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Pion decay constant for the Kogut-Susskind quark action in quenched lattice QCD
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We present a study for the pion decay consfanin the quenched approximation to lattice QCD with the
Kogut-Susskind(KS) quark action, with the emphasis given to the renormalization problems. Numerical
simulations are carried out at the couplings 6.0 and 6.2 on 32< 64 and 48 64 lattices, respectively. The
pion decay constant is evaluated for all KS flavors via gauge invariant and noninvariant axial vector currents
with the renormalization constants calculated by both the nonperturbative method and perturbation theory. We
obtain f ,.=89(6) MeV in the continuum limit as the best value using the partially conserved axial vector
current, which requires no renormalization. From a study for the other KS flavors we find that the results
obtained with the nonperturbative renormalization constants are well convergent among the KS flavors in the
continuum limit, confirming restoration of SU(4) flavor symmetry, while perturbative renormalization still
leaves an apparent flavor breaking effect even in the continuum limit.

PACS numbgs): 12.38.Gc, 11.15.Ha, 13.20.Cz, 14.40.Aq

[. INTRODUCTION noninvariant operators using all KS flavors. The KS action
has the well-known feature that SU(4jlavor symmetry is

In recent large-scale simulations of lattice QCD, statisticabroken down to U(1) subgroup at a finite lattice spacing.
errors of physical quantities have become quite small. InWe orient our study mainly toward the following two points
deed, for some hadronic matrix elements the precision hasrovided by this feature. First, due to the remaining U(1)
been so high that we cannot ignore uncertainties comingymmetry, the renormalization constant for the correspond-
from the renormalization factor of lattice operators. Thus iting axial vector current equals exactly unity, and hence the
has become increasingly important to reduce uncertaintiegion decay constant calculated in this channel receives no
from this source. renormalization. This makes it possible to attain a high-

Renormalization factors can be evaluated in perturbatioprecision calculation of the pion decay constant without un-
theory. Pushing the calculation beyond the one-loop level igertainties from renormalization. Second, we can calculate
usually difficult, however, and hence, the uncertainties aristhe pion decay constant using axial vector currents in the
ing from higher-order corrections remain. We expect thisother KS flavor channels. Symmetry is broken in the decay
problem of higher-order uncertainties to profit fully from a constants at a finite lattice spacing, but restoration is ex-
nonperturbative treatment. A nonperturbative method for calpected in the continuum limit. Such restoration of full flavor
culating renormalization factors was propoddd, and has symmetry has been previously examined for pion nj&s4.
been applied to the quark masy, decay constants3], and  Here we extend the study to the pion decay constant, the new
four-fermion operator$4], with the Wilson and the clover feature being the necessity of renormalization constants. This
guark actions and to the quark mass with the Kogut-Susskindan be used to investigate the reliability of nonperturbative
guark action5]. methods for the calculation of renormalization factors, com-

An important point to check with nonperturbatively cal- pared to perturbative treatments. We also compare the results
culated renormalization factors is their reliability and the de-obtained with gauge invariant operators to those with nonin-
gree of improvement achieved in the final physical resultsvariant ones.
For this purpose the pion decay constant is perhaps the best The paper is organized as follows. In Sec. Il we establish
choice because the reference experimental value is known twr notations and formalism. The method employed for our
a high precision. A verification that nonperturbative determi-calculations is explained in Sec. Ill, followed by discussion
nation works for simple quark bilinear operators is a firstof perturbative and nonperturbative renormalization factors
step to ensure validity of more general applications to fourin Sec. IV. We summarize the simulation details in Sec. V,
quark or other operators. and present the results on the chiral and continuum extrapo-

In this work, the pion decay constant is examined with thelations in Secs. VI and VII. We close with a brief conclusion
Kogut-Susskind KS) quark action via gauge invariant and in Sec. VIII.

0556-2821/2000/69)/09450115)/$15.00 62 094501-1 ©2000 The American Physical Society



S. AOKI et al.

Il. FORMULATIONS

A. Kogut-Susskind quark action

PHYSICAL REVIEW D 62 094501

A gauge-invariant meson operator with zero spatial mo-
mentum is defined in this hypercubic notation by

The Kogut-Susskind quark action is defined in terms of

one-component fermion fieldg(n) and y(n) on a lattice
whose site is labeled by,=0,1,2 ... L—-1,

1 ~
Si°=a'2 | 2 mu(m  DAmUmx(n+ i)

—x(n+ UL x(MT+myx(nx(n)|, @)

where m, is the bare quark mass andy,=
(—1)M* -1 s the KS sign factor. Color sums are as-
sumed for simplicity. Dividing the lattice into*2hypercubes
which are labeled by,=0,2,4 ... ,L—2, and whose cor-
ners are specified by a four-vectarwith A,=0 or 1, we
introduce sixteen-component fields

1 1

$A<x>=z?<x+A>, SaX)= X (XHA). (2

In terms of these hypercubic fields, the acti@his rewritten
as

s§S=<2a>4EAB > [da)(7,21)a8Y LU apba(X)
X, m
+aga(X)(ys® §,.65)aA LUnpde(X)]
3

+Myda(X) (1 @1) agU ap(X,X) d(X) .

Here a hypercube matrix referring to the Dirac spingy
*Fi.. y*Fais defined

= yfl- . yi“‘ and the KS flavogg = y; Y4
by
1 t t
(ys® §F)AB:ZTr( YAYSYBYE) (4)
and the lattice derivatives are given by
1
VMUAB¢’B(X)zg[UAB(XaY)¢B(Y)|y=x+2[L
—Uns(%Y) a(V)ly=x-—2:1, (B
1
AMUAB¢B(X)=;[UAB(XaY)¢B(y)|y:x+2,1
a
+Uas(X%,Y) da(Y)|y-x-2z
_ZUAB(XIX)(ZSB(y)]! (6)

O5(xq) =2 AZB DA (ys® Ep) agU ap(X,X) d(X).
’ @

For instance,Os=A,, m, and py, respectively, forys
=7Y.Ys. ¥s, andy,. Here we have x2%=256 operators,
which are classified into irreducible representatid8f in
terms ofd,=S,—F, (mod2).

