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Application of heavy-quark effective theory to lattice QCD.
II. Radiative corrections to heavy-light currents
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We apply heavy-quark effective theory to separate long- and short-distance effects of heavy quarks in lattice
gauge theory. In this approach, the inverse heavy-quark mass and the lattice spacing are treated as short
distances, and their effects are lumped into short-distance coefficients. We show how to use this formalism to
match lattice gauge theory to continuum QCD, order by order in the heavy-quark expansion. In this paper, we
focus on heavy-light currents. In particular, we obtain one-loop results for the matching factors of lattice
currents, needed for heavy-quark phenomenology, such as the calculation of heavy-light decay constants, and
heavy-to-light transition form factors. Results for the Brodsky-Lepage-Mackenzie scaleq* are also given.
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I. INTRODUCTION

A key ingredient in flavor physics is the calculation
hadronic matrix elements of the electroweak Hamiltoni
For example, one would like to calculate, from first pri
ciples, quantities such as leptonic decay constants, sem
tonic form factors, and the amplitudes for neutral-mes
mixing. Numerical calculations with lattice QCD offer a wa
to obtain these quantities, eventually with well-controlled
timates of the numerical uncertainties@1#.

The properties ofB andD mesons are especially interes
ing, but the relatively largeb and c quark masses make
difficult, with today’s computers, to carry out lattice calcul
tions in the limit mQa→0 for which lattice QCD was first
developed.~HeremQ is theb or c quark mass, anda is the
lattice spacing.! One can, however, use the simplifying fe
tures of the heavy-quark limit of QCD to make lattice calc
lations tractable. AsmQ is increased far above the typic
scale of the wave function,LQCD, the hadrons’ wave func
tions depend less and less onmQ . As mQ→` the wave
functions become flavor and spin symmetric@2#. For quarko-
nia similar simplifications occur, including spin symmet
@3#.

In this paper we construct vector and axial vector curre
with one quark heavy and the other light. These currents
needed to obtain the decay constants of heavy-light mes
and the form factors for decays of the formH→Lln l , where
H is a charmed orb-flavored hadron~e.g.,B,D;Lb ,Lc!, de-
caying to a light hadronL ~e.g.,p, K, r; p, etc.! and a lepton
l and its neutrinon l . In particular, we provide a way to trea
radiative and power corrections consistently. This paper
sequel to Ref.@4#, which focussed on power correction
Here we discuss the case of heavy-light bilinears in de
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and we compute explicitly the matching factors for the c
rents introduced in the ‘‘Fermilab’’ formalism@5#. Heavy-
heavy bilinears are considered in a companion paper@6#.

To interpret lattice calculations whenmQa!1, it is con-
venient to describe cutoff effects with the Symanzik loc
effective Lagrangian~LEL! and expand the LEL’s short-
distance coefficients in powers ofmQa @7–10#. When
mQa!” 1, however, one should realize that it is not latti
gauge theory that breaks down but rather the Symanzik
scription, especially its expansion inmQa. If mQa is large
becausemQ@LQCD, then the simplifying features of the
heavy-quark limit provide an alternative. Instead of match
lattice gauge theory directly to continuum QCD, one c
match to the heavy-quark effective theory~HQET! or, for
quarkonia, to nonrelativistic QCD~NRQCD!. In this ap-
proach, the inverse heavy-quark mass and the lattice spa
are both treated as short distances, and a simple pic
arises, in which heavy-quark discretization effects a
lumped into short-distance coefficients. Heavy-quark cu
effects are systematically reducible, by adjusting the hea
quark expansion for lattice gauge theory to agree term-
term with continuum QCD.

Such application of HQET to lattice QCD was started
Ref. @4#, building on Ref.@5#. In this paper we extend the
formalism to heavy-light currents. We use the heavy-qu
expansion, as generated by HQET, to derive matching c
ditions, which are valid for allmQa and to all orders in the
gauge coupling. Our derivation is explicit for dimension-fo
currents, which is the next-to-leading dimension, but gen
alization to higher-dimension operators should be clear.

We also present explicit results for the one-loop radiat
corrections to the normalization of the current. These cal
lations show that the temporal and spatial components of
current do not have the same radiative corrections. This
ture has been found already@11,12#, and the HQET formal-
ism shows why it arises. In deriving these results we ha
found a compact way of arranging the Dirac algebra, wh

,
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may be useful for calculations with actions, such as hig
improved actions, that are not considered here.

As expected, the coefficients have a strong mass de
dence. Most of this dependence can be handled n
perturbatively@13–15#. For equal mass, it is simple to no
malize the temporal vector current, for all masses. One
then form ratios of renormalization factors, from which t
dominant mass dependence drops out. Results for these
binations are also presented, in Sec. IV.

Our one-loop results extend those of Ref.@12#, which
considered heavy-light currents with the Sheikholesla
Wohlert ~SW! action@16# for Wilson fermions@17# and also
with non-relativistic QCD~NRQCD!. Results for the Wilson
action @17# have been obtained first by Kuramashi@11#. In
Refs. @11,12# a term in the currents, the so-called rotati
term @18,5#, which is needed for tree-level improvement
order 1/mQ , was omitted. Here we include the rotation, o
taining the algebraic expression of the Feynman diagrams
the full Fermilab action. We present numerical results for
Wilson action~without rotation! and the SW action~with and
without rotation!. These results are appropriate for rece
calculations of decay constants@19–23#, which used the ra-
diative corrections calculated in Refs.@11,12#. Our new re-
sults have been used in a recent calculation of the form
tors for the decaysB→p ln l and D→p ln l @15#. We also
have obtained results for the Fermilab action on anisotro
lattices@24#.

Our formalism should be useful for computing matchi
factors~beyond one-loop! also in lattice NRQCD@25#. Ap-
plied to the static limit@26#, it generalizes the formalism o
Eichten and Hill @27#. At one-loop order, similar method
have been developed to calculate the heavy-light match
coefficients for lattice NRQCD@28,29#. As in the Symanzik
program @7–9#, the advantage of introducing a continuu
effective field theory is that the formalism provides a cle
definition of the matching coefficients at every order in p
turbation theory~in the gauge coupling!. Indeed, it may also
provide a foundation for a non-perturbative improveme
program.

This paper is organized as follows. Section II discus
three ways to separate long and short distance physics
~continuum! effective field theories. The first is Symanzik
description of lattice spacing effects; we also discuss
breakdown whenmQa!” 1. The second is the HQET descrip
tion of heavy quarks, applied to continuum QCD. The th
is the HQET description of heavy quarks on the lattic
which applies whenmQ@LQCD, for all mQa. In particular,
we obtain a definition of the matching factors for the vec
and axial-vector heavy-light currents. Section II also sho
how the HQET matching procedure is related to the Sym
zik procedure in the regime where both apply. Then,
Fermilab action is reviewed in Sec. III, and in Sec. IV w
present one-loop results for the matching factors. Some c
cluding remarks are made in Sec. V. Three Appendixes c
tain details of the one-loop calculation, including an outli
of a method to obtain compact expressions, and explicit
sults for the one-loop Feynman integrands for the renorm
ization factors with the full Fermilab action.

Instead of printing tables of the numerical results in S
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IV, we are making a suite of programs freely available@30#.
This suite includes programs for the heavy-heavy curre
treated in our companion paper@6#.

II. MATCHING TO CONTINUUM FIELD THEORIES

In this section we discuss how to interpret the physi
content of lattice field theories by matching to continuu
field theories. First, the standard Symanzik formalism
describing cutoff effects is reviewed, and we recall how t
description breaks down for heavy quarks. After reviewi
the HQET description of~continuum! QCD, we adapt HQET
to describe lattice gauge theory. Comparison of the two t
yields a matching procedure that is valid whenevermQ
@LQCD, and for all mQa. In the limit mQa!1 both the
HQET and the Symanzik descriptions should apply, so
are able to derive relations between some of the match
coefficients.

A. Symanzik formalism

The customary way to define matching factors for latt
gauge theory is to apply Symanzik’s formalism. Then t
short-distance lattice artifacts are described by a local ef
tive Lagrangian (LEL) and local effective operators. For th
Lagrangian of any lattice field theory one can write@7,8#

Llat8LSym, ~2.1!

where the symbol8 can be read ‘‘has the same on-sh
matrix elements as.’’ The left-hand side is a lattice fie
theory, and the right-hand side is a continuum field theo
whose ultraviolet behavior is regulated and renormaliz
completely separately from the lattice of the left-hand si
The LEL is the Lagrangian of the corresponding continuu
field theory, plus extra terms to describe discretization
fects. For lattice QCD

LSym5LQCD1LI , ~2.2!

whereLQCD is the renormalized, continuum QCD Lagran
ian. We focus on the quarks, so for our purposes

LQCD52q̄~D” 1mq!q. ~2.3!

