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Renormalization of the AB=2 four-quark operators in lattice nonrelativistic QCD
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We calculate perturbative renormalization constants forABe=2 four-quark operators in lattice NRQCD.
Continuum operatorby, (1— ys)qby,(1— ¥s)q andb(1— ys)qb(1— ys)q, which are necessary in evaluat-
ing the mass and width diﬁerencesaﬁ(s)—gd’(s) systems, are matched at one loop with corresponding lattice
operators constructed from the NRQCD heavy quarks andGfe)-improved light quarks. Using these
perturbative coefficients, we also reanalyze our previous simulation results for the matrix elements of the above
operators. Our new results are free from the systematic err6(af/(aMy)) in contrast with the previous
ones with matching coefficients evaluated in the static limit.

PACS numbeps): 12.38.Gc, 12.39.Hg, 13.20.He, 14.40.Nd

[. INTRODUCTION Calculation ofBg using the relativistic lattice actions for

The B meson decay constant and tBgarameter il3-B  heavy quark16—23 is another possibility to study the finite
mixing are crucial quantities for determining the Cabibbo—heavy quark mass correction. These calculations, however,
Kobayashi—Maskaw#CKM) mixing matrix elementdV,q] ~ may suffer from larged(aM) [O(asaM) or O((aM)?) for
and|V,¢ from the experimental values of the oscillation fre- the O(a)-improved actionksystematic error and the uncer-
quencyAM g . While the lattice calculation of the decay tainty in the extrapolation to_thb quark mass from lighter
constant has reached a satisfactory level where the systefigavy quark masses, for which simulations are performed.
atic error except for the quenching effect is about 10%Bhe  In this paper, we compute the one-loop renormalization
parameteBy still has a large uncertainty of about 30% evenconstants forAB=2 four-quark operators constructed with
in the quenched approximatidi]. Further effort in lattice the NRQCD heavy quarks and with tli&a)-improved light
calculations is required to constrain the CKM matrix ele-quarks on the lattice in order to remove the error of the order
ments more tightly. ag/(aMy) in the lattice calculation oBg. We consider the

In the limit of infinitely heavy quark mass, a lattice cal- leading dimension six operators and neglect dimension seven
culation of theB parameter has been performed by severapperators which would remove errors@{asAqcp/Mp) or
authors using the static action and té§a)-improved (or ~ O(asaAqcp). The one-loop coefficient for the dimension
unimproved light quark actiong2-5], for which the pertur- ~ Seven operators which correspondstusaAqcp) correc-
bative matching factor of relevant four-quark operators intions has been obtained in R¢8] in the infinitely heavy
continuum and lattice definitions is availablé—9]. The  quark mass limit.
problem of a large one-loop coefficient raised in R3] Using the renormalization constants obtained in this work,
is not essential when used with the tadpole improved pertutwe reanalyze the simulation data of REf4] to obtain an
bation theory[12] as discussed in Ref§4,5], where they improved result foBg, which is free from the large system-
find that the results of several groups are in reasonable agreatic uncertainty ofO(as/(aMy)). The central value is in-
ment. creased by about 12% with this new analysis, which is within

The next step towards the final prediction is to incorporatéhe size of errors expected by a naive order counting argu-
the correction from a finité quark massvl,,, which can be ment.
systematically included using/M, expansion, where is Another important application of our perturbative work is
the typical momentum of the gluons and quarks. A naivethe lattice calculation oBs, which is aB parameter neces-
order counting suggests that the correction is abousary to evaluate the width difference in tBg,)-B s mixing.
Agcp/Mp~10%, when the size of the QCD scale is as-An exploratory lattice NRQCD study with the one-loop
sumed to be around 350 MeV. On the lattice, nonrelativistiomatching in the infinitely heavy quark mass limit is found in
QCD (NRQCD) [13] provides a necessary formulation to Ref.[24]. We reanalyze the data in that work with the renor-
calculate thep/My corrections, and an exploratory lattice malization constant containing the finite heavy quark mass
calculation of theB mesonB parameter has already been effect. We find that our new analysis resulted in a change of
made[14,15. One of the main drawbacks in that calculation the value of the bag parameter, but it remains within the
is, however, that the one-loop coefficients for the infinitely expected size of the error in the previous analysis as is also
heavy quark mass are used instead of those for latticthe case foBg.

NRQCD. This approximation introduces a large systematic This paper is organized as follows. We summarize the
uncertainty of orderrs/(aM,), which is as large as 10%— definition of the lattice NRQCD action in Sec. Il, and the
20% for a typical value of inverse lattice spacingal/ heavy-light four-quark operators in Sec. lll. Section IV is the
~2 GeV and almost equivalent to or even larger than theamain part of this paper, where we present the results of the
physical size of th@/M, correction itself. one-loop matching calculations for bilinear operat@@&c.
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IV A) and for the four-quark operatotSec. IV B. The re- A

analysis of our previous NRQCD simulations are given in Ho=— 2aM.’ (2.4
Sec. V. Section VI is devoted to our conclusion. Details of 0
the one-loop calculations are collected in Appendices. The
Feynman rules for the lattice NRQCD action is given in

Appendix A, while several expressions of one-loop integrals
and amplitudes are summarized in Appendix B and C, re-
spectively.

oH B, (2.5

:—CBTI\AOU.

whereaM, denotes a bare heavy quark mass in lattice unit.
The operatoA®=32 |A(® is a Laplacian defined on the
lattice throughA(?), the second symmetric covariant differ-
entiation operator in the spatial directionThe space-time
In this section we briefly summarize the definition of the indicesx andy are implicit in these expressions. The Hamil-
NRQCD action used in the following perturbative calcula-tonian 6H represents the effect of the spin-
tions. A complete formulation of the lattice NRQCD is found (chromgmagnetic interaction, in whicB is the chromomag-
in Ref.[13]. netic field defined as a standard clover-leaf operajas. a
Our NRQCD action is defined by gauge coupling, andtg is a constant to parametrize the
strength of thes- B interaction. It should be tuned until the
NRQCD action reproduces the same dynamics as that of
continuum relativistic action. We take the tree level value
cg=1. The relativistic four-component Dirac spinor figid
is related to the two-component nonrelativistic fi€dand y
appearing in the NRQCD action in E.1) via the Foldy—
Wouthuysen—Tan{FWT) transformation

Il. LATTICE FORMULATION OF NRQCD

SNRQCD=XEV QI (X)(1-Ko)(x,y)Q(y)

+X2y xTO0(1=K)xy)x(y). (2.1

z
The nonrelativistic two-component spinor fiel@® and b(x)=2 R(x,z)( QT( )), (2.6)
represent a heavy quark and an anti-quark, respectively. z x'(2)
Their evolution is described by
whereR is defined as
aHg\" asH\ ., adoH A
KQ<x,y>—{ 1= o= | 1= —— & >U4(1— - Rzl—zaMO , 2.7
aHg\"
x| 1= W) (xy), (22 where A!*) is the first symmetric covariant differentiation
operator in spatial direction.
The Feynman rules derived from the NRQCD action in
aHo\" asH asH Eqg. (2.1) and the FWT transformatiof2.6) are given in Ap-
KX(x,y)=[ 1- E) - 85U, 1- — pendix A. The light quark action is th®(a)-improved Wil-
son actior{27], and the gluon action is the standard plaquette
aHg\" action. The Feynman rules for light quarks and gluons are
X 1= 5] |y), (2.3 also summarized in Appendix A.

e . . Ill. OPERATORS
wheren denotes a stabilization parameter introduced in order

to remove an instability arising from unphysical momentum The B parameters * and Bs are defined using thaB
modes in the evolution equation. Note that, following Ref.=2 four-quark operatordy,(1— ys)qby,(1—vys)q and
[13], all the link variableU , in the NRQCD action is always 51— y.)gb(1— ys)q, respectively. In the perturbative
divided by the mean field value, determined from the matching, however, we have to consider other operators
plaquette expectation value. This tadpole improvement willyhich mix under the radiative correction. Since the lattice

give rise to arO((gf)) counter term (ig)the Feynman rule.  regularization violates the chiral symmetry, some operators

The operators,~’ is defined assy™’(X,y)=0x,+1y,0xy,  that do not appear in the matching between continuum regu-

and the Hamiltoniansl, and 6H are larizations are also necessary. We define the following set of
operators:

