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Franck-Condon �FC� integrals of polyatomic molecules are computed on the basis of vibrational
self-consistent-field �VSCF� or configuration-interaction �VCI� calculations capable of including
vibrational anharmonicity to any desired extent �within certain molecular size limits�. The
anharmonic vibrational wave functions of the initial and final states are expanded unambiguously by
harmonic oscillator basis functions of normal coordinates of the respective electronic states. The
anharmonic FC integrals are then obtained as linear combinations of harmonic counterparts, which
can, in turn, be evaluated by established techniques taking account of the Duschinsky rotations,
geometry displacements, and frequency changes. Alternatively, anharmonic wave functions of both
states are expanded by basis functions of just one electronic state, permitting the FC integral to be
evaluated directly by the Gauss-Hermite quadrature used in the VSCF and VCI steps �Bowman et
al., Mol. Phys. 104, 33 �2006��. These methods in conjunction with the VCI and coupled-cluster
with singles, doubles, and perturbative triples �CCSD�T�� method have predicted the peak positions

and intensities of the vibrational manifold in the X̃ 2B1 photoelectron band of H2O with quantitative
accuracy. It has revealed that two weakly visible peaks are the result of intensity borrowing from
nearby states through anharmonic couplings, an effect explained qualitatively by VSCF and

quantitatively by VCI, but not by the harmonic approximation. The X̃ 2B2 photoelectron band of
H2CO is less accurately reproduced by this method, likely because of the inability of CCSD�T�/
cc-pVTZ to describe the potential energy surface of open-shell H2CO+ with the same high accuracy
as in H2O+. © 2006 American Institute of Physics. �DOI: 10.1063/1.2209676�
I. INTRODUCTION

The evaluation of anharmonic Franck-Condon �FC�
integrals,1,2 useful in spectral simulations of various kinds,
involves three computational steps: one that performs elec-
tronic structure calculations and furnishes the potential en-
ergy functions �PEFs�, one that computes anharmonic vibra-
tional wave functions using these PEFs, and one that
combines these with harmonic FC integrals and generates
simulated anharmonic spectra. All three components deal
with nearly intractable many-body problems. Nonetheless, it
is generally agreed that electronic structure theory now offers
hierarchies of systematic and converging sequence of ap-
proximations, such as configuration-interaction �CI�, many-
body perturbation �MBPT�, and coupled-cluster �CC� meth-
ods, by which increasingly accurate PEFs can be obtained.

Parallel with these advances, converging series of many-
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body methods for molecular vibrations have been developed
by a smaller group of investigators. The self-consistent-field
�SCF� method for molecular vibrations �VSCF�, championed
by Bowman3 and by Ratner and Gerber,4 followed by the
VCI,5 VMBPT,6 and VCC �Ref. 7� methods �with the letter
“V” standing for “vibrational”�, accounts for intramode an-
harmonic effects and mode-mode anharmonic couplings to
any desired extent. They rely on unbiased and well-defined
expansion bases �i.e., harmonic oscillator wave functions
along normal coordinates�, thereby obviating ad hoc coordi-
nate systems that may need to be tailored to individual prob-
lems.

In compliance with the model chemistry concept of
Pople et al. �see, e.g., Ref. 8�, these electronic and vibra-
tional structure methods, once integrated, constitute an un-
ambiguous, generally applicable computational procedure
yielding anharmonic vibrational frequencies �including such
effects as tunneling and Fermi resonances�, vibrationally av-

eraged structure and molecular properties, etc., that are di-
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rectly comparable with experimental measurements. Further-
more, the systematic nature of the many-mode and basis set
expansions enables the convergence of calculated quantities
to be achieved in principle. The general applicability to poly-
atomic molecules is ensured by recent advances that address
the high dimensionality of PEFs. The prime examples are the
many-mode expansions of PEFs �the so-called nMR method�
proposed by Carter et al.,9 the direct vibrational SCF that
uses pointwise numerical values of PEFs and avoids their
analytic representations by Chaban et al.,10 and the modified
Shepard interpolation of PEFs by quartic force fields �QFFs�
at a few reference geometries advocated by Yagi et al.11

This article presents a machinery for evaluating anhar-
monic FC integrals and validates it through the simulations
of vibrationally resolved photoelectron spectra of H2O and
H2CO. It inherits the aforementioned strengths of modern
electronic and vibrational many-body methods; the levels of
approximations used in describing electronic and vibrational
wave functions can be independently raised. There are a
number of previous reports on efficient computational meth-
ods for harmonic FC integrals for polyatomic molecules.12–26

In addition to the information obtainable from these, our
method can account for the anharmonic frequencies of fun-
damentals, overtones, and combination tones �and possibly
the presence of dissociation limits� and intensity redistribu-
tions due to anharmonic couplings between normal modes.
As such, it will be crucial for the quantitative interpretation
of vibrational progressions in optical absorption, fluores-
cence, photoelectron spectra, and resonance Raman intensi-
ties and their excitation profiles �see, e.g., Ref. 27 for a har-
monic FC analysis of Raman intensities�. The limitation of
our method is that it currently cannot describe the spectral
features ascribable to nonadiabatic �vibronic� coupling ef-
fects, the Renner-Teller and Jahn-Teller effects, or rovibra-
tional coupling.

