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Lattice NRQCD calculation of the B°-B° mixing parameter B
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We present a lattice calculation of tBemesonB parameteBg using the NRQCD action. The heavy quark
mass dependence is explicitly studied over a mass range betwegmd 4m,, with the O(1/mg) andO(l/mé)
actions. We find that the ratios of lattice matrix elemei@g")/(AZ)? and(O2Y/(A2"2, which contribute to
Bg through mixing, have significanty, dependence while that of the leading opera(bﬁ/(A'g“)Z has little
1/mq effect. The combined result faBg(m,) has small but nonzero mass dependence, andBtjfen;)
becomes smaller by 10% with thenid correction compared to the static result. Our result in the quenched
approximation ajf3=5.9 is BBd(S GeV) = 0.753)(12), where the first error is statistical and the second is a
systematic uncertaintyS0556-282199)06615-1

PACS numbgs): 12.38.Gc, 12.39.Hg, 13.20.He, 14.40.Nd

. INTRODUCTION Aqcp, the error from the truncation of higher order terms
is controllable. The calculation ofz is now available to
The constraints on the unitarity triangle of the Cabibbo-grder 1m2 , and it is known that the contribution ai(1/my)
Kobayashi-Maskawa CKM) matrix can provide us with cis significant (~ —20%) while that ofO(l/mﬁ) is small

some of the most crucial information on the physics beyond _ ~"3%) [5]. In addition, the calculations based on the Fer-

the standard modéll]. However, because of large theoreti- milab approach for heav uark6,7] agree with the
cal or experimental uncertainties, the current bound is to PP y d ' 9

. — ?\IRQCD resultd 8] including their 1y dependence. These
0 Q
loose to test the standard model or new physics. Bh& results make us confident about the nonrelativistic effective

mixing sets a gonstraint OfV1gViy| through_the currently action approaches in lattice QCD. Now that the computation
available experimental data on the mass difference betwe f5 is established, the next goal is to apply the similar

two n_eutraIB megonSAMBf O._477i 0.(_)17 ps?t [2]. The_ technique to the computation &k .

expenmental achievement is impressive as'the error is al- The lattice calculations of th® parameter have been
ready quite sinalk4%. Theoretical _calculatlons to relate yone in the infinitely heavy quark magtatio limit [9—11],

AMg to |[VigVi|, on the other hand, involve a large uncer- ang the results are in reasonable agreement with each other.
tainty in the B meson matrix elementB®|O|B°), which  There is, however, some indication that thend/correction
requires a method to calculate the nonperturbative QCD efwould be non-negligible from the study with relativistic
fects. quark actiong12,13. Their results show that there is small

Lattice QCD is an ideal tool to compute such nonpertur-but nonzero negative slope in thenty dependence oB
bative quantities from first principles. There have been garameter, but it is not conclusive because of the possible
number of calculations of thB meson decay constafy and  systematic uncertainty associated with the relativistic quark
the B parameterBg [Bg describes the matrix element action for heavy quark. The purpose of this work is to study
through(B? O |B®) = (8/3)Bgf3M3]. The calculation off;  the 1ing dependence dBg by explicitly calculating it with
is alreadymaturedat least in the quenched approximation the NRQCD action at several values ofry. Our result
[3]. Major systematic errors are removed by introducing theconfirms the previous workisl2,13: there is a small nega-
nonrelativistic effective actions and by improving the actiontive slope inBg. In addition, we find that the slope comes
and currents. The remaining (lattice spacingy dependent from the large Ihg dependence aB2 and B, which are
systematic error is confirmed to be small, and in some papempatrix elements of nonleading operators. For the observed
a continuum extrapolation is made. A recent revi@ysum-  1/mg dependence of the lattice matrix elements, qualitative
marized the value ofg as fz=165+20 MeV within the explanations are given in the discussion section using the
guenched approximation. vacuum saturation approximation.

An essential ingredient of these calculations is the use of The perturbative matching of the continuum and lattice
the nonrelativistic effective actions. Since th@uark mass operators introduces a complication to the analysis. Since the
in lattice unitam, is large for the typical lattices used for one-loop coefficients for four-quark operators are not known
simulations, the relativisti€Wilson-type actions could suf- yet for the NRQCD action, we use the coefficients in the
fer from a large discretization error of ordam, or (amy)?.  static limit in Refs.[14—18. This approximation induces a
The nonrelativistic QCOINRQCD) [4], on the other hand, is systematic uncertainty of orde#/(amg) in our calculation.
formulated as an expansion [iimg . In the heavy-light me-  This and other systematic errors will be discussed in detail in
son system, where the typical spatial momentum scale ithe subsequent sections.
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This paper is organized as follows. In the next section, we |n order to calculate the matrix e|eme('§8|(9L(mb)|Bg>
summarize our matching procedure. The simulation methody, the |attice, we have to connect the operafp(m,) de-

is described in Sec. Ill, and our analysis and results are pramed in the continuum renormalization scheme with its lat-
sented in Sec. IV. The results are compared with the vacuuifice counterpart. The matching coefficients can be obtained
saturation approximation on the lattice in Sec. V, and weyy requiring the perturbative quark scattering amplitudes at
estimate the remaining uncertainties in Sec. VI. Finally ourcertain momentum with continuur®, operator and with

conclusion is given in Sec. VII. An early result of this work |attice four fermi operators should give identical results.