The form of the action(3) shows that the flavor-mixing
term (ys®§,¢s) breaks SU(4) flavor symmetry down to
U(1), subgroup for the flavor channél at a finite lattice
spacing. A lattice analog of the PCA@artial conservation
of axial vector currentrelation holds in the&s channel cor-
responding to U(1) symmetry:

VA ®

>(X)=2mym°(x),

where the superscript 5 refersgg. On the other hand, there
appear additional terms in the PCAC relation for other chan-
nels, which vanish only in the continuum limit.

B. Pion decay constant

The pion decay constant is defined in the continuum
theory by

V2f .m,=(0[uy,ysd| 7" (p=0)). 9)

We adopt the normalizatioh{®®=93 MeV. If we use the
PCAC (partial conversation of axial vector currgmélation,
this may be rewritten as

V2f ,m2 = (my+my)(0[uysd| 7" (p=0)).  (10)

The lattice pion decay constant for the KS flav&y is
defined by

V21tEmE = (0| A #F (p=0)). (11)

In the & channel where the PCAC relatid®) holds, we
may use an alternative formula corresponding to &Q):

V2t P8 (md)2=2my(0| 7| 7%(p=0)), (12

where we have added the supersctip} to distinguish ex-
plicitly the pion decay constant obtained with a pion operator
from that with an axial vector current.

[ll. EXTRACTION OF PION DECAY CONSTANT

We employ the wall source technique to enhance signals

whereU 5g(X,y) is the average of ordered products of gauge[9]. The meson operator for the wall source at the origin is

link variables over the shortest paths from A to y+B.

defined by
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. _ R is also examined. Alternatively, an extraction of the decay
O5W(0)=2) da(X,0)(¥s®r)aade(Y.0), (13 constant from the pion operato®f = 7°) requires the com-
X, bination given by

where we assume that gauge configurations are fixed to some cs
gauge. The matrix elements appearing in the definition of the (P)5_ 2my \/V—s T

pion decay constant are extracted from the large-time behav- = ms \/—5 \/5— (19
ior of the correlation function at zero spatial momentum: g TWTW

(O5(t)m{y(0)) IV. RENORMALIZATION
-~ C(FJSWW( oy{exp( —mEt) xexd —mi(T-1)]}, A. General considerations

Renormalization is necessary to extract the physical pion
+ sign forOg= 1, my, decay constant from the lattice calculations. This procedure
(14 is made for each flavor in the case of the KS action. It is
expected that the renormalization eliminates the KS flavor
— , dependence in a way that the decay constant calculated for
wherem;, is pion mass common to the three cases, @8 yarious KS flavors takes a unique value in the continuum
parity for the transformatiors ,=S,T~ 2 with S, the unit  limit.

shift in the time direction and = 32 the transfer matrix8]. Let us define a multiplicative renormalization constﬁﬁt
Here we extend the time slice of meson operator defined dor the lattice axial vector currer’ |, through

_ =0,24...T-2 to_have_:t 0,1,2....T _1 e_xtensmns F B
W|th the temporal lattice sizd. The extension is done by ALlprys=ZaALat- (20)
O%(t)=0E(x,) for event=x, and O5(t)=5,05(x,) for
oddt=x,+1.

We can isolate the contribution of parity partner from the
correlation function by using meson operators over double FF) = 256 21)
time slice, in contrast to the single time slice case that cor- miphys™ “Alallat:
relation functions generally involve contributions from both
parities. The amplitudéBS,TW can be written up to an over-

—sign forOg=A,,

According to the definitior{11) the pion decay constant cal-
culated with the axial vector current is renormalized as

As a special case, we have

all sign factor as Z3=1 (22)
(0|OE|#F(p=0))(=F(p= 0)|77W|0) in the &; channel due to the lattice PCAC relatié8). Thus

5 15  the pi lculated with -

Ogmy ™= — ( the pion decay constant can be calculated with out any un

certainties of renormalization in this channel, while the other

channels can be used to check the reliability of renormaliza-
with V the spatial lattice volume. Using the amplitude of thetion constants by examining the expected convergence of the
correlation functions with the axial vector currenO4  renormalized pion decay constants to a single value in the
=A,) and the pion operator for the wall sourc®d4= ), continuum limit.

the pion decay constant is calculated as The decay constant defined with the pion operéi@ is

renormalized as
F
\ V CA47TW
) \ 7TW7TW

where the pion mass obtained by the correlation function
with the pion operator Q=) is used in this work. For
comparison, the gauge noninvariant axial vector current an
pion operator to obtain the amplitude and pion mass, respec-
tively,

(16) fs-rp)5|phys: (Zg/zm)fs-rp)5|lata (23

where Z,,, is the renormalization constant for quark mass.
Using the identitieZ,,= 1/Z andZg=Z3 , where the super-
scnptl refers to the KS flavor for a unit matrix, we find that
Hms relation is identical to

fSrP)5| phys— fSTP)5| lat s (24)

which is equivalent to Eq22).
AL (xq)= 2 2 DA (YaY5®Er) agpa(X),  (17)

B. Perturbative and nonperturbative renormalization factors
for axial vector currents

7' F(X) =2 > daX)(y5® Er) apdba(X), (18) We employ two sets of the renormalization faci for
x AB the KS axial vector current. One of them is perturbatively
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TABLE I Cglcu!ation parameters for evaluation of nonpertur- ZEJR')F(p)ZqS(p):Tr[(Pg )TFE (P, (26)
bative renormalization constants. S S S

3 -1
B L°XT mya a "~ (Gev) No.Conf.  \here (PgS)T=(y£® ¢l) is the projector onto the tree-level
6.0 3%2x32 0.010, 0.020, 0.030 1.88 30 amputated Green function. The wave function renormaliza-
6.2 32x32 0.008, 0.015, 0.023 2.69 30 tion constantZ, is calculated by imposing the condition

Z{,(p) =1 for the conserved vector current foy(®1). The
_ relation between the overall renormalization consZnap-
calculated at o_ne-loop ordgt0]. We apply taglpole improve- Pearing in Eq.(20) and Z&R')F is simply

ment to the axial vector current operator using the fourth roo

of plaguette as the tadpole factor, and evaluate the renormal-

ization constants with the tadpole-improvets coupling at zh=1/1Z§0F, 27
g* =1/a. The other is nonperturbatively evaluated with the
regularization independerfRIl) scheme of Ref[1], which
was developed for the Wilson and clover actions. In the R
scheme, the renormalization factor is obtained from the am'
putated Green function in momentum space

