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1. Introduction

This paper is concerned with the Dirichlet problem for second

order quasilinear elliptic equations of the type

f1.1)　　　-　div A(x,∇u) +　B(x,u,∇u) =　O in i2,

(1.2)　　　　　　　　　　　　　　　　　　　　u　=　g on　∂f2.

where Q is either a bounded domain or an exterior domain in K , A is

a given N-vector function of the variables x and　∇u　=

Ou/8x-　-,9u/8xN), B is a given scalar function of the variables

x,u and　∇u, and g is a function given on the boundary　3Q of Q.　We

allow the domain Q to be the entire space R , in which case the

boundary condition (1.2) is void.　Equation (1.1) is allowed to be

degenerate so that the nonlinear pseudo-Laplacian equation

(1.3)　-div(|∇u P-2∇u)+B(x,u,∇u)=O inQ, p>1,

is included as a special case of it.　Our objective here is to

develop the method of supersolutions and subsolutions for

constructing weak solutions of the problem (1.D-Cl.2) and for

analyzing the structure of the set of weak solutions thus constructed.

A systematic study of nonlinear elliptic boundary problems by

means of the supersolution-subsolution method was initiated by Nagum0
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[21】whoconsideredtheserailinearequation

・1.4)i,J…a..(x)

iJ蕊「+B(x,u,Vu)=O

N

IJ

inaboundeddomainQandestablishedanexistencetheoremasserting

thattheproblem(1.4)-(1.2)hasaclassicalsolutionifsuitable

classicalquasi-supersolutionsandquasi-subsolutionsareknownto

exist.(Byaquasi-supersolution(quasi-subsolution)ismeanta

functionwhichisexpressedlocallyastheminimum(maximum)ofa

finitenumberofsupersolutions(subsolutions)oftheproblem.)

Nagumo'sexistencetheoryhasbeengeneralizedandextendedin

variousdirections.AmongotherthingsAko[l】(seealsoHiraiand

Ako[143)provedtheexistenceofclassicalminimalandmaximal

solutionstotheDirichletproblemforgeneraluniformlyelliptic

quasilinearequationsoftheform

・1.5)-i,j=la..(x,u,
iJ∇u,首鮭+B(x,u,∇u)=OinQ
N

IJ

andshowedmoreoverthat,incaseallthea‥areindependentofu
lJ

andBisnondecreasinginu,aPeanotypetheoremholdsforthe

problem(1.5ト(1.2),thatis,theintervalbetweentheminimaland

maximalsolutionsisfilledwiththesetofsolutionscontained

betweenthesetwoextremalsolutions.AkoandKusano【2]appliedthe

supersolution-subsolutionmethodtofindclassicalentiresolutions

ofequation(1.5),i.e.thosesolutionsof(1.5)whichareguaranteed

toexistthroughoutR.

Itwasonlyrecentlythatthesupersolution-subsolutionapproach

wasattemptedtothesolvabilityofnonlinearellipticproblemsin

theframeworkofweakorgeneralizedsolutions;seee.g.Boccardo,
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Murat and Puel[3], C菖C【5】, Hess【12, 13】, and Deuel and Hess [6】.

The papers [3,6,12] deal with the Dinchlet problem for equations of

the form

(1.6) -　div A(x,u,Vu) +　B(x,u,Vu) =　0

in a bounded domain 12　and give su王ficient conditions for the

existence of a weak solution between a weak supersolution and a weak

subsolution.　In case A is independent of u and B is independent of

∇u, Diaz【71 has established, by means of the monotone method, the

existence of weak maximal and minimal solutions between weak super-

and subsolutions ( see also [13]).　The Dirichlet problem for (1.6)

in unbounded domains is studied in the papers 【5,13】, in each of

which it is shown that the existence of a weak solution in W 'p(良) of

the problem is implied by the existence of suitable weak super-　and

subsolutions in W　　(Q)

A survey of the previous results sketched above raises the

following questions.

(1)　Is it possible to develop an analogue of the Nagumo-Ako

existence theory for weak solutions of the problem (1,6ト(1.2) ?

More precisely, is it possible to establish an existence theorem for

(1.6)-(1.2) in terms of weak quasi-supersolutions and quasi-

subsolutions　?

(2).　Is it possible to prove for the problem (1.6)-(1.2) weak

versions of Ako's theorem on the existence of maximal and minimal

solutions and a Peano-Ako type theorem on the structure of the set of

solutions　?

The purpose of this paper is to make an attempt to answer the
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above questions.　Partial answers to these questions will be given

for the problem (1.D-Q.2).　In the case of bounded domains Q, we

introduce three kinds of weak quasi-supersolutions and quasi-

subsolutions, called super-　and subsolutions of class w, L or C,

depending on the structure of equation (1.1), and show that the

existence of a quasi-subsolutionや　and a quasi-supersolutionや2 0f

any kind satisfyingや1く甲　a.e in Q and甲1くg王や　a.e. on9Q

implies the existence of a weak solution u of (1.1)-(1.2) such that

qI1くu<甲ウa.e. in Q; furthermore we show that when<p~,や　are of

class W or L, the maximal and minimal weak solutions of (1.1)-(1.2)

are guaranteed to exist between　<p-　and　</・, and that the interval

between these extremal solutions is filled with the set of solutions

of (1.1)-(1.2).　In the case of unbounded domains Q, we intend to

solve the problem (1.1)-(1.2) in the framework of wj^(Q); it is
shown that all the results for bounded domains can be carried over to

the case where Q is either an exterior domain in R or coincides with

the entire space R ,　Examples illustrating our main results will be

presented; in particular, sufficient conditions will be given under

which the equation (1.3) possesses bounded positive weak solutions

defined in the entire space R .

Finally we refer to Tolksdorf[23】, DiBenedetto[8コ　and

Reshetnjak【22】 for the regularity of bounded weak solutions o王

equation (1.6) or (1.1).

2. Preli汀nnaries

Throughout this paper all functions are real-valued.　　We define
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N
x*yand|x|byxォy=…x.y.

11forx=(xl-・Vy=(y.-・V`

RN,and|x|=(x*x)1/LetINbethesetofpositivenatural

numbers.WeputR=(0,0)andR=【o・OWelett=max(t.O)

fort∈R.Letpandqbefixedconstantssatisfyinglくpく也and

q=p/(p-1).LetQbeaboundeddomainoranexteriordomaininR

(Nと1);thepossibilityQ=Risnotexcluded.Let3日bethe

boundaryofQ.Weassumethat3QbelongstotheclassCif912is

notempty・LetWl>P(Q)betheSobolevspaceandW吉>p(Q)bethe

closureofC冨(fi)inWl.P(Q)・Inthetracesensewewriteu=(i,と

)va.e。onBQforfunctionsuandvinW>p(fi).ThenormsinLp(幻)

andWl>p(持)aredefinedby

nullLP(fi)=(£|u|pdx)′Hullwl>P(Q)≡HDpul-LP(Q)

weshalluseHull=‖ullp;Q…andHull=Hull.whenthere

LP(Q)Wltp(Q)

isnoambiguity.LetW霊(fl)bethesetofallfunctionsbelonging

tow>p(fiO)forallboundedsubdomainsQQofQwithQQCn・

weassumeintheboundarycondition(1.2)thatg∈wl.p(Q)isa

givenfunction.Intheequation(1.1)weassumethatthefunctions

A:nXRN-RNA(x,考)=(A^x.g),-・t-¥j'Xig)),andB:QxRxR"-

RsatisfytheCarath昌odorycondition,thatis,eachA.(x,ち)is

l
measurableinx∈Qforeveryfixed考∈R.andcontinuousing∈RN

foralmosteveryfixedx∈Q,andB(x,t,隻)ismeasurableinx∈Qfor

everyfixed(t,ち)∈RxRandcontinuousin(t,号)∈Rx>Nfor

almosteveryfixedx∈n.FurthermoreweassumethatthefunctionA

satisfiesthefollowingconditions:
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(Hl}　　|A.(x,^)| ` |fo(x)|　|co(x川引p-1 i =1,-・N・

for a.e・ Ⅹ∈n,考∈ I , where fQ is a measurable function in Q and

co∈Lloc(R >

<H2)　(A(x一考)-A(x・考つ)・(ち-K )>o

for a.e。x∈E2,∀考,g-∈RN with　≠己ノ;

(-H )　A(x,考)・考と∝(x)I引　　fx(x川　p-1- If2(x)|

fora.e. x∈n・ ∀亀∈ {, whereα :RN→R+is acontinuous function

and f-　and f-　are measurable functions in Q.

For simplicity, it is assumed in (H-) and (H^) that cft and a are

defined on R .　Typical conditions to be imposed on the functions

fo,fj,f2 are as follows

<H4)　　0∈l/MQ), f. ∈LP(Q)I f2∈I/(Q>

・HK)　　∈弓。='rN)-ォl ∈ LT。X''h ∈弓。c(1RN>;

<H6)　fO'fl'　hoc<RN'

Here we state four lemmas which will be used in the later

sections.

LEMMA　2.1.　出土n垣旦bounded　旦且班旦吐in R .　suppose the注

・Hj),(H2>,(H3)迎旦　4　出旦　Let <Vn∈肘地旦sequence inW >p(fi)

旦嘘u ∈ wl,p(Q)旦旦地that

u　　⇒　u
n

u u
n

旦臼埴土ヱin Wl.p,幻),

strongly上且LP(Q).
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ii

/(A(x,ヮun)-A(x,∇u))・(ヮun-∇u)dx→0旦邑n→①・

師

ih且昆uconvergesstrongly
n也uinwltp<Q)

LEMMA2.2・出土Qbe且,measurable壁上InサN旦地上吐m∈N釦迫1

`piく(i=0,一・m)地constants.邑旦旦吐地吐旦functionf:QxRm

→RsatisfiestheCarath昌odorycondition且血f(x,U-(x)-U(x))
ID∈

・o(Q)ifu.∈P;(Q)(i=1,m)エ-F:L(R)×・・・×m(Q)→

L-(Q),F(u,-,um)(x)=f(x,ul(x)-.u(x)).止contin-sin-

strongtopology.

LEMMA2.3.　Let Q奴旦bounded旦旦盟setin RN (Nと2).

Suppose地止Al且月止B satisfy conditions

|A(x,ち)l(l + I引) +　|B(x,t,ち)I ≦M(|t|)(l ◆ l引)p,

A(x,考)・g　≧Vl引　-　M(0)

血上a.e. x∈n・ ∀ (t・考) ∈Rx配N・ -旦Mt! →R+is旦nondecreasing

function　旦塁旦　V il　旦　positive constant.　⊥ま　U i_S　旦　bounded solution

of (1.1)里-…①;n`M地班u∈Cγ(n)旦嘘

Null γ(示o)日

出上皇蛇subdomain Q^⊂⊂E2・血旦0くγく1・ γ = γ(N・p.M,リ,ju(M))旦嘘

C = C(γ,dist(QQ, 9Q))亘理positive constants.

Lemma　2.1 is proved in [4 , p.13, Lemma　3].　The proof of Lemma
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2.2isgivenin【17,p.22,Theorem2.1】。Lemma2.3isdueto

LadyzhenskayaandUral'tseva[19,p.251,Theorem1.1】.