was presented in Reff19].

Il. PERTURBATIVE MATCHING

In this section, we give our notations and describe the
perturbative matching procedure. The mass difference be-

tween two neutraB, mesons is given by

2.-2
FMy
16m°Mpg
q

AM Bq:|V:€thq|2 So(Xe) Mgl as(p)] 822

as(u)

X
47

1+

Js[(BOlOL(1)[BY), (1)

whereq=d or s and Sy(x,)(x;=mZ/ma,) and 7,5 are so-

called Inami-Lim function and the short distance QCD cor-
rection, respectively. Their explicit forms can be found in

Ref.[20]. O, («) is aAB=2 operator

OL(1)=by,(1—v5)qby,(1- ys)q, (2)

renormalized in the modified minimal subtraction scheme
(MS) scheme with the naive dimensional regularization

At the one-loop level the matching gives the following
relation:

_ As 2.2 lat
O (mp)= 1+E[4In(a my)+ D —14] | O F(1/a)

o o
—DROBY(1/a)+ ﬁ DO B(1/a)

J’_
4

Qg
+ EDso';“(lla),

WhereO!{e,‘_"R‘N’S} denotes the naive local operators defined on
the lattice in which the light quarks are not rotated. Their
explicit forms are the following:

Or=by,(1+ ¥5)gby,(1+ ¥s)q,

ONIEYM( 1- Vs)an(H ¥s)d +Hm(1+ Vs)qu

X (1= y5)q+2b(1— y5)gb(1+ ys)q

+2b(1+ ys)gb(1—1ys)q, )

(NDR). Jnf is related to the anomalous dimension at the

next-to-leading order witm; active flavors as

ﬂf_ Zﬂg 2,80’ ( )
where
Bo=11-3n¢, B1=102-%ny,
(4)

4
yO=4, HD=—-7+ §nf .

n{=5 whenu is greater than or equal to thequark mass.
TheB parametelBBq is defined through

BY O, (w)|BC
By ()= (BglOL(1)[Bg)

- : (5)
T §(BglALI0)(0|A,[BY)

where A, denotes the axial-vector curreﬁyﬂySq. The
renormalization invarianB parameter is defined by

ag(um)
4

Js (6)

BB;[aS(m]—G’z{H Ba, (1),
which does not depend on the arbitrary scaleup to the
next-to-leading order. The scaje is conventionally set at
the scale ob-quark massu=m;.

Os=b(1—1vy5)qb(1—-ys5)q.

Unfortunately, the one-loop coefficient® gy, for the
NRQCD heavy and)(a)-improved light quark actiof21]

are not known yet. In this work, we use the one-loop coeffi-
cients in the static limif15-18:

D ,=-21.16, Dg=-0.52, Dy=-6.16, Dg=-8.
®

The systematic error associated with this approximation is at
most ag/(amg), since the NRQCD action’sn—oo limit
agrees with the static action. The numerical size of the error
is discussed later.

The matching of the axial-vector current appearing in the
denominator of Eq(5) can be done in a similar manner
[15,22,23

Ao=| 1+ 25| 2 In(a2md) + Do— o| | AN(1/),  (9)
0 Aar b A 3 0 ’
whereAZ' is defined on the lattice, and the matching coeffi-

cientD, in the static limitD = —13.89.

In calculating the ratio of Eq(5) a large cancellation of
perturbative matching corrections takes place between the
numerator and denominator, since the large wave function
renormalization coming from the tadpole contribution in the
lattice theory is the same. To make this cancellation explicit
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TABLE I. Matching factors aj3=5.9 by the two different pro-
cedures.

a*  av(d*) Zuae Znmz Zmaz Zga?
One-loop mwla 0.164 0.973 —0.080 —0.007 —0.104

l/a 0.270 0.956 —0.132 —0.011 —-0.172
RG improved w/a 0.164 0.930 —0.069 —0.006 —0.118

l/a 0.270 0.978 —0.113 —0.010 —0.118
we consider the matching of a ratioBg(my)

= <(’)L(mb)>/(8/3)<A0>2 itself,

Ba(My) = Zyja2(My ; 1/2)BR(1/a) + Zya(mMy 3 1/2) BF(1/a)
+ Zyyp2(my ;1/2)BRY(1/a)
+ Zgp2(my ;1/2)BEY(1/a), (10)

where B g n,g(L1/2) =(Of r g (1/a))/(813)(AG(L/a))?