Ibecause the continuum axial vector current is not renormal-
ized.
The calculations for the non-perturbative renormalization
constants were carried out in quenched QCD in our previous
ng(p)=8(p)*1<0|¢(p)O§$(p)|O>S(p)*l, (25) publication[5]. The results fo_r the scalar a_nd pse_udoscalar
operators have been used in our analysis of light quark
_ S ] masses for the KS quark action in quenched Q6D Here
where the quark two-point function is defined I3(p)  we use them for the axial vector renormalization factors.
=(0|¢(p) ¢(p)|0), and the momentum of the hypercubic  The calculational parameters are summarized in Table I.
field ¢(p) takes values of the forrp,=2mn,/(al) with We evaluate the Green functid¢@5) for 15 momenta in the
—L/4<n,<L/4—1. The renormalization condition im- range 0.038538(pa)?<1.9277 using quark propagators

posed uporl“gs(p) is given by evaluated with a source in a momentum eigenstate. In Fig. 1
1.6 T T 1.6 T T
@B=60 ZRVF(p) & ZRVF(p) ®B=62 ZRVF(p) & ZRVF(p)
4t ™ Zip) { 14fp ™ Z{(p)
° %"g i ° gu
[ N uoveE | | -g E.JV’I i
1.2 * E"V€57§V 1.2 * &t&s’ év
ALs, 6,8y AL, 8,
1.0 ¢ “§8& {1 10t 4§85
Z{P Zi(p)
0.8 r 0FEs 08 0,5 7
4 B gvégés o gvgggs
06 O%w o5l 0.6t © Sv: SySsd
AI’E:,J,&V AI’ éuév
04 ag, ag, FIG. 1. Nonperturbative renor-
10 10° 0"{ -1 10 malization constants for vector
ZY(p) and axial vector currents
2 G V2 2 2 V
FHGeY) P (GeV) Zf\(p) examined with gauge in-
1.4 . _ 14 . ’ variant current fora) 8=6.0 and
©B=60 ZRVF(p) & ZFF(p) @B=62 Z®VF(p) & ZRVF(p) (b) B=6.2, and by gauge non-
Non-inv. ZF(p) Non-inv. Z5(p) invariant current for(c) B=6.0
'g and(d) B=6.2.
In
I LMV |
12 ofg.t| 12
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TABLE II. Renormalization constant&}, used for renormaliz- TABLE Ill. Calculation parameters of our simulation.
ing pion decay constants.
B L3XT mya a’! (GeV) No. Conf.
(@) B=6.0
Perturbative Nonperturbative 6.0 32x64 0.010,0.020, 0.030 1@ 100
Operator Gauge inv. Noninv. Gauge inv.  Noninv. 6.2 48x64 0.008,0.015,0.023 2.1 60
(74v5®E5) 1 0.8917 1 0.85019)
(Yays® Eés) 1.1436 0.8547 1.2008) 0.85271) Table 1Il, numerical simulations are carried out/2# 6/g?
(Vays® Exés) 1.3749 0.8556 1.4799) 0.86561) =6.0 and 62 on 32(64 and 48x 64 Iattices,. respectivgly. .
(Yays®&s) 1.4950 0.8569 1.8242) 0.87362) Gauge Conf|gurat|0n3 are generatEd with the five-hit

@ Eate) 0.7908 07908 0.7978) 0.79762) pseudoheatbath algorithm, and hadron correlation functions
(74y5®§4§5) 0.9204 0.8277 0.9860) 0.85081) are calculated on 1060) configurations separated by 2000
4Y5®&/Em : ' ' ' sweeps apB=6.0(6.2).

(7ay5® &) 1.1440 0.8550 1.2298) 0.87672) . . .
(Yays31) 13837 0.8605 1.5145 0.88352) Gauge cqnf_lgur_atlons are fixed to the Landau gauge
through maximization of
(b) B=6.2
Perturbative Nonperturbative :
Operator ~ Gauge inv. Noninv. Gauge inv.  Noninv. FL=2>, trfU,(n)+U,(n)]. (28
nu
(72Y5®é5) 1 0.8917 1 0.86430)

(Yavs® &) 1.1338 0.8643 1.178%) 0.863637) This is realized by iterating the steepest descent method for
(va7s® Es) 1.3434  0.8651 1.4222) 0.87392) the first 2000 steps and the over-relaxation method for the

(vays® E2) 1.4567 0.8663 1.7163) 0.88032) subsequent 3000 steps until the condition

(Yays® E4és) 0.8065  0.8065 0.8136) 0.813G1) 1

(Vays®€,€) 09369  0.8401  0.9838)  0.860Q1) A=— > G/ (n)G (n)]<10" (29)
(Y275® &) 1.1342  0.8646 1.1999) 0.88252) 6V “n

(v4ys®1) 1.3508 0.8696 1.4472) 0.88822)

is satisfied, wher®/ is the lattice volume and

we present the renormalization constant for both vector and
axial vector currents, respectively denotedW')F(p) and
Z{F%(p), in the chiral limit.

A practically important issue with the nonperturbative We take three values for quark masg,a=0.030, 0.020,
method employed here is the choice of the momentum &@.010 at3=6.0 and 0.023, 0.015, 0.008 gt=6.2. Quark
which the renormalization factors are evaluated. In generapropagators are evaluated for 16 types of wall sources, each
the momentum should satisfyocp<p< O(a Y inorderto  corresponding to a corner of a hypercube, defined by
keep under control the nonperturbative hadronization effects
and the discretization error on the lattice. Since these effects
appear asp dependences of renormalization factors, we yE,;‘; DAB(X’y)EZ Gacly.2) 2;‘ Oxzac S
should avoid the range where a momentum dependence is
visible. Another point to consider is the relati@"">(p) ~ whereDAg(x,y) is the quark matrix for the KS action. We
=Z{RF(p) with the superscripE5 referring £rés, which  solve the equation independently for eaZhy the conjugate
we would expect to hold for all momengein the chiral limit ~ gradient method with the stopping condition
due to U(1), chiral symmetry of the KS quark action. ) s