The evolution equation®.2) and(2.3) are slightly different from
the definition used, for example, in Ref26], where the (1 2We use a notatioB, instead of the usudg in order to empha-
—aHy/2n)" terms appear inside of the {1asH/2) terms. size that it represents a matrix element of the “LL" operator.
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OVLL:EYMPLQHY,LPLQ’
OVRR:E'Y,uPRqE')’MPRqa
OVLR:EprLqHYMPun
OsL.=bP_qbPyq,
OsLr=bP_qbPrq,
6VLL:HY,LPLTaqH7’,LPLTaq,
Ovrr= Ey# P RTaquM PrT?q,
6VLR:E')’,U,PLTaqH'Y,uPRTaq1
OsL.=bP T?qbP T?q,

Og r=bP, T2qbPxT?q,

(3.1
(3.2
(3.3
(3.9
(3.5
(3.6
(3.7
(3.8
(3.9

(3.10

where P, and Pi are chirality projection operator® g

=(1¥F y5)/2, andT? is a generator of the S group. The
operators with a tilde contains a summation over the \gU(
generatorsT?. Fierz identities relate the ‘tilde’ operators in
Egs.(3.6)—(3.10 to those without tilde in Eq$3.1)—(3.5) as

PHYSICAL REVIEW D 62 114502

On=2b7,(1— v5)gby,(1+ y5)q
+4b(1— y5)qb(1+ s)q, (3.19

Opn= ZHV,L(l— YS)QEYM( 1+ ys5)q
—4b(1- y5)qb(1+ ys)q, (3.20
Os=b'(1- y5)g'bl(1- y5)q, (3.21

Op=2by,(1— ¥5)qby,(1+ ¥s)q
+4ND(1- y5)qb(1+ ys)q, (3.22

Og=2Nby,(1— y5)qby,(1+ v5)q
+4b(1- y5)qb(1+ y5)q, (3.23

Or=(2+N)by,(1- ¥5)qby,(1+ vs5)q

—2(3N%2—2N—4)b(1- y5)gb(1+ v5)q.
(3.29

The indices andj, which appear in the definition @S, run
over color of quarks, while other operators are products of
color-singlet bilinear operators. As is obvious from Eqgs.
(3.1)—(3.24), the set of operators in conventional definition

~ N—1 .
OyLL= PN OvLL, (3.11) are related to the first set of operators as
O_L=40y, (3.29
~ N—1
OVRR:WOVRRv (3.12 Or=40yRR: (3.26
~ 1 Os=40g, (3.27
Ovir= ~ 53 OvLr— OstLr: (3.13
2N On=8(0y r+205. R, (3.289
= N+1O —}O Om=8(0Oy r—20gR), (3.29
SLL™ SLL VLL»
2N 4
(3.149 ~ ~ 1
Os=8| Osi 1+ 55O0s1L | (3.30
1 2N
Ostr=~ 5N Ostr™ 7 Oviw- 319 0,—8(0y.x+2NOs R, (3.3D
We use these relations to eliminate the “tilde” operators Oo=8(NOy g+20sg.p), (3.32

from matching relations. We note that all equations except

Eq. (3.19 are exact, whereas Eq3.14) is valid up to

Or=4(2+N)Oy r—8(3N?—2N—4)Og/ r. (3.33

O(p/My) correction terms described by dimension seven op-
erators. When computing the matching ©f,, and Og
operators, the neglected terms give errorsffagp/M,)

through one-loop mixing.

IV. ONE-LOOP CALCULATION

In order to match the operators defined in the continuum

In Sec. V we present our final result using the following theory, say the modified minimal subtractidnS scheme

set of operators in more conventional definitions:
OL=b7,(1-75)qby,(1-y5)q,
Or=b7,(1+ y5)qby,(1+ ¥s5)q,

Os=b(1-y5)qb(1- vs)q,

(3.19
(3.17
(3.18

with the dimensional regularization, to the lattice counter-
parts, we compute the on-shell amplitude both in the con-
tinuum and on the lattice at one-loop level.

Let O¥5(w) andO!2'(1/a) be certain continuum and lat-
tice operators defined at scaleand 1A, respectively. The
on-shell amplitude for a certain external state can be ex-
pressed by a linear combination of tree-level amplitudes
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{Oy)o, where the subscript runs over all possible operators TACBLE I. Wave I(function renormalization constants for the
. R v I NRQCD heavy quark.
which can mix withO¥® and O!2! at one-loop: namely, Q v

o @, o aMg n Cy
<O)'\2IS(M)>:<OX>O+ E 2 p)'\él,SY(lu“)<OY>O+ O( ag)a 12.0 2 29412)
(4.2) 10.0 2 2.68 7)
7.0 2 1.86 5)
a 6.5 2 1.6712
(O';ﬂlt(l/a)):(OX)OvL ﬁ 2 p'XafY( 1/a){Oy)o+ (’)(ag), 5.0 > 0.8;;13;
(4.2) 4.5 2 0.5212)
- 4.0 2 0.0711)
where ag=g?/4m, andpy5(u) and pe,(1/a) represent the 38 2 ~0.1312)
one-loop coefficients in th®IS and the lattice schemes. We 3.5 2 —0.4911)
take zero spatial momentum on-shell free quarks for the ex- 3.0 2 -120 9
ternal state. This choice is the easiest and sufficient to obtain 2.6 2 —-1.93 9)
the matching coefficients uniquely, since we restrict our- 2.1 3 —2.97 8)
selves to the matching at lowest operator dimension, for 1.5 3 —5.10 6)
which no derivative operator appears. 1.3 3 —6.10 6)
Requiring that the both operators give identical one-loop 1.2 3 —6.67 6)
on-shell amplitudes, we obtain the following matching rela- 0.9 4 -8.69 5)
tion:
S As  wvs lat whereCr=(N?-1)/2N, and\ denotes a gluon mass intro-
Ox ()= EY: vt g exv(w) = pxy(1/2)) duced to reE;uIarizc)a the infrared divergenge. The constants
H’, andG are defined through the following equations,
+0(a?) |0 (1/a). (4.3 D dH
o HFEZ yﬂry,u’ HrEﬁ* GI'=1y4l"y,,
In the following we compute the coefficients y(x) and not 4.6
p';‘fY(l/a) for the heavy-light bilinear operators addB =2 '
four-quark operators. with space-time dimensio@=4. The corresponding one-

loop expression for the lattice operator is
A. Bilinear operators

lat _ _3 2y 2 1
First of all, we give the expression for the matching of the ~°T (1/a)=Ce[ —2In(@"A")+2(Ci+Ch)

bilinear operators for completeness. Although the one-loop +(Am) 1o+ Glg+(H-G)2¢
coefficients for the matching of the heavy-light vector and
axial vector currents have already been obtained by Morn- +(H=G)(Ip+Ig)+(H-G)GlIg]]. 4.7

ingstar and Shigemits{28] even throughO(ap/M,) and

O(aap), we present the one-loop matching coefficients forThe infrared divergence of forr§CrIn\? is canceled be-

the general heavy-light bilinear operators for completenessfween continuum and lattice expressions for any bilinear op-
The one-loop expression of the perturbative on-shell amerator in the combination of the matching coefficient

plitudes of the heavy-light bilinear operatbf'q with arbi- eI -p1" . The numerical value of the light quark wave func-

trary Dirac structurd’ is given as tion renormalization factor C; is 9.076 for the

O(a)-improved action. If one uses the normalizatior/d4

s o | for the light quark field motivated by the tadpole improve-

Epr('uHO(as) (bT'a)o, (4.4 ment [192], qthe number becom{:‘s—o.wg for puo

_ _ _ =(:TrUp)Y* (average plaquette or 1.7106 for ug

for both continuum and lattice operators. There is no opera— 1/8k,;; (critical hopping parameter The heavy quark

tor mixing in the lowest dlmepsmn b|||near_ operato_rs. Inthe,,2ve function renormalizatiorS, depends on the heavy
continuum(the MS scheme with totally anticommutings),  quark massM,, and its numerical values are summarized in