II. OTHER RELATED THEORETICAL STUDIES

Mok and co-workers28–31 scanned the PEFs of triatomic
molecules with accurate electronic structure methods and ex-
pressed them by polynomial functions of bond lengths and
bond angles. They solved the vibrational Schrödinger equa-
tions defined by the complete Watson Hamiltonian and these
PEFs by a VCI method employing harmonic oscillator wave
functions as basis functions. This method has been applied to
HSiF,29 HPCl,30 TeO2,31 etc., demonstrating impressive
agreement between theory and experiment. Our method uses
a similar strategy for the last step �the VCI method based on
harmonic oscillator wave functions to compute FC integrals�,
while avoiding molecule-specific coordinate systems for a
PEF polynomial fit, by virtue of the VSCF and VCI methods
in conjunction with the direct method or QFF approximation.

Bowman et al. reported a computational scheme to
evaluate FC integrals by using anharmonic VSCF and VCI
wave functions as implemented in their MULTIMODE pro-
gram and applied it to the photoelectron spectra of CF3.32

They expressed both initial- and final-state PEFs in terms of
the equilibrium geometry and normal coordinates of the ini-

tial state, permitting the complete and facile inclusions of
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geometry displacements, frequency changes, and normal
mode transformations between the two states in FC integrals,
without having to form a Duschinsky rotation matrix. We
explore the same approach and also another, complementary
one in which initial- and final-state PEFs are expanded by
their respective normal mode harmonic oscillators. We will
validate both approaches by comparing the results.

Hazra et al.33–36 proposed expanding the final-state PEF
only in the immediate vicinity of the equilibrium geometry
of the initial state, i.e., in the only region where they were
expected to be relevant, according to the short-time picture
of spectroscopy. This is related to the aforementioned ap-
proach of Bowman et al., which will also be considered in
this work. Luis et al.37,38 considered the effect of anharmo-
nicity on FC integrals by including the effects of cubic force
constants through first- or second-order perturbation theory.
One merit of our method �and that of Bowman et al.�, as
compared to the methods of Hazra et al. or Luis et al., may
be that it includes strong mode-mode anharmonic couplings,
which can be beyond the validity of the perturbation theory.
The streamlined PEF samplings of Hazra et al. and Luis
et al., on the other hand, may render their methods more
easily applicable to greater vibrational degrees of freedom.
Furthermore, Hazra et al. considered the nonadiabatic �vi-
bronic� effects on their calculated spectra.

III. DETAILS OF THE CALCULATION

A. Potential energy functions

Throughout the present study, we have employed the
closed- and open-shell �spin-unrestricted� CCSD�T�
�coupled-cluster with singles, doubles, and perturbative
triples� theory39,40 in conjunction with the cc-pVTZ �Carte-
sian� basis set41 �all electrons correlated� as implemented in
the ACES II computer code.42 With this, only the neutral and
cationic species in their ground states can be reliably studied.
The PEFs of these species have been generated by one or
both of the following two ways by using the SINDO computer
code43 written by Yagi.

We have invoked the direct algorithm advocated by Cha-
ban et al.10 and by Yagi et al.44 and tabulated the numerical
values of the PEF, point by point, on a multidimensional,
rectangular grid based on the normal coordinates. The grid
has 11 points �including zero displacement� along each nor-
mal mode that have been distributed according to the Gauss-
Hermite quadrature rule �which may be viewed as one form
of the discrete-variable representation of Light and
Carrington�.45 The program performing this step has taken
advantage of the C2v symmetry of the molecules to avoid
unnecessary electronic structure calculations at symmetri-
cally nonunique geometries. It has also automatically inter-
polated or extrapolated energies at several geometries where
energy calculations have failed. Such precautionary mea-
sures are crucial when thousands of electronic structure cal-
culations are performed, and a few of them are almost certain
to fail at the most highly strained geometries.

A considerably less expensive alternative exists, which is
to expand the PEFs in Taylor series at equilibrium geom-

etries and to use the series truncated after the fourth-order
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derivative term for subsequent anharmonic vibrational analy-
ses. This has been shown to be remarkably useful when one
is interested in low-lying and relatively harmonic vibrational
modes. We have relied on this approach �QFF�, which has
been introduced by Yagi et al.46 in the context of the VSCF
and VCI, for the molecules studied here. This should be dis-
tinguished from the fourth-order perturbation anharmonic
corrections to harmonic frequencies and wave functions; un-
like those, our VSCF and VCI schemes can handle strong
anharmonic couplings among normal modes. The quartic and
lower-order force constants have been computed by carrying
out a number of energy calculations at geometries with dis-
placements along normal modes46 �see also Ref. 47�. Step
sizes that govern the accuracy and stability of numerical dif-
ferentiation have been optimized automatically according to
the harmonic frequencies.46 Again, the program has been
written that automates the entire procedure while maximiz-
ing the use of point group symmetry.

In either of the aforementioned approaches, we have oc-
casionally imposed the truncation of many-body expansion
of anharmonic couplings between normal modes. In this
n-mode coupling approximation �nMR� of Carter et al.,9 en-
ergy calculations at geometries with simultaneous displace-
ments along more than n normal modes become unnecessary.
Consequently, the number of energy calculations reduces
from Nm to mere mCn�Nn, where N is the number of dis-
placements along each normal mode and m is the vibrational
degrees of freedom. It may be said that the nMR approxima-
tion is what makes the VSCF and VCI calculations for larger
polyatomic molecules manageable. The nMR approximation
has been integrated into the SINDO program43 that has gen-
erated the PEFs either by the direct or QFF approach. We
have invoked 2MR approximation with the direct algorithm
and 3MR approximation with the QFF approximation for
H2CO and H2CO+.