Lattice artifacts are described by higher-dimension operat

LI5aKs•Fq̄ismnFmnq1•••, ~2.4!

wherea is the lattice spacing andKs•F is a short-distance
coefficient that depends on details of the lattice action@9#.
The lattice artifacts inLI can be treated as a perturbation.
this way a series can be developed, with matrix element
the ~continuum! eigenstates ofLQCD. Equation~2.2! omits
dimension-five operators of the formq̄R(D” 1mq)q or q̄

(2D”Q 1mq)Rq, for arbitraryR, which make no contribution
to on-shell matrix elements, owing to the equations of m
tion implied by Eq.~2.3!.
3-2
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The vector and axial vector currents can be described
similar way. Consider, for example, the flavor-changing tra
sition s→u. Then one may write@9#

Vlat
m 8ZV

21V m2aKV]nūsmns1•••, ~2.5!

Alat
m 8ZA

21A m1aKA]mūig5s1•••, ~2.6!

where

V m[ūigms, ~2.7!

A m[ūigmg5s, ~2.8!

are the vector and axial vector currents in QCD. Furt
dimension-four operators are omitted, because they are li
combinations of those listed and others that vanish by
equations of motion. Like the terms of dimension five a
higher inLI , the dimension-four currents can be treated
perturbations. Matrix elements ofZVVlat

m andZAAlat
m then give

those of continuum QCD, at least in the limita→0.
The short-distance coefficients—Ks•F , KJ , and ZJ (J

5V,A)—are, in general, functions of the gauge coupli
and the quark masses~in lattice units!, and they depend
on the renormalization scheme of the LEL. For mqa!1
(q5u,d,s), it is consistent and satisfactory to replaceKs•F
and KJ with their values atmqa50, and to replace theZJ
with the first two terms of the Taylor expansion arou
mqa50. For example, with Wilson fermions@17,16# and
conventional bilinears for the lattice currents, one fin
KV

[0]5KA
[0]50, and

Ks•F
[0] 5 1

4 ~12cSW!1O~ma!, ~2.9!

ZV
[0]5ZA

[0]511 1
2 ~mu1ms!a1O~m2a2!, ~2.10!

where the superscript ‘‘@0# ’’ denotes the tree level, andcSW
is the clover coupling of the SW action@16# ~cf. Sec. III!.
Moreover, in the hands of theAlpha Collaboration@9,10#,
Eqs.~2.1!–~2.6! are the foundation of a non-perturbative pr
cedure for adjustingKs•F , KV , andKA to be of orderaMp ,
whereM p is a ~light! hadronic mass scale, and also for co
puting ZV and ZA non-perturbatively~through orderM pa).
Then all lattice artifacts in the mass spectrum, decay c
stants, and form factors are of ordera2.

For a heavy flavorQ, however, it is not practical to kee
mQa small enough so that this program straightforward
applies. Recent work that uses the fullyO(a)-improved ac-
tion and currents has chosen the heavy-quark massmQa to
be as large as 0.7 or so. Thus, (mQa)2 is not small,1 and one
should check whether contributions of order (mQa)2 are un-
der control. Indeed, if one keeps the full mass dependenc
the coefficients, one finds that the simple description of E
~2.2!–~2.6! breaks down. The relation between energy a
momentum becomes@5,31#

1Also, the lowest chosen values ofmQ are around 1 GeV, which
may be too small to be considered ‘‘heavy.’’
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m1

m2
p21O~p4a2!, ~2.11!

where, for the Wilson and SW actions,

m1
[0]a5 ln~11m0a!, ~2.12!

1

m2
[0]a

5
2

m0a~21m0a!
1

1

11m0a
, ~2.13!

andm0 is the bare lattice mass. Generalizations valid at
ery order in perturbation theory also have been derived@31#.
In a similar vein, the spatial and temporal components of
currents no longer take the same matching coefficients
shown by explicit one-loop calculations@11,12#.

The energy-momentum relation in Eq.~2.11! is obtained
for pa!1 butmQa!” 1. It can be described by modifying th
standard LEL to

Llat82q̄S g4D41Am1

m2
g•D1m1D q1LI8 , ~2.14!

that is, temporal and spatial directions must be treated as
metrically in the dimension-four Lagrangian, and also in t
higher-dimension termsLI8 . From the tree-level formulas
Eqs.~2.12! and ~2.13!,

m1

m2
512 2

3 m1
2a21 1

2 m1
3a31•••, ~2.15!

so one sees that the deviation from the standard descrip
is of order (ma)2. @At the one-loop order@31#, and at every
order ing2, Eq. ~2.15! still has no term linear inma.# One
can arrive at Eqs.~2.14! and~2.15! also by starting with Eq.
~2.2!, including higher-dimension terms, and eliminatin
g4D4

3 andD4
4, etc., by applying the equations of motion.

In any case, deviations ofm1 /m2—and similar ratios—
from 1 are present in lattice calculations. With the Wilson
SW actions 12m1 /m2, for example, is 10% or greater fo
m1a.0.6. Although this numerical estimate is made at t
tree level, it is implausible that radiative corrections
bound-state effects could wash the error away. In summ
the description of Eqs.~2.2!–~2.6! is no longer accurate
whenmQa!” 1.

There are several possible remedies. One is to do num
cal calculations witha so small that, even for theb quark,
mba!1. Despite the exponential growth in computer pow
this remedy will not be available for many years. Anoth
remedy is to add a parameter to the lattice action, which
be tuned to setm15m2 @5#. An example of this is an action
with two hopping parameters. Then, the continuum desc
tion can again take the form in Eq.~2.2!, starting with the
continuumLQCD, although it is still useful to describe th
higher-dimension terms asymmetrically. A third remedy is
realize that it is thedescription, rather than the underlying
lattice gauge theory, that has broken down. Since lat
gauge theory with Wilson fermions has a well-behav
heavy-quark limit@5#, it is possible to use heavy-quark e
3-3
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JUNPEI HARADA et al. PHYSICAL REVIEW D 65 094513
fective theory~HQET! or NRQCD to describe short-distanc
effects, including the lattice artifacts of the heavy quark@4#.
This last remedy is explained in detail in Sec. II C, where
show also how all three strategies are connected.

B. HQET description of QCD

The breakdown of the standard Symanzik description
cutoff effects for Wilson fermions arises because the ki
matics of heavy hadron decays single out a vector, nam
the heavy hadron velocity. But, since the heavy-quark m
is also much larger than the spatial momenta of the probl
the dynamics simplify. In continuum QCD, this has led to t
development of the effective field theories HQET@26,27,34–
36# and NRQCD@3,25#. These two effective theories ar
useful for generating an expansion inp/mQ . They share a
common effective Lagrangian, but the power inp/mQ as-
signed to any given operator is not necessarily the same
HQET the power can be deduced immediately from the
mension, whereas in NRQCD it is deduced by counting po
ers of the relative velocity of theQ̄Q system. The discussio
in this paper will follow the counting of HQET, but the logi
could be repeated with the counting of NRQCD.

Our aim is to show, for the case of heavy-light curren
how to use HQET to extend the standard Symanzik prog
into the region wheremQa is no longer small. This program
was started in Ref.@4#, building on Ref.@5#. The formalism
holds for allmQa, but, like the usual HQET, it requires

mQ@p,LQCD. ~2.16!

First, in this subsection, we recall the HQET description
continuum QCD, paralleling the discussion in Sec. II
Then, in Sec. II C, we explain what changes are neede
describe the cutoff effects of lattice NRQCD and of latti
gauge theory with Wilson fermions.

The HQET conventions are the same as those given
III of Ref. @4#. The velocity needed to construct HQET isv.
The fourth Euclidean componentv45 iv0, so in the rest
frame v5( i ,0). The metric is taken to be diag(61,1,1,1),
with the upper ~lower! sign for Euclidean~Minkowski!
spacetime. In either case,v2521. The heavy quark field is
calledhv , and it satisfies the constraint1

2 (12 iv” )hv5hv , or

h” v5 ihv , h̄vv”5 i h̄v . ~2.17!

Physically Eq.~2.17! means thathv describes only quarks
but not anti-quarks. The tensorhn

m5dn
m1vmvn projects onto

components orthogonal tov. For a vectorp, the component
orthogonal tov is p'

m5hn
mpn5pm1vm(v•p); in the rest

frame, these are the spatial components.
HQET describes the dynamics of heavy-light bound sta

with an effective Lagrangian built fromhv . So, for these
states, one can say

LQCD8LHQET, ~2.18!

where

LHQET5L (0)1L (1)1L (2)1•••. ~2.19!
09451
e

f
-
ly,
ss

,

In
i-
-

,
m

f
.
to

c.

s

For HQETL (s) contains terms of dimension 41s. Note that
the ultraviolet regulator and renormalization scheme of
two sides of Eq.~2.18! need not be the same, although d
mensional regularization and the modified minimal subtr
tion (MS) scheme are usually used for both.