((bTq)(w)y=|1+

the coefficientpy(w) is obtained7,10,1] as Table I. The constantk,, g, I¢, Ip, Ig, andlg are one-
loop integrals from the vertex corrections shown in Fig. 1.
s H2—4 u? 3 A% 3H? Their explicit expressions are given in Appendix [Bgs.
pr(wn)=Ce TInW - EInW 1 (B1)—(B6)], and their numerical values are given in Table II.
0 0 In the following, we present the expressions of the match-
GH 11 ing factors for the temporal component of the axial current
—HH'— - "7l (4.5 A, and for the pseudoscalar densiy
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FIG. 1. Vertex correction for the bilinear operator.
1. Axial vector current 2. Pseudoscalar density
For the axial-vector currerd, with I'= vysvy,, we obtain For the pseudo-scalar densi®/ with I'= s, we obtain
H=2, H'=1, andG= -1, for which the matching coeffi- H=-4, H'=-1, andG=—1. The matching coefficients
cients are are
2 2
— 3 A\ 3 WS M Al
MS_ — n—_= (u)=Cg¢| 3IN— — zIn—+ —|, (4.12
pac=Ce 2|n|v|§ 7l (4.8 pp AH)="F M2 2 M2 4

pi'(1/a)=Cg[ - 3In(a®\?) + 3(Cp+C))
+(4m)2?(Ip—1g+91c—3lp+3l—3lp)].
(4.13

Combining these expressions we obtain the matching rela-
MS . . -
Pa, does not have the logarithmic scale dependence becautien

of the (partial)conservation of the axial vector current. Com-

pa(1/2)=Cel — §In(a®\?) +3(Cy+ C))

+(4m)?(1p—1g+91c+3lp—3lg+3lp)].
(4.9

L . . . . 2
— (4%
bining the two expressions we obtain the matching relation PYS( ) =| 1+ _s(4| ,U«Z +2In(a2M§)+§p
47 M3
IS o
AS=|1+ ﬁ(ZIn(azMg) +ip)+ O(ag)}A'f“(lla),
(4.10 +0(a) | P (L/a), (4.14
where where
{p=Cel—3-32(CptC) Lp=Ce[ ¥ —=3(Cyp+Cy)
—(4m)2(Ia=1g+91c+3lp—3lg+3Ip)]. (41D —(4m)2(15,—1g+91c—3Ip+3lg—3I)]. (4.19
Numerical values of the coefficied} are listed in Table 1ll.  Numerical values of the coefficiegt are listed in Table Ill.
TABLE II. Integralslp, Ig, Ic, Ip, g, andlg.
aMy n la Ig Ic Ip le I
120 2 0.03093@5 —0.0165629) 0.0007941) —0.0000290) 0.00102Q01) —0.00051%0)
100 2 0.03027(@5 —0.0160418) 0.0009361) —0.0000310) 0.0012091) —0.0006230)
7.0 2 0.028754L4) —0.0148128) 0.0012821) —0.0000320) 0.0016782) —0.0008900)
6.5 2 0.02838@84) —0.0145128) 0.0013671) —0.0000310) 0.0017912) —0.0009580)
5.0 2 0.02699@3) —0.01332%7) 0.0017022) —0.0000240) 0.0022562) —0.0012460)
45 2 0.02637(13) —0.0128027) 0.0018532) —0.0000190) 0.0024692) —0.0013840)
40 2 0.0256924) —0.0121797) 0.0020382) —0.00001Q0) 0.0027283) —0.0015570)
3.8 2 0.02532@12 —0.0118946) 0.0021162) —0.0000060) 0.0028483) —0.0016390)
35 2 0.02479@2 —0.0114226) 0.0022522)  0.0000030) 0.0030393) —0.00178Q0)
3.0 2 0.02369¢12) —0.0104925) 0.0025242) 0.00002%0) 0.0034283) —0.0020760)
26 2 0.02273@3) —0.0095795) 0.00279383) 0.0000520) 0.0038264) —0.0023960)
21 3 0.02112¢11) -—0.0085325) 0.0032533) 0.0001110) 0.0045244) —0.0029661)
15 3 0.01848®) —0.0063373) 0.00399%4) 0.0002520) 0.0057076) —0.0041531)
1.3 3 0.01743®) —0.0054193) 0.0043204) 0.0003310) 0.0062305) —0.0047921)
1.2 3 0.01684Ql7) —0.0049213) 0.0045024)  0.0003810) 0.0065296) —0.0051911)
0.9 4 0.01448217) —0.00359%2) 0.0052285)  0.0006090) 0.00782%7) —0.0069211)
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TABLE Ill. Matching coefficients{, p for A4,P. 6666‘0“6‘0\0\ 6666— 6‘6‘0\0\ éggﬁ‘o‘g\m
aMg n A ip S
12.0 2 —14.598) —11.268)
10.0 2 —14.235) —11.265)
7.0 2 -13.333) -11.293)
6.5 2 —13.118) —11.308)
5.0 2 -12.219) —11.349)
4.5 2 —11.798) —11.368)
4.0 2 —11.287) —11.4Q7)
3.8 2 —11.098) —11.408)
35 2 —10.667) ~11.427) A /l\%\ /g\
3.0 2 —9.866) —11.456) =N
2.6 2 —9.0405) ~11.515) 90555666 Y5668 D560
21 3 —7.895) —11.895)
15 3 —5.47(4) —12.274) FIG. 2. Heavy-light vertex corrections in color singlet channel.
1.3 3 —4.314) —12.494)
1.2 3 —-3.634) —~12.674) lat _ %s lat
= + —
09 4 ~1.143) 13.663) (OyL(l/a))=|1 47TPVLL,VLL(1/a) (Ovii)o
Xs Jat Ys at
+|-—p @) +|l-—p
B. Four-quark operators 4 VLL,VLR< VLR)0 4 PVLLSLR
We present the one-loop matching calculation of the four- s at
quark operator®y, | andOs ., which appear in the evalu- X(OsLRlot| 7 —PviLsti|{OsLio
ation of the mass and width differences in tBg)-Bgs)
systems.
y +[ﬁpl\7ﬁL,VRR (OvrRrY0: (4.19
1. OviL H
In the continuum theory preserving the chiral symmetry,W ere
the_fo_ur-quark o_peratooVLL mixes with Og | under the pl\;iEL,VLL(lla):_4In(a2)\2)+CF[CI+Ch]
radiative correction. At the one-loop level, the on-shell am-
plitude of Oy () defined at scalg: is written as +(Am) LI g+ 2l o+ A+ 3153
X(lg+h+1+20)+16 +1y)], (4.20
<O\'\;I_EL(M)>: 1+ ﬁP\'\;I_E'L viL(#) [{OviL)o lat 2 5
4m ’ pyviLvir= (4m)2(—2lg—3(Ip+1E))],
(4.20
+ &P\v_ﬁ stL|{OsLio; (4.19 lat 2 10
4m ' pyiLsir= (Am)[2(=4g+ 5 (Ip+1g))],
(4.22
where PVl si=(4m)7[~ 1621~ lg)], (4.23
— 5 2 plat :(477)2[ -4 (4.24)
p\vI?L,VLL(M):Zln_Z —4In—s — 3 (4.17) VELVRR 3 M’ '
K Mg
The integralsl 5, Ig, Ic, Ip, g, and g come from the
diagrams in which a gluon mediates between heavy and light
PUEL sLL=—8. (4.18  quark lines as shown in Figs. 2 and 3. These are the same
integrals as in the vertex correction of the bilinear operators,
_ whose numerical values are given in Table Il. Other integrals
The mixing coefficientp\'\;'fLSLL does not have the scale de- I, Iy, I, 15, Ik, I, Iy, andly are characteristic of the

pendence at the one-loop level.
The same operator mixes with four operatd®s, g,

corrections of the four-quark operators. The diagrams in
which a gluon line mediates between two heavy quark lines

Osir, Osi 1, andOyrg 0N the lattice due to the lack of the (Fig. 4 produce the five integralks, Iy, I, |5, andlg,
chiral symmetry. We obtain the following expression for thewhose expressions are given in Appendix[Bgs. (B7)-

on-shell amplitude of the lattice operatox, (1/a):

(B11)]. Their heavy quark mass dependence is summarized

114502-6



RENORMALIZATION OF THE AB=2 FOUR-QUARK . .. PHYSICAL REVIEW D 62 114502

S S,

9 S &
$ 2 | 8

e 2 @

S
(73N

> %\ /l\
5507 M
S 094!
S e, S
= % %a
o

FIG. 4. Heavy-heavy vertex corrections in color octet channel.
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FIG. 3. Heavy-light vertex corrections in color octet channel.

MS

P —
Oyri(m)=|1+ E(P\’\/AEL,VLL(/-L)

in Table IV. Three othersl, , Iy, andly defined in Egs.