PHYSICAL REVIEW D 60 094503

TABLE Il. One-loop coefficients for the self-energy.

amg 10.0 5.0 3.0 2.6 2.1

A 1.011 0.946 0.855 0.819 0.754

B —0.075 0.018 0.119 0.152 0.329
aMp=2Z amg—Ey+aE"™, (15)

where Z,, and E, are the renormalization constant for the
kinetic mass and the energy shift, respectively. Both have
been calculated perturbatively by Davies and Tha¢Rké&i

and by Morningstaf26]. Since the precise form of their
NRQCD action is slightly different from ours, we performed
the perturbative calculations for our action. Our results for
the coefficientA andB in the perturbative expansion

Eo=ay(g*)A, (16)

Zn=1+ay(q*)B, 17

and theB and B states are understood for the expectationare summarized in Table II.

values(- - -) as in Eq.(5). Then the coefficients become

Zupe(my ;L) = 1+ 72 (D -2D,-2) |, (1D
ZR/AZ(mb;l/a):f_;DRv (12
Zyaa(my 1/a) == Dy, (13
Zg (M 1/a) = 5> Ds. (14

Equations(11)—(14) are used in the following analysis to

obtain Bg(my,). Numerical values oZ;_g n,s/a2(My;1/a)

are given in Table | for the lattice parameters in our simula-

tion. For the coupling constani; in Eqgs.(11)—(14) we use
the V-scheme couplin§24] with g* =«/a or q* =1/a. At
B=5.9 those arex,(7/a)=0.164 anday(1/a)=0.270. The

tadpole improvemenit24] does not make any effect on the

Ill. SIMULATION DETAILS

Our task is to compute the ratio(s(?'{ithvN’S}(lla»/
(8/3)<A'(§’“(1/a)>2 using lattice NRQCD with the lattice spac-
ing a. In this section we describe our simulation method to
obtain them.

We performed the numerical simulation on & %@!8 lat-
tice at 8=5.9, for which the inverse lattice spacing fixed
with the string tension is 4~=1.64 GeV. In the quenched
approximation we use 250 gauge configurations, each sepa-
rated by 2000 pseudo—heat-bath sweeps. For the light quark
we use theD(a)-improved actiorf21] at x=0.1350, 0.1365.
The clover coefficient is set to beg,= 1/u(3), where ug
=(Ppiag**=0.8734 atp=5.9. The criticalx value is x.
=0.1401, andk corresponding to the strange quark mass
determined from th& meson mass ig;=0.1385.

For the heavy quark and anti-quark we use the lattice
NRQCD action [4] with the tadpole improvementJ,

— U, /ug. The precise form of the action is the same as the
one we used in the previous wofk]. We use both of the
O(1/mg) and O(l/mé) actions in parallel in order to see

ratio of Eq.(10), since the tadpole contribution cancels be-the effect of the higher order contributions. The heavy

tween the numerator and denominator. Trguark mass
scalem, is set to 5 GeV as usual.
In the previous works in the static approximati@-11],

(anti-)quark field in the relativistic four-component spinor
form is constructed with the inverse Foldy-Wouthuysen-Tani
(FWT) transformation defined at the tadpole improved tree

the leading and the next-to-leading logarithmic correctiondeVel as in Ref[5]. The heavy quark masses and the stabili-

are resummed to achieve better control in the running fronfation parameters areaifng,n)=(10.0,2),(5.0,2, (3.0,2,
m, to 1/a. In this paper we use the one-loop formula without (26,2, and(2.1,3. These parameters approximately cover a

the resummation for simplicity. This does not introduce sig-mass scale betweenmg andmy, .

nificant error, since the mass scale difference betwagn

We label the time axis of our lattice &s-[ —24,23. The

and 14 is small and the effect of the resummation is notheavy quark and anti-quark propagators are created from a

important. In the Appendix we compare tRefactors with
and without the resummation.

local source located at the origii=£0 on our latticgé and
evolve into opposite temporal directions. The light quark

We determine the heavy-light pseudoscalar meson magyopagator is also solved with the same source location and
M p from the binding energf?" measured in the simulation With a Dirichlet boundary condition at=—24 andt=23.

using a formula

The B and B mesons are constructed with local sink opera-
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TABLE Ill. The numbers in second and third lin

PHYSICAL REVIEW D 60 094503

es are the binding energies obtained from the simulta-

neous fits. Those in fourth and fifth lines are the results of linear extrapolations to the strange and chiral limit.