Weshallemploythetheoryofmonotoneoperators.LetVbea

realreflexiveBanachspaceandVbeitsdualspace.AmapF:V→

5J5
Viscalledpseudo-monotoneifFsatisfiesthefollowingconditions

(i)　F is a bounded map;

(ii)Ifui'U∈V,u,ヰuweaklyinVandlirasupくF(u.),u.-u
li〉く01i→O

thenliminfくF(u.),u.-v>>くF(u),u-v>forallv∈V・

口巴E<

Letv∈WtP(Q)begiven.Let年Ⅹ・己)=A.(x,考・∇v(x)),i=1,-

・,N,fora.e.x日,∀亀∈RNPut去(Ⅹ・考=(Xl(x,5).-サA^(x,ち))・

ThenA(i=1‥.,N)satisfytheCaratheodorycondition(see【24,
1

p.152,Theorem18.3]).Itfollowsfrom(H^.CHg)and(Hg)thatfor

a.e,xHJ.∈RN

-S.(x,考)Ii|fo(x)||co(x川考+∇v(x)|p-1

`ほ,(x)|+2p|cA(x川引p-1i=1,-,N・

wherefQ(x)=|fQ(x)|+2p|cQ(x川∇vcx)!*-1∈Lq(Q),andthat

A(x,巳)・ミ=A(x,い∇v(x))・(考+∇v(x))-太くⅩ,ち)・∇v(x)

^2-Pα(x)I引?1(x川引p-1「?2(x)|

wheref.(x)=2P巾x(x)|+N|co(x川∇v(x)I)∈Lp(熊)andf2<x)=

α(x)∇v(x)|p+2p|fjCx)I|vv(x)|p+|f2(x)|+Nほo(Ⅹ川∇v(x)|牀Ll(Q)

Consequently,wecanassumethatAsatisfies(H-),(Ho)and(HL)

LetB:QxR.XRN→satisfytheCarath昌odoryconditionandthe
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following condition:

B(x,uQ,ul, -uN)∈L (Q) for allu. ∈LP(Q) i=0・1....,N,1

wherelくpoくのisaconstant. Forやl-*l∈WliP(Q)withや」0」

や　a.e・ in Q, i　- 1,2, we define T.(x,t) by
l

・x,い=(

T.(x,t) =

甲(x) if t　く　甲(X)

t if　や.(X) <L t　く　せ(x)

中(x) if　中(x)く　t

for a.e。x∈E2, ∀t∈R.　we see that for v∈Wl)p(Q)

(2.1)

in f

in t

in i

where (T.(v)Hx) =　T.(x,v(x)).
I^^^^^^^^^^H

G:Wl,p(Q)→L (Q) by

Ⅴ

qli

詛t

we also define the maps F-, F-,

F.(u)(x) 〒　B(x,T.(u)(x),∇T.(u)(x)), i　= 1,2,
1　　　　　　　　　　　　　　1

G(u)(x) = |Fl(u)(x) - F2(u)(x)|sgn u(x)

where (T.(u))(x) =　T.(x,u(x)).　The following lemma holds

LEMMA2.4・ -旦-Fl,F2,G:Wl,p(Q) → '<ォ) -continuous in

姐旦　strong topology.

PROOF.SinceT.(u)=<p.+(u-<p.)-(u-^.)foru∈LP(Q),i
l

1,2,itfollowsfromLemmas'3.1and3.2in[19,pp.50-51】that

T.:LP(Q)→Lp(白)andT.:Wl>p(良)→Wl>p(幻)arecontinuousinthe

11

strongtopology.Lemma2.2impliesthatF.:W'p(fl)

1→L-(QMi=
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1,2)arecontinuousinthestrongtopology.Weshallshowthe

continuityofG・Letun・u∈Wl>p(Q)andu--→ustronglyinWl>p(fi)

Put

n£1)={x∈Q:u(x)

n≧Oandu(x)と0),

虫£2)={x∈Oun(x)とOandu(x)く0),

Qエ3)={x∈虫U(x)

n`oandu(x)>0},

n孟4)={x∈Q:un(x)`Oandu(x)`0,・

・tfollowsfromLemma3.1in[19,p.50コthat」N(Q£2)uQ£3))・0asn

→　O where」 is the Lebesgue measure in 1 ,

all n　∈　肘　we have

4

Since Q=u Q(l) for

i=1

ーIG(u)-G(u)鮎」HG(u)-G(u)HpO

po;"np。;fiニ1)uQ(4)

n

'OIIFi(V-Fo(u)

ln川鵠2)uQ£3)+2'OIIFjCu卜F2(u)-I:,:Q£2)uQ£3,・

IFl(un)-F2(un川p.;報2)UQ(3)`

n

BFl(un)-Fl(u)+F2(u)-F2(un)p。;fl£2)ufl£3)HFl(u)-F2Cu)llp。;<2エ2)UQニ3,・

Put

E£1)={x∈o:un(x),Oandu(x),0,,

E£2)={x∈Q:un(x),oandu(x)=0},

Eよ3)=<x∈Qun(x)=Oandu(x),0,・

From(2・1)wehaveF^u)=FgCu)inEエ2)andF-(u)=

1nwinEエ3)

Hence
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IIGCuトG(u)ll '。璃1) i HFl(unトFl(u)+F2(uトw川p。;e£1)uEよ・2)uE£3,

i lIFlくun)-Fl(u)+F2(u)-F2(un川
po;Q

Similarly,weobtain

IIG(un)-G(u)川po璃4)=F-(unトFl(u)+F2(uトVun川po;Q.

consequently,HG(uトG(u)lvQ→0asn40,whichimpliesthat
n

G:Wl.p(Q)→po
L(Q)iscontinuousinthestrongtopology.This

completestheproofofLemma2.4.

3.　Equations in bounded domains

Throughout this section we assume that Q is bounded and that the

conditions (H-)-(H4) are satisfied for (1.1).　Let a- = inf　{ a(x)

Ⅹ ∈ Q) and d = HeOL.q, where α(x) and cQ(x) are functions appearing

in (Hj) and (Hg)・　Note that a-　>O since a is a positive continuous

function on R .

DEFINITION 1.　　A function u is said to be a solution

(subsolution, supersolution) of equation (1.1) in Q if u ∈ WX'p(詑),

B(x,u,∇u, ∈ L王。c(Q) and

(3.1)　! <　A(x,∇u)・∇甲+B(x,u,∇u)<p}>dx=　0 (」0,と0 ).
祁

for all　や　∈　C (0>　with　や　≧　O in Q.
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DEFINITION　2.　　A function u is said to be a W-subsolution

(L-subsolution, C-subsolution) of equation (1.1) in Q if u　=　max　{　u.
1

i　= 1.‥。,m　}　a.e. in Q　壬or some m　∈　別　where each u. is a
l

subsolution of (1.1) in Q and u. ∈ Wl'p(幻) (u. ∈ Wltp(fi)nLO(Q), u. ∈
1　　　　　　　1　　　　　　　　　　　1

CO'^豆)).　Here C・(諒) is the space 。王Lipschitz continuous

functions in Q.

A function u is said to be a w-supersolution (L-supersolution,

C-supersolution) of equation (1.1) in Q if u　=　min　{　u.　1 =
1

1,‥。,m}　a.e. in Q for some m　∈　別　　where each u. is a supersolution
l

。f (1.1) in Q and u. ∈ l.p(Q) (u. ∈ l.p(Q)nL(Q),u. ∈CO'^百日.
1　　　　　　　　　　　　　　　　1　　　　　　　　　　　　　　　　　　　　　　　1

The notion of W,L,C-subsolutions (-supersolutions) is not a

complete weak version of Nagumo-s quasi-subsolutions

トsupersolutions).　However, these are sufficient for the existence

of weak minimal and maximal solutions and for the formulation of

Feano-Ako type theorems.　　We shall use W.L.C-subsolutions

(-supersolutions) depending on the conditions of B(x,u,∇u), which

influence technically the restriction on test functions　やin (3.1).

It follows from the definition that if u-　and u2 are

W-subsolutions (L-subsolutions, C-subsolutions) of (1.1), then max

(U-.U-) is a W-subsolution (L-subsolution, C-subsolution) of (1.1)

and that if u. and u2 are W-supersolutions (L-supersolutions,

C-supersolutions) of (1・1), then min (u..,u2) is a W-supersolution

(L-supersolution, C-supersolution) of (1.1).　It is not known in

general whether W,L,C-subsolutions (-supersolutions) of (1.1) are
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subsolutions (supersolutions) of (1.1).　However, in the following

situation, we can prove that an L-subsolution (-supersolution) of

(I.1) is indeed a subsolution (supersolution) of (1.1).

PROPOSITION 1.　Let equation (1.1)互皇91上b呈出遡

(3.2)　　　-　div A(x,∇u) +　B(x,u) =　O in Q.

Assume地B(x,u)上旦nondecreasinj?旦皇_圭も　respect　上旦u　∈　R出almost

every fixed x　∈　E2　旦昆旦　satisfies　地旦　following condition:

(3.3)　|B(x,t)I≦If3<x)| +h(|t|)旦旺a.e.x弓n・ '日限・

-且f3 ∈ Lq(Q)呈出h・・直+→面.出鼻nondecreasing function. LLu止

旦旦　L-subsolution (L-supersolution) oj. (3.2)　地　u is　旦　subsolution

(sulaersolution)旦呈(3.2).

We give the proof of Proposition 1 in the last part of this

section.

3.1.　W-subsolutions and W-supersolutions

THEOREM 3.1.　　<p.釦血中2立皇respectively且W-subsolution旦血

且W-supersolutionill (1.1) JLn.Q　旦日並that <p-く<p, a.e.山Q釦止や1く

gく甲　a.e・ - 8Q.　suppose that　地旦旦出且上旦positive constant c.

釦迫旦function f- ∈ Lq(Q) -出止

(3.4)　触x,t,?)| 」 |fg(x)| +h(川) + cll引p-1

呈-a.e. x∈n・ ∀ (t・巳)∈RxRN,-旦h:R, →　1S旦nondecreasing

function such that h(|やい∈ Lq(幻) forや∈ LP(Q)　出血地主problem
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(1.1)-(1.2) h旦旦旦solution u-出地止qll £u<甲2 a.e. in.H.