For this paper it is enough to consider the first two term
L (0) andL (1). The leading, dimension-four term is

L (0)5h̄v~ iv•D2m!hv . ~2.20!

The choice ofv is somewhat arbitrary. Ifv is close to the
heavy quark’s velocity,2 thenL (0) is a good starting point for
the heavy-quark expansion, which treats the high
dimension operators as small. The most practical choic
the velocity of the hadron containing the heavy quark.

The mass term inL (0) is often omitted. By heavy-quark
symmetry, it has an effect neither on bound-state wave fu
tions nor, consequently, on matrix elements. It does affect
mass spectrum, but only additively. Including the mass
scures the heavy-quark flavor symmetry, but only sligh
@4#. When the mass term is included, higher-dimension
erators are constructed withD m5Dm2 imvm @32#. To de-
scribe on-shell matrix elements one may omit operators
vanish by the equation of motion,2 iv•Dhv50, derived
from Eq. ~2.20!. In practice, therefore, higher-dimension o
erators are constructed fromD'

m5D'
m and @D m,D n#

5@Dm,Dn#5Fmn.
The dimension-five interactions are

L (1)5C2O21CBOB , ~2.21!

whereC2 andCB are short-distance coefficients, and

O25h̄vD'
2 hv , ~2.22!

OB5h̄vsabBabhv , ~2.23!

with sab52 isab/2 andBab5hm
ahn

bFmn.
In Eq. ~2.20! one should think of the quark massm as a

short-distance coefficient. By reparametrization invarian
@37#, the same mass appears in the denominator of the kin
energyC2O2, namely,

C25
1

2m
. ~2.24!

If operator insertions in HQET are renormalized with a min
mal subtraction in dimensional regularization, thenm is the
~perturbative! pole mass. With other ultraviolet regulator
the operator and the massm could becomem-dependent.
Even in mass-independent schemes, the chromomagneti
erator OB depends on the renormalization pointm of the
HQET, and that dependence is canceled by

2In NRQCD applications the relative velocity between the hea
quark and heavy anti-quark should not be confused with the ve
ity v introduced here.
3-4
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CB~m!5
zB~m!

2m
, ~2.25!

with 2m appearing so thatzB is unity at the tree level.
The description of electroweak flavor-changing operat

proceeds along the same lines. The flavor-changing ve
current for ab→q transition, defined to beV m5q̄igmb as in
Eq. ~2.7!, is described in HQET by

V m8CVi
vmq̄hv1CV'

q̄ig'
mhv2(

i 51

6

BViQ Vi
m 1•••,

~2.26!

wherehv is the HQET field, which satisfies Eq.~2.19! and
whose dynamics are given byLHQET. The dimension-four
operators are

Q V1
m 52vmq̄D”'hv , ~2.27!

Q V2
m 5q̄ig'

mD”'hv , ~2.28!

Q V3
m 5q̄iD'

mhv , ~2.29!

Q V4
m 51vmq̄D”Q 'hv , ~2.30!

Q V5
m 5q̄D”Q 'ig'

mhv , ~2.31!

Q V6
m 5q̄iDQ '

mhv . ~2.32!

Further dimension-four operators are again omitted, beca
they are linear combinations of those listed and oth
that vanish by the equations of motion. For examp

q̄( iv•DQ )vmhv5q̄(D”Q '2D”Q )vmhv5Q V4
m 2mqvmq̄hv , where

the Dirac equation is used for the last step.
The axial vector currentA m5q̄igmg5b has a completely

analogous description,

A m8CA'
q̄ig'

mg5hv2CAi
vmq̄g5hv

2(
i 51

6

BAiQ Ai
m 1•••, ~2.33!

where each operatorQ Ai
m is obtained fromQ Vi

m by replacing

q̄ with 2q̄g5.
The short-distance coefficients of HQET depend on

heavy-quark massm, as well asm/m andmq /m, wherem is
the the renormalization scale andmq is the light quark mass
They are not explicitly needed in this paper, but it may
instructive to give the coefficients of the dimension-thr
terms through one-loop order, withmq50 (J5V,A) @27#:

CJi
511

g2CF

16p2
@ghln~m2/m2!22#, ~2.34!
09451
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CJ'
511

g2CF

16p2
@ghln~m2/m2!24#, ~2.35!

where the anomalous dimensiongh53/2. The
m-independent part ofCAi

andCA'
given here assumes tha

the axial current is renormalized in a chirally symmetric w
@38#. The coefficients of the dimension-four currents are

BJi
[0]5

1

2m
, i<2, ~2.36!

BJi
[0]50, i>3, ~2.37!

at the tree level, but allBJi become non-trivial when radia
tive corrections are included.

C. HQET description of lattice gauge theory

HQET provides a systematic way to separate the sh
distance 1/m from the scaleLQCD in heavy-light matrix ele-
ments, as long as the condition~2.16! holds. The formalism
can also be applied to lattice gauge theory, again as lon
condition~2.16! holds~andpa!1). When lattice NRQCD is
used for heavy-light systems, this is becauseLHQET is just
the Symanzik LEL for lattice NRQCD. When Wilson fermi-
ons are used for heavy quarks, one may also apply HQ
because they have the same particle content and heavy-q
symmetries@4#. In both cases bilinears of lattice fermion
fields are introduced to approximate the continuum QC
currents. One field corresponds to the light quark, and
other to the heavy quark. An explicit construction, throu
order 1/m, is in Ref. @29# for lattice NRQCD, and a similar
construction for Wilson fermions is in Sec. III. Lattice art
facts stemming from the light quark can be described as
Sec. II A, but lattice artifacts of the heavy quark should
lumped into the HQET short-distance coefficients. Some
the operators needed to describe heavy-quark discretiza
effects do not appear in the usual HQET description of c
tinuum QCD. For example, the dimension-seven opera
( i h̄vDi

4hv ~written here in the rest frame! appears inL (3) to
describe the breaking of rotational invariance on the latti
Similarly, at and beyond dimension five there are HQET c
rent operators to describe violations of rotational symme
in the lattice currents. Because of the high dimension, th
effects lie beyond the scope of this paper, which concentr
on operators of leading and next-to-leading dimension.

In this way, the preceding description of continuum QC
can be repeated for lattice gauge theory with the same lo
and structure. Instead of Eq.~2.1!, one introduces a relation
like Eq. ~2.18!,

Llat8LHQET, ~2.38!

where Llat is a lattice Lagrangian for NRQCD or Wilso
quarks, andLHQET is an HQET Lagrangian with the sam
operators as in Eqs.~2.20! and ~2.21!, but modified coeffi-
cients. In the dimension-four HQET LagrangianL (0), one
must now replacem with the heavy quark rest massm1. The
3-5
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other coefficients will be denotedC i
lat . In particular, inL (1)

the coefficient of the kinetic energy becomes

C 2
lat5

1

2m2
. ~2.39!

If operator insertions ofO2 continue to be defined by dimen
sional regularization with minimal subtraction, then both t
rest massm1 and the kinetic massm2 generalize the pertur
bative pole mass. Like the usual pole mass, they are pro
ties of the pole in the perturbative quark propagator@31#, and
they are infrared finite and gauge independent@39#. The lat-
tice breaks Lorentz~or Euclidean! invariance, so reparam
etrization invariance no longer requiresm2 to be the same a
m1.

Similarly, a heavy-light lattice~axial! vector currentVlat
m

(Alat
m ) can be described by

Vlat
m 8CVi

latvmq̄hv1CV'

lat q̄ig'
mhv2(

i 51

6

BVi
latQ Vi

m 1•••, ~2.40!

Alat
m 8CA'

lat q̄ig'
mg5hv2CAi

latvmq̄g5hv2(
i 51

6

BAi
latQ Ai

m 1•••,

~2.41!
re
e
r-

re
n

e
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er-

but there are two important changes from Eq.~2.26!. First,
the light quarks~and gluons! are now also on the lattice, s
they are described by their usual Symanzik LELs. Second,
the short-distance coefficients of HQET are modified, b
cause the lattice modifies the dynamics at short distan
The coefficientsCJi

lat , CJ'

lat , andBJi
lat now depend on the lat

tice spacinga, i.e., onma, in addition tom, m/m, andmq /m.
A heavy-light lattice axial vector current has an analogo
description.

On the other hand, in Eqs.~2.26! and ~2.40! the HQET
operators are the same. As a rule, the ultraviolet regulato
an effective theory does not have to be the same as tha
the underlying theory.~The standard Symanzik program
works this way.! Thus, when describing lattice gauge theo
one is free to regulate HQET just as one would when
scribing continuum QCD. Moreover, since Eqs.~2.27!–
~2.32! give a complete set of dimension-four HQET curren
the coefficientsCJi ,J'

lat andBJi
lat contain short-distance effect

from both the light and the heavy sectors.
By comparing the HQET descriptions of lattice and co

tinuum QCD, one can see how lattice matrix elements di
from their continuum counterparts. The continuum mat
element ofv•V, for example, is
-

^Luv•VuB&52CVi
^Luq̄hvuBv

(0)&2BV1^Luv•QV1uBv
(0)&2BV4^Luv•QV4uBv

(0)&2C2CVi E d4x^LuT O2~x!q̄hvuBv
(0)&!

