nl'n2)】

bytheaboveequalit⊥esfo<al(nl,n2)>and(a(n・n2))We

omittheproofoftheequalitiesforPIPn-r-2[al(nl'--'n2r)]

(r=2,3)′sincewecanprovethemsxmilarlyandweshallnotusetheme

q.e.d.

corollary 5.19-　Pn-r-l【al(nl' -′n2r)] (n-r三2) is congruent t0

8　mod16 if r=l and n--l,n2-l are powers of 2, or

r=2 and nl=n2=n3=n4-1′

0 mod 16　otherwise.

proof. By Proposition 5・18 (i)′　n-r-1[al(nl>　-,n2r)]　　or

n-r>2　unless r主1and nl'n2≧2・ o r= 2. We prove the corollary for

r-1.(nl'n2≧2) and r- 2. Wen。ticethat v2欄Il -α(n) +α(m-n)

-　a(m) (cf.[10;(6)])′　where　α(y) is the number of l's in the

dyadic expansions of y. Thus′　by ProposltXOn　5.18 (i)′　we have
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V2(lpn_2【 (nl,n2)‖) - 1+α(n1-1) +α(n2-1) [nl'n2≧2), and

v2(lpn-3[al(nl'n2'n3'n4)川- 3 ・ ∑呈=lα(ni-1) (nl'n2,n3'n4 ≧ i)・

Hence v-申n_2[a^(n^,!-^)川is at least 3, and is 3 if and Only

if n了1 and n.-1 are powers 。f 2. Also v-再n_3【a^(n..jr^/n.,,n自)

is　3 if and only if n. = 1 (1三i三4).　These complete the proof.
1

q.e.d.

Now we can prove the following theorem which is Theorem III (i) :

Theorem 5.20. ¶8n+3(MSp(n)) (n三3) has no p-torsxon for any

odd prime p,

proof.　Let Q　=　{i/m　(m,p) = 1}　⊂Q.　Tensoring Q to

4.1　fo i　=　4n十4 (n三2). we have the exact sequence

u4n+4(MSp) ⑳ Qp J更-Qp ◎ Q　　*u8n+3(MSp(n)) ㊨ Qp -0′

since T8n+3(V ㊨ Qp芸Qp ⑳　(n三2) by Proposition 3.5 (i) and

7r4n+3(MSp) is a 2-torsion group. Therefore it is sufficient to

show that

(5.21) ∂⑳1 =甘4n+4(MSp> ⑳Qp-Qp◎Q is epimorphicfor n≧3・

set yx=al(l,1,1,1), yア=a (2,1), 2<i三6, and z-a (3,3). Then′

by usxng Proposition　4.2, the equalities

(5.22)

pk+i[uv】=Pk【u】Pl【Ⅴ】・

T>p
--1k+i-1【uv】=pp
Ik-1【u]P.【Ⅴ】+Pk【u]plpi-1[v】

for u∈^4k(MSp)　v∈TT (MSp) (k・ゼ三1) and ProposltXOn 5.18, we

see the following equalities for k　三　0, where　(a,b) -　au(3) +

bv(3) +　a torsioft element:
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a(yiy2k+1)-<トk+1k
l)KX8-4-(3k+5)′トl)k+18k十3)∫

∂(yk+2)=(卜l)k8k-4-(k+3)′(-1)k8k+1)∫

∂(y2ky3}=(トl)k8k-4-3-(k+2),(-1)k8k-3),

∂(y2y4}-(ト1)KX8-5-(k+2)′トl)k+18k-2-5)∫

3(ykz)=((-1)k+18k1-4-9-(k+2)∫(-1)k+18k-9).

3(y-jYt)=(トl)k8kサ4-5-7-(k+2)∫(-1)k8k-5'7)′

∂(y2y6)-((-1)k+18<7-9・(k+2),ド.k+ljc2-7-9).

Therefore,fora⑳1in(5.21),wehavethefollowingequalities:

Whenn=2k-lwithk≧2andp≠5,

卜l)ka⑳M(1/8J-4)y*+(1/8k一皇5)yk-2yj)=d,0)

卜l)k十la⑳エ{(k/8'-1)y2k+((k+l)/8k-2-2-5)y2k--y4)=(o′i);

whenn=2k-lork三andp-5,

(-1)k3⑳l((l/8kX)yk-(l/8k-3-2-7-9)y2ky6)=(1,0),

トl)k+13ョK((k-1)/8k-1-2)y2k-((k+l)/8k3-4-7-9)y2k3y6)=(0,1)

whenn=3andp-5′

∂⑳1((1/A)y2Z+(2/9)z)蝣-(1,0)∫a⑳l(-(l/4)y2'-(1/3)z)=-(0,1);

whenn=2kork三2,

卜1)k+1∂⑳l((l/8k1-4)yly2k+(1/8-蝣4)y2k-1y.)-(1,0)

(-1)⑳LMk+36)/8k)y;Ly2k+((k+24)/8k1)y2k-Ly,-d/8J-2,k-2
)y2y.

-(0,1).

Theseequalitiesimply(5.21),andwehavethedesiredresult.q-e.d.

Now we prove Theorems　4.6　and　4.7.

Proof of Theorem　4.6. (i)　By Proposition　5.18　and (5.22),
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p2i【al(2,2)1]=(-8)x(i>l)′P2i+1[al(2′2)11a,(2,3)】=(-D^s-bl

(i三l)′P2i+1[al(2,2)12a;L(2,5)]=(-1)135-81-1(i三2主

Thereforem(2i)(i之1)xsapowerof2bythefirstequality,and

m(2i+l)(i三2)issobythelasttwoones.ml)=m(3)-3foHows

fromtheresultof【7】p【6]onit.(MSp)andT12(MSp)I

(ii)Thedesiredresultfok-Plc9
n-2K+2^-1(resp.2K+2」)oHows

immediatelyもfrom (x) and the fact that

pn【1k9

2*2*0】(resp・Pn[al(2k+1,

2　+1]) is not a multiple of 16 by (5.10) and Proposition　5.12　くi)

(resp. Corollary　5.19主　　　　　　　　　　　　　　　　　　　　q.e.d.

ProofofTheorem4.7.(i)isprovedxnTheorem5.20.

(ii)Ifn-1,then^(MSp)=Oby[7],and(ii)xstrivial,

=fn三2,thenTBn-^V--byProposition3.5(i).Thus(ii)

followsfromtheexactsequence(4.1)

(iii)Considertheexactsequence(4.1)fori=4n+4and

n=2k+2-1with′l三l:

7T4n+4(MSp)-ZeZ-¶(HSp(n))塩町4n+3(MSp}-0,
B

whereweidentify¶sn+S^n5withZeZbyProposltlOn3.5(i).

ByPropositions4.2(ii),5.12(ii)andCorollary5.19,wehave

a(a-,)=(x

2*2*1′0)anda(al(2k+l,21+l))=(x-ty)

forsomeinteger..xlandsomeoddintegersxandy.These

implythatCoker8isafinitegroupandhasno2-t<」>rsion.By

Theorem5.20,Cokerahasnop-torsionforanyoddprimep,

henceCokera-0′andbn★is土somorphic・q.e.d.
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