PROOF・　The functionsや　andや2 are of the form

(3・5)　　<p-　=　max　{　吐　　i　= 1　・m)・甲　=　min　{　中　　i　= 1・...,n}

a.e. in Q, where　吐　and　や　are respectively subsolutions and

supersolutions of (1.1) in Q.　By adding the same functions to {吐i)

or {'I'.), we can assume that m = n. By taking甲!+<ォーサ!)+-(g一甲2)+

instead of g, without loss of generality, we can assume that　<p-　≦　g　≦

や　a.e・ in Q.　Let A(x,考) =　A(x,考+∇g(x)) and :畠(x,t,ち) =

B(x,t+g(x),考+▽g(x)) for a.e. x∈　Q, ∀ (t.ち) ∈　RxR .　Then we can

assume that A satisfies (Hl) (H2),(H3) and (H4)　Let u. =史j-g and

v. =　v.-g (i　= l,...,m) and let u~　=　max (u.:i=l,...m>　and v-　=　min
l                                 u

<v :i=l,-・,m}.　We note that u=<p..-gくo<:vo=9,-g a.e. in Q and

that u. and v. (i=l　‥.,m) are respectively subsolutions and
l        1

supersolutions of the equation

(3.6)　　-　div太くⅩ,∇u) +　S(x,u,▽u) =　O in Q

Therefore uQ and vfi are respectively a W-subsolution and a

W-supersolution of (3.6) in fl.　For i　∈ (0,‥.,m>, a.e. x　∈　Q, ∀　t　∈

M. we define

T.(x,t)

and

u.(x)　if t　く　U.(x)
l 1

if u.(x) <」 t　<」 v.(x)
l 1

v.(x)　if v.(x)く　t
l 1

h(x,t) = It-TO(x,t)|p sgn (t-TO(x,t))
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ThefunctionsT.(x,t)andh(x,t)satisfytheCaratheodorycondition.
1

Considerthefunctionも(x,T.(u),∇T.(u))whereT.(u)(x)=T.(x,u(x))

111

(cf・(2.1))・Putw=max{|u.|+Iv.I:i=l-・m}.From(2.1)and

(3.4)wehaveforu∈wl,p(Q)

|S(x,T.(u),∇T.(u川`|f3(x)|+h(w+|g|)+CjlvT.Cu)∇sip-1

1

If4(x)|詛2pcllvu|p-¥

where

f4(x)=l㌔(x)I+h(w(x)+|g(x)I)

m詛2Pci乙…(|vg(x)Il∇u乙(x)|+|∇V乙(x)I)p-1

Wealsohavefora.e.x∈E2,∀t∈a

|h(x,t)|i(|uo(x)|vQ(x)|+川p-1iIf5(x)ト2P|t|P-1

wherefc(x)=2p(|uri(x小|v(x)-)p.Consequently,thefollowing

estimateshold:

(3・7)B(軍,T.(u),∇T.(u))|i|f4(x)|+2pcll∇up-1・i=O,l・一・m・

foru∈wl.p(Q)・e・Ⅹ∈Q,wheref4∈Lq(fi)

(3.8)|h(x,t)|」If5(x)i2P|t|P-1

fora.e.x∈O,∀-R,wherefc

o∈Lq(Q)Fori∈{0,1,-,m}we

definefi.,B.:Wl>P

i'1(Q)→LMQ)by

(3.9)

S.(U)(x) =　B(x,T.(u)(x),∇T.(u)(x>)
1　　　　　　　　　　　　　　1

B.(uXx) =博,(u)(x) - fio(u)(x)| sgn u(x)1

We consider the following problem
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(3・10)

m

-divA(x,∇V) Bocv) …B.(v)+Oh(x,v)=O in虫
v　=　O on　∂Q

where β = 4p(p+1)(2m+l)Pc,P∝o卜　+ 1. Theorem3.1 is proved if the

following two lemmas are proved.

LEMMA3・1・止V∈吋P(Q) is旦Solution旦呈(3.10)出且u=v+g

il旦solution o-f (1.1)-(1・2)旦旦地地吐甲1くuく<po a.e. i且n・

LEMMA 3.2・迦旦旦星山旦旦solution v∈症p(fi) oア(3.10).

PROOFOFLEMMA3.1・Since(v-v.)∈W吉(Q)(i=l-.,m)and

l

h(x,v)=|v-vjpin{v>v,
o

in{v〉},wehavefrom(2.1)

/【去(Ⅹ・∇V)・'(v-v.)(v-v.){fi(x,v。,∇V+

V>V|　由

∑

乙=1
|S(x-T乙(v),∇Tl(v)) - fi(x,vO'∇vo)| + 3|v-volp-1}】dx = 0.

On the other hand, since v. is a supersolution of (3.6), we obtain
l

/ {A(x,∇V.) ∇(v-v.)　S(x,v. ∇v.)(v-v.)}dxとO

v>v.
1

and hence, by (H-),

o i I (`Å(Ⅹ,∇v)一　京(Ⅹ,∇V.)) ∇(v-v.)dx
1　　　　　　　　　1

v>v.
1

i ∫(v-v.){竜(x,v: ∇viト畠(x,V。'∇v一帽(x,v.,∇viトfi(x,V。-∇vll

Ⅴ〉V.
1

Therefore we have

- o|v-vQ|P ^dx≦0
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o = ∫(v-v^Iv-vQ|p" dxと∫ I(v-v.了- dx,
V〉　　　　　　　　　　　　　　　　Q

l

which shows that v　≦　v. a.e. in Q and hence v　く　　　a.e. in fi.
1

Similarly, we obtain uO≦v a.e. in Q.　Consequently, v is a

solution of (3.6), so that u　=　v　+　g is a solution of (1.1)-(1.2)

This proves the assertion of Lemma　3.1.

pROOFOFLEMMA 3.2・ Let V = W吉-p(Q) andV be its dual space

For u,v　∈　V we define

くal(u),v> = ∫ A(x,∇u)・∇vdx,
s

m

くa2(u),v'= £ {も(u)乙…lB乙(u) + BhCx-u)}vdx.

It follows from (^),<H4),(3.7) and (3.8) that aj.a^V蝣*V are

bounded maps.　We define F:V-サV by F(u) =a.,(u) +a9(u).　We

shall show that F is pseudo-monotone.　Let u.,u`∈　V, u, →　u weakly
l

in V and lim

i　⇒ 三upくF(u.),u.-u' 0. Then <u.}.∈肘is bounded in V and

ui→ustronglyinLP(Q)・By(3.7),(3.8)andHolder'sinequalitywe

have

m
lくa2(u.),u.-u'li-u-'p{柑O(Vォq+乙…IB,(u.)

L>1

…fcll+2p!lu.11
5"qi芸~1日・oasi--・

From(H-)weobtain

くF(u.),u.-u
ll〉>くa^u)u.-u>くa2(u.).uj-u〉・

sothat

くF(u.),u.-u>　⇒　O as i　-サ
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whichimplies

くal(u.),u.-u
l1l〉⇒Oasi寸の・

Consequentlywehave

くa-(u.>-a,(u)-u.-u>⇒Oasi⇒○・

ByLemma2.1wehaveu.-サustronglyinV,sothat,byLemmas2.2and
1

2.4,foral1v∈Ⅴ

<al(u.)-al(u),u-v>0,<a2(u.)-a2(u),u-v>0,

andthus

<F(u.),ui-v> = <F(ui>,u.-u>+<F(ui)-F(u),u-v>+<F(u),u-v>1

⇒　くF(u),u-v>　as i　寸　の,

which implies that F is pseudo-monotone.
From (Hg) and (3.7) we

have for u ∈ Ⅴ

くF(u),u〉-oI伽pp　蝣IV伽r - IIf2^ - (2m+l)llu-I。(町lq ・

2PcIIIVul|P *)・2 peiiuiip -2Po(llu,鴨詛Iv。l芸) - o<nu。軒'詛・vrl*…p ・

and so, by the definition of S

くF(u),u, ≧ 2"P(吋仲u鴨-(2m+l)4pclllull ISvuIIp l*β州芸}+o(llullp)

・2~p-1吋-∇ullp+ …芸) + o(…p) as Hull--p

Hence

・3.ll)　古くF(u),u,→-　as Hi川・-・

From Theorem　2.7 in [20, p.1803　there exists a solution v　∈　V of

く　F(v),<p　>　=　O for all　<p　∈　V,

implying that v is a solution of (3.10).　This completes the proof

of Lemma　3.2.
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An essential device in the above proof is to consider the

equation (3.10).　By using Theorem　3.1 we prove the existence of

minimal and maximal solutions of (1.1)-(1.2) between W-subsolutions

and w-supersolutions and establish a Peano-Ako type theorem.　We

employ the techniques of Hirai and Ako【14】 and Ako【1コ.

LEMMA　3.3.　王遥1上皇皇hylaotheses　旦£ Theorem　3.1 hold,　　£ u il　旦

solution oj- (1.1ト(1.2)姐吐出止や1 ≦u≦や　a.e・土星E2・出且里呈出旺旦

上皇皇　estimate

Mwl,p(Q)くC・

where C　土旦　旦　constant independent　旦ま　u.

PROOF・Wecanassumethat甲1くgく甲a.e・inQ.Sinceu-g∈

W吉p(Q)wehave

ftA(Ⅹ,∇u)・∇(u-g)+B(x,u,∇u)(u-g)}dx=0.

吊

From(H-),(Ho)and(H<)wecanestimate
io4

・o£I叫pdx`/<lfJI

f¥1▽up-l+f2l+N|∇g巨tfol+d|vu|p-1)n

lu-gHf3!+h(|<pll+|<p2l)+cl|vu|当,dx

'Q/りfol+N|∇glifOト(l中サ2|)(|fg|+h(巨中l<p2l)>dx

・/{|fI+Ndl

r¥1∇g+Cj(¥q>11+-<p21)}I∇ul^dx.吊

wehavefor巳〉0

再|+Nd|∇s¥+cll¥<pl¥*¥<p2¥})¥叫pll

`.-p.哩+Nd|∇gトc^l中+I<p,I>>P+eq|∇ulp・
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The conclusion of Lemma 3・3　follows by choosing 8 such that Cq = αJ2

THEOREM　3.2.　出　_吐迫　hypotheses oア　Theorem　3.1 hj主ユ且　　　Suppose

-上f。'f3 ∈ L4(Q)nLT。c(Q)　∈ LP(fi)nLI。ccQ)迫旦f2 ∈ I/Cfi)nLl。c(fi)

in (H )旦嘘(3.4).　Moreover, suppose地由や1・甲2 ∈ Lloc(Q)

出　problem (1.1)-(1.2)地主　minimal solution　旦 maximal

Then

solution u旦旦吐上垣1<?!」旦くu王や2a.e. in Q in出旦皇旦壁地吐ii u

蛋wl,p(fi)is旦虹solutionol (1.1)-(1.2) -立や1`u`甲　a.e. infl.

出且旦く　u　く　u a.e。上旦E2.

PROOF.　　Put

(3.12)<f={u:uisasolutionof(1.1)-(1.2)withq>,」u≦甲a.e.in虫)・

ByTheorem3.1weseethaty≠¢ItfollowsfromLemma2.3that

foranysubdomain一no⊂CQthereexistsp∈(0,1)suchthatthe

a
restrictionof90nQQisboundedinC(示wedefinethe

functions旦anduby

(3.13)旦(x)=inf<u(x):u∈sou(x)=sup(u(x)u∈の.

for x　∈　n。　Then we see that　里, u　∈　C(Q).　We shall show that　迫, u

∈　　Let {xl} ∈別be the set of all rational points of Q and for i ∈

let {vエi) ∈別beasequence in9*such that £lm　エi)(xi) =盲(x).

Putux=vj andX2=maxin,v*1),v^2)). ThenX2isa

w-subsolution of (1.1) in Q withや1く入2<甲　a.e.in Q and入2=g

a.e.on 312.　From Theorem 3.1 we see that there exists uo ∈ 9 such
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that入」u.甲a.e.infl.Inductivelywecanchoosea

nondecreasingsequence{u}∈NC9suchthatforn^2,人くun王や2
n
a.e.inQ,where入=max(u-
n-1£1'‥,v孟n)Letu(x)=lim

n⇒80

Vx>forx∈n・ByvirtueofAscoli-Arzela'sTheorem・weseethat

iiconvergestouuniformlyonanycompactsubsetso王12andhenceu∈
n

C(fi).Sincev£^xl)*入(xl)`vx}`芯(xl)forn^i,wehave

n

u(x')=諒(xl)foralli∈Thereforeu=uinfl.