B. Anharmonic vibrational analysis

The VSCF wave function for quantum state ��1 , . . . ,�n�
�with n being the vibrational degrees of freedom� is a prod-
uct of functions of normal coordinates Q1 , . . . ,Qn, i.e.,

��1¯�n

VSCF �Q1, . . . ,Qn� = �
i=1

n

��i
�Qi� . �1�

Each one-mode function or modal �in Bowman’s notation� is,
in turn, a linear combination of the harmonic oscillator �HO�
wave functions along normal coordinates

��i
�Qi� = �

wi=1

N

C�i

wi�wi

HO�Qi� , �2�

where the expansion coefficients 	C�i

wi
 are determined so that

the expectation value ���1¯�n

VSCF �Ĥ���1¯�n

VSCF � of the Hamiltonian

Ĥ becomes stationary. Parameter N ultimately controls the
accuracy of the VSCF wave functions and energies �N=11
has been used�. It corresponds to the highest rank of Hermit-
ian polynomials in the normal mode harmonic oscillator
wave functions 	�wi

HO
 and also to the number of grid points

in the Gauss-Hermite quadrature �vide ante�.
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The VCI calculations are performed based either on
VSCF or harmonic oscillator wave functions

�I
VCI�Q1, . . . ,Qn� = �

J=1

M

CI
J�J

VSCF�Q1, . . . ,Qn� , �3�

�I
VCI�Q1, . . . ,Qn� = �

J=1

M

CI
J�J

HO�Q1, . . . ,Qn� , �4�

where I and J are indices representing quantum state
��1 , . . . ,�n� and

��1¯�n

HO �Q1, . . . ,Qn� = �
i=1

n

��i

HO�Qi� . �5�

Again, the expansion coefficients 	CI
J
 are determined varia-

tionally. The expansion of Eq. �3� is more rapidly convergent
than that of Eq. �4� with respect to M �the number of the
many-mode basis functions�. The VCI method selects con-
figurations not according to excitation ranks, but to an
energy-based criterion. In our study, we have included the
first 1000 and 3000 lowest-energy configurations for H2O
�H2O+� and H2CO �H2CO+�, respectively. For H2O �H2O+�,
this virtually amounts to the full VCI �because the number of
all possible configurations is 113=1331�. All the VSCF and
VCI calculations have been performed with the SINDO

program.43

C. Franck-Condon factors

The intensities of optical absorption and fluorescence
spectral bands, photoelectron bands, resonance Raman scat-
tering bands, etc., are governed mostly by the FC integrals,
i.e., the overlap integrals between vibrational wave functions
of two different electronic states. We have calculated them
using the following two schemes.

In scheme A, both the VSCF and VCI anharmonic vibra-
tional wave functions are expanded by the harmonic oscilla-
tor wave functions along normal modes �Eqs. �1� and �2� or
Eqs. �4� and �5��. Hence the FC integrals of the VSCF wave
functions are related to those between the harmonic wave
functions by

���1¯�n

VSCF �Q1, . . . ,Qn���
�1�¯�n�
VSCF �Q1�, . . . ,Qn���

=��
i=1

n

��i
�Qi�
�

j=1

n

��j�
�Qj���


=��
i=1

n

�
wi=1

N

C�i

wi�wi

HO�Qi�
�
j=1

n

�
wj�=1

N

C
�j�
�wj��wj�

�HO�Qj���

= �

I
�

J
��

i=1

n

C�i

wi���
j=1

n

C
�j�
�wj��

���I
HO�Q1, . . . ,Qn���J�

HO�Q1�, . . . ,Qn��� , �6�

where the primes underscore the differences in normal
modes, anharmonic wave functions, etc., between the initial
and final states; I represents quantum state �w1 , . . . ,wn�; and

J stands for �w1� , . . . ,wn��. Similarly, the FC integrals of the
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VCI wave functions are also written as linear combinations
of harmonic FC integrals as follows:

��I
VCI�Q1, . . . ,Qn���K

VCI�Q1�, . . . ,Qn���

=��
J=1

M

CI
J�J

HO�Q1, . . . ,Qn�
�
L=1

M

CK�
L�L�

HO�Q1�, . . . ,Qn���
= �

J=1

M

�
L=1

M

CI
JCK�

L��J
HO�Q1, . . . ,Qn���L�

HO�Q1�, . . . ,Qn��� .

�7�

The multidimensional FC integrals for the harmonic vibra-
tional wave functions ��I

HO ��J�
HO� have been obtained by

using the algorithm of Kupka and Cribb18 that uses recursion
relations. The underlying ideas of the procedure have been
proposed originally by Sharp and Rosenstock.12 We have
used the computer code written by Yamaguchi et al.,48 later
made applicable to greater vibrational degrees of freedom by
Kishi and Iwata, and distributed by Iwata.49 This scheme
needs to take into account the proper transformation of nor-
mal modes �the Duschinsky rotation50�, displacements of the
equilibrium geometries, and frequency changes between the
initial and final states. Although the VCI with VSCF wave
functions as a basis is more rapidly convergent than that with
harmonic oscillator wave functions, we have invoked the lat-
ter in scheme A �Eq.�7�� because the advantages brought
about by the VSCF will be cancelled by the use of harmonic
FC integrals.