For 8=6.2 Fig. 1 shows that these two requirements are |Iremnant vectdf*<10">. (32
satisfied for p>>5 Ge\?, which corresponds to p@)?
>0.5. In order to satisfyp<O(a™!), we take pa)?
=1.0024 ©%=7.0392 GeV in physical unit$ to calculate

1 R
G =2, E[UM(n)—Uﬂ(n—,u)—H.c.—tracq. (30)
m

The 16 quark propagators are combined to construct the 16
meson correlation functions in the KS flavor basis specified
the renormalization factors used for the pion decay constanp.y the hypercub € m‘f‘mgF - Averages are take.n of the me-
. 5 : Son correlation functions over*avays of choosing the spa-
The same value of lattice momentumpg)“=1.0024 is cho- . o :
tial origin of hypercubes on the lattice. We also average them

sen for B=6.0, which corresponds tp?=3.5428 GeV. ; ; ;
. o over all states belonging to the same irreducible representa-
The numerical values of the renormalization factors are sum:

marized in Table II. tion [8].

V. DETAILS OF SIMULATION B. Fitting procedure

In fitting the meson correlation functio(t) to the
asymptotic formC™(t) for an extraction of the mass and
We carry out our calculations in quenched QCD using theamplitude, we symmetrize the correlatortaand T—t, and

standard plaquette action for gluons. As we summarize ircarry out a standard correlated fit minimizing

A. Simulation parameters
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FIG. 2. Typical comparison of the effective mass of axial vector curf@mén symbolsand pion(filled symbolg correlation functions

with its global masghorizontal lineg for ¢ée=¢5 at () 8=6.0 and(b) 8=6.2. Circles, squares and diamonds refer to the quark masses in
descending order at each coupling, respectively. Note that result does not depend on gauge invariance of the operator in the case using a loca

operator such as in this case.
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FIG. 3. Typical comparison of the effective mass of the wall-to-wall correlation funé¢bpen symbolsand that for pion correlation
function (filled symbolg with its global masghorizontal line$ for ¢é-= &5 at (a) 5=6.0 and(b) 8=6.2.
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FIG. 4. Typical comparison of the amplitude of wall-to-wall pion correlation functionéer ¢5 at B=6.2 obtained bya) the single
pole fit and(b) the double pole fit.

3 3
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FIG. 5. Typical comparison of?/Npg for (a) the single pole fitting andb) the double pole fitting of wall-to-wall pion correlation
function for ¢ég=¢5 at 5=6.2.
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- A possible interpretation for the dominant source of con-
X°=2 AC()S L(t,t)AC(t), (33 tamination to the wall-to-wall correlation function is an un-
! bound quark-antiquark pair. Such an unphysical state can
contribute since gauge configurations are fixed to the Landau
gauge(this behavior was not observed in the Coulomb gauge
S(t,t")=(C(t)C(t"))—(C(t){C(t")) (34  [11]). Indeed thet dependence given by the second term of
Eq. (35 can be easily confirmed for free quarkis., for a
is tr}e covariance matrix of the correlator aA@(t)=C(t) iyl configuration[U ,(x)=1]). In this casemF—=2mq
TC (). The fitting ranget=tpp, . . . ,tmales chosen by 456 not depend upon the KS flavor. *
fiXing tmg,=T/2 and varyingtmiy SO thatx'/Npr. takes a In Fig. 6 we plot the value of the second pole mags as

value near unity, wherdlp is the degree of freedom of the ;

fit. Finally, errors in this work are estimated by the single@ function of quark mass. The fact that the results depend

elimination jackknife procedure. |ItF|e on the KS fIav_or of_the meson operators is consistent
with the interpretation discussed above. In the chiral limit

one obtainsn,;~2x 440 MeV, which is a reasonable value

for a constituent quark mass.

We check the validity of the asymptotic form of the me-  Finally, we summarize the fitting ranges;,, common for
sonic correlation functior(14) which is based on the as- all flavors andy?/Npg for our global fits in Table IV. Here,
sumption of a single pole dominance by an inspection of theve have used the alternative fitting range of the wall-to-wall
effective mass. Typical results for the effective mass excorrelation function to improve the fitting quality foe
tracted from the correlators (w':(t)mﬁ,(O» and =¢,, because the common fitting range does not give a sat-
(A (1) 75,(0)) are compared in Fig. 2. We observe a wideisfactory resul{12] caused by worse fitting.
plateau and an expected agreement of the effective masses
from the two correlation functions. We then find no problem
in fitting these correlation functions by a single pole. VI. CHIRAL BEHAVIOR

The situation is different for the wall-to-wall correlation
function (7l (t) 7y(0)), particularly at3=6.2. As we show
in Fig. 3, the effective mass fofmi(t)m,(0)) does not We show values ofrfifa)? as a function of,a in Fig. 7.

] w W . e . . .
reach a plateau @= 6.2 even at~T/2, and agreement witn Pions for the 16 KS flavors are classified into 8 irreducible
the effective mass c(fer(t)w\fv(O» is not seen. This behav- "€presentations. These consist of four one-dimensional rep-

ior is most likely caused by a lack of sufficient temporal size'®Sentations given bys, £4és, &, | and four three-
of the lattice, and poses a practical problem of how ondlimensional representations given Bs, &céa, &, &«

extracts the wall-to-wall amplitud€’, _ which is needed (k,/=1,2,3k<l). We observe very clearly in Fig. 7 that

F
. . w these irreducible representations form a degeneracy pattern
in Eqg. (16) to calculate the pion decay constant. specified by P 9 yp

To solve this problem, we perform a double pole fit for

where

C. Wall-to-wall amplitude

A. Pion masses

(mu(t) m(0)) given by Es (&cés éats) (Ecba &) (E0.80. (30)
(Tt m(0))
F . F F This pattern was observed a long time ago in Ref. A
~Coymy( o0 {eXp —mzt) +exd —mo(T-0) ]} theoretical explanation based on the effective chiral Lagrang-