2CBCVi E d4x^LuT OB~x!q̄hvuBv
(0)&!1O~L2/m2!, ~2.42!

where L is any light hadronic state, including the vacuum.~The starredT product is defined in Ref.@4#; this detail is
unimportant here.! On the left-hand sideB denotes ab-flavored hadron, and on the right-hand sideBv

(0) denotes the corre
sponding eigenstate of the leading effective LagrangianL (0). Similarly, the lattice matrix element is@4#

^Luv•VlatuB&52CVi

lat^Luq̄hvuBv
(0)&2BV1

lat ^Luv•QV1uBv
(0)&2BV4

lat ^Luv•QV4uBv
(0)&2C 2

latCVi

latE d4x^LuTO2~x!q̄hvuBv
(0)&!

2C B
latCVi

latE d4x^LuTOB~x!q̄hvuBv
(0)&!2Ks•FCVi

latE d4x^LuT q̄isFq~x!q̄hvuBv
(0)&!1O„L2a2b~ma!….

~2.43!
one
tch
Compared to Eq.~2.42!, the short-distance coefficients a
modified to depend onma, there is an extra term from th
Symanzik LEL of the light quark, and the next power co
rections can, in general, be multiplied by a~bounded! func-
tion of ma. The matrix elements on the right-hand sides a
however, identical, because in both cases they are defi
with L (0) describing the heavy quark andLQCD describing
the light quark~and gluons!.

Similar equations hold for matrix elements ofV' and
V' lat , and for the axial vector current. If one multiplies th
equations for the lattice matrix elements with
,
ed

ZJi
5

CJi

CJi

lat
, ~2.44!

ZJ'
5

CJ'

CJ'

lat
, ~2.45!

and subtracts the result from the continuum equations,
finds that the difference can be traced solely to the misma
of the short-distance coefficients, or
3-6
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dCi5C i
lat2Ci , ~2.46!

dBJi5ZJiBJi
lat2BJi , ~2.47!

where the normalization factorsZJi areZJi
for i 51, 4, and

ZJ'
for i 52,3,5,6. In Eqs.~2.46! and ~2.47! a picture

emerges, whereheavy-quark lattice artifacts are isolate
into dCi anddBJi . Furthermore, the analysis presented h
makes no explicit reference to any method for computing
short-distance coefficients, so it applies at every order in
turbation theory ~in g2! and, presumably, at a non
perturbative level as well.

The matching factorsZJi
andZJ'

play the following role,
sketched in Fig. 1. In each case, the denominator conve
lattice-regulated scheme to a renormalized HQET sche
and the numerator converts the latter to a renormalized~con-
tinuum! QCD scheme. As long as the same HQET schem
used, HQET drops out of the calculation ofZJi

and ZJ'
.

Moreover, changes in continuum renormalization conv
tions modify only the numerator, and changes in the latt
action or currents modify only the denominator. In a simi
way, dependence on the HQET renormalization sche
drops out when computingdCi anddBJi .

One can derive a connection between the matching c
ficients of the HQET and the Symanzik descriptions wh
ma!1 andm@p, so that both formalisms apply. With th
Lagrangian, one applies HQET to Eqs.~2.2!–~2.4! and iden-
tifies the short-distance coefficients withm1 , C 2

lat , andCB
lat .

Then one finds,

m1b5mb1O~a2!, ~2.48!

m2b5mb1O~a2!, ~2.49!

zB
lat5zB24mbaKs•FCs•F ,

~2.50!

where the short-distance coefficientCs•F appears in the re
lation

b̄ismnFmnb822Cs•FOB . ~2.51!

At the tree level,Cs•F
[0] 51. For the@axial# vector current, one

inserts Eq.~2.26! @Eq. ~2.33!# into Eq. ~2.5! @Eq. ~2.6!#, ne-
glects terms of orderm2a2, and compares with Eq.~2.40!

FIG. 1. Diagram illustrating how the matching factorsClat, C,
andZ5C/Clat match lattice gauge theory and QCD to HQET, a
to each other.
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@Eq. ~2.41!#. One also must match the tensor and pseu
scalar bilinears to HQET at the dimension-three level,

q̄ismnb8CT1
ha

mhb
n q̄isabhv2CT2

q̄~vmig'
n 2vnig'

m!hv ,
~2.52!

q̄ig5b8CPq̄ig5hv , ~2.53!

with short-distance coefficientsCT6
and CP . At the tree

level, CT6

[0]5CP
[0]51. After carrying out these steps, on

finds that

ZVi
5ZV , ~2.54!

ZV'

215ZV
211~mq1mb!aKVCT2

/CV'
, ~2.55!

ZVi
BV1

lat 5BV11aZVKVCT2
, ~2.56!

ZVi
BVi

lat5BVi1aZVKVCT1
, i 52,6, ~2.57!

ZVi
BV3

lat 5BV32aZVKVCT1
, ~2.58!

ZVi
BV4

lat 5BV42aZVKVCT2
, ~2.59!

ZVi
BV5

lat 5BV52aZVKV~CT1
2CT2

! ~2.60!

from matching the vector current, and

ZA'
5ZA , ~2.61!

ZAi

215ZA
211~mq1mb!aKACP /CAi

, ~2.62!

ZA'
BAi

lat5BAi1O~a2!, i 51,2,5, ~2.63!

ZA'
BAi

lat5BAi1aZAKACP , i 53,6, ~2.64!

ZA'
BA4

lat 5BA42aZAKACP, ~2.65!

from matching the axial vector current. Of course, these
lations hold only when describing the same lattice curre
Vlat

m andAlat
m , and then only to ordera2. Considering similar

relations for the whole tower of higher-dimension operato
one sees

lim
a→0

CO
lat5CO , ~2.66!

lim
a→0

ZJiBJi
lat5BJi . ~2.67!

Equations~2.55!–~2.60! and ~2.62!–~2.65! illustrate for the
next-to-leading dimension operators how the limit is acc
erated for standardO(a) improvement, withKs•F , KV , and
KA themselves of ordera.

Equations~2.54!–~2.65! show that HQET matching con
nects smoothly to Symanzik matching in the limit whe
both apply. HQET matching is, therefore, a natural and
tractive extension into the more practical region wherema is
3-7
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not very small. Continuum QCD still can be approximat
well, but now order by order in the heavy-quark expansio

The remainder of this paper pursues this program in p
turbation theory. One-loop corrections to the rest massm1
and the kinetic massm2 have been considered already
Ref. @31#. The one-loop correction toCB would require a
generalization of the calculation ofKs•F @33# to incorporate
the full mass dependence of the quark-gluon vertex. In
paper we focus on heavy-light currents. We construct lat
currents suitable for matching through order 1/mQ in the
heavy quark expansion. We then calculate the matching
tors ZJi

andZJ'
at the one-loop level, which are needed

fix the overall normalization of the heavy-light currents. Cu
rents suitable for heavy-to-heavy transitionsb→c are con-
sidered in a companion paper@6#.

III. LATTICE ACTION AND CURRENTS

In this section our aim is to define heavy-light curren
with Wilson fermions that are suited to the HQET matchi
formalism. Because Wilson fermions have the right parti
content and obey the heavy-quark symmetries, the des
tive part of the formalism applies in any case. To use HQ
to match lattice gauge theory to continuum QCD, howev
we would like to ensure thatdCi and dBJi @cf. Eqs. ~2.46!
and ~2.47!# remain bounded in the infinite-mass limit. Goo
behavior is attained by mimicking the structure of Eq
~2.27!–~2.32!, so that improvement terms are guaranteed
remain small. Then we would like to adjust free paramet
in the currents so thatdCi anddBJi ~approximately! vanish.
We show how to do so in perturbation theory, obtainingBJi

lat

at the tree level and, in Sec. IV, the matching factorsZJi
and

ZJ'
at the one-loop level.

A suitable lattice Lagrangian was introduced in Ref.@5#. It
is convenient to write the lattice LagrangianLlat5L01LB
1LE . The first term is

L052~m01m0cr!c̄~x!c~x!2 1
2 c̄~x!

3@~11g4!D4
2

lat2~12g4!D4
1

lat#c~x!

2zc̄~x!g•Dlatc~x!1 1
2 r szac̄~x!n lat

(3)c~x!. ~3.1!

The mass countertermm0cr is included here so that, by defi
nition, m050 for massless quarks. The covariant differen
operatorsD4

6
lat , Dlat , andn lat

(3) , are defined in Ref.@5#. They
carry the label ‘‘lat’’ to distinguish them from the continuum
covariant derivatives in Secs. II A and II B. The symbolc is
reserved in this paper for lattice fermion fields. The tempo
kinetic term is conventionally normalized, but the spatial
netic term is multiplied with the couplingz. The couplingr s
is, in the technical sense, redundant@5#, but is included to
solve the doubling problem@17#.