The numbers in the last two rows are the correspo

nding physical meson massg3 wittia and 1A.

amg 10.0 5.0 3.0 2.6 2.1
«=0.1350 0.69010) 0.6754) 0.6643) 0.6603) 0.6532)
x=0.1365 0.65612) 0.6365) 0.6253) 0.62073) 0.6133)
Kks=0.1385 0.608L5) 0.5847) 0.5744) 0.5694) 0.5603)
k:.=0.1401 0.5718) 0.5478) 0.5345) 0.5294) 0.5204)
Mp[GeV](q* = 7/a) 16.86430) 8.867113) 5.6628) 5.0187) 4.2797)
Mp[GeV](q* = 1/a) 16.55830) 8.71913) 5.5768) 4.9447) 4.2687)

tors. Thus we have the four-quark operators at the origin and

extract the matrix elements from the following three-point Bp(mb;t1,t2)=X=L L s Zyjp2(Mp,1/a)

correlation function

C§(3)(tl,t2)

=2 2 (0|AE™(ty,x1) 00,00 A (,,X,)[0), (18)

X1 X2

whereX denoted., R, N, or S Because of a symmetry under
parity transformationC{*)(t; ,t,) andC&)(t;,t,) should ex-
actly coincide in infinitely large statistics. Therefore we ex-

plicitly average them before the fitting procedure we de-

scribe below.
To obtain the ratio8
two-point functions:

B(1/a) we also define the following

CO(ty)= 2, (0|Ag"(t1,%)AL'(0,0)0), (19
;
CA(ty)=2) (0|AF(0,0A5" (t2,x)[0),

' (20)
and consider a ratio
W (PYoK )| PY)
2(PO|AEY(1/a)|0)(0| A'(1/a)| P%)

C§<3)(t1,t2)
—
§C@(ty)Cct,)

=BZ(1/a), (D)
where P° denotes a heavy-light pseudoscalar meson. Th
ground stateP® meson is achieved in the largg| regime.
Although we use the local operator for the sinks;aandt,,
the ground state extraction is rather easier for fiaitg, than

C§<3)(t1,t2)
§C@(ty)CcAty)

Itj|>1
— Bp(my).

(22)

Since the statistical fluctuation in the individt&'ft(lla) is
correlated, the error is expected to be smaller with this
method(we use the jackknife method for error estimajion
Following Ref. [11] we refer to this method as the
“combine-then-fit” method, while the usual one as Egl)

is called the “fit-then-combine” method in the rest of the
paper.

IV. SIMULATION RESULTS

We describe the simulation results in this section. The
results are from theO(1/mg) action unless we specify
otherwise.

A. Heavy-light meson mass

The binding energy of the heavy-light meson is obtained
from a simultaneous fit of two two-point correlation func-
tions. The numerical results are listed in Table Il for each
amg and . Extrapolation of the light quark mass to the
strange quark mass or to the chiral limit is performed assum-
ing a linear dependence ink./

The meson mass is calculated using the perturbative ex-
pression EqQ.(15). The results withay(w/a) and with
éxv(lla) are also given in Table III.

B. B¥(1/a) and Bp(my)
Figures 1 and 2 show the dependence dBp(my;t;,t5)

in the static approximation, since the statistical error is muchn the “combine-then-fit” method. The perturbative match-

smaller for NRQCD[27,28. This is another advantage of
introducing the Iihg correction.

The physicalBg(m,) is obtained by extrapolating and
interpolating eackB'f;‘t(lla) to the physicaB meson withx
and mg, respectively, before combining them as E#0).

The final result forBg(m,) may also be obtained by com-

bining the ratio of correlation functions before a constant fit.

Namely we use the relation

ing of the continuum and lattice theory is done with the
V-scheme couplingay(g*) at g*=m=/a (left) and 1A
(right). Their difference represents the effect®f«?). The
signal is rather noisier aamy=>5.0 (Fig. 1) than atamg
= 2.6 (Fig. 2), which reflects a general behavior that the sta-
tistical noise grows aamg becomes larger toward the static
limit [27,28. The use of local sink can also be problematic
for largeramg . But, still, our signal is acceptable to extract
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FIG. 1. Bp(my;ty,t5) as a function oty, while t, is fixed at—10 (circles or —15 (squares The heavy quark mass &mngy=>5.0 and
x=0.1365. The “combine-then-fit” method is used. In the perturbative matchig@r/a) and a\(1/a) are used in the left and right plot,

respectively.

the ground state reliably. A plateau in thedependence is
reached arount) =8— 11 for botht,= — 10 and—15. To be
conservative we takg,| as well as|t,| greater than 10 for
the fitting region. All data pointst(,t,) in 10<|t;|<13 and

but nonzero negative slope inMj, which supports the pre-
vious results by Bernard, Blum, and Sdi2] and by Lel-
louch and Lin[13] using the relativistic fermions.