ByLemma3.3weseethatuisboundedinW'P(幻)andhencewe

n

canextractasubsequence,stilldenotedbyu,suchthat

un→uweaklyinWl)p(Q)

un→ustronglyinL(Q)

Sinceu=ga.e.on∂Q,weobtainu-u∈W吉p(fl)andhence

n

/(A(x,∇u)-A(Ⅹ.∇u>>∇(u-u)dx

Q

・-fA(Ⅹ・'u)・'(u-u)dx-/B(x,u,

nnnヮun)(u-u)dx
n・
nQ

Thefirsttermontherighthandsideoftheaboveequalitytendsto

zeroasn→OsinceuRconvergestouweaklyinW*P(Q).From(3.4)

weobtain

/|B(x,u,

nll∇uR)(u-u)|dxiQ

l!un-uBp{|f3l+Bh(|サ1l+|甲2l,‖1+Cl',サnォr>・0

Thereforewehave

/(A(x,∇u)-A(x,∇u))∇(u-u)dx⇒asn⇒cD.
n ∩

Hence, by Lemmas　2.1 and　2.2, we obtain

-　21 -
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A(x,ヮun) → A(x,∇u), B(x,u ,ヮun) → B(x,u,∇u) strongly in Lq(Q)

which proves that u　=　u　∈ if.　Similarly we have　旦　∈　9.　This

completes the proof of Theorem　3.2.

Under the assumptions of Theorem　3.2, we denote by　<t the set

defined by (3.12).　By virtue of Lemma　2.3, we see that　9　C C(Q).

We can derive the following Peano-Ako type theorem for the problem

(1.1)-(1.2>。

THEORE弼　3.3.　皇道i　上皇皇　hypotheses ojf Theorem　3.2　出止旦　　　Suppose

地旦上やl・甲2 ∈ Lの(Q). Moreover:, suppose -ユB(x,t,考) is

nondecreasing山上h respect　血　t　∈ 【甲(X),</>o(X)】血エ　almost　旦里旦工ヱ

出旦旦　x∈n旦嘘皇里亘理fixed g∈RN. Then
艶由壁上Bl豊里呈上ヱⅩo ∈ n

{U(xQ)　u∈gl = 【旦(XQ),U(XQ)】,

where　旦旦丑A u.旦こ皇　respectively,地　minimal solution　旦旦旦並旦maximal

solution oア(1.1卜(1.2) betweenや1旦垣や2・

PROOF.　It follows from Theorem　3.2　that

9　=　{　u　∈　y :旦<　u　く　u a.e.in　幻).

Hence we have

{u(xQ) : u∈の⊂ 【旦(XQ),U(XQ)】・

To prove Theorem　3.3 it suffices to derive a contradiction from the

assumption that there exists u- ∈ R such that旦(X )くuoくu(xo> and

uoヰ{ u(xq) : u∈の　　We denote by T(x,t) the truncated function

-　22　-



T(x,t)

(

甲(x) if tくサj(X)

if<px(x)くtく甲(X)

や(X)  if　や(X)く　t

for a.e. x　∈　n,　　∈　R.　we set B(x,t,芭) =　B(x,T(x,t),考).

(3.4) we have

帽(x,t,考)I i fg(x)|+hり甲(X)や(X)いcl一引p-1

for a.e.x∈Q,ザ(t,亀)∈　N we consider the equation

(3.14)　　-　div A(x,∇u) +　B(x,u,∇u) =　O in Q.

From

Let u, =旦　v-　=u and d-　Iv1-ullL Since B(x,t,隻) is

nondecreasing with respect to t　∈　K, we have for all non-negative

functions　や　∈　C (Q)

/{A(x,冒(V　/2)) ∇甲+ B(x,ul+ dl/2・'(v dj/2))郎dx
祁

^/{A(x,∇V ∇甲　B(x,ul ∇ul)や}dx= 0.
吊

Hence uj十d-72 is a supersolution of (3.14). It is easy to see that

any u　∈　y is a solution of (3.14) in Q and hence　入. =　min (u-+　d-/2・

v-) is a W-supersolution of (3.14) in Q.　Similarly, v　-　d-!2 is a

subsolution of (3.14) in Q and左　=max(ul, v--d-/2) is a

W-subsolution of (3.14) in Q.　Sinceと1く入in Q and左　=g=入l

a.e.on　9fl, it follows from Theorem　3.1 that there exists a solution u

of the problem (3.14)-(1.2) such that左1≦uく入in Q.　Hence, we

have

ul≦uJ u-+d-/　　vr di/2くui v, in Q.

Therefore, u∈ y.　By our assumption we see that u(xo) ≠u,　Let
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u. =u.-V　=uif U(xQ) 〉uQ andlet nn=u・　=V, if u(xO)くuo・

Then we have u-<u-く　」vx in Q,u2(xQ)くuoくw lv2-U2'lのく

dl/2・　Put d,  Iv2-u2!O Proceeding as above, there exist uQ・V3 ∈

y such that u2≦u3≦V3くvo in Q,Wくuoくv3(x). IV3-U3川Oく

d2′2 」 2-2d.・
By an inductive process we can construct sequences

<Vn∈and{Vn∈別ofysuchthatforn∈u-」un+1くn+1<:v

in12,Wくuoくvn(xo>,Iv-nlL`21~ndl・Letu(x)=lim

n~10〇

u(x)forx
n∈Q.Then,u(x,.)=uQ.FromLemma2.3itfollows

thatuconvergestouuniformlyonanycompactsubsetsofQ.By

anargumentsimilartothatofTheorem3.2,weobtainu∈V,which

contradictsu(xQ)=uQ.ThiscompletestheproofofTheorem3.3

3.2.　L-subsolutions and L-supersolutions

THEOREM 3.4.　　　や1釦且甲2立且respectively且且L-subsolution

劃止an L-supersolution fi-i (1.1) iaQ旦山地止甲1く<po a.e. in fl鼻血

<p, 」 g≦甲　a.e. an.∂fL Suppose出土地旦旦出土旦

(0-1】旦嘘旦function f3 ∈ L/(fi)旦旦吐that

(3.15)　|B(x,t・考)I <:hりt|)(|fg(x)| + |引pJg)

constant 巳　∈

出上a.e. x∈Q・ ∀(t・考)∈RxRN・曲-皇h R　→R. 1S旦nondecreasin#

function.　丑出退出　problem (1.D-Cl.2)出道旦旦　solution u　鎚出土b且も

tplくu王や　a.e.in ft.

PROOF.　This result follows from an argument similar to that of

[123.　We give a proof for the sake of completeness.　Without loss

of generality we can assume thatや1くg王や　a.e.in Q and thatや　and
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q>2are of the form(3.5)with n=m.　Let A.(x,考) (i = 1 -,N)

T乙(x,t), u乙・ V乙(乙=0,1,...,m),負(x,t,考) and h(x,t) be as in the

proof of Theorem　3.1.　To prove Theorem　3.4 it suffices to solve the

problem

(3.16)
-div A(x,∇u) B(x,u,∇u)=oin Q, uO`u`vQin Q,

a　=　O on　9Q.

sinceu乙andv乙∈L(Q)乙=1・-.m)arerespectivelysubsolutions

andsupersolutionsof(3.16)inQ,u-andv-arerespectivelyan

L-subsolutionandanL-supersolutionof(3.16)inQ.Put

m
M=1+llcpjll-十一l<p.し+乙…(flu,-+ォv-)・

Byacalculationsimilartothatof(3.7)and(3.8),wehave

(3.17)敵Ⅹ・Tl(u),∇T乙(u>)Ii-f4Cx)|+2Ph(M)vuP一g・

乙=0,1,-,m,for∀u∈Wl>p(Q)a.e.x∈Q,wheref.∈Ll^)

(3・18)|h(x,t)|亨aWltlp-i)fora.e.x∈Q,∀・-R・

蝣A.
wedefineu.andubyu-=min{u乙:乙=1・-,m>andv=max

tvl:乙=1-,m)・Put

K=(甲∈u,王や≦+1a.e.inQ}

whereV =W吉'cQ> Then K is a closed convex subset of V.

B乙・B乙:Ⅴ→ L/(Q)乙=0,1,-,m) be the maps defined by (3.9).

∈V we define al and a3by

i iEi:

For u,v

くal(u),v> =£A(x,∇u)'∇vdx,くa2(u), '=£hくx,u)vdx,

m

くa(u)v>=£{台(u) +乙… Bt(u)}vdx.
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we note that a-, a-　　→　　　We also define F　　→ V* by F(u)

a^u) + a2(u).　We consider the variational inequality

(3・19)　くF(u),中一u> ◆くag(u),9-u)と　　for寸や∈ K・

Theorem　3.4 is proved if the following two lemmas are proved.

LEMMA　3.4.　呈上　u　∈　K　土星旦　solution　且£ (3.19) Ihen u　上且旦

solution　旦ま(3.16).

LEMMA　3.5.　There exists　旦　solution u　∈　K Oア(3.19).

PROOF OF LEMMA　3.4.　　We note that u　-　min (u,v.) = (u-v.)　and
l

max(u,u.)-u=(u.-u)forl≦i`m.Sincemin(u,v.),max

(U,!^)∈Kwehavefrom(3.19)

+
くF(u),(u-v.)〉+〈ag(u),(u-vj)〉<0・
1J1

p^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^w*
くF(u),(u.-u)〉+くaQ(u),(u.-u)
ol〉20・11

ByanargumentsimilartothatofLemma3.1,wehaveu-iuくvo

a.e。inn.Therefore,

くa^u),甲-u>+/B(x,u,∇u)(甲-U)dx>0for∀甲∈K・

Q

For arbitrary non-negative function　や　∈ C co) we can choose a

positive constant　5　such that u土叫　∈　K.　From the above inequality

with　<p　=　u土　～坤　we have

/{A(x,∇u)・∇中　+　B(x,u,∇u)ォ|'}dx =　0.

那

PROOF OF LEMMA　3.5.
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旦地史1.　For arbitrary z　∈　L (fl) there exists a unique u　∈　K

such that

くF(u),甲-u〉　+ Jz(<p-u)dx ^ 0 for　∀q) ∈　K.
軍

In fact, let　<zn>n∈N C L (Q) be a sequence such that

Z　　-*　2
n

Z　　⇒　Z
n

strongly in L (Q)

a.e. in Q.

ItfollowsfromtheproofofLemma3.2thatF:V→Jjt
Vispseudo-

monotoneandthat(3.ll)holds.FromTheorem8.2in[20,p.247]

thereexistsau∈Ksuchthat
n

(3.20)くF(u)
n甲-v詛」v甲-un)dx≧O

By(3.18)wehave

くw-%'`-くW'V~㌘nundx

/(2P+1MP叫zI)dx,

for V甲　∈　K.

andhence,from(H-),<u-}-
onn∈isboundedinV.Wecanextracta

subsequenceof<u},stilldenotedby(u},suchthatforsomeu
nn∈K

u u
n

u　　⇒　u
n

weakly in V,

a.e. in Q.

Put甲=uin(3.20).Thenweobtain

くa,(u),u-u>」-
innくa2(un),un-u'-」zn(urTu)dx→asnー0-

andhence

くal(V-al(u>'un-u〉⇒0asn寸の・

wehavefromLemma2.1un⇒ustronglyinV.Therefore-lettingn→
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ゆin(3.20),weseethat

くF(u),甲-u〉+Jz(甲-u)dxとfor∀甲∈K.

n

Letu.andu-∈Ksatisfytheaboveinequalitythenweobtain

Oくくa(u)-a(u>,u-u2〉く-くa2(Ulトa2(u2),u1-u2〉くO

sinceh(x,t)isnondecreasingwithrespecttot∈R.By(H2)and

Poincare'sinequality,wehaveu.=u2

Step2.ItfollowsfromStep1thatforarbitraryu∈Kthere

existsauniquev∈Ksuchthat

くF(v),9-V〉+〈ag(u),<p-v>k0forY甲∈K・

WedefineS:K一Kbylettingv=S(u)betheuniquesolutionofthe

aboveproblemforu∈K.Thefollowingassertionholds

KR⇒KDforsomeR>0,
it

whereKD=K
itnt甲∈K:ll<pll≦R)・

Infact,setv=S(u)foru∈K.From(3.17)and(3.18)we

have

くa][(v),v〉く-くa2(v),v>-くa3(u),v>

/{2PXMP+2(m+l)M(|fJ+2ph(M)

n4-∇u-P-S)>dxQ

andhencefrom(H,,)

IIS(U)IIPiC(l+HullP一g),

whereCisaconstantindependentofu.TakingR>Osuchthat

C(1+RP-B)`Rp,weseethatS:KD→KR・

地3.ThemapSKR一KRiscompactandcontinuousinthe

strongtopology.
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Infact,let{un>n∈NCKR.SinceKRisaboundedclosedconvex

subsetofV,wecanextractasubsequence,stilldenotedbyu,such
n

thatforsomeu∈KR

u u
n

u　　一詛　u

n

weakly in V,

a.e. in　虫.