For L0 the tree-level relations between its couplings a
the coefficients in theLHQET are well known. By matching
the kinetic energy, one finds~for v50)
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C 2
lat[0]5

1

2m2
[0]a

5
z2

m0a~21m0a!
1

r sz

2~11m0a!
. ~3.2!

At higher orders in perturbation theory,C2 remains~for v
50) the kinetic mass of the quark, which is expressed
terms of the self-energy in Ref.@31#.

L0 has cutoff artifacts, which are described by dimensio
five and -higher operators inLSym ~if mqa!1) or LHQET ~if
mQ@LQCD). The dimension-five effect can be reduced
adding

LB5
i

2
acBzc̄~x!S•Blat~x!c~x!, ~3.3!

LE5 1
2 acEzc̄~x!a•Elat~x!c~x!, ~3.4!

and suitably adjusting ofcB andcE . The lattice chromomag-
netic and chromoelectric fields,Blat andElat , are those given
in Ref. @5#.

By matching the gluon-quark vertex, one finds

C B
lat[0]5

1

2mB
[0]a

5
z2

m0a~21m0a!
1

cBz

2~11m0a!
. ~3.5!

Higher-order corrections toC B
lat have not been obtained. B

comparing Eqs.~3.2! and ~3.5! one sees, however, thatcB

5r s1O(g2) is needed to adjustC B
lat to its continuum coun-

terpartCB5zB/2m2.
The Euclidean action isS52a4(xL(x). Special cases

are the Wilson action@17#, which setsr s5z51, cB5cE
50; and the Sheikholeslami-Wohlert action@16#, which sets
r s5z51, cB5cE[cSW. But to remove lattice artifacts fo
arbitrary masses, the couplingsr s , z, cB and cE must be
taken to depend onm0a @5#. Our analytical results for the
integrands of Feynman diagrams, given in Appendix B,
for arbitrary choices of these couplings. Indeed, our expr
sions allow the heavy and light quarks to have different v
ues of all couplings.

Heavy-light currents are defined in an essentially sim
way. For convenience, first define a ‘‘rotated’’ field@18,5#

Cq5@11ad1g•Dlat#cq , ~3.6!

wherecq is the field inL0 of flavor q, andDlat is again the
symmetric covariant difference operator. Simple bilinea
with the right quantum numbers are

V0
m5C̄qigmCb , ~3.7!

A0
m5C̄qigmg5Cb . ~3.8!

The subscript ‘‘0’’ implies that, as withL0, some improve-
ment is desired. To ensure a good large-ma limit, one should
pattern the improved current after the right-hand side of
~2.40!. Thus, we take

Vlat
m 5V0

m2(
i 51

6

bViQVi
m , ~3.9!
3-8
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Alat
m 5A0

m2(
i 51

6

bAiQAi
m , ~3.10!

where thebJi are adjustable, and the dimension-four latti
operators are

QV1
m 52vmc̄qiv”D”' latcb , ~3.11!

QV2
m 5c̄qig'

mD”' latcb , ~3.12!

QV3
m 5c̄qiD'

m
latcb , ~3.13!

QV4
m 52vmc̄qD”Q ' lativ”cb , ~3.14!

QV5
m 5c̄qD”Q ' latig'

mcb , ~3.15!

QV6
m 5c̄qiDQ '

m
latcb , ~3.16!

and each lattice operatorQAi
m is obtained fromQVi

m by replac-

ing c̄q with 2c̄qg5. Lattice quark fields do not satisfy Eq
~2.17!, so v” appears explicitly. In practice, one uses the r
frame here,v5( i ,0), as in Eq.~3.6!. An analogous construc
tion for lattice NRQCD has been given by Morningstar a
Shigemitsu@29#.

It is worthwhile to emphasize the difference between E
~2.40! and~3.9!. Equation~2.40! is a general HQET descrip
tion of any heavy-light lattice current. Equation~3.9! is a
definition of a specific lattice current, namely the one used
this paper~and in calculations off B and other hadronic ma
trix elements!. In the same vein, theQJi in Eqs. ~2.27!–
~2.32! are HQET operators, whereas theQJi in Eqs.~3.11!–
~3.16! are lattice operators. Finally, the coefficientsBJi

lat are
the output of a matching calculation: they depend on thebJi ,
which must be adjusted to makedBJi vanish.

To illustrate, let us consider the calculation of the coe
cients BJi

lat at the tree level. One computes on-shell mat

elements such aŝquJlatub& and ^0uJlatuq̄b& in lattice gauge
theory and compares them to the corresponding matrix
ments in HQET. Then one finds

CJi

lat[0]5CJ'

lat [0]5e2(m1q
[0]

1m1b
[0] )a/2, ~3.17!

BJi
lat[0]5e2(m1q

[0]
1m1b

[0] )a/2S 1

2m3
[0]

1bJi
[0] D , i<2

~3.18!

BJi
lat[0]5e2(m1q

[0]
1m1b

[0] )a/2bJi
[0] , i>3 ~3.19!

where

m1
[0]a5 ln~11m0a! ~3.20!

and, for our lattice Lagrangian and currents,

1

2m3
[0]a

5
z~11m0a!

m0a~21m0a!
2d1 . ~3.21!
09451
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Since ~continuum QCD’s! CJ
[0]51 there already is a non

trivial matching factor at the tree level relating the lattice a
continuum currents,ZJi

[0]5ZJ'

[0]5e(m1q1m1b)a/2.

After comparing Eqs.~3.18!–~3.19! with Eqs. ~2.36!–
~2.37!, one sees that one can takebJi

[0]50 for all six opera-
tors, if d1 is adjusted correctly. At the tree level, the way
adjustd1 is to setm3

[0] equal to the~tree-level! heavy-quark
mass. In the effective Lagrangian there are two qu
masses, the rest massm1 and the kinetic massm2. The
former has no effect on matrix elements~and a trivial, addi-
tive effect on the mass spectrum!. As discussed above
heavy-quark cutoff effects in matrix elements are reduce
C 2

lat5C2, which means one should identify the continuu
quark mass with the kinetic mass. Thus, one should
m3

[0]5m2
[0] , which is obtained if one adjusts

d15
z~11m0a2z!

m0a~21m0a!
2

r sz

2~11m0a!
. ~3.22!

The same rotation also improves heavy-heavy currents a
tree level.

Beyond the tree level, it is convenient to defined1 for the
spatial component of the degenerate-mass, to the he
heavy current@6#. Then the corrections to the heavy-hea
current analogous toQV2 andQV5 would be superfluous, bu
for unequal masses they are still required.

For equal mass currents it is possible to computeZVi
non-

perturbatively for all massesmb . One may therefore prefe
to write @13–15#

ZJi ,'
ub 5AZVi

uuZVi
bbrJi ,'

ub ~3.23!

and compute only the factorrJi ,'
ub in perturbation theory. To

calculate the pre-factorZVi
bb appearing in Eq.~3.23!, one

must have a massive quark in the final state. The definitio
the heavy-heavy matching factor is given in our compan
paper@6#, along with a calculation of its one-loop level con
tribution. We give the results for heavy-lightrJi ,'

in Sec. IV.

For a light quark, withmqa!1, the right hand side of Eq
~3.22! vanishes linearly inm0a. Therefore, 12m3q /m2q is
O(mq

2a2), and the distinction betweenm3q andm2q is neg-
ligible. For this reason, and to simplify calculation, we s
mq50. Then Eq.~3.22! implies d150 for the light quark.

IV. ONE-LOOP RESULTS

In this section we present results for the matching fact
at the one-loop level in perturbation theory. The one-lo
contributions are known for the Wilson@11# and
Sheikholeslami-Wohlert~SW! actions@12#. Both these works
omit the rotation term in the current@18,5#, which is needed
to obtain 1/m3 correctly. In this section we complete th
work started in Ref.@12# and report results with the clove
term and with the rotation. For comparison we also pres
our results without the rotation, both with and without th
clover term.
3-9
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The computer code for generating these results is fre
available@30#.

The matching factorsZJ (J5Vi , V' , Ai , and A'! are
simply the ratios of the lattice and continuum radiative c
rections:

ZJ5
@Z2h

1/2LJZ2l
1/2#cont

@Z2h
1/2LJZ2l

1/2# lat
, ~4.1!

whereZ2h andZ2l are wave-function renormalization facto
of the heavy and light quarks, and the vertex functionLJ is
the sum of one-particle irreducible three-point diagrams
which one point comes from the currentJ and the other two
from the external quark states.