(B12)—(B14), correspond to the diagrams in which the two
light quark lines(Fig. 5 are connected by a gluon line. —pLLvi(1f)) |08 (1/a)
These do not depend on the heavy quark mass, and their
numerical values are s |a ot
+ = 27 PVLLVLR OyLr(1/a)

I_=—0.00463%3), Iy=—0.0024381), e
+

(4.25 T 247 PVLLSLR OlsalfR(l/a)
In=—0.0122046). [ e —
+ ﬁ(P\’\;II?L,SLL_pI\;lIfL,SLL) O'Salf,_(lla)
In Appendix C, one-loop expressions of the lattice on-shell a
: - s e T - plat 0@l {(1/a). (4.26)
amplitudes with general four-quark operatdwBgbI’'q are 47 PVLLVRRIMVR

presented. The above result in E4.19 is obtained by ap-

plying the Fierz transformation for the color and spinor in- The numerical values qﬁ'\f‘,f,_‘y are listed in Tables V.

dices on the expressioli€4)—(C7). The matching relation foO, is obtained using the con-
Combining the continuum and the lattice results we obtainversion formula(3.25—(3.32) as follows:

TABLE IV. Integralslg, Iy, I, 1, andly for cg,=1.

aM, n Is Iy I I Ik

12.0 2 0.0185@) 0.00007%0) 0.0000290) —0.0001600) 0.0000080)

10.0 2 0.0167&) 0.0001040) 0.0000410) —0.0002310) 0.0000130)
7.0 2 0.0122%) 0.0001981) 0.0000730) —0.0004710) 0.0000370)
6.5 2 0.0110%5) 0.0002201) 0.0000810) —0.0005470) 0.000045%0)
5.0 2 0.006583) 0.0003381) 0.0001180) —0.0009240) 0.00009%0)
45 2 0.0043@) 0.0004002) 0.0001341) —0.0011400) 0.0001270)
4.0 2 0.0018®) 0.0004740) 0.0001530) —0.0014430) 0.0001760)
3.8 2 0.0006®%) 0.000515%2) 0.0001601) —0.0015990) 0.0002030)
35 2 —0.001381) 0.0005802) 0.0001711) —0.001885%0) 0.0002540)
3.0 2 —0.00545%2) 0.0007183) 0.0001851) —0.0025661) 0.00038%0)
2.6 2 —0.009642) 0.0008621) 0.0001820) —0.0034161) 0.0005630)
2.1 3 —0.015285) 0.0011545) 0.0001461) —0.00523T11) 0.0009771)
15 3 —0.027219) 0.0016805) —0.0002341) —0.0102643) 0.0022701)
13 3 —0.032749) 0.0019328) —0.0006182) —0.01366%4) 0.0032012)
12 3 —0.035924) 0.0020812) —0.0009262) —0.0160384) 0.00386%2)
0.9 4 —0.0466212) 0.00276@9) —0.0027529) —0.02851728) 0.0075074)
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The operatorOg | mixes with Oy, with the radiative
correction in the continuum. The on-shell amplitude with
Og, ( for the zero momentum external state is written as

[— a —
<OgEL(M)>= 1+ﬁp'\SALSL,SLL(M) <OSLL>O

Q000008

as M_S
+EPSLL,VLL(M)<OVLL>01 (4.28
at the one-loop level. The coefficients are

FIG. 5. Light-light vertex correction in color octet channel. 16 u? 4 A2

P’\SAEL,SLL(M):gmM—g— §InM—g+1O, (4.29
2
_ a “
OfS(w)=| 1+ 4~ —2In—M2+4In(a2M§)+§L'L PR
0 J—
PgEL,VLL(M):§|nw+ §|nw+ 5 (4.30
0 0

a
xO(La)+ 5~ 41 08" (1a)
The lattice operato®2!, mixes with five operators in the

as It as lat on-shell amplitude as
+ 1. SLrROR (La) + 72— 4 Oy (1/a)

o
as - (0gl)= 1+ﬁplsalfL,SLL(1/a) (OsLio
+ E&_’MO,\? (1/a). (4.2
%s at Ys at
+azp (1/a) |[{OvL)ot| 7P
The coefficients{ s, { g, {Ln, @nd{ y are listed in 4arTSLEVLL 4arSLLSLR
Table VI. The coefficient \, of O',(jl“ vanishes in the static o
limit, and other coefficients agree with the previous work X{Og R0t ﬁplsaﬁ,vm (OviLr)o
[14,9] in the same limit.
Ys at
2. Og L + 47 PSLLVRR (OvrRrI0: (4.30)

The matching relation for the operatOk, , is obtained in
a similar manner. where

TABLE V. Matching coefficientsO\ y for cs,=1. The infrared divergence 4In(@®\?) is subtracted
from pl\flEL'VLL. The tadpole improvement is applied such that the normalization of light quark field becomes

8Kerit-
aMg n PI\?EL,VLL pl\?IEL,VLR PI\?EL,SLR pl\?IEL,SLL PI\/aEL,VRR
12.0 2 19.7816) 10.7512) 20.3534) —1.437%4) 0.512179)
10.0 2 19.1) 10.48@2) 19.5884) —1.67894) 0.512179)
7.0 2 17.477) 9.84Q2) 17.74Q4) —2.24835) 0.512179)
6.5 2 17.0716) 9.6872) 17.2924) —2.38305) 0.512179)
5.0 2 15.4717) 9.0912) 15.5113) —2.90326) 0.512179)
4.5 2 14.7416) 8.8282) 14.7083) —3.13047) 0.512179)
4.0 2 13.8515) 8.5192) 13.7423) —3.39487) 0.512179)
3.8 2 13.4616) 8.3812) 13.3013) —3.51388) 0.512179)
3.5 2 12.7815) 8.1532) 12.5683) —3.71048) 0.512179)
3.0 2 11.4412) 7.7102) 11.1033) —4.08689) 0.512179)
2.6 2 10.1011) 7.2862) 9.6412) —4.44389) 0.512179)
2.1 3 8.2611) 6.8941) 7.7782) —4.977210) 0.512179)
1.5 3 4.768) 6.0592) 3.9041) —5.788212) 0.512179)
1.3 3 3.278) 5.7732) 2.1542) —6.096213) 0.512179)
1.2 3 2.478) 5.6422) 1.1551) —6.253613) 0.512179)
0.9 4 0.067) 5.5941) —2.0981) —6.660815) 0.512179)
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TABLE VI. Matching coefficients{ for Oy, .

aMg n fiL {in {im {is {iR

12.0 2 —31.4616) —5.2323) —0.14410) —6.5722) —0.512179)

10.0 2 —30.789) —5.0683) -0.172@1) —6.3262) —0.512179)
7.0 2 —29.147) —4.6772) —0.24281) —5.7552) —0.512179)
6.5 2 —28.7516) —4.5832) —0.26041) —5.6232) —0.512179)
5.0 2 —27.1417) —4.2112) —0.33431) —5.1052) —0.512179)
4.5 2 —26.41(16) —4.0452) —0.36931) —4.8781) —0.512179)
4.0 2 —25.5315) —3.8472) —0.41261) —-4.6132) —~0.512179)
3.8 2 ~25.1316) ~3.7512) —0.43301) —4.4942) —0.512179)
3.5 2 —24.4615) —3.6092) —0.46761) —4.2992) —0.512179)
3.0 2 —23.1212) —3.3152) —0.540@2) —3.9232) —0.512179)
2.6 2 —21.7811) —3.0262) —0.61692) —3.5642) —0.512179)
2.1 3 —19.9311) —2.6952) —0.7515%2) —-3.0292) —0.512179)
1.5 3 —16.458) —2.0021) —1.02673) —2.2212) —0.512179)
1.3 3 —14.958) -1.7121) -1.17393) -1.9132) —0.512179)
1.2 3 —14.158) —1.5551) —1.26603) —1.7562) —0.512179)
0.9 4 —11.747) ~1.1361) ~1.66124) —~1.3513) —~0.512179)

pSlLsii(1/a)=—3In(a®\?)+ Ce[C+Cp] Pl sirm (Am 231+ H(Ip+1p)]],  (4.34

+(4m) [ 3(4 o +52c+201 2

lat _ 2 1, _ 5
X (It Tt 14154 21+ Ta)], (4.32 psiLvir= (4m)T2[ 21— 1z (Ip+1E) 1], 435

lat _ 2
plLviL(1/a)=5In(a®\?) +(4m)H £ (2(— 3l o= Tl c+1¢) pSlLvrr= (4™ %[5 u], (4.36
=3lg+ly+tl+13+21—=161 —3Iy)], Numerical values ob'sa,f,_’y are given in Table VII.
(4.33 Combining the continuum and the lattice results we obtain