To investigate the origin of the observedVild depen-

in 10<|t,|<13 are fitted with constant to obtain the result dence, we look into the contributions of the individual op-
. . t g : ”

for Bp(my). We confirm that except for the heaviest quark €rators Of' g v g through the *“fit-then-combine” method

the results are stable within about one standard deviatiolith the same fitting region as before. We list the results for

under a change of the fitting region by at most tyeteps in

eachB'fzt in Table IV. Figure 5 shows the W, dependence

the forward and backward direction. The numerical result®f BZ(1/a)[ =Bg{(1/a)], B(1/a) and B (1/a). While no

are listed in Table IV.
The light quark mass (&) dependence dp(my) is pre-
sented in Fig. 3. Since its dependence is quite modest,

significant 1My dependence is observed iBlf’“(l/a),
BiE(1/a) andB&'(1/a) have strong slope. Since their sign is
wepposite and the sign of the matching factéggaz(m, ; 1/a)

assume a linear dependence or &hd extrapolate the re- andZgaz(my;1/a) (see Table)lis the same, a partial can-

sults to the strange quark mass and to the chiral limit

asellation takes place giving a small negative slope for

shown in the plot. Results of the extrapolation are also listed®p,(Mp)-

in Table IV.

C. 1M, dependence

In Fig. 4 we plotBp(my) in the chiral limit, namely
de(mb), as a function of M in the physical unit. We take

g*=m/a (circles and 1A (squares for the scale ofay, .

We also make a comparison of the results of thegl/
action (circles with those of the Ihé action (triangleg in
Fig. 5. There is a small difference between the two results in
B(1/a) and in BY(1/a) toward large Wi, (1/Mp
=0.2 GeV 1), which is consistent with our expectation that
the difference is a® (A gcp/Mg)? effect.

Previous results in the static approximation by Ewing

Regardless of the choice of the coupling, we observe a smadit al. (diamond [9], Gimene and Martinelli(triangle [10],

1.0 —
Ot=-10
Ot,=-15
09 |
=
< QO
3 B éé%i
@ 0.8 §§§§§§§é ]
0'70 2 4 6 8 10 12 14 16 18

Y,

FIG. 2. Same as

1.0 . .
Ot=-10
Ot=-15
_ 0.9
o 0.8 5
o g
Qﬁégﬁgééééég

0.7 T
8 10 12 14 16 18
t1

0 2 4 6

Fig. 1 but amg=2.6.
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TABLE IV. Numerical results forB&'(a) andBp(my).

K amg BI*(a) B(a) BEY(a) Bp(My) Bp(My)
[=BEYa)] with ay(7/a) with ay(1/a)
xk=0.1350 10.0 0.9%) 1.278) —0.693) 0.894) 0.84(5)
5.0 0.912) 1.474) -0.731) 0.84(2) 0.792)
3.0 0.921) 1.853) —-0.821) 0.831) 0.771)
2.6 0.921) 2.003) -0.861) 0.821) 0.751)
2.1 0.921) 2.274) -0.931) 0.801) 0.721)
xk=0.1365 10.0 0.9%) 1.2512 —-0.694) 0.896) 0.856)
5.0 0.9@3) 1.455) -0.731) 0.833) 0.783)
3.0 0.912) 1.854) —-0.821) 0.822) 0.7612)
2.6 0.912) 2.01(4) —0.861) 0.81(2) 0.742)
2.1 0.911) 2.305) —-0.931) 0.791) 0.71(2)
K=Kg o0 0.9311) 1.1523) —0.6897) 0.9214) 0.8914)
10.0 0.979) 1.2217) —0.695) 0.91(9) 0.879)
5.0 0.8%4) 1.437) -0.722) 0.824) 0.774)
3.0 0.9q2) 1.866) -0.822) 0.802) 0.74(2)
2.6 0.9q2) 2.035) -0.862) 0.792) 0.732)
2.1 0.942) 2.336) —0.932) 0.792) 0.7012)
K= K¢ o0 0.9414) 1.11(28) —0.698) 0.9417) 0.91(17)
10.0 0.9811) 1.20121) —0.696) 0.9311) 0.8911)
5.0 0.884) 1.429) -0.722) 0.81(4) 0.765)
3.0 0.893) 1.877) —-0.822) 0.793) 0.733)
2.6 0.8%92) 2.04(6) —-0.852) 0.782) 0.723)
2.1 0.8%92) 2.357) -0.932) 0.772) 0.692)