The expression relatingZ2 to the lattice self energy, for al
masses and gauge couplings, can be found in Ref.@31#. Its
dominant mass dependence is

Z2}e2m1a, ~4.2!

wherem1 is the all-orders rest mass~of the heavy quark!.
This mass dependence is not present in the vertex functio
the continuum part of Eq.~4.1!. Consequently, we write

e2m1
[0]a/2ZJG

511(
l 51

`

g0
2lZJG

[ l ] , ~4.3!

so that theZJG

[ l ] are only mildly mass dependent.~A slightly

different convention was used in presenting results forZ2 in
Ref. @31#.! By construction, this mass dependence inrJG

cancels out in a gauge-invariant, all orders way. So, we w

rJG
511(

l 51

`

g0
2lrJG

[ l ] . ~4.4!

This rest of this section is split into two subsections.
the first, we present our results for the full mass depende
of ZJG

[1] and rJG

[1] . In the second, we discuss the related c

culation of the Brodsky-Lepage-Mackenzie scaleq* . In both
cases, we discuss fully a range of checks on our calculati

A. ZJ
†1‡ and rJ

†1‡

The combinations of wave-function and vertex renorm
ization inZJ are gauge invariant and ultraviolet and infrar
finite. For vanishing light quark mass there is a colline
divergence~which can be regulated by an infinitesimal
small mass!, but it is common to lattice and continuum fun
tions. In the desired ratio~4.1!, the divergence cancels, an
the result is independent of the scheme for regulating
collinear singularity. For largema a remnant of this cancel
lation appears. The lattice theory approaches its static li
where its ultraviolet behavior is non-logarithmic. But the r
gion of momentuma21,q,m in the continuum diagrams
generates logarithms. At the one-loop level one must fi
3ln(ma), with the same anomalous dimension as in E
~2.34! and ~2.35!. At higher loops the usual polynomial i
ln(ma) will arise.
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We have calculated the one-loop Feynman diagrams
the action specified in Eqs.~3.1!–~3.4!, with arbitrary m0 ,
r s , z, cB , and cE for the incoming heavy quark, andm08
50, r s8 , z8, cB8 , and cE8 for the outgoing light quark. The
needed Feynman rules are in Ref.@31#, apart from three new
rules for the current itself, which are in Appendix A. A
shown in Appendix B, we have found a simple way to inco
porate the rotation into the Dirac algebra. The resulting a
lytical expressions are surprisingly compact, and they
given explicitly in Appendixes B and C.

We have evaluated these expressions forr s5z51 and
cE5cB[cSW. Thus, the numerical results correspond to t
SW action (cSW51) and to the Wilson action (cSW50).
Figure 2 plots the full mass dependence of the match
factors for the vector current,~a! ZVi

, ~b! ZV'
, ~c! rVi

, and

~d! rV'
. These numerical results are for the SW action w

rotation~solid lines! and also for the SW and Wilson action
without the rotation~dotted lines!. Figure 3 plots the full
mass dependence of the matching factors for the axial ve
current,~a! ZAi

, ~b! ZA'
, ~c! rAi

, and~d! rA'
. These and the

following figures are plotted againstm1
[0]a because this vari-

able conveniently covers the whole mass range: for sm
massm1'm2, and for large massm1a' ln m2a.

We have carried out several checks on our calculations
each case, identical numerical results have been obta
with two or more completely independent programs. The
sults for ZJi ,'

agree with those previously obtained, fo

cSW50 @11# and forcSW51, d150 @12#. We have also re-
produced limiting cases, as we briefly discuss below.

For ma50 our calculation reduces to the usual matchi
calculation for massless quarks. We find~with CF54/3)

ZVi

[1]5ZV'

[1]5H 20.129423~6!, cSW51,

20.174073~7!, cSW50,
~4.5!

ZAi

[1]5ZA'

[1]5H 20.116450~5!, cSW51,

20.133365~5!, cSW50,
~4.6!

in excellent agreement with previous work forcSW51 @40–
42# and cSW50 @42–44#. ~Reference@42# gives precise re-
sults as a polynomial incSW.)

As the mass tends to infinity, these actions and current
lead, up to an unphysical factor, to the same vertices
quark propagator—a Wilson line. Perturbative corrections
the vertex functions must respect this universal static lim
and, therefore, they must tend to a universal value. Asma
→`, one expects theZ factors for a massive quark to ap
proach those for the static limit, namely

ZJ
[1]5

CF

16p2
@ghln~m2a!21zJ

[1] #, ~4.7!

where the constantzJ
[1] depends on the currentJ and oncSW

~of the light quark!. Since ln(m2a)'m1a in this region one
expects the linear behavior seen in Figs. 2 and 3. The s
limit is also shown in Figs. 2 and 3 with
3-10
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FIG. 2. Full mass dependence of the one-loop coefficients of the matching factors of the vector current~a! ZVi

[1] , ~b! ZV'

[1] , ~c! rVi

[1] , and

~d! rV'

[1] . Filled ~open! symbols denote the SW~Wilson! action; solid~dotted! lines connecting squares~circles! indicate the rotation is
included~omitted!.
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ting
zVi

[1]5H 210.248, cSW51,

27.929, cSW50,
~4.8!

zA'

[1]5H 28.248, cSW51,

25.929, cSW50,
~4.9!

zV'

[1]5H 214.414, cSW51,

220.379, cSW50,
~4.10!

zAi

[1]5H 216.414, cSW51,

222.379, cSW50.
~4.11!

We have obtained these constants ourselves. They agree
previous~less precise! results forcSW51 @45# and cSW50
@27#. As one can see from looking at Figs. 2 and 3, the st
result is a good approximation form1

[0]a.5 or, equivalently,
m0a'm2a.150.

Some of the points at the highest masses have large
and lie nearly ones off the curve. The origin of this behav
ior is that the lattice and continuum integrals are domina
by different momenta: the continuum integral is domina
by the regionk;m2@a21, whereas the lattice integral i
dominated by the regionk;a21. This mass region is not o
much practical interest, since here one has an essen
static quark.
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Equations ~2.54!–~2.65! allow us to check the smal
~heavy-quark! mass limit against the work of Sint and Weis
@46#. In our conventions the matching factorsZV andZA are
functions of gauge coupling and quark mass. Thus,

ZV~mqa,mba!5ZV@11 1
2 ~mq1mb!abV#, ~4.12!

ZA~mqa,mba!5ZA@11 1
2 ~mq1mb!abA#, ~4.13!

where, on the right-hand side, we adopt the notation of R
@9,10,46#, and theZ’s andb’s do not depend on mass. Her
only the mass dependence is displayed; all quantities dep
also on the gauge coupling.

If we omit the rotation, our currents and those conside
by Sint and Weisz coincide, apart from one-loop count
terms. Thus, in one-loop calculations the slopes of our ma
dependent matching factors must agree with them. Set
mq50, and using Eqs.~2.54!–~2.65!,

]ZVi

[1]

]m1b
5 1

2 bV
[1] , ~4.14!

]ZV'

[1]

]m1b
5 1

2 bV
[1]2KV

[1] , ~4.15!
3-11
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FIG. 3. Full mass dependence of the one-loop coefficients of the matching factors of the axial vector current~a! ZAi

[1] , ~b! ZA'

[1] , ~c! rAi

[1] ,

and ~d! rA'

[1] .
nd

In
rgy

lt of
the
ith

c
er
ic
]ZAi

[1]

]m1b
5 1

2 bA
[1]2KA

[1] , ~4.16!

]ZA'

[1]

]m1b
5 1

2 bA
[1] . ~4.17!

To extract these slopes, we form a combination of integra
with three different~small! values ofmba, yielding bJ

[1] and
KJ

[1] up to O(mba)2. In this way we find~for cSW51)

bV
[1]5CF30.114929~10!50.153239~14! ~4.18!

vs

CF30.11492~4! @46#,

bA
[1]5CF30.114142~10!50.152189~14! ~4.19!

vs

CF30.11414~4! @46#,

KV
[1]5CF30.0122499~6!50.016332~7! ~4.20!

vs

CF30.01225~1! @46#,
09451
s

KA
[1]5CF30.0056806~11!50.0075741~15! ~4.21!

vs

CF30.005680~2! @46#,

which agrees perfectly with Ref.@46#. These results have
also been checked by Taniguchi and Ukawa@47#. We also
obtain

bV
[1]2bA

[1]5CF30.0007833~11!50.0010444~16!
~4.22!

by subtracting the integrands first, and then integrating.
taking the difference, large contributions from the self ene
cancel, but, even so, the near equality ofbV

[1] andbA
[1] is a bit

astonishing. Comparing the slopes of Figs. 2~a! and 3~b! one
sees thatbV

[1]2bA
[1] for the Wilson action is not so small.