TABLE VII. Matching coefficients O, for cg,=1. The infrared divergences-3In(@\? and
£In(a®\?) are subtracted from{}| s, andp&', | respectively. The tadpole improvement is applied such
that the normalization of light quark field become8x.i;.

aM n plsalfL,SLL plsaltL,VLL plsalEL,SLR plsalfL,VLR plsalfL,VRR
12.0 2 15.2616) —1.839616) —8.336714) —1.23593) —0.128043)
10.0 2 15.5(9) —1.738@13) —8.185113) —1.18112) —0.128043)
7.0 2 16.097) —1.49039) —7.836815) —1.04793) —0.128043)
6.5 2 16.2416) —1.42998) —7.756515) —1.01543) —0.128043)
5.0 2 16.8117) —1.18796) —7.450914) —0.88572) —0.128043)
45 2 17.0616)  —1.07825) ~7.320413)  —0.82672)  —0.128043)
4.0 2 17.3515) —0.94645) —7.171413) —0.755712) —0.128043)
3.8 2 17.5016) —0.88624) —7.106113) —0.723@2) —0.128043)
3.5 2 17.7115 —0.78524) —7.001312) —0.66842) —0.128043)
3.0 2 18.1512) —0.583713) —6.806811) —0.558712) —0.128043)
2.6 2 18.5911) —-0.38233) —6.634711) —0.44811) —0.128043)
2.1 3 19.5611) —0.103&3) —6.596610) —0.29821) —0.128043)
15 3 20.9%3) 0.43342) —6.494010) 0.01271)  —0.128043)
1.3 3 21.578) 0.66923) —6.559310) 0.15891) —0.128043)
1.2 3 21.968) 0.80063) —6.636210) 0.24431) —0.128043)
0.9 4 23.9%7) 1.21994) —7.35349) 0.546%1) —0.128043)
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TABLE VIII. Matching coefficients{ for Og, | .

aMg n {ss {sL {sp {st {sr
12.0 2 —5.26(16) 3.339616) 0.6540%10) —0.0144141) 0.128043)
10.0 2 —5.5009) 3.238(13) 0.6336210) —0.0172041) 0.128043)
7.0 2 —6.097) 2.99039) 0.584679) —0.0242602) 0.128043)
6.5 2 —6.24(16) 2.92998) 0.572919) —0.02604382) 0.128043)
5.0 2 —6.81(17) 2.68796) 0.526438) —0.0334282) 0.128043)
4.5 2 —7.0516) 2.57825) 0.505648) —0.0369302) 0.128043)
4.0 2 —7.3515) 2.44665) 0.4809%7) —0.0412613) 0.128043)
3.8 2 —7.50(16) 2.38624) 0.469727) —0.0432973) 0.128043)
3.5 2 —7.71(15) 2.28524) 0.451147) —0.0467643) 0.128043)
3.0 2 —8.1612) 2.08373) 0.414436) —0.0540013) 0.128043)
2.6 2 —8.5911) 1.88233) 0.3783@6) —0.061688%4) 0.128043)
2.1 3 —9.5611) 1.60383) 0.3369%5) —0.0751515) 0.128043)
1.5 3 —10.938) 1.06662) 0.250324) —0.1026767) 0.128043)
1.3 3 —11.578) 0.83083) 0.214064) —0.1173948) 0.128043)
1.2 3 —11.9638) 0.69943) 0.194373) —0.1266019) 0.128043)
0.9 4 —13.957) 0.28014) 0.142093) —0.16612811) 0.128043)
e — V. PHYSICS RESULTS
e =] 1+ = ¥ () . . o
SLL 4 ‘ Using the one-loop coefficients obtained in this work, we
reanalyze the lattice NRQCD calculations®f [14] and of
—p&lLsL(1/a))|0&! (1/a) Bs [24]. These previous calculations were performed with
the lattice NRQCD action for heavy quark, but the perturba-

Qs pIat
A SLLSLR

xOW!| (1/a)+| —

lat

S
+ - 47 PSLLVLR O'\}"fR(lla)

SLLVRR(lla)

S lat
+ —_
{ 47TPSLL,VRR

The matching relation foDg is obtained using the con-

version formula(3.25—(3.32 as follows:

2

O¥S()=

4

2
lat Qs ld
x0g'(La)+ 5| 3

X O (La) + 4 {5 OB (1fa)

+ Z—;gS’pO'Fi“(l/a) + 20570 (a).

The coefficientSs s, {s1, {sRr gsp, and{s 1 are listed in

(pSLLVLL(M) pSLLVLL(lla))

1 2 202
—InM—g— §In(a M0)+§S,L

OZ{1/a)
(4.37

as (16 u° 4 A
1+—(§|HM—(2)+ §In(a MO)+§S,S

(4.38

tive matching of the four-quark operators was done using the
coefficients in the infinitely heavy quark mass limit. Due to
this approximation for the matching coefficients, the previ-
ous results contain errors of ordeg/(aM), which is one of

the largest uncertainties among all the systematic errors.

A. B_
The B parameteB, is defined through
(B|O}"S(1)[BY)

B = — — — s 5.1
(T Ao oaEey Y

where the scal@ is usually set at thé quark massvl,,. In
the following analysis we usg=4.8 GeV. On the lattice
we measure the B parameters”

(B°|O%"(1/a)|BO)
% (BY| AR (1/a)|0)(O|Af"(1/a)|B%)

B (1/a)= (5.2

for four-quark operator©y=0,, Og, Og, Oy, andOy,
using the NRQCD action in Eg2.1). We performed the
simulations on a quenched 3648 lattice at3=5.9. Other

Table VIII. The coefficients 1 of O ! vanishes in the static details of the lattice calculations are found in Rf4].
limit, and other coefficients agree with the previous work The perturbative matching relation for the continuum op-

[24,25 in the same limit.

eratorO, in Eqg. (4.27) may be used to obtain
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1
0.6
1 /aMo

0.2 0.4

0.8

FIG. 6. 1AM, dependence of the one-loop coefficient for the

matching ofO, . For {, we plot{, | —2{, (circle), and others are

{L s (diamond, ¢, g (triangle righ}, ¢, y (triangle up, and ¢, v

(triangle lef}.

BL(r)=Z n2(p,@)BR(1/a)+Z ga2BE(1/a)

+2Z pa2BRY(La) +Z wya2Bi(1/a)

+Z, wazBRY(1/a),

(5.3

where the matching factors are

2

as M 0
ZL,L/AZ(Mva):l"_E 2In— +{L—2¢a], (59
"
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Z s
L
L,S/IA 4’7T§L'S

Z = —= g
2= y
L,R/A 4 L,R

Z s g
2= —
L,N/A: 4’7T L,N>»

Z s
2= — .
L,M/A 47T§L,M

(5.5

(5.6

(5.7

(5.9

The one-loop coefficients, x are defined in Eq4.27) and
plotted in Fig. 6 as a function of AM,. The coefficient of
the leading contributiod, | — 2 becomes larger in magni-
tude toward lighter heavy quark. The mass dependence of
{1 L—2a is relatively smaller than that @f,_ | itself, due to
the cancellation of singlet diagraniSig. 2) against the con-
tribution of the denominato+ 2, . Two mixing coefficients
{L sand{ \ become smaller when W correction is incor-
porated. It is also important thdt \, , which vanishes in the
static limit, becomes nonzero for finite heavy quark mass.
The matrix elements on the Iatti(Bix"“(lla) measured in
Ref.[14] are shown in Fig. 7 as a function of inverse meson
mass M. Their mass dependence is qualitatively well de-
scribed by the vacuum saturation approximation.

0.0
-0.2
-04
-0.6
A -0.8

I
(1la)

-1.0

B, “(1/a)

1M, (Gev™)

B S W ]
i h‘\._\ i
L “\\ _
i I 1 1 1 1 I 1 1 1 1 I 1 1 1 \\~\ ~, i
0.0 0.1 0.2

1M, (Gev™)

T T T T T T T T T T T T T T
T . ]
L e. . _
- \‘\ -

] 1 1 1 1 1 1 1 1 1 ] 1 LTS
0.0 0.1 02

FIG. 7. Matrix eIementsB'Xa'(lla) in Eq. (5.2 measured on the lattice. Dashed curves represent a quadratic fit to the
extrapolated static limit is shown by a open symbol.
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[ T ] this plot our estimate of systematic uncertainty is shown by
10+ + - error bars. The horizontal ticks attached to the error bars
~ osh o 00 o N represent the size of the statistical error, which is much
§ L j smaller than the systematic errors especially for largégl/
§_06F - points.
agf‘ 04l ] We also plot our previous analysis with the same NRQCD
St - action but using the perturbative matching in the static limit
N 0.2 n (open circles in Fig. P There is a small negative slope in
0.0k by g $8 § 1 1/M; so that the previous result is about 12% smaller than
L A A AA A . our new result at theB meson mass. An estimation of
B Ty B S O(as/(aMy)) error in our previous analysis is around 10%,
M (GeV_I) when we assume an order counting argument with typical
I4

value of the strong coupling constada~ 0.3. In addition to
FIG. 8. Contribution of individual operato x/x2B}'(1/a) to  this error, there are also other _errorsf@(fai), O(a’Adcp).,

B_(x). Symbols areX=L (circle), S (diamond, R (triangle right, ~ and O(asaAqcp). Thus the shift of our result does not ex-

N (triangle up, andM (triangle lefy. ceed the systematic uncertainty discussed in Ref.