F . F F ian analysis for KS quark action was provided recently in
+ an( o) {exp— mqat) +exd — mqa(T—t)]}. (35 Ref.[13].
) o Another notable feature in Fig. 7 is a linear behavior of
Ideally one likes to make a fit with four parametQSWWW, pion masses as a function of quark mass from the correlation
m", CEE' and ng' This fit, however, is quite unstable be- function with the gauge invariant pion operator. With a lin-
cause the fitting function consists of a sum of two exponen€ar extrapolation we observe a nonvanishing valuengt
tials with not much different masses, andmga. Therefore, =0 in channels other thags for which U(1), symmetry

we fix the pion mass parameter” to that obtained from holds. The gauge noninvariant case, not presented in the fig-
P P m ure but in Table V for the numerical values, also shows

Frey-F
(7 (1) m(0)). ) i almost the same result as in Fig. 7.
As we now can no longer compare the effective pion mass  Thg chiral behavior op meson mass for various KS fla-

for (my(t) my(0)) to that for ("(t)7(0)), we present a yors is shown in Fig. 8. We find the difference of masses
typical comparison of the amplitudes, extracted with the fit-among various flavor channels to be small, less than 1% even
ting range front to T/2 with the single and double pole fits, iy the chiral limit obtained by a linear extrapolation. We

in Fig. 4. We also comparg?/Np for the two fits in Fig. 5. therefore choose the meson mass in the flavor channel
From these figures, we consider that the double pole fit pro¢,, ¢ ¢,), for which thep meson operator is local, to set the

vides a good determination of the amplitudg . of the  scale using the experimental valog =770 MeV. We then
pion to the wall operator with a wide plateau of the ampli-find that a '=1.92(2) GeV for B=6.0 and a !
tude and a reasonable value ¥/ Npe~O(1). =2.70(5) GeV forB=6.2.

094501-7
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FIG. 6. Chiral behavior of the alternative pole masses appearing in the wall-to-wall correlation fundi@mBat6.0 and(b) 3=6.2.
Shape of symbols refers to the distance of the operator. Some sy(agotse, diamond, and up triangtienote two flavors; the former one
refers time-local operator@illed symbols including flavorés, and the latter one refers time-separated operdagsn symbols

B. Pion decay constant constantgFig. 10, the discrepancy among different KS fla-
In Fig. 9 we illustrate the chiral behavior of the bare pion V0" channels becomes smaller toward the continuum. The

decay constants calculated with EG6). As with the case reduction of the discrepancy, however, is significantly more

for pion masses, we use a linear extrapo|ation toward thgramatic with the use of nonperturbative renormalization

chiral limit. constants as shown in Fig. 11. In particular, the large differ-
The pion decay constants obtained for eight irreducibleence among bare results obtained with gauge invariant op-

representations again form a degeneracy pattern, whiclgrators almost disappears.

however, is different from that for pion masses. This is due The numerical values for pion decay constants are col-

to the fact that the pattern for the decay constant reflects thiected in Tables VI-VIII. In contrast to the case of pion

distance of the axial vector current operator rather than thanass, there is no flavor channel to give the same results for

of the pion operator: the two operators differ because of thehe gauge invariant and noninvariant case, because the simul-

Dirac factory,ys for the axial vector current angls for the  taneous local channel does not exist for the axial vector cur-

pion. We also observe that the KS flavor dependence of theent and the pion operator both appearing in the calculation

decay constant is much larger for the gauge invariant operasf the pion decay constant.

tors than that for the noninvariant ones. In contrast to the

case of mass, for which no renormalization is required and

lattice symmetry group controls, the_ pattern for pion de<_:ay VIl CONTINUUM EXTRAPOLATION

constants mainly comes from the insertion of gauge link

variables, which is roughly written as relation between the |n Fig. 12, we present tha dependence ofmi)Z qua-

continuum and lattice axial vector currents: dratically extrapolated ton,a=0, according tdD(a?) scale

1 (d—1)/4 violation expected for the KS quark action. We observe clear

Aﬂlcont~(_<TrUD>) (37) evidence that the nonzero values af’()? for the non-

3 Nambu-Goldstone channels vanish @& toward the con-
tinuum limit, supporting the restoration of full flavor symme-
Hered is the distance of the axial vector current operator fortry of the KS action.
the gauge invariant case, while the noninvariant operator cor- The continuum extrapolation of the pion decay constant,
responds tal=0. renormalized perturbatively or nonperturbatively, is shown

We show the decay constants after renormalization irin Fig. 13 as a function o?. In this figure with an enlarged
Figs. 10 and 11. With the use of perturbative renormalizatiorvertical scale as compared to Figs. 10 and 11, we observe a

AZ| lat+

TABLE IV. Minimum time slicet,;, common for all flavors except fofz= £, in the parenthesigSee
text for reasol and y?/Npg of global fits for the local channel.

(AZ(1)m(0)) (mF(8) m(0)) (m(t) m(0)) (P (1) piw(0))
B mga tmin XZ/NDF tmin XZ/NDF tmin XZINDF Lmin XZ/NDF
6.0 0.030 17 1.37 17 1.24 14 1.07 18 1.34
0.020 17 1.05 17 0.95 15 1.27 17 0.87
0.010 16 0.97 16 0.99 15 0.83 15 1.27
6.2 0.023 17 1.40 24 1.06 (1) 0.92 23 0.79
0.015 16 1.07 23 0.85 199 0.97 23 0.94
0.008 15 1.33 22 0.99 120 1.21 22 0.58
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FIG. 7. Chiral behavior of pion masses obtained with the gauge invariant pion opera@rgat6.0 and(b) 3=6.2. Shape of symbols
refers to the distance of the operator. Some symbols denote two flavors; the former one refers time-local @kr@®ymbols including
flavor &5, and the latter one refers time-separated operdtamsn symbols For gauge noninvariant result, see Table V.

TABLE V. Pion mass squarech(’;)2 in lattice units. Note that the correlation function with the local pion operator iréthehannel
gives exactly the same results for the gauge invariant and noninvariant case.