In scheme B, we have employed the harmonic oscillator
wave functions of one electronic state to expand the VSCF
wave functions �or their modals� of both the initial and final
electronic states �in this work, the harmonic oscillator wave
functions of the initial state are chosen as a basis�. This idea
has been explored independently by Bowman et al. very
recently.32 The VCI wave functions of both states have, in
turn, been expanded by these VSCF wave functions accord-
ing to Eq. �3�. Unlike the usual modal expansions that use
the harmonic oscillator wave functions of respective elec-
tronic states, this is expected to work only when the changes
in the equilibrium geometries and �harmonic� frequencies be-
tween the two states are modest.

Then the FC integrals of the VSCF and VCI wave func-
tions are greatly simplified to

���1¯�n

VSCF �Q1, . . . ,Qn���
�1�¯�n�
�VSCF�Q1, . . . ,Qn�� = �

i=1

n

�
wi=1

N

C�i

wiC
�i�
�wi,

�8�

��I
VCI�Q1, . . . ,Qn���K

VCI�Q1, . . . ,Qn��

= �
J

M

�
L

M

CI
JCK�

L��J
VSCF�Q1, . . . ,Qn���L�

VSCF�Q1, . . . ,Qn�� ,

�9�

by virtue of the orthonormality of the harmonic oscillator
wave functions that are associated with the single, initial-
state PEF. The advantage of this scheme is that the multidi-

mensional FC integrals are now reduced to the products of
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one-dimensional integrals, which can be rapidly evaluated by
quadratures. It does not require the explicit transformation of
normal modes and hence the computer implementation is
much more facile than those involving harmonic oscillator
FC integrals with normal mode rotations.

The question is whether the harmonic oscillator basis
�or, equivalently, Gauss-Hermite quadrature� for the initial-
state PEFs can achieve adequate accuracy in integrating vi-
brational wave functions of the final-state PEFs. As we shall
see in the next section, as few as 11 harmonic oscillators for
the basis set can achieve reasonably high accuracy in FC
integral evaluations for the examples studied here �which
involve only modest normal mode rotations and geometry
and frequency changes�.

IV. RESULTS AND DISCUSSION

Several assumptions have been made in the following
comparison between theory and experiment. First, the inten-
sities of a single vibrational system of photoelectron spectra
are assumed proportional to the square of FC integrals. In
other words, the electronic part of the transition dipole mo-
ments is assumed constant for the energy range considered
�the Herzberg-Teller expansion of the transition dipole mo-
ments has not been invoked�. Second, the nonadiabatic �vi-
bronic� effects are assumed negligible.

A. X̃ 2B1 state of H2O+

The experimental spectrum shown in Fig. 1 is the

lowest-energy photoelectron band assignable to the X̃ 2B1
+

FIG. 1. Vibrational progression of the X̃ 2B1 photoelectron band of H2O
�zero of energy is taken as the 0-0 transition position�. Calculations based on
�A� the harmonic approximation, �B� VSCF �direct� wave functions, and �C�
VCI �direct� wave functions are shown in comparison to �D� experiment
�Ref. 51�. The insert has been multiplied by 20. Each of the theoretical
photoelectron peaks has been convoluted with a Gaussian function of
FWHM of 0.02 eV.
state of H2O . This is a part of a wider spectrum reported by
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Reutt et al.51 also containing more extensive vibrational pro-

gressions arising from the Ã 2A1 and B̃ 2B2 states �see, e.g.,

Refs. 52 and 53 for other photoelectron studies�. The Ã 2A1
state is, however, known to exhibit the Renner-Teller effect

and the Ã 2A1 and B̃ 2B2 states couple strongly with each
other through vibronic interactions and are beyond the appli-
cability of our methods. The short vibrational progression of

the X̃ 2B1 band is characteristic of the removal of an electron
from the outermost, nonbonding orbital �2p of oxygen� and
is expected to be well described by our methods.

The peak positions of the X̃ 2B1 manifold, including
overtones and combination tones, predicted by theory sys-
tematically improve with increasing level of approximation
from harmonic to the VSCF �direct� and to the VCI �direct�
�see Table I�. The mean absolute deviation between theory
and experiment51,54,55 is as large as 321 cm−1 in the harmonic
approximation, which is greatly reduced to 83 cm−1 when
VSCF �direct� is used and to mere 21 cm−1 at the VCI �di-
rect� level. Our assignments are in agreement with Reutt
et al.51 and also with the previous multireference configura-
tion interaction studies by Reuter et al.,56 Weis et al.,57 and

TABLE I. Relative positions �� in cm−1�, relative intensities �I�, and assignm
from the CCSD�T�/cc-pVTZ method.