Our final numerical result is

For the coupling constanks we choose thé/-scheme

coupling ay(q*) [12] with g* =2/a. To estimate the size of B.(m,)=0.85-0.03£0.11, (5.9
higher order perturbative errors we also analyze vgth
=1/a and m/a. where the first error is statistical and the second is system-

CombiningZ_ y,a2 and B2" we obtain the contribution of ~ atic. The systematic error is estimated using the order count-

each terrrz,_'x,Ang?t(lla) in Eq. (5.3 as shown in Fig. 8. In ing of neglected contributions. In our new analysis in which
spite of the large mass dependence of the coefficignts  the O(as/(aMy,)) error is removed, the remaining sources of
and ¢, there is no significant mass dependence in thaincertainty are the dicretization errcrtz(azAéCD) (~5%)
corresponding combined quantitiés_,X,AzBL?‘(lla), since  andO(asaAqcp) (—5%), aswell as higher order perturba-
those are canceled by the large and opposite mass depeive errorO(a?2) (~10%). Higher order contributions in the
dence in B'S"“‘t(lla) and Bi2'(1/a). A small increase of nonrelativistic expansion ar®(asAgcp/My) (—2%) and
ZL,M,AzB',\'j‘t(lla) from zero in the static limit is observed, O(AéCD/Mﬁ) (<1%), which are not dominant uncertain-
which reflects the increasing trend of bo#) a2 and ties. We assumers~0.3 andAqcp~350 MeV when we
Bia'(1/a). estimate the errors listed above, which are added in quadra-
The total result foB, (my) is presented in Fig. 9 by filled ture to give the systematic error of about 13% in the final
circles. Because of the cancellation of the large mass depefesult.
dences inf_ x and in BY'(1/a), there is little 1M, depen- The result(5.9) may be compared with the recent lattice
dence in our final resulfilled circles. A small increase calculations with relativistic heavy quark actions: 0.92(3)
toward larger I comes from the contribution @, . In  [22] and 0.93(8) 32 [23], where the first error is statistical
and the second is their estimate of systematic errors. It is
encouraging that our result agrees with these relativistic cal-

. 2'_| ' ] culations within the large systematic uncertainty in Ex9).

“L _ Although the systematic error in the relativistic results seems

1.0 . much smaller, it should be noted that the quoted systematic
~ 0.3l % # ﬁ* (? $ ] uncertainty could be underestimated. They extrapolate their
£ 8 simulation results performed around the charm mass regime
s 0.6 7 assuming the M scaling without considerin@((aMg)?)

0.4 - errors. However, the M dependence of the simulation re-

o2k N sults could be distorted by th@((aMg)?) error, which can

: j be as large as 30% toward the heavier side in the naive order

0.0 0{0 ' o|.1 —— 0'.2 S counting. In order to have a reliable prediction Bf(my),

one has to at least includ®((aMg)?) error when extrapo-
lating in 1M, or take a careful contiuum limit before doing

FIG. 9. 1M, dependence @, (my) obtained with the NRQCD 1M extrapolatiqn. Furthermore, _the heavy quark expansion
action (filled circles. The same calculation but with the matching becomes questlonable_ to describe the heavy quarkz'n the
coefficient in the infinite mass limit is shown by open circles. Othercharm quark mass regime when truncated Bt of at 1M*.
symbols in the static limit are calculations with the static action by 1 herefore, an alternative method to fit the results would be to
UKQCD [2] (triangle up, Gimanez and Martinelli[3] (triangle  include the result in the static limit in order to constrain at
right) and Christenseet al.[4] (squarg. We reanalyzed their raw least the leading term in the V1 expansion.
data with the same method as ours, namely we used (B@-— Finally, we also obtain chiral breaking effect on the ratio
(5.8 with ay(2/a) and{’s in the static limit. of B_ as

1IM,, (Gev™)
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Bg (Mg

S

——101_0 01+0.03,
Ba,(Ms,)

(5.10

for which the relativistic results are 0.83 [22] and 0.985)
[23].

B. Bg
The B parameteBg is defined as

(B°|OYS(1)[B%)

Bs(u)= (5.19

3(BYIPYS(1)|0)(0|PYS(11)|B°)

We also define a ratio of the matrix elements of bilinear s

operators
(0|AY5BY)
R =—, 5.1
= 0P ) 89) >42
and calculate
§O Om BO
B (EIOFwEY
R(u)

5 _ _
- 2 (BYIATF0)(0[A}SB°)

which is necessary in evaluating tBe meson width differ-
ence[24].
In the lattice simulation we measure

B?|0'2(1/a)|B°
B2 (1/a)= (B°|Ox"(1/a)|B®)

— 3(BYIAT(1/2)[0)(0| AZ(1/2) |BO)
(5.19

for four-quark operator®©y=0g, O, , Og, Op, andO+.
Note that the denominator (B"at is different from Eq.

PHYSICAL REVIEW D 62 114502

FIG. 10. 1AM, dependence of the one-loop coefficient for the
matching ofOg. For {5 we plot {ss— 2, (circle), and others are
{sL (diamond, {sr (triangle righ}, {sp (triangle lef), and {5+
(triangle down.

as (1 u? 2
ZS,L/AZ(Mva):ﬁ §InW—§In(azM§)+§syL ,
0
(5.17
ZgRria2= ﬁfs,R , (5.18
Zspip2= ﬁfsp : (5.19
a
Zs1ip2= Egs,T- (5.20

The one-loop coefficientss x defined in Eq(4.38 are plot-

ted in Fig. 10 as a function of &M,. The 1M, dependence

is quite large for the leading contributiafy s-2¢,, because
the denominator in Eq5.13 is not a vacuum saturation of
the numerator and the cancellation of color singlet diagrams
(Fig. 2) does not take place. Among other coefficierdts,

has relatively large M, dependence and the mixing of op-
eratorO, becomes smaller asél, increases.

I . .
(5.19). The perturbatlve matchlng relation for the continuum  The matrix element8y¢‘(1/a) are shown in Fig. 11. The

operatorO¥® in Eq. (4.38 may be used to obtain

Bs(u)

R~ Zssn B (L) + Zsy el )BL ™ (1)
o

+Zsria?BR (1) + Zs piazBp ' (1/a)

+Zg1/a2BH(1/a), (5.15

where

6 un
ZSSIAZ(/J“ a)=1+ E(glnM—o——ln(a MO)

+§S,S_Z§A). (5.16

1/Mp dependence iBg, Bp, andB+ is significant, which is
well described by the vacuum saturation approximation as
discussed in Ref[24]. The contribution of each term
Zs xa2B(L/a) in Eq. (5.19 to Bg(my)/R(my)? is plotted
in Fig. 12, in which no clear M dependence is observed.
The total result forBg(m,)/R(m,)? is presented in Fig.
13 by filled circles. As is evident from the plot of each term
Zg, wa2B2Y(1/a) (Fig. 12, there is no clear trend in theNlf,
dependence oBg(m,)/R(mg)?. Our previous analysif24]
with matching coefficients in the static limit is plotted with
open symbols. Reduction of the result with the correction is
quite large ~20%), but consistent with our estimate for the
collection of systematic errors @(as/(aM)), O(a?), and
O(aZAéCD), O(aaAqcp) (~20%). The main effect comes
from the large 1dM, dependence ofs s-2{x shown in Fig.
10.
Our final numerical result is
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FIG. 11. Matrix element8'2'(1/a) in Eq. (5.14 measured on the lattice.
VI. CONCLUSIONS
Bs(My) _ 1 94+0.03+0.16 (5.21)
R(mM;)2 ST - ' In this paper we have performed one-loop calculations of

matching coefficients fodB=2 four-quark operators de-
where the first error is a statistical one, and the second is odined using lattice NRQCD. This calculation allows us to
estimate of systematic uncertainty obtained as in the analysf¢move one of the dominant systematic errors characterized
of B, . For the width difference we obtain by O(as/(aMy)) from the lattice simulation of thB param-
etersB, andBg. We find sizable HM, dependence in sev-
A eral one-loop coefficients, which affects the mass depen-
(F) =0.107+0.026-0.014-0.017  (5.22  dence of theB parameters as well as their absolute values at
Bs the b quark mass.