Although these checks are reassuring, the main resu
this section is to obtain the full mass dependence of
matching factors. The results at intermediate mass, w
m1a,3 or, equivalently,m0a,1.5, are needed for realisti
calculations ofB meson properties. This region is neith
particularly close to the massless limit, nor to the logarithm
behavior of the static limit.
3-12
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FIG. 4. Full mass dependence of the estimatedb0g4 terms of the matching factors of the vector current~a! * ZVi

[1] , ~b! * ZV'

[1] , ~c! * rVi

[1] ,

and ~d! * rV'
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B. BLM scalesq*

It is well-known that perturbation theory in the bare co
pling g0

2(1/a) converges poorly. Therefore, we calculate t
ingredients needed to determine the Brodsky-Lepa
Mackenzie~BLM ! scale@48,49#. For a coupling in schemeS,
we denote the BLM expansion parametergS

2(qS* ). The BLM
scaleqS* is given by

ln~qS* a!252bS
(1)1

E d4k ln~ka!2 f ~ka!

E d4k f~ka!

, ~4.23!

wherek is the gluon momentum, andf (k) is the integrand of
the quantity of interest, e.g.,*d4k f(k)5ZJ

[1] . The constant
bS

(1) is the b0-dependent part of the one-loop conversi
from the arbitrary schemeS to the ‘‘V scheme,’’ namely

~4p!2

gS
2~q!

5
~4p!2

gV
2~q!

1b0bS
(1)1bS

(0)1O~g2!, ~4.24!

where fornf light quarksb051122nf /3, andbS
(0) is inde-

pendent ofnf . The V-scheme couplinggV
2(q) is defined so

that the Fourier transform of the heavy-quark potential re
09451
e-

s

V(q)52CFgV
2(q)/q2. Equation~4.23! shows that the defi-

nitions of q* in Refs. @48# and @49# are identical in theV
scheme.

For our matching factors it is straightforward to weig
the integrands with ln(ka)2 to obtain

ln~qV* a!25
* Z[1]

Z[1]
, ~4.25!

because the integration overd4k has no divergences. Th
denominators are the one-loop coefficients given above,
the numerators are presented now.

Figure 4 plots the full mass dependence of the numera
for the vector current,~a! * ZVi

[1] , ~b! * ZV'

[1] , ~c! * rVi

[1] , and

~d! * rV'

[1] . As before, these numerical results are for the S

action with rotation~solid lines! and also for the SW and
Wilson actions without the rotation~dotted lines!. Figure 5
plots the full mass dependence of the numerator of Eq.~4.25!
for the axial vector current,~a! * ZAi

[1] , ~b! * ZA'

[1] , ~c! * rAi

[1] ,

and ~d! * rA'

[1] . We have carried out several checks on o

calculations. Once again, identical numerical results h
been obtained with two or more completely independent p
grams. Also, atmba50 we reproduce the results, for th
Wilson action, of Ref.@44#.

For * ZJ
[1] and * rJ

[1] the limit of largema also has dis-
tinctive features. In that case
3-13
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FIG. 5. Full mass dependence of the estimatedb0g4 terms of the matching factors of the axial vector current~a! * ZAi

[1] , ~b! * ZA'

[1] , ~c!

* rAi

[1] , and~d! * rA'

[1] .
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.
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p
M

* ZJ
[1]5

CF

16p2
@ 1

2 ghln2~m2a!21gh8ln~m2a!21 * zJ#,

~4.26!

wheregh8 is related to the two-loop anomalous dimension
similar expression holds for* rJ

[1] , with a different constant
Note that—in both cases—the one-loop anomalous dim
sion appears multiplying ln2(m2a). The growth expected
from Eq. ~4.26! is seen in Figs. 4 and 5. As a consequen
one findsq* a}Am2a as ma→`. Square root behavior is
typical of cases with an anomalous dimension.

For theZ factors, the resulting values forq* a are rela-
tively constant in the ‘‘low mass’’ region,q* a;2.7–2.9.
Figure 6 shows howq* a depends on the heavy quark ma
in the regionm1a<2, which is the one most relevant t
calculations of decay constants and form factors. At lar
massesZ[1] goes through zero, at which point the origin
BLM prescription breaks down. A prescription forq* in this
case is given in Ref.@50#. For the Wilson action the zero in
ZVi

[1] is at a smaller than usual mass@see Fig. 2~a!#, which

explains its behavior for the BLMq* a seen in Fig. 6~a!. For
the r factors the denominatorr [1] is small over most of the
interesting region, as seen in Figs. 2~c!–~d! and 3~c!–~d!.

It is also interesting to see howq* changes under tadpol
improvement. If one introduces the tadpole-improved mat
ing factors
09451
n-

,

r

-

Z̃J5ZJ /u0 , ~4.27!

where the mean linku0 is any tadpole-dominated shor
distance quantity, the arguments of Ref.@49# suggest that the
perturbative series forZ̃J has smaller coefficients. In analog
with Eq. ~4.1! we write

e2m̃1
[0]a/2Z̃J511(

l 51

`

g0
2l Z̃J

[ l ] , ~4.28!

where

m̃1
[0]a5 ln@11m0a/u0# ~4.29!

is the tadpole-improved rest mass. Then

Z̃J
[1]5ZJ

[1]2
1

2 S 11
1

11m0aDu0
[1] , ~4.30!

and becauseZJ
[1],0 andu0

[1],0 one sees that the one-loo
coefficients are reduced. Similarly, for computing the BL
scale

* Z̃J
[1]5 * ZJ

[1]2
1

2 S 11
1

11m0aD * u0
[1] . ~4.31!
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FIG. 6. Full mass dependence of the BLM scaleq* , for ~a! ZVi
, ~b! ZV'

, ~c! ZAi
, and~d! ZA'
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To illustrate, we takeu0 from the average plaquette, sou0
[1]

52CF/16 and* u0
[1]520.204049(1). Figure 7 shows that

as a rule,q* is significantly reduced, which means that ta
pole improvement has removed some of the most ultravi
contributions. With a lower scale, the couplinggV

2(q* ) be-
comes a bit larger with tadpole improvement. ForZVi

and

ZA'
, however, the denominatorZ̃J

[1] already vanishes fo

m1a'1.5–2.0, leading to rapid growth in the BLMq* for
the Wilson action, and a zero in the BLMq* for the SW
action. One should again defineq* in a more robust way
@50#. Another choice for the mean field isu058kcrit . It gives
coefficients and BLM scales that lie between the unimpro
and tadpole-improved cases@51#.

Our method also allows us to obtain the BLM scale
the improvement coefficients in theAlpha Collaboration’s
program. Then we are in a position to compare BLM pert
bation theory with non-perturbative determinations of the
coefficients. We will give these results forq* and the men-
tioned comparison in another publication@52#.

V. CONCLUSIONS

In this paper we have set up a matching procedure, ba
on HQET, for heavy-light currents. It is valid for allma,
wherem is the heavy quark’s mass anda is the lattice spac-
ing, and to all orders in the gauge coupling. It could
09451
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-
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ed

applied to lattice NRQCD, although here it is applied to W
son fermions. In the latter case, HQET matching agrees w
Symanzik matching whenma!1. In this way, HQET match-
ing is a natural and attractive extension into the regi
ma!” 1, which is needed for heavy-quark phenomenology

Our one-loop results for the SW action are of immedia
value for lattice calculations off B and of form factors for the
semi-leptonic decayB→p ln. Indeed, our earlier one-loop
results@12# ~which omitted the ‘‘rotation’’ terms in the cur-
rent! were used forf B in Refs.@19–23#, and our results were
used for semi-leptonic form factors in Ref.@15#. In particu-
lar, we have obtained the BLM scaleq* for the matching
factors, which should reduce the uncertainty of one-loop c
culations. Similarly, computing part of the normalization fa
tor, namelyAZVi

qqZVi
bb, non-perturbatively reduces the no

malization uncertainty even further@13–15#. ~The heavy-
heavy normalization factorZVi

bb is defined in our companion

paper for heavy-heavy currents@6#.!
An outstanding problem at this time is the one-loop c

culation of the coefficientsBJi
lat of the dimension-four terms

in the HQET description. A calculation of these coefficien
and the subsequent adjustment of the parametersbJi in the
lattice currents, would eliminate uncertainties of ord
asL̄/m and asL̄a in ~future! calculations of heavy-quark
matrix elements. The algebra quickly becomes volumino
making this problem well-suited to automated techniqu
@53#.
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FIG. 7. Tadpole-improvedq* for ~a! Z̃Vi
, ~b! Z̃V'

, ~c! Z̃Ai
, and~d! Z̃A'

, with Fig. 6 in gray.
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APPENDIX A: FEYNMAN RULES

The needed propagators and vertices for quark-gluon
teractions are given in Ref.@31#. Here we give the additiona
Feynman rules induced by the rotation term of the he
quark. The additional rules are easy to derive by expres
the covariant difference operator as@54#

D lat
m 5@T1m2T2m#/~2a!, ~A1!

where

T6m5t6m/2e
6g0aAmt6m/2 , ~A2!
09451
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-
.,
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y
g

andt6m/2 translates fields to its right by one-half lattice spa
ing in the6m direction.