Assignmenta

Harmonic VSCF �QFF�b VSCF �direct�b V

� I � I � I

0 0 0 �00� 0 1.000 0 1.000 0 1.000
0 1 0 �21� 1487 0.086 1402 0.106 1411 0.103 13
0 2 0 �22� 2974 0.000 2763 0.002 2789 0.002 27
1 0 0 �11� 3392 0.217 3299 0.212 3288 0.210 32
0 0 1 �31� 3450 0.000 3320 0.000 3297 0.000 32
0 3 0 �23� 4461 0.000 4071 0.000 4137 0.000 39

1 1 0 �1121� 4879 0.021 4645 0.023 4661 0.021 45
1 2 0 �1122� 6366 0.000 5949 0.000 6003 0.000 58
2 0 0 �12� 6785 0.012 6563 0.025 6501 0.027 64
0 0 2 �32� 6899 0.002 6589 0.006 6480 0.007 65

2 1 0 �1221� 8272 0.002 7839 0.003 7837 0.003 77

aQuantum numbers of �1 �OH symmetric stretch; A1�, �2 �OH2 scissors; A1�
bScheme A based on the Franck-Condon integrals of harmonic oscillator wa
cScheme B based on the anharmonic wave functions of H2O and H2O+ bot
dReference 51, unless otherwise stated.
eReference 55.
fReference 54.
gPrimarily assigned to 0 1 2 �2132�.

TABLE II. Equilibrium geometries �bond lengths in Å

tal frequencies �in cm−1� of H2O �X̃ 1A1� and H2O+ �

Molecule Method r

H2O VCI �direct�/CCSD�T�/cc-pVTZ 0.
Experiment 0.

H2O+ VCI �direct�/CCSD�T�/cc-pVTZ 1.
Experiment 1.

aReference 59.
bReference 60.
cReference 54.
d
Reference 55.
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Brommer et al.58 with the exception of the contribution of
the 32 state to the 6280 cm−1 peak �vide post�. The CCSD�T�
method with the cc-pVTZ basis set followed by the VCI
�direct� also reproduces accurately the experimental equilib-
rium geometries54,59 and fundamental �anharmonic�
frequencies54,55,60 for both H2O and H2O+ �Table II�.

The predicted FC intensity profiles of the vibrational
manifold also approach the experimental spectrum as the
theoretical level is raised. The relative intensities of the first
two major peaks at 1407 and 3205 cm−1 �0.17 and 0.40 eV�,
assignable to 21 �scissors� and 11 �symmetric stretch� and
both transforming as A1, are well reproduced by theory even
in the harmonic approximation. However, the small feature
at 2775 cm−1 �0.34 eV� in between these two peaks, which
originates from 22, is completely missing in the harmonic
approximation. The VSCF �direct� method corrects this
shortcoming, but not with quantitative accuracy �IVSCF

=0.002 versus Iexperiment=0.010�. Only at the VCI �direct�
level quantitative agreement between theory �IVCI=0.011�
and experiment is obtained. According to the VCI �direct�,
the vibrational wave function of this 22 state is expanded as

of vibrational progression of the X̃ 2B1 photoelectron band of H2O obtained

QFF�b VCI �direct�b VCI �direct�c Expt.d

I � I � I � I

1.000 0 1.000 0 1.000 0 1.000
0.104 1407 0.101 1406 0.107 1407,1408.42e 0.089
0.007 2766 0.011 2763 0.012 2775,2771.27e 0.010
0.209 3230 0.202 3231 0.200 3205,3213.00f 0.193
0.000 3264 0.000 3261 0.000 3253.03f

0.001 4069 0.001 4071 0.001 4085 0.003
0.022 4616 0.019 4616 0.020 4593 0.016
0.001 5955 0.002 5955 0.003 5936 0.003
0.024 6333 0.017 6342 0.022 6280 0.023
0.001 6498 0.007 6502 0.007
0.002 7679g 0.001 7681g 0.002 7639 0.003

�3 �OH antisymmetric stretch; B2�.
nctions �see text�.
anded by the harmonic oscillator wave functions of H2O �see text�.

bond angles in degrees� and anharmonic fundamen-

�.

aHOH �1 �A1� �2 �A1� �3 �B2�

103.6 3670 1608 3751
104.5a 3652b 1595b 3756b

108.9 3230 1407 3264
108.9c 3213.00c 1408.42d 3253.03c
ent

CI �

�

0
97
38
54
97
89
98
93
86
81
41

, and
ve fu

h exp
and

X̃ 2B1

OH

958
958a

000
001c
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�22

VCI = 0.96�22

HO − 0.18�23

HO + 0.13�11

HO + 0.09�21

HO + . . . ,

�10�

revealing the intensity borrowing by the 22 peak primarily
from the 11 and 21 peaks through anharmonic couplings,
which are neglected in the harmonic approximation and are
not fully accounted for even by the VSCF.

The intensity order of the two peaks at 4593 �1121� and
6280 cm−1 �12� �which are the two most intense peaks at
0.57 and 0.78 eV in the enlarged part of the spectrum� is
predicted incorrectly by the harmonic approximation. The
inclusion of the anharmonicity at the VSCF �direct� or VCI
�direct� level rectifies this shortcoming, predicting IVSCF

=0.021 �1121� and 0.027 �12� in comparison to Iexperiment

=0.016 �1121� and 0.023 �12�. It is noteworthy that the first
overtone of antisymmetric stretch �32�, occurring in the prox-
imity of 12 and transforming as B2 � B2=A1, contributes ap-
preciably to the intensity of the predicted peak at about
6500 cm−1 �IVCI=0.007�. According to the VCI, the wave
function of the 32 state is written as

�32

VCI = 0.74�32

HO − 0.47�12

HO + . . . . �11�

Hence these two peaks share intensities to a great extent, and
together they effectively act as one asymmetric peak. Indeed,
the VCI �direct� calculation assigns the peak at 6280 cm−1

�0.78 eV� to a compound state of 12 and 32 having a relative
intensity of 0.017+0.007=0.024 �the experimental value is
0.023�. We therefore suggest that the existence of the 32 state
might contribute to the apparently more pronounced asym-
metry of the observed peak shape �0.78 eV� than the others.
However, it should be remembered that the unresolved rota-
tional fine structures are the primary cause of the asymmetry,
and the relative positions of these two states may not be
calculated to a high enough accuracy to reproduce a peak
shape.