and Christensen, Draper, and McNetércle) [11] are plot-  firm that the difference in numerical results from both meth-
ted with filled symbols at Mp=0. Although theg value ods are completely negligible. Figure 6 shows the results of
and the light quark action employéthe O(a)-improved ac-  “fit-then-combine” method usingay(1/a) with both ac-
tion is used in Refs[9,10] and unimproved action in Ref. tions. The comparison with the static results is also made in
[11]) are different, all the results are in good agreement withhis plot, where only the statistical error in each calculation is
each other. A quadratic extrapolatictashed lingusing our  considered and the same matching procedure as ours are ap-
1/m NRQCD result also does agree with these previouglied. We again observe a consistent result.
stat|c results. Interpolating the above NRQCD results to the physigal
meson mass, we obtain the physi%ld(mb)
D. Result for Bg(my)

Combining the data foB'?(1/a) discussed above, we ob- 0.743) (q*=mla),

. ) . . Bg (my)= 23
tain de(mb) with the “fit-then-combine” method. We con- Bd( b) 0.723) (g*=1/a), 23
0.90 ; — 0.90 — }
| | | |
| | | \
085 | 1 ] 085 | | |
-
|
0.80 | 0.80
o} -3
£ F £
o Q.
@ 75| | @ 075
t |
!
L ! ! Oam,=5.0 _ [ Oam,=5.0
o oo [
: 1k, 1‘ 1, : 1k, } 1k,
0.65 ! - ‘ ; 0.65 ' - . -
7.10 7.20 7.30 7.40 7.50 7.10 7.20 7.30 7.40 7.50
1/ 1k

FIG. 3. Extrapolation oBp(m;) to the strange and to the chiral limit. The heavy quark massrig=5.0 (circles and 2.6(squarek
Results withg* = =/a (left) and 14 (right) are shown.

094503-6



LATTICE NRQCD CALCULATION OF THEB®-B° . ..

PHYSICAL REVIEW D 60 094503

1.1 1.1 - , .
. C1img
ol ]
0.9 DY) e C (N S S S .
2 ] % % 448
o 0.8 | # {P 5 5 1 o og | ]
07 ¢ § § § 1 0.7 -
1M, [GeV™] 1/M; [GeV ']
FIG. 4. Inverse heavy-light meson mass dependen&g gim)
with g* = «r/a (circles and 1A (squares , . (a)
29 f /
for the O(1/mg) action, and 2; ,Z/
- 0.782) (q*=mla), o 23| Z/ o *
Bg, (M) = 4 24 | ‘ %'é ]
d * —
0.743) (q*=1/a), s 190 % 0
for the O(l/mé) action. The quoted error is statistical only. @17y * Oum
For the ratio ofBBS/BBd, we obtainBBS/BBd=1.01(1) for :: é A“m",
q* =m/a andBg_/Bg,=1.02(1) forg* = 1/a from both ac- 11l %* XVSA
tions. 09 }
NES : ;
0 0.0 0.1 0.2 0.3
V. DISCUSSION 1M, [GeV™]
The strong 1M, dependence iB';’Z“( 1/a) observed in Fig.
5 can be roughly understood using the vacuum saturation (b)
approximationVSA) on the lattice as explained below. Here -0.5 -
it should be noted that the terminology of VSA we use here Otim,
does not immediately meaBg(m,)=1. -0.6 Avmg!
The VSA for B, is unity by construction. This is true 07 L7 % XVSA
.. , . . . -=U. * \é
even for finite 1Mp, and its prediction is shown by a -

straight line in Fig. 5a). The NRQCD data is located slightly ¥, 08
below the line (-0.9), but the mass dependence is well re- @ *

produced by the VSA. -0.9
For B and BE', we require a little algebra to explain %e
their mass dependence under the VSA. Using the Fierz trans- -1.0 ¢ N 1
formation and inserting the vacuum, we obtain 14 L ‘ . ale
_ _ _ 0.0 0.1 0.2 0.3
(PYlORIP%) = —$(P°|by,.¥50/0)(0|by,¥sq| P°) 1M, [GeV™]
—%<P0|b’y5q|0><0|b’y5q||30>, (25 (C)
(POlOE1P%=5(P°bysq|0)(0[bysq|P°), (26) FIG. 5. Inverse heavy-light meson mass dependen¢a &'z,