(@ p=6.0
Gauge invariant Noninvariant

Operator m,a=0.030 mya=0.020 mya=0.010 mya—0 mya=0.030 my@a=0.020 my@a=0.010 mua—0
(vs®&s) 0.16873) 0.11293) 0.0575%2) 0.00182) — — — —
(75® &kés) 0.20774) 0.14544) 0.08484) 0.02284) 0.20774) 0.14544) 0.08464) 0.02284)
(Y5® ékéa) 0.21944) 0.15615) 0.09466) 0.03176) 0.21944) 0.15625) 0.09476) 0.03175)
(vs®&4) 0.226Q5) 0.163@6) 0.10238) 0.03969) 0.22615) 0.163@6) 0.10248) 0.03989)
(vs® &4€5) 0.208&5) 0.14595) 0.08485) 0.02285) 0.20874) 0.146@5) 0.08485) 0.02285)
(vs® &, €m) 0.22036) 0.15676) 0.09485) 0.03184) 0.22035) 0.15675) 0.09475) 0.03173)
(vs® &) 0.22686) 0.16337) 0.10217) 0.03934) 0.22686) 0.16346) 0.10217) 0.03924)
(vs®1) 0.23248) 0.17Q1) 0.11Q1) 0.0481) 0.23287) 0.16999) 0.11Q1) 0.0481)

(b) p=6.2
Gauge invariant Noninvariant

Operator m,a=0.023 m,@=0.015 mE@a=0.008 mya—0 m,a=0.023 mu,a=0.015 mE@=0.008 mea—0
(y5®¢&s) 0.09273) 0.06042) 0.03283) 0.00044) — — — —
(75® &kés) 0.10173) 0.06793) 0.03943) 0.00584) 0.10173) 0.06793) 0.03933) 0.00584)
(75® &kéa) 0.10464) 0.070&3) 0.042@4) 0.00834) 0.10464) 0.070&3) 0.042@4) 0.00834)
(vs®&4) 0.10624) 0.07243) 0.04384) 0.01024) 0.10634) 0.07233) 0.04384) 0.01024)
(vs5® &4€5) 0.10193) 0.06803) 0.03933) 0.00574) 0.10214) 0.06813) 0.03943) 0.00563)
(vs® €&, €m) 0.10473) 0.070&3) 0.04193) 0.00814) 0.10494) 0.070&3) 0.042@4) 0.00814)
(vs® &) 0.10644) 0.07243) 0.04383) 0.01014) 0.10684) 0.07243) 0.04394) 0.010@4)
(vs®1) 0.108@4) 0.07423) 0.04614) 0.01274) 0.10824) 0.07424) 0.04615) 0.012%4)
0.7 T - 05 p

@Pp=60 mla (@) p=62 msa FIG. 8. Chiral behavior of
06 | Inv. C Inv. k gauge-invariantp meson masses
04 at (8 B=6.0 and (b) B=6.2.

05 | ot Symbols refer to the distance of

g,

&L 88,

Wl k88,

04 | *8,85.8584,8,85 | 03 *8485:813 84,8185
AL, 185,88, AgE, 8588,
<E,8s <&,8s

03 L - - - 02 L - :

0.00 0.01 0.02 0.03 0.04 0.00 0.01 0.02 0.03
m.a m,a
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FIG. 11. Pion decay constant renormalized by nonperturbative renormalization Zé%fi. (a)—(d) correspond to those in Fig. 9.

TABLE VI. Bare pion decay constarifT in lattice units. The bottom line shows results obtained from pion opeféﬁbar.

(@ p=6.0
Gauge invariant Noninvariant
Operator mya=0.030 me@a=0.020 myE@a=0.010 mga—0 mE@=0.030 myEa=0.020 meE=0.010 ma—0
(Y4v5®E5) 0.077@5) 0.06866) 0.05864) 0.0495%6) 0.08596) 0.07726) 0.06736) 0.05828)
(Vavs® éés) 0.06068) 0.05516) 0.04824) 0.042@5) 0.0811) 0.07439) 0.06596) 0.05817)
(Yavs®éxéa) 0.04818) 0.04447) 0.03894) 0.03425) 0.0781) 0.0711) 0.064Q7) 0.05729)
(Yav5®E&s) 0.039@8) 0.035%8) 0.03084) 0.02676) 0.0762) 0.0692) 0.06137) 0.05419)
(Y4v75® €4é5) 0.0932) 0.0842) 0.0731) 0.0641) 0.0932) 0.0842) 0.0731) 0.0641)
(Y4vs®€&,Em) 0.0761) 0.0691) 0.06038) 0.05249) 0.0861) 0.0791) 0.06848) 0.06Q1)
(74v5® &) 0.061(1) 0.0561) 0.04776) 0.041Q7) 0.0822) 0.0751) 0.06488) 0.05599)
(vays®1) 0.0491) 0.0451) 0.0381) 0.0331) 0.0802) 0.0722) 0.0622) 0.0542)
(y5®¢&s) 0.07896) 0.06976) 0.06025) 0.05096) — — — —
(b) B=6.2
Gauge invariant Noninvariant

Operator mya=0.023 m,a=0.015 mya=0.008 mya—0 mya=0.023 mua=0.015 myE@a=0.008 mya—0

(74Y5® &) 0.05248) 0.04544) 0.04044)  0.03416)  0.05946) 0.052G5) 0.04686)  0.04Q1)
(74Y5® &) 0.0441) 0.03816) 0.03445)  0.02946)  0.05§1) 0.05117) 0.04636)  0.04Q1)
(Yays® £ka) 0.03629) 0.03156) 0.02844)  0.02435)  0.05§1) 0.05028) 0.04556)  0.03919)
(74y5® £2) 0.0311) 0.02635) 0.0235)  0.01935)  0.0592) 0.0501) 0.0451)  0.03767)
(Yays® £4és) 0.0683) 0.0571) 0.05096)  0.0431) 0.0683) 0.0571) 0.05086)  0.0431)
(Yays® & &) 0.0572) 0.0481) 0.04256)  0.0351) 0.0643) 0.0541) 0.04797)  0.04Q1)
(Yay5® &) 0.0472) 0.03949) 0.03465  0.0291) 0.0643) 0.0541) 0.04617)  0.0382)
(y475®1) 0.0392) 0.03227) 0.028%5)  0.0241) 0.0623) 0.0511) 0.04527)  0.0372)
(y5® &) 0.0551) 0.04854) 0.042%6)  0.03G1) — - — -
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TABLE VII. Perturbatively renormalized pion decay constaff&" " in lattice unit.