Three weak features observed at 4085, 5936, and
7639 cm−1 �0.51, 0.74, and 0.95 eV� are also reasonably ac-
curately reproduced by the VCI �direct�. The first two are
assigned to 23 and 1122 in agreement with Reutt et al.51

However, it is found that the peak at 7639 cm−1 is more
appropriately characterized as 2132 rather than 1221 sug-
gested previously. In general, as the energies of vibrational
levels increase, such a simple characterization based on har-
monic oscillator normal modes gradually loses its meaning
and merit.

Comments on the performance of the QFF approxima-
tion are in order. The mean absolute deviations between the
VSCF �QFF� and experiment and between the VCI �QFF�
and experiment are 81 and 65 cm−1, respectively. They are
compared with the corresponding values �83 and 21 cm−1� of
the direct method. Hence, the errors inherent to the QFF
approximation are masked by those of the VSCF ansatz for
the low-lying vibrations of H2O+. When the VCI is used,
however, the QFF approximation seems to obstruct the VCI’s
performance more noticeably. Note, however, that the total
number of single-point CCSD�T� executions needed is less
than 50 in the QFF approximation as compared to over 700

in the direct method.
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Table I also compares the two ways of computing FC
integrals based on the VCI �direct� wave functions �see Sec.
III C�. The slight differences in peak positions �in the order
of a few reciprocal centimeters� are caused by the use of the
harmonic oscillator normal mode basis functions of H2O to
expand H2O+ anharmonic wave function in scheme B. Good
agreement in the FC integrals between these two schemes
mutually validates both. The greater difference is observed in
the FC integrals �I=0.017 versus 0.022� and also in the fre-
quency �6333 versus 6342 cm−1� for the 12 state, for which
the result from scheme A should be trusted.

B. X̃ 2B2 state of H2CO+

The high-resolution photoelectron spectra of H2CO �and
D2CO� were reported by Niu et al. �the bottom panel of Fig.
2�,61,62 which revealed fine structures that had previously
been undetected in the spectra of Baker et al.63 In the lowest-

lying band system �corresponding to the X̃ 2B2 state of the
cation�, five major peaks �excluding the 0-0 transition� are
clearly visible. From the low-energy side, they are assigned
to the vibrational structures due to 61�B2�, 31�A1�, 21�A1�,
11�A1�, and 2131�A1�, respectively �Table III�, according to
our calculations �the top three panels of Fig. 2�. Our results
for the second through fifth peaks support the assignments
suggested by Niu et al.,62 which are, in turn, based on the
theoretical work by Domcke and Cederbaum.64 Takeshita,65

on the basis of his calculations, proposed alternative assign-
ments of the fourth and fifth peaks to 2131�A1� and 22�A1�,
respectively. Our theoretical calculations dismiss Takeshita’s

FIG. 2. Vibrational progression of the X̃ 2B2 photoelectron band of H2CO
�zero of energy is taken as the 0-0 transition position�. Calculations based on
�A� the harmonic approximation, �B� VSCF �2MR direct� wave functions,
and �C� VCI �2MR direct� wave functions are shown in comparison to �D�
experiment �Ref. 62�. The insert has been multiplied by 10. Each of the
theoretical photoelectron peaks has been convoluted with a Gaussian func-
tion of FWHM of 0.01 eV.
assignments in favor of Niu et al.
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Comparing the simulated spectra in three different ap-
proximations in Fig. 2, we notice that the peak positions
improve considerably from the harmonic approximation to
the VSCF �direct� or VCI �direct�. The agreement between
the calculated and experimental anharmonic frequencies is
within 30 cm−1 for the 31�A1�, 21�A1�, and 2131�A1� �second,
third, and fifth� peaks, while the deviation seen in the har-
monic approximation can be over 70 cm−1. For the fourth
peak, which arises from the symmetric stretch 11�A1�, the
harmonic frequency �2841 cm−1� is excessively overesti-
mated �the experimental value is 2580 cm−1�. The VSCF �di-
rect� and VCI �direct� correct the theoretical values in the
right direction �2702 and 2664 cm−1�, but the results are still
too high by as much as over 80 cm−1. Since the calculated
frequency of the 11 mode of H2CO+ changes only slightly
�11 cm−1� upon going from VCI �2MR direct� to VCI �3MR
QFF�, it is unlikely that the truncation of many-mode expan-
sion �the 2MR approximation� is the cause of this discrep-
ancy. Rather, we are inclined to ascribe this to the inability of
the electronic structure theory �CCSD�T�/cc-pVTZ� to de-
scribe the relevant part of the PEF with sufficient fidelity.
There is also an uncharacteristically large difference in the
frequency of the �5 mode for H2CO between theory

TABLE III. Relative positions �� in cm−1�, relative intensities �I�, and as
obtained from the CCSD�T�/cc-pVTZ method.