. (b) B, (c) B, For what symbols and line denote, see text.
where| P°) denotes a heavy-light pseudoscalar meson at rest,

and(O|EyMy5q| P%) is related to the pseudoscalar decay con- 7.5 )
stant bvea= (0" sz - i
bysq=(Q" 0){ 1+ 2mQ) ysd—(0 x)| 1+ 2mQ) 50,
(PO A (1/a)|0) = (0| AB(L/a)|P%) = fpMp.  (27) (28)
Let us now consider a decomposition of thguark field — : y-D y-D
b into the two-component nonrelativistic quag and anti-  2Y0¥sd=(Q" 0)| 1~ 2mq 750+ (0 x)| 1= 5] 750,
quark y fields. Up toO(1/mg) we have (29)
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1.0 [ Atm

n %égg
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FIG. 6. Comparison of our NRQCD datapen symbolswith
the static onegfilled symbols.

and then

- <

— _ .D
(POlbysal0)=(PYl(Q" 0) 1+ 2= )y5q|o>
Q

- <«

_ — y-D
=(P%by,s5a|0)+2(P%|(Q' O)H%QIO%
Q
(30
Y 0 ;"5 0
(0|bysq|P%)=—(0[(0 x) 1+ 5 ¥sq|P°)
Q
== <O|E7’075q| P0>
+2(0[(0 X)EY q|P°) (31)
2mg *° '

By defining 6fp as

> <« > <

_ 0 t A — A 0
(P7(Q O)ZmQ75QI0> (0[(0 X)ZmQVSQIP>
=ofpMp, (32
we obtain
— 8 of
PloPy =Szl 1-877). @9
P
5fp
(PYlOB PO =— f Mz(l 4f—>
P
(34)

In our previous work5] we denotedsfp as 6f(2).
Thus the VSA forBi' and forB2' read

of
BIRHVSA_ 1 8f_pp (35
5 of
BIEL(VSA_ _ 5[ 1— 4f_,j , (36)

PHYSICAL REVIEW D 60 094503

neglecting the higher order contribution of ordemg/. The
results forsf /fp is available a3 =5.8 in Ref.[5]. We plot
them in Fig. %b) and Jc) by crosses, which show a qualita-
tive agreement with the measured values.

Di Pierro and Sachrajdd. 6] pointed out that the value of
severalB-parameter-like matrix elements of tlBemeson is
explained by the VSA surprisingly well in the static limit.
Here we find that the i, dependence (B';“( 1/a) can also
be reproduced qualitatively. This result suggests that the
vacuum saturation is a reasonable qualitative picture for the
heavy-light meson. It does not mean, however, that the VSA
works quantitatively forBg(u), and careful lattice studies
are necessary for precise calculation of Bxparameters.

VI. REMAINING UNCERTAINTIES AND THE FINAL
RESULT

To estimate the systematic uncertainties in lattice calcula-
tions is a difficult task. In our case it is even more true, since
we have a simulation result only at a singdevalue. How-
ever we attempt to do it, giving a dimension counting of
missing contributions.

The following sources of systematic errors are possible.

Discretization error. Both of the heavy and light quark
actions areD(a)-improved at tree level, and there is no dis-
cretization error ofO(aAqcp). The leading error is of
O(azAZCD) and of O(asaAqcp). The second one is from
the missing one-loop perturbative correction in the
O(a)-improvement(its matching coefficient has been al-
ready obtained in Ref18]). We naively estimate the size of
them to beO(azAZQcD)~O(aAQCDaS)~5%, assuming
~1.6 GeV,Aqcp~300 MeV anda~0.3.

Perturbative error. The operator matching of the con-
tinuum and latticeAB=2 operators are done at one-loop
level. Thus theD(a?) correction is another source of error.
In addition, we use the one-loop coefficient for the static
lattice action, though our simulation has been done with the
NRQCD action. The error in this mismatch is as large as
Ol as/(amg)] and O[asAQCD/mQ] The size of these
contributions  is  O[ 2]~ Olas/(amgy)]~10%  and
O[ @A qcp/Mg]~2%.

Relativistic error. Since we have performed a set of simu-
lations with theO(1/mg) action and th@(l/mé) action, we
can estimate the error in the truncation of the nonrelativistic
expansion. As we have shown, the difference between the
results withO(1/mg) andO(l/mQ) is small (~2%) around
the B meson mass. Then the higher ortﬂ@f(llmQ)] effect
is negligible.

Chiral extrapolation. We have only two light quakkval-
ues. Then the linear behavior in the chiral extrapolation is
nothing but an assumption. Although the light quark mass
dependence is small and the assumption is a reasonable one,
we conservatively estimate the error from the difference be-
tween the data at our lightestvalue (x=0.1365) andk,. . It
leads 3% forBg (My).