Since{S(u)}CKR,wecanassumethatforsomew∈KR
n

S(u)ヰwweaklyinV,
n

S(u)wa.e.inQ.
n

weseethatforn∈別

<an(S(u)),S(u)-w>」-<ao(S(u)),S(u)-w>-<ao(u),S(u)-w>
innznndnnt^^^^^^^^^mr^m^^mti^m^^^%

Itiseasytoseethatくa2(S(u)),S(u)-w〉⇒Oasn→OBy(3.17)

wehave

lくaa(u).S(u)-w>Ii2(m+l)吉。卑+2Ph(M)|vunlP"8)|S(un)-w|dx・

Weobservethat

/IS(un)-w|dx→Oasn→①・
n

and

n/lvuJp-」|S(un)-w|dx」∇un鴨-sl!S(un)-wl|p/e・0asn--・

np

Thus

くao(u),S(u)-w>
onn→asn→¢・n

Consequently,wehave

O-CSCu))-al(w),S(u)-w>
lnln0.nn

ByLemma2.1weobtainthatS(u)⇒wstronglyinV,whichshowsthe
n
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compactnessofS:Ln⇒R*Letu,u∈KRォUn→ustronglyinV.

SinceS:K-n⇒KDiscompactwecanextractasubsequence(u}
ォnn∈NC

{Vn∈朋suchthatforsomew∈KR

S(u)⇒wstronglyinV,
n

S(un)→wa.e.in幻・

Ontheotherhand,wehave王oral1甲∈K

くF(S(u)),<p-S<u
nこ)〉+くVV'9-S(u))≧oen

Lettingn車のweseethatfromLemma2.4withp-=1

くF(S(uこ))・甲-S(u)〉=くF(S(u)),<p-w

n〉+くF(S(u)),w-S(u)
nn〉
nn‥--n‥'n

⇒くF(w),甲-W).

and

′′′くw-</>-S(u)
n〉=くa,,(u),w-S(u′)〉+ノくaq(u)

。n・甲-W)
n

・+くa3cu),<p-w>.

Hencewehave

くF(w),甲-W〉 +くa3(u)や-w> k 0.

It follows from the definition of S that w　=　S(u) and hence S(u ) ⇒
n

S(u) strongly in V- which proves that S : KR→ KR is continuous in

the strong topology.

Applying the Schauder fix point theorem we can find a u ∈ KR

slich that u　=　S(u).　This completes the proof of Lemma　3.5

LEMMA　3・6.　Let the hypotheses　旦まTheorem　3.4　hold.　ユエu il　旦

solution旦£ (1.1)-(1.2)血出土qll£uくや　a.e・上且E2・出旦里卓也

the estimate
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Hullwl<p<n)くC・

where C　上旦旦　constant independent　且£　u.

Lemma　3.6　follows from an argument similar to that of Lemma　3.3.

By applying an argument similar to the proof of Theorems　3.2　and　3.3,

we can conclude from Lemma　3.6　the following theorems

THEOREM3.5.出土五重

-止fo∈Lq(Q)nLloc(n)

locin(H.)
4避止(3・15)・

minimal solution　旦

hylsotheses　且£　Theorem　3.4　hold.　　Suppose

・LP(Q)nLT。c(Q)封迫　2'　∈l/(Q)∩

迦旦　the problem (1.1)-(1.2) h旦旦旦

旦maximal solution u血出土甲1く旦5:uく甲2

a.e。 in Q. in th<旦皇旦壁上地上ii u ∈ Wl>p(幻) is旦蛇solution旦呈

(1.1卜(1.2)旦日立や1くuく</>　a.e. in.Q, then旦^u^iu a.e. in fl.

THEOREM　3.6.　出上皇旦　hylaotheses　旦呈　Theorem　3.5　姐遁　　Suppose

出土B(x,t,己) i-ァ- nondecreasin#山上respect血t ∈ [甲j(x),<P2(x)】山上

虹most皇竺呈出fixed x ∈ n旦出皇旦卓上ヱ土日迫旦ミ∈ RN.

皇旦皇迎Ⅹ0 Hz

u(x)　u∈の　= 【旦(XQ>・U(XQ)】・

Then 里皇　have　土旺

where y is t立皇旦塁上　defined　立ヱ(3.12) ju迫里, u　旦こ旦　respectively　地旦

minimal solution　色白立　地　maximal solution　旦呈　U.1)-(1.2) between

旦旦旦<p9.

3.3.　C-subsolutions and C-supersolutions
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THEOREM 3.7.　　　<p一　旦血や2立皇respectively且C-subsolution &nA

旦C-supersolution旦i (1.1)止E2-出that<p　く<p. a.e.山口釦止qIlく

g`甲　a.e. on-　Suppose-上fo∈Lq+S(Q)　∈Lp+Scn)旦嘘f2∈

Ll+B(fi)加工旦旦吐positive constant

suppose that there exists　旦

8in (Hl)旦嘘<H3>・　Moreover,

function f3 ∈ Lq(Q)旦旦吐地吐

(3・21)　触x,t,考)I`If3Cx>| +h(|t|)(1+ |引p)

如上a・e・ Ⅹ∈n, ∀ (t・告)∈HxRN　-旦h :R　→　1S旦nondecreasing

function .　Then　地旦　problem (1.1)-(1.2)も旦旦旦　solution u　軸

や1≦u<甲　a.e・in Q.

PROOF.　without loss of generality we can assume that　<p-　≦　g　く

<po a.e. in v and that甲　and甲2are of the form (3.5) whereア.,中i ∈

CO'^百)and n=m.　Put

m

v=主…　-i<=　‥卑-i.…^i3-.…Tvvl.

Let for n　∈　N

Bn(x,t,考)

T(t) = 信
-　M

where

B(x,T(t),g if I己l　くn　+　M

B(x,T(t),(n+M)考/ほI) if　はI　>　n　+　M

if t　く　-　M

if　-　M　≦　t　<　M

if M　く　t.

we see that B : QxRxRN→ R satisfies the Carath昌odory condition and
n

thatや　and <p2 are respectively a w-subsolution and a W-supersolution

of the equation
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(3.22).-divA(Ⅹ,∇u)+Bn(x,u,∇u)=Oinn.

From(3.21)wehave

IB(x,t,亀)l`lfg(x)|+h(M)(l+In・M凸

fora.e。x∈f2,∀<t,S>∈ExR,andhencebyTheorem3.1thereexists

asolutionuoftheproblem(3.22)-(1.2)suchthatや1くunく<p2a'e-
nn

inQ.FromtheproofofTheorem2.1in[3,pp.225-233】wecan

extractasubsequenceof{u}
nn∈別whichconvergestoasolutionof
・1・1ト(1.2)stronglyinW霊(Q).

3.4.　Examples and Remark

EXAMPLE　3.1.　　we consider the problem (1.3)-(1.2).　Let

B(x,t　吾) be nondecreasing with respect to t　∈　　for almost every

fixed x　∈　幻　and every fixed g　∈　R .　suppose that B satisfies the

condillon

|B(x,t.葛)lくh(|t|)(1 + |引p-1

for a.e. x∈Q, ∀ (tl考) ∈RxR , where h : R+→　is a nondecreasing

function.　Moreover, suppose that g∈ wl.p(Q) n LO(aQ).　By

following Remark　2 in 【1】　we can construct an L-subsolution　</>.. and

an L-supersolution<? of (1.3) such that<pj ≦甲2 a.e. in Q and q>-くg

q>2 a.e. on 9Q. In fact, because of the boundedness of Q, there

exists a positive constant M such that

n⊂fx∈RN　-MくⅩ1くM)・

We choose positive constants　γ　and C such that
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γ 〇 (h(0) + l)/(p-1)　とγ-V^hCO)1/(p-1) IIgl-蛸・

We define the functions (p. and　<p-　by

<PICx) = -(p2(x)　<P2(x) = C(2 - e

-γ(xj+M)

Since Cく甲(x)く2Cin Q, we see that<p. 」q>2in Q and<p-くg`甲2a・

e。 on　3Q.　We have for all non-negative functions (p　∈

/tl∇甲　P-2∇甲2・∇甲+ B(x,甲2・∇甲)<P>dx
s

>川∇甲,P-2∇甲2・∇や+ B(x,O,∇甲2)や)dx
n

・ /{I∇VP-2∇甲2・∇甲- h(O)(l + IvcpjP"1)<p>dx
n

=川Cγ p-1 γ(p-1)(x.+M) - h(0)}叫xiO,
邸

which implies that　甲　is a supersolution of (1.3).　Similarly we see

that　や　is a subsolution of (1.3).　Since the pseudo-Laplacian

operator satisfies the conditions (H-)-(Hg) (see, for example, 【7・

p.264, Lemma　4.10]), by virtue of Theorems　3.2　and　3.3 (or Theorems

3.5　and　3.6), there exist a minimal solution　旦　and a maximal solution

u of (1.3)-(1.2) between　<p-　and　<?　and the interval between　旦　and u

is filled with the set of solutions of (1.3)-(1.2).

EXAMPLE　3.2.　In Theorem　3.6　we assumed that B(x,t,考) is

nondecreasing with respect to t ∈【<px(x),甲(X)】  If B(x・t・考) is

strictly decreasing with respect to t ∈ 【甲jCx),<*>2(x)】, Theorem 3.6 is

not true in general.　For example, we consider the problem
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(3.23)

(
ムu　+　入u　=　O in Q　=　B,　　N　と　3・

u　=　O on　3Q,

where　入　and 15　are positive constants.　The problem (3.23) has a

trivialsolution旦…0・ lfu∈W吉(Q)nLの(Q) isasolutionof

(3.23), then we see that u∈ C2(示) by the regularity 。f elliptic

equations (see e.g. 【19, p.115, Theorem 1.3; and p.251, Theorem　2.1】).

Gidas, Ni and Nirenberg 【11] showed that there exists a unique

positive solution u of(3.23) if l　く　β　く(N+2)/(N-2).　We can regard

旦　and u as an L-subsolution and an L-supersolution of (3.23)

respectively.　By virtue of the maximum principle, bounded

non-trivial and non-negative solutions of (3.23) are positive.

Therefore we have

9　=　{　u : u is a solution of (3.23) with　退　<　u　£　u) (追,u>.

Thus a Peano-Akd type theorem does not hold for (3.23) with l　く　厚　く

(N+2)/(N-2).　On the other hand, let　β　= 1 in (3.23) and let　入　be

the first eigenvalue of A under the Dirichlet condition.　　Then

(3.23) has a positive eigenfunction u, and we have

v　=　{　cu : c is a constant with O　く　C　くl I.