Assignmenta

Harmonic VSCF �3MR QFF�b VSCF �2MR direct�

� I � I � I

0 0 0 0 �00� 0 1.000 0 1.000 0 1.000
0 0 0 1 �61� 853 0.000 847 0.000 839 0.000
0 0 1 0 �31� 1277 0.108 1234 0.081 1234 0.084
0 0 0 2 �62�e 1707 0.020 1706 0.022 1689 0.023
0 1 0 0 �21�e 1678 0.009 1664 0.019 1666 0.020
0 0 2 0 �32� 2554 0.000 2462 0.001 2462 0.001
1 0 0 0 �11� 2841 0.012 2690 0.012 2702 0.012

0 1 1 0 �2131� 2955 0.003 2901 0.004 2904 0.004
0 2 0 0 �22� 3355 0.000 3308 0.000 3308 0.000

aQuantum numbers of �1 �CH symmetric stretch; A1�, �2 �CO stretch; A1�, �
bScheme A based on the Franck-Condon integrals of harmonic oscillator wa
cScheme B based on the anharmonic wave functions of H2CO and H2CO+

dReference 62. The intensities have been estimated from Fig. 2 of the same
eConsiderable mixing of states has been observed and the theoretical assign

TABLE IV. Equilibrium geometries �bond lengths in Å and bond angles in d

H2CO+ �X̃ 2B2�.

Molecule Method rCvO rCuH

H2CO VCI �2MR direct�/
CCSD�T�/cc-pVTZ

1.206 1.096 116

Experiment 1.203a 1.101a 116

H2CO+ VCI �2MR direct�/
CCSD�T�/cc-pVTZ

1.196 1.107 121

Experiment 1.184,c−0.021d 1.123,c+0.022d 119

aReference 67.
bReference 69.
cReference 66.
dGeometry changes upon ionization �Ref. 68�.
eReference 62.
f
Reference 70.
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�2783 cm−1� and experiment �2843 cm−1� at the 2MR level
�Table IV�. This is known44 to be caused by a Fermi reso-
nance with the 3161 and 2161 combination tones, which can-
not be adequately addressed unless 3MR or higher is used.

Possibly coupled with the errors in peak positions, the
intensities of the vibrational structures do not match the ex-
perimental spectrum unlike the excellent agreement in H2O+.
The 11�A1�, and 2131�A1� �fourth and fifth� peaks are reason-
ably well reproduced by theory, but the intensity order of the
31�A1� and 21�A1� �second and third� peaks is reversed. The
VSCF and VCI seem to alter the relative intensities of the
two peaks in the right direction, but not to the extent that the
correct order is restored. The 31�A1� and 21�A1� modes cor-
respond to CH2 scissors and CO stretching motions. Quali-
tatively, the intensity of a vibrational structure is expected to
be greater when the associated vibrational motion is more
proportional to the change in equilibrium geometry from the
initial to the final state. Table IV compares the CCSD�T� and
experimental equilibrium geometries and frequencies62,66–70

of H2CO and H2CO+. Clearly, the theory exaggerates the
widening of HCH angle and underestimates the shortening of
the CO bond upon ionization, as compared to the experi-
ments. This apparently explains the overestimation of the

ent of vibrational progression of the X̃ 2B2 photoelectron band of H2CO

CI �3MR QFF�b VCI �2MR direct�b VCI �2MR direct�c Expt.d

� I � I � I � I

0 1.000 0 1.000 0 1.000 0 1.00
823 0.000 833 0.000 763 0.000 764 0.02
214 0.068 1229 0.081 1239 0.084 1204 0.06
621 0.050 1646 0.043 1564 0.042 1501 0.00
680 0.001 1689 0.000 1664 0.026 1656 0.11
416 0.001 2451 0.000 2472 0.000 2396 0.00
653 0.016 2664 0.016 2638 0.017 2580 0.04
887 0.004 2886 0.006 2907 0.006 2900 0.02
279 0.000 3280 0.000 3309 0.001 3274 0.00

H2 scissors; A1�, and �6 �CH2 rock; B2�.
nctions �see text�.

expanded by the harmonic oscillator wave functions of H2CO �see text�.
ence.
s of these two states are interchangeable �see text�.

s� and anharmonic fundamental frequencies �in cm−1� of H2CO �X̃ 1A1� and

�1 �A1� �2 �A1� �3 �A1� �4 �B1� �5 �B2� �6 �B2�

2791 1758 1514 1172 2783 1254

2782b 1746b 1500b 1167b 2843b 1250b

2664 1646 1229 1042 2673 833

.4d 2580e 1656e 1204,e1153f 919f 2718f 764,e814f
signm

b V

1
1
1
2
2
2
3

3 �C
ve fu

both
refer

ment
egree

aHCH

.3
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31�A1� peak �CH2 scissors�, the underestimation of the 21�A1�
peak �CO stretch�, and the reversal of the intensity order.
However, the experimental geometries66,68 have been de-
duced from cruder FC analyses of photoelectron spectra and,
therefore, they may not serve as an independent check of the
theoretical prediction. In fact, it has proven to be unexpect-
edly difficult to reproduce the equilibrium geometries of
H2CO+ with the same accuracy achievable for H2CO.71 An
accurate experimental determination of the geometrical pa-
rameters of H2CO+, independent of photoelectron spectral
measurements, is warranted.