Quenching error. All results are obtained in the quenched

approximation. Study of the sea quark effect is left for future
work.
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Taking them into account, we obtain the following valueswhere the first error is statistical and the second a sum of all
as our final results from the quenched lattice, systematic errors in quadrature. In estimating the error of the
ratioBg_/Bg  We consider the error from chiral extrapolation
only, assuming that other uncertainties cancel in the ratio.
The above result is related to the scale invarBuparameter

=1.01(1)(3), Bg, as

Bs,(My) =0.753)(12),

B,
Bg,

[as(mp)]~%%%Bg (M) =1.124)(18),

(37

o [as<mb>]6’2{1+ UL

Bg,(Mp) = 1.155)(18),

using the leading and next-to-leading formula, respectivelyXP/S at the Institute for Numerical Simulations and Applied
where we use\52p=0.237 GeV and the two-loog func-  Mathematics in Hiroshima University. We are grateful to S.
tion. We stress that the systematic errors we quoted above kioki for allowing us to use his program to generate gauge
nothing more than a dimension counting of possible contriconfigurations. T.O. is supported by the Grants-in-Aid of the
butions. Thus the actual error can be greater than that wilinistry of Education(No. 10740125 H.M. would like to
quote, though it is less likely. To be more conservative onghank the JSPS for Young Scientists for financial support.
may take a larger value of the typical QCD scalgcp, say

500 MeV. In this case, we obtain APPENDIX
BBd(mb)=0.75(3)(15), In this Appendix, we compare our perturbative matching
by simple one-loop formula with the renormalization group
éBd:1'12_1'15(4)(23)' (RG) improved ones used in the previous static calculations

[9-11]. Since the matching procedure for determining the
RG improved coefficients is given in Ref®-11] in detail
VIl. CONCLUSION (see also Ref$29-31]), we just show the results appropriate
for our actions and definition of operator.
Considering the matching of a ratioBg(my)
=(0O,(mp))/(8/3)Ag)? again as in Sec. Il, the RG im-
%rroved versions oy, x2(my;1/a) are as follows:

In this paper we investigate th®©(Aqcp/Mmg) and
O(A%cp/mp) effects on theB parameter. We find that there
is no significant mass dependence in the leading operat

contribution Blf’“(lla), while the mixing contributions

B{(1/a) andBE(1/a) have largeD(A ocp/Me) corrections. o s

The O(A%cp/mp) correction for eactBf(1/a) is, however, Zyjp2(my;1/a) =2/ (14' 2, PL=2Dn |, (AD
reasonably small for th& meson as we naively expected.

The observed i, dependence is qualitatively understood o

using the vacuum saturation approximation for the lattice Zripa(My;1/2) =7 —= Dy, (A2)

matrix elements. 4m

The lattice NRQCD calculation predicts the small but
non-zero negative slope in the mass dependend (i) ZN,Az(mb;lla)=ZE°m><&DN, (A3)
and about 10% reduction from static limit to the physiBal A
meson. In the present analysis, we combine lattice simulation
for finite heavy quark mass with the mass independent Zgpa(my; 1a) =Z&™, (A4)
matching coefficients determined in the static limit. The
dominant uncertainty is, therefore, arising from the finite@nd
mass effects in the perturbative matching coefficients. For

more complete understanding of themy dependence, ZEont={1+ ars(My) _@”
matching coefficients with the finite heavy quark mass are 4 3
necessary.
ag(l/a)— a(m
( + s( ) s( b) (0-043>
ACKNOWLEDGMENTS 4m
We would like to thank S. Tominaga for useful discus- n “s(mb)(_8) (“s(mb) 8/25_1 1 (A5)

sion. Numerical calculations have been done on Paragon A7 ag(1/a) 4’
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TABLE V. Numerical results foB?(m,). Statistical errors are
omitted here.

One-loop RG improved
q*=mla g*=1/a g*=mla g*=1/a
Ba{(my) 0.90 0.88 0.88 0.88
con @s(Mp) ([ ag(mp) |82 6)
S 4 ag(l/a)

Numerical values oZy g n,sya2(My;1/a) are given in Table

PHYSICAL REVIEW D 60 094503

we use the V-scheme coupling4] as « appearing in Egs.
(A1)—(A4) while the couplings in Egs(A5) and (A6) are
defined in the continuurViS scheme withA (f2= 344 MeV,
which corresponds td%= 237 MeV.

Now assuming eacl?";glt is of O(1), thedominant effects
of resummation arise frord, /A% and Zg/A2. Since, how-
ever, its difference is at most 5% level and the effects from
Z, /A% andZg/A? are destructive, the total effect amounts to
less than 3%. To be specific, using our data extrapolated to
the static limit(see Table IV to calculateB3?(m,), we ob-
tain the results tabulated in Table V from the two matching
procedures. In this case the effect of resummation is almost

| together with those by the simple one-loop formula, wherenegligible.
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