(@) B=6.0
Gauge invariant Noninvariant
Operator m,a=0.030 mE@=0.020 mE@a=0.010 mya—0 m,a=0.030 mE@=0.020 mE@a=0.010 myua—0
(74y5® &5) 0.077a5) 0.06866) 0.0584) 0.04956) 0.07665) 0.06886) 0.060a5) 0.05197)
(74v5® éxés) 0.06939) 0.063a7) 0.05515) 0.048a6) 0.069%9) 0.063%7) 0.05635) 0.04976)
(74y5® ékéa) 0.0641) 0.060%9) 0.05345) 0.04717) 0.0641) 0.06099) 0.05486) 0.049@8)
(7ay5®&4) 0.0581) 0.0531) 0.04616) 0.03999) 0.0651) 0.0591) 0.05256) 0.04638)
(Yays5® E4&5) 0.0742) 0.0671) 0.058@8) 0.05028) 0.0731) 0.0671) 0.058@8) 0.05039)
(Yays®E, &) 0.0711) 0.0651) 0.056Q7) 0.04878) 0.0711) 0.0651) 0.05647) 0.04938)
(7259 &) 0.0742) 0.0641) 0.05447) 0.04698) 0.07Q01) 0.0641) 0.05527) 0.04788)
(yays®1) 0.0682) 0.0621) 0.0522) 0.0452) 0.0682) 0.0621) 0.0532) 0.0472)
(b) B=6.2
Gauge invariant Noninvariant
Operator m,a=0.023 mE@=0.015 mE@a=0.008 mua—0 m,a=0.023 m,a=0.015 mE@=0.008 mua—0
(74759 &5) 0.05248) 0.04544) 0.04044) 0.03416) 0.053@6) 0.04644) 0.04175) 0.0355%9)
(74y5® éxés) 0.0491) 0.04327) 0.039@6) 0.03347) 0.0511) 0.04426) 0.040@5) 0.03449)
(74y5® ékés) 0.0491) 0.04247) 0.03815) 0.032&7) 0.05Q1) 0.043%7) 0.03935) 0.03388)
(Yays® &4) 0.0452) 0.03838) 0.03428) 0.02848) 0.0512) 0.04339) 0.039@8) 0.03266)
(Yay5® €4&5) 0.0552) 0.0461) 0.04115) 0.03449) 0.0552) 0.0461) 0.041@5) 0.0341)
(vays® &, &) 0.0542) 0.0451) 0.03986) 0.0331) 0.0542) 0.04539) 0.04025) 0.0341)
(7259 &) 0.0532) 0.0441) 0.03926) 0.0332) 0.0542) 0.045@1) 0.03996) 0.0332)
(7vays®1) 0.0523) 0.0431) 0.038%7) 0.0322) 0.0543) 0.04449) 0.03936) 0.0332)

TABLE VIII. Nonperturbatively renormalized pion decay constazig)FffT in lattice unit.

(@ p=6.0
Gauge invariant Noninvariant
Operator m,a=0.030 mya=0.020 myE@a=0.010 mea—0 m,a=0.030 mya=0.020 myE@=0.010 mea—0

(74y5® &5) 0.077@5) 0.068&6) 0.058&4) 0.0495%6) 0.07315) 0.0658&5) 0.05725) 0.04947)
(74y5® éxés) 0.07289) 0.06618) 0.05795) 0.05046) 0.06939) 0.06338) 0.05625) 0.0495%6)
(vay5® ékés) 0.0711) 0.0651) 0.0575%6) 0.05078) 0.06711) 0.061€9) 0.05546) 0.0495%8)
(Yays®€&s) 0.0711) 0.0651) 0.05628) 0.0491) 0.0641) 0.06Q1) 0.053%6) 0.04728)
(Y475® E4é5) 0.0742) 0.06711) 0.058%8) 0.05078) 0.0742) 0.06711) 0.058%8) 0.05079)
(74v5®€&,Em) 0.0751) 0.0681) 0.05948) 0.051§9) 0.0731) 0.0611) 0.05827) 0.05078)
(74vs5® &) 0.0752) 0.0681) 0.05868) 0.050%8) 0.0721) 0.06641) 0.05667) 0.049@8)
(v4ys®1) 0.0742) 0.0682) 0.0572) 0.0502) 0.0702) 0.0641) 0.0552) 0.0482)
(b) B=6.2
Gauge invariant Noninvariant

Operator mya=0.023 mya=0.015 myE@a=0.008 mua—0 mya=0.023 mya=0.015 myE@a=0.008 mya—0

(74Y5® &) 0.05248) 0.04544) 0.04044)  0.03416)  0.05136) 0.045@4) 0.04045)  0.03449)
(74Y5® Ecés) 0.0511) 0.04498) 0.040%6)  0.03477)  0.05X1) 0.04416) 0.04005)  0.03449)
(Y4y5® &) 0.0521) 0.04488) 0.04035)  0.03457)  0.0501) 0.04397) 0.03975)  0.03428)
(Y4ys® £2) 0.0532) 0.04519) 0.04039)  0.03339)  0.0522) 0.044Q9) 0.03968)  0.03316)
(Yay5® Eaés) 0.0552) 0.0471) 0.04145)  0.0351) 0.0552) 0.0441) 0.04135  0.0351)
(Yays® & &) 0.0562) 0.0471) 0.04186)  0.0351) 0.0552) 0.0461) 0.04126)  0.0341)
(7475® &) 0.0563) 0.0471) 0.041%7)  0.0342) 0.0552) 0.0441) 0.04076)  0.0342)
(y475®1) 0.0563) 0.0471) 0.04127)  0.0342) 0.0553) 0.0451) 0.04017)  0.0332)
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0.20 . T The values of pion mass squared for various KS flavors
Tnv. (mH*(GeV?) & are listed in Table IX, and those for pion decay constants are
0.15 | , ¢ collected in Tables X and XI. As our best value for the decay
- §5§ £,E . constant, we také_=89(6) MeV obtained with the gauge
£55- 5465 : : : : :
0.10 | #&,E,, 88, invariant axial vector current in thés (;hannel which re-
AELE 7 quires no renormalization. This value is compared with the
005 L <7 ‘ | experiment 92.8) MeV [14]. Possible quenching errors are
’ not visible within the statistical error of 6 MeV.
Z Let us recall that the decay constant in faechannel can
0.00 t : : : also be calculated from the pion operator using Et@). and
0.0 0.1 0.2 0.3 0.4 (24). Results are added in the bottom lines of Tabléaxd
a* (GeV-?) XI for the convenience of the readewhich show reason-