, We have also presented a reanalysis of our previous simu-
using Eq.(9) of Ref. [24]. Errors are from theBs meson  |5ions and obtained results f&;, and forBg/R 2 with re-

decay constanfi; =245(30) MeV, which is taken from the  g,ced systematic error. The difference from our previous
current world average of unquenched lattice calculatidhs  results is consistent with the estimate obtained with order
from Bg(m,)/R(mp)?, and from an estimate of the higher counting argument. Remaining systematic uncertainty is
order contribution in the b, expansion29,30.

T L ]
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1.6_ = VI ]
F ¢ o oo © ] ~ . ]
. ] 1.6 -
ST ] £ {0 + E
5 osf 3 S 12r % 1
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00 2 A - R E dob e ]
oAl sy ] 00 0.1 0.2
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1M, (Gev™)
FIG. 13. 1M, dependence oBg(m,)/R(m,)? obtained with
FIG. 12. Contribution of individual operatoﬁsvx,AzBL?t(lla) the NRQCD action(filled circles. The same calculation but with
to Bs(u)/R(u)2. Symbols areX=S (circle), L (diamond, R (tri- the matching coefficient in the infinite mass limit is shown by open
angle righy, P (triangle lef), andT (triangle down. circles.
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dominated by unknown two-loop matching coefficients.
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APPENDIX A: LATTICE NRQCD FEYNMAN RULES

In order to simply the expression, we set the lattice spaaind. throughout Appendices A and B. When deriving the
Feynman rules from the NRQCD action, we followed the method which is explained inZ&f.We also note that the
Feynman rules fo©(1/M) NRQCD action with slightly different definition from ours are given in Refg].

1. Functions

We define the following functions which appear in the Feynman rules below:

4
~ I
2= 4sitZ, (A1)
nw=1 2
1 2 I,
O)y=1— —— 2 !
AO()=1 nMOZ‘l sirf 5., (A2)
cl’ h=e lite s, (A3)
2 (q)=si L A4
MV(Q)=5qu COS?! ( )
B _ Qi +dz2|  (QiTd2) . [O1i—02
fw(ql,qz):cos( 5 sin| — sin| — , (A5)
® v s
c 1 qa a2 az
fw(ql:Q2)=§ co§ = | co§ it | +cog gpt —| cog =
M v 1 v
a1 2 *f} a2
+cos(q2+? cos(qﬁ? —cos(? cos(?) } (AB)
M v M v
We also define
—1 [t . 1 1+
AN 15py,pa) =5 2, AQU)AO@) 1 sin ——] (A7)
2nM, | 56 V2,
(2) -1 [ (0) (0)/1yn—1-i I"+1
AL 1P P2 a) = gy | 25 AC)A(D) 2 o xR (A8)
- - 1
—2-
AL 1Py Pas o) = 2 E <°><|'>'A<°)<l—p2>'A<°>(|>”2'J}
(2 Mo) =0 j=0
(., P P2
X sin| | +§) sm(l 2) , (A9)
M1 M2
Ca 3
AHD( L) =+ g 20 i 3T (P, (A10)
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3
, . Cp i
dHS(1, 13 py, g, P2, o) = —i M, i’jz:l Eijulzlflsul(pl’pZ)’ (AL)
e 3
. . Cg i
dH(1", 1Py, sy, P2s o) =~ aM, ;1 eiﬂlﬂzzlflctlf’«z(pl'pz)' (AL2)
where3! denotes a four-by-four matrix
_ d 0

Using these functions the Fourier components of the evolution operator (2 2yis written as

v @7, 1py, ) =[(e74AO1 ) +e L AOMMAD 15 py,ug)

+AOIHAOMNC1 )AHD( 15y, 1) 18y, —ie” MDA )AO1)s,, . (A14)

@111, p1, P2 p) = — 3o V2005, 6, +[(e7 A1) +e M AOMMALI 11, i1, 1t2)
+e (=P aAM 7 1 —pyipy, ) AD( = py 1P, 0z)
+AOU)C(1" 1 = p) AD(I =y i p2, ) AHD( 1= oy )
+AO1)C(—py DA 1 =Py py, ) dHP (= pa. 12, 2)
+AOU)PAON T DAHP(1 5Py, 1Pz 1)
+e (7P A0 1) A dHE1 1 = p2;py, ) AHE (= P21 P2, 12) 184y, B,
+[(e A1)+ AOMMAP 1Py, 1, Po,12)

+AQU)AOM) T DAHE(17 151, 11,02, 42) 18410, 4y (A15)
whered,,=1-5,, .

2. Feynman rules

We summarize the Feynman rules used in our calculation.
In our convention the arrows in the heafgnti-)quark propagator represent the flow of momentum irrespective of whether
it is particle Q or anti-particley. Other notations are

a, b, ... color index of quarks,
a, B, ... spin index of quarks,
I, 1" momentum of quarks,

A, B, ... color index of gluons,
M, v, ... spin index of gluons,
Kk, Ky, ... momentum of gluons.

Double lines denote the heaygnti-)quark propagators.

We also need Feynman rules for heavy-light bilinear and four-quark operators. In this appendix, we give the Feynman rules
for AB=—1 heavy-light current as an illustration. Feynman rules for other operators can easily be deduced.

In the diagrams involving a heavy-light current, heavy quark is incoming into the current, and heavy anti-quark is outgoing
from the current. Light quark represented by a single line is, on the other hand, always outgoing.

Gluon propagator:

1
AB — SAB
1099009900009, 688, Gk) = 8 0m s (A16)
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Light quark propagator:

S(0),

4 A~
Jab [—i Z Yusinl, + glz

aa 1 b8 n=1 af
-1 SN r2\?
where S(I)7' = ;sm L+ (51 ) . (A17)
O(g) vertex for light quark:
wA

=
AS k " , U+1 (U +1
E g(THas [—z'y#cos< 5 )u—rsm( 5 >u
: » .

+%7icsw Z f;\‘ly(k)a’)\#:l

A=1 af

e bp (Al18)

0O(g?) vertex for light quark:
The vertex from the clover term does not give any contribution to the diagrams we compute, thus we do not give the explcit
expression here.

u, A M2, B
2 ’
%, @G ~L4T4, TP}, {r cos (l + l)
‘kfeo 66 k 2 “
(Ul
r ! Y, SID ) 5#1 K2
= b1l ap
a bp +contribution from the clover term

(A19)

Heavy quark propagator:

5ab
af 1 — e~ AQ(

a,a 1§ b.B

(A20)

O(g?) counter term introduced for the tadpole improvement:

This term appears because we divide all the link variablgsin the NRQCD action by the mean field value wf=1
—g2u®,

M, “\ 2

gzu(()’l) (1 + ’74)
af

a,o ! bp
Xe_il4A(0)(l)2n—-1 [2&2(1) -3 = MoA(O)(l)] .