There are three rules to give, with 0, 1, and 2 gluo
emerging from the vertex. Let the Dirac matrix of the curre
be G. Then,

0-gluon5GF11 id1(
r

g rsin~pr !G , ~A3!

1-gluon5g0tad1Gg icos~p1 1
2 k! i , ~A4!

2-gluon5 ig0
2 1

2 $ta,tb%d i j d1Gg isin~p1 1
2 k1 1

2 l ! i ,
~A5!

where momentump is quark momentum flowing into the
vertex, andk and l are gluon momentum flowing into th
vertex. As in Ref.@31#, the matricesta are anti-Hermitian,
i.e., Um5exp(g0t

aAm
a), (a jt i j

a t jk
a 52CFd ik , and trtatb

52 1
2 dab.

APPENDIX B: DIRAC ALGEBRA

To compute the vertex function, there are four diagrams
consider, depicted in Fig. 8: the usual vertex diagram~with
the rotation inside!, Fig. 8~a!; two diagrams with the gluon
connected to the incoming rotation, Fig. 8~b! and ~c!; and a
tadpole diagram connected to the incoming rotation@using
rule ~A5!#, Fig. 8~d!. The tadpole diagram, Fig. 8~d!, van-
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FIG. 8. Feynman diagrams for calculating the vertex function. Thed on each side of thê indicates the rotation.
gs
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t-

th
i

l-o
th

a
it
o
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b
om

t-
ishes for zero external three-momentum, becausel 52k and
pi50.

For each non-vanishing diagram, Figs. 8~a–c!, define the
integral

I G
(a,b,c)52g0

2CFE d4k

~2p!4

1

k̂2
I G

(a,b,c), ~B1!

wherek is the momentum of the gluon in the loop, andk̂m

52 sin(12km). Let the incoming massive quark have couplin
m0 , r s , z, cB , andcE , and external momentump. Similarly,
let the outgoing massless quark have couplingsm0850, r s8 ,
z8, cB8 , and cE8 , and external momentump8. The internal
quark lines carry momentump1k in and p81k out. The
integrals I are obtained directly from the loop diagram
Then

ZJ
[1]5

1

2
~Z2h

[1]
cont2Z2h

[1]
lat1Z2l

[1]
cont2Z2l

[1]
lat!

1(
d

~ I G
d

cont2I G
d

lat!, ~B2!

from Eq. ~4.1!. The relation between the currentJ and its
Dirac matrixG is contained in Table I. The expression rela
ing Z2

[1]
lat to lattice self-energy functions is in Ref.@31#.

The most onerous task in evaluating the diagrams is
manipulation of the Dirac matrices. A convenient method
to treat each quark line separately, starting from the initia
final-state spinor. Then the spinor, the propagator, and
vertices can be written out in 232 block diagonal form, with
Pauli matrices appearing in the blocks. Once the Feynm
rules are as complicated as in the present calculation,
easier to manipulate 232 matrices of Pauli matrices than t
manipulate Dirac matrices. A special advantage of this or
nization is that the rotation bracket in Eq.~A3! merely ‘‘ro-
tates’’ the rest of the leg. We also obtainZ2

[1]
lat in this way,

with much less effort than in Ref.@31#.
A further advantage is that the vertex corrections can

expressed compactly. The diagram with a gluon going fr
the incoming leg to the rotation, Fig. 8~b!, is

TABLE I. The factorsG , defined by1
3 ( rg rGg r5sGG.

J G sG

V4 g4 21
A4 g4g5 11
Vj g j 2

1
3

Aj g jg5 1
1
3
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I G
(b)5d1

z

D F ~32 1
4 k̂2!L1 1

2 z(
r

KrSr
2G , ~B3!

whereSr5sinkr , and the functionsD, L, andKr are given in
Appendix C. The diagram with a gluon going from the ou
going leg to the rotation, Fig. 8~c!, is

I G
(c)5sGd1

z8

D8
F ~32 1

4 k̂2!
~2 !

L 81 1
2 z8(

r
Kr8Sr

2G , ~B4!

where the functionsD8,
(2)

L 8, andKr8 are given in Appendix

C, and sG is given in Table I. The unbarred functionL
~barred functionL̄) is for G5g4 and g jg5 (G5g j and
g4g5).

The vertex diagram, Fig. 8~a!, is complicated. We find
I G

(a)5NG
(a)/DD8, with numerator

NG
(a)5~6 !~

~2 !

U08R@U0#2sG

~2 !

L 08R@L0#S2!2zz8XG . ~B5!

The upper sign and unbarred functions~lower sign and
barred functions! are forG5g4 andg jg5 (G5g j andg4g5).
The partXG comes from spatial gluon exchange:

XG52sG~32 1
4 k̂2!

~2 !

L 8R@L#1sG
2~32 1

4 k̂2!
~2 !

V 8R@V#S2

1 1
2 ~

~2 !

V 8R@U#2sG

~2 !

L 8R@z#!(
r

KrSr
2

1 1
2 ~

~2 !

U 8R@V#2sGz8R@L# !(
r

Kr8Sr
2

1 1
4 ~

~2 !

U 8R@U#2sGS2z8R@z#!(
r

Kr8Krk̂r
21 1

8 ~12sG
2 !

3S k̂2S223(
r

k̂r
2Sr

2D ~2 !

V 8R@V#, ~B6!

where the last term is absent forV4 and A4 ~i.e., whensG
2

51). The rotation enters in the ‘‘rotated’’ functions

R@U0#5U01d1S2L0 , ~B7!

R@L0#5L02d1U0 , ~B8!

R@U#5U1d1S2z, ~B9!

R@z#5z2d1U, ~B10!

R@V#5V1d1L, ~B11!
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R@L#5L2d1S2V. ~B12!

Although the vertex diagram is not easy to write down, t
rotation modifies it in a fairly simple way, when using th
232 Pauli matrix method described above.

We have verified that these expressions are correc
completely independent calculation with more comm
methods for the Dirac algebra.

APPENDIX C: USEFUL FUNCTIONS

In this appendix we list the functions appearing in Appe
dix B for the action and currents given in Sec. III. First, l

m511m01 1
2 r sz k̂2, ~C1!

m8511m081 1
2 r s8z8k̂2. ~C2!

From now on a prime means to replace incoming coupli
and momenta with corresponding outgoing couplings a
momenta.

When the quark propagator is rationalized it has the
nominator

D5122m cos~k41 im1
[0] !1m21z2S2, ~C3!

wherem1
[0]5 ln(11m0).

In this calculation, the heavy quark has zero thre
momentum, so its spinor consists only of upper compone
Depending on the matrixG the heavy quark couples either
the upper or lower components of the light quark. With t
upper components the unbarred functions arise, and with
lower components~of the light quark! the barred functions
arise.

To express the useful functions compactly, it is conveni
to introduce first

U5m2e2m1
[0]

1 ik4, ~C4!
ci
cl

er
y

s.

w-
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y

-

s
d

-

-
s.

he

t

Ū5m2e1m1
[0]

2 ik4, ~C5!

because these combinations appear in the other functi
Then

U05Ue1m1
[0]

2 ik4/22 1
2 z2cEcos~ 1

2 k4!S2, ~C6!

L05z@e1m1
[0]

2 ik4/21 1
2 cEcos~ 1

2 k4!Ū#, ~C7!

V5zF11
i

2
cEsin~k4!G1 1

2 cBU, ~C8!

L52ŪF11
i

2
cEsin~k4!G1 1

2 cBzS2, ~C9!

Kr5r s2cBcos2~ 1
2 kr !5~r s2cB!1 1

4 cBk̂r
2 , ~C10!

and

Ū05Ūe2m1
[0]

1 ik4/22 1
2 z2cEcos~ 1

2 k4!S2, ~C11!

L̄05z@e2m1
[0]

1 ik4/21 1
2 cEcos~ 1

2 k4!U#, ~C12!

V̄5zF12
i

2
cEsin~k4!G1 1

2 cBŪ, ~C13!

L̄52UF12
i

2
cEsin~k4!G1 1

2 cBzS2. ~C14!

The barred functions are obtained from unbarred coun
parts by puttingk→2k and m1

[0]→2m1
[0] , so there is no

need to introduceK̄r5Kr . In the present calculation th
barred functions arise only for the outgoing massless qu
for which m085m18

[0]50.
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In Ref. [1] the numerical values in Eqs. (4.9) and (4.10) should read

z�1�A?
�

(
�12:248; cSW � 1;
�9:929; cSW � 0;

(4.9)

z�1�V?
�

(
�18:414; cSW � 1;
�24:379; cSW � 0;

(4.10)

These values are consistent with the asymptotic behavior exhibited in Figs. 2 and 3.
Our calculations in the static limit were described in Ref. [2], which should have been cited at the end of the sentence

following Eq. (4.10).
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