_ o ) able agreement with those from the axial vector current in
FIG. 12. Continuum limit of pion mass squared. Symbols areyq &5 channel, as expected.

same as those in Fig. 7.

general trend that the difference of values among various KS VIIl. CONCLUSION

flavors becomes smaller toward the continuum limit. In par- ) i _ )
ticular, for nonperturbatively renormalized decay constants In this article we have presented an analysis of the pion
the central values in the continuum limit agree within a Z%decay COT‘SV"”t N quenchgd QCD using the Kogut-Sus_skmd
accuracy, which is well below the statistical errors quuark action. Our best estimate for the decay constant in the

5-10%. On the other hand, the convergence is worse for th%ontlnuum limit is 8%6) MeV, which is obtained with the

. . gauge invariant axial vector current which respects (1
perturbatively renormalized decay constants. The spread i 9 P W(1)

the continuum limit is 3—4 %, which is roughly th j. Symmetry.
€ continuum IMit 1S 5=4 %0, WhICh 15 Tougnly the magni- = ye haye carried out a detailed comparison of perturbative
tude of uncertainty one expects from higher-order correc

. . o . and nonperturbative axial vector renormalization treatments.
tions in the renormalization factors. We consider that thes@yo conclude that the nonperturbative renormalization fac-
results provide evidence for both restoration of SU(fla-

e i AT tors efficiently eliminate the flavor breaking effect in the de-
vor symmetry of the KS action in the.contmuum limit and cay constant in the continuum limit, while an apparent
the effectiveness of the nonperturbatively evaluated renor,yqr dependent difference still remains with the perturba-
malization constants. tive factors.

110 p . : . 10 - | |
@Pert.  ZPFF(MeV) WPt ZEFF(MeV)
100 o J 100 | Non-inv,
1 9 =
80 80 0L EE,
ALEE,
<c,
0 70 - : . .
0.0 0.1 0.2 0.3 0.4
a? (GeV?)
Hor ' ' - 110 : , .
(c) Non-pert. Z ;N) Ff;f(MCV) (d) Non-pert. yA ;N)F\‘an(MeV)
100 | Inv. -l Non-inv. ]

100 r "

90 | 90 |

= &.tl&m’ gS
80 1 8,885 80
ALEE,
4
70 & : : a 70 - : : :
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 04
a? (GeV-?) a? (GeV?)

FIG. 13. Continuum limit of renormalized pion decay constants. Results obtained with perturbative renormalization fad®rs for
gauge-invariant antb) noninvariant operators, and those with nonperturbative factorefgauge-invariant an¢) noninvariant operators
are shown. Symbols are the same as those in Figs. 9-11.
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TABLE IX. Pion mass squaredi’)? in Ge\?.

Gauge invariant Noninvariant

Operator B=6.0 B=6.2 a—0 B=6.0 B=6.2 a—0
(y5®¢&s) 0.00689) 0.0033) 0.0006) — — —
(75® &kés) 0.0852) 0.0424) 0.0028) 0.0852) 0.0424) 0.0028)
(ys® &kéa) 0.1183) 0.0614) 0.0089) 0.1183) 0.0614) 0.0059)
(y5®¢&4) 0.1476) 0.0745) 0.00q10) 0.1476) 0.0745) 0.00Q10)
(75® €4és) 0.0842) 0.0423) 0.0016) 0.0842) 0.0413) 0.0006)
(ys® & &m) 0.1183) 0.0594) 0.0028) 0.1183) 0.0594) 0.0028)
(vs® &) 0.1464) 0.0744) 0.0049) 0.1464) 0.0735) 0.00Q10)
(vs®1) 0.1785) 0.0924) 0.0099) 0.1786) 0.0915) 0.01Q10)

TABLE X. Perturbatively renormalized pion decay constaf®" f"~ in MeV. The bottom line shows
results obtained with the pion operator in tf\,echannelff)s.

Gauge invariant Noninvariant

Operator B=6.0 B=6.2 a—0 B=6.0 B=6.2 a—0
(Yay5©€s) 95(2) 92(3) 89(6) 1002) 96(4) 92(7)
(¥475© &kés) 92(1) 90(3) 88(5) 96(2) 93(3) 90(6)
(74759 &kéa) 91(2) 88(3) 85(5) 94(2) 91(2) 88(5)
(vav5®&4) 772) 7703) 77(5) 89(2) 88(2) 87(4)
(7475® £485) 97(2) 93(3) 89(7) 97(2) 93(4) 88(7)
(Yays© €, Em) 94(2) 90(3) 86(7) 95(2) 91(4) 86(7)
(v2v5©&4) 90(2) 88(4) 85(9) 92(2) 89(5) 87(9)
(vays®1) 87(4) 86(5) 85(10) 90(4) 88(5) 86(11)
(75®¢&s) 98(1) 94(3) 89(6) — — —

TABLE XI. Nonperturbatively renormalized pion decay constaZﬁ%?Fff, in MeV unit. The bottom line
for £(P® is reproduced from Table X for convenience.

Gauge invariant Noninvariant

Operator B=6.0 B=6.2 a—0 B=6.0 pB=6.2 a—0
(Yay5©¢€s) 95(2) 92(3) 89(6) 95(2) 93(3) 91(7)
(74759 &és) 97(2) 94(3) 90(6) 95(2) 93(3) 90(6)
(va75® &kéa) 98(2) 93(3) 89(6) 95(2) 92(2) 89(5)
(vav5®&4) 94(2) 90(3) 87(6) 91(2) 89(2) 88(4)
(Y2Y5® £4€5) 98(2) 94(3) 90(7) 98(2) 93(4) 89(7)
(vavs® & &m) 99(2) 94(3) 89(7) 98(2) 93(4) 88(8)
(vav5® &0 97(2) 93(5) 89(9) 94(2) 91(5) 88(9)
(7vays®1) 96(5) 92(5) 89(11) 92(4) 90(5) 88(11)
(75®¢&s) 98(1) 94(3) 89(6) — — —
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