This shows that a Peano-Ako type theorem holds for (3.23) with　3　= 1

REMARK　3.1.　Theorems　3.1, 3.4　and　3.7　are related to [6,

Theorem】, 【12, Theorem] and [3, Theorem　2.1】　　We cannot prove the

existence of minimal and maximal solutions and the Peano-Ako type

theorem under the generalized Nagumo condition (3.21).
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PROOFOFPROPOSITION1.Itsufficestoprovethatifu,u2∈

wl>P(Q)nL(Q)aresupersolutions(subsolutions)of(3.2),thenminヰナ

(ul9u2>(max(u^Ug))isasupersolution(subsolution)o王(3.2).We

usethemethodof[16,p.42,Theorem6.6]・Wesetw=min(uj,u2),

u.=u--wandu.=u2-w・LetA(x,ち)=A(x,考+∇w(x))andも(x,t)=

B(x,t+w(x)).WithoutlossofgeneralitywecanassumethatA

satisfy(PL),(FL),(H,,)and(H,).LetT(t)bethetruncated
i.i.64

function

T(t) =

if t　く　O

if O　≦　t　£　M

if M　く　T,

where M = llu-lL Iu-11　The functions u. and u2 are supersolutions

of the equation

(3.24)　　-　div A(x,∇u) +負(x,T(u>) =　O in Q.

we set V=wl,p(Q) and

K　=　{　<p　∈　V : O i　や　£　M　+ l a.e. in fi　}

Let for u.　∈ Ⅴ

くax(u) '=㌘(Ⅹ,'u''∇vdx,くa2(u),v'=㌘(x,T(u))vdx,

where T(u)(x) =　T(u(x)).　It follows from the proof of Theorem　3.2

that aj, a2 : V-サV , whereV* is thedual spaceofV, and thatF

V , F(u) = al(u)+a2(u), is pseudo-monotone and (3.ll) holds.　From

Theorem　8.2 in 【20, p.247コ　there exists a u　∈　K such that　くF(u),<p-u〉

≧　O for all　や　∈　K, i.e.

(3.25)　/<太くⅩ,∇u)・∇(甲-ll) +台(x,T(u))(中一u)>dx≧ 0 for all q> ∈ 冗.
S
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Since min (u,u.)牀　K and u　-　min (u,iL) = (u-u.) , we have

/{AC 'u)・∇(U-uj) 6(x,T(u))(u-ul)>dx` 0・
..ヽ′

..ヽ1.

・、　　　　　　　　　　　　　　　　　　　　　、　　　　　　^-　+

On the other hand, since ul is a supersolution of (3.24) and (u-u-)

・軒p(Q), we obtain
ヽ一　　　　　　　　　~、一　　　　　　　L~)　　　　　　・.ヽ′　　　　　　　　・ ヽ_

/(互(Ⅹ・∇V '(U-U-) ficx.TCuj))(u-u-)}dx ^

Consequently we have from (FL)

o 」 /(A(x,∇u)-去(Ⅹ・'Uj)) ∇(u-u-)dx-ll-t′

u>u

` ∫(u一石1日も(x,T(ul))一菖(x,T(u))}dxく0・

.～

u>u.

which implies that　∇(u一五.)　=　O a.e. in Q.　From

inequality we have uくu-　a.e. in Q.　Similarly we have u`石　a.e.

・~ヽ一　　・~-

in幻and hence O≦u≦min(u-,u2)=O a.e. in Q.i.e.u=O a.e・ in Q.

For any non-negative function中∈ Cq(Q), we can choose a positive

constant　る　such that I沖　∈　K.　By (3.25) with　や　=　坤　we obtain

/{A(x,∇W)・∇中　+　B(x,w)tf}dx ^ 0,
吊

which shows that w = min (u^u,,) is a supersolution of (3.2)

Similarly we see that max (u-,u2) is a subsolution of (3.2) if u., u2

∈ Wl>p(Q) nL (Q) are subsolutions of (3.2). This completes the

proof of Proposition 1.
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4.　Equations in unbounded do汀坤ins

Throughout this section we assume that fi is either an exterior

domain inRN orQ = IR and that the conditions (H.)-(Ho) and (Hc)

hold for(1.1)・　We setォ　=Q n BR for R>0,where BR denotes the

open ball of radius R centered at the origin.　In case Q is an

exterior domain we assume that there exists a positive constant a

such that BQ C B .　In case Q　=　R the boundary condition (1.2) is

void。 and the proble汀i is to find a solution of (1.1) defined

throughout !RN.

DEFINITION3.Afunctionuissaidtobeasolution

(subsolutioりsupersolution)of(1.1)inQifuisasolution

(subsolution,supersolution)of(1.1)inQnforallR
nとa・

AfunctionuissaidtobeaW-subsolution(W-supersolution)of

(1・1)iniJifuisaW-subsolution(W-supersolution)of(1.1)in,f2R

forallR^a.L-subsolutions,L-supersolutions,C-subsolutionsand

C-supersolutionsaredefinedanalogously,

THEOREM4.1.日止qll旦出や2地旦W-subsolution旦且旦旦

W-supersolution且ま(1.1)山Q,respectively,旦旦吐出91王やa.e.

iBn旦嘘甲1≦g<甲a.e.皿aQ(jj-3Qis-non-empty).Suppose地出

血工且はR≧a地旦呈出i旦positiveconstantcD,
it旦functionfDn∈

L-Ml-)迎旦旦nondecreasinj?-旦-旦R→A+旦凹地地旦上hRO軸∈

L*(aR>-甲∈LP(QR)and
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(4・1)　|B(x,t考)l`|fR(x)　hR(|t|)+CRI P-1

-a・e・Ⅹ∈QR' (tg)∈RxRN・エ垣旦-problem(1.1)-(1.2)由旦旦

solution u such地呈上や1くu」<p2 a.e. j-n Q.

LEMMA　4.1.　と遥土地　hypotheses o_f Theorem　4.1 h_⊆止且.　出　R　立皇

旦constant出血R^a.　止u土星旦solution旦£ (1.1) in.Q2R-立地出

や1≦u王や　a.e.in Q2R旦姐u=s a.e.皿∂Q (LL∂Qis non-empty)

then 旦皇　have　地旦　estimate

Hull nくCR・

血旦CR上丘且constant independent且上u・

PROOF OF LEMMA　4.1.　It suffices to prove the lemma for the

case that 9Q is non-empty. We choose the function甲∈ C吉(B2R) so

thatや=1in BR' `甲`1in B2R and　∇やl`4R in B2R. Since

や(u-g) ∈轄(Q2R> we have

/(甲A(x,∇u)・∇(u-g) + pォpP~ (u-g)A(x,∇u)・∇や　<pP(u-g)B(x,u,'u)}dx = 0.

put∝=inf{∝(x):x∈Q2R}andd=HcqII^.q・Notethat

2Rα0>0.

Weobtainfrom(H^.CHg)and(4.1)

亀<*>p|vu|pdx<:/[サp{|fo|+甲∇u|P"1+N|vg|(|fO|+d|vu|P"1)}

2R

41TINp<pPXlu一gHfj+dlvul15-1)

+甲p-u-gHf2Rトh2R(|u|)十c2R|vu|p-1】dx・

Letv=Icpj|+|<?2I+|g|.Sincelu-g|」vand|u|<va.e.inf12R'we
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have

好一∇u|pdx鴇fol+N|∇g咽+v(4R N軸+|f2Rl+h2R(V))

・甲Pl∇u|p-1卑+Nd|∇g|+c2Rv)+4R"1Npd叩p-1|vu|p-1]dx.

By virtue of H岩Ider's inequality, we have for　8　〉　0

l∇uLp- (If,I+Nd!∇g|+C2Rv) i CqI叫　8-p(|fll+Nd ∇gl+C2RV-p
and

4R- Npdv^1*"1 ∇ulp-1 i Cqやpl∇u s-P(4R- Npdv)p.

Lemma　4.1 then follows by choosing s so that　∝　*　48V

PROOFOFTHEOREM4.1.Itsufficestoprovethetheoremforthe

case9Qisnon-empty.FromTheorem3.1itfollowsthatfor∈肘

theproblem

「divA(x,

u:u)+B

g。n芸nx:U,vu

u三=OinQ

<pi。n9昌::;

hasasolutionun->P(nn+a)suchthatや1`un`甲2a-e*inQn+a'

ByLemma4.1weseetha-Vnと4aisboundedinW>P<^2a)andhence

wecanextractasubsequence{uニ1)。加of{Vnと4asuchthatforsome

(1)∈w'P(!w

u£1㌧u(1)weaklyinwr'p(Q2a).

uよ1㌦u(1)stronglyinLp(Q2a>・

wechoosethefunctionや∈C吉{B2a)sothatや-1inBa'0≦甲`1in

B2aand|v<*>|`4ainB2a>Sinceu=ga.e.onBQand

甲(u£1}-u(1))∈W吉(&),wehave

-　40　-



/<M(x,∇u孟1年,(u£1)-u(1))dx

Q2a

・-/(u

n2aエーu){A(x,∇u£1)∇甲+B(x,u£1㌦u£1))<p>dx.

Byvirtueof(Hj)and(4.1),wehave

£:三u£1)-u(1))A(x,'uエ1)∇軸

'4a~hlu�"-u(1)'p;Q<llfJl

2aO"q;Q+dl

2a-,<"*i議2a,→0・
whered="cqII^.q,and

孟2三uエn-ucl))B(x,u£1'・∇uエ1))Idx

ilu^1)-u(1>l-p;fi{I

2aほ2allq;Q2a+llh2a(|(pll+-中q;n+c

2a2a一一∇u(1)p

p詣2a,⇒asn⇒の.

sinceu nconvergestou(}weaklyinWl>p(fi2a),weobtain

/<pA(x,∇u(1))∇(u£1)-u(1))dx→0asn榊.

2a

Consequentlywehavefrom(H壷)

/(A(x,

n∇uよ1))-A(x,∇u(1))>,tuよ1)-u(1))dx→asn・-・

a

ByLemmas2.1and2.2weseethatuエconvergestou(1)stronglyin

wl>p(Q)andhenceu(1)i
isasolutionof(1.1)inQsuchthat

siや1`
(1)`甲a.e・innandu=ga.e.onBQ.Byaninductive

process,wecanconstructsequences{uよi)n,1。即and<u(i)}。別such

that{uよi)。isasubsequenceof{uエ}ni:4iaandconverges

stronglyinW>P^ia>tou(i¥whichisasolutionof(1.1)inQia
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suchthat甲1`u(i)`甲oa.e.inQ.andu

lla(i)=ga.e.on∂Q.Since

u'i十1)=u(i)a.e・in」2.,wecandefineu

lci∈W霊(Q)byu=u(i)in

Q..Thefunctionuisasolutionof(1.1
1ォト(1.2)suchthat甲1`u`

甲a.e.inQ.ThiscompletestheproofofTheorem4.1

THEOREM4.2・ii皇土地hypotheses旦まTheorem4.1も旦呈丘except

地出(Hc)isreplaced
b虹(Hg).Supposethat甲1・甲2∈Lloc(Q)旦嘘fR

∈Lの(fiR)j-n(4.1)呈Blr如上Rとa・工--problem(1.D-Cl.2)由旦旦

minimalsolution旦旦出旦maximal即1雌u-立地出や1く旦くuくq)2

a。e。土星nini血色sense出土iiu土星旦旦ヱsolution旦£(1.1)-(1.2)旦L主立

や1≦u≦<P2a.e・上旦Q,then旦<u≦ua.e.in.Q.