(A21)
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O(g) vertex for heavy quark:

M A
G
=
% k
=
9T [o (0, 1, ) L2 (h22)
I 2 af |
a,o bB
0O(g?) vertex for vertex:
4
HpA W2.B
%, &
Yo, (&
k; \ea 6 k .
gz < I:(TATB)ab'L)§\')([lal; k17u17k‘27:u'2) (A23)
’ 1+
+(TB/.FA)(1.I)U§\?)(Z ;l;k’2>u27k171u1):| 2’74> 5
a,d b3
Heavy anti-quark propagator:
1—
6ab ( 274) 5 Q(l)
a0 T bp — (1 — 74> (Sab (A24)
= 5 a1 — 6—1’14_4(0)(1)27).
O(qg) vertex for heavy anti-quark:
WA
G
=
A@ k
=
1= (A25)
r — g |SWR( L, N)ZZ‘Q— . (T .
a,a bB
Heavy-light current:
[Fl + ’74] b
- - o 2 lap (A26)
Heavy-light current with the FWT rotation:
—<—@=-(= [F__z_ 3 Vi sin l"l R 74] 6"” (A27)
ao 5B 2Mo i 2 aB ’
r i
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Vertex from rotated heavy-light current:

WA
S,
(=
1= EN L+ A (A28)
aﬂ——(——*():(:b,ﬁ FQA/[ Y €OS (1 2)# 5 (T )ab5u4
r 14 t af
(Anti-)heavy-light current:
- [rl_”] 5
a,0 b B 2 af » ) (Azg)
r i
(Anti-)heavy-light current with the FWT rotation:
= R = 8 { 2MOZ’}/Z Slnl ]aﬁéab . (A30)
r !
Vertex from rotatedanti- heavy-light current:
A
£.
E k 1—74 A A (A31)
ac -8 5.8 2]\/[ fYI—L cos <l + -2_)u 2 . (T )1156#4
r ! o
APPENDIX B: ONE-LOOP INTEGRALS
We list the integrals appearing in the one-loop calculations with the NRQCD action:
| =f il G(HS(—HQ(-1) cos|—45inl +J—Tzsin|—4 z<|)+§3‘, s,in2|-+”|2s,in2| X(I)+ 14 S22
A em) 27402 2 = ' 4
3 3 3
I l; d  6(1-12)
X sirl; >, cof2 - sirfl, cod= | Y(I —f —_, B1
izl | '121 2 2’1 imlicos5 ¥ (2m* (132 (B
| f il G(HS(—HQ( |)[ ( 4 |+lT £ 2 n2|)
= - - —sin=sinl,+ = cos———cos— Si
° ) 2m? 27 2
3 I
+iY, (sinZE'——sm% )sin|4X(|)}, (B2)
=1
d4 > > LS I
|C=f GHS(—NQ(-N| — = +ﬂ72)<2 sir?l, >, cod2 -, sinzlicos’-—'>Y(I) , (B3)
(2m)* 4 =1 =1 2 = 2
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dl 1 [ ) o Cow g
|D=f(277) G(HS(—Q(— )GMO[.E smzli(—smEJrTCOSESInu)Z(')

3

: la Cow i [~ : I <
+i§1 sin2|i(sin25“—Tsin2|4)xu)—§<|2—CSWMZ1 sinZIM)(z cosz5 le Sl

i=1

3
—Zl s,in2|ico§|§i Y|, (B4)
d4 i , l, 1 5
IEzf(ZW)4G(I)S(—I)Q( Dav (1+—| ) (cos—Z(I)— s,m|4X(|))2l sirl,
3 3 | 3 I
+i| D) sir?l; Y, cof2— >, sirdl;cod=|sinl,Y(1)|, (B5)
= =1 2 =3 2
d4l R O _ I, ‘o I
IFz—f (27)4G(I)S(—I)TM0§1 I cos’-E—smzliJrcSWsmzlicoszz—cswﬂzl smlecoszE , (B6)
- d4l 2( N , d4l 2My  JPo-1» 4 1
lo= J(Zw)4G(I)Q( ) 21 S|n22X(I) +2Z() +f(2w)4 EETVRpE P (477)23|nh N
(B7)
| ——f d* G(l 2= (% ir?| i é'j—i ir?| §|i)YI 2 B8
H= (2m)* (HQ(=h = S = CoS5 — & SITlicos3 (7, (B8)
— d4| 27 22 nZ 22 nZ E nZ
||_—J(2 )4G( )Q(— I) M2 Z(I) sin‘li+ X(I) si > & Sirfl;
1 3 > Lo < I,
~3Y()? 21 sinzlizl sin2|,-k§‘,l co§§k—21 sin2|ico§§' _21 sinzlj”, (B9)
1= 1= = 1= =
d4l 3
IJ:_,[(Z )4 12|\/|22 (10
Cod 12‘"’: ” i§3)'n2§3) §|j§3:,nz 2l
IK_J(ZW) G(HQ(— I) 5 2, Si IiX(I)—§ 2 si lij=1 co 272 sirrl; co > Y() |, (B11)
d4 1 & l, < I, 1 1
|L=—J (Zw)4e(|)3(—|)21—2<a%)=1 sin2|acos?§—z sirfl, co$ = || 1 16<:SW(|2)2+2(:SW|2>
d  e(1-12)
+f(2w)4 4(19)2 (612
dl Al < ! e l,
IM_f (ZW)4G(I)S(—I) Z[_Z‘l 1,2, S5 = 7 Cau MZI sirfl, 2, S|n2IV§=:l cos
1 ‘ ‘ | ‘ |, 1 1
+ZCSW22 sirél, >, sinzlvcosz—v— (I 2)2% co@ L —22 sirl ,+ = cSWZE sir?l 2 cos?—
pn=1 v=1 2 n=1 2 2
Lo 7S, sl cos
_ECSW| P sirfl , co > (B13)
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| =f d* G(HS(—1)? —522 sir?l ——(|2) 2 it - ) é é gl
N (277)4 2 i1 2, ©%7
L1 1 ‘ ‘ l, < |
_42 sirel, co§ 2csw| +—csw(l 2) )(2 sir?l, >, cog=— > sinZIMCosz—””, (B14)
pn=1 v=1 2 u=1 2
where functionsX(l), Y(l), andZ(l) in the integrands are
n—-1
X(1)=[e"AO )"+ 1]% 20 AO(H™ (B15)
o'l m=
Y(1)=AO(1)e's+ 1];%, (B16)
0
Z(H=AO) —iell4?]. (B17)

There are infra-red divergences in the integfalsn Eg. (B1), | in Eq. (B7) andl, in Eq. (B12), for which we subtract a
continuum expression from their integrand in the redita 1. We then add back their analytic integral except for thaNh(

term, so thaty becomes finite. When those integrals appear in the expressions of on-shell amplitude, the infra-red divergences
will be added.

APPENDIX C: ONE-LOOP FOUR-QUARK AMPLITUDES

The lattice one-loop expression of the perturbative on-shell amplitudes is
J— aS .
(bT'qbI'q) =222} (bI'qbI'q)o+ E(XﬁggﬁnghﬁXﬂgi;—nghﬁxﬁgg;—heajy ﬁ;thett light)» (CY
Wherezlat andZ'hat are light and heavy quark wave function renormalizations, respectively, and are given by

ZRt=1+ 4—CF[In(a2)\2)+ cl. (C2)

o
Z'=1+ 7~ Ce[ —2In(@®\?) + Cy]. e

The vertex correctionX’s are classified by the topology of Feynman diagrams. Figure 2 shows the diagrams in which the
gluon line connects heavy and light quarks and the flow of color is closed. The amplitude of these diagrams is denoted as
Xiogwt jignt - In Fig. 3 the gluon line connects heavy and light quarks, but the color flow is not closed, which we call

Xﬁgt;y light - Figures 4 and 5 represent the diagrams in which the gluon line mediates between two heavy quarks or between
two light quarks, respectively. The color flow cannot close in these diagrams, and we denote tbﬁﬂ@'&?ﬁmajy and

Xﬁgthett light » r'espectively. The expressions of the one-loop amplitudes are the following:
3

Xpnglet = (4m)2Ce (bI'qbI'q)o+ 21 (b, 7,ab q)o+ 2'0”221 (by, ¥l %qbI'q)g

1
2| 1,— ——In(a®\?
<A To7? ( )

heavy—light
3 3
+2(|D+IF)21 <b7ir7iquQ>o+2|Ei=El (byayil ¥ivaqbl'a)o |, (CH
1 _ _ _ _
ng:ty—light:(477)2 2(|A_r%_2|n(az)\2) (bI' T?qbI'T?q)o+ 21 (b y4T?qbysl'T0)o

3 3
+2lc”2=1 (bT"y,y,T3qby, y,—FTaq>o+2<|D+IF>§l (bT ¥, T2qby, I T3g),

3

+2I Ei:El (b 17, T23qby, ¥ I T2 |, (C5)
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octet — 2
xheauyfhea;y_ (4m)

1
lo—2 In(a?\?
[1o-2p ey
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3

(bl T2qbI'T2q)o+ 1>, (bI'o' T2qbl o' T2q),
=1

3
+ (1 +15+21) Y, (bT'y'Tagbl y'T2q), |, (C6)
i=1
1 4 . o 4 . .
Xloigtf‘leit—lightz(4ﬂ-)2 ( |L+ @In(az)\z)> M;::L <br’yM7vTaq bI ’}/,M’YVTaq>O+ I M,uzl <bF7;LTaqu 7#Taq>0
+1(bI' T2gbI' T2q), | . (C7)
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