The most troubling aspect of the spectrum is the weak
feature around 0.1 eV above the 0-0 transition, which we
assign to 61�B2�. Niu et al. assigned this to 41�B1�, an out-
of-plane CH2 wagging mode. On this basis, they raised a
possibility that H2CO+ in its ground electronic state assumed
nonplanar equilibrium geometry. Later, a thorough computa-
tional study of geometries and harmonic vibrational frequen-
cies of H2CO+ appeared,72 in which Bruna et al. concluded
that the peak in question �764 cm−1� could only correspond
to 61�B2�, an in-plane CH2 rocking mode �841–856 cm−1

from their calculations; 833 cm−1 from our direct VCI calcu-
lation�, which was further supported by Liu et al.70 Our cal-
culations support the assignment and do not find a nonplanar
geometry of H2CO+, both in agreement with Bruna et al. and
Liu et al. Therefore, the appearance of this peak in the pho-
toelectron spectra no longer implies nonplanar geometry.
However, the transition to the 61�B2� state �unlike the even
overtones of �6 that transform as A1� is still symmetry for-
bidden within the Born-Oppenheimer separation and cannot
be accounted for by our calculations that give exactly zero
FC factor for this transition.

One plausible explanation is that the nonadiabatic cou-

pling between X̃ 2B2 and B̃ 2A1 states of H2CO+ through the
61�B2� mode makes this latter mode weakly vibronically ac-
tive in its photoelectron spectra. This might be indirectly
supported by the electronic absorption spectra of H2CSi
�Ref. 73� and H2CGe,74 which also exhibit the 61 �CH2 rock�
�B2� vibrational progression due to a vibronic coupling be-
tween the ground state and a nearby 1A1 state. For the vi-
nylidene anion �H2CC−�, however, Stanton and Gauss75

showed that a CCSD�T� calculation with anharmonicity ac-
counted for at the second-order perturbation level could un-
equivocally establish the assignment of a feature observed at
450±30 cm−1 in its photoelectron spectra76 to the first over-
tone of CH2 rocking mode 62�A1� �479 cm−1 according to
theory� of H2CC. The experimental spectra76 did not show
evidence of vibronic activity of the 61 mode in H2CC.

The comparison between schemes A and B indicates
that, when the agreement in frequencies �energies� is good,
the computed FC integrals from the two approaches also
agree well with each other and can be trusted. The largest
discrepancy has been observed for the fundamentals and
overtones of �6. This is caused by the substantial frequency
change in �6 upon ionization �1250–764 cm−1�, making the
harmonic oscillator wave function of H2CO �6 an inadequate
basis for expanding the anharmonic wave function of H2CO+

�6. The apparent good agreement in the 61 and 62 state po-

sitions between scheme B and experiment is, therefore, for-
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tuitous. Furthermore, the 62 and 21 states, both transforming
as A1, exhibit a varied degree of intensity sharing, causing
the calculated FC integrals to be sensitively dependent on the
relative energies of the two states and hence on various the-
oretical treatments. From the experimental viewpoint also,
the two peaks �at 1501 and 1656 cm−1� overlap and hence it
may not be very meaningful to try to pinpoint which peak is
assigned to the 62 or 21 state and how much of the total
intensity comes from each state.

V. CONCLUSION

The two proposed methods for anharmonic FC integral
evaluations require only a set of single-point energies from
an electronic structure theory, which they use to generate
VSCF and VCI wave functions expanded by normal mode
harmonic oscillator basis functions that are unambiguously
defined for general polyatomic molecules. They need neither
an ad hoc coordinate system to represent a PEF in a conve-
nient analytical form nor to be tied to a particular approxi-
mation or computer program for electronic structure calcula-
tions. Their limitation in their current implementation �not a
conceptual one�, however, is the lack of small couplings be-
tween various degrees of freedom such as nonadiabatic �vi-
bronic� interactions, Renner-Teller and Jahn-Teller effects,
and rovibrational coupling.

The two methods differ from each other in whether the
vibrational wave functions of initial and final states are ex-
panded by harmonic oscillator bases of the respective states
�scheme A� or by a harmonic oscillator or VSCF basis of one
state �scheme B�. Three competing factors that determine the
accuracy of scheme B are the extent of geometry and fre-
quency changes and normal mode rotation between the two
states, the fidelity of PEFs in representing the relevant areas
of the potential energy surfaces, and the truncation order of
VCI. In practice, when the energies of the states computed
by the two schemes agree well, the associated FC integrals
from scheme B should also be reliable.

The methods have enabled a quantitative interpretation

of the X̃ 2B1 photoelectron system of H2O, revealing the im-
portance of intensity borrowing and anharmonic mode cou-

plings in explaining some small peaks. The X̃ 2B2 photoelec-
tron system of H2CO shows unexpectedly noticeable
disagreement between theory and experiment in peak posi-
tions and relative intensities, proving to be a rather delicate
problem for such a small and basic molecule. It demands a
more extensive electronic and vibrational structure theory
that possibly needs to account for the nonadiabatic �vibronic�
effects.
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