PROOF.Itsufficestoprovethetheoremforthecase9Qis

non-empty.Wedenotebyifthesetdefinedby(3.12).Let旦andu

bethefunctionsdefinedby(3.13).Itsufficestoprovethat里,u

∈9.Wecanconstruct,similarlytotheproofofTheorem3.2,a

nondecreasingsequence{un>of91suchthatuconvergestou
n

uniformlyoncompactsubsetsofQ.LetRbeanarbitraryconstant

withR>a.FromLemma4.1wecanextractasubsequenceof{u}

stilldenotedby{u},suchthat
n

u u
n

u u
n

weakly in W -P(!w

strongly in LP(J2oTJ)

SimilarlytotheproofofTheorem4.1,sinceu=ga.e.on∂fl,wesee

thatuconvergestoustronglyinW>p(fiD),whichshowsthatuisa

nitn
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solution of (1.1) in Q.　Thus, u　∈　{f.　Similarly we have旦∈　9.

THEOREM　4.3.　出出　hyl)otheses　旦皇Theorem　4.2　出立　　Suppose

地鎚やpやり∈了(Q ). Moreover, suppose出止B(x,t・考) is

nondecreasinff旦皇一也　respect　上旦　t　∈ 【甲(X)甲(x)3　出　almost　旦芝生工ヱ

ixed x∈虫鼻血豊里亘理ま-迫己∈RN・ -旦塑出--旦竺旦XZX, ∈n

u(xQ)　u∈yI = 【旦(xo),u(xo)】・

where y is　出旦皇上defin軸　虹(3.12)旦旦旦里, u金工旦　resoecti軸,地旦

minimal的Iution迎旦出maximal solution旦呈(1.1ト(1.2) between甲1

旦nd

To prove Theorem　4.3 it suffices to consider the case that dQ is

non-empty.　　We set for R　>　a

R
uuisasolutionof(1.1)inQRwith旦≦uくu

a.e.inQ-andu=ga.e.on
n∂E2

Wenotethat<?≠¢because旦,u∈yDandthat
ityRCC(QR)byvirtue

ofLemma2.3.

LEMMA　4.2.　出　the hypotheses　旦まTheorem　4.3　出止且.　出旦旦生

地呈上旺旦止R〉a星組Ⅹo∈QR

{ u(xQ) : u∈*R>　= 【旦(XQ),U(Xq)].

PROOF OF LE州A 4.2.　Suppose that旦<xO)くu(xQ). It suffices

to derive a contradiction from the assumption that there exists a
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∈Rsuchthat旦<xo>-くuoく盲(xQ)anduQヰ{u(xQ)u牀*>.Letu.

=旦v-=uanddl=lvrvの.O.Similarlytotheproofof

サォ4R

Theorem3・3,thefunctions去=max(u-,v--cL/2)and入=min(v

dl/2,vj)arerespectivelyaW-subsolutionandaW-supersolutionof

(3・14)inQ.Rsuchthat左1<入inn4Rand左=g=入a.e.onBQ.

Since(p-く左15:入1く甲a.e.in"4R.itfollowsfromTheorem3.1that

theproblem

-div A(x,∇u) +B(x,u-∇u) =O in Q4R

u=g on∂Q, u=去l On∂B4R

hasaso・lutionu∈P(n4R}suchthat左1<u`入a.e.inQ4R*

Thereforewehaveu∈4R"ByanarJumentsimilartothatof

Theorem3.3,wecanconstructanondecreasingsequence{u}of9,
n4K

suchthatu(xQ)=uQ,whereu(x)=よi.mのun(x)forx∈幻4R*From

Lemma4.1wecanassumethat

u u
n

一一ヽ一

un⇒u

weaklyinWl<P(QoIS>

」.53.-
stronglyinLP(QoD)

zn

l_

Similarly to the proof of Theorem 4.1, we have u∈yR*　This

contradicts u(xo>　= uo<

PROOF OF THEOREM　4.3.　It follows from Theorem　4.2　that

9　=　{　u　∈　g :退　く　u　≦　u a.e. in Q).

We can assume that旦(Ⅹ占)くu(xO)・　Let R be an arbitrary constant

satisfying lxolくR. Let uo be an arbitrary fixed constant with
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過(X)くuoくu(xQ).Itsufficestoprovethatthereexistsau∈y

suchthatu(xo)=uQ・FromLemma4.2,forn∈別,wecanchooseaun

∈ynRsuchthatun(xQ)=uQ.ByLemma4.1weseethat{u}is

boundedinW>P^2R)andhencewec」*nextractasubsequence{u£1)。別

of<un>n^4suchthatforsomeu∈l.p(」J2R)

u£1㌦u(1)weaklyinWl,p(Q2R)

u去1㌦u(1)stronglyinLP(Q。D)

zn

since|unil^l*や2l∈Lの(Q2r^.wecanassume,fromLemma2.3,that

uエconvergestouuniformlyonsomeneighborhoodofx。>

Thereforeweseeu(xQ)=u^.Theorem4.3followsfromthe

concludingargumentinTheorem4.1.

THEOREM4.4.Lei^朝出甲2地旦且L一帥bsolution且出旦旦

L-supersolutionqア(1.1)jjiQ,respectively,旦旦吐出ユ甲1事甲a.e.

inQ鼻血や1くg丈やa.e.oji∂n(iiqq土星non-empty).Suppose上垣上

132エ如上R>a地皇上皇呈出旦上皇positiveconstantCR∈(0,1コ・旦function

fR∈l/(QR>旦地金nondecreasingfunctionhn:R

n+→su吐that

(4.2)B(x,t,抽`hR(lt恒-fR(X)鳳p~CR)

出a.e.x∈nR・∀(t・考)∈RxRN・-且出且-過(1.1)-(1.2)如迫旦

solutionu血地旦上や1≦u<甲a.e.j-nQ.

THEOREM4.5・Letthehypothesesoj.Theorem4.4出且except

-上(Hc)isreplaced
o虹(Hc).SupposethatfD
on∈Lloc(QR)in(4.2)
iQエ旦1⊥R^　a.　出且出problem (1.1)-(1.2)蜘旦　minimal solution

旦旦出金maximal solution u出出土甲1<旦くu≦甲2 a.e. JjiQin jthj
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旦旦且姐止血ii u上旦旦埋solution旦呈(1.1)-(1.2)吐地や1 ≦uく甲　a.e.

in Q, then　旦」 u J u a.e. in Q.

THEORE拘　4.6.　出血hypotheses　旦ま　Theorem　4.5　h且呈止　　Suppose

B(x,t.亀) j-s nondecreasin%山上respect血t ∈ 【(p-(X),<J>9(X)】 for

旦上皿旦出豊里皇比土日迫旦Ⅹ ∈ n迎旦旦ヱ旦望呈出旦g ∈ RN.

豊里皇ヱⅩ0日2

{u(xQ) : u∈ダ〉 = 【旦(XQ),U(XQ)],

Then we have for

where y土星ih旦且皇上　defined　虹(3.12)旦担旦旦, u旦工旦, respectively, the

minimal solution　呈出　　　maximal solution　旦£ (l.1)-(l.2) between cp-

and q>2.

Theorems　4.4, 4.5　and　4.6　are counterparts of Theorems　3.4, 3.5

and　3.6.　Their proofs are omitted, since they are similar to the

proofs of Theorems　4.1, 4.2　and　4.3.

THEOREM4・7・出土n=rN旦嘘出土甲1由や2立皇旦C-subsolution

旦出旦C-supersolution旦旦(1.1)-LnR,respectively,旦--止甲1`甲2

inR.Suppose-I.∈q+S(RN

Jl。c(K)∈P+S,n>N

'l。c(IT)旦嘘王2∈L霊(RN>
出鼻旦匙positiveconstantsヱ且(Hx)迎旦(Hg)・Moreover,suppose

that-旦止R〉0-旦-上旦functionfnn∈L',BH>旦出鼻

nondecreasin#functi叩hR:R+→A+血山上

(4.3)伽x,t,ち)I|fR(x)|hR(|t|)(l引p)

for a.e・ Ⅹ∈Q, ∀ (i,隻) ∈RxRN・工b皿equation (1.1)血並旦

u旦旦血-上申1`uく甲　a.e.inRN
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LEMMA4.3.Lei地旦hypotheseso_fTheorem4.7hj⊇上皇.出Rも旦

旦positivecon的ant.王立-地亘理旦出止旦旦constantpD>p
n出止血

Iiuis.旦鎚⊥旦山且ol(1・l)inb2R旦出川サ;B^M,

2R地

…l.p

wR(BR)くCR・

血且CR⊥且且constantindependent立上u・

Lemma　4.3 is due to 【3, Proposition　3.8】.

PROOF OF THEOREM　4.7.　It follows from Theorem　3.7　that for n　∈

the problem

- div'A(x,∇u) + B(x,u,'uこ: :言: :昌'n

has asolutionu　∈W>P(B)such that甲1`unく甲　a.e. inBnn n　　　　　　　　‥　　　・1　　　　　　　　　　　‥　　　　　　　n

R be an arbitrary positive constant.　By Lemma　4.3　there exists a

lira

pR

>psuchthat{u}
nnと1,PR

4RisboundedinW(B2R>sThuswecanextractasubsequence{uこ1)。of<Vnと,Dsuchthatforsomeu

4n∈

"(B2R>

(1)
u　　　　⇒

n

u(1)weaklyinWltp(BoD),

in

u£1㌧u(1) a.e・ inB2R*

Put M = lltpjll-;b2R　町--;b2R・ Let <p ∈ C吉(B2R) be the function

satisfyingO`や`1・ l∇蝣<p　^4R- inB2Randや=1 inBR*　Since

q(u£1}-u(1)) ∈叶(B2R) nL (B2R)・we have
くp
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/<MCx,∇u(1>)・∇(u(1)-u(1))dx
∩ n

・一競£1}-u(1)){A(x,∇u£1) ∇甲+ B(x,u£1',∇u£1))<p>dx

By Lemma　4.3, we obtain

競ニ1)I(1)-K"ipdx川u(1V.Rlu<1}-u(1>

vB2Rn

Therefore we have from C4.3)

J巨u三1)㍗(1))A(x,∇。三1) ∇甲Idx→ 0,
n　　　　　　　　　　　　'　ー~n

B2R

㍑u£l)~u )B(x,u£1)・∇uニ>>ldx

≦Jlu

B2R

(1)

∩

pR

⇒　O as n　⇒　-0.

前;b2R

(1)
uI(|f2R|+h2R(M))dxh2R(M)無エ1}-u(1年|voJIVdx

⇒　O as n　⇒　O.

Consequently we have by (H~)

/(A(x,∇u三1))-A(x,∇u(1)) ∇(uCl)-u(1))dx →　　as n →の.
n n

ByvirtueofLemmas2.1and2.2weseethatu£convergestou

stronglyinWIP(BD)andhenceu(1>

K
isasolutionof(1.1)inBnsuch

K

thatや1`u」<P2a.e.inBR.Theorem4.7followsfromthe

concludingargumentinTheorem4.1.

REMARK　4.1.　In Theorems　4.3　and　4.6　we assumed that B(x,t,考)

is nondecreasing with respect to t ∈ 【<*>x(x),甲(X)】　The following

example shows that Theorems　4.3　and　4.6　are not true in一general when

B(x,t,号) is strictly decreasing with respect to t ∈ 【^(x),甲(X)】・
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We consider the equation

(4.4)　Au+ c(x)iT = 0 in RN,

where c∈　　>N) is positive, 0く8く1 is constant and Nと3.

Equation (4.4) has a trivial solution　旦≡　0.　FukagaiC9] showed that

(4.4) has a unique positive solution盲such that盲(Ⅹ) → 0 as　|xl ⇒O

RFj

CD

Jrl十(トβ)(N-2)( max c(x))dxくO.

o Ix|=r

Therefore we see that under the above condition

{u:uis a solution of(4.4)with旦`u」uin RN>={且,u}.

5.　Application

In this section we shall establish the existence of positive

solutions of the equation

(5.1)　-div (|vu|p~2∇u) +B(x,u,∇u) = 0 in RN

where l　く　p　≦　2, N　と　3　and B(x,t,」) is as in Theorem　4.7.

THEOREM　5.1・　Suppose出土　there exist旦continuous　かmett旦旦¢

: A. → A.呈出旦continuous nondecreasintf function F　取.×良+ I.戻+五山

that

(5.2)　　B(x,t　考)I ≦¢<|x|)F(t,ほl)

皇-a.e. x∈RN, (tg)∈直+XR.. Moreover, suppose地
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(5.3)

C:く　　　IITT~=~こ~こ-.

/ ,p-1¢(D^drく0.

0

旦王迫上hBi　旦旦皇91出　following conditions i_s satisfied:

1

<Fl>lim

t-サ。号F(t,s)P-1

(F2)
liれ

t　寸　の

=　0　　出旦邑玉出　fixed s　≧　0;

1

巨(t t)p-x =O.

出血　equation (5・1) possesses infinitely皿旦⊇ヱpositive solutions　上旦

W霊(EN) which　旦工旦　bound阜旦旦旦旦 bounded 旦坦芝地呈旦迫In RN

PROOF.　The proof is similar to that of Theorem 1 in [18】.

From Jensen's inequality we have for s　>　0

(5・4)　os　¢(t)dt)′(p-1)

<: s-l-(N-2)/(p-1) s/ t(N-1)/(p-1)…)1′(p-1)dt
O

昌(2-p)/(p-1,如t)1/(p-1)dt
O

and hence for r 〉 0

・5・5)喜(三(i,N-1¢(t)dt )1′(p-1) ds

・浩三【1 - (上(N-2)′(p-1)Hl′(p-1)- l/(p-lr

Let CX(直) denote the locally convex space of continuously

differentiable functions on K+ with the topology of uniform

(上(N-2)/(p-1)Hl/(p-1)¢(t)1/(p-1)dt.
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convergenceoncompactsubsetsofR.

wefirstconsiderthecase(F.)holds.Leta>Obesmallso

that

OO霊F(α1)/(p-1)Jtl/(p-1)¢(t)1/(p-udtiα/2

0

and

OOF(ォ,1)1/(p-1>/t(2-p)/(p-1)#Ct)1/(p-1)dt*1

0

Considertheset

Y={y∈cl痛.):α/2`y(r)`α'ly-(r)|`1forr2sO},

where"-'=d/dr.DefinetheoperatorぎinC痛+)by

・5.6)?y(r)=α一三/(i)N-1*(t)F(y(t)

0s|yつt)I)dt)′(p~1)ds

Ify∈Y,wesee,from(5.4)and(5.5)thatforr〉0

・ときy(r)≧α-F(α1)′(p~1)r
/(

。三くま)N-1*(t)dt)1/(p-1)ds

こウ1とα一浩Fは1)/(p-1)/t/(p-1>m)l/(p-1)dt妄∝/2

0

and

(?y)-(r)|or-)F(y(t),|yつt)I)dt)′(p-1)

CD`F(α,nl/(p-1)jt(2-p)/(p-1)如t)1/(p-1)dtく1.

0

whichshowsthat?:Y→Y.Let{y}beasequenceinYconverging

toy∈Yasn→einthetopologyofC(蔭+)・wehaveforr〉O

I(?yn)(r)-(ぎy了(r)|i
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吉"(α,1,∫tf(t)dt】勘。(t)|F(yn(t)|y;(t)|)-F<y(t),|y-(t)|)|dt,
r

O0

whichimpliesthat?一Yiscontinuous.Wehavefory∈Yandr

〉O

l(Fy了(r)|<L

ll呈二旦吉F(αI)1当2n」

(N-1)rp-1(吾喜-)p-1+*(r)(/tN-1*(t)dt)p-1].

O

Thereforeweseethat評YisrelativelycompactinC痛).Thuswe

areabletoapplytheSchauder-Tychonofffixedpointtheoremand

concludethatyhasafixedpointy∈Y.Thefunctionv(x)=y(|x|)

isasolutionoftheequation

-div(|∇v|P-2∇V).¢(|x|)F(v,|∇v|)=Oin>N

sothatitisaC-supersolutionof(5.1).Similarlywecanshow

thattheoperator留definedby

・5.7)留z(r)=S+喜(7(7>N-1*<t)F(z(t),|z-(t巾dt)1/(p-nds

hasafixedpointzintheset

z={z∈cl(症):S」z(r)」21?,|zつr)[`1forr^0},

providedβ〉Oischosensmallenoughsothat

..完まFC25.1)1/(p-1)∫l/(p~1)*(t)1/(p-1)dti8

0

sill別

CDF(2β1)l/(p-1)Jt(2-p)/(p-1)郎t)1/(p-1)dtiI.

O

Thefunctionw(x)=z(|x|)isaC-subsolutionof(5.1).If40≦C(,
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then vi v inl and hence it follows from Theorem　4.7　that (5,1) has

a solution u such that w」uくv a.e. in RN

Next, we consider the case cF2> holds. We take positive

constants a and P so large that

⊥①⊥　　1　　　　　　　　⊥①呈二旦　　1

霊F(α,α p-1 Jtp-1-)p"1dt `誓, Fくa,a)P-1 /tp-Vn^dt i α,
O o

and

⊥¢　1　　1　　　　　　　　⊥の之二旦　　1

崇F(2g,2S)P"1 ft*'1如t)p~ldt i β, F(2g,2U)P-l ∫ p-1郎t)p-1dt 」 2β.
O                         o

Arguing as in the case of (F^, we can verify that the operators才

and響defined by (5.6) and (5.7) have fixed points y and z in the

sets

t y∈cl(面+);α/2`y(r)`α, fyつr)l`a for rと0)

and

t z∈cl(症+);β」z(r)`2β　|z-(r)|`2S for r>0},

respectively.　The functions v(x) =　yりx|) and w(x) =　z(|x|) then

give respectively a C-supersolution and a C-subsolution of (5.1)

which ensure the existence of the desired solution of (5.1) provided

4β i ∝　　The proof of Theorem 5.1 is thus complete.

The particular case (p　=　2) of the above problem has been

considered by numerous authors including Kawano 【15コ, Kusano and

Oharu 【18】, and Furusho 【10】　　The condition (5.3) generalizes the

one given by Kawano 【15コ　for the case p　=　2.

-　53　-



ACKNOWLEDGEMENT.　The author would like to express his sincere

gratitude to Professor Takasi Kusano for his kind encouragement and

valuable comments for improvements of the manuscript.

References

【1】　K. Ako,　On the Dirichlet problem for quasi-linear elliptic

differential equations of the second order,　J. Math. Soc. Japan

13(1961), 45-62.

【2】 K. Ak占　and T. Kusano,　On bounded solutions of second order

elliptic differential equations,　J. Fac. Sci. Univ. Tokyo. Sect. I

ll(1964), 29-37.

【3】　L. Boccardo, F. Murat and J.P. Puel,　Resultats d'existence

pour certains problemes elliptiques quasilineaires,　Ann. Scuola

Nor灯h Sup. Pisa. ll(1984), 213-235.

【4】　F.E. Browder,　Existence theorems for nonlinear partial

differential equations,　Proceedings of Symposia in Pure

Mathematics, vol.16, ed. by S.S. Chern and S. Smale, Amer. Math,

Soc, Providence(1970), 1-60.

【5]　N.P. Cac,　The method of upper and lower solutions for some

nonlinear boundary value problems,　Can. J. Math. 37(1985), 430-441

【6] J。 Deuel and P. Hess,　A criterion for the existence of

solutions of non-linear elliptic boundary value problems,　Proc.

Royal Soc. Edinburgh　74(A)(1974/75), 49-54.

[7] J.I. Diaz,　Nonlinear Partial Differential Equations and Free

Boundaries vol.1　Elliptic equations,　Research Notes in Math. 106

-　54　-



Pitman, London,1985.

【8】 E. DiBenedetto,　C　αlocal regularity of weak solutions of

degenerate elliptic equations,　Nonlinear Anal. Theory, Methods a

Applications　7(1983), 827-850.

【9コ　N. Fukagai,　Existence and uniqueness of entire solutions of

second order sublinear elliptic equations,　Funkcial. Ekvac,

29(1986), 151-165.

[10] Y。 Furusho,　Positive solutions of linear and quasilinear

elliptic equations in unbounded domains,　Hiroshima Math. J.

15(1985), 173-220.

Ell】 B. Gidas, W.M. Ni and L. Nirenberg,　Symmetry and related

properties via the maximum principle,　Comm. Math. Phys. 68(1979)

209-243.

【12】　P. Hess,　On a second order nonlinear elliptic boundary value

problem, in Nonlinear Analysis ed. by L. Cesari, R. Kannan and H.F.

Weinberger, Academic Press, New York(1978), 99-107

E13】　P. Hess,　Nonlinear elliptic problems in unbounded domains, in

Theory of Nonlinear Operators, Constructive Aspects, ed. by R. Kluge,

Akademie Verlag, Berlin(1978), 105-110.

[14】 I. Hirai and K. Ako,　On generalized Peano's theorem concerning

the Dirichlet problem for semi-linear elliptic differential

equations, Proc. Japan Acad. 36(1960), 480-485

【15】 N・ Kawano,　On bounded entire solutions of semilinear elliptic

equations,　Hiroshima Math. J。 14(1984), 125-158.

【16】 D. Kinderlehrer and G. Stampacchia,　An Introduction to

variational Inequalities and Their Applications,　New York

Academic Press (1980).

-　55　-



【17] M・A・ Krasnosel'skii,　Topological Methods in the Theory of

Nonlinear Integral Equations,　Oxford : Pergaroan Press (1964)

E18コ　T. Kusano and S. Oharu,　On entire solutions of second order

semilinear elliptic equations,　J. Math. Anal. Appl. 113(1986), 123-

135.

[19] O.A. Ladyzhenskaya and N.N. Ural'tseva,　Linear and Quasilinear

Elliptic Equations,　Academic Press, New York, 1968.

【20】 ∫.L. Lions,　Quelques M昌thodes de R昌solution des Probl盲mes aux

Limites Non-1ineaires,　Dunod, Paris, 1969.

[21] M. Nagumo,　On principally linear elliptic differential

equations of the second order,　Osaka Math. J。 6(1954), 207-229.

【22】 Ju.G. Reshetnjak,　On the almost everywhere differentiability

of solutions of elliptic equations,　Sibirsk. Mat. Z. 164(1987),

193-195. (Russian).

【23】 P. Tolksdorf,　Regularity for a more general class of

quasilinear elliptic equations,　J. Differential Equations　51(1984)

126-150.

【24】 M.M. vainberg,　Variational Methods for the Study of Nonlinear

Operators,　San Francisco : Holden-Day (1964).

Department　旦ま　Mathematiq草,

Faculty　旦呈　Science,

Hiroshim串　University

